Exercise 1 (Iwasawa decomposition and Siegel set in dimension 2) 1. Prove

that
a b .ZHaz—kb
c dj)’ cz+d

yields an action of SLy(R) on Poincaré upper half-plane

H={zcC : Im(z) > 0}.

2. Deduce from 1. the Iwasawa decomposition

w{(1 1) ex} {(* ) 2o

3. Using the transformations S = (_; ') et T = (1 }) prove that
{z=x+iyeH : |2|<1/2, |2| > 1}

is a fundamental domain for the action of SLa(Z) on H.
4. Deduce from 3. that

SLQ(R)—SLQ(Z)«{< ! ”1”) e <1/2}.{< A 1/A> : A2>\/§/2}.sog.

5. Prove Hermite-Mahler criterion for lattices in R2.

Exercise 2 (Iwasawa decomposition and Siegel sets in general) Consider
the groups G = GL,,(R) and

K =0(m) = {g € GL,(R) | tgg = Im}'

Let A C G be the subgroup of diagonal matrices with positive diagonal coeffi-
cients. Let N C G be the subgroup of upper triangular matrices whose diagonal
coefficients are all equal to 1.

1. Let (f1,..., fm) be a basis of R™. Prove that there exists one and only
one orthonormal basis (e1,...,e,) of R™ such that for all i € {1,...,m}, we
have

fi=ai1e1 +agaen + - e

with a; 1,052, .. 04 ; real numbers such that o;; > 0. Prove moreover that the
vectors e; and the coefficients o, ; depend continuously of (fi,..., fm).
2. Prove that the map

KxAxN—=G; (ka,n)— kan

18 a homeomorphism. This is the Iwasawa decomposition.

3. Let ®: G — R, ®(g) = |lg(e1)]|, where || - || is the norm associated to
the canonical scalar product {-,-) of R™. Compute ®(g) in termes of a unique
matriz coefficient of one of the factors of the Iwasawa decomposition of g.

4. Let T' = GLy,(Z). Prove by induction on m > 1 that

for all g € G, the restriction ®|,r of  to gT
(m) ' (**)

reaches his minimum at a point in S5’
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Where
S = KAN,

is a Siegel domain with

i s
Ay={ac A| —2— <t forall1 <i<m—1},
Aj41,i+1

and
Ny,={neN||n; ;| <u forall<i<j<m}

5. Prove that, for all t > % and for u > %, we have
G=8"T. (*)

6. Prove Hermite’s inequality: for all g € G, we have

2 2
min )| < | — det
i @l < () T et

7. Compare (*) with Question 4 of Exercise 1.

mo,

Exercise 3 1. Show that the set of solutions of the ‘Pell-Fermat equation’
1’2 - (ly2 = 1, (x7y) € Z2

is in bijection with the set
SL2(Z) N O(qa),

where q, = 2% — ay®.

2. Deduce from the construction of arithmetic groups that, if a € N is not a
square, Pell-Fermat’s equation has an infinite number of solutions.

Exercise 4 (Minkowski’s lemma) Let F be a finite subgroup of GLy(Z).
1. Prove that there exists a F-invariant norm on RY such that

o any vector of ZV is of norm > 1, and

o span{z € ZN of norm 1} = RV,

2. Deduce form 1. that for every £ > 3, the ‘mod { restriction map’
GLN(Z) — GLN(Z/0Z)

1s injective on F.
3. Give an algebraic direct proof of that.

Exercise 5 (Weil restriction of scalars) Let G C GL(N,C) be an algebraic
group defined over an algebraic number field K C C. Let O be the ring of
integers of K. Let

(T17 v 7Td) = (0-17 . )UT1;OT1+17ET1+17 . )0-7’1-"-7“2)61‘1-‘1-7‘2)

be the set of the ry real and ro complex embeddings of K, so that r1+2ro =d =
(K : Q).



1. Prove that the group
TG x - x ™G C GL(N,C)?

is isomorphic to an algebraic group Ry o(G) in GL(dN,C) defined over Q and

such that
Ri/o(G)(Q) ={(71(9),...,7alg)) : g € G(K)}.

2. Identify the group of real points of Ry q(G).
8. Prove that the projection p : Rio(G) — ™G = G is defined over K and
induces a bijection between Ry o(G)(Q) and G(K).

Exercise 6 1. Using the last two exercises, prove Selberg’s lemma for arith-
metic lattices.
2. What about the general case ? (Hard)

Exercise 7 Prove that there exist non-arithmetic closed hyperbolic manifolds
1. in dimension 2, (Easy)
2. in dimension 3, (Not easy)
3. in arbitrary dimension. (Hard)

Exercise 8 Construct a closed hyperbolic manifold fibering over the circle. (Hard)

Exercise 9 (Falconer slicing Theorem) Let U be a bounded open set in R3
of volume 1 and let f be its characteristic function. To any fized direction 6 € S?
we associate the function

Fy:r— f
I1(r,0)

where I(r, 8) denotes the plane orthogonal to 8 and at distance r from the origin.
1. Prove that the Fourier transform of Fy is given by

Fy(€) = f(6.9)
where f is the Fourier transform of f.

2. Using the Plancherel formula, prove that ||f||2 =1.
3. Deduce from 2. that there exists a direction 0y € S? such that

/ |f o, ) *r?dr < i
2m
4. Deduce from 1. and 3. that
| 1B ©F 0+ lePde <.

5. Then prove that

/IFGO )d€ < </ | Fo, ()2(1 + [€])%d )1/2 </R(1+|§|2)2d£)1/2<\/ﬁ

6. Conclude that there exists a family of parallel planes such that each of
these planes intersect U in a region of area at most v/10.
7. Is the corresponding statement true with lines in R? 2



