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1 Introduction

The present project is extracted from an unpublished preprint of the author [1],
which will be on the author’s web page at the end of July 2018. It is mostly
experimental.

Let D be a fundamental discriminant, i.e., the discriminant of a quadratic
number field (so either D =1 (mod 4) and squarefree, or D = 8, 12 (mod 16)
and D/4 squarefree). To such a discriminant is associated a Dirichlet character
xp of conductor |D| such that yp(n) = (£), and a corresponding L-function
L(xp,s) = > ,s1 (2)/n® for R(s) > 1, and extended by analytic continuation
to the whole of C with functional equation A(xp,1 —s) = A(xp,s) with

A(XD?‘S) = |D|S/2FR(S + e)L(XDvs) )

where as usual T (s) = 7~%/?T'(s/2) and e = 0 or 1 according to D > 0 or D < 0.
This functional equation implies that for k > 2 we have L(xp,1—k) =0ifk Ze
(mod 2), and on the other hand it is easy to show that the values L(xp,1 — k)
for k = e (mod 2) are rational numbers with completely controlled (small)
denominators.

We are interested in computing these values, with emphasis on small values of
k (say 2 < k < 12) and large values of | D|. Since the denominators are controlled
and small, computing exactly is equivalent to computing approximately to a
reasonable accuracy.

There are (at least) four methods for computing these values.

(1) Direct method: they can be expressed as a finite sum of O(|D|) values in
terms of Bernoulli numbers.

(2) Using the functional equation directly: when k is not too small (e.g.,
k > 12), we can use an approximation to L(xp, k) and use the functional
equation.

(3) Using the approzimate functional equation. This is a method which takes
time O(|D|'/?%¢) for any ¢ > 0, but with a large implicit constant in
the O() constant because of the need to compute higher transcendental



functions. Nonetheless, apart from methods coming from modular forms,
it is almost always the best method if | D] is large.

(4) Using formulas coming from the theory of modular forms.

The aim of this project is to discover both theoretically and experimentally
the formulas coming from modular forms, to estimate their cost, and to deduce
a reasonable algorithm for computing L(xp,1 — k). Note that all the formulas
take time O(D'/?+) but with a very small implicit constant of the O(), and
the project consists in finding the smallest possible constants.

2 Some Theory: Case k Even
2.1 The Basic Theorem

The basic theorem which lead to modular form methods for computing L(xp, 1—
k) is due to C.-L. Siegel, and refined by D. Zagier and the author.

Theorem 2.1 Let D > 1 be a fundamental discriminant and k > 2 be an even
integer. Set

B .
Fip(r) = —47];L(XD, 1—-Fk)+ Z ck,p(n)g"  with
n>1

Ck,Dm):;dkl(’dD) 3 gk(Wd)f)

|s|<(n/d)v/D
s=(n/d)D (mod 2)

Then Fy, p € May(T), i.e., it is a modular form of weight 2k on the full modular
group.

The proof of this theorem is in fact relatively simple: in the space of Hilbert
modular forms in two variables over the real quadratic field Q(v/D) one defines
natural Eisenstein series, here called Hecke—Fisenstein series, one computes their
Fourier expansion in a manner completely similar to the one variable case, and
one then restricts to the diagonal 7 = 7.

Consider the example of £ = 2. The theorem says that there exists a modular
form in M4(I") whose Fourier expansion begins by

FQYD(T):_M_H] S o <D—52) L0

48 4
ls|<v'D
s=D (mod 2)

However M,(I") has dimension 1 generated by Ey = 1+ 240q + O(¢?), so Fo.p
must be proportional to F4, and we deduce that

1 D —s?
L(XDa_l) = _g Z o1 ( 1 ) .
s|l<v'D
s=D (mod 2)

This is our first modular form formula for L(xp, 1 — k).



Definition 2.2 (1) To avoid including conditions such as |s| < VD and s =
D (mod 2), we define o (x) =0 for x ¢ Z>1.

(2) We define

(warning: because of the relation with modular forms, it is o,—1 and not
O'k).

Thus, with this notation we have shown that L(xp,—1) = —S2(D,4)/5.

Exercise 1. The goal of this exercise is to compute Sa(m,4) = ., o1((m —
52)/4) for all positive integers m and not only for fundamental discriminants.
Since s2 = 0,1 (mod 4), it is clear that Sa(m,4) = 0 if m = 2,3 (mod 4), so we
assume that m = 0,1 (mod 4).

(1) Using the above theorem, show that if D > 1 is a fundamental discriminant
we have

Z d<l;> So((n/d)?D) = —5L(xp, —1)o3(n) .
d|n

(2) Show that for any positive integer m = 0, 1 (mod 4) one can write uniquely
m = Df? for a fundamental discriminant D (including D = 1) and some
integer f. Using the Mobius inversion formula, compute S2(m) in terms
of L(xp,—1) when m is not a square.

(3) We now assume that m is a square. Proving the correct formula would
require too much work, so we will do this experimentally. Call F(n) the
difference between the right and left-hand side of the formula of (1) for
D =1, in other words since L(x1,—1) =((-1) = —1/12:

F(n) = %03(71) =Y dSa((n/d)?) .
d|n

Compute F(n)/oi(n) for a few consecutive values of n, and deduce a
conjectural formula for F(n).

(4) As before, using Mobius inversion deduce the (conjectural) value of Sa(m)
when m is a square, hence the general formula using the symbol §(y/m)
equal to 1 if m is a square and to 0 otherwise. In addition, using Mobius
inversion but now in reverse, show that the factor of §(y/m) is a linear
function of m.

Note: probably the simplest way to prove the formula for m square is as
follows. One first shows that there exists a constant ¢ such that E2(47)0(7) —
ct' (1) € Ms;5(I'o(4)). Now this space is of dimension 2 generated by two
Eisenstein series whose Fourier coefficients can be computed explicitly (with
some difficulty), and identifying Fourier coefficients gives the above formulas
including the one for m square, whose contribution comes from the presence of
0'() above.

Exercise 2.



(1) Using the explicit description of My (I'), express L(xp,1 — k) for k = 4,
6, 8, and 10 in terms of Si(D,4) and Si(D,1).

(2) Using the fact that for k& > 4 even Ej is an eigenfunction of the Hecke
operators, show that

op_1(4n) = (414 Dop_1(n) — 4* Top_1(n/4) .

(3) Show directly that the above relation is in fact true for all k € C.

(4) Deduce that once Si(D,4) computed, one can speed up the computation
of Sx(D,1) by writing

Se(D, )= > op1(D—s7)+ (A +1)Sk(D,4)—4¥1S(D, 16) .
s#D (mod 4)

2.2 The General Theorem

The more general theorem which will both allow us to obtain faster formulas
in many cases, and also treat the case of D < 0 (hence k odd) is as follows
(unpublished as far as I know):

Theorem 2.3 Let D > 1 be a fundamental discriminant, let k > 2 be any
integer, let ¢ be a primitive character modulo F such that 1(—1) = (=1)¥, let
N be a squarefree integer, and assume that gcd(F, ND) = 1. The parameters 1
and N being implicit, set

PRURALEEL O LIS § N

and forn > 1:

d 2D 2
ck,p(n) = %: XD (d)d Y ok (W) ;
ged(d,N)=1

where we set ox_1,y(m) = 0 if m is not a positive integer, and otherwise
1,5 (M) = 3 gy Y (d)d*

Then
Z ck,p(n)q" € Mo (Lo(FN), %) .
n>0

Note that Theorem 2.1 is the special case F' = N = 1 (hence v trivial) of this
theorem. Once again, since Moy (To(FN),?) is finite-dimensional, this allows
us to obtain other formulas for L-functions at negative integers. However, this
can become tedious, so it is preferable to use the following corollary:

Corollary 2.4 For any k > 2 even and N > 1 with 4 | N, there exist t, and
constants (cn)1<n<t depending only on (%) for primes p | N or p < t, such
that whenever D is a square modulo N we have

L(xp,1=k)= > cuSx(n’D,N).

1<n<t



For example, the formula that we have seen above says that L(xp,—1) =
(=1/5)S2(D, 4).

Exercise 3.

(1) Using either your own program for computing directly L(xp,1 — k) in
terms of Bernoulli numbers, or the built-in GP function 1fun(D,1-k), ez-
periment with the above corollary for k =2 and 8 < N <120, 4 | N (the
case N = 4 has been done), and find the smallest possible ¢ which seems to
give a valid formula (I do not ask for any proof, simply a reasonable confi-
dence). To get you started, check (again experimentally) that for N = 12
we have two formulas: if D =0 (mod 3) then L(xp,—1) = —251(D, 12),
and if D =1 (mod 3) then L(xp,—1) = —S1(D,12).

(2) Write two programs which, given any one of the formulas that you find,
gives the computational cost (as a rational number times D'/?), and the
probability that the formula applies. Warning: these probabilities are not
what you may believe without thinking.

Examples: our initial formula for L(xp,—1) has cost D'/2/2 and applies
with probability 1; the formula L(xp,—1) = —251(D,12) for D = 0
(mod 3) has cost D'/2/6 and applies with probability 1/4; the formula
L(xp,—1) = —=S1(D,12) for D =1 (mod 3) has cost D'/2/3 and applies
with probability 3/8.

(3) By ordering the formulas by increasing cost, and for simplicity keeping
only Legendre conditions involving (D/2) and (D/3), write an algorithm
for computing L(xp,—1) valid for all D (our initial formula, with cost
D'/2/2 will be the most costly but it applies to all D), and estimate the
average cost of your algorithm.

Note: doing all the computations of this exercise may take you very long.
If you are pressed for time, I suggest that you do only part of the exercise
(for instance by finding only a few more experimental formulas), and that you
go directly to Exercise 5 which treats L(xp,1 — k) for D < 0 and k odd, the
corresponding formulas being difficult (if not impossible) to find in the literature.

Exercise 4.

(1) Do the same exercise for k = 4, i.e., to compute L(xp,—3). Note: all the
formulas that I found have a worse cost than the initial formula found in
Exercise 2 (1), maybe you can do better.

(2) Same for k = 6 (test 4 < N < 60, 4 | N, here there are again several
useful formulas).

(3) Same for k = 8 (only two useful formulas ?) and k¥ = 10 (no other than
the one obtained in Exercise 2 7).

3 The Case k£ Odd

Thanks to the more general Theorem 2.3, although Hilbert modular forms in
two variables are only for real quadratic fields, thus with discriminant D > 0,



with a suitable choice of ¢ (typically ¥ = x_4), it can also be used to compute
L(xp,1 — k) for D < 0, hence k odd. In fact, we need a similar additional
theorem which we do not give to obtain good formulas, and we state directly
the analogue of Corollary 2.4, but first introduce some notation.

Definition 3.1 (1) We set

a,il)(m):Z(;l)d’“ and o2 (m) = Z(ﬂ;/‘*d)dk,

dlm d|m

with the usual understanding that J,gj)(m) =0ifm¢Z>.

_ 2)
Corollary 3.2 Assume that D < 0 is a fundamental discriminant. For any
k > 3 odd and N > 1, there exist v, t, and constants (cﬁf))lgngt forj =1,

2 depending only on (%) for primes p < r such that whenever D is a square

(2) We set

S(])mN Za (

SEZL

modulo N we have

Lio -k = 3 3 s m? D], N) .

1<n<t1<5<2

Exercise 5.

(1) Do the same as the previous exercises, but now for D < 0 and k = 3, 5, 7,
and 9, and again compute the costs. For simplicity, only look for formulas
such that the coefficients ¢,, depend only on (%), i.e., simply distinguish
the cases D =1 (mod 8), D = 5 (mod 8), and D = 0 (mod 4), but now

only for 1 < N < 4. To get you started, check (experimentally) that for
k=3and D=1 (mod 8) we have L(xp, —2) = S$"(|D|,2)/7.

(2) Set S&P(m) = 2,y oY, (m—4s%). Show that S\ (4m,2) = St (m,2) +
S,(:’)(m), and deduce that when D = 1 (mod 4) one can reduce the cost
for k=7 and 9.

(3) Similarly, set S,Efl)(m) =D ez, s odd 0,2121(4m—82). Show that S,(Cl)(élm, 1) =

S,il)(m, 1)+S,(€4) (m), and deduce that when D = 0 (mod 4) one can reduce
the cost for k = 9.

Exercise oo (for courageous people). The formulas with D < 0 were all
obtained from Theorem 2.3 using ¥ = x_4. Find analogous formulas using
1) = x_3 or more general quadratic characters. Have any of these formulas
smaller “cost” than those that you obtained in Exercise 4 7
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