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Some motivations

• Systematic study of 2+1 gravity started by Deser, Jackiw and

’t Hooft in the mid 80’s as toy model for Quantum Gravity.

• Polyhedral surfaces in a 2+1 spacetimes have been used to

described the dynamic of such spacetimes

Objective

Construct and study polyhedral Cauchy-surfaces in singular flat

spacetimes

• Penner surface

• Alexandrov theorem
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Singular locally Minkowski manifolds



Minkowski Space

E1,2 := (R3,ds2) with ds2 = −dt2 + dx2 + dy2

isom(E1,2) = SO0(1, 2) oR3 T (t, x , y) = −t2 + x2 + y2

E1,2 comes with a natural causal relation.

p ≤ q ⇔ T (p − q) ≤ 0 and tp ≤ tq 2
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Minkowski Space

E1,2 := (R3,ds2) with ds2 = −dt2 + dx2 + dy2

isom(E1,2) = SO0(1, 2) oR3 T (t, x , y) = −t2 + x2 + y2

The hyperboloid model of H2 on which SO0(1, 2) acts.
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Singular model spaces

Definition : Massive particles

E1,2
α := (R× E2

α,ds
2) with ds2 = −dt2 + dr2 +

α2

4π2
r2dθ2

Wedge taken out of a

Cyclinder in E1,2.

Blue faces glued to-

gether.

You get E1,2
1.7π.

You may take a 10

sheeted cover to

obtain E1,2
17π
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Singular model spaces

Definition : Massive particles

E1,2
α := (R× E2

α,ds
2) with ds2 = −dt2 + dr2 +

α2

4π2
r2dθ2

With a change of variable (α = 2π
√

1− ω2):

ds2
ω = dr2 + r2dθ2 − (1− ω2)dτ2 − 2ωdrdτ.

Definition : BTZ white-hole (ω = 1)

E1,2
0 := (R× E2,ds2) with ds2 = dr2 + r2dθ2 − 2dτdr
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Globally hyperbolic spacetimes

Definition : Spacetime

A singular flat spacetime is a manifold locally modeled on the

family of model space {E1,2
α : α ≥ 0} i.e. a E1,2

≥0-manifold.

Definition : Cauchy-surface

Let M be a spacetime, a topological hypersurface Σ is a

Cauchy-surface of M if every inextendible future causal curve of

M intersects Σ exactly once.

Definition : Globally hyperbolic spacetimes

A spacetime M is GH if it admits a Cauchy-surface. M ' Σ× R

Definition : Cauchy-embedding

A Cauchy-embedding is a embedding i : M → M ′ such that for

every Cauchy-surface Σ of M, i(Σ) is a Cauchy-surface of M ′.

Cauchy-maximality, Cauchy-completeness...
6
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BTZ-extension and convex hull

construction



Penner’s Convex hull construction (TM)

1. Start from a complete hyperbolic surface Σ of finite volume

with at least one cusp and choose a family of horocycle

around each cusp.

2. Identify the universal cover of Σ with the hyperboloid model

of H2 embedded into Minkowski space. Identify the chosen

horocycles with points on the light cone.

3. Take the boundary of the closed convex hull of these points.

You obtain a polyhedral surface with vertices on the light cone!

(Yes, you may ask questions!)

7
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The quotient of the future cone by the holonomy of Σ is a nice

Cauchy-complete spacetime but the vertices of the polyhedral

surface constructed lie ”outside” of the spacetime.

Idea

Add points to the spacetime so that the polyhedral surface is a

compact Cauchy-surface of a bigger spacetime.

See Geogebra animation

• This procedure works

• By adding the rays, we obtain BTZ singular lines

• The completed spacetime is Cauchy-compact

• It motivates a systematic study of BTZ-extensions.

8
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Maximal BTZ extensions

Definition : Definition : BTZ-extension

Let M0,M1 be two singular globally hyperbolic spacetimes.

M1 is a BTZ-extension of M0 if there exists an embedding

M0 → M1 such that the complement of the image is a set of

BTZ points.

Theorem I [Bru16a]

Let M be a globally hyperbolic singular flat spacetime. Then

there exists a maximal globally hyperbolic BTZ-extension,

furthermore this extension is unique up to isometry.

9



Theorem II [Bru16a]

Let M be a singular spacetime, then TFAE

(i) M is GH, maximal and Cauchy-complete;

(ii) ExtBTZ(M) is GH, maximal and Cauchy-complete.

Theorem II [Bru16b]

We can add BTZ-rays to Cauchy-complete spacetimes the same

way we did before even if the holonomy is not linear.

Theorem IV Mess [Mes90, ABB+07], Barbot [Bar05],

Bonsante-Benedetti [BB09],

The following maps are bijective :

TTeichg ,s

dsuspH2 //
oo

Hol

Mg ,s(E1,2)

10
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Theorem II [Bru16a]

Let M be a singular spacetime, then TFAE

(i) M is GH, maximal and Cauchy-complete;

(ii) ExtBTZ(M) is GH, maximal and Cauchy-complete.

Theorem II [Bru16b]

We can add BTZ-rays to Cauchy-complete spacetimes the same

way we did before even if the holonomy is not linear.

Theorem IV Mess [Mes90, ABB+07], Barbot [Bar05],

Bonsante-Benedetti [BB09], B [Bru16b]

The following maps are bijective :

TTeichg ,s

dsuspH2 //
oo

Hol

Mg ,s(E1,2)
ExtBTZ //

Mg ,s(E1,2
0 )

Reg
oo
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Convex hull construction (II)

Theorem IV [Bru16b]

Let M be a Cauchy-compact flat spacetime with BTZ and let

(pi )i∈[1,s] be a family of points chosen on each BTZ line.

Then, there exists a unique convex polyhedral Cauchy-surface of

M with vertices p1, · · · , ps .

Theorem [Pen87] [Bru16b]

The following maps are bijective.

T̃eichg ,s

ExtBTZ ◦ suspH2 //
M̃L

g ,s(E1,2
0 )oo

∂Conv //
Mg ,s(E2

>0)
??suspE2 ??
oo
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Convex hull construction (II)

Theorem IV [Bru16b]

Let M be a Cauchy-compact flat spacetime with BTZ and let

(pi )i∈[1,s] be a family of points chosen on each BTZ line.

Then, there exists a unique convex polyhedral Cauchy-surface of

M with vertices p1, · · · , ps .

Theorem [Pen87] [Bru16b]

The following maps are bijective.

T̃eichg ,s
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Suspension of a locally Euclidean surface

1. Start from a locally Euclidean surface Σ with marked points S .

2. Cut Σ along Delaunay Celullation for marking S .

3. Inscribe each cell into the future light cone of Minkowski

space.

4. Glue back the cells together with the cone they generate in

Minkowski space.

5. Admire the spacetime you constructed.

12
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Convex hull construction (II)

Theorem [Pen87] [Bru16b]

M̃L
g ,s(E1,2

0 )
∂Conv //

Mg ,s(E2
>0)

suspE2

oo

Conjecture I

M̃g ,s(E1,2
0 )

∂Conv //
M̃g ,s(E2

>0)
suspE2

oo

Some ideas, nothing concrete yet.

Conjecture II : Work in progress

M̃L
g ,s(E1,2

≥0)
∂Conv //

M̃g ,s(E2
>0)

τ−suspE2

oo
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Generalized suspension



Let Σ be a compact Euclidean surface of genus g singular at

S = {p1, · · · , ps}.
Lemma

For all Euclidean triangle T = [A1A2A3], τ ∈ R3
+, there exists a

unique τ̃ : T → R+ of the form

τ̃ :
E2 −→ R
x 7−→ τ0 − d(x , ω)2

such that τ̃(Ai ) = τi .

Definition : τ -suspension

Let τ ∈ RS
+ and let (Tj)j∈J be a triangulation of Σ. With τ̃ the

extension of τ given by the Lemma. The τ -suspension of Σ is

R∗+ × Σ endowed with the metric

−τ̃dt2 − tdtdτ̃ + t2ds2
Σ

14
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Pictures

See geogebra file
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Issues of the construction

Q1 : What kind of singularities appear?

Q2 : Convex embedding?

Q3 : Injectivity? Surjectivity? (work in progress)

Lemma (answer to Q1)

Assume τ ≥ 0 then τ̃ ≥ 0 and :

τ(p) > 0⇔ The line through p is a massive particle

τ(p) = 0⇔ The line through p is a BTZ
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τ(p) > 0⇔ The line through p is a massive particle

τ(p) = 0⇔ The line through p is a BTZ
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Proposition

Given some τ ∈ Rs
+, there is at most one triangulation so that

the constructed embedding is convex.

Definition : Admissible times

A time τ ∈ Rs
+ is admissible if there exists a triangulation

inducing a convex embedding.

Denote P ⊂ Rs
+ the set of admissible times.

Proposition

P is a convex domain of non trivial interior. It is invariant

translation by λ(1, · · · , 1) with λ > 0, and P/(1, · · · 1) is

compact.
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Let Σ a locally Euclidean surface singular at pi , · · · , ps of

respective cone angles θ1, · · · , θs .

For τ admissible, denote κi the angle of the induced particule

through pi .

Theorem [Bru]

Assume all θi are bigger than 2π.

For every κ0 ∈ [0, 2π]s , there exists a unique admissible τ ∈ RS
+

such that κi = κ0
i .

Corollary [Fil11]

There exists a unique embedding of Σ as the boundary of a

fuchsian polyhedra in E1,2.

The new proof of Fillastre’s Theorem is effective
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