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Abstract

In this paper existence of the Brownian measure on Jordan curves with respect to the Weil-Petersson
metric is established. The step from Brownian motion on the diffeomorphism group of the circle to Brow-
nian motion on Jordan curves in C requires probabilistic arguments well beyond the classical theory of
conformal welding, due to the lacking quasi-symmetry of canonical Brownian motion on Diff(S 1), A new
key step in our construction is the systematic use of a Kihlerian diffusion on the space of Jordan curves
for which the welding functional gives rise to conformal martingales, together with a Douady—Earle type
conformal extension of vector fields on the circle to the disk.
© 2010 Elsevier Inc. All rights reserved.
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I. Kihlerian Geometry on the space of C*° Jordan curves

A similar topic has been discussed in [5]. In August 2009 Antti Kupiainen pointed out to us
that the Holderianity stated in Section 6 of [5] is in fact not proved there. In the present paper
we establish from scratch existence of the Brownian measure on Jordan curves for the Weil—-
Petersson metric.

New key steps of our paper are: i) the use of a Kéhlerian diffusion on the space of Jordan
curves for which the welding functionals give rise to conformal martingales; ii) the construction
of a Douady-Earle type extension of vector fields from the circle to the disk. We thank Antti
Kupiainen cordially for his careful reading of [5], which has been at the origin of the present
work. We also like to mention the interesting paper [8] which constructs probability measures on
Jordan curves by a global approach; this method is quite different from the infinitesimal approach
based on a stochastic Loewner equation which is used here.

Our work is contiguous to several branches of Mathematics: SLE theory (see for instance
[25]); Mumford’s theory of vision [34]; representations of Virasoro algebra [21,2,3,22]; Stochas-
tic Differential Geometry on infinite dimensional homogeneous spaces [12,4,16]; stochastic flows
under low regularity assumptions [28,26,6,13,14,33]; stochastic PDE theory as developed further
in this paper has been started in [5], as resolution of the non-linear Beltrami PDE by a continuity
method along a stochastic flow.

Our paper is limited to a short and self-contained proof of the result indicated in the title.

1. Structure of homogeneous Kihler manifold on C*° Jordan curves

A Jordan curve in the complex plane C is a closed subset I" C C for which there exists a
continuous injective map ¢ : ' — C of the circle S! satisfying ¢ (S') = I". Such a parametriza-
tion ¢ is not unique: given two parametrizations ¢1, ¢, of the same Jordan curve, there exists a
homeomorphism % of S! such that ¢ = ¢ o h. Two parametrizations define the same orientation
of I' if h is an orientation preserving homeomorphism of the circle S'. The inconvenience of this
point of view is that indeterminacy in the parametrization depends on an element of an infinite
dimensional group, namely the group of homeomorphisms of the circle.
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The holomorphic parametrization is constructed in the following way: the complement of I”
in C is the union of two connected open subsets I"* and I~ where I' " is bounded and I" ™ is
unbounded. The Riemann mapping theorem gives the existence of a conformal map

fr of the open unit disk D onto I'T,
defined up to composition with an element of the form

az+b 5

—~ — a,beC, |af>—=|p=1. (1.1)
bz +a

Vg

By a theorem of Caratheodory [10], see also [31], fr has a continuous injective extension to the
closure D of D, also denoted fr, and fr|S! gives a parametrization of I" defined canonically
up to a transformation of the form (1.1). The advantage of the holomorphic parametrization
is that its indeterminacy corresponds to the finite dimensional Poincaré group H of Mobius
transformations z — (az + b) /(bz + a@).

Now consider 1"~ and let D™ = {z: |z| > 1} be the open exterior of the unit disk. There exists
a univalent function

hr:D™ —> 1T, hr(o00) =00, (1.2)

being uniquely defined up to a Mdobius transformation of D~ preserving oo, that is up to a
rotation. We eliminate this ambiguity by the extra normalization that

. hr(z
lim

=00 7

) is a positive number. (1.3)

As above, by the theorem of Caratheodory, /- extends to the closures and & |S! also provides
a parametrization of I".

Let G be the group of orientation preserving homeomorphisms of the circle S! = 8 D; further
let H be the group of Mobius transformation z — (az +b)/ (bz +a) of the unit disk D restricted
to the boundary d D. Then H is a subgroup of G; we consider the homogeneous space

M = H\G. (1.4)
Theorem 1.1. Let fr, h - be the restrictions of fr, h to dD. The correspondence
Fr—)flilofzrdeﬁnesamap@:jl—),/// (1.5)
where [J denotes the set of Jordan curves.

Proof. The indeterminacy on fr through a Mobius transformation appearing on the right is
equivalent to the indeterminacy on f ! through a Mobius appearing on the left. O

Remark 1.2. Following Sharon and Mumford [34] we introduce the space of shapes . as the
orbit space of J under the action of the affine group
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> az+ B, o,€C, a#0. (1.6)

We shall use the following result proved in [34]:

O realizes an injection of . into M, .7
which means that @(I") =@ ("’) ifand only I = oI"" + B.

We shall say that a Jordan curve is C if its holomorphic parametrization together with its
inverse are C°°; we denote by 7 the set of C* Jordan curves. We say that I" is Holderian if f
is Holderian together with its inverse; we denote by 7" the set of Holderian Jordan curves. In the
same way we denote by G*°, G" the groups of C* diffeomorphisms of S!, respectively Holde-
rian homeomorphisms of § L Letting ©°, O" be the restrictions of ® to J°, respectively J h
then

O%: J® > G*, oM. 7" Gh. (1.8)

Problem 1.3. The C*°-welding problem is the following problem: given g € G*°, find univalent
functions f, h defined on the closures of D, resp. D™, such that

floh=g. (1.9)

It is a classical fact that the C°°-welding problem has a solution (see [1] and also the examples
given in [17, Sections 5 and 6]); therefore the map ®@° is surjective and

O realizes a bijection of /> onto M .= H\G™. (1.10)

Denote by g = diff(S') the right invariant Lie algebra of G* constituted by smooth vector
fields on S'. The identification of smooth vector fields and smooth functions on S! by the formula
ur> u(d) j—g identifies g and C*°(S"). In terms of this identification the Lie bracket is transferred
to the following expressions:

[u, v](0) = u@)V'(0) — u'(O)v(0). (1.11)
In the trigonometric basis the bracket has an easy expression: for instance
2[cos kB, cos pf] = (k — p) sin(k 4+ p)0 + (k + p) sin(k — p)6.
The Lie algebra Yy of H has the basis 1, cos0, sinf. (1.12)

The Weil-Petersson metric is the unique Hilbertian metric on g invariant under the adjoint
action of fj. The system

coskf sin k6
KB —k K —k

, k>1, (1.13)

is orthonormal for the Weil-Petersson metric and induces on .Z°° the structure of an infinite
dimensional Riemannian manifold. The Hilbert transform is defined by
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J coskf =sink0, Jsinkf = —coskf fork > 1. (1.14)

As usual in harmonic analysis, we take the Hilbert transform of a constant function equal to zero.
The Hilbert transform possesses the Nijenhuis property with respect to the Lie bracket (1.11):
foru,veg,

[Ju, Jv] — [u,v] = J ([u, Jv] + [Ju, v]). (1.15)
As J? = —1, the Hilbert transform defines on g (= the quotient of g by the constant functions)

a completely integrable complex structure.
It has been proved (see [4]) that

M has the structure of a complex Kiihler manifold. (1.16)
Set
Z +0210); (1.17)
/—3 cosk@ sin k6
k>1 k
then A is an elliptic operator on .#*°. We regularize A by introducing
rk 2
A — Z . (acoske + 0Gnke)s €10, 11. (1.18)
k>1
Theorem 1.4. The operators A" have the following properties:
1. In the exponential chart, A" do not involve first order derivative terms.
2. Any holomorphic functional @ on J° satisfies
A'® =0. (1.19)

Proof. The differential d® defines a linear form on the tangent space; the second order differ-
ential defines a bilinear form on the tangent space, or equivalently a linear form on the tensor
product of the tangent space by itself. Using these notations we have:
deosko ((coskd, dD)) = —k(cos kO sinkf, dP) + (cos kb ® cos kb, d2®);
dsinke ((sink@, d®)) = k(sink cosk6, d®) + (sinkd @ sinkd, d*®);
dcosko ((c0SkO, dD)) + dsinko ((sink0, dP)) = (coskf ® coskf, d*®) + (sinkf @ sinkd, d* ).

For example, the first of these equations is obtained as follows: with the identification (1.8), we
take g.(0) =60 + e cos(k6), then

d
(coskf,dD) = — 05(9 + scos(kG))
de|,—g
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and

8cosk9((cos kO, dq))) = % <cos(k(9 + & cos(k@))), dq)(Q +¢€ cos(k@))).
e=0

In the same way,

Osin k0 ((cosk@, dqﬁ)) = —k(sin2 ko, dcb) + (cos kO ® sink6, dch),
deosko ((sink6, dP)) = k(cos2 k6, d®) + (cosk® @ sinkd, d2¢>).

According to (1.14) the 9 operator on J*° (see [29]) corresponds to

lT’p = 0cos po + v =107 (cos ps) = Ocos po + v _lasinp9§ (1.20)
NR[Dp, ¥p] vanisheson T, p>1, (1.21)

where Nz denotes the real part of a complex number z; therefore

4Ar=Z

0,0, +ﬁﬁ)_2z ——RW,P,). O
p>1 -p

P p>1
The Brownian motion “on” .# will be discussed in Section 4; a main feature is that it takes its
values in the group G", thus getting us out of the C® category where (1.9) has been established.

2. Douady-Earle infinitesimal extension

Beurling and Ahlfors characterized the boundary values of quasi-conformal maps of the disk
as the quasi-symmetric homeomorphisms of the circle; they gave a construction from a given
quasi-symmetric boundary homeomorphism to the quasi-conformal extension. Their methodol-
ogy is based on Fourier analysis. In [5] we extended the Beurling—Ahlfors construction to general
infinitesimal transformations of the circle. In contrast to this, Douady and Earle constructed a
canonical and conformally natural extension covariant under the action of the Mobius group. In
this paper we shall use an infinitesimal version of the Douady—Earle extension which leads to a
more transparent formalism than Fourier approach.

Let ¢ be a quasi-symmetric homeomorphism of the circle; its Douady—Earle extension @ is
characterized (see [11, p. 28]) by the identity

/ () — D) |dg| @1

1—2@p@) P
D

In other words, if z € D then @(z) is the unique point in D such that (2.1) holds.
For instance, taking ¢o(¢) = ¢, then we get @o(z) = z, which means that

¢ —z |dg]

-z i—¢7
oD
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Indeed

(1—1z*) x |d¢|

vZ(dg) = |Z _ é_|2

is the Poisson kernel of the point z; therefore the holomorphic function

W) =2
1—-2z¢

satisfies

/h(&)md&) =h(z) =0.

aD
Moreover if
§—a z—a
p1)=—— and u:=9°1(zx) = ——,
1—a¢ 1—az

then

pr)—u _1-az -z
1 —igi(¢) l—az 1-3z¢

Thus the defining relation (2.1) is satisfied for homographic transformations.

We proceed now infinitesimally. Let ¢, be a family of diffeomorphisms of 0D depending
smoothly on the parameter ¢ such that ¢y = Identity; setting @, the corresponding Douady—Earle
extensions, we have

/ @i(§) — Pi(z)  |d¢]

- ®@e@) P
oD

(2.2)

As in Vasil’ev [35, Section 5], we extend vector fields on the circle to vector fields inside the
disk. Using

¢ B 1 1
C—-20-20) (A-t-2¢) [¢—zf?

and d¢ =+/—1¢|d¢|, we get

d¢ _, ldgi
C-20-20) lg—z*

Therefore (2.2) takes the form

/ 01 (&) — Di(2) d¢ (2.3)

—— =0.
1 — @ ()¢ () (€ =) = 28)

oD
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Differentiating (2.3) relatively to ¢ and setting

d d
=— , Vi) =—| &:(2), 24
v(¢) 7 tzo(ﬁt(é) (2) arl_, 1(2) 2.4
gives
v—V w4V
—————d{+ | ———=d{=0. (2.5)
/(1—z§)2(§—z) (1-2z5)°
st st
Since
o
(1-z¢)°
is holomorphic, the integral |, gl % d¢ is zero. With Cauchy’s integral formula we obtain
_d-zP? v(¢) -1z [ v©)

V(2)

d¢ +

dc. (2.6)

2im (1=320)2%(¢ —2) 2ir (1-72¢)3
s1 N

The 3 derivative of the vector field V(z) in (2.6) }_1as been calculated in Reich and Chen
[32, formulas (2.1)—(2.3)]. With the following theorem 9V is obtained in a different manner.
Theorem 2.1.

1. If v(¢) =¢P where p >0, then
V(z) =z7". 2.7

2. If v(¢) =¢ P where p > 1 then
1
V@) :zp<1 Fp -z 2ED ZZ)2>. 28)

3. Moreover, if V (z) is given by (2.8), then

oV _,app+DpP+2)

_ 2
Y > (1-2z2)%, (2.9)

and if V is given by (2.7) then
—— =0. (2.10)

For V given by (2.8) we also have
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aV _ -
E=—pz”+l[1+(p+1)(1—zz)]- 2.11)
Proof. We first prove (2.7); in this case the second integral of (2.6) vanishes and the first integral
equals the residues at the point z.

To prove (2.8) apply elementary residues to (2.6) as follows:

2in I v() : / v(0)
\% = d d
O ama ) T amar T
N sl
z v() [ @)
——dg. 2.12
e R e et 212
Ss1 s!

For v(¢) = ¢ %, the first integral in (2.12) cancels since

d¢ :
s

Thus we obtain

V() = z Res (41 )
1—z02 (-z22 =\ —z)¢k

4 1 . |
+ 1—2 Re&:o(m) + zRes;zo(m), (2.13)

Calculating the three residues gives

Vi(z Z r_ z o _kk+1)_,_
(2) k=1 T gk 1+Z¥Zk I

d—z2 (d-22° Tua-ap« 2 =

3. Loewner type equation of a conformal welding flow

Let t — C; be a map from [0, 1] into the space g, which is assumed to be continuous for the
C® topology; assume furthermore that

the Fourier coefficients of C; on 1, cos®, sinf vanish. 3.1

To these data consider the flow of C* diffeomorphisms of S! defined by

d .
280 =C (:(6)). go=Identity. (3.2)

Let z — C;(z) be the Douady—Earle extension of C; to the closed disk D. Because of (3.1
and (2.7)—(2.8), we have C;(0) = 0. Now consider the flow of C* diffeomorphisms g; of D
defined by the equation
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d jod ~ ~ .
75 (2) =C1(8(2)), &o=Identity. (3.3)

As g; € C*®(S1), the conformal welding (1.9) for g; exists; set
g(0) = (£ " o h)(exp(i0)). (3.4)

Next define a function F; on the whole complex plane by

fi:= { Fom. Mot G5
As the restriction of g; to d D equals g;, we observe that
F; has a continuous extension to the whole complex plane. (3.6)
Consider the infinitesimal increment
8 (F):= (i F,) oF L. (3.7)
dt
Given a univalent function ¢; let F;p := ¢; o F;. Then we have
8:(F?) =g, (¢7") x (8:(F) 0 9, ") + 8, (). (3.8)
Moreover, since ¢; is holomorphic, 3(8:(¢)) = 0 and from (3.8),
8(8:(F?)) =0[ei(e ) x (5 (F)og )]
In the special case of an affine transformation ¢;(z) = o;z + B, we find
8:(F?) = @1 08,(F) o o, ' 4 8: () — B (3.9)
Theorem 3.1 (Loewner equation along a conformal welding flow). On D we have
d ~
g 1 =8(F)o fi = (3f) x (3.10)
and
5{8,(F)of,—(8f,)xé,}:%(éf,)zo. (3.11)
Thus &;(F) satisfies on f;(D) the following identity:
s(F]=A, A= (3—% x 5(’5,) o fL. (3.12)

We have
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A =0W, (3.13)
where W; is the image of the vector field G through the map fi,
We) = f(f7 )i (f; @), (3.14)
denoting f/(u) = df;(u). On the other hand,
3[8:(F)]() =0, z € (adherence f;(D))". (3.15)
Proof. From
fi=Fog
we get formula (3.10), and by taking into account that 3 f; = 0, we arrive at (3.11). To obtain

(3.12), recall the rule of change of variables for the holomorphic and antiholomorphic derivatives
which can be found in [1, p. 8]:

A ov) = ((du) o v)dv + ((du) 0 v)(v). (3.16)

By means of (3.16), taking u = exp(né;(F)) and v = f;, the vector fields being considered as
infinitesimal transformations, we get

3(8:(F) o f,) = 08,(F) x of;. (3.17)
On the other hand, we have
3(3fy x C,) = df; x 3C,. (3.18)

Egs. (3.17) and (3.18), along with (3.11), imply the claimed formula (3.12).
To prove (3.14)—(3.15), we calculate again exploiting formula (3.16), the expression

G (7 w)) = @CH(f, ) x af~" ).

We find

oW, = /(7 @) x QCH (7" @) x 3f," ) (3.19)
which coincides with A; since ft’(ft_l(u)) = 1/(fl_1)’(u). O
Remark 3.2. Identity (3.10) permits to obtain Kirillov vector fields, see [21], as well as [30]
where identities like (3.10) are integrated via line integrals. Identities (3.14)—(3.15) can be de-
duced directly from (3.8); however they are delicate since the Taylor part in the expansion of W;
is different from

f'(f ")) x (Taylor part of C)(f ™" (w)).

We are able to integrate (3.12) as follows.
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Theorem 3.3. The following identity is valid in the whole complex plane:
1 1 !/ / =/
(st(Ft))(Z) b mAz(Z)dZ ANd? =oz+ 8, a,€C, BeC. (3.20)
fi(D)

Proof. Consider

I I
@)= — / ——A/()dI NdF. zeC. (3.21)
St (D)

Note that H is continuous in C. Using the fact that the Cauchy kernel is the elementary solution
of the d operator we get

Ai(z), ze€ fi(D),
0, z ¢ fi(D).

Therefore setting H> := Hy — §; (F), we have

(0H)(2) = { (3.22)

H, is holomorphic on ( f: (@ D))C and continuous on C;

thus by Morera’s theorem, H» is holomorphic on C. As H; is of order O(z) at infinity, by Liou-
ville’s theorem, it is an affine function; we conclude by using the fact that H;(c0) =0. O

Remark 3.4. The indeterminacy appearing in formula (3.20) through the choice of «; and B, re-
lies on the fact that our construction is done for the space .¥ of shapes, where objects are defined
up to left multiplication by an affine transformation: indeed such a multiplication induces at the
level of differentials, as shown in formula (3.9), the addition of an arbitrarily chosen infinitesimal

affine transformation.

Theorem 3.5 (Holomorphy of the welding functionals). Consider the functional ® on .4 *° de-
fined by

D(g) =h, (3.23)
where h is determined by the welding relation (1.9). Assuming the normalization
P(g)(z) =z+o(l), z—o00, (3.24)

then for any fixed z, € C, |z,| > 1, the mapping

g @(g)(z0) (3.25)

is a holomorphic functional for the Kdihler structure of #*°. Consequently with A" being defined
as in (1.18), we have

A" (P) =0. (3.26)
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Proof. We have to compute the differential of the functional (®,,)(g) := @ (g)(z0). Given C € g
satisfying (3.1), fix g € G*° and consider the function

he = @ (exp(eC)g).

Then hg = @ (g) = h and we have

d
(Cvd‘p20>g = % he(z0).

e=0

The derivative of the variation s, can be calculated by applying the results of Theorems 3.1
and 3.3. Using (3.20) and (3.24), we get according to (3.12)

de

he(z0) = L f éAc(Z/) dz nd7 (3.27)
o 2mi h(zo) — 2/ '
(D)

where the univalent function f on D is given via the welding of g and
Ac = (% % 56) o f L.
According to (1.20), holomorphy on .#°° is equivalent to
{(3c +v=Toc)@(@)}(z0) =0, Ci=coskd, C; =sink6.
This vanishing is assured through (3.27) if

dC, ++/—1x 3C, =0. (3.28)

The associated vector fields are
L ks 1 ’ Lk 1
Ck(§)=§<§ +§k—1> and Ck(§)=2—i ¢ Tk )

Taking the extension of Cy(¢) +iC ,/c(g“) = ¢k*1 we observe that (3.28) is true as a consequence
of Eq. (2.10). Finally the second part of Theorem 1.4 gives (3.26). O

II. Kihlerian Brownian motion
4. Canonical Brownian on the diffeomorphism group of the disk
We start by recalling the construction of the canonical Brownian motion “on” G*°. The regu-

larized canonical Brownian motion on the group of diffeomorphisms of the circle is the stochastic
flow on the circle S! associated to the Stratonovich SDE

dl”;,z(e) =dv§yt(1//;’t(9)) “4.1)
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where vy ,(0) is the regularized g-valued Brownian motion defined by

U;’[(G) = (ka(t) cos kO + xok+1(1) sink@), oes. “4.2)

B
k>1 k3 —k
Here {x.} is a sequence of independent scalar Brownian motions and r € ]0, 1].

It results from Kunita’s theory of stochastic flows [23] that 6 — v} t (0) constitutes a C*° dif-
feomorphism of S!. It can be proved that the lim, _, | Vy.+ = Wx.r exists uniformly in 0, defining a
random homeomorphism Y ; which is the so-called canonical Brownian motion “on” Diff(S b,
this random homeomorphism is furthermore Holder continuous [28,13,6]. The corresponding in-
finitesimal generators A” and A of these processes are given by (1.18), resp. (1.17). The fact that
the construction (4.1)—(4.2) gives Brownian motion with respect to the Levi-Civita connection
on .7 has been proved in [4 p. 103].

Writing ¥/ ,(¢'?) = &Y+ ?), then 4,/ (%) = iW] (') d; ! (). Thus in the variable
¢ =exp(if), we obtain from (4. 2) the vector field

X =) ——— o (({k + i)xzk(t) —i<§k - l>x2k+1(t)>. 4.3)
" i VR =k 2 ¢t ¢t

When r =1, we denote xy(({) = X;,;(C) or equivalently

] 1 1
Xx1(§) = % g:l W (KHI (x2x (1) — ixpq1 (D) + gk—_l(XZk(t) + ixzk+1(l))>' 4.4)

According to Theorem 2.1 (items 1 and 2), the extension of the vector field (4.4) inside the
unit disk is given by

th(z)=£Z—L x BY (z). zeD, 4.5)
’ 2 k>1 k3 —k "
where
Bf,,(z) = 2 (xak (1) — k41 (1)
k-1 o ktk—1) -2 .
T+ k=D -2+ ———(1=2D) (x2k (1) + ix41 (D). (4.6)

Note that for fixed ¢, the function

2= Vi (2) 4.7

is C* on the open disk and vanishing at 0. As a consequence of its smoothness, V, ; () induces
a flow of local diffeomorphism of D in the sense of Kunita [23], via the Stratonovich SDE

diWy 1 (2) = (d; xz)( xt(Z)) (4.8)
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Extending the vector field (4.3) to the disk, we obtain the regularization V ¢ of Vi, defined
as

; k
i r
Vi@ =5) —=——xB{,(). (4.9)
o 2 kg; Jo—k
The corresponding regularized Stratonovich SDE
AWy (2) = (d: Vi) (¥, (D) (4.10)

defines a local C® flow on the closure D of the unit disk.
In terms of polar coordinates

z=e%7Y, resp. U, () = el 4.11)
the Stratonovich SDE (4.10) becomes the following Stratonovich SDE

—ky,,.k

o, =" ;/ﬁ@ + Ree) (cos(kby) o dxag (1) + sin(k6;) o dxag41 (1)),
k>1 -
- L (4.12)
dy =Y T (1 — Rpe®") (sin(k6;) o dxy (1) — cos(k6;) o dxar1(1))
k>1 B
where
k(k + 1 k(k — 1
A Ru(y) = & ; ) k- k41 + %e*%’. (4.13)

Remark 4.1. For y =0, as it should be, we recover Eq. (4.1).

Theorem 4.2. The It6 contraction of the Stratonovich system (4.12) is given by
. : 1, 1,
dO; +iy) *dO; +iy;) = Ee i —Ze Yo dt.

Proof. The Itd contractions will be expressed essentially as a sum of geometric series or deriva-
tives of geometric series. We write the Ito contractions for (4.12) when r =1,

—2ky,
e N2
do, xdo, =y ———(1+ Ree™") dt,
t X t ;4(1{3_]{)( + 144 )
d@[ *dy[ :O,

672ky,

dy, xdy; = Z 7(1 - Rkezy’)zdt.
Gl
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Thus
E_Zkyt 2y
d(O; +iy) #d (O, +iy) =) 5 Ree™ dt
k>1
and we have
—2ky
e 7 zy_l —2y 1 —4y
Zk3—kRke —Ee —Ze . O

k>1

Theorem 4.3. For a given zo € D, let Wy ;(20) be solution of Eq. (4.8). Consider the stopping
time

T, = inf{t > 0: Wy ;(z0) € ID}. (4.14)
Then T,, = c0.

Proof. First remark that # — y; is a Markov process: indeed there exists an independent family
of scalar Brownian motions wy, independent of 8, such that

Wk law CO8(kO;) X111 (2) — sin(k6;)x2x (). (4.15)

This allows to compare the Markov processes y; with the process having as infinitesimal gener-
ator the ODE

L 4.16)
_q y w y 5 .
2 dy? dy
where
e~ 2ky 2 1 1 _
TOED 47(k3_k)(l—Rk€2y) L w) = ge - e (4.17)

k>1

We have w(y) > 0, and by (4.13) the estimation of g (y) at y = 0 gives the result. The comparison
equation in It6 form reads as

dy=ydb,
where b; is an abstract Brownian motion; therefore
- - t
Y1) =y(0)exp| b(r) — >

which never vanishes. O

Theorem 4.4. The process W, , takes values in the C* orientation preserving diffeomorphisms
of the open disk D.
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Proof. By Kunita’s theory of stochastic flows [23], ¥{ ;(z) is a C*° diffeomorphism on the open
random set {z: T, > t}; we conclude as in Theorem 4.3. O

Remark 4.5. The Ito contractions for a two points process governed by (4.12) are also expressed

as sums of geometric series. Denote by (Gt(j ), y,(j )), j =1, 2, solutions of Egs. (4.12) with given
initial conditions at # = 0. It is not difficult to see that

d@,(l) * d@,(l) = Lyt(l)‘yt(z) (9,(1) - 91(2)) dt

where

1
Lo yo(0) = 5(1 — cos(6) cosh(y ") + y?))
X log(l — 20 cos(9) + e_(y(l)ﬂ(z)))

+ terms bounded in (0, y) (4.18)

with 8 = 61 — 9@ and y= (y(l), y(z)), y(l) >0, y(z) > 0. We observe that the induced flow
is isotropic in 6, see [26]; moreover it is log-Lipschitzian as in the case of its restriction to the
circle, see [6,13,28].

5. Regularized welding process, its holomorphy
This whole section will be written for a fixed value of the regularization parameter r. We start

by recalling the classical solution of the smooth welding problem. Define the complex modulus
of quasi-conformality

iz
nwy, (2) = av;, ()

and consider a solution Fy , of the following Beltrami equation:

oF; , <
X,t (Z) — /’LWX‘, (Z)v |Z| X 17 (51)
oFy, 0, lz| > 1.
Normalizing the solution by the conditions
Fi,(@)=z+0o(1), z— o0, (5.2)

then Fy, is analytically expressible by the Ahlfors-Bojarski series (see [l, Chapt. S];
[7, Chapt. 5]). This solution is unique and therefore gives rise to a functional on the underly-
ing probability space.

Define

1

fL@=F 0¥, @, zeD; h , (=F,2), z¢D. (5.3)
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Then

[+, is holomorphic and univalent on D, and

h’; , is holomorphic and univalent on D°. (5.4)

Differential calculus along the time variable will permit to use the results of Section 3 estab-
lished in the case of C*° welding depending smoothly on time.

Our tool for this purpose is the transfer principle; we proceed by smoothing the Brownian
motion. To this end, we fix a mollifier, that is a positive C* function a of compact support con-
tained in the interval [0, 1] and integral equal to 1. To every ¢ > 0 we associate the smoothened
Brownian motion defined as

1

xp (1) = ka(t +s&)a(s)ds. (5.5)

0

Note that x; (x) are C* functions and lim,_, o x; (*) = x¢ (¥).

Replacing in Egs. (4.5) and (4.6) the Brownian motions x, by its smooth regularization xZ,
we get a C™ vector field depending smoothly upon time:

V%, (), zeD, (5.6)

to which we associate the following non-autonomous ODE:

d
S (20 = (Vi) (W, 20). 57)
Theorem 5.1. We have
lin}) vl (2) =¥, (), VzeC, uniformly on any compact. (5.8)
e—> ’ ’

Proof. The transfer principle (see for instance [27, Chapt. VIII]) states that the solution of the
ODE driven by the regularized Brownian x® converges locally uniformly towards the correspond-
ing Stratonovich SDE driven by x. O

Theorem 5.2. Let F. , be defined by (5.1) and (5.2) with x replaced by x*. The following identity
is valid on the whole complex plane:

d _ 1 1 _
(E ;”>°( ) @=5 / AL () de (5.9

2mi
fle (D)

where

0fyer = -1
Al = ( L x av;g,t> o(fley) -

x&,t
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Proof. Apply Loewner’s equation established in Theorem 3.1 along with the normaliza-
tion (5.2). O

Letting ¢ — 0 in (5.9), we obtain a stochastic differential for F;‘,. Indeed, letting z =
(F7)7'(¢), then

r 1 1 af;, - r\—1 -
aro=g [ (Gt @ivi))e () enda nd 510
Fii(D) '

Theorem 5.3. Fix a finite subset {z}e{1,2,....4) of distinct points of D¢, and define

w)]c,t = F;,t(zl')'

There exist d complex Brownian motions b such that

t
wl, —wl = / (VA db; (1) (5.11)
0

where the stochastic integrals are of It0 type and where the Hermitian matrix A is given by

472 J

; 1 1

A= — : C;(z’,z”) d7 "nd7 nd7" ~nd7" (5.12)
(w ;- Z/)(wq, _ Z//) .

fla? "

where

i

() NG ()7 )

e
S

Ch ) = ((FL) 7 ) (L))

with

C"(u,v)dt :=d; dV] (u) * d; 3V (v). (5.13)

Proof. In finite dimension it is well known that the image of a Brownian motion on a Kéhler
manifold through a holomorphic function is a conformal martingale in C, equal in law to a time-
changed complex Brownian motion; this fact extends to finite systems of holomorphic functions.
In our case we apply the transfer principle together with the key fact of holomorphy of the
conformal welding (Theorem 3.5). This implies the vanishing of Itd contractions induced by
the passage from Stratonovich SDE to It6 SDE; only the martingale parts remain and (5.11)
is established. Thus the computation of the martingale covariance matrix through Itd calculus
involves only first order derivatives computed from (5.9) which finally establishes (5.12). O



3056 H. Airault et al. / Journal of Functional Analysis 259 (2010) 3037-3079

6. Covariance for the 3 of Douady-Earle extension

The next step is the computation of C”. in (5.12). We start from the definition of the regularized
vector fields Vi, (z) given in (4.9). According to (2.9)—(2.10) we have

- i(1 —7z)2
(0. V] )@ = % Zrk\/k3 — k(%2 () + ixons1(1))72 (6.1)
k>1
and
. (1 —7z2)?
di(0V,,)(2) = % Zrk\/k3 — k(dxar (t) +i dxo41(0)) 72 6.2)
k>1

The covariance associated to this random vector field is

C'(z1,22)dt =d; 3V, (z1) % d; IV ,(22) (6.3)
where * denotes the Itd contraction.
Theorem 6.1. For any 0 < r < 1, we have

3r¢(1 = [z1)2(1 = |z2]»)?

C'(z1,22) = 40— 12500 (6.4)
and
|C"(z1,22)| < 12exp(—2dn(z1.22)), 21,22 €D, (6.5)
where dy is the Poincaré distance on the unit disk D.
Proof. From (6.2) we get
C'(z1,22) = %(1 —1a1l?)* (1 = 122?)* D (K = k)P @122, (6.6)

k>1
Using the fact that
6
2 (K- RXT =
k>1 ( - )
we obtain (6.4). Next for fixed z1, zo € D, we verify that the function

r4
u(r) = <r<l,

1 —r2zz*

is increasing in r; thus it is enough to prove estimate (6.5) for » = 1.
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Since
(1= 1z1?) (1 = |z21?) = |1 = Z122* — |21 — 22/,
we have
3 |21 — 22/ )2
Clz1,22)=—-|1— —"—) .
(z1,22) 4( T—Z0p
Note that the function

|21 — 22/
¢(z1,22) 1=

11 —Z1221%

is invariant under homographic transformations

T(z)= IZ__fZ ,

i.e.

O (Tz21,T22) =9 (21, 22).

Hence it is sufficient to obtain the wanted upper bound when z; = 0; then
3
C0.9)= (1= 1)

Denoting r = |z|, we have

1—r

exp(—du(0,2)) = T4

3

and finally since 0 < r < 1,

1 =7 <2(1 —r) <4exp(—dnu(0,2));
thus

(1-r?)* < 16exp(—2du(0,2)). O

7. A priori Holderian estimates for the regularized welding process

Granted to the normalization (5.2) we have h;’t(z) =z4 Zk>0 ckz k. Setting

u
e =) 1+ Y g ettt

q(u) =

3057

6.7)

then ¢ is a univalent function on the unit disk D satisfying ¢(0) = 0, ¢’(0) = 1. Applying the

Koebe 1/4-Theorem, we get %D Cq(D).
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Lemma 7.1. Denoting for a Jordan curve I' C C,
I :=sup{lz|: z€ I'}
we have
|h,,(@D)| <4, Vi=0. 7.1

Proof. If z € 9D, then 1/z € 9D. We have g(1/z) = 1/ h(z). The two requirements D(0; 1/4) C
q(D) and 1/z € 0D imply that g(1/z) > 1/4; thus h(z) <4. O

Letting ¢ — 0in (5.9), we obtained the stochastic differential (5.10) for Fy ; where as in (6.3),
the stochastic differential d, E_)VX’J is given by (6.2). Replacing d; 5‘/;,: by expression (6.2), we
get with z = (F )™'(2),

1
diFy (@)= > VIS — k(doxa (1) + V=T dxa 1 (1)) x Ik (£) (7.2)

k>1

where we denote

1 ofy . ) -1 P
I = — " d d 7.3
«(©) fré) C—é“l(af;,, xu) o (1) @ ndl 7.3)

and uy(z) = (1 — z7)2zk 2.
Letting ¢, ¢ € Fy ,(dD), say {o = Fy ,(z0), ¢y = FY ,(z;), our next objective is to evaluate
the Itd contraction (see for example [24])

dy (FY ,(z0) — FY 1 (20)) % di ( F{ 1 (z0) — F,(20) )- (7.4)

By means of (7.3), we obtain

di (Y, (z0) — FY 1 (20)) * di ( FY 1 (z0) — FY 1 (2() )

2
=== 3P — k)| I Go) — I(5g) Pt (7.5)
k>1

and

I (20) — Ik (29) = (8o — o)

1 ofr, ) o )
0l o P
f’[D) ({O_gl)(%_;l)(af;t xug ) o (f1,)7 (€D der Adi

(7.6)
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For the covariance of Brownian motion on the diffeomorphisms of the circle, log-Lipschitzian
estimates have been established in [28,6,13]. Here, we consider F; , = f;, o W[ restricted to
the circle.

Carrying out the change of variable ¢| = f7 ,(z1) in (7.6), we get

120) — (&) P = (6 — o) |* x La

with
1
Ly =/
S (Co — f1 D)y — fi:(21)) (o — fi(22)) (&) — fi:(22)
8 r
X <af}:i)(Zl)uk(21)|8f)cr,;(zl)|2
af. — 2 _ _
X a7 (22)ur(z2)|9fL ;(z2)| dz1 AdZT Adza AdZ3. (1.7)
x,t

From (6.6) and (6.5) we have

Z P2 (k3 — k)uk (z1)ur(z2)

k>1

< 8 x 12exp(—2du(z1, 22)).

Substituting in (7.5) we obtain

di(FL ,(z0) — FL, (20)) * di (F{,z0) — FY(2p) ) = |60 — &6 |* x Tt (7.8)
where

J< i/ exp(—2du(z1, z2))
T2 ) 1o — fLi @O — fLi@D) o — fi ()& — fri(z2)]
D2

2 2 _ _
x |off @D|7[0f1 (z2)| dz1 AdZT Adza A dZ3. (7.9)

Transforming back to the ¢-variable, ¢ = f7 ,(2), this gives

dey AdC Ado AdE (7.10)

] / exp(—2du((f )~ @D, (fL) 71 @)
- (20 — ¢)(& — ¢ (o — §2) (&) — )

72
(f{.1(D))?

where as above dy denotes the Poincaré distance on D. Moreover, because of (5.3), the domain
of integration for the integral (7.10) is

Fy (D) = fy (D). (7.11)

The following theorem is obtained by establishing an upper bound for J.
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Theorem 7.2. Denote

di (F ,(z0) = FY ,(20)) * di (FL,(z0) = FL(20) )
= E7[[8,(FL)00) = 8(FL) (&) ]de. - 60=FL o). 8= FL,(%)-

Then there exists a numerical constant c, independent of r, such that for all o, ¢ € Fy (D),

o / / 16
E7 |8, (FZ,)@o) — 8 (FL) (&) '] < ]¢o — & Tog T (7.12)
0

Proof. We already proved that
E7[8 (F) g0) — 8 (F") (6)| "] < eleo — g " 7

for some constant ¢ where J satisfies estimate (7.10). Recall the definition of the approximate
hyperbolic metric for an open subset £2 C D (see [31, p. 92], [15] and [9]):

. ld¢|
de (1, m2) —lgf/ ds.02) (7.13)

14

where y is any rectifiable curve joining 1 to 2. Then by [31, formula (17), p. 9 and formula (6),
p- 92] we have for the Poincaré distance dy on D:

1
du(f~" ), F ) = 2r+ (1, m) (7.14)

where f is a univalent function mapping the disk upon I't. As we used (6.5) to derive (7.10),
we now have

-1 -1 1
exp(—2du((f7,)" @D (fl,) @) < exp(— Sdre@r, ¢z)>. (7.15)
The proof of Theorem 7.2 will be completed after some preparatory lemmas. O

Denote by §2 the complement in the complex plane of the two points ¢, ) € F v, (dD); then
't C Q2 therefore

dr+ (&1, 80) 2 do (81, $). (7.16)

Set § = 5(¢o, (é) := [¢o — 4!, then up to a Euclidean motion of the complex plane, the distance
dg is characterized by §.

Lemma 7.3. We have
J < K&(Fx,z(D)) < Ks(4D), (7.17)

where
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exp(—de (81, £82)/2)

3 _ _

Ks(B) := — d d d do. 7.18

3(B) 712[|(§0—§1)(Cé—§1)(§0—§2)(§6—§2)| fundiindpndp. (118)
B

Forall » > 0,

K5(B) = Ky5(H.(B)) (7.19)

where H,_ denotes the homothety of ratio ) and center (Lo + () /2; in particular

J <K (%D) (7.20)

Proof. The first inequality in (7.17) is a direct consequence of (7.13)—(7.16) and (7.10)—(7.11);
the second inequality a consequence of Lemma 7.1.

On the other hand,
+ /
HA(C)=A§+(1—X)¥; (7.21)
thus
1+ A 1—x , I+x_, 1—A
H.(G0) = ——%0+——%.  Hi(5) = ——%+—5—%
and
H,(&9) — H.(Z0) = A(¢5 — 20). (7.22)
ie.,
H; (u1) — Hy(u2) = Auy —uz) Vuy,us.
With the change of variables ¢; = H, (u1), we have
/ @ (1) : dz /\d§_1=f ¢(H,\(u/1)) duy A dift.
[(H3.(50) — $1) (Hx (&) — &) [(Go —u1)(§y —u1)l
H,(B) B

In the same way, we carry out the change of variables in integrals of the type

/ (1, 82)
|(H3(%0) — ¢1) (Hx (8y) — ¢1) (Ha(S0) — $2) (H(h) — ¢2)

Hy(B)?

dei ANdei Ador ANdE.

Taking ¢ ({1, £2) = exp(—3du, (8) ({1, £2)) and using

da(Q1, &) = du, @) (Hi.(81), Hy(£2)), (7.23)

we see that integral in (7.18) is invariant under H, and we have (7.19).
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Finally to establish (7.20) we observe that

8D
K (H1/3(4D)) < K1(7> O (7.24)
Lemma 7.4.
. [¢1]
lim do A&y, A8) > (log =—|. (7.25)
A—00 [£2]
Proof. Set

p@):=1¢—tl, P =]t—-¢
ri:=p(1), ryi=p" (&), ry:=p(2), ry = p'(%2).

’

Write C(n, a) for the circle of center n and radius a. Since ¢ € C(g, 1) and {, € C(Cé, ré), we
have

da(C1, &) 2 da(Co, ). C(55.13))- (7.26)

The distance d (C (o, 1), C ({6, r})) vanishes if the two circles intersect which means that

Ir —r5| <8< 475 (7.27)
Assume that r; < ré and that (7.27) fails (that is the two circles do not intersect). Then either
ry>8+riorr +r,<8.

In the first case, we have

P —8
de (C (@, ). C(5.3)) = 1oz 2

<dg (1, ),

and in the second case,

§—r) |y — 8]

42 (C(6o.). D55 r3)) =log 2 = log

<de (61, 0).
Thus

/
|r2

|
log <de(C, &), ri<rh,

= ,
log S <de(61,8), ri=n. (7.28)

The lemma is proved by fixing §, rewriting (7.28) for A¢1, A2, and letting A — oo in (7.28). O
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End of Proof of Theorem 7.2. We have
Ki2AD) — K1(AD) = / f e — / /
{0<]g11<22} {0<[S2] <22} {0<[g11<A} {0<|sa| <A}

=2 (7.29)

{A<lf2l <22} {0<|&1]<[21}

The second equality in (7.29) is easily obtained by passing to polar coordinates, |¢;| = p; and
integrating over the squares

{0<pj<2r, j=1,2} and {0<p; <A, j=1,2}.
Expressing the volume element in polar coordinates

[Eil=pj, &;=pjexpiv;),

1 T td

02 P11, 1/2
— < — c+3/—,0 01 , (7.30)
4r? / / [ 02 ( , o1 (02" 1)

{r<lf2l<22} {0<|1]<I221}

we obtain

limsup(K1(2AD) — K1(AD)) < (¢ + 6)log2 < oo. (7.31)

A—00

On the other hand, let ¢ () be a real-valued, continuous and increasing function of the vari-
able X; assume that

Lim (p21) — P (M) < +o0.

Then ¢ (1) < Clogh for A near oco. This can be seen as follows: we verify that 0 < A =
lim,_, 00 (¢ (2" 1) — ¢ (2)) < 400 implies asymptotically

0(2") =[6(2") =" )] +[s(2"") =4 (2" )]+ <n x A= Clog(2");

then we extend the proof by considering Y2 = ().
The combination of formula (7.31) along with (7.20) proves (7.12). It remains to justify (7.30);
to this end we need an upper bound for the integrand

exp(—dp (81, 82)/2)
(G0 — £1) (&5 — &) (G0 — 62 (&) — &I

(7.32)

Since ¢o, ¢y € Fy ,(3D), by (7.1), we note that |o| < 4 and [5| < 4.For A > 8 and p2 = [52] > A,
we have



3064 H. Airault et al. / Journal of Functional Analysis 259 (2010) 3037-3079

P2 P2
|§0—§2|>7 and |C6—Cz|>7. (7.33)
If p1 < p2, then log(p1/p2) < 0. By (7.25),
do(A81, 282) = log(p2/p1)- (7.34)
Then, for any A > 8,
1 o1 172
eXP<—§ d.QO\flJ\CZ)) < <—) : (7.35)
P2

Since in polar coordinates, the volume element is p; dp; dv;, j = 1,2, we see that we have to
estimate

P2

dor [ 1 (p1\"?
— / —2<— p1dpy. (7.36)
P2 0 o1 \P2

Y —

This gives (7.30). O
8. Moduli of continuity of regularized welding
8.1. Local moduli of continuity of regularized welding

As Fy, is C, its restriction to D is Holderian. The purpose of this subsection and the
following theorem is to obtain uniform estimates in r and ¢.

Theorem 8.1. Let
N6 =ne(t) = |Fy,©) = FL,(¢)]. 6.8 €dD.
and
yt= sup EIO) o e J0BNO)
sel0,1] logn(0) s€[0,¢1 log n(0)

Let § be a constant such that 0 <& < 1. Then

|FT (¢) — FI ()]
= ‘ o . . <
\/7 >8+1 ifandonlyif selfgt] o — ¢/|(1+9)?

and

Fr _ Fr /
VY <1—=36 ifandonlyif sup Fes @) x’s(f ) >
selo.] ¢ =¢/|A=D

There exists a constant o (t) depending on t, but independent of r, such that
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2o (e 82
Prob{y/y~<1-6} < exp(— X |10g77(0)|>, (8.1)
278, [log ﬁ 20 (1)c?

2o (t)c ( 82
exp| —

s | 1 20 (t)c?

278 10gm O'( )C

The function o (t) is independent of r, £, ¢’ and § and tends to zero as t — 0.

Prob{\/)ﬂ‘ >8+ l} <

x [log n(O)I)- (8.2)

Proof. The first two assertions are straightforward. We confine ourselves to prove (8.1) and (8.2).
Let

_ logn(s) _ log(1/n(s)
" logn©  log(1/7(0))

(8.3)

By definition, yp = 1 and F] ,(¢) — F;’O(g’) =¢ — ¢’ If we assume that n(0) = |¢ — ¢'| < 1,
then log(1/7(0)) > 0.
All 1t6 differentials below are well defined up to the stopping time

T =inf{s € [0, oo[: ¥, <0}.

The subsequent computations allow to evaluate the probability of the event {T < ¢} which is of
small order. We may limit ourselves to the case where 1(0) < 1; these facts legitimate the change

of variables in (8.3).
lo L><(1—\/_)— lo L— loL (8.4)
000 PIEVERO Y ey '

We have
from where we deduce that

1 1 1
log— x (1 —y=)= log — — [log — ).
V@ < vro) éﬁ%(/ogmm /OgMﬂ>

Furthermore we notice that the condition

11—y >$§

1 1 1
sup log—— — [lo —) >4 |log ——
%mﬂ(/ £00) / £06) £900)
which amounts to say
inf ( log —. log — > 5 /log — (8.5)
mn 0og —— — 0g —— < — 0og ——. .
AN R TE B TO) I0)

is equivalent to
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In the same way, from (8.4) we obtain

1 1 1
log — F_1)= log — — _[log —
Vg * V= é?ﬁ%(\/ %80 \/ Ogn(0)>

and we conclude that

Vyt—1>6§

1 1 1
log —— — [log —— 5. /log ——. 8.6
sﬁ)p]<\/ *06) \/ Ogn<0)>> a0 .0

The probabilities of the events (8.5) and (8.6) will be evaluated in Lemma F below after several
intermediate results. O

is equivalent to

The following lemma serves as a key lemma.
Lemma A. Let
V() = ve o) = Fe (©) — Fei(E), 6.6 €dD.
Then
dv(r) = A(r,v(1)) dz(t) + B(t, v(1)) dt 8.7)
where z(t) is a Brownian motion in the complex plane, and
|A@®)| < clv®)]|(y/|loglv®) ]| + 1),
|B(t)| < clo@®]|(1+ |log|v@)]]). (8.8)
Proof. If v(z) satisfies (8.7), then the Itd contraction takes the form
dv(t) * dv(t) = 2A(t, v(0)) A(r, v(0)) dt.

By (7.12), we deduce the first inequality in (8.8).
The remaining claims result from It calculus applied to (7.2). For inequality (8.8), let b(¢) be
a real Brownian motion, and compare Eq. (7.2) to the Stratonovich SDE

dw(t) =c1w(t)( /1og$ + 1) odb(t), w(0)=]|v(0)]<1.
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Let A(w) = ¢ w(/log|w| + 1). In this case, the drift obtained by passing to the It6 SDE is

and the estimate |B| < calw|(og|w| + 1) results. O
The next lemma is obtained from Lemma A by It6’s formula.

Lemma B. Set A(7) := |F] ,(§) — F;,t(g’)|2 = 0(t)%. Then \(t) is solution of the It6 equation

dr(t)=A1(t)db(t) + B (t)dt (8.9)

where b(t) is a one-dimensional real Brownian motion and where A1(t), B (t) satisfy

O<A1(t)<2cn(t)2<1+ logi> and
n(t)

|Bi(1)] < (2c+4c2)n(t)2(1 + log %) (8.10)

Moreover, for n(t) = +/A(t), we obtain
dn(t) =a(t)db(t) + B(t) dt (8.11)

with

0 < a(t) <2cn(t),|log % |B(1)] <4(c+2c¢*)n(1) log % (8.12)

The estimates (8.12) are valid for small values of 1n(t); more precisely up to the first hitting time
of n(t) at 1/e.

Proof. By Eq. (8.7), we have
dvo(r) = A@)(dx(t) +idy(t)) + B(t)dt

where x(#) and y(¢) are two independent real Brownian motions. By Itd calculus,

dh=vdv+vdv+dv*dv
= (WA +1A)dx +i(VA —vA)dy + (vB+ VB +2AA) dt
=Cidx+Crdy+ (WvB+ 1B +2AA)dt
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with Cy, C, real-valued. Since C1dx + Cody = ,/Clz + C22 db for some real Brownian motion
b, we obtain

dr=A1db+ By dt

with A; > 0. Moreover,

0< A1 <2¢|ve o ( |log]vecc @) + 1),

|B;| < (2C+462)|Ux,;,;’(l)|2(|log|vx,{,{’(t)|| + 1)-

This proves (8.10).
Now let n = +/A. Then again by Itd calculus

d Do U s =2 db+< Bi AT >dt
= — _— * e — -
1 2/ 8Av/A 2/% 274 8AVA

and (8.12) is a consequence of (8.10). O

Lemma C. Introduce the function

1/ 1
¢(x):=—,/log—, x>0,
c X

and consider the process n(t) = |v(t)| as in (8.11) and (8.12). Then
u(t) = ¢(n())
is solution of the following Ito equation:
du(t) =ai(1)dbi (1) + () dt, 0<oa; <1, |Bil<ciu, ¢ :=4(c +C2), (8.13)
where by (t) is a Brownian motion.

Proof. As
1 1\ %1
¢ (x)=—= (10g —> -
2c X X

o) ! (s | =32 ! —l2
x)=——/|log— — 4+ —(log— —,
4c\ OB 2 T\ %8y x2

we see that ¢ (x) > 0 for x < e~ /2. Thus

. 1 1\"21
0<¢"(x) < 7 log — - (8.14)
c X X
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By Itd calculus,

1
du(t) =¢'(n(1)) dn(t) + 5¢”(n(t))a2(z) dt

1
=¢'(n(®))a(t)db(t) + [W(ﬂ(l))ﬁ(l) + §¢/’(n(t))a2(t):| dt
=a1(t)dbi(t) + () dt

where b (t) = —b(t) is a Brownian motion and

1
ar()=—¢'(n®)a@),  Bi()=¢ (n@®))B(1) + Ed)”(n(t))az(t).

The function a1 () = —¢'(n(¢))a(¢) satisfies 0 < a1(¢) < 1. The upper bound for B; is deduced
from (8.12). O

Lemma D. Let u(s) be the process given by (8.13). Consider the two comparison processes
du® =dby £ cu®dt,  u*(0) =u(0), (8.15)

or equivalently

ut () —ut(0)= [ exp(ci(t —5)) dbi(s),

—

0
t

u (t) —u(0)= / exp(—ci(t — 5)) dbi (s). (8.16)
0

Then

inf (u_(s) — u_(O)) < if})f ](u(s) — u(O))
s€l0,t

s€[0,7]

< sup (u(s) —u(0))
sel0,1]

< sup (ut(s) —u™(0)).

Proof. We use Ikeda—Watanabe’s comparison theorem [18]. O

Lemma E. Let m be a positive integer. For the two processes u™ (t) and u™(t), we have

Prob{ Sei%gt](u*(s) —u=(0) < —m}

— 2
<HTO ( m ) (8.17)

< exp| —
o P\ T2
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with

() = exp(2cit) — 1’

2c1exp(2cit)
and
2/t (1) m?
Prob{ sup (ut(s) —ut(0)) >m} < X—Lex (— (8.18)
[xe[o}?z]( ) } m~/2m P 2t (1)

with

) = exp(2cit) — 1.

26‘1

Proof. We may write
t
f exp(—cl (t— s)) db1(s) =exp(—cit) Bz
0

where B; is a Brownian motion and the rescaling 7 (¢) is given by

t

62011 _ 1
(1) :/exp(chs)ds = —
2C1
0
Let
log(2 1
1(s) = 0g(2cis +1)

2C1

be the inverse to 7. Since

) . R . B
inf e "By = inf e F 1(Q)Bs: inf g

s€[0,7] s€[0,7(1)] sel0. 1] /2¢15 + 1

we obtain with the reflection principle of Brownian motion:
Prob{ inf (u™(s)—u~(0) <—m| =Probi inf = <—m
s€[0,¢] sel0,t(0)] 2¢18 + 1

< Prob{ inf By < —m+/2c1T(t) + 1}

s€[0,7(1)]

= Prob{|Br(,)| > m*} [where my = m+/2c1T(t) + 1]

+oo

_2/ <_ x?2 ) dx
=) T2 ) om0

My
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_ 27 () o (_ m? >
S mvar P\ T2y )

This proves (8.17) with

fot exp(2cys)ds 1 oexp2ert) — 1

T ()= _
2¢i fyexp2eys)ds+1  2c1 exp(2cit)

For inequality (8.18) we proceed in the same way; in this case we find

fot exp(—2cys)ds 1 1—exp(=2c1t)  expeit) — 1

() = - =
1 —2cy fyexp(—2cis)ds  2¢1 exp(=2ci1) 2¢cy

Lemma F. The two following estimates hold:

. 1 1 / 1
Prob{ Self}{ﬂ(\/logm — \/logm> <=6 logm }

2 1
2/ (1)c < ) logm)
< exp| — (8.19)
275 Nlog —— 2t~ (1)c?
27 é logn(o)
and
P b{ < 1 ! ] ! ) 5.1 ! }
TO sup og—— — Jlog—— | > og ——
s€[0,1] n(s) n(0) n(0)
2 1
< WTwe (S (8.20)
/378 flog - 2tt(0)e? ) '
& 70

Proof. The inequality

. 1 1 | 1
Sé&f{}(\/logm —\/logm> <=4 logm

is equivalent to

which implies that

. _ _ 1) 1
sel%})f,‘t](u (s) —u (O))<_E /logm.

We apply (8.17) of Lemma E to obtain (8.19).
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Eq. (8.20) is proved in a similar way,

1 1 1
log— — |log— ) > 5. [log —
si}B‘,’q</ %0 \/ Ogn<0)>> O
sup (u(s) — u(0)) ) /1o !
u(s) —u > = S
se[Ol,)t] o\ 8 n(0)
sup (u+(s) — u+(0)) > § logL
s€[0,1] c n(0)

and we may use (8.18) of Lemma E to conclude. O

is equivalent to

This implies

End of Proof of Theorem 8.1. Taking into account that T~ (#) < T (¢) and that the function

2./tc p(_éﬂogﬁ)

p(t)= ———F——ex
V2r8. [log ﬁ 2tc?

is increasing in 7, we obtain (8.1)-(8.2) witho(t) =t (). O
8.2. Moduli of continuity of regularized welding

In the previous section, we derived local estimates of modulus of continuity; these are es-
timates of |Fy (o) — Fy ,(&1)] for go, ¢ fixed. Moduli of continuity are obtained from local
estimates through estimates for

W (&)= sup |FL, (L) — FL,(¢)]. (8.21)
[Zo—¢1l<e

We shall implement in this section the classical Kolmogorov methodology of deriving esti-
mates of moduli of continuity of a stochastic process in terms of estimates of its local moduli.
Given a continuous function u (@) defined for 8 € [0, 2], we consider small intervals where the
function has a small variation and we prove Holderianity on these intervals by means of the tri-
angular inequality, then considering bigger intervals we obtain an estimate in probability of the
Holderian norm.

Introduce the dyadic numbers:
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where
Ap={0:0=mxpx27", p= 1,...,2"“}, neN.
The reduced Holder exponent is defined as

. . . loglu(@) —u@+27"n)|
= inf inf .
n>q0eA, log(2~"m)

++
Yq

Obviously,
++ ++
Vq < yq+] 9

and forany 8 € A, n > q,

u@® —u(®)| <lo -6 withe'=6+ .

Lemma 8.2. For all 6 and 6’ such that 2~97 < |0 — 0| <279 7, we have

ot
LHW_Q/P’:;H_

_ /
lu(©) —u(0)| < 21 v

3073

(8.22)

(8.23)

(8.24)

Proof. Given0 <6 <6’ <2m,letqg e Nbesuchthat 2797 <6’ —6 <2797 and k € N such

that (k — 1)7277 < 6 < kr279. The integers ¢ and k then fulfill
0 <2%n <0, 279m <0 —0 <271 g,
Consider the dyadic development

0 o'
— =279 =Y 27¢, — =279 27lel e el =0,1,
- zgq 4 T +Z§q 4 *0 O

and write

u(27‘1kn) —u(®) = u(27‘1k7r) - u(27‘1kn - £q+127(‘4+1)kn)
+u(27%m — sq+12_(’1+1)kn)

—u(27%k — 8q+12_(q+1)k7'[ — 8q+22_(q+2)k71’) + -

Since v, >y for £ > ¢, we get by (8.23)

it
u(@) —u(2 k)| < Y27 <o x 2
{>q

T+

1—-27"

We proceed similarly for 6. Since 2797 < 6’ — 0, we obtain estimate (8.24). O

+
xmle .
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On the other hand,
u(8) —u(®)| ,
W<1 v6,0'€A,, n>q, (8.25)
implies that
u(0) —u®)| b
ng fora119’=9+2—n, feA,, n>q. (8.26)

Taking inequalities (8.23) and (8.24) into account, we see that (8.26) implies

0) —u(®’ 2x27¢
sup u(®) —u@®)l _2x 8.27)
1ax<jo—g|<2-atly 10 —0|% ST e

Let ¢ >2'7%/(1 —27%) be a constant, then by (8.25)—(8.27), the condition

0) —u®’
sup w =c (8.28)
ran<jo—g|<2-atiz 10— 0l
assures existence of 6,6’ € A,, such that
0) —u(®’
lu® —u@)l (8.29)
|6 — 6’|«
Let
0) —u®’
By = lu: 30,0 ¢ A, such thar “D =@ 1
|6 — 6’|
then
B, C Byy1 and Prob( U Bn> < sup Prob(B,), (8.30)
n>q nzq

for any probability measure on the set of considered functions u.
Consider the following Holderian norms:

ul — sup lu(6) — u(®")|
Ay 10—

respectively

|Fy (©) = Fy (&)l
- iy 8.31
(R % U/‘II;D o (8.31)

With Theorem 8.1, we obtain uniform estimatesin s, r forO <s <tand 0 <r < 1.
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Theorem 8.3. We have forany 0 <s <tand0<r <1,

20 (t)c 1
S——— X E ——
2m$ Jqlog?2

q>40

Prob{| F 2 > 8 X 2q°(1_‘3)2}

,8 ”%(1—8)

62
X exp<—m X q log2> (8.32)

which is a converging series.

Proof. By (7.1) it holds that | F{ ,(0D)[oc <4 fort > 0and 0 <r < 1. Thus

|Fy,(§) — Fy ()]

: <8 x 200, (8.33)
|c—¢/|=2790 |{ - C |0¢

hence for | — ¢’| > 2790 we have Holderianity.
Next we consider ¢, ¢’ such that | — ¢'| <2790, We have

fle—ef<2p= J 70 <o - ¢ <27). (8.34)

92490

For a positive constant K, we may estimate by means of (8.34) as follows:

FT — F" (¢’
PI‘Ob{” F;t”jfoc > K} < Prob{ sup | x,t(g) /x,t(é‘ )| - K}
, [¢—=¢'1=2790 |c =/
Fr — FT /
+ Z Prob{ sup |Fy. (8) /x,z(f )| - K}
a>q 2=+ g —¢'| <29 [ —¢/|*

Because of (8.33), the first term on the right-hand side is zero for K = 8 x 299*. On the other
hand, let

FV _ Fr /!
A= sup | x,t(é‘) x,t(g )|

2-@+h e —¢’|<24 |§ - §/|a

and consider the event {A > 8 x 290%}.

Taking o = (1 — 8)2, then by (8.1) and (8.28)—(8.30), we get an upper bound for Prob{A >
8 x 2490} n estimate (8.1) we have 7(0) = [ — ¢’|. For 2@+ < |¢ — ¢/| <279, observe that
n(0) ~ 279 and —logn(0) ~ glog2. We conclude by using estimate (8.1) since o (¢) does not
depend upon ¢ and ¢’. O
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8.3. Moduli of continuity of the inverse of regularized welding

Theorem 8.4. There exist a positive constant o« and a function ¢ (M) independent of r, such that

o(M) — 0as M — oo, and such that
Prob{ [ (F7,) ™" e > M} < 04
where F v.; denotes the restriction of Fy , to dD.
Proof. We use Theorem 8.1 and Lemma 8.2. O
9. Welding Brownian measures to Holderian Jordan curves

9.1. Welding of random homeomorphisms

Theorem 9.1. Fix é such that 0 <8 < 1. Then

A= {xi timsup [ F], | pu_sn =00} saisfies Prob(4) =0.
r—1

Proof. Assume that

Prob(A) =¢ > 0.

Fix go such that the right-hand side of (8.32) is smaller than & /3. Define

Bui={xi_int [P oo = 8200707,

then By, is an increasing sequence of measurable sets and we have

AC U B,,; therefore linr1n Prob(B,,) > «.

m

Fix mq such that
Prob(By,,) > 2¢/3.
By C {x: [ L™ | a8 x 2007},
we deduce by means of (8.32) that
Prob(B,,,) < ¢/3.

By (9.4) however this would imply that 2/3 < 1/3. O

(8.35)

(CAY

9.2)

9.3)

9.4)



H. Airault et al. / Journal of Functional Analysis 259 (2010) 3037-3079 3077

Theorem 9.2 (Stochastic welding theorem). Almost surely there exist univalent functions
.1, fro. such that for some a €10, (1 — 8)2],

x|l e < 00, I fat e < 00, 9.5)

and

fex@) = (hesovy)(©), ¢€dD. (9.6)

Proof. According to (9.1), for almost all x, we find a sequence depending upon x, say ri(x),
such that r;(x) — 1, together with

sup| F75 | e < 00 9.7)
k

We extract a subsequence r, (x) such that F. ;f’t(x) converges for |z| > 8. Since the limit satisfies
2~ z nearby z = 0o, the limit will not be constant but a univalent function /4, ; belonging to the
space 77*. We have

@ =1 o (vd) @)

. . r —_ . .. .
We conclude using [6] which assures that (1//;}’ )1 converges towards wx’,l in some Holderian
norm. [

9.2. Holderianity ofh;}
Estimate (8.35) has to be used.
9.3. Uniqueness of the welding

We take the point of view of [20, p. 304]. The circle S' is the boundary of the two closed
hemispheres of the Riemann sphere. Let SJ]r be the North hemisphere and S! the South hemi-
sphere.

Given h € Homeo(S'), we define on SL @® S! an equivalence relation where the equivalence
classes are composed of single points with the exception of the boundaries BSi which are iden-
tified using k. The set of equivalence classes has the structure of a topological manifold Ayp,.
A continuous function @ on Ay, is given by the data of a couple of continuous function @
defined on the closed hemispheres such that @ (s) = @_(h(s)) on the equator. This family of
functions forms an algebra .o}, ; another equivalent definition is to define Ay, as the Gelfand spec-
trum of ##4,.

The welding problem is equivalent to the following question.

Question. Does there exist a conformal structure on Ay which restricted to each of the open
hemispheres coincides with the given conformal structure on the hemisphere? For such a confor-
mal structure %', we denote Af the corresponding Riemann surface.
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By Poincaré’s uniformization theorem, it is known that up to a homeomorphism, there is a
unique conformal structure on the sphere; this means that there is a homeomorphism @ carrying
Ap onto Apdentity. The image of the equator & (9 S}r) is a Jordan curve icg. A Holderian Jordan
curve is by definition a curve which is parametrizable by a univalent function ¢ such that ¢ is
Holderian together with its inverse.

Theorem 9.3. Assume that there exists a welding conformal structure 6o such that Fh% is a
Holderian Jordan curve. Then every welding structure € coincides with 6.

Proof. Let ®p, ® be the corresponding homeomorphisms of Ap; then v:=©® o & ! defines a

new conformal structure on the complement of I} h%' By [19, Cor. 2 and Cor. 4, pp. 267-268],
there is a unique conformal structure which coincides with the trivial one on the complement

of Fh%; therefore € = %,. O
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