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Abstract In this article, functional inequalities for diffusion semigroups on Riemannian
manifolds (possibly with boundary) are established, which are equivalent to pinched Ricci
curvature, along with gradient estimates, L”-inequalities and log-Sobolev inequalities. These
results are further extended to differential manifolds carrying geometric flows. As applica-
tion, it is shown that they can be used in particular to characterize general geometric flow
and Ricci flow by functional inequalities.
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1 Introduction

Let (M, g) be a d-dimensional Riemannian manifold, possibly with boundary. Let V and A
be the Levi-Civita connection and the Laplacian associated with the Riemannian metric g,
respectively. For a given C!-vector field Z on M and tangent vectors X,Y on M, let

Ric%(X,Y) :=Ric(X,Y) — (VxZ,Y),

where Ric is the Ricci curvature tensor with respect to g and (-,-) := g(+,-). We denote by
C(M), Cp(M), C*(M) and Cy (M) the sets of continuous functions, bounded continuous
functions, smooth functions, smooth test functions on M, respectively.

Given a Cl-vector field Z on M, we consider the elliptic operator L := A +Z. Let X}
be a diffusion process starting from X = x with generator L, called a L-diffusion process.
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2 Characterization of pinched Ricci curvature

We assume that X;* is non-explosive for each x € M. Let B; = (B}, ...,B?) be a R?-valued
Brownian motion on a complete filtered probability space (£2,{.% };>0,P) with the natu-
ral filtration {.% },>0. The L-diffusion process X;* starting from x solves the Stratonovich
equation

dX* = V2ul odB, + Z(X")dt, X =x, (1.1

where u; is the horizontal process of X;* taking values in the orthonormal frame bundle
O(M) over M such that (i) = x. Note that

[si i =ufo ()™ TeM — TpM, s <t,

defines parallel transport along the paths r — X;*. By convention, an orthonormal frame u €
O(M) is interpreted as isometry u: R? — T,M where 7t(u) = x. Note that parallel transport
//,+ is independent of the choice of the initial frame 1 above x.

" The diffusion process X;* gives rise to a Markov semigroup P, with infinitesimal gener-
ator L: for f € Cp(M), we have

Rf(x) =E[f(X))], =0,

where [E stands for expectation with respect to the underlying probability measure P.

The problem of characterizing boundedness of Ric” from below in terms of gradient
estimates and other functional inequalities for the semigroup 7, has been thoroughly studied
in the literature, e.g. [141[18l[19]. For instance, it is well-known that the curvature condition

Ric*(X,X) > k|[X|>, X €TM,
is equivalent to each of the following inequalities:
1) (gradient estimate) for all f € Cy’(M),
VRS> <e RIS

2) (Poincaré inequality) for all p € (1,2] and f € C5 (M),

p ) 2/ l_ele(t 5
— L (B (RP)YP) < —— P|VFP
iy (B - BPY) < S RIVAP
3) (log-Sobolev inequality) for all f € C5 (M),
2(1—e 2"
P(flog )~ Rlogr? < 21— D pvpp,

If P has a non-trivial invariant measure U, such inequalities can be used to obtain the
corresponding functional inequalities with respect to i instead of the heat kernel measure
(see [[19] Section 2.4]). Typically, one takes Z = VV for some V € C? (M), then

(dx) = "™ vol(dx)

where vol denotes the Riemannian volume measure on M. Assuming that (1 is a probability
measure, this allows to recover classical versions of the Poincaré and log-Sobolev inequality.

The question how to use functional inequalities for P; to characterize upper bounds on
Ric? is much more delicate. When it comes to stochastic analysis on path space, there is a
lot of former work based on bounds of Ric?, see e.g. [4158l13]. Recently, A. Naber [16]
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and R. Haslhofer and A. Naber [12]] established gradient inequalities on path space which
are shown to characterize boundedness of Ric”. These results have been extended by F.-
Y. Wang and B. Wu [20] to manifolds with boundary, where Ric” may also vary along the
manifold and may be unbounded, see also [10] and [7]] for related results.

Let us briefly describe R. Haslhofer and A. Naber’s work. Among other things, they
prove that the functional inequality,

T
IVEF (Xo77)]* < e E {|D(/)/F|2 + ;c/o N plFdr|, FeZcy, (12

is equivalent to the curvature condition
|Ric”| < x (1.3)
for some non-negative constant k, where
Xor) :=={X:0<t<T},
FCy i ={f(Xy,.. . Xy): 0<t1 <...<ty<T, feCs(MN)},
and
N
D/'F(Xom) = Y Vs s ViF Kom), F € ZC.
i—
From the proof in [16] it is clear that it is sufficient to have gradient estimate (I.2)) for

very special test functionals F' € .#C;; on path space, namely

- for F(Xjo,7)) = f(X;), and
— for 2-point cylindrical functions of the form

F(Xor) = £() — /(%)

where x = Xo. In other words, if one replaces the full path space inequality (T.2) by the one
for these special test functions, it is still enough to characterize (I.3). From this observation
it is easy to see that the subsequent items (i) and (ii) are equivalent:

(1) |RicZ| < k for some kK > 0;
(ii) for f € C5 (M) and >0,

IVRf? <e® P|Vf> and
2
S eK‘ZE

2

1 1
Vi vns £ v

V1= V)

The two inequalities in (ii) can be combined to the single condition:
VRSP~ RV
<4 (X =V)IVIP+ (VL VRS — (V. ELo VX)) ) 10

The discussion above gives rise to a natural question: Are there gradient inequalities on
M which allow to characterize pinched curvature with arbitrary upper and lower bounds?

Our paper is organized as follows. In Section 2] we give a positive answer to the question
above. In Section 3] we extend these results to characterize simultaneous bounds on Ric%
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and I on Riemannian manifolds with boundary, where the curvature bounds are not given
by constants, but may vary over the manifold. In Section [] finally, we present gradient and
functional inequalities for the time-inhomogeneous semigroup Ps; on manifolds carrying
a geometric flow. We show that these inequalities can be used to characterize solutions to
some geometric flows, including Ricci flow.

After finishing our paper we learned of work in progress of Bo Wu [21] aiming at results
on path space in a similar direction.

2 Characterizations for Ricci curvature

We start the section by introducing our main results.

Theorem 2.1 Let (M,g) be a complete Riemannian manifold. Let ki, ky be two real con-
stants such that ky < ky. The following conditions are equivalent:

(i) ki <Ric” < ky;
(ii) for f € C3(M) andt >0,

VB f|> —e 21 R|V S
<4 Ke = 1) IVF2+(VF,VEf) —e M E(V, /) Vf(Xz)>} N0

@ii’) for f e Cy(M) andt >0,

VB[P —e 2kt p |V 1P <4( 271 SR - -kle<VP,f,//(;,IVf(X,)>) AO:

(iii) for fe Cy (M), pe (1,2] andt >0,

p(RS* = (BfHP)P)  1—e 2kt
4(p—1) 2k

<4/K ”fl)P\Vﬂz

CE(V (), VR f(X,) — e b0 //r,_z'Vf(Xz)>]dr/\0;

RIVf?

(iii*) for f e Cy(M), p € (1,2] andt >0,

(sz (Rf2IT)r) _ 1=em2t
(p—1) 2k

<4/{

(iv) for f € C5 (M) andt > 0,

PIVfI?

N PV, f? —e M E(VE(X, //,tIVf(X,)ﬂ drAO0;

—2kt

L (BP0 )~ B log ) — LRIV £P

o[ (e |

+E(VF(X,), VP f(X,) —e M) 1121V F(X,)) | dr A0

-1 I
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(v’) for f € C3(M) andt >0,

1—
(R (f*log f*) = A f*logRf?) - ——

I

t —
§4/ [ekzzkl D PIVA_ P —e MUE(VE(X,), /) V(X)) | drAO.
0

Remark 2.2 The inequalities in (iv) and (iv’) can be understood as limits of the inequalities
(iii) and (iii’) as p | 1 respectively.

Remark 2.3 As application, Theorem can be used to characterize Einstein manifolds
where Ric is a multiple of the metric g (constant Ricci curvature). The case Ric = VZ can be
characterized by all/some of the inequalities in (ii)-(iv) and (ii’)-(iv’) for k| = k» = 0, where
the inequalities in (iii), (iii’), (iv) and (iv’) may be understood as k, = k; and k; — O.

Proof (Proof of Theorem [2.1]) We divide the proof into two parts. In Part I, we will derive
the functional inequalities from the curvature condition; in Part I, we will prove the reverse.

Part I. We already know that the curvature condition Ric? < k; is equivalent to each of
the following functional inequalities (see e.g. [19, Theorem 2.3.1]):

1) forall f€Cy(M),
|VRfI? <e MBIV

2) forall p € (1,2] and f € C5 (M),

_ a2kt
14 2 2/p\p l—e 2.
Bf— (R < —hR|V
i1 (BP —(BP)) < RV P
3) forall f € C3(M),
2 l_e—Zklt
R(Plo ) - Bftoghs < 22y

Now, we prove that under the curvature condition (i) in Theorem [2.] the remaining bounds
in (ii)-(iv) and (ii’)-(iv’) hold true.

(a) (i) = (ii) and (ii’): We start with well-known stochastic representation formulas for
diffusion semigroups. By Bismut’s formula (see [3L9]), we have

(VR)(x) =E[Q: /)5, V(X))

Here Q; is the Aut(7M)-valued process defined by the linear pathwise differential equation

d . .
3 Q= —QRich Qo =idr, @1
where
Ricf/ol = //o; oRic§ o/, € End(T:M) (22)

and //,, is parallel transport in TM along X;. As usual, RicZ operates as a linear homomor-
phism on T,M via RicZ v = RicZ(-,v)f, v € T, M.
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Let a and b be two constants such that a+ b = 1. We first observe that
2aVf+2bVEf = Qi //5,; V(X))

iV e HE (id e Qt) eIV i)

+ky

k
—2aVf+2bVPf—e 1

which implies that

26V +6VE) = 0://5, V(X))

_kptk

2 t//(Ilef(Xt)

< ’2(an+bVPtf) -

ky+k

e z‘f(id—e 21’Q,>//0tVf(X,)

" (2.3)

We now turn to estimate the last term on the right-hand side above,

. kytky, 1 . kpthy
’(lde 2 Q,>//071Vf(X,) <|lid—e 2 "Q| |Vf(X)|

. . kptky
To estimate |lid—e~ 2 Q||

k 4 ki +k
id—e™2r0, = /e%“Qb( icf) Ld>ds.
0

Hence, by the curvature condition (i), we have
ki +k

L kythy
< 2
< e el :

b otk Ky —kp)t
S/szl kakZ kld:e(zzn
0

. kythy, .
id—e 2 "0 id| ds

VA
RIC// ,_

which implies

. k2+k1t(ld_e 21[Qt> //Olvf(xz) <

k- ko —k
A3 (e E ‘f_1> IV £](X0)-
By this and Eq. 23], we have

20V +5VR) 0,5, V)|

- Uz(aw+bw, £—e T v )| + e (ekzgkl ' ‘1> v WT

- ‘Z(GVf‘l‘bVPtf)_ ) 2
+2e k‘”zf( )’ (@VF+bVRS) —e T2 f Vx| V£ (%)
ethotn (5 ) VR, 29
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By Cauchy’s inequality, we have

L)

,M; k2’klt _ t -1
2¢ T (7T 1) |2(aVfHBVRS) —e T /)y V(X))

ky
—2/e" —1‘ (aVf+bVPf)—e” 2’//O}VfJQ

ki tky

> )0, V(X))

IVFI(X:)

\/ _1|Vf| Xt

2

< (e“;klul) ’2(an+19va) -

ko —k
e thith (e * "71) V(X))

Thus, combining this inequality with (2:4), we obtain

200V +5VR) 0,y V)|

2tk 2

> fod VI(X)

<e”

"12(aVf+bVPf)—e

rertheton (S5 ) B Ry
kn—k
<de T 1 aVf+OVE S —4e M (aVf+bVES, /o V(X)) +e VAR (X,).

Expanding the terms above yields

2
10 /16, V10| = e IV A

(¢

+(aVF+bVPRL, 0/ /o, VI(X) —e ™M /g V f(X,)>} . (2.5)

1’—1) aVf+bVPf

We observe that |V, f|> <E(|Q;/ /0 VS (X;)|?). Hence, by taking expectation on both sides
of inequality 2.3)), we arrive at

VR f|> —e 2RIV (2.6)

<4 Ke@f —1) |aVf +bVE P+ (aVf+bVRf,VRf —e M E//] Vf(Xr)>} .

Thus, letting a = 1, b = 0, respectively a = 0, b = 1, we complete the proof of (ii) and (ii’).
(b) (i) = (iii), (iii’): By Itd’s formula, we have

APy 7Y (X) =AM+ (L+ ) (s f27(%,)) ds

= dM, +p(p—1) (Prfsfz/”(m)r2 VR PP (X)ds 27
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where M is a local martingale. In addition,

)E Usioullav ) 7] |

— B[ ot 0w v 101

s%@ PPV KYE [0t/ VKL Z]

VE /P (X,

(2.8)

where for fixed s > 0, the two-parameter family Q;; of random automorphisms of Tx M

solves the pathwise equation

dOs,
dr

=0y Rich) . Oy =idym, 1>
Analogously to Eq. (2:2)) we have Ric%/w = //s/ oRick o//,,.
As 2 —p € ]0,1], by Jensen’s inequality, we first observe that
EﬂfZ(pr)/p < (ptisz/p)Zf
Combining this with (2.7) and (2:8), we obtain

Ao ) < at+ XL g (100,11 v s ()P 7 0

Integrating both sides from O to ¢ and taking expectation, we arrive at

p(Bf2 = (BFP)P) .
o) < [, Bl ()P as

Now, using similar arguments as in (a), we obtain
E[1Qs//5/ V£ (X0)P|.7]

< e 2ki(t=9) Ptfs|vf‘2(Xs) 14 (ek2;k1 (t—s)

1) VP
AR (VI (X,), VR f(X,) —e 710 )01V ()| 7]
and
E[|0ui//o/ V(X))
<e M0 B |VFP(X) +de 2 ) VR FP(X,)
b E (VX /[ V(X)) | 7]

Together with (Z.9), the proof of (iii) and (iii’) is completed.
(¢) (i) = (iv) and (iv’): By It6’s formula, we have

d(P—sf?) (Xs) 1og(Pr— f2) (Xs) = dM + (L + 95) (P—s ) (Xs) log (P—s 2)(
VP f?*(X,) ds

- 1
=dMy+ ————
TP f2(X)

(2.9)

(2.10)

(2.11)

X;)ds

(2.12)
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where Mj is a local martingale. Furthermore, using the derivative formula, we have

2

VR P = [E [//5) Qo5 V (%) 7]
<S4R (X)E (105 //5 VX PZ] -

Combining this with (2.12), we obtain

(P /%) (Xs) log(P—s f2)(X;) < dM; +4E [|Os //5, V(X0 |- 7] ds.

Using the estimates in (2-10) and @.TT)) for E[|Qy, //s,' V.f(X;)|?|- %], we finish the proof by
integrating from O to ¢ and taking expectation on both sides. a

Remark 2.4 Actually, when k| # k, the following inequality can be derived by minimizing
the upper bound in (2.6) over a,b under the restriction a+ b = 1:

VR f?—e 2! BV £

< {4 Ke , _1) VAP + (VRS —e ™k <Vf,E//6,,1Vf(Xr)>]

kp—ky

<VRf—Vf,2(e : ’—1)Vf+VBf—e*k"E//&ZIVf(X,)Y .
(ekzgklf—l) \VEf— V[P }A

- {4 {e“?‘l VA2 - e <V3f71E//(;}Vf(Xt)>]

kp—ky

<vp,f_vf,(2e : l—l)Vﬂf—e*klf]E//OjIIVf()(l)>2 )

It is easy to see that this bound is sharper than the ones given in Theorem[2.1] (ii) and (ii’).
Proof Inequality (Z.13) can be checked as follows. First recall estimate (2-6)):

\VEf]?—e 2RIV s

<4 Kekz?k' - 1) |laV f +bVPf|* + (aV f +bVE f, VP f — e’kI‘E//(;rIVf(X,»} .

Taking b = 1 — a in the terms of the right-hand side, we get

4 Ke“?‘ ! —1> |aVf+bVP f|*+(aVf+bVPf,VPf— e*k"E//(;}Vf(x,M

ko —k
:4{(e E 1’_1> \Vf - VP, f|*d?

ko—k

+(Vf=VRf (22 "=1)VAf—e M E//; [ VI(X,))a

ko —

e VR P M (VR LB/ V)] @14
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For the value

ky—ky

(Vf=VRf, Qe T —)VRf —e M B/ V(X))

2 (eszkl 1) Vs - VR

a=ayg=— , (2.15)

the expression in (2.14) reaches its minimum as a function of a:

4 {e VRSP et (VRS VS <Xf)>]

(VF VA2 )RS e B/
(eszk‘t—l)Wf—VP,ﬂZ '

Similarly, substituting a = 1 — b in the terms on the left-hand side of Eq. 2.14), we get

kp—k;
4 Ke 2 u1) |aVf+bVP.f|* + <an+bVBf,VBf—e’k”E//(i}Vf(X,)ﬂ

ko —k
:4|:(e 22 |171) |Vf7VBf|2b2

k

+<Vf—vp,f,2 <e 25"”—1) Vf+vp,f—e*"I’E//(;}Vf(X,)>b

n (ek2;klr_1) VP +(Vr. VP,f—e*"l’IE//oi,‘Vf(Xf)ﬂ - (2.16)

It is easy to see that for

k

(VF-VR£2(e5T 1) VF+ VRF—e M E//GIVF(X)
2 (ekZEkl ' 71) IVf— VP[]

b=1—ay=-—

)

expression (2.16) reaches its minimal value:

4 [<ek2£k1 , _1> VR4 (Vf,VRf) —e b <Vf,1E//(;}Vf(X,)>]

ko —

<VP,f—Vf,2 (e 7 —1) Vit VPtf—eﬁ’ﬂ'IE//Ojthf(x,)>2
(ek2£k11—1) IVEf— V]2 '

As the minimum is unique, we conclude that the upper bounds (2:14) and (2:16) are indeed
equivalent. ]

To prove that the inequalities in (ii)-(iv), (ii’)-(iv’) imply condition (i), we use the fol-
lowing lemma.

Lemma 2.5 Forx €M, let X € T.M with |X| = 1. Let f € C5 (M) such that V f (x) =X and
Hess;(x) =0, and let f, =n+ f forn > 1. Then,

(i) forany p >0,

P(x)—|VP fIP
Rie 1, ) =t PP O~ IVR (),
1— P
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(ii) forany p > 1,

2
T SR Y i
(X X) = Jim fim o { BIVA = == (

X);

(iii) Ric?(X,X) can be calculated as

1

RicZ(X,X) = lim lim —;

n—oot—0 412

{4RIV P+ (B oghf; = Pfilog f } (x):
(iv) Ric?(X,X) is also given by the following two limits:

{(VLEY VIO = (V. VRN | ()

t

 {(VRLEY VD) - VRSP } ()
=lim .

t—0 t

Ric%(X,X) = lim
11—

Proof The formulae in (i)—(iii) can be found in [[19, Theorem 2.2.4] (see also [2,{17]). Then,
by Itd’s formula and [19) Lemma 2.1.4.], for f € C5’(M) such that Hess ¢ (x) = 0, we get

/o) V100) = V10 +E | [ 15 O+ TN 85| +ol0)
= V@) + /)5 @+ V) (V) @)1 +0(0),
where o, =inf{r > 0: X; ¢ B(x,r)} and J = —V*V is the connection Laplacian (or rough

Laplacian) acting on I"(T'M). From this, the two expressions in (iv) are easily derived using
Taylor expansions:

(VEE o) VX)) () = (Vf,VEF) (x)
=[(Vf,(B+Vz)Vf) (x) = (Vf,VLf) (x)]t +o(t)
=RicZ(Vf,Vf)(x)t+o(r)

and

(VRLE o, VX)) = (VRS VES) (%)
= ((V£,[@+V2)V) (x) = (Vf, VL) ()t +0(t)
=Ric?(Vf,Vf)(x)t+o(r).
Here, we use the fact that for f € Cj(M) such that Hesss(x) = 0, the following equation
holds:
Ric(V.f,Vf)(x) = ((O+V2) VS, V) (x) = (VLf, V]) (x).

Using Lemma 23] we are now able to complete the proof of the main result.
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Proof (Proof of Theorem[21])

Part IT “(ii) and (ii") = (i)™
Fix x € M and let f € C5’ (M) such that Hess s (x) = 0. Without explicit mention, the following
computations are all taken implicitly at the point x. First, we rewrite the inequalities (ii) and

(>ii*) as follows,

\VEBf?—PBIVf?  1—e 2 )
PV
2t T V7]

< % (esz‘ul) AV f + bVEfI?
,(aVf +bVRS,VRS) — (V] + bYEf.E/ o, V(X))
t
+% (1 7e7k1’> E(aVf+bVES, /[y V(X))
wherea=1,b=0o0ra=0,b=1. Letting r = 0, by Lemma@ we obtain
—RIicZ(VF, V) 4+ ki |VF? < (ky — k1) |Vf|* = 2RicZ (V, V) + 2k |V |2

which implies that

Ric*(Vf,Vf) < k| V.f].
“(iii), (iv), (iii’), (iv’) = (i)”: We only prove that “(iii) and (iii’) imply (i), as the in-
equalities (iv) and (iv’) can be considered as limits of the inequalities (iii) and (iii’) as p | 1.
For x € M and f € C3 (M) such that Hess¢(x) = 0, let f, := f +n and rewrite (iii) as

2 2/p P t
1 <p(Ptfn (Pt n ) )_tPtvfn|2> 1/[1_672k|(t75)]dsxptlvfn‘2

2 4(p—1) 2

4 [t ky—k
<= [ (e 1) PV 2dr
t2.o

4 ot
2 (1 - e*kl“*r)) E(Vfy(X,), /)3 V fa(X)) dr

n ;iz (: E(Vfu(X:), VB faX) — )3V (X)) dr 2.17)

Now letting r — 0, by Lemma [2.3] (ii), the terms on the right-hand side become
—Ric?(Vf.VS) +hk|V/.
For the terms on the left-hand side of (2.17), we have the following expansions:

;12/01‘ (ekzgkl (zfr)il)Pr‘anPdr
:%/0, (eb;kl <’—’>—1) (IV£a)* +0(1))dr
= (ko —k)|Vf* +o(1);

4 t

) (e OBV, /7 V 1 06) ar
:% Ot(1—e*k1<H))(|an\2+o(1))dr

=2k |V/f[*+o(1);
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4

py) A E<an(Xr)7VP,,rf,,(Xr) _//r,_zIan(Xt)> dr

4 1
= 5 [ RH(V£, V)0 =)+ 0l0) + o) dr
=2Ric?(Vf,Vf)+o(l).
Therefore, letting 7 — 0 in 2.17), we arrive at
~Ric?(Vf, V) +k|[Vf? < (=2Ric?(Vf, V) + (ko + k1) [V ) AO,

ie.,
ki|V 1> <RicH(V, V) <ka|VfI*.

The proof of “(iii’) implies (i)” is similar. We skip the details here. ad

Remark 2.6 In the proof of Theorem“(ii) (i) = (1)”, we take into account that for a and
b satisfying a+ b = 1, trivially lim,_,o(aVf +bVP, f) = V f holds. However, when choosing
a = ay as in 2.13) for the proof of inequality (2.6)), obviously ay depends on #, and thus we
get

lim (agV f + (1 - ao) VA f)
=lim(Vf+(1—ao)(VEf = V)

<Vf—vp,f,2(e

ky

T VYRS e MBIV ) )

=Vl ok (VRS =V)
o 22 1) |V - VRSP

_ . ((VLf)t+0(1), ko V ft + (VLf)t = (O+ VZ) V)t +o0(1))

=V/+lm (ks — k0 )|VLF]23 + o(13) (VLf)t

v (VLf,kaVf+VLf — (O+V2)Vf) VLF£ VS,

(k2 —k1)|VLf[?
Actually, dividing both hands of inequality (2.13) by 2¢ and letting ¢ — 0, we obtain

(VLf,kaVf+VLf —(d+Vz)Vf)?

2 : 2
ki[Vf]” <Ric(Vf,Vf) <k|Vf]" - (ky — k1)|VLf]?

(< kVF).

3 Pointwise characterizations of curvature bounds

Consider a Riemannian manifold M possibly with non-empty boundary dM, and let X; be a
reflecting diffusion processes generated by L = A 4+ Z. We assume that X; is non-explosive.
It is well known that the reflecting process X; solves the equation

dX, = V2u, odB; + Z(X,)dr + N(X,)dl,,

where u; is a horizontal lift of X; to the orthonormal frame bundle, N the inward normal unit
vector field on M and ; the local time of X; supported on dM, see [19] for details. Again,

//r,s:u.voll;li Ty, M — TxM, r<s,
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denotes parallel transport along ¢ — X;. Finally, let II be the second fundamental form of the
boundary:

I(X,Y)=—(VxN,Y), X,Y€T.OM,xc oM.

In this section, we extend the results of Section |Z| in order to characterize pointwise
bounds on RicZ and IL. To this end, for continuous functions K; ,K>,01 and 0, on M, let

K1) = [ Ki06)dr01(0)dlr, Ka(y) = [ Ka()drt 02(,)
where X, ) = {X;: r € [s,1]}. Furthermore, let
Cy(M):={f e CG(M): Nflom = 0}.
Finally let
(BN)x) =Ef(XT)],  feCp(M),

be the semigroup with Neumann boundary condition generated by L.
The result of this section can be presented as follows.

Theorem 3.1 We keep the assumptions and notations from above. Let x — K (x) and x —
K> (x) be two continuous functions on M such that Ky < K. In addition, let x — ©1(x) and
x — 02(x) be two continuous functions on dM such that 6y < 6,. Assume that

E[e7(2+8)K1<X[W]) —&—e(%ﬁ)(KZ*K')(XM)] < oo, forsomee>0andallt>s>0. (3.1

The following statements are equivalent:

(i) Curvature Ric? and second fundamental form 1 satisfy the bounds
Ki(x) <Ric?(x) < Ka(x), x€M, and o1(x)<I(x) < or(x), x€IM.
(ii) For f € Cy(M) andt >0,

VRSP —E e %0) v r2(x,)]

<4 { (Ee%(Kz(x[ux])*Kl(X[o,x])) _1) IVf]>+ (Vf,VPf)

_ <v £ E[eF1Xo0a) /o1 £(x,)] >} AO.
(ii’) For feCy(M)andt >0,
VRSP~ Ee 20|V £2(X,)
= {EC%MW*’”‘K‘ i |V 7~ (V£ B0 15V 5 ()] >] e

(iii) For feCy(M), pe (1,2] andt >0,

p(Pf*— (PfYP)P) LK (X)) 2
4(p—1) _E[/Oe ) dr x V£ (Xz)]

4 / [(Ee%mz(x[mp—Kn<Xw>) 1) RIVSP
0

+E <V (X)), VP f(X,) — e 1 (X)) /)'V f(X,)>} dr /0.
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(iii’) For feCy(M), pe (1,2] andt > 0,

P(BS> = (B*P)P) ! 2Ky () >
oo —EUOe ) dr x |V ] (x,)}

<4 / { Kpea)= K‘<X[’~'])>}Pr|VPt—rf|2

—E [ %) (VF(X,), /! Vf(Xr)>HdrA0.

(iv) For f € C{(M) andt >0,
1 (Pt(fz lngz) _Ptfz IOgP,fZ) _E {/t eizKl(X[m]) dr x |Vf|2(Xt):|
J0

4
<4/ { Eez(Kz( ) K1 (X)) _ )P|Vf\2

(T, IR 08 e 00 119 708)) | a7 o,

(iv’) For f € C(M) and t > 0,
3 (B 10gf) ~ B log %) ~E { [ et ar x |Vf|2<xt)}
0

<4/ { 3 (Ka(Xppy))— K1<X[r,l]))i| P|VP_.f?

_]E[ —K (X <Vf //Hlvf(X,)>HdrAO.

To prove the theorem, we need the following lemmas.

Lemma 3.2 (/19 Lemma 3.1.2]) Let X;* be the reflecting diffusion process generated by L
such that Xo = x and I} the corresponding local time on the boundary.

(i) Forany x € M and ro > 0, there exists a constant ¢ > 0 such that
P{o, <t} < e/ forallre [0,r0] and t > 0,

where 6, = inf{s > 0: p(x,XJ) > r}.
(i1) Letx € dM and r as above. Then:
(a) E¥[e*iror] < oo for any A > 0 and there exists ¢ > 0 such that E"[IMG | <c(t+1%);

(b) E[ling,] = 24 +0(r1/2) holds for smal t > 0.

By means of Lemma we can derive pointwise formulae for Ric? and II.

Lemma 3.3 Let x € M =: M\ oM and X € T.M with |X| = 1. Let f € C3(M) such that
Nflom =0, Hessy(x) =0 and Vf(x) =X and let f, = f+n for n > 1. Then all assertions
of Lemma 2.3 hold.

Proof Let r > 0 be such that B(x,r) C M and |Vf] > % on B(x,r). Due to Lemma the
proof of Lemma [2.5] applies to the present situation, using ¢ A 0, to replace ¢, so that the
boundary condition is avoided. We refer the reader to the proof of [19, Theorem 3.2.3] for
more explanation. o



16 Characterization of pinched Ricci curvature

Lemma 3.4 Let x € M and X € T,M with |X| = 1.
(1) Forany f € C5(M) such that V f (x) = X, and for any p > 0, we have

(X, X) = tim % BV — [V 17} (v)
110 2p+/t

2pVit
VT
VE{(VEEIV )~ (VYR | )
=lim (3.2)
t—0 2\/2
 VER{(VRLE/5 VX))~ VRSP ()
=lim . (3.3)
t—0 2\ﬁ

(2) If moreover f > 0, then for any p € [1,2],

2/ _ 2

3 T 2 PUBSPYP =P
_ltlf{)lg\/j{|VBf + Hp—1) (x),

(PfHP)P — P f?
p—1

where when p = 1, we interpret the quotient as the limit

~ (PFPYP P #2

tim PSR () 10g 2~ B0 £7).
pll p—1

Proof We only need to prove formulas (3:2) and (33). For the remaining statements we

refer to [19] Theorem 3.2.4]. Let r > 0 such that |V f| > 1/2 on B(x,r), and let
o, :=inf{s >0:X, ¢ B(x,r)}.
Then, by Itd’s formula and Lemma@ (i) (b), we get
E[//o/ Vf(X:)]
s +E | [ O TN b5+ [ TNV AL +ol0)

= V) + VW o)

It follows that the formulae in (3:2) and (33)) are obtained by taking into account the expan-

sions:
BV IV = V241V, vn% To(vA),
resp.
B/ IV ()], VES) = [V FP 410V, vn% o).
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Proof (Proof of Theorem|3.1|) Let Ric? (x) > Ki (x) and II(x) > o (x). Furthermore, assume
that

E {6—2]1(1()([0?:])] <oo, for t>0.

By [19, Theorem 3.2.1], there exists a unique two-parameter family of random endomor-
phisms Qy; € End(Tx,M) solving, for s > 0 fixed, the following equation in # > s,

40, = — 0y, (Ricf/w dr 11, dl,) (id—TxeamyPyy,): Qs =id,
where by definition, for u € dO(M) := {u € O(M) : pu € IM},
P(uy,uz) = (uy,N) (uz,N), y,z€ R
Recall that
Ric%/m =//s; oRick o//;,, I o = /i ol 0//¢ ;. Py, = /i 0Py o /s

where as usual bilinear forms on TM, resp. on TdM, are understood fiberwise as linear
endomorphisms via the metric. Moreover, by [19, Theorem 3.2.1], we have

VP (Xs) = /)05El/ fos Qs[5 VI (X0)| 7). (3.4)

By using derivative formula (3:4), the proofs are similar to that of Theorem 2.1} We only
prove the equivalence “(i) <> (ii) or (iii)” to explain the idea.

“@i) = (ii)”: First, from the derivative formula and the lower bound on the curvature,
we get

VRSP SE [0 (v rRE(x)] . (3.:5)
Next, it is easy to see that

2V —0i//o) VI(X0)
—2Vf— e*% (Ka (Xj0.)+K1 (X0,)) //O—ll V(X
+ (e beten Haton) g — 0,) 7/ 1V £(X,) (3.6)

where O, := Qo,, which implies that

297 = 0.//5 V£ ()
< ‘va _ e 2 (KXo ) +K1 (X)) //(Itl V(X))

+ ‘ (ef% (K2 (X0, +K1 (Xo.0)) 34 — Qt)//&,] V(X))

We start by estimating the last term on the right-hand side,

(e 2 (b0 an)ia —0,) V. (%)

< e*%(Kz(X[o,t])JrKl (X)) Hid _ e% (K2 (Xjo.)+K1(Xpo,)) o) H V(X))
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Observe that we may rewrite

id— e% (Ka (Xj0.)+K1 (X0)) o)

1 d [e% (Ka (Xjo,)+K1 (Xo,9)) Qs}
_/0 ds

ds

_ /te%(K2<X[O,S])+K1(X[O,s])) 0, <R' V4 Ki(X5) + K2 (Xs) .
JO

IC//O.S —2 d> (ld— ]I{X eaM}P//O )

+ (H//%—w > (ld— Vx.eom Py, ) }

Thus we get

Hid _ o2 (Ka(Xpo.)+K1 (X)) o)

S/Ze%(Kz( o+ )IIQsH( Ric f—Kl(XsHKz(XS)id‘ ds
0 0,s 2
01(Xy) + 02(X;) .
|, — TR iy
_ /"e%(Kz(x[o,Sprl(X[o,sw) (KZ(X-‘) “Ki) 4 2K~ (X dls>
—Jo 2 2
1

which implies

2
[2vF = 0.//5/ V(X))

< { ’2v £ — e 2 (Ka(Xio)+K1 (X)) oAV (X))

2
4e 2 3 (Ko (Xjo,)+K:1 (Xpo)) (e%(Kz(X[o,f])*Kl(X[o,t])) _1) |Vf\(X;)}

| /\

(Kz( 0" Ki1 (X)) ’ZVf e — 3 (K2 (Xjo,0)+K1 (X)) // Vf(Xt)

e — (Ko (X)) +K1 (Xo,)) (ez(Kz( 0.))—Ki1(Xpo =’]))—1)62(K2( 0.)) K1 (X] )|Vf| (X,)

+

= 4t (F2Xoa) K1 ¥0.)) |y 72 — ae K1) (v 7, /5 1V p(x,))
+e X0 1 £ (x,).
By expanding the terms above, we get
101 /5, V1 ()P = e 101w 12 (x,)
<4 (o2 (o) H1000)) 1) |V P+ 4(VF.0,//5, V(X))
4100 (V £,/ IV F(X) ).
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We observe that |V, f|> < E[|Q,/ /0. ll V£(X;)|?] and take expectation on both sides of the
inequality above, to obtain

VRSP —E e %0) v 7 2(x,)]
§4<Ee%(K2(x[OJ]>*K1< o)) _ )|Vf|2+4IE<Vf,VP,f—e’K1 o) /5. Vf(Xt)>

Combining this with (3:3) completes the proof of “(i) = (ii)”.

“(i) = (iii)”: It is well known that if f € Cy (M), then NP, f = 0 for r > 0. Combined
with It6’s formula, we obtain

d(P—s /7P (X,) = dM+ (L + 95) (B—s /P (X)) ds
=dM,+p(p— 1)(Bs /27 (X,)P 2| VAo f2/7(X) ds
+p(Psf2P)PTINP 717 (Xy) di
=dM,+p(p— 1)(Bsf2/7(X,)P 2| VAo f2/7(X) ds

where M is a local martingale. The rest of the argument is then similar to the proof of
Theorem 2.1} we skip it here.
“(ii) = (i)”: Conversely, for x € M and f € Cy(M) such that Hess(x) = 0, we have
‘thf|2_Pt‘Vf|2 _Z]KI(X[OJ])
t

(Ko (X0.0) K1 (Xpo,1)) _
§4<E[e (K2(Xjo o) —1] |V o (V£ VRS =[5/ V(X))

1—e

+E VI (X:)

t t

+<Vf,IEE( e KX )//O)Vf(xt)D)Ao. 3.7)

By Lemma i) and condition (31)), there exists r > 0 such that B(x,r) C M and

t—0 t

1 —e X
mE [u{w}w (%)

1 1 s e
S}%(;P{GrSf}HVin‘F;P{GrSt}HS [ —(2+e)K; (X }2 va||2)_

It follows that
—2K (Xjo,)

V1P (%)

—2K (X[o

1 o))
e Y vrr) ]

t

1—e
limE =1limE|1
tg% t tgr(l) [ {r<or}

= 2K (x)| V. (x).
Similarly, we have
lim E]E [e%(Kz(x[o,,])—Kl(X[o.;])) ,1} — Ka(x) —Ki(x)
t—0 t 2 ’
and

—Ki (X )

i (¥, Eﬂei//o V1) ) = K IV
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Thus, letting # — 0 on both sides of (3.7) and using Lemma[3.3] we obtain
—2Ric*(Vf,Vf) + 2K (x)|Vf?
< [2(Ka(x) — K1 (x))|Vf > = 4Ric” (V £, V ) + 4K ()| Vf*] A0,

i.e.,

K1 (x)|Vf|> <Ric?(Vf, V) < K (x)|[Vf]*

We choose x € dM and f € Cy(M). We can rewrite the inequality in item (ii) as

VA(IVRLE=RIVFP) | [VA(1—e 1Koy
R (0]
\/ﬁE[e%(Kz(X[o,t])*K(X[o‘z])) 71] \/E<Vf>Vszf//({,1Vf(Xt)>
_ o Ki(Xpy)
+<vf,E{ﬁ(1 2"’% )//&ZIVf(Xt)}H/\O,

Now letting t — 0, by Lemma[3.4and Lemma [3.2] we obtain

20V, V) + 201 (x)| V]2
<[4V, V) +2(02(x) — 61(x))|Vf|* + 401 (x) [V FI] 1O,

i.e.,
61 (0)[VA*(x) STV, V) (x) < 02(0) |V ().
Similarly, using Lemmas [3.3]and [3.4] one can prove “(iii) = (i)”’; we skip the details here.
O

4 Extension to evolving manifolds

In this section, we deal with the case that the underlying manifold carries a geometric flow
of complete Riemannian metrics. More precisely, for some T, € (0,0], we consider the sit-
uation of a d-dimensional differentiable manifold M equipped with a C' family of complete
Riemannian metrics (g;);c[o,7,)- Let V' be the Levi-Civita connection and A, the Laplace-
Beltrami operator associated with the metric g;. In addition, let (Zl)te[O,T() be a Cl-family of
vector fields on M. For the sake of brevity, we write

1
Z(X,Y) :=Ri¢,(X,Y) —(VxZ,Y), — 5a,g,(x,y), XY ET,M, xEM,

where Ric; is the Ricci curvature tensor with respect to the metric g; and (-,-), :== g (-,-).
In what follows, for real-valued functions ¢, y on [0,7,.) x M, we write y < %% < ¢, if

WX 7 < 2 (X.X) < ¢|X|7

holds for all X € TM and ¢ € [0,7,), where by definition |X|; := 1/g;(X,X). Let X; be the
diffusion process generated by L, := A, + Z; (called L,-diffusion) which is assumed to be
non-explosive up to time 7.

We first introduce some notations and recall the construction of X;. Let F(M) be the
frame bundle over M and O;(M) the orthonormal frame bundle over M with respect to the
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metric g;. We denote by w: F(M) — M the projection from F (M) onto M. For u € F(M),
let

TuuM = T,F (M), X = Hy (u),
be the V'-horizontal lift. In particular, we consider the standard-horizontal vector fields Hl?
on F (M) given by

Hi(u)=H,, (1), i=12,....d
where {e;}_| denotes the canonical orthonormal basis of R?. Let {V, g}¢ 1 be the stan-
dard-vertical vector fields on F (M),

Va,ﬁ (”) = Téu(exp(Ea,ﬁ))v uec F(M)7
where E, g is a basis of the real d x d matrices, and
4,: GL(d;R) - F(M), g~ u-g,

is defined via left multiplication of the general linear group GL(d;R) on F(M).

Let B, = (B, ...,B?) be a R%-valued Brownian motion on a complete filtered probability
space (2,{.% }i>0,P). To construct the L,-diffusion X;, we first construct the corresponding
horizontal diffusion process u; by solving the following Stratonovich SDE on F(M):

d
: 1
du, = ﬂZHf(u,) odB; + Hy, (u;)dr — 3 Z Goup (1,1 )V (ur)dt,
i1 afet @.1)
us € O5(M), n(us) =x, s €[0,T.),

where 4, g(t,u;) := 0,8/ (ureq,ureg). As explained in [[1], the last term is crucial to ensure
ur € O;(M). Since {Hy },co1,) is C'*-smooth, Eq. (#@.1) has a unique solution up to its

lifetime ¢ := lim §, where

n—yoo

G=int{r € [s.T): (), w(w)) >0}, n>1, inf@=T, (42

and where p; stands for the Riemannian distance induced by the metric g;. Then Xt(s’x> =
7 (u;) solves the equation

dX,(SAVX) = \@ut o dBt +Zt (X[(&x)) dt, Xs(s’X) =X.= ﬂ(u‘y),

up to the lifetime §. By 1t0’s formula, for any f € C3(M),
1 1
) =10 = [ L ar = V2 [V 50 aias,) , rels ),

is a martingale up to {. In other words, X,(S"X) is a diffusion process with generator L;. In
case s = 0, if there is no risk of confusion, we write again X;* instead of X,<O‘x).

Throughout this section, we assume that the diffusion process X; generated by L, is non-
explosive up to time 7 (see [15] for sufficient conditions ensuring non-explosion). Then this

process gives rise to an inhomogeneous Markov semigroup {P;; }o<s</<7, on B)(M) by

P f(x) :=E[f(X")] =ECY [f(X,)], x€M, f€By(M),

which is called the diffusion semigroup generated by L;.
We are now in position to present the main result of this section.
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Theorem 4.1 Let (t,x) — K;(t,x) and (t,x) — Ki(t,x) be two continuous functions on
[0,T;) X M such that K; < K. Suppose that

E {67(2%)[3 Ki(nX)dr 4 o(3+8) [ (Ka(rXr) =Ky (an))dr] < oo,

4.3)
for some € >0andallt > s> 0.

The following statements are equivalent to each other:

(i) the curvature %’,Z satisfies
Ki(t,x) < %% (x) < K>(t,x), (t,x) €[0,T,) x M;

(ii) for feCy(M)and0<s<t<T,
VP SR = EO) [em 2B KiXar g 2 x|
<4 { (E 50) o ) I (Ko (rX) K (rX,) dr ) VS FR2+ (V£ VP ),
— (VLB |em BRI Tt (x| ” NO;

(") for feCy(M) and 0 < s <t < T,

(VP I} B0 [e 20 9 (x|

<4 [EW o2 (Ko lsX)—Ki (X)) dr s p 712

_ <VSpr7E(S~,X) [e*f;Kl(an)dr //;1 fo(xt)} >S] AO:

(ili) for feCy M), pe(1,2]and0<s<r<T,

2 _(p..F2/P\P t .
P(R,zf4( (f%iz)f )") g [/ o 20K (2 Xo)dt g sz‘lz(xl)]

s

<4/ [ JE(Ka(T.Xe)— Kl(r,XT))d‘r:_l) PV fI?
+E 5,X <Vrf( )7 v’ r,tf(Xr)_eff,le(T,Xf)dr//;tlvtf(xt)>r:| drAO:

(iii”) for feCyM), pe(1,2]and0<s<t < T,

2 2/p\p t .
P(Px,tf4( (fsil)f )") _ R {/ e 2 /- Ki(TXo)dT g, o |th|12(Xt):|

<4/ l: 5.%) a3 LK (T,X)— KI(TXT))dTPsr‘Vr rtf|2

— R [ “hKEX (vrp £(X,), [/ V() Hdmo;
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@iv) for feCy(M)and0<s <t <T,

1 t
(P (f210g f2) — Py, f2log Py, f?) — EG) { / e 2 Ki(rX0dT g o |V’f\?(x,>]

N

-

< 4/r [(E(M) e%.f:(KZ(@Xr)*KI(Ter))dT ,]) P, r|V’f\%
N
FECD (V7 F(X), VB f(X;) — e W RIEXE )1t () ) } dr\0;
@iv’) for feCy(M)and0<s<t<T,

1 o
SR 108 ) = P Plog 1)< E0 | [ 2FRERIE g 9 (x|

N

<af ’ {Em,x)e%J;f(r«z(r,xa—kl(r,xa)dr PV P 2
_E(sﬁx) [e*]:Kl(‘L',Xr)dr <VrPr,tf(Xr)y //;zlvtf(xt»r} :| dr AO.

Remark 4.2 By [6], the integral condition (@3] can be satisfied if K»(z,-)/p? — 0 as p? — oo
and one of the following conditions is satisfied:

(Al) there exists a non-negative continuous function C on [0,7;) such that for all ¢ € [0, T;),

(A2) there exist two non-negative continuous functions C;,C, on [0,7;) such that for all 7 €
[0, 7).

Ric, > —Cy(t)(1+p7) and  dp+(Z,V'p:), < Ca(t)(1+py).

To prove the theorem, we need the following lemmas: the derivative formula and char-
acterization formulae for %,Z .Fors <t,let

R =i 0B K)o [
Lemma 4.3 ([6] Theorem 3.1]) Let %% (x) > K(t,x) for all t € [0,T;) and suppose that
E [efjfé K(r,xadr} <o
for0<s<t<T..Then, for0<s<t<T,,

VAP, f(x) = B [0y, //: VI F(X)]

where for fixed s > 0, the random family Qs ; € Aut(Tx, M) is constructed fort > s as solution
to the equation:

dQ; .
§l‘ L= 7Qs,l <%/Z/SJ; Qs,s =id. 4.4)

Lemma 4.4 For s € [0,T.) and x € M, let X € T:M with |X|s = 1. Furthermore, let f €
Co (M) be such that V° f(x) = X and Hess}(x) = 0, and set f, =n+ f forn > 1. Then,
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(i) for any p >0,
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PS Vt ; - VSPS Ap

F2(X,X) = lim VI 0) = VR fls ()
tls p([_s)

(ii) forany p > 1

2/p\p
#%(X,X) = lim lim — ! ( PPy fy = (P

)

s,tJn
n—oo tls t—§

) i
VP i 1
4p—1)(—s) — VP fals | (%)
1 PS 2— Ps n
= lim lim — (Ps.t|vtf|t2 _ p( oS — (P
n—ee tls [ —S ’

) ) W @9
4p—=1)(t—s) ’
(iii) #%(X,X) is equal to each of the following limits
FEX,X)

= lim hm
n—yoo fié

2 { stfn [ s,I(fnlogfn)_(Pstn)lOgPs tfn}
= lim lim

—(t=9)|V'Pyf13} ()
l
n—oo t|s 4(t *S)z {4(t B

)PV I+ (Puafi)logPucfy = Pt log £} (%):
(iv) Z%(X,X) can also be calculated via the following limits

FE(X,X) =lim

{(VLES V(X)) —(VF. VRS, | ()
tls

t—s

. {<V Psy,f,]E(S’x)//;,lVlf(Xt)>s—|Vs i }( )
=l

t—s ’
Proof Without loss of generality, we prove (iv) only for s = 0. For the remaining formulae
the reader is referred to [6]. We have

(VOLE/f5!V X))y = (VO£ EQ: /5 V' F(X,))
it t

—':JS<V°f e[Sl
<v 1|} [ 0t el v )

(VO£ Vo).

lim
t}0
Z
0

0
Similarly, we have

(VORLEN 5!V £X)) —(VORLEQ: /5! V' £X) )
131%1 0

t
T 0 (1d Qt)
flt%l<V Rf,E {

RetolNy
:13£)1<V°Bf7 { /Qs%//o dS//(i,'V’f(Xt)D

=% (VOF,VOf).

0
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Proof (Proof of Theoremd.1|) We give the proof of the equivalence (i) and (ii), resp. (ii’).
“(i) implies (ii) and (ii’)”: By @4), we know that

5.t

t T K Xr K 7XV .
/e%JJ (K (1 X) Ko (X)) (‘%/Z/s,r_ 1(n, )‘; 2(r, )1d> dar
< /te%j{(l(l (X)) || K (rXy) ;Kl (nX) ..
< / " b I (Ko 10X —Ky (0.X,))du K2<’7Xr);"l (nX;)

N

Hidf o L KiXn) +Ka (X)) dr

s

dr

— e% jxl (KZ ("ﬁXu)*Kl (M;Xu))du _ 1 .
By a similar discussion as in the proof of Theorem [2.1] we have

_ 2
|2aVSf +2bV P, f — Qsy //s,t1 V' f(X;) |s

< e% fx’(KZ(var)—Kl (nXr))dr

2
2aV* f +2bV*Py, f — e—% 1Ky (nXr)+Ka (rX,))dr //;zl th(Xz)‘
5
+ e~ K (nXr)+Ka (nXy))dr (ejj{ (K2 (rXr) =K1 (rX,))dr _ o3 J§ (Ko (rnXr) =K (r,x,.))dr) IV F(X,)[2
= e% S (Ko (nXr) =K (nX,))dr 12aV° f + 2bV°'PS,,f|?
— 26 KKK (209 £ 426V Py, f, /5 V! F(X0)) +e 2B K150 |97 £ ) 2
where a, b are constants such that a + b = 1. From this, we obtain
E(x,x) |Q.¥.,t//_;t1 th(Xt) ‘f _ ]E(s,x) [672'[; Ky (r.X,)dr ‘th(xt)|t2i|
S (]E<S,x) e% ]3 (Kz(an)fK] (nX,))dr _ 1) |2avsf + 2szPs,tf|?

224V f+26VPy £ B e RNt p( )|
+2(2aV0 f + 26V P, f, V'P,, f)... (4.6)

Moreover, by the derivative formula (Lemma @), we have

VP f12(x) SECY|0g, /[ V' (X))

which combines with @6) implies
o . _n [t
VP fE ) [e 2 BRI 91 () ]
s

< (E(M) o3 3 (Ka(rXy) =Ky (nXp)dr _ ]) 12aV° f + ZbVSPs,,f|2

—2(2aV° f + 26VR, f B [ RN )i )] )
+2 <2aV‘Yf + ZbV‘YPs7,f, VSPA.,,f>S .

s

Hence taking a =1, b =0 and @ = 0, b = 1 in the above inequalities, we complete the proof
of “(i) = (ii)(ii")”.
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“(i) = (iii)”: By It6’s formula, for f € C5 (M),
d(Po f2P)P (Xy) = AM + (Ly + 05) (P f2/7 (X,))P ds
=AM+ p(p — 1) (P f27(X,))P 72 VP, f2/P 2 (X, ) ds
= dM,+ p(p— 1) (P, f2/P (X)) 2| VP f2P 2 (X,) ds

where M; is a local martingale. The rest of the proof then is similar to the one of Theorem
[2-1} we skip the details here.

“Gi) and (ii”) = (1)”:
Vsp. %7P Vt 2 1 _e—zf;Kl(rer>d"
| A,tf‘}iss,t‘ f|t +E<S'x) |: — |th|[2(xt):|
(5,%) a% S (Ko (X)) =K1 (5X,))dr _ VSFE.VSP.  fF—R//7IVEF(X,
§4|:E e2 2 1 1|st‘?+< f7 S,lf //s,t f( l)>s
t—s r—s
s (s,x) eiﬂ = (r,X,)dr_l —1yt
- <V‘f7E ’ [T//s,t v f(Xr)}> } A

Letting ¢ | s and using Lemma.4] (i) (iv), we have
2%, (V' f, V' f) +2Ki (5,0) | V* £ ]

<] Ralsor) - K sV - B2V L)+ K59 10,

that is
Ki(5,0)|V* I3 (x) S ZZ (V' £,V ) (x) < Ka(s,) [V £ 13 ().

Similarly, (ii’) implies (i) as well. We skip the details here. O

Based on our characterizations for pinched curvature on evolving manifolds, we can
characterize solutions to some geometric flows.

Corollary 4.5 Let (t,x) — K(t,x) be some function on [0,T,) x M. The following statements
are equivalent to each other:

(i) the family (M, g;),c(0,1,) evolves by
%a,g, — Ric ~V'Z —K(t,)gr, t€[0,T,):
(i) for feCgM)and0<s<t<T,
[VoPy I}~ B [ 2RO |91 £ )|

<4 {wv, VB )y = (VO£ B0 [ BRO3D oty ()] ) } AO;
(i) for feCy(M)and0<s<t < T,
|VSPv,tf|§ _ E(s,x) |:672fstK(r,X,-)dr |th|t2(Xt)i|

<4 |:|VSPs,tf|? _ <VSPMf,]E(s’x> [e—f;K(r,Xr)dr //x?tl Vlf(X[)} >5:| AO;
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(iii) for feCxM), pe(1,2]and 0<s <t < T,

2 _ 2/p\p t .
p(Pstf4(p(_Pslf)f ) ) _]E(s,x) |:/S 6721’ K(‘L’,Xf)d‘tdr % |th‘[2(Xt):|

<4 [ [0 (V). V7B () — e FRCRE 111700 ) Tt o

(iii’) for feCy(M), pe (1,2 and0<s<t < T,

2 _ 2/p\p 't 1
p(Ps,tf4(p (_Psit)f )¥) _E6) [/ e 2 /i K(T.X0)dT g, o |Vrf|t2(Xt):|

1 it
<4 / [PV B 12 =B (V7P f(3X,), e KX 2091 (%)) | a0

(iv) for feCg(M)and 0 <5<t < T,

t "
L (P (Plogf?) — Py flog Py f2) — B [ / T |fo|?<Xf)}

JS

4
ot ot
< 4/ [E(s,x) <Vrf(Xr)7vrPntf(Xr) —e [ K(t.X7)dT //r;lvtf(Xt)> i| dr/\O,

(v’) for feCy(M)and0<s<t<T,

JS

1 4 i
7 (P (F210g f%) = Py flog Py f*) — O { [ e g IV’fI?(Xz)]
! 't
S 4/ {Ps,r‘vrphtflz _]E(S.X) <VrPr,tf(Xr)7eijr K(T,Xr)df //;tlvlf(xt)> :| drNO.

Remark 4.6 In Corollary [f.3] if Z, = 0 and K = 0, the results characterize solutions to the
Ricci flow, see [11] for functional inequalities on path space characterizing Ricci flow.
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