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1. Introduction

Let (M, g) be a d-dimensional complete smooth Riemannian manifold with V and A
denoting respectively the Levi-Civita connection and the Laplacian on M. Given a C*
vector field Z on M, we consider the Bakry—FEmery curvature

Ric? := Ric—VZ

for the so-called Witten Laplacian L = A 4+ Z where Ric is the Ricci curvature tensor
with respect to g. It is well known that the spectral gap of L can be estimated in terms
of a lower curvature bound K, i.e.,

Ric? > K

for some constant K, see e.g. [5,6,10]. These results reveal the close relationship between
spectral gap, convergence to equilibrium and hypercontractivity of the corresponding
semigroup. For example, Poincaré inequalities and log-Sobolev inequalities which can be
used to characterize the convergence for the semigroup, imply certain lower bound for
the spectral gap.

In this article, we extend this circle of ideas to the Riemannian path space over M and
revisit the problem of estimating the spectral gap of the Ornstein—Uhlenbeck operator
under the following general curvature condition: there exist constants ki and ke such
that

k1 < Ric? < ks.

Before moving on, let us briefly summarize some background results on stochastic
analysis on path space over a Riemannian manifold. Stochastic analysis on path space
attracted a lot of attention since 1992 when B.K. Driver proved quasi-invariance of the
Wiener measure on the path space over a compact Riemannian manifold [11]. A milestone
in the theory is the integration by parts formula (see e.g. [3,15]) for the associated
gradient operator induced by the quasi-invariant flow. This result is a main tool in
proving functional inequalities for the corresponding Dirichlet form, for instance, the
log-Sobolev inequality [1]; the constant in this inequality has been estimated in [19] in
terms of curvature bounds.

Very recently, A. Naber [24] proved that certain log-Sobolev inequalities and
LP-inequalities on path space are equivalent to an upper bound for the norm of Ricci
curvature on the base manifold M; R. Haslhofer and A. Naber [17] extended these results
to characterize solutions of the Ricci flow, see also [18]. Inspired by this work, S. Fang
and B. Wu [16] gave an estimate of the spectral gap under the curvature condition that
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for two constants k1 and ko with ki + ko > 0. However, as far as the case “k; + ko < 07
is concerned, the same argument may lead to a loss of information concerning ko. We
revisit this topic in this article. Our aim is to remove the restriction k; + k2 > 0 in the
curvature condition and to establish sharper short-time asymptotics for the spectral gap.

Our methods rely strongly on suitable extensions and generalizations of recent es-
timates on Riemannian path space, due to Naber [24], resp. Haslhofer and Naber [17,
18]. This work is crucial for our arguments, as it allows to characterize bounded Ricci
curvature in terms of stochastic analysis on path space.

We start by briefly introducing the context. Let X} be a diffusion process with gen-
erator L starting from X§ = x. We call X{" an L-diffusion process. We assume that X}
is non-explosive. Let B; = (B}, ..., B}) be a Re-valued Brownian motion on a complete
filtered probability space (€2, {.#}+>0,P) with the natural filtration {%;}>¢. It is well
known that the L-diffusion process X} starting from x solves the equation

dX? =V2uf odB; + Z(X{)dt, X =u, (1.1)

where uy is the horizontal process of X taking values in the orthonormal frame bundle
O(M) over M such that m(uf) = . Furthermore

/st = ui o (u?)~t: TxaM — Txz M, s<t,

defines parallel transport along the paths r — X7?. As usual, orthonormal frames u €
O(M) are identified with isometries u: R — T, M where 7(u) = .
For fixed T > 0 define WT = C([0,T]; M) and let

FC ={Wr 2y f(rys-- ) n21, 0<ty <...<t, <T, f€CFM")}

be the class of smooth cylindrical functions on W7. Let X 0o =1{X¢: 0<t < T} for
fixed T' > 0. Then, for F' € FCg% with F(v) = f(vt,,---,7,), we define the intrinsic
gradient as

DtF(Xff),T]) = Z]]-{tﬁti} //t}} vlf(thlv e >thn)7 te [OvT]a

=1

where V,; denotes the gradient with respect to the i-th component. The generator .Z
associated to the Dirichlet form

T
E(F,F)=E /|DtF|2(X[07T])dt = (ZLF,F)
0

is called Ornstein—Uhlenbeck operator. Let gap(.Z) be the spectral gap of the Ornstein—
Uhlenbeck operator .Z.
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In this article, we continue the topic of estimating gap (%) under general lower and
upper bounds of the Ricci curvature. For the sake of conciseness, let us first introduce
some notation: for constants K7 and Ko, define

1+K2T+K222T2, K, =0;
O(T K1 K2) = § (14 §)2 — B,/ (2 + ) (2420 — e KaT) e T/2, |y >
S5 (1480 — T, Ki <0,
(1.2)
where 8 = K3/ Kj.
Theorem 1.1. Let (M, g) be a complete manifold. Assume that
k1 < Ric? < ko. (1.3)

The following estimate holds:

ko — k k ko |k k
gapw)lsc<T,k1,|k1|v|k2|>A[C(T,kl, 2 1)xc(T, 1tk |kt ')]

2 2 7 2
(1.4)
Let us mention that the first bound in inequality (1.4), i.e.,
gap(g)il S C(Ta kla |k1| \% |k2|)a
is due to Fang and Wu [16].
Remark 1.2. In explicit terms we may expand the upper bound as follows:
C(T, k1, k1| V |k2])
k2 2
1+ koT + 22 , ki = 0;
(r+ 17 =32 +9) (27 +2 =y e mT) e BT/ by >0,
)1 o1
§+§(1+’y—fye*k1T)2, ki + ko >0 and k< 0;
1
3 (14e 20T, k1 + ke <0,

and
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C(T,kl,k22k1> ><C’<T, ot ks |k1;k2|>

2
kQT k22T2 _koT 1/ _koT

e (4—(12—3e 2512 4), ky = 0;
1 .
1= (=) ()2 (2y 2 — (y — 1)e BT/ oM
4

X <4 - (12— 36_#>1/2 e_(kl+4k2)T) , k1 > 0;

)1 1 2
X (4— (12 —36_%)1/2 e_(kﬁfzw) , ki+ ko >0 and k1 <O0;

1
{1 +3 (v+1—(v-— 1)e_k1T)2} (1 +e_(k1+k2)T) , ki + ko <0,

> =

where v := ko /k1.

By means of Theorem 1.1 we are now in position to determine the asymptotic behavior
of gap(Z) as T tends to 0.

Theorem 1.3. Assume k; < RicZ < ky. Then, as T — 0, the following asymptotics hold:

(i) for ki >0,

(7/€1 + kz)(/fl + kg)kg
6(3k1 + k’g)

1
gap(‘iﬂ)f1 <1+ kT + 3 (k% — > T? + o(TQ);

(i) for k1 + k2 >0 and ky <0,

— k2 — Bk ks
6

1 2k3
gap(L) ' <1+ kT + 3 <k22 + ) T? +o(T?);

(iii) for k1 + ke <O,

3k% + k3

1 ) T? + o(T?).

1
gap(#) 1 <1 kT (k% i
Remark 1.4. Note that as T — 0, up to the first order, the two upper bounds in Theo-
rem 1.1 have the same short-time behavior, however when considered up to second order,
our estimates provide sharper asymptotics (see the proof of Theorem 1.3). For instance,
from [16, Proposition 3.6] we know that if ky — 0, then

gap(L) P <1+ kT + %k§T2 + o(T?). (1.5)



964 L.-J. Cheng, A. Thalmaier / Journal of Functional Analysis 274 (2018) 959-984

In this case, from Theorem 1.3 we deduce that
-1 5 1270 2
gap(ZL) ™" < 1+ kT + EkQT +o(T7)
with a smaller coefficient of T2 when compared to estimate (1.5).

In Section 3 below we shall extend these results to the path space of an evolving
manifold (M, g;). Stochastic analysis on evolving manifolds began with an appropriate
notion of Brownian motion on (M, g;) (called g,-Brownian motion), see [2]. Since then
there has been a lot of subsequent work, see for instance, [4,7,8,21-24]. Here, we deal
with diffusions X; generated by L, = Ay + Z; which are assumed to be non-explosive.
The first-named author [7] developed a Malliavin calculus on the path space of X; by
means of an appropriate derivative formula and an integration by parts formula. Re-
cently, Haslhofer and Naber [17] characterized solutions to the Ricci flow in terms of
functional inequalities on path space. Inspired by this work, we consider in Section 3
an Ornstein—Uhlenbeck type operator on path space and derive a family of log-Sobolev
inequalities and Poincaré inequalities on the path space to the L;-diffusion under a gen-
eralized pinched curvature condition. This curvature condition encodes information on
the time derivative of the metric as well. In the particular case of the Ricci flow the
modified curvature tensor equals to zero.

The rest of the paper is organized as follows. In the next section we establish first
a log-Sobolev inequality and a Poincaré inequality on Riemannian path space; these
inequalities are the tools to establish our main results of Section 1. As already indicated,
Section 3 is then devoted to the extension of the results to evolving manifolds under a
geometric flow.

2. Proofs of main results

To prove the main results, we introduce a two-parameter family {Q, ;}o<r<¢ of multi-
plicative functionals as follows: the @), + are a random variable taking values in the linear
automorphisms of Ty« M satisfying for fixed r > 0 the pathwise equation:

er,t

dt = _Qr,t RiC/Z/T,,H Qr,r = ld, (21)

where Ric/Z/M = /ji{o Ric)Z(f o//rt, see [20] and [25, Theorem 4.1.1]. As usual, RicZ
operates as a linear homomorphism on T, M via Ricf v = RicZ(~7 v) v e T, M.
It is easy to see that if RicZ > K for some constant K, then for any 0 <r <t < T,

||Qr,t|| S eiK(tir)7 a.S.,

where || - || denotes the operator norm. The functionals @, (or the “damped parallel
transport” defined as //,., o Q1) are well-known ingredients in the stochastic represen-
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tation of the heat flow on one-forms and for Bismut-type derivative formulas for the
diffusion semigroup {P;}i>0, see [3,14].

On path space a canonical gradient operator is given in terms of @),.;. For any F' €
FCeo with F(v) = f(V,,- -, ",), the damped gradient DtF(X[”aT]) is defined as

DiF(Xfh ) =Y Lpeceyy Que, gt Vif (X2, .. X)), t€[0,T).
1=1

By estimating the damped gradient, a log-Sobolev inequality and a Poincaré inequality
on path space can be obtained. Let us first introduce the following function: for any
constants K1, Ko and ¢,

t
A(t, T, Ky, Ka) == (1) +K2/5(3)e—(K1+C)(t—S) ds,
0

where 8(t) =1+ Ko ftT e~ (K1=9)(s=t)ds. Define

S(T,Ky,Ks) = inf sup A°(t,T, K, K>).
c€R te(0,T]

Theorem 2.1. Assume k1 < Ric? < ko. Let

_ k
H(T, ky, ka) i= S(T, kv, [ka | V [ka]) A [S (T,kl, i - kl) S (T, ’”‘2”“, | 2‘;’“')] .

Then for F' € #C§%, we have

(i) E[F?log F?] — E[F2]log E[F?| < 2H(T, k1, k2)E [, |D.F|?dt;
(i) E[F —E[F]]* < H(T, k1, ks) E [ |DiF|? dt.

First, let us introduce some functional inequalities on path space under pinched cur-
vature condition, which extend the estimates in [24]. For F' € FC§% with F(y) =
F(¥eyy -3 71,), we define a modified gradient as

N " _ k1+k L _ z z
DiF(Xfyp) = Apeeye 2 G0 tf(XE, LX), t€[0,T].

i=1

In what follows, if there is no ambiguity, we write briefly D, F', D;F and D, F instead of
.th’ﬁ(,X[O,TQ7 DtF(X[O7T]) and DtF(X[OﬁT]).

Proposition 2.2. Let (M, g) be a complete Riemannian manifold. Let k1, ko be two real
constants such that k1 < ko. The following conditions are equivalent:
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(i) k1 < Ric” < ky;
(ii) for any F € FC5op,

T
. ko — k N
[VLEF(Xfy)| < BID0F|+ 2 [ e em D, Flds
0
(iii) for any F' € FC5% and constant c,
NT:
|VLEF (X5 1))
ky — k r ky — k r
< |1+ %/e—(kl—mds E|DoF|? + %/e*’“ﬁc)smbsﬂ?ds ;
0 0

(iv) for any ' € FC§o, constant ¢ and t1 <t in [0,T],

E[E[F(X(o ) %1;] 1og EIF? (Xjo 1) | 13|

—E [E[F?(Xjo,1))|. 1, 10g E[F2(Xj0,1))|. %4,

t T

2
< 2/ 14k o) u /e_(kl_c)(s_t)ds

t1 t
ks — k1 [
x ElﬁtFIQJr%/e*kﬁc)(s—”mﬁsm?ds dt;
t

(v) for any F € FCg%, constant ¢ and t1 <tz in [0,T7,

E[ELF (Xjo,10)| %] — E[E[F(Xjom)| %0 ]

t T

2
§/ 1+¥/e_(k1_0)(3_”ds

t1 t
T

R ko — k R
x E|DtF|2+%/e*(’““)('s*”MDSF\st dt.

t

Proof. (a) The following inequalities are well known (see [13] and [25, Chapter 4]). For
convenience of the reader we include them with precise statements.

1) for F' € ZCg%, one has

VLE[F(X{ 71)] = E[DoF (X{5 7));
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2) for F € #Cg%, one has

E[E[F2(Xjo,1)| F1a] 10g ELF? (X0, 1) | 7]

— E[E[F2(Xjo.1))| %2, | log E[F(Xjo.17)| 74, ]
to

t1
3) for F' € FCg%, one has

to
E[BIP (Xom)|#0]?] — E[EF(Xom)I#1,2] <E [ 1DF (Xl at.
t1

Hence it suffices to estimate |D,F'(Xo,7))|- For the sake of brevity, let k = £££2 and
k= ng—kl It is easy to see that

N
DiF = DF + Y 1par (ek“i—ﬂQmi - id) e k= ol
i=1
T
R d (eks=D) R
= D,F + /ek(st)(ethvs)//t—qlDSF ds.
p 8
t
As
d (*7Qs) k(s—t . 7 ~
P = e, (Rlc//w —k 1d) ,
we get

T
[DeF| < [DuF| + [ 1Guall - I(Ric?) ~ k|- ID.F|ds

t

T
< ‘DtF‘ +1%/e—’ﬂ<s—t>|ﬁsF|ds.
t
It follows that

T
‘DtF’2 < e20t efct‘ﬁtF’ 4 ]’%/e*(k1fc)(57t)e*cs|ﬁsF|dS
t
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Thus, by Cauchy’s inequality, we obtain

DiF[*
T T
< e2et 1_’_/];:ef(klfc)(sft) ds o—2ct ﬁtF‘Q+/];ef(krc)(sft)ﬂcsmsﬂgds
+ t
T T
_ 1+/]~€e—(k1—c)(s—t) ds ‘f)tF’Q+//~€e_(k1+0)(s‘”|ﬁsF\2ds
+ t

This allows to complete the proof of (i) implies (ii)—(v).

(b) Conversely, to prove (ii)—(v) = (i), by a similar argument as in [24,26], it suffices
to prove that (iii) implies (i). Following [24], we first take FI(X{ ) = f(X{) as test
functional. In this case, (iii) reduces to

t t
VP f|?(z) < 1+1¥:/e*<k1*c)rdr 1+12/e*<’€1+0*’€>’“dr e 2R BV I (2).

’ (2.2)

By means of the formula from [25, Theorem 2.2.4]:

Ric?(Vf, V)(z) = lim PV f?(x) Q—t ‘VPtf|2(.’L‘)7

fe Gy (M),
we obtain the inequality Ric? > k. Taking however F(X{5 1) = f(z) — $F(X}¥) as test
functional, then (iii) reduces to the inequality:

Vi) - YR@)

¢
<1+ ko =k ; uz /e_(kl_c)sds

0
t

/e*(C*’”)Sds e 2k PV 2 (x)
0

ko — k1
8

x| EIVs@) ~ et Vo) +

Expanding the last inequality, we arrive at

t t
VP f(z)|]* — 1+l§:/e_(k1_0)rdr 1+I~c/e_(c_k2)rdr e M BV £ (2)
0 0
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t
ks — k) /ekHCMﬂVﬂ>F+4WW@»vaﬂ@>
0

t
_y 1+@/e—<kl—c>sds eV (@), B IVF(XE)).  (2.3)
0

Then by [9, Lemma 2.5] it is straightforward to derive the upper bound RicZ < k. O

Remark 2.3. In our paper [9] we use a direct method which does not need to use the
advanced theory on path space, to prove the result that the pinched curvature condition
is equivalent to the coupled conditions (2.2) and (2.3) when ¢ = (k1 + k2)/2.

Proof of Theorem 2.1. The following inequalities are well known (see [13] and [25, Chap-
ter 4]). For convenience of the reader we include them here, as we have done in the proof
of Proposition 2.2.

1) for F' € ZCgo, one has
T
B[ log 1) - E[F| log B[F?) < 28 [ [DAF (Xiom) P s
0
2) for F' € FCg%, one has
T
9 -
E[F —E[F]]” < E/ |DiF (Xjo.77)|* dt.
0

Hence, it suffices to estimate E fOT |D,F|? dt where D, F = DtF(X[O’T]). By [24], we know
that

T
DuF| < |DeF| + (k] V [Fa)) /e—k1<s—t>|DSF| ds.
t

It follows that for any constant ¢, we have

T
|DtF|2 < cht efct’DtF| 4 (|/€1| Vi |k2|)/e*(k1*€)(87t)efcs|DsF|ds
t
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Thus, by Cauchy’s inequality, we obtain

T
D,F|? < 1+(|k1|\/|k2|)/e—(k1—c)(s—t) ds

t
T

X IDtF| + (Jk1| V |ka]) /e—(k1+c)(s—t)|DsF|2dS
t

Let

T
ar(t) =1+ (k1| Vv |k2\)/ef(krc>(sft) ds.

t

Then, integrating both sides of Eq. (2.4) from 0 to T yields

T T
/D S/%(ﬂ IDtF|2+(\k1|vIkzl>/e’(’““)(”)IDsFPds dat
0 t
T t
:/ al(t)+(|k1|\/|k2|)/a1(s) e~ mtat=9)qs | |D,F|*dt
0 0

T
/AC(t,ﬂ Ey, k1| V |ko|)| D F|* dt
0

< S(T, ks, |l \/|I<:2|)/\DtF|2dt.

We are now going to prove

T
/ Xjo.m)|* dt
0

T
<5 (T,kl, ko —k1> g (T, k1 +/€2, k2+k1|) /]E\DtF(X[(),T])th.
0

2 2 2

Our first step is to show that

T

T

ko — k N
B [ 10 (o) <8 (2, 228 ) [RIDE (o) .
0

0




L.-J. Cheng, A. Thalmaier / Journal of Functional Analysis 274 (2018) 959-984 971

Recall the notations introduced above

. Bitky (g
D F(Xjo,1) Zﬂ-{t<t}e SN U F (X X

i=1

and k := kl;””, k= kzgkl. By Proposition 2.2, for any constant ¢, we have

T T
1D, F|” < 1+/1}ef<krc><rt> ds ’DtF‘ / e~ (6= D F12 ds

t t

Integrating both sides from 0 to T yields

TT=
o
!

T T T
é/ 1+/l%e—<’ﬁ—c)<s—t> ds F‘ / e”litI= D F|12ds | dt.
0 t t
Let as(t) = 14 [ ke (1=~ ds. Then
T T ) T
/|DtF|2dt§/a2(t) ’f)tF‘ +/l%e—<’“1+0>(s—t>|bsF|2ds dt
0 0 t
T ) T T
:/ag(t)‘ﬁtF’ dt+/a2(t)/%e—<k1+0><s—t>\DSF|2dsdt
0 0 t

t

T
. L2
/ ag(t)Jrk/aQ(s)e*(kl*C)(t*S) ds ’DtF’ dt
0 0

T
- N 2
/AC(t,T, ko, B) thF‘ dt.
0

Therefore, we have

T
/|DtF| dt < inf sup A°(t,T,ky,k /‘DtF‘ dt.
c€R ¢¢[0,7] s
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Our second step is to prove

T T

2
/E’DtF‘ dt < S(T,k,|k|)/E|DtF|2dt.
0 0

To this end, we first observe that

T
‘EtF’ - < |D,F| +|k| /e*k<8*t>|DsF| ds.
t

N
D dperye MY R
=1

Let as(t) =1+ |k| j;T e~ (F=9)(s=1) ds for some constant ¢. We have

/

2

T
R 2
DtF’ dt < |DtF|+|k|/e*k<8*f>|DsF|ds dt

<

Ot — g T

t
t
az(t) + |k /043(8) e~ (ko) t=s) 45 |D,F|*ds.
0
It is easy to see that
t
Ac(t’Tv k, |k|) = Ckg(t) + |k| /OZ3(S) e~ (k+e)(t=s) 4.
0

Hence, we arrive at

T T
/E|EtF}2 dt < S(T,ky,k)S(T, k, |k|)/E|DtF|2dt, m
0 0

which completes the proof of Theorem 2.1.

In the proof of Theorem 1.1 the function A := A® will play an important role. More
precisely, for constants K; and K5, we have

A(t, T, Ky, Ks)
2 2
(1 +5)2 _ (ﬂ +ﬂ2)efK1t - 2ﬂ+ﬁ ele(Tft) + ﬂiele('ltFt) lf Kl # O
- 2 2 ) )
= K2
1+ KoT + 72(2Tt—t2), if Ky =0

where 8 = Ky/K;. We choose here the value ¢ = 0, which seems to give the best
asymptotics as T' — 0.
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Proposition 2.4. Let K1 and Ko be two constants such that Ko > 0. Then

C(T,K,,Ks) = sup A(t,T, K1, K>),
t€(0,T

where C(T, K1, Ks) is defined as in (1.2).

Proof. For the case K+ Ko > 0, the reader is referred to [16, Proposition 3.3]. It suffices
to deal with the remaining case K1 + Ky < 0. The idea is similar to the proof of [16,
Proposition 3.3].

When K; + Ko < 0 and Ky > 0, we must have K; < 0. Taking derivative of A with
respect to t, we obtain

A/(t,jﬁ7 KI;KQ) — %e*l{lt [2(ﬁ +62) _ ﬁQ efK1T _ (25+62)G7K1T62K1t] ,

where 8 = K5 /K. From this it is easy to see that there exists at most one point ¢ such
that

N(t,T,Ki, Ky) =0.
In addition, for the boundary values t = 0, T, we have

N(0,T, K1, Ko) = B(K;1 + K») (1 — e 7)) < 0;
K3

ﬁ (]. — eiKlT)2 > 0.

s Ly 1, = - —e ! -
N(T, T, Ky, Ky) = —K, (1 —e 7)

Thus, we obtain that the maximal value of A over the interval [0,T] is reached either
at t = 0 or at ¢ = T. Moreover, by inspection it is easy to see that A(0,T, K1, K3) <
% + %AQ (0,T,K;y,Ks) = AT, T, K1, K3). All this taken together, we may conclude that

sup A(t7TaK17K2):A(TvTaKviQ)' ]
t€[0,T]

Proof of Theorem 1.1. From Theorem 2.1 we conclude that
gap(-Z) "' < H(T, k1, ks). (2.5)
Moreover, it is easy to be observed that

S(T7 K1,K2) S sup A(t, T7 K1,K2) = C(T, .Krl,ffg)7
t€[0,T]

which allows to complete the proof of Theorem 1.1. O



974 L.-J. Cheng, A. Thalmaier / Journal of Functional Analysis 274 (2018) 959-984

Proof of Theorem 1.3. We check the short-time behavior of C(T, K1, Ks) for Ky > 0
first. If K7 > 0, then

O(T, K1, Ks) = (1 + B)? ﬂ\/2+5 (2428 — BeKiT)e KiT/2

=(14+8)°-B@2+ 5)e—K1T/2\/1 - % (1—e KaT),

Note that
Y F——
=1+ b (1—e Ty — 7ﬂ2 (1 —e K112 1 o(T?)
2(2+ B) 8(2+ )2
=1+ _B (K T - 1(K T)2) — L(K T)? +o(T?)
22+p) " 2 82+A2
_ p B(4+38)
=1+ mKlT - W(KJ)? +0o(T?).
Thus,

C(T, Kl,KQ) = (]. + 5)2 — ﬁ(2 + ﬂ) (]. — —KlT + = (KlT)2 +0(T2)>

x <1+ By BUA+3D)

T T ~ g g D o)

B K+ Ky)K, \ K312 )
—1+K2T+< 2K1+K2)K2> 2 +o(T%).
If K; <0, then
1 1 o FITY)2
C(T, K1, Kz) = 5 + 5 (1+8(1 - )
11 K\ T)? 2
=5 §<1+6KT 5( ) +0(T2))

K1\ (K2T)?
:1+K2T+(1——1>( ) +0o(T?).
K> 2

Hence, for C(T, k1, |k1| V |k2|), we obtain

C(T, k1, k1| V |k2|)
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kika (k1 + ko)

k.2
14 kT + 272 —
il 2(2k1 + k2)

T? +0o(T?), k1 >0,

k2 k1k
=914 kT+ ?QTQ—%TQ—&—O(TQ), ki+ ks >0 and k <0,
koo koo 2
1—k1T+7T +7T +O(T ), k1 + ko <O.
ko — k ki+ky |ka+k
WenowturntoestimateC’(T,kl, 22 1)C(T, 1;_ 2,| 2;_ 1|)

(i) When k; + k2 < 0, we have

ko — K o+ k1 kot k
C(T,kl,%>C<T, 2; L 2;“ 1)

3k% + k% T2 + o(T2)'

k% T2 4

=14+ kT + =
+2+2 3

(ii) when k1 + ko > 0 and k; <0,
C<T,k1,k2;k1>C<T, kg—gkl’kg—;-]ﬁ)

k2, 2k2 — k2 — bkiks
7T + 12

=1+kT + T2 + o(T?);

(iii) when k; > 0,

C(T,kl,kQ_kl>C(T, ko + k1 k2+k1)

2 2 72
k% (7k31k2 + kQ)(kl + kz)
=1—kT+ 272 - 2 T2 ).
T+ 5 12(3ky + k2) +o(T7)

Summarizing the estimates above, we conclude that as T" — 0,

C(T, ki, k] V [kal) and € (T, b B2 kl) ¢ (T, e "”;‘“)

have the same first order term, i.e. coefficient of 7', and we only need to compare the
coefficients of T2.

(i) If k4 > 0, then

(7k1k2 + k%)(kl + k’g) klkg(lﬁ + kg) (k% — k%)(llkl + k’g)kz

12(3k1 + k2) 2(2ky + ko) 12(3ky + ko) (2k1 + ko) —
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(ii) If k1 + k2 > 0 and k; < 0, then

2k} — k% — Bkiks  kiks  (2ky — ko) (k1 + ko) <0
12 2 12 -

(iii) If k1 4+ ko < 0, then

R R i}

- 0.
8 2 g =

From this we conclude that

C<T,k1,k2;k1> C’(T, k1 + ko |/€2+k1>

2 2
has a smaller coefficient in 7. The proof is then completed by using Theorem 1.1. O
3. Extension to the path space of evolving manifolds

In this section, our base space is a differentiable manifold carrying a geometric flow of
complete Riemannian metrics, more precisely, a d-dimensional differential manifold M
equipped with a family of complete Riemannian metrics (g¢);c(o,r,) for some T, € (0, oc],
which is C* in t.

Let V! and A; be the Levi-Civita connection and the Laplace-Beltrami operator
associated with the metric g;, respectively. Let (Z;)icjo,1.) be a C1*°_family of vector
fields. Consider the diffusion process X generated by L; = A; + Z; (called L;-diffusion
process) starting from x at time 0, which is assumed to be non-explosive before T, (see
[22] for sufficient conditions).

It is well known (e.g. [2,12]) that X solves the equation

dX¥ = V2uf 0dB; + Zy(XE)dt, X& =z = 7(ub),

where B; is an R%-valued Brownian motion on a filtered probability space (€2, {.%;};>0,P)
satisfying the usual conditions. Here uf is a horizontal process above X taking values
in the frame bundle over M, constructed in such a way that the parallel transports

Moy =i o (W)™ s (Txs M, gs) = (Txp M, ge), s <t,

along the paths of X are isometries, see [2] for the construction, as well as Section 3 in
[9] for some details.
By Ito’s formula, for any f € CZ(M) and t € [0,7.), the process

f(xy /tL XD dr—\/_/<//0 'TF(XE),uf dBy),
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is a martingale up to 7., where (-,-), is the inner product on T, M given by the initial
metric go. In other words, X[ is a diffusion generated by L;.

For the sake of brevity, we introduce the following notation: for X, Y € T'M such that
m(X) =n(Y) let

: 1
A7 (X,Y) == Ricy(X,Y) = (V5 Z,Y), — 5019:(X.Y)

where Ric, is the Ricci curvature tensor with respect to the metric g, and (-, -), = g+(-,-).
In what follows, given functions ¢, on [0,7,) x M, we write 1 < Z7 < ¢ if

VX7 <% (X,X) < X[}

holds for all X € TM, where | X|; := /g:(X, X).
Similarly to Eq. (2.1) we define a two-parameter family of multiplicative functionals
{Qr+}r<: as solution to the following equation: for 0 < r <t < T, let

er,t

dt = _Q’l‘,t ‘%/77‘)‘ ) QT,T — ldv (31)

where by definition
B, = it o RE(XE) o .
For fixed T € (0,T,), recall that W7 denotes the path space of M and
FCr={WT 390 f(yy, - m,), n>1,0<t <...<t, <T, f € C®(M™)}

the space of smooth cylindrical functions on W*. For F € .ZCg%, we consider again
different types of gradients:

(i) intrinsic gradient:

D.F(X(o1) Zn{tq WV Ve (X, .., X)), t€[0,T)
=1
(ii) damped gradient:
DF(X -y —1yti :
+F (X)) = Zﬂ{tsn} Qut; M Vi F( Xy, Xe,), t€[0,T]
=1

(iii) modified gradient:

X[O T] Z]l{t<t ye 2ft (k1+k2)(r)dr //t:t} Vfif(th,. N 7th)’ te [O,T].
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We again write briefly D,F, D,F and D,F instead of D.F(Xo,1), ﬁtF(X[()ﬂ) and
D,F (Xjo,77) if there is no ambiguity.
In terms of the intrinsic gradient D, the Ornstein—Uhlenbeck operator is defined as

(ZLF,F) /|D F|? ds.

Our aim is to give an estimate for the spectral gap of .Z, denoted by gap(.%). To this
end, we use the Poincaré inequality and log-Sobolev inequality of the next theorem. For
the precise statement some notation is required. Given three functions K, K5 and ¢ in
C([0, T);R), we define

t
Ac(t’Tv K17K2) = Oé +K2 /CM - K1+C)(7)d7“ds
0

where

T
alt) =1+ / Ko(s) e Jr Fi=emdrg

t

Furthermore let

S(T,K1,Ky) = inf  sup A°(t, T, Ky, K>).
c€C([0,T) tefo,T)

Note that if K7, K, c are constants then
A, T, K1, Ko) = A°(t, T, K1, K3).
Analogously to Theorem 2.1 recall the following two inequalities.

Theorem 3.1. Assume that there exist continuous functions ki, ks such that for every
vector field X,

k() |X[7 <27 (X, X) < ko(t) [X[7, ¢ €[0,T). (3:2)
Then,

(i) for every cylindrical function F' € FCg%,

T
E[F?log F?] — E[F?]log E[F?] < 2H(T, kzhk:g)/IE\DsFEds,
0
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where

. - ~ ko —k1\ ~ ki+ ke |ki+Ek
AT ) = SO, b il Vi) A |3 (T, 2550 ) 8 (P2 Bl

(ii) for every cylindrical function F' € FCg%p,

T
B[F - E(F])* < (T k. k) [ EIDFE s
0

Similarly to Section 2, we need the characterizations of modified pinched curvature
condition on path space to prove Theorem 3.1. In the following, we will use the notation:

E(ﬂﬁ»t)[.] = E[ ‘yt, X = m]

Proposition 3.2. Let (M, gi)ico,1.) be a smooth manifold carrying a family of complete
metrics g. Let k1, ko be two continuous functions in C([0,T.); R) such that k1 < ko. For
any T € (0,T,), the following conditions are equivalent:

(i) for anyt € (0,71,
ka(t) < 7 < ka(t);

(ii) for any F' € FC§p,
T S
|VEEED (F(Xpo,m))], < ECD(IDF|,) + / i(s) et MOITRED (1D, F,)ds
t

where k = (kg — k1)/2;
(iii) for any F' € FC§% and any continuous function ¢ on [0,T],

VLESD (F(Xpom))];
T
- S
< H/k(s)efft (ks (1) —c()dr g

t
T
x | ECO(DFI) + / () e )i (1D (1D 2y ds |

t
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(iv) for any F € FC§%, any continuous function ¢ on [0,T], and any t, < ts in [0,T],

E [E[F2(Xjo, 1)l Fia] log EIF? (Xjo,1) | 7]

~ E[E[F*(Xjo,11)|. 71, ] log EIF(Xpo.1)| F2. ]

to T

<2 / 1+ / R(s) e Ji () —ernarg,

t1 t
1 S
X E|DtF|§+/1}(s)e—ft (k(r)terDdrg [ F12ds | dt;

t

(v) for any F' € FC§%, any continuous function c on [0,T], and any t1 <ty in [0,T],

E[E[F(X[O,T]Nﬂtzﬂ - E[E[F(X[O,T]ﬂ«%l]?

to T s
g/ 1+//%(s)e‘ft (k(r)=e(r))dr g
t1 t

T
x | E|D,F|? + / lé(s)e*ft (k(m)terDdrg i p12ds | dt.

t

Remark 3.3. In case where Z; = 0, and thus L; = A, it has been proved in [17] that
the inequalities (ii)—(v) in Proposition 3.2 with ¢ = 0 characterize solutions of the Ricci
flow. More precisely, the condition %} = 0, i.e.,

8tgt = 2RiCt, (33)
is equivalent to the inequalities of (i)~ (v) for ki = ks = ¢ = 0 and D,F = D,F. Note
that (3.3) describes backward Ricci flow which corresponds to forward Ricci flow if one
passes to the new family of metrics g; := gr_; where time is running backwards, as is
done in [17].

Proof of Proposition 3.2. By [7, Theorem 4.3] we know that for F' € % Cgr, one has
|VLE@D (F(Xjo.1))|, < ECD|D,Fs,

and

E [E[F?(X{o,11)|-%t,) og E[F*(X[0,17) |4, ]]
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2]
—E [E[F*(X[0,1)|Z0 | log E[F?(X[0,17)| %] < 2/E|D3F|§ds.

ty
Analogously, by a similar discussion as in the proof of [7, Theorem 4.3, we have

E [EIF(Xom)|Ful’] ~ E [EF(Xom)|#i ] < [BID.FZds,

ty

Hence it suffices again to estimate |D;F|;.
Defining

ko — k1

d folke=h
an 5

= k14 ko
ot he
2

recall
F(X{o,17) Zﬂ{m}e t mdr//{éVE"f(Xn,.-.7th).

Then, we have

DF = DF 43 Lpery (Gro, —id) e b BV ot g, X, )

i=1

_ D / Que (%7, — k(s)id) Jj Do ds (3.4)
t

where Qm = eftsk(r)ert’s. Using similar arguments as in the proof of Proposition 2.2,
we obtain “(i) = (ii)—(v)”.

Conversely, to prove “(ii)—(v) = (i)”, the essential part is to prove (iii) = (i). The trick
is again to use the test functionals F(X( 77) = f(X¢) and F(Xpo. 7)) = f(Xs) — 1 f(X0).
We refer the reader to [24,9] for detailed calculations. O

Proof of Theorem 3.1. For convenience of the reader, we first recall that for ' € #C§e,

one has
T
E[F?log F?] — E[F?]log E[F?] < 2/E|f)sF|3d8
0

and
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T
E[F —E[F]]* < /E|ﬁsF|§ds.
0

Hence it suffices to estimate fOT E|D,F|? ds. Under condition (3.2), we obtain the bounds

|22/ (X, X)| < ([ka| V [k2]) () 1X [
and
Z (X, X) 2 k()| X[}
for all X € TM. Then

n t;

ds

N dQ;., R
DiF =D,F +) / Qus g It Vi (X,
=1

t

T
= D,F — / Qus #7, [id DsFds
t

which implies that

T

7Xt)

|D,F|, < |D.F|; + /(|k1| V |kal)(s) o J: k(dr D Fl, ds.

t

Using a similar argument as in the proof of Theorem 2.1, we arrive at

T T
/|EtF\§dt < /AC(LT, ko, [er | V [fea]) | D2 . (3.5)
0 0

On the other hand, by Proposition 3.2, we have

|D.F|}

T T

~ s A ~ s A
< 1+/k(5) e*ft (ki—c)(r)dr 4o |DtF|%+/k(S) e*ft (k1+c)(r)dr|D$F|§dS

t t

Moreover, for |DyF|,, it is easy to see that

(3.6)

n ti_
|DiFly = ‘DtF + Z]]-{tgti} (eift kr)dr _ 1) //t:‘j V?f‘t

=1
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T
< IDF| + / o(s)] et KO D _p)ds. (3.7)
t

Combining this with Eq. (3.6), and using similar arguments as in the proof of Theo-
rem 2.1, we obtain

T T
) ) ko — ki \ [ - Ko+ k1 ko + K
DoFPar < 8 (1w, 2R [Re (g etk et BN o gy
t 2 t
0

2 2
0

From this and by means of Eq. (3.5), the proof is directly completed. O
The following result is a direct consequence of Theorem 3.1.
Theorem 3.4. Assume that there exist two continuous functions ki and ko such that
k() X7 < 27 (X, X) < k(1) [X[F, t€[0,T]
for any vector field X on M. Then
gap(L) ' < H(T, k1, k2).

For the special case that ki and ks are constants, the following asymptotics hold as
T —0:

(i) for ky >0,

Tki1 + kg)(lﬁ + kz)kz
6(3k1 + kg)

1
wn(2) " < 1T 4 (1 - ¢ )72 4 o1
(ii) for k1 +ka >0 and k1 <0,

2%k2 — k2 — Skiky
6

1
gap(L)~t < 1+/€2T+§ (k%—i— ) T? + o(T?);

(iii) for k1 + ke <O,

3k% + k3

1
gap(f)_l S 1-— k1T+ 5 <l€% + 4

) T? + o(T?).
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