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Introduction

General aim

G ×M → M geometric action.
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Introduction

General aim

G ×M → M geometric action.

⇓

Unitary representation G → U(H),
H Hilbert space related to the geometric structure of M.

⇓

H =
⊕
ν∈Ĝ

Hν

Problem
Relate isotypical decomposition to the geometry of the action.
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Introduction

Geometric setting

A quantum line bundle for a given Kähler manifold (M, ω) is a triple
(A, h, ∇) such that curvA,∇ = −2 ı ω.

X := {a ∈ A∨ : h∨(a, a) = 1}

↓

(X , α) is a contact manifold and CR manifold.

The Hardy space: H(X ) = ker(∂b) ∩ L2(X )

Szegö projector: Π : L2(X )→ H(X )
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Introduction

Contact lifts of Hamiltonian actions

Connected compact Lie group G (g = Lie(G)),
Holomorphic and Hamiltonian action µ : G ×M → M, with moment map

Φ : M → g ∼= g∨

Infinitesimal action dµ : g→ X(M), ξ → ξM .
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Introduction

Contact lifts of Hamiltonian actions

Connected compact Lie group G (g = Lie(G)),
Holomorphic and Hamiltonian action µ : G ×M → M, with moment map

Φ : M → g ∼= g∨

Infinitesimal action dµ : g→ X(M), ξ → ξM .

↓

dµ lifts to d̃µ : g→ Xcont(X , α),

ξ 7→ ξX = ξ]M − 〈Φ, ξ〉 ∂θ, ξM = dπ(ξX ).

Assumption

∃µ̃ : G → Cont(X , α) s.t. dµ̃(ξ) = d̃µ(ξ). Thus µ̃ is a contact lift of µ.
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Introduction

Equivariant Szegö projectors

H(X ) splits into an orthogonal direct sum of irreducible finite-dimensional
unitary representations of G (Peter-Weyl Theorem):

H(X ) =
⊕
ν∈Ĝ

Hν(X )

Equivariant Szegö Projector

Πν : L2(X )→ Hν(X )

If 0 /∈ Φ(M) ⇒ Πν(·, ·) ∈ C∞(X × X ),

Goal
Local asymptotics of Πkν and

dim (Hkν(X )) =
∫

X
Πkν(x , x) dVX (x) .
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Introduction

Remark

In the standard picture of Berezin-Toeplitz quantization:
H0(M, A⊗k) = Hk(X ) :=

⊕
ν∈Ĝ

Hk, ν(X ) ⇒ Asymptotics of Πk, ν

Our approach is different and it is inspired by the article “Homogeneous
quantization and multiplicities of group representation”. Pictorially,

Remark
The spaces Hk ν(X ) are not in general contained in a space of sections.
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Recalls on prior literature The standard circle action

Standard case

Natural action of S1 on X with trivial µ and Φ ≡ 1

⇓

H(X ) =
⊕
k∈Z

H(X )k .

Equivariant components Πk : L2(X )→ Hk(X ) of the Szegö projector.
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Recalls on prior literature The standard circle action

Standard case

Natural action of S1 on X with trivial µ and Φ ≡ 1

⇓

H(X ) =
⊕
k∈Z

H(X )k .

Equivariant components Πk : L2(X )→ Hk(X ) of the Szegö projector.

Πk(x , x) ∼
(k
π

)d
·

1 +
∑
j≥1

k−jaj(mx )

 [Catlin, Zelditch; 1998],

where aj : M → R is C∞, and we have set mx := π(x)
a1 is the scalar curvature, [Lu, 2000].
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Recalls on prior literature The Abelian case

Circle actions

Contact Lifts of a Hamiltonian S1-action µ.

H(X ) =
⊕
k∈Z

Hµ
k (X )

Φ > 0⇒ Hµ
k (X ) is finite-dimensional

⇓

Πµ
k (x , x) ∼

(k
π

)d
· Φ(m)−(d+1) ∑

g∈Tx

gk ·

1 +
∑
j≥1

k−jaj(mx )

 ,
The term a1 is explicitly computed in [Paoletti, 2015] and a recursive

algorithm for computing the aj ’s is given.
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Recalls on prior literature Torus actions

Torus actions

Contact Lifts of a Hamiltonian Tn-action µ.

⇓

H(X ) =
⊕

ν∈Zn
Hν(X )

⇓

0 /∈ Φ(M)⇒ Hν(X ) is finite-dimensional.

Theorem ([Paoletti, 2012])
If Φ(m) /∈ R+ · ν, then Πkν(x , x) = O(k−∞) where m = π(x).
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Recalls on prior literature Torus actions

On-diagonal asymptotics

Theorem ([Paoletti, 2012])
Assume that Φ is transversal to R+ · ν. Then for every m ∈ Φ−1(R+ · ν),

Πkν(x , x) ∼ 1
(
√
2π)n−1

(
||ν|| · k

π

)d+(1−n)/2
·
∑

g∈Tx

χν(g)k

· 1
D(m)

( 1
||Φ(m)||

)d+1+(1−n)/2
·

1 +
∑
l≥1

Bl (mx ) k−l

 ;

where Tx is the stabilizer of x , χν is the character pertaining to ν,
D : M → R is a distortion function and Bl ’s are smooth functions.
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Recalls on prior literature Torus actions

The dimension of the isotypes

Given that 0 /∈ Φ(M), if in addition Φ is transverse to R+ν then
Mν =: Φ−1(R+ · ν) (if non-empty) is a connected compact submanifold of
M, of real codimension n − 1.

Theorem ([Paoletti, 2012])
Under some suitable hypothesis, assume in addition that the action is
generically free,

lim
k→+∞

(
||ν|| k

π

)−(d+1−n)
dim (Hkν(X ))

= 1
(2π)n−1

∫
Mν

||Φ(m)||−(d+2−n) · 1
D(m) dVMν (m) .
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The non-Abelian case The case of SU(2)

Irreducible representations of SU(2)

G = SU(2), g = ı h0
2, T =

{
eϑβ, β =

(
ı 0
0 −ı

)}
.

Unitary Irreducible Representations ↔ ν ∈ Z>0

Weyl Character Formula χν(eϑβ) = eı ν ϑ − e−ı ν ϑ
eı ϑ − e−ı ϑ .

dim (Vν) = ν
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Unitary Irreducible Representations ↔ ν ∈ Z>0

Weyl Character Formula χν(eϑβ) = eı ν ϑ − e−ı ν ϑ
eı ϑ − e−ı ϑ .

dim (Vν) = ν

⇓
H(X ) ∼=

⊕
ν>0

H(X )ν .
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The non-Abelian case The case of SU(2)

Diagonal expansions
If 0 /∈ Φ(M) ⇒ ∃! hmT ∈ G/T such that

hmΦ(m)h−1
m = ı

(
λ(m) 0
0 −λ(m)

)
,

If l ∈ Z, let us define fl : T → C by letting

fl : eϑβ ∈ T 7→ el ϑβ ∈ C∗ .

Theorem ([Galasso & Paoletti, 2018])
Le us assume that 0 /∈ Φ(M) and that the stabilizer Gx is contained in the
center of G. Then Πkν(x , x) has asymptotic expansion

( 1
2λ(mx )

)d+1
·
(
ν k
π

)d
·
∑

g∈Gx

f1−k·ν(g) ·

1 +
+∞∑
j=1

k−j Bg j(x)
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The non-Abelian case The case of SU(2)

Dimensions of the isotypes

We can apply previous theorems to estimate the dimension of H(X )k ν

when k → +∞. Let us make this explicit in the case where µ̃ is generically
free.

Theorem ([Galasso & Paoletti, 2018])
Le us assume that 0 /∈ Φ(M) and that µ̃ is generically free on X, we have

lim
k→+∞

[(
π

kν

)d
· dim (Hkν(X ))

]
=
∫

M

( 1
2λ(mx )

)d+1
dVM(m) .

Proof.
For k = 1, 2, . . . let us define fk ∈ C∞(M) by setting
fk(m) := k−d Πkν(x , x) if m = π(x). By the previous theorems, fk ≤ C
for some constant C > 0 and fk → (ν/2π)d λ−(d+1)/2 for k → +∞. By
the dominate convergence theorem we can conclude.
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The non-Abelian case The case of SU(2)

Equivariant Toeplitz operators
Assume that G = S1 and Φ > 0. For any f ∈ C∞(M)µ we have

Tµ
k [f ] := Πµ

k Mf Πµ
k .

Theorem ([Paoletti, 2015])
Under some hypothesis, let f , g ∈ C∞(M)µ, as k → +∞, we have

Tµ
k [f ](x , x) ∼

(k
π

)d ∑
j≥0

k−j Sµj [f ](m) ,

Berµk [f ](m) := Tµ
k [f ](x , x)
Πµ

k (x , x) ∼
∑
j≥0

k−j Bµ
j (f ) ,

Tµ
k [f ] ◦ Tµ

k [g ](x , x) ∼
(k
π

)d ∑
j≥0

k−j Aj [f , g ](x) .
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The non-Abelian case The case of SU(2)

Equivariant Toeplitz operators

In the previous expansion

A0[f , g ](x) = Φ−(d+1)(m) · f g

and one can compute

Tµ
k [f ] ◦ Tµ

k [g ](x , x)− Tµ
k [g ] ◦ Tµ

k [f ](x , x)

=
(k
π

)d [
− ık Φ(m)−d {f , g}M(m) + O(k−2)

]
.
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