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e J almost complex structure on M?", i.e.
J € End(TM27) st. 2 = —id pppen

e J is integrable if it is induced by a complex structure.

Newlander-Nirenberg
J is integrable — N, =0
where
Ny =[JX,JY] = [X, Y] = J[UX, Y] = J[X,JY]

VX,Y vector fields on M.
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e A Riemannian metric g on (M?",J) is said to be J-Hermitian if
gJ(JX,JY):g(X,Y), VX, Y.

e F symplectic form; J almost complex structure M is said to be
F-calibrated if
gJ[X](X7 Y) = F[X](X7JY)

is a J-Hermitian metric on M.

e (M, J,F,gy) Kahler, if F is symplectic, J is complex and
F-calibrated.
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Weaker conditions

1) dF =0, J non-integrable.
2) dF # 0, J integrable.
1)

e Special symplectic manifolds,

e Geometry of Lagrangian submanifolds.
2)

e Geometry with Torsion,

e Generalized Kahler Geometry,

e Bi-Hermitian Structures,

e Special metrics on Complex manifolds e.g. balanced, strong
KT, astheno-Kahler




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
° gJ(.’ ) e F(.’J.)




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
L4 gJ(') ) = F()J)

o € N3O(M), ¥ #0,




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
L4 gJ(') ) = F()J)

o € N3O(M), ¥ #0,

s.t.




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure
e Jis a F-calibrated almost complex structure
° &) =F(.J)
o € N3O(M), ¥ #0,
s.t.
dRey = 0

YA = ~iF?




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
° gJ(.’ ) e F(.’J.)

o € N3O(M), ¥ #0,

s.t.
dRey = 0
YAY = %iF3

Rem.




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
° gJ(.’ ) e F(.’J.)

o € N3O(M), ¥ #0,

s.t.
dRey = 0
YAY = %iF3
Rem.

e (MO F,J, %) is in particular Half-flat, in the sense of Hitchin,
Chiossi and Salamon.




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
° gJ(.’ ) e F(.’J.)

o € N3O(M), ¥ #0,

s.t.
dRey = 0
YAY = %iF3
Rem.

e (MO F,J, %) is in particular Half-flat, in the sense of Hitchin,
Chiossi and Salamon.

o If dRet) =0 = d3Smy), then J is a complex structure.




Special Structures on Symplectic Manifolds

Def. A special symplectic Calabi-Yau manifold (SSCY) is the
datum of (M®, F, J,4)) where

e F is a symplectic structure

e Jis a F-calibrated almost complex structure
° gJ(.7 ) e F(.7J.)

o € N3O(M), ¥ #0,

s.t.
dRey = 0
YAY = %iF3
Rem.

e (MO F,J, %) is in particular Half-flat, in the sense of Hitchin,
Chiossi and Salamon.

o If dRet) =0 = d3Smy), then J is a complex structure.
e Re1) is a calibration (see Harvey and Lawson Acta. Math. ’82).
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Theorem (P. de Bartolomeis,—, Ann. Inst. Fouriér '06)
There exists a compact complex manifold M such that

e M has a symplectic structure satisfying the Hard Lefschetz
Condition;

e M admits a SSCY structure;

e M has no Kahler structures.

M = (C3,%)/T
where * is defined by
“z1, 22, 23) ** (w1, wo, w3) =

t —
(Zl + wy, e W122 -+ Wo, eW123 =+ W3)

and T is a certain closed subgroup of (C3, %) finitely generated.
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Special Structures on Symplectic Manifolds

e In [D. Conti,—|(Quarterly J. '07) nilmanifolds carrying
SSCY-structures are classified.

e For other results in higher dimensions
[P. de Bartolomeis,—]|(/nter. J. Math. '06).
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Strong Kahler with torsion metrics

Let (M?", J) be a complex manifold.

Def. A Hermitian metric g on (M2, J) is said to be strong
Kahler with torsion, (SKT), if

BJEJFZO,

where F is the fundamental (1,1)-form of g.

Def. (J. Jost, Y.-T. Yau, Acta Math. '93). A Hermitian metric g
on (M?"J) is said to be astheno Kahler, if

BJEJF’)_2 =0.

Rem.
e If (M, J) is a complex surface, then every Hermitian metric is
astheno-Kahler.

e In complex dimension 3, strong KT means astheno-Kahler. ‘
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Bismut connection

(M, J, g) Hermitian manifold.
The Bismut connection VB is characterized by the following

VBg =0, VBJ=0,
g(X, TVB(Y7 Z)) totally skew-symmetric
The torsion form of the Bismut connection
T(X,Y,Z):=g(X, TV’ (Y,2))
is JdF = —d°F.
g(VRY,2)=g(VXY.,2) + %T(X, Y, Z),

vX,Y,Zel (M, TM).
e A Hermitian metric g is strong KT if and only if the torsion for
of the Bismut connection is d-closed.

e
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Strong Kahler with torsion metrics

e (M, J) compact complex surface = every conformal class of a

Hermitian metric has a strong KT representative (Gauduchon,
Math. Ann. '84).

e dimgp M > 4 compact examples of strong KT metrics on
nilmanifolds (Fino, Parton, Salamon, Comm. Math. Helv. '04).
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Link with the Generalized Kahler structures

A generalized Kahler structure on M (GK structure) (see
Gualtieri-Apostolov Comm. Math. Phys. '07 and Gualtieri DPhil
thesis '03), is equivalent to assign a triple (g, J+, J—) where:

e g is a Riemannian metric on M

e J, and J_ are two complex structures on M, compatible with
g and such that

dSFy +d F_0, ddF, =0, dd°F_ =0,

F., F_ fundamental forms of (g, J;), (g,J-),
d$ =i(04 —0y), d°=i(0-—-0-).

d$ Fy torsion form of the GK structure.
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Example (M, g, J) Kahler
Ji=J, J==+J
= (g,J+,J-) GK structure on M.

O

Rem. If M has a GK structure, then M has a strong KT metric.

Pb. When does a compact complex manifold (M, J) admit a GK
structure (g, J+, J—) with J = J,7?

Interesting case: Jy # +J_, i.e. the GK structure is not induced

by a Kahler metric on (M, J).
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Existence results

e (M, J) compact complex surface.
Classification theorem of generalized Kahler structures
(Apostolov and Gualtieri, Comm. Math. Phys. '07)
o dimp M = 6.
By [Cavalcanti and Gualtieri, J. of Sympl. Geom. '05]

every nilmanifold carries a GC structure

o dimgp M =2n

there are no nilmanifolds (different from Tori) admitting an
invariant GK structure.

(Cavalcanti, Topol. and its Applic. '06)
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e Product on S, 5,
(t7X17X2aX3aX4aX5) : (t,7X],_7XéaX§aXz/LaXé) =
(t+t, e 2t + x1, €2tx5 + X, e2txh + x3,
xycos(bt) — xtsin(bt) + xa,
xysin(bt) + x{ cos(bt) + x5).
e 5, unimodular semidirect product

R x, (R x R? x R?),

© = (1, ¢2) diagonal action of R on R x R? x R2.
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e GK structure on M® = S1,2/T
el =el +ie?, 2 =e>+iet, 3 =€ +ied,
ot =el —ie?, 2 =e34iet, 3 =€+ ied.
(0}, ©%,¢3) (1,0)-forms associated with Js.

e J. integrable.
6
o g = Z e ® e Ji-Hermitian.
a=1
Then

d°F, +d°F_0, ddSF, =0, dd°F_ =0,

(g,Jy,J_) defines a left-invariant GK structure on M. ‘
diFy = el A e3 A e* closed non-exact
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Uniform subgroup

e 5,z is isomorphic to (R® =R x (R x C x C), *) where

(t,u,z,w) = (£, 2, w) = (t+t, c'u +u,

/ Zt. !
atZ +z,e'2tw 4+ w),

Vt,t',u,v’ € R and z,Z/,w,w’ € C.
e I is isomorphic to Z x (Z3 x 7?)

g (tyu,z,w) — (t+ 1, cu,az,iw),

gs: (tyu,z,w tyu,z,w+1),

(

g (tuz,w)— (t,u+c,z+aoj,w), j=1,2,3,
) = (

g (tyu,z,w) — (t,u,z,w+1).

It can be checked that
i) [ acts freely and in a properly discontinuos way on 51,;

i) 51’%/|' is compact. Furthermore
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7T Rx(RxCxC)—Rx(RxC),
(t,u,z,w) — (t,u,z)

M©® is a T2-bundle over the Inoue surface.
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Characterization in terms of currents

e A current T of bi-dimension (p, p) is real if T(p) = T(®), for
any ¢ € DPP(M). If T € D}, ,(M) is real, =

T= Un—PZ ledZ/ ANdzy,
1,J

where o,_, = %, T,j are distributions on € such that
Ti=Tp3
and /, J are multi-indices of length n — p, | = (i1, ..., in—p),

dz; = CI'Z,'1 VANEERIA dzi,,,p
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Characterization in terms of currents

e A real current T € D), ,(M) is positive if,
T(op ' Ao AP ABEA - ABP) >0

2
for any choice of ¢!,..., P € D1O(Q), where o, = L.

e A current T is strictly positive if

PLA NP #0
=

T(op et Ao AP ABLA - ABP) > 0.
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Characterization in terms of currents

e If F is the fundamental 2-form of a Hermitian structure on a
complex manifold M, then F corresponds to a real strictly positive
current of bi-degree (1,1).

e N. Egidi (Diff. Geom. and its Appl. '98) showed that

a compact complex manifold has a strong KT metric if and only if
there is no non-zero positive current of bi-dimension (1,1) which is
i 00-exact.
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Extension of strong KT metrics

We have the following

Theorem(A. Fino, —, to appear in Adv. in Math.)
Let M be a complex manifold of complex dimension n > 2.

If M\ {p} admits a strong KT metric, then there exists a strong
KT metric on M.

Idea of the proof

It is sufficient to show that

If F is the fundamental 2-form of a strong KT metric on
B"(r) \ {0}, n > 2, then there exist 0 < R < r and
F € AY(B"(R)) such that

i) F is the fundamental 2-form of a strong KT metric on metric
on B"(R),

i) F=F onB"(R)\B"(2R). ‘
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Extension of strong KT metrics

Let F be the fundamental form of a strong KT metric on
B"(r)\ {0}. Set T = —F. Then by

e By Alessandrini and Bassanelli (Forum Math. '93) the d0-closed
current T can be extended as a current to B"(r) by

)= [ Fap Yee D i)
B(r)\{0}
Set FO= —TY. Then
e By Siu (/Inv. Math. '74), Bassanelli (Forum Math. '93)
F°=0G +0G, onB"(R)

for some 0 < R < r, where G is a current of bi-degree (0, 1).

e In fact, G is smooth on B"(R) \ {0}
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Extension of strong KT metrics

e Finally, we can regularize G, in order that we obtain a 90-closed
and positive (1,1)-form on B"(R).

e The last theorem is the generalization of the Miyaoka Extension
Theorem (Proc. Japan Acad. '74) for Kahler manifolds, to the
strong KT case.

As a corollary, we have the following

Theorem

Let M be a complex manifold of complex dimension n > 2 and M
be the blow-up of M at a point p € M.

Then M has a strong KT metric if and only if M admits a strong
KT metric.
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Theorem (A. Fino, —, to appear in Adv. in Math.)

On the Iwasawa manifold 1(3) = T\HS the condition for a
Hermitian metric to be strong KT is not stable under small
deformations of the complex structure underlying the strong KT
structure.

e n; s family of 2-step nilpotent Lie algebras with structure
equations

de' =0, i=1,...,4,
de® =t(el ne? +2e3 net)+s(el Aed —e? A e?),
de® = s(el Ne* +e? A ed),

t,seR, s#0.




Non-stability of strong KT metrics

This family was already considered by Fino and Grantcharov (Adv.
in Math. '04) for Hermitian structures whose Bismut connection
has holonomy in SU(3)




Non-stability of strong KT metrics

This family was already considered by Fino and Grantcharov (Adv.
in Math. '04) for Hermitian structures whose Bismut connection
has holonomy in SU(3) and it was proved that for any t and s # 0




Non-stability of strong KT metrics

This family was already considered by Fino and Grantcharov (Adv.
in Math. '04) for Hermitian structures whose Bismut connection
has holonomy in SU(3) and it was proved that for any t and s # 0
the Lie algebra n; s is isomorphic to the Lie algebra of the complex
Heisenberg group Héc with structure equations




Non-stability of strong KT metrics

This family was already considered by Fino and Grantcharov (Adv.
in Math. '04) for Hermitian structures whose Bismut connection
has holonomy in SU(3) and it was proved that for any t and s # 0
the Lie algebra n; s is isomorphic to the Lie algebra of the complex
Heisenberg group Héc with structure equations

def =0, i=1,...,4,
de® = et Ned — e? A e,

de® = el N e* + e? A8,

(see also Lauret Ann. Glob. Anal. and Geom. '06).
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Non-stability of strong KT metrics
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Non-stability of strong KT metrics

Take the almost complex structure J on n; s given by
Jet = €% Jed = e*, Je® = €°. (2)
The associated (1,0)-forms
ol = el e o2 = &3 4 jet, o3 = €5 4 i,

satisfy

de' =0, i=1,2,

dpd = —2it (P! AP+ 202 AP?) + st A @2,
and therefore J is integrable.

e In this way the lwasawa manifold I(3) = I\ H5 is endowed with
a family of complex structures J; s, with t,s € R and s # 0.
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Non-stability of strong KT metrics

e By Ugarte ( Transf. Groups. '07) and Fino-Grantcharov, if there
exists a non-left-invariant strong KT metric compatible with J; s,
then there is also a left-invariant one. This is possible if and only if
t? = s2.

e Thus if t = s = 1 the lwasawa manifold has a strong KT metric
g compatible with J; 1, but for any t # s # 1 there exists no
strong KT metric compatible with the complex structure J; s.




Balanced Hermitian metrics

Let (M, J) be a complex manifold of complex dimension n.

Def. An Hermitian metric g on (M, J) is said to be balanced if
dF" ! =0,

where F(-,-) = g(-,J-) is the fundamental form of g.




Balanced Hermitian metrics

Example
e Let * be the product on C3 given by

t(zl722a 23) *t (Wla w2, W3) =

t(zl +wi, e Mz + wo, e z3 4+ w3)

Then (C3, %) has a uniform discrete subgroup I' and
M = (C3,%)/T

is a compact complex solvmanifold.




Balanced Hermitian metrics

Then
p1 = dz; P2 = ezleQ, p3 = e_zld23,

induce invariant complex (1,0)-forms on M and
1 3

E§=5D 907 TP ®¢
j=1

is a balanced metric on M.




SU(2)-structures

e N 5-dimensional manifold L(N) principal bundle of linear frames
on N.

An SU(2)-structure on N is an SU(2)-reduction of L(N). We have
the following




Proposition(Conti, Salamon Trans. Amer. Math. Soc. '07)
SU(2)-structures on a 5-manifold N are in 1 : 1 correspondence
with quadruplets (1, w1, w2, ws), where 1 is a 1-form and w; are
2-forms on N satisfying

wiij:(5UV, vAn#D0,

for some 4-form v, and ixws = iyw1 = wa(X,Y) > 0, where ix
denotes the contraction by X.




Proposition(Conti, Salamon Trans. Amer. Math. Soc. '07)
SU(2)-structures on a 5-manifold N are in 1 : 1 correspondence
with quadruplets (1, w1, w2, ws), where 1 is a 1-form and w; are
2-forms on N satisfying

Wwaj:(5UV, vAn#D0,

for some 4-form v, and ixws = iyw1 = wa(X,Y) > 0, where ix
denotes the contraction by X. Equivalently, an SU(2)-structure on
N can be viewed as the datum of (n,ws, ®), where 1 is a 1-form,
w3 is a 2-form and ® = w1 + iwy is a complex 2-form such that

77/\w§7é0, P2 =0
w3 Ad =0, S AP =203

and ® is of type (2,0) with respect to ws.
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SU(2)-structures naturally arise on hypersurfaces of 6-manifolds
with an SU(3)-structure.

e f: N — M oriented hypersurface in a 6-manifold M endowed
with an SU(3)-structure (F, W, W_), U the unit normal vector
field. Then

n= —iUF, w1 = i[U\U_, Wy = —iUW+, w3 = f*F (3)

defines an SU(2)-structure on N.
e Conversely, an SU(2)-structure (7, w1, w2,ws3) on N induces an
SU(3)-structure (F, W, W_) on N x R given by

F =w3+nAdt, V=V, +/V_ = (w1 +iw2) A(n+idt), (4)

where t is a coordinate on RR.
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An SU(2)-structure (1, w1, w2, w3) on a 5-dimensional manifold N
is called balanced if it satisfies

dwi An)=0, d(w2 An) =0, dws Aw3)=0. (5)
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Balanced SU(2)-structures

In Conti-Salamon ( Trans. Amer. Math. Soc. '07), an
SU(2)-structure is said to be hypo if

dwi An)=d(w2 A1) =dws =0 (6)

are satisfied.

Hence,
hypo = balanced.

e There are nilmanifolds admitting no invariant hypo structure, but
having balanced SU(2)-structures.
The Lie algebras

(0,0,0,12,14), (0,0,12,13,23), (0,0,12,13,14 + 23)

have no hypo structure (Conti-Salamon). We have
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Balanced SU(2)-structures

Proposition
Any 5-dimensional compact nilmanifold has an invariant balanced
SU(2)-structure.

Proof. It is easy to check that the SU(2)-structure given by
n=el, wr = e eB, W)= e e wy— et e’

defines a balanced SU(2)-structures on each one of these three
Lie algebras.

There exist also 5-dimensional solvable non-nilpotent Lie algebras
with no invariant hypo structure, but having a balanced
SU(2)-structure.
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Balanced SU(2)-structures

e The solvable non-nilpotent Lie algebra
(0,0,13,—14,34)

has a balanced SU(2)-structure, but it has no hypo structure and

the corresponding solvable Lie group G has a compact quotient
N=G/rI.

1 24

n=e, w==¢e +653,

wo =B 43wy —eB 4 e®

satisfy
d(w1 Am) =d(ws An) =d(ws Aws) =0,

and thus they define a balanced SU(2)-structure on N.




Link with holomorphic symplectic geometry

(X, J) complex surface.

A holomorphic symplectic structure on X is the datum of a
d-closed and non-degenerate (2,0)-form w on X.
Let g be a J-Hermitian metric on X and w3 be the fundamental
form of (g, J). Then, up to a conformal change, we may assume
that

R =l =k

Then we have the following




Proposition

Let (X, J) be a complex surface equipped with a holomorphic
symplectic structure w = w1 + iwy and let w3 be the Kahler form
of a J-Hermitian metric g as above. Then, for any integral closed
2-form Q on X annihilating cos 8 wy + sin 6 w, and

—sinfwi + cosBwy for some B, there is a principal circle bundle
w: N — X with connection form p such that  is the curvature of

p and such that the SU(2)-structure (n,w{,ws,ws) on N given by

n=o

wf = 1*(cos O wi + sin O w»),
wg = m*(—sinfw; + coswy),
w§ = m*(ws)

is a balanced SU(2)-structure.




Example

Let X =T\ G be the Kodaira-Thurston manifold, where the Lie
algebra g of G has the following structure equations

de' =0, de> =0, de*=0, de*=—e?3.

Then
ol=el piet, R2=e4ied
w= (e?+ &) +i(e!® - e*) = wi + iwy
define a complex structure and holomorphic symplectic structure
on X respectively. If g = Zf}:l e' ®e', then

w3 = el 4+ 23,

Therefore, the previous Proposition applies.




Differential equations

We establish the evolution equations that allow the construction of
new balanced structures in dimension six from balanced
SU(2)-structures in dimension five.




Proposition (M. Ferndndez, —, L. Ugarte, R. Villacampa, J.
Math. Phys. '09)

Let (n(t),wi(t),w2(t),ws(t)) be a family of SU(2)-structures on a
5-manifold N, for t € | = (a, b).
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Proposition (M. Ferndndez, —, L. Ugarte, R. Villacampa, J.
Math. Phys. '09)

Let (n(t),wi(t),w2(t),ws(t)) be a family of SU(2)-structures on a
5-manifold N, for t € | = (a, b). Then, the SU(3)-structure on

M = N x | given by

F = ws(t)+n(t)Adt, U = (w1 (t)+iwa(t)) A(n(t)+idt), (7)

is balanced if and only if (n(t),w1(t),w2(t),ws(t)) is a balanced
SU(2)-structure for any t in the open interval |, and the following
evolution equations

Ot(w1 Am) = —dwy

Or(w2 A1) = dwr (8)

Ot(ws Aw3) = —2d(w3 A7)

are satisfied.



Proof. A direct calculation shows that the SU(3)-structure given
by (7) satisfies

dF? = d(ws A w3) + (0:(w3 A w3) +2d(w3 An)) A dt,

and

dV = d(w1 An) — (Oe(wi An) + dw2) A dt+
idwa An)—i(0e(w2 Am) — dwi) A dt.

The forms F2? and W are both closed if and only if
(n(t),w1(t),w2(t),ws(t)) is a balanced SU(2)-structure for any
t € I, and satisfies equations (8).

O
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Lie algebra (0,0,0,12,14):
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_ 3/2-3t .1
77(t) - 2 € )
1 3 2 2—3t 23 3/2—3t 24 3 2 35
W1(f)—§< fst—T)e TV 72 ¢ T mwme
2 /2=3t
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n(t) = f’/%el,

wi(t) =3 (3 25— %) e 4+ @e“ _ \3'/%635’
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Explicit solutions

Lie algebra (0,0,0,12,14):
The family of balanced SU(2)-structures

n(t) = f’/%el,

()= 3 (Y2 - ) e 4 {5 o e,
wo(t) = 6/%625 + @634’

ws(t) = e — % <1 _ 2—23f\3/2—2?) €24 | 5,

satisfies the evolution equations for t € R — {2/3}.
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group with Lie algebra (0,0,0,12,14).
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Explicit solutions

Let | = (—00,2/3) and G be the simply-connected nilpotent Lie
group with Lie algebra (0,0,0,12,14).
The basis of 1-forms on the product manifold G x I given by

al=e2 a2 =e3 a3 = 3/2—23te47
4 _ 13/ 2 (.2 5 2-3t,2 5 _ 3/2-3t.1 6 _
at = 59/ 5575 (e° + 2€°) e, = e, a’ =dt

is orthonormal with respect to the Riemannian metric associated
with the balanced SU(3)-structure on G x /.




Explicit solutions
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Explicit solutions

The Hermitian balanced structure on G x [ is given by

F

vy

623_%624+e45+2 31.'3/2 +32 3tel/\dt

_ — 3/(2—3t)2
%6123_6135_2431.“ 3/223te123Jr /( 43) el24 4

3/_2 25 3/2-3t 34
2_731_9 + Te >/\dt,

125 3/(2-3t)2 134 13/ 2 ,23 2-3t,.23
e + 7 €7 T (32 253:¢ z et

e )




Examples of manifolds with full holonomy

Theorem M. Ferndndez, —, L. Ugarte, R. Villacampa, J. Math.
Phys. '09)

Any 3-dimensional complex-parallelizable (non-abelian) solvable Lie
group has a Hermitian metric such that the holonomy of its
Bismut connection is equal to SU(3).




Examples of manifolds with full holonomy

Example Consider the Lie algebra defined by the complex
structure equations

dol = dp? =0, dp® = —o12  dp® = —213.
Let o/ =e¥ 1 4ie¥ j=1,...,4
Then
de! = de? = de® = de* =0, de® = —e!3 + 4,
deb = —el* — 23 del = —2(el5 — &%),

de® = —2(el® + 2%).




Examples of manifolds with full holonomy

J complex structure given by
Jel = —e?, Je? =el, Jed = —e* Je* =63,
Je® = —eb Jeb =e5 Je' = —eB, JB =",
The fundamental form F associated with the J-Hermitian metric

g = Z?:l e’ @ e’ is given by

4
F= g eI e¥
Jj=1




Examples of manifolds with full holonomy

e g is balanced and the torsion T is given by
T — JdF — 135 4 o146 | 9157 4 9 168 | (236 245 | 5 258 267

The following curvature forms of the Bismut connection are
linearly independent:




Examples of manifolds with full holonomy

Ql= 3 2 Ql= el*y e Ql = 4(el5 + %),
Qf = —4(el® — e?°), QF =2e12) O =2(3e!? — &3),

Q5 = —2(e% + %), 0 = —2(e%0 — &%),

Qf = —8(el? + %).

This gives a 9-dimensional space.
By computing the covariant the derivative of the curvature it
follows that Hol(V2)=SU(4).
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