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Introduction

General aim

G x M — M geometric action.

¢

Unitary representation G — U(H),
H Hilbert space related to the geometric structure of M.

4
H=EP H,
vel
Problem
Relate isotypical decomposition to the geometry of the action. J

Andrea Galasso Equivariant asymptotics of Szegé kernels 2/17



Introduction

Geometric setting

A quantum line bundle for a given Kahler manifold (M, w) is a triple
(A, h, V) such that curvg v = —21w.

X:={a€ A : h'(a,a) =1}

0

(X, @) is a contact manifold and CR manifold.

The Hardy space: H(X) = ker(d5) N L3(X)

Szegd projector: M : L2(X) — H(X)
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Introduction

Contact lifts of Hamiltonian actions

Connected compact Lie group G (g = Lie(G)),
Holomorphic and Hamiltonian action i : G x M — M, with moment map
d:M—gx=gY
Infinitesimal action du @ g — X(M), £ = &um.
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Introduction

Contact lifts of Hamiltonian actions

Connected compact Lie group G (g = Lie(G)),
Holomorphic and Hamiltonian action i : G x M — M, with moment map
b M—gx=gY
Infinitesimal action dp @ g — X(M), £ — &m.

1
dp lifts to (/174 19— Xeont(X, @),

£ Ex = Ehy — (0,6) Bg,  Em = dm(€x).

Assumption
3 : G — Cont(X, ) s.t. dji(€) = du(€). Thus fi is a contact lift of . J
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Introduction

Equivariant Szegd projectors

H(X) splits into an orthogonal direct sum of irreducible finite-dimensional
unitary representations of G (Peter-Weyl Theorem):

H(X) = P Hu(X)

veG

Equivariant Szegd Projector
N, : L2(X) = H,(X)
If0 ¢ d(M) = M,(-,-) € C®(X x X),

Goal
Local asymptotics of My, and

dim(Hk,,(X)):/XI'Ik,,(x,x)dVX(x).
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Introduction

Remark

In the standard picture of Berezin-Toeplitz quantization:
HO(M, A%K) = Hi(X) == € Hk,u(X) =  Asymptotics of My,
veb

Our approach is different and it is inspired by the article “Homogeneous
quantization and multiplicities of group representation”. Pictorially,

/

i ¥

1

v

Remark
The spaces H,(X) are not in general contained in a space of sections. J
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REE|ERNNTAIE S The standard circle action

Standard case

Natural action of S* on X with trivial 4 and ® =1
0
H(X) = P H(X)«.

kEZ

Equivariant components My : L2(X) — Hy(X) of the Szegd projector.
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REE|ERNNTAIE S The standard circle action

Standard case

Natural action of S* on X with trivial 4 and ® =1
4
H(X) = @ H(X)x-

keZ

Equivariant components My : L2(X) — Hy(X) of the Szegd projector.

Mi(x,x) ~ (g)d :

where aj : M — R is C*°, and we have set m, := 7(x)
ap is the scalar curvature, [Lu, 2000].

1+ Z k*jaj(mx)

j>1

[Catlin, Zelditch; 1998],
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Recalls on prior literature RREWA T [ET REEE

Circle actions

Contact Lifts of a Hamiltonian S!-action p.

H(X) = D H((X)

k€EZ
® > 0= H}'(X) is finite-dimensional
4
M)~ (£) om @0 5 g (145 k5 (m ).

s .
g€ Tx jz1

The term a; is explicitly computed in [Paoletti, 2015] and a recursive
algorithm for computing the a;'s is given.
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Recalls on prior literature BRESIEEISHEE

Torus actions

Contact Lifts of a Hamiltonian T"-action .

0 ¢ ®(M) = H,(X) is finite-dimensional.

Theorem ([Paoletti, 2012])
If d(m) ¢ Ry - v, then My, (x, x) = O(k~=°) where m = 7(x). J
9/17




Recalls on prior literature BRESIEEISHEE

On-diagonal asymptotics

Theorem ([Paoletti, 2012])

Assume that ® is transversal to R, - v. Then for every m € ®~Y(R, - v),

1 Jo\ d+(1=n)/2 )

My (x, x) ~ W <||V|| . ;) .gGZTX w(g)
1 1 d+1+(1—n)/2 N\
" D(m) (HCD(m)H) : (1+§Bl(mx)k ) ,

where T, is the stabilizer of x, x, is the character pertaining to v,
D : M — R is a distortion function and B;’'s are smooth functions.
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Recalls on prior literature BRESIEEISHEE

The dimension of the isotypes

Given that 0 ¢ ®(M), if in addition @ is transverse to R, v then
M, =: ®~1(R, - v) (if non-empty) is a connected compact submanifold of
M, of real codimension n — 1.

Theorem ([Paoletti, 2012])

Under some suitable hypothesis, assume in addition that the action is
generically free,

—(d+1—-n)
Jim (117 dim (o (X))
_ my||-+2-n L m
= Gyt f, IO vy, (m).
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AL CILENEIELNEEEM  The case of SU(2)

Irreducible representations of SU(2)

cosr e, -fon o )

Unitary lrreducible Representations <> v € Z~g

ezuﬂ _ e—zyl‘}
Weyl Character Formula ,(e”#) =

ezﬂ _ efzﬁ

dim(V,) =v
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AL CILENEIELNEEEM  The case of SU(2)

Irreducible representations of SU(2)

s st 7ol an(3 0))

Unitary Irreducible Representations < v € Z~g
ezuﬂ o e—zz/19
Weyl Character Formula y,(e”#) =

dim(V,) =v
I
H(X) = P H(X), .
v>0
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AL CILENEIELNEEEM  The case of SU(2)

Diagonal expansions

If0 ¢ &(M) = 3 h, T € G/T such that

1 [ A(m) 0
hmd>(m)hm1—z< 0 _A(m)>,

If I € Z, let us define f; : T — C by letting
fi:e"PeT e ecr.

Theorem ([Galasso & Paoletti, 2018])

Le us assume that 0 ¢ ®(M) and that the stabilizer Gy is contained in the
center of G. Then My, (x, x) has asymptotic expansion

() ()" 5 ot

g€Gx

+oo
1 + Z k_j ng(X)]

j=1
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AL CILENEIELNEEEM  The case of SU(2)

Dimensions of the isotypes

We can apply previous theorems to estimate the dimension of H(X),

when k — +00. Let us make this explicit in the case where [i is generically
free.

Theorem ([Galasso & Paoletti, 2018])
Le us assume that 0 ¢ ®(M) and that fi is generically free on X, we have

kﬂrroo l<%>d.dim(HkV(X))] - /M <ﬁ>d+1 dVy(m).

Proof.

For k =1, 2, ... let us define fy € C*°(M) by setting

fr(m) == k=9 Ny, (x, x) if m = 7(x). By the previous theorems, f, < C
for some constant C > 0 and f, — (v/27)4 A=(@+1) /2 for k — +o0. By
the dominate convergence theorem we can conclude. O

v
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AL CILENEIELNEEEM  The case of SU(2)

Equivariant Toeplitz operators

Assume that G = S! and ® > 0. For any f € C>°(M)* we have
TEIF] == N M T

Theorem ([Paoletti, 2015])

Under some hypothesis, let f, g € C>*(M)*, as k — +o00, we have

TEIFI(x, %) ~ (W) Sk SEIF(m),

j>0

Tk[f] X, X)

Ber, [f](m) := e ) Zk‘fB“

TEIF] o TE1g)(x, %) ~ (—) Sk AL g](x).

j>0
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AL CILENEIELNEEEM  The case of SU(2)

Equivariant Toeplitz operators

In the previous expansion
Aolf, gl(x) = &~ (m) - f ¢
and one can compute

T [f1o Tilgl(x, x) = Tilgl o T TFI(x, x)
d 7
= (£) |5 o 15 hutm) + 0k )]

™
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