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sl2 explicit form

Let us consider the sl2 Gaudin model defined by commuting operators

Hi =
∑
i 6=j

hi hj/2 + ei fj + ej fi
zi − zj

on the representation Vλ = Vλ1 ⊗ . . .⊗ VλN where Vλi is the λi -highest weight
irreducible representation.

Bethe ansatz

Ω =
M∏

j=1

C(µj )|vac > C(z) =
∑ fi

z − zi

is an eigenvector if the parameters µj satisfy the system of algebraic equation (Bethe
system)

−
1
2

∑
i

λi

µj − zi
+
∑
k 6=j

1
µj − µk

= 0 j = 1, . . . ,M
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If Ω is a Bethe vector with eigenvalues HΩ
i then the equation(

∂2 −
1
4

∑
i

λi (λi + 2)

(z − zi )2
−
∑

i

HΩ
i

z − zi

)
Ψ(z) = 0

has a solution of the form

Ψ(z) =
∏

i

(z − zi )
−λi /2

∏
j

(z − µj )

where µj solve the system of Bethe equation. The eigenvalues of Hi on Ω are given by

HΩ
i = −λi

∑
j

1
zi − µj

−
1
2

∑
j 6=i

λj

zi − zj
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Let us consider the Gaudin Lax operator for the sl2 case

L =

(
A(z) B(z)
C(z) D(z)

)
=
∑

i

Φi

z − zi

where

Φi =

(
hi/2 ei

fi −hi/2

)
Let us define the quantum characteristic polynomial:

det(L(z)− ∂z) = ∂2
z −

∑
i

C(2)
i

(z − zi )2
−
∑

i

Hi

z − zi

Let H be the algebra generated by the coefficients of the quantum characteristic
polinomial. Let χ be the character on it such that χ(C(2)

i ) = 1
4 (λi + 2)λi

Theorem (MTV, math.AG/0512299)

There is a one-to-one correspondence between the set of characters χ such that the
differential equation

χ(det(L(z)− ∂z))Ψ(z) = 0

has monodromy ±1 and the set of common eigenvectors for the Gaudin model.
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Hitchin system and generalities

Consider the moduli space of holomorphic bundles M = Mr,d (z1, . . . , zk ) and its
cotangent bundle T∗M. The cotangent vector is an element of the space

Φ ∈ H0(End(E)⊗K⊗O(
k∑

i=1

zi ))

Let π be the projection corresponding to the bundle K⊗O(
∑k

i=1 zi ). The kernel of the
map

0 → L −→ π∗E
Φ−µ∗Id−→ π∗(E ⊗K⊗O(

k∑
i=1

zi ))

defines a spectral curve Σ which is the support of the sheaf and a line bundle L on it.
The spectral curve defines a Poisson-commuative subalgebra, the linear coordinates
on Jac(Σ) of the L provide the angle variables of the Hitchin system.
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Lax operator

The Gaudin model can be considered as the generalized Hitchin system on curves with
marked points. One should take the curve Σ = CP1 with N marked points z1, . . . , zN .
The Higgs field in this case is Φ = L(z)dz where

L(z) =
∑

i=1...N

Φi

z − zi
=
∑

ij

Eij ⊗
N∑

s=1

e(s)
ij

z − zs

S(gln)
⊗N ' C[gl∗n ⊕ . . .⊕ gl∗n ] is endowed with the Kirillov Poisson bracket whiten in

coordinates as follows:

{(Φi )kl , (Φj )mn} = δij (δlm(Φi )kn − δnk (Φi )ml ).

Characteristic polynomial

det(L(z)− λ) =
n∑

k=0

Ik (z)λn−k

Alternative basis of symmetric functions:

Jk (z) = TrLk (z) k = 1, . . . , n.

H2,k = Resz=zk TrL2(z) =
∑
j 6=k

2TrΦkΦj

(zk − zj )
= 2

∑
j 6=k

∑
lm e(k)

lm e(j)
ml

zk − zj
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Quantum spectral curve

Consider the quantum Lax operator:

L(z) =
∑

ij

Eij ⊗
N∑

s=1

e(s)
ij

z − zs
.

Here L(z) is a rational function in z with values in End(Cn)⊗ U(gln)
⊗N . We define the

quantum characteristic polynomial of the quantum Lax operator

det(L(z)− ∂z) =
n∑

k=0

QIk (z)∂n−k
z

Theorem

The coefficients QIk (z) commute

[QIk (z),QIm(u)] = 0

they quantize the classical Hamiltonians for the Gaudin model.
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Matrix monodromy condition

Let us consider the Fuchsian system

(∂z − A(z))Ψ(z) = 0 A(z) =

(
a11(z) a12(z)
a21(z) a22(z)

)
=

k∑
i=1

Ai

z − zi

with additional conditions

Tr(Ai ) = 0; Det(Ai ) = −d2
i ;

∑
i

Ai =

(
κ 0
0 −κ

)
.

This system is related with the following Sturm-Liouville operator

Φ′′ + UΦ = 0 Φ = ψ1/
√

a12

where the potential is given by the formula

U =

k−2∑
j=1

−3/4
(z − wj )2

+
k∑

i=1

1/4 + detAi

(z − zi )2
+

k−2∑
j=1

Hwj

z − wj
+

k∑
i=1

Hzi

z − zi

and the points wj are defined by the condition

a12(z) =
c
∏k−2

j=1 (z − wj )∏k
i=1(z − zi )
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Theorem, math-ph 0802.0383

The equation

(∂z − A(z))Ψ = 0 (1)

has solutions of the form

Ψ =
k∏

i=1

(z − zi )
−di

(
φ1(z)
φ2(z)

)
(2)

φ1 =
M∏

j=1

(z − γj ); φ2/φ1 =
M∑

j=1

αj

z − γj
(3)

iff the set of numbers γi where i = 1, . . . ,M satisfy the system of Bethe equations with
parameters: the set of poles is z1, . . . , zk and w1, . . . ,wk−2 with the highest weights
2d1 − 1, . . . , 2dk − 1 and 1, . . . , 1 correspondingly.
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Schlesinger transformation

Action on bundles

Consider C - a curve, F a holomorphic bundle on C, F - the corresponding sheaf,
x ∈ C and l ∈ F∗x then the lower Hecke transformation T(x,l)F is defined in the
language of sheaves as the subsheaf F ′ = {s ∈ F : (s(x), l) = 0}

Action on connections

A connection is the map of sheaves

∆ : F → F ⊗ Ω1

The Schlesinger action can be extended to the space of connection preserving the
Annl = {v ∈ Fx :< l, v >= 0}

∆x : Annl → Annl ⊗ Ω1
x
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The local consideration shows that the eigenvalues of the residues Ai transform
depending on the choice of the subspace and the type (upper or lower) of the
Schlesinger transformations correspondingly to the following table

(. . . , λi , . . . , λj , . . .) 7−→ (. . . , λi + 1, . . . , λj − 1, . . .),

(. . . , λi , . . . , λj , . . .) 7−→ (. . . , λi + 1, . . . , λj + 1, . . .),

(. . . , λi , . . . , λj , . . .) 7−→ (. . . , λi − 1, . . . , λj − 1, . . .),

(. . . , λi , . . . , λj , . . .) 7−→ (. . . , λi − 1, . . . , λj + 1, . . .).
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Let us define the odd θ-functions on C/Γ, where Γ = Z + τZ and τ ∈ C, =τ > 0

θ(u + 1) = −θ(u), θ(u + τ) = −e−2πiu−πiτ θ(u), θ′(0) = 1

Let {ei} be a standard basis of Cn and {Eij} be a standard basis of End(Cn), that is
Eij ek = δ

j
k ei .

e(s)
ij are generators of the s-th copy of gln ⊂ U(gln)

⊗N

hi =
∑

s e(s)
ii are the Cartan elements of the diagonal action.

L(u;λ) =
n∑

ij=1

Eij ⊗ eji (u;λ)

where the coefficients are expressed via

eii (u;λ) =
N∑

s=1

θ′(u − vs)

θ(u − vs)
e(s)

ii ,

eij (u;λ) =
N∑

s=1

θ(u − vs + λi − λj )

θ(u − vs)θ(λi − λj )
e(s)

ij ,
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The quantum characteristic polinomial

QCP

Q(u, ∂u) = det
( ∂

∂u
− D̂λ + L(u;λ)

)
=

n∑
m=0

sm(u)
( ∂

∂u

)n−m

where D̂λ =
n∑

l=1
Ell

∂

∂λl

Theorem, A. Silantiev, V. Rubtsov, D. Talalaev, ITEP-TH-56/08

[sm(u), sl (v)] = 0 mod h
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R-matrix

The Felder R-matrix is given by the expression:

R(u;λk ) =
θ(u + ~)

θ(u)

n∑
i=1

Eii ⊗ Eii +

+
∑
i 6=j

( θ(λij + ~)

θ(λij )
Eii ⊗ Ejj +

θ(u − λij )θ(~)

θ(u)θ(−λij )
Eij ⊗ Eji

)
,

where λij = λi − λj .

R(12)(u1 − u2;λk )R(13)(u1 − u3;λk + ~E (2)
kk )R(23)(u2 − u3;λk ) =

= R(23)(u2 − u3;λk + ~E (1)
kk )R(13)(u1 − u3;λk )R(12)(u1 − u2;λk + ~E (3)

kk )
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Lax operator

The Lax operator takes the form:

L(u;λk ) =

(
h(u)/2 f (u, λ)
e(u, λ) −h(u)/2

)
,

where the half-currents are

h(u) =
N∑

s=1

θ′(u − vs)

θ(u − vs)
(e(s)

11 − e(s)
22 ),

e(u, λ) =
N∑

s=1

θ(u − vs + λ)

θ(u − vs)θ(λ)
e(s)

12 ,

f (u, λ) =
N∑

s=1

θ(u − vs − λ)

θ(u − vs)θ(−λ)
e(s)

21 .
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QCP

Q(u, ∂u) = det
( ∂

∂u
− D̂λ + L(u;λ)

)
=

( ∂

∂u

)2
− Sλ(u),

where

Sλ(u) =
(
∂λ − h(u)/2

)2
+
(
f (u, λ)e(u, λ) + e(u, λ)f (u, λ)

)
/2.
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SoV

Let us consider the sl2 Gaudin model and fix the representation V = V1 ⊗ . . .⊗ VN
where Vi is the Λi -highest weight module. Let us realize Vi as the subspace in the
space of functions on a variable ti such that the generators of sl2 take the form:

h(s) = −2ts
∂

∂ts
+ Λs, e(s) = −ts

∂2

∂t2
s

+ Λs
∂

∂ts
, f (s) = ts.

We introduce the variables yj defined by the formula:

N∑
s=1

θ(u − vs − λ)

θ(u − vs)θ(−λ)
ts = C

N∏
s=1

θ(u − ys)

θ(u − vs)
.
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Eigenproblem

Let us consider the eigenvector of the elliptic Gaudin model:

Sλ(u)Ω(C, y1, . . . , yN) = sλ(u)Ω(C, y1, . . . , yN)

Substituting u = yj on the right one obtains:

( ∂

∂yj
−

1
2

N∑
s=1

θ′(yj − vs)

θ(yj − vs)
Λs

)2
Ω(C, y1, . . . , yN) = sλ(yj )Ω(C, y1, . . . , yN)

This implies the product formula:

Ω(C, y1, . . . , yN) = Ca
∏

j

ω(yj )

Then w(u) =
∏N

s=1 θ(u − vs)−Λs/2ω(u) solves the equation:(
∂2

u − sλ(u)
)
w(u) = 0
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Isomonodromic formulation

The differential equation in separated variables is of the form(
∂2

u −
∑

ci℘(u − vi )−
∑

Hi
θ′(u − vi )

θ(u − vi )

)
w(u) = 0

There is an equivalent matrix linear problem

(∂u − A(u))Ψ(u) = 0 Ai = resu=ui A(u)

where

A(u) =

(
A11(u) A12(u)
A21(u) A22(u)

)
=

 ∑
ai

11
θ′(u−ui )
θ(u−ui )

∑
ai

12
θ(u−ui−λ)

θ(u−ui )θ(−λ)∑
ai

21
θ(u−ui +λ)
θ(u−ui )θ(λ)

∑
ai

11
θ′(u−ui )
θ(u−ui )
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Correspondence

w ′′ − Uw = 0 w = ψ1/
√

a12

where

U(u) = −
∑

(1/4 + det(Ai ))℘(u − ui ) +
∑

3/4℘(u − wi ) + ...

and the points wj are defined by the condition

a12(u) = c
∏
θ(u − wi )∏
θ(u − ui )
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