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Abstract We give a generalized curvature-dimension inequality connecting the geometry of
sub-Riemannian manifolds with the properties of its sub-Laplacian. This inequality is valid
on a large class of sub-Riemannian manifolds obtained from Riemannian foliations. We give
a geometric interpretation of the invariants involved in the inequality. Using this inequality,
we obtain a lower bound for the eigenvalues of the sub-Laplacian. This inequality also lays
the foundation for proving several powerful results in Part II.
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1 Introduction

On a given connected manifold M, there is a well established relation between elliptic second
order differential operators on M and Riemannian geometries on the same space. More
precisely, for any smooth elliptic operator L on M without constant term, there exist a unique
Riemannian metric g on M such that for any pair of smooth functions f, g € C*°(M),

1
F(f.8) = 5 (L(f8) — fLg — gLf) = (grad f, grad g)g. (LD

Conversely, from any Riemannian metric g, we can construct a second order operator satisfy-
ing (1.1) in the form of the Laplacian A. In addition, the properties of L and g are intimately
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connected. Consider the case when M is complete with respect to g and write P, = e!/?2

for the heat semigroup corresponding to %A. Then the following statements are equivalent
for any p € R.

(a) Forany f € C2°(M), p|l grad f||2 < Ricg(grad f, grad f).
(b) Forany f € C2°(M), || grad P, f|lg < e~ "' P;|| grad f 3.

(c) Forany f € CZ(M), =52 | grad P, f112 < P, 2 = (P, f)%.

Here, C2°(M) is the space of smooth functions on M with compact support and Ricg is
the Ricci curvature tensor of g. This equivalence gives us a way of understanding Ricci
curvature in terms of growth of the gradient of a solution to the heat equation. With appropriate
modifications of the Ricci curvature, the same statement holds for a general elliptic operator
L satisfying (1.1), giving us a geometric tool to study the heat flow of elliptic operators. See
e.g. [26] and references therein for the full statement.

Let us now consider the case when L is not elliptic, but is rather given locally in a form

n

L= Z Al-2 + first order terms. (1.2)

i=1
Here, Ay, ..., A, are linearly independent vector fields and # is strictly less than the dimen-
sion of M. In this case, there is still a geometry we can associate with L by considering the
subbundle spanned by Ay, ..., A, furnished with a metric tensor that makes these vector
fields orthogonal. Such a geometry is called sub-Riemannian geometry. A sub-Riemannian
manifold is a connected manifold M with a positive definite metric tensor h defined only on
a subbundle H of the tangent bundle 7 M. If we assume that sections of H and their iterated
Lie brackets span the entire tangent bundle, we obtain a metric space (M, d..), where the
distance between two points is defined by taking the infimum of the lengths of all curves

tangent to 7 that connect these points.

In recent years, understanding how to define curvature in sub-Riemannian geometry has
become an important question. One approach has been to introduce curvature by study-
ing invariants of the flow of normal geodesics associated to the sub-Riemannian structure,
see e.g. [1,5,18,27]. The other approach explores the interaction of the sub-Riemannian
gradient and second order operators of the form (1.2). We will follow the latter approach.

The equivalence of statements (a), (b) and (c) mentioned previously is rooted in the
curvature-dimension inequality for Riemannian manifolds. In the notation of Bakry and
Emery [3] this inequality is written as

1
F2(f) = ;(Lf)z +pl(f), feC®M).

Here,n = dim M, L = A, p is a lower bound for the Ricci curvature and, for any pair of
functions f, g € C*°(M),

Ff.89)= % (L(f8)—fLg —gLf)=(grad f, grad g)q, FH=0 N, 1.3)

F2(f. ) = % (LT(f.9) = T(f, Lg) = T(Lf.8), () =Ta(f ). (1.4)

Even in simple cases, this inequality fails in the sub-Riemannian setting. The following
generalization has been suggested by Baudoin and Garofalo [8].

Let h be a sub-Riemannian metric defined on a subbundle 7 of T M. Let L be any second

order operator as in (1.2), i.e. locally given as a sum of squares of an orthonormal basis

of H plus a first order term. We remark that, unlike the Laplace operator on a Riemannian
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manifold, the operator L is not uniquely determined by h unless we add some additional
structure such as a chosen preferred volume form on M. Define [ and I, as in (1.3) and
(1.4). For any positive semi-definite section v* of Sym2 T M, define v (f, ) =v*(df,dg)
and I (f) =TV (f, f). Let T} (f) be defined analogous to '2(f) in (1.4). Then L is said
to satisfy a generalized curvature-dimension inequality if we can choose v* such that for
every £ > 0,

* 1 *
Co(f)+€Ty (f) = ;(Lf)z + (o1 =T + 2l (), (1.5)

for some 1 < n < 0o, p; € R and pp > 0. Using this inequality, the authors were able to
prove several results, such as gradient bounds, Li—Yau type inequality and a sub-Riemannian
version of the Bonnet-Myers theorem. See also further results based of the same formalism
in [6,7,10,14].

So far, the examples of sub-Riemannian manifolds satisfying (1.5) all have a complement
to H spanned by the sub-Riemannian analogue of Killing vector fields. We want to show
that a further generalization of (1.5) holds for a larger class of sub-Riemannian manifolds.
We also want to give an interpretation for the constants involved in the curvature-dimension
inequality. Results following from this inequality are important for sub-Riemannian geom-
etry, understanding solutions of the heat equation of operators L described locally as in
(1.2), along with the stochastic processes which have these operators as their infinitesimal
generators.

In order to motivate our approach, let us first consider the following example. Let 7 :
M — B be a submersion between two connected manifolds and let § be a Riemannian
metric on B. Let V = ker . be the vertical bundle and let H be an Ehresmann connection
on 7, that is, a subbundle such that 7 M = H & V. We then define a sub-Riemannian metric
h on M by pulling back the Riemannian metric, i.e. h = 7*g . In this case, we have two
notions of curvature that could be expected to play a role for the inequality of type (1.5),
namely the Ricci curvature of B and the curvature of the Ehresmann connection H (see
Sect. 3.1 for definition). After all, our sub-Riemannian structure is uniquely determined by
a metric on B and a choice of Ehresmann connection. For this reason, examples of this type
should be helpful in providing a geometric understanding of curvature in sub-Riemannian
geometry. However, we have to deal with the following two challenges.

(i) Even though the sub-Riemannian geometry on M can be considered as “lifted” from B
the same cannot be said for our operator L. That is, if L is of the type (1.2), A is the
Laplacian on B and f € C°(B) is a smooth function on B, then L(f o 7) does not
coincide with (A f) o m in general.

(i1)) The same sub-Riemannian structure on M can sometimes be considered as lifted from
two different Riemannian manifolds (see Sect. 4.5 for an example).

Our approach to overcome these challenges will be the following.

In Sect. 2, we introduce the basics of sub-Riemannian manifolds and sub-Laplacians. We
overcome the challenges of (i) and (ii) by introducing a unique way of choosing L relative
to a complemental subbundle of H rather than a volume form. This will have exactly the
desired “lifting property”. We discuss the diffusions of such operators in terms of stochastic
development. In Sect. 3 we introduce a preferable choice of complement, which we call
metric-preserving complements. Roughly speaking, such complements correspond to Rie-
mannian foliations. While such a complement may not always exist, all sub-Riemannian
manifolds discussed so far have such a complement. We give geometric conditions for when
a sub-Riemannian manifold with a metric-preserving complement satisfies a generalization
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102 E. Grong, A. Thalmaier

of the curvature-dimension inequality (1.5). From this inequality, we immediately get a result
on the spectral gap of L found in Sect. 4. In the same section, we also apply our results to
some examples.

In Part IT we will look at further consequences of the curvature-dimension inequality in
Theorem 3.5. A short summary of these results are given Sect. 5

In parallel with the development of our paper, a generalized curvature-dimension appeared
in [9] for the case of sub-Riemannian manifolds obtained from Riemannian foliations with
totally geodesic leaves that are of Yang-Mills type. See Remark 3.7 for details.

1.1 Notations and conventions

Unless otherwise stated, all manifolds are connected. If £ — M is a vector bundle over
a manifold M, its space of smooth sections is written I"(£). If s € I'(£) is a section, we
generally prefer to write s|, rather than s(x) for its value in x € M. By a metric tensor s
on £, we mean a smooth section of Sym? £* which is positive definite or at least positive
semi-definite. For every such metric tensor, we write |le|ls = +/s(e, ¢) for any e € £ even
if s is only positive semi-definite. All metric tensors are denoted by bold, lower case Latin
letters (e.g. h, g, ...). We will only use the term Riemannian metric for a positive definite
metric tensor on the tangent bundle. If g is a Riemannian metric, we will use g*, AX g*, . ..
for the metric tensors induced on 7*M, /\k T*M, ....

If @ is a form on a manifold M, its contraction or interior product by a vector field A will
be denoted by either 14 or (A, .). We use L4 for the Lie derivative with respect to A. If
M is furnished with a Riemannian metric g, any bilinear tensor s : TM ® TM — R can
be identified with an endomorphism of 7 M using g. We use the notation tr s(x, x) for the
trace of this corresponding endomorphism, with the metric being implicit. If  is a subbundle
of TM, we will also use the notation try; s(x, x) := trs(pry, X, pry, X), where pryy is the
orthogonal projection to H.

2 Sub-Riemannian manifolds and sub-Laplacians
2.1 Definition of a sub-Riemannian manifolds

A sub-Riemannian manifold can be considered as a triple (M, H, h) where M is a connected
manifold, 7 is a subbundle of 7'M and h is a positive definite metric tensor defined only
on the subbundle . The pair (H, h) is called a sub-Riemannian structure on M. Any sub-
Riemannian structure induces a vector bundle morphism

T TM,

determined by the properties £ (T*M) = H and p() = h(v, jjh*p) forany p € T*M and
v € H. The kernel of £1" is the subbundle Ann(H) € T*M of all elements of T*M that
vanish on H. We can define a co-metric h* on T*M by

W (pi,p) =i p2),  prLpreTIM, x €M,

which obviously degenerates along Ann(). A sub-Riemannian manifold can therefore
equivalently be considered as a pair (M, h*) where M is a connected manifold and h* a
co-metric degenerating along a subbundle of 7* M. We will use both of these point of views
throughout our paper, referring to the sub-Riemannian structure (7, h) and h* interchange-
ably.
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Curvature-dimension inequalities on sub-Riemannian manifolds: part I 103

We will call any absolutely continuous curve y in M horizontal if y (t) € H, (1) for almost
all 7. We define the Carnot—Carathéodory distance d.. on M as

1
dec(x, y) = inf (/ h(y, )})1/2 dt : y(0) =x, y(1) =y, y horizontal } .
4 0

This distance is finite for any pair of points if they can be connected by at least one horizontal
curve. A sufficient condition for the latter to hold is that H is bracket-generating [12,21]. A
subbundle H is called bracket-generating if its sections and their iterated brackets span the
entire tangent bundle. The same property also guarantees that the metric topology induced
by d.. coincides with the manifold topology on M, however, the Hausdorff dimension of d..
will in general be greater than the topological dimension (see e.g. [20, Th. 2.3, Th. 2.17]).

From now on, the rank of H is n > 2 while the manifold M is assumed to have dimension
n + v. We will refer to H as the horizontal bundle and its vectors and sections as horizontal
and we refer to both (, h) and h* as a sub-Riemannian structure on M.

2.2 Second order operators associated to h*

For any manifold M, let T2 M denote the second order tangent bundle. Sections L € I"(T>M)
of this bundle can locally be expressed as

n+v 9 n+v 9
L= Lij— + L;—, 2.1
Z Y 8)(,' 3)CJ' Z / 8x,- ( )
i,j=1 j=1 ‘
relative to some local coordinate system (xy, ..., X,+,) and functions L;; = L;; and L;.

We can consider TM as a subbundle of 72M. Denote its inclusion by inc. This gives us a
short exact sequence

inc

0—TM 2 72M L Sym®TM — 0,

where q(L) =: q is the symmetric bilinear tensor on 7*M defined by the property
1
qrdf.dg) = 5 (L(f§) = fLg —gLf). forany fig € C=(M).  (22)

In local coordinates, we can write qz (df, dg) = Z:’J]“i y Lij g—f; 3% relative to the represen-
tation of L in (2.1).

Let h* be the co-metric corresponding to a sub-Riemannian structure (H, h). Then any
operator L satisfying q; = h* can locally be written as

Lzzn:A?+A0

i=1

where Ag is a vector field and Ay, ..., A, is a local orthonormal basis of H. From Hor-
mander’s celebrated result [15], we know that any such operator is hypoelliptic when H is
bracket-generating. We consider two examples where a choice of extra structure on (M, H, h)
gives a differential operator of this type.

Let vol be a volume form on M. We define the sub-Laplacian relative to vol as the operator
Ap given by

Anf = divi" df,
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104 E. Grong, A. Thalmaier

where div A is defined by £4 vol = (div A) vol. Any such operator satisfies

/ gAnf dvol:/ fAng dvol
M M

for any pair of functions f, g € CZ°(M) of compact support. Since L is also hypoelliptic, it
has a smooth, symmetric heat kernel with respect to vol. This is the most common way of
defining the sub-Laplacian.

We like to introduce an alternative notion of sub-Laplacian. Rather than choosing a volume,
we will choose a complement V to H, i.e. a subbundle V such that TM = H @ V. This choice
of complement gives us projections pry, and pry, to respectively 7 and V. A Riemannian
metric g on M is said to tame h if g |1y = h. Consider any Riemannian metric g that tames
h and makes V the orthogonal complement of H. Let V be the Levi-Civita connection of g.
It is simple to verify that for any pair of horizontal vector fields A, Z € I'(H), pryy VaZ
is independent of g |y. This fact allows us to define a second order operator Ay which we
call the sub-Laplacian with respect to V. There are several ways to introduce this operator.
We have chosen to define it by using a connection V which will be helpful for us later.
Corresponding to the Riemannian metric g and the orthogonal splitting TM = H &, V, we
introduce the connection

%AZ = Ppryy Vpry APy Z + Pry, Vpry, APy Z
+ prylpry A, proy Z] + pry,[pry A, pry, Z]. 2.3)

Definition 2.1 Let V be a complement of H corresponding to the projection pry, i.e. V =
ker pry,. Then the sub-Laplacian with respect to V is the operator

ALf =ty Ve f. feC™(M),

o

where %31,2 = %A%Z — VWZ is the Hessian of V.

We remark that the definition only depends on the value of V4 Z when both A and Z take
values in H. This is illustrated by the fact that locally

n n
ALF =D AIf+ D h(pry Va,Aj  ADA; f (2.4)
i=1 ij=1

where Ay, ..., A, is a local orthonormal basis of H. The operator Ay is hypoelliptic and
will have a smooth heat kernel with respect to any volume form. Two different choices of
complement may have the same sub-Laplacian, see Sect. 4.5.

In what follows, whenever we have a chosen complement V, we will refer to it as the
vertical bundle and its vectors and vector fields as vertical.

Remark 2.2 The horizontal bundle H is called equiregular if there exist a flag of subbundles
H=H cH' CH C--
such that

HH! = span {Z|x, (A, Z]l.: Z e T(HY), Ae F(H), x e M}.

Even if H is bracket-generating, it is not necessarily equiregular. We emphasize that each
HF is required to be a subbundle, and so must have constant rank. The smallest integer r
such that H" = T M is called the step of H. If (H,h) is a sub-Riemannian structure on
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Curvature-dimension inequalities on sub-Riemannian manifolds: part I 105

M with H equiregular, then there exist a canonical choice of volume form on M called
Popp’s measure. For construction, see Sect. 4.2 or see [2] for a more detailed presenta-
tion.

2.3 Lifting property of the sub-Laplacian defined relative to a complement

Let 7 : M — B be a surjective submersion between connected manifolds M and B. The
vertical bundle of 1 is the subbundle V := ker 7w, of T M. An Ehresmann connection on 1
is a splitting & of the short exact sequence

h
0— V=Kkermy — TM{%MHT*TB — 0.

This map 4 is uniquely determined by H = image %, which is a subbundle of 7 M satisfying
TM = H & V. Hence, we refer to such a subbundle H as an Ehresmann connection as well.
The image of an element (x, v) € 7*T B under A is called the horizontal lift of ¥ to x, and
denoted h XDV. Similarly, for any vector field A on B, we have a vector field hA on M defined
by X = th|ﬂ(X).

We can extend the notion of horizontal lifts to second order vectors and differential opera-
tors. If B and M are two manifolds, then a linear map ¢ : Tb23 — TXZM is called a Schwartz
morphism if ¢(Tp, M) € Ty M and the following diagram commutes

0—— M —" 72 — L Sym? T, M —— 0

WPIT[,B ]ﬂ TW|T[,B®¢7|T[,B

0 TyB —" T2B —% Sym? TyB — 0

with q defined as in (2.2). We remark that any linear map ¢ : szB — szM is a Schwartz
morphism if and only if ¢ = f*|Tb23 for some map f: B — M with f(b) = x (seee.g. [13,
p- 80]). Let 7 : M — B be a surjective submersion. A 2-connection on 7 is then a splitting
S of the short exact sequence

hS
0— kermy — 72M —— 7*T?B —> 0

such that 45 is a Schwartz morphism at any point.

For any choice of Ehresmann connection 2 on 7, we can construct a corresponding
2-connection 5 uniquely determined by the following two requirements (see e.g. [19, pp. 82—
83]).

o hS|rp =h,
o hS{A,Z} = {hA, hZ} where {A, Z} = %(AZ + ZA) is the skew-commutator and
A, Z € I'(T B). Equivalently, h5(AZ) = hAhZ — L pry[hA, hZ)].
Using this 2-connection, we can define horizontal lifts of second order operators on B. We

then have the following way to interpret the sub-Laplacian with respect to a complement.

Proposition 2.3 Let § be a Riemannian metric on B with Laplacian A. Relative to an
Ehresmann connection 'H on 7, define a sub-Riemannian structure (H,h) by h = 7* g |y.
Then h5A = A}, where A} is the sub-Laplacian of V = ker ..
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In particular, for any f € C*™(B), we have A{(f om) = (Kf) o 7. A submersion
7 :(M,g) — (B, g) between two Riemannian manifolds such that

gl =n*8ln, H=(kerm)*

is called a Riemannian submersion. The sub-Riemannian manifolds of Proposition 2.3 can
hence be considered as the result of restricting the metric on the top space in a Riemannian
submersion to its horizontal subbundle.

Proof (of Proposition 2.3) Let g be a Riemannian metric on M satisfying g|» = h and
HY =V.Let Ay, ..., A, be any local orthonormal basis of T B. Then the Laplacian can be
written as

n n
A= AT+ D 8V Aj ADA;
i=1 i,j=1

where V is the Levi-Civita connection of &. However, since g(hA,-, hA i) = ‘g'(Avl-, A j) and
since pryg[hA;, hA ;] = h[A;, A;), we obtain

(Vi A A =gV, hAj hAD, i j=1,2,....n

The result follows from (2.4) and the fact that hAl R h/in forms a local orthonormal basis
of H. O

Since the proof of Proposition 2.3 is purely local, it also holds on Riemannian foliations. To
be more specific, a subbundle V of T M is integrable if [V}, V] takes its values in VV whenever
Vi, Vo € I'(V) are vertical vector fields. From the Frobenius theorem, we know that there
exists a foliation F of M consisting of immersed submanifolds of dimension v = rank V
such that each leaf is tangent to V.

A Riemannian metric g on M with a foliation induced by V, is called bundle-like if
V1 = Hand forany A € I'(H) and V € I'(V), we have (Ly g)(A, A) = 0. Intuitively,
one can think of a bundle-like metric g as a metric where g |7, does “not change” in vertical
directions. A foliation F of a Riemannian manifold is called Riemannian if the metric is
bundle-like with respect to F. Such a manifold locally has the structure of a Riemannian
submersion, that is, any point has a neighborhood U such thatw : U — B := U/(F|U) can
be considered as a smooth submersion of manifolds. The subbundle H|y is an Ehresmann on
7 and B can be given a Riemannian metric g such that pry, g = 7* g, see [22]. If we define
a sub-Riemannian structure (H, h) on M with h = g |4, then restricted to each sufficiently
small neighborhood U, the sub-Laplacian A} of V is equal to hS A were A is the Laplacian
on U/(F|U).

Remark 2.4 By modifying the proof of Proposition 2.3 slightly, we can also get the following
stronger statement: Let (B, H1, h;) be a sub-Riemannian manifold andlet7 : M — B bea
submersion with an Ehresmann connection £. Define a subbundle H, on M as the horizontal
lifts of all vectors in H; with respect to £ and let h, = 7*h;|4, be the lifted metric. Let
V1 be a choice of complement of 7 and define V), as the direct sum of the horizontal lift
of V| and ker 7. Then, if A/Hf is the sub-Laplacian with respect to V;, j = 1, 2, we have

A’Hz =hs A;n’ where 1% is also defined with respect to £.
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2.4 Comparison between the sub-Laplacian of a complement and a volume form

Let (M, H, h) be a sub-Riemannian manifold and let g be a Riemannian metric taming h.
Let Ay, be the sub-Laplacian defined with respect to the volume form of g and let A be
defined relative to the complement 1+ = V. We introduce a vector field N' by formula

Ap=Aj, —N.

It can then be verified that N is horizontal and can be defined by the relation

1
(A, N) = =2 try(Lpry, 4 8) (X, X). 2.5

In order for Ail to be the sub-Laplacian with respect to some volume form, we must have
N = —jjh*d ¢ for some function ¢ € C°°(M). Indeed, if div A denotes the divergence of a
vector field A with respect to vol, then div A +d¢ (A) is its divergence with respect to e? vol.
It follows that the sub-Laplacian of ¢? vol is given as Ay f + (8" d¢) f.

Remark 2.5 Let (M, g) be a Riemannian manifold with a foliation given by an integrable
subbundle V. Assume that g is bundle-like relative to V. Let H be the orthogonal complement
of V and define h = g|4;. Write vol for the volume form of g. Let Ap and A} be the sub-
Laplacian of (M, H, h) relative to respectively vol and V. Then N = A} — Ap, is the mean
curvature vector field of the leaves of the foliations by (2.5). Hence, the operators Ay and
A}, coincide in this case if and only if the leafs of the foliation are minimal submanifolds.

2.5 Diffusion of A}

Let L be any section of T?M with q; being positive semi-definite and let x € M be any
point. Then, by Hsu [16, Theorems 1.3.4 and 1.3.6] there exists an L-diffusion X; = X;(x)
satisfying Xo = x, unique in law, defined up to some explosion time 7 = t(x). An L-
diffusion X; is an M-valued semimartingale up to some stopping time t defined on some
filtered probability space (§2, .%,, P), such that for any f € C*(M),

. t
Ml = (X)) — f(Xo) — / Lf(X)ds, 0<t <1,
0

is a local martingale up to . We will always assume that v is maximal, so that t is the
explosion time, i.e. {t < oo} C {lim;y; X; = oo} almost surely.

Let A;l be the sub-Laplacian defined with respect to a choice of complement V. Let g be
a Riemannian metric such that ¥~ =V and g |5y = h. Define V on as in (2.3). To simplify
our presentation, we will assume that Vg = 0. See Remark 2.6 for the general case. For a
given point x € M, let y () be any smooth curve in M with y(0) = x. Let ¢y, ..., ¢, and
Y1, ..., ¥, be orthonormal bases for respectively H|, and V|,. Parallel transport of such
bases remain orthonormal bases from our assumption Y g=0.

Define O(n) — O(H) — M as the bundle of orthonormal frames of 7, and define
O(v) — O(V) — M similarly. Let

O(n) x O(v) = O(H) ©O0(V) > M

denote the product bundle. We can then define an Ehresmann connection &V on 7 such
thata curve (¢ (1), ¥ (1)) = (¢1(1), ..., ¢a (), Y1 (1), ..., ¥ (1)) in O(H) © O(V) is tangent
to £V if and only if each ¢;j(),l < j < n,and Yy(t),1 < s < v, is parallel along

y (1) = 7(p(t), ¥ (1)) -
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Define vector fields Aj, ..., A, on O(H) © O(V) by Xﬂdmﬂ = hg,y¢; where the hori-

zontal lift is with respect to 56. For any x € M and (¢, ) € O(H) © O(V)|,, consider the
solution @; of the Stratonovich SDE up to explosion time 7,

dd; =" Ajla, 0dW/, &=, V),
j=1

where W = (Wl, ..., W") is a Brownian motion in R” with Wy = 0. It is then simple to
verify that @ is a %hSA{I—diffusion since hS AL =20 A? if we consider the 2-connection

1S induced by the Ehresmann connection Sj This shows that X; = 7(®;) is an %Aﬁ-
diffusion on M with Xg = x. Note that ¢ will be the explosion time of X; as well by
Shigekawa [23].

Remark 2.6 1f V g # 0, we can instead use the connection
VAZ :=pry Vapry Z +pryVapry, Z, A, Z e I(TM). (2.6)

It clearly satisfies V g = 0, preserves the horizontal and vertical bundle under parallel trans-
port and has VAZ =V 4Z for any pair horizontal vector fields A, Z € I"(H). The definition
of Ay, in Definition 2.1 hence remains the same if we replace V with V. The reason we will
prefer to use V is the property given in Lemma 3.2 (a) which fails for V.

Remark 2.7 Instead of using the lift to O(H) © O(V), we could have considered the full
frame bundle O(TM ) and development with respect to V or V see e.g. [16, Section 2.3].
The diffusion of 1 5 Ay, then has the Brownian motion in an n-dimensional subspace of R"*+"
as its anti-development, where the subspace depends on the choice of initial frame.

Remark 2.8 If Aj is symmetric with respect to some volume form vol, the the following
observation made in [ 10, Theorem 4.4] guarantees us that the diffusion X, has infinite lifetime,
i.e. T = oo a.s. Let g be any Riemannian metric on M taming h with corresponding volume
form vol. Assume that g is complete with (Riemannian) Ricci curvature bounded from below.
Note that if dg is the metric of g and d. is the Carnot—Carathéodory of h, then d..(x, y) >
dg(x, y) for any (x,y) € M x M. Hence, B, (x) C BE(x) where B, (x) and BE(x) are the
balls of respectively d.. and dg, centered at x with radius . By the Riemannian volume
comparison theorem, we have

vol(B,(x)) < vol(BE(x)) < C1e“?"

for some constants C;, C». In conclusion, f0°° mdr = o0 and so [25, Theorem 3]

tells us that %Ail—diffusions X, starting at a point x € M has infinite lifetime.

3 Riemannian foliations and the curvature-dimension inequality

3.1 Riemannian foliations and the geometry of \%

Let (M, H, h) be a sub-Riemannian manifold with a complement V. Let Aﬁ be the sub-
Laplacian relative to V. In order to introduce a curvature-dimension inequality for Ar, we
will need to choose a Riemannian metric on M which tame h and makes H and V orthogonal.
Choose a metric tensor v on V to obtain a Riemannian metric g = pr, h + pri, v.
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We make the following assumptions on V. We want to consider the specific case when V
is integrable and satisfies

Ly(pry;h) =0 forany V e I'(V). (3.1)

Then g = prj, h+ prj, v is bundle-like for any choice of v, giving us a Riemannian foliation
as defined in Sect. 2.3. Since this property is independent of g |,, we introduce the following
definition.

Definition 3.1 An integrable subbundle V is called a metric-preserving complement to the
sub-Riemannian manifold (M, H, h) if TM = H & V and (3.1) hold.

In the special case when the foliation F of V gives us a submersionnw : M — B = M/F
with H as an Ehresmann connection on 7, the curvature of H is a vector-valued two-form
R € 1"(/\2 T*M ® T M) defined by

R(A,Z) :=prylpryy A, pryy Z1, A, Z € I'(TM). (3.2)

This curvature measures how far H is from being a flat connection, i.e. an integrable sub-
bundle. We will call R given by formula (3.2) the curvature of H even when V does not give
us a submersion globally.

Define V relative to g as in (2.3). The following properties are simple to verify.

Lemma 3.2 Let g be a Riemannian metric and let V be an integrable subbundle of T M with
orthogonal complement 'H. Define V relative to g and the splitting TM = H @& V. Write h
and v for the restriction of g to respectively H and V.

(a) Let Z € I'(T M) be an arbitrary vector field. If A € I" (H) is horizontal, both VaZ and
Vz A only depends on h and the splitting TM = H @ V. They are independent of v.
Similarly, if V is vertical, then Vy Z and VzV are independent of h.

(b) The torsion of% is given as Tﬁ(A, Z)=—-R(A, 2).
(c) Vis a metric-preserving complement of (M, H, h) if and only if

(Vag)l(Z, Z) = (Lpry, 4 8)(pry Z, pry, Z).

Equivalently, V is metric-preserving if and only if Vh* = 0.
(d) IfV is metric-preserving, then

(Vz, 8)(Z2, Z3) = —28(Z1, W(pry, Za, pry, Z3)),

where 11 is the second fundamental form of the foliation of V.

Recall that when V is metric-preserving, g is bundle-like. We write down the basic properties
of the curvature RV of V when V is metric-preserving.

Lemma 3.3 Let Z1, Z> € I'(T M) be arbitrary vector fields and let A € I"(H) be a hori-
zontal vector field. Then

(@) g(RY(Z1. Z2)A. A) =0,
(b) g(RY(A, Z1)Z2, A) — g(RV(A, 22)Z), A) = 0.
In particular, g(RV(A, pry Z2)Z1, A) = 0.
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Proof The statement in (a) holds since (% g)(pryy «, pry ») = 0. For the identity in (b), we
recall the first Bianchi identity for connections with torsion,

O RY(A Z0)Zy = — 0 TYV(A. TV(Z1. Z))+ O (VaTV)(Z1, Z2).
where O denotes the cyclic sum. This means that
g(0 RY(A, Z1)Zy, A) = g(RV (A, Z1)Z2, A) — g(RV (A, Z2)Z1, A)
=g(- 0TV 1Y@, 220+ 0 UTY)Z1, 22), 4) =0
O

We will use the fact that we have a clear idea of what Ricci curvature is on a Riemannian
manifold, to introduce a corresponding tensor on a sub-Riemannian manifold with a metric-
preserving complement V.

Proposition 3.4 Introduce a tensor Ricy, € I'(T*M®?) by
Ricy(Zy, Zp) = tr Ré(er LY VAR
Then

(a) Ricy is symmetric andV C ker Ricy.

(b) Ricyy is independent of choice of metric v on V.

(c) Let F be the foliation induced by V. Let U be any neighborhood of M such that the
quotient map w: U — B := U/(F|U) is a smooth submersions of manifolds. Let Ric
be the Ricci curvature on B with respect to the induced Riemannian structure. Then
RiCH|U = N*I?iz.

Proof Since \% preserves both the vertical and horizontal bundle, and by means of
Lemma 3.3 (b), we know that Ricyy = prf;1 Ricyy. It is symmetric by Lemma 3.3 (b), which
completes the proof of the statement in (a). The statement (b) can be verified using the
definition of the Levi-Civita connection.

To prove (c), let Al, A /‘n be any local orthonormal basis on B. Note that

[hA;, hAj] = hlA;, Aj] + R(hA;, hAj).
Also, for any V € I'(V), %VhAi = prylV, hA,-] = 0 since hfii and V are m-related to
respectively A,’ and the zero-section of 7 B. Finally, recall that %;, AhAj =h \6141‘ Aj from

the proof of Proposition 2.3. For any j, k,

n
> g(RY(hA; hAjhAr, hA))

i=1
n
= Zg ([Vh/ii’ Vh/i_/] hAk = Vi, iphAc = Vrai, ni Ak hAi)

n
= §([V/L, VA]:| Ak = Vi, i Ak A,-) =Ric(Ay, A ;).

i=1

It follows that Ricyy (hAk, hA i) = ﬁ-ig(n*h/{k, n*hﬁ i), and hence the same holds for any
pair of vector fields Z1, Z». O
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3.2 A generalized curvature-dimension inequality

For any symmetric bilinear tensor s* € I"(Sym? T M), we associate a symmetric map s of
smooth functions by

M. C®(M) x C®(M) — C®(M)
(f. & — s*(df,dg).

By Leibniz identity, we have relation [* (£, g¢) = gI'* (f, ¢) + #I* (f, g) for arbitrary
smooth functions f, g, ¢. Relative to some second order operator L € I"(T2M), we define

* 1 * * *
Vo= (Lo - Lo - T (. Lg).

To simplify notation, we will write I (f, £) = % (f) and IS (f, £) =T5 (f).

Let h* = q; where q is defined as in (2.2). Assume that h* is positive semi-definite and
letv* e I’ (Sym2 T M) be another chosen positive semi-definite section. Then L is said to
satisfy a generalized curvature-dimension inequality with parameters n, p1, p2,0 and pp 1 if

* * 1 1 * %
M + €y () Z;(Lf)2 + (m - Z) ™ () + (2.0 + 02107 (f), (CD")

for any £ > 0. We include the possibility of n = co. Any such inequality implies I"z’* f) =
02.1 v (f) by dividing both sides with ¢ and letting it go to infinity.

Let (M, H, h) be a sub-Riemannian manifolds with an integrable complement V that is also
metric-preserving. Choose a metric v on V, and define V with respect to the corresponding
Riemannian metric g. Let v* be the co-metric corresponding to v. Using the properties of v,
we are ready to present our generalized curvature-dimension inequality. We will make the
following assumptions on (M, H, h).

(i) Let R be the curvature of H relative to the complement V. Assume that the length of R
is bounded on M and define .#z < oo as the minimal number such that

IR, Hllgrog < #r| pryy vllg, foranyv e I'M.

By replacing v with //752“ we may assume that .#% = 1. From now on, we will work
with the vertical metric v normalized in this way.

(i) Let Ricyy be defined as in Proposition 3.4. Assume that Rics has a lower bound p1, i.e.
for every v € T M, we have

Ricy (v, v) > ppll prog vllf.-

(iii) Assume that the length of the tensor V g* (= Vv*) is bounded. Write

_ v
My —Sll\l/lp [V.ve(., ¢ @Sym g+

Define also
(AR (P, p) = tri (V2 V)P, p)

and assume that for any p € T*M, we have (AL v*)(p, p) > DA v ||p||3* globally on
M for some constant Paj v+
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(iv) Finally, introduce Ricyy as

Ricyn (21, 2) = 5 1 (821, (V,R)(x, 72)) + 822, (4RI, Z1)
Assume that forany Z € I'(TM),
Ricyy(Z. Z) = ~2.400 pry ZIlv Il prag Zln
holds pointwise on M for some number .#3y .

Note that #r, Mg, and .4, are always non-negative, while this is not necessarily true
for py and p Ay We will define one more constant, which will always exist. For any

a € I'(T*M), define my as the maximal number satisfying
le(R(e, Dl a2 = mrlloflve.

If rank V = v, then
n
E )
so the maximal value of mp is (%) when the vertical metric has been normalized. More-
over, it can only be nonzero if H is step 2 equiregular as defined in Remark 2.2.

With these assumptions in place, we have the following version of a generalized curvature-
dimension inequality.

2 no 2 _
<7%R_

2
vmiy < IR g g < 5

172

Theorem 3.5 Define I_a* with respect to L = Ay. Then L satisfies (CD*) with

n =rank H

p1 = pp —c ',

1
p2,0 = Em”ZR — c(tlyy + Mo ), (3.3)

1
— . — g2
P21 = S P = M
for any positive ¢ > 0.

Note that we include the possibility ¢ = oo when .#3y = .4, = 0. The proof is found
in Sect. 3.5.
We can give the following interpretation of the different terms in the inequality.

(1) #r and myr measures how well v can be controlled by the curvature R of H. To be
more precise, forany x € M, p € T} M, define C;(x) and C>(x) such that

Ciliplve = llp o Rl p2pe = C2(0) [ pllv+

with C(x) maximal and C2(x) minimal at every point. Then

ﬁ-//hz > sup Ca2(x),
2 M

while mpR = infM C] (x)

(ii) Ricyy is a generalization of “the Ricci curvature downstairs” on sub-Riemannian struc-
tures on submersions by Proposition 3.4 (c).

(iii) Both ///%* and p Ajy+ Measure how v changes in horizontal directions. In particular,

Vv* is the second fundamental form by Lemma 3.2.
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(iv) Ricyy measures how “optimal” our subbundle 7 is with respect to our chosen comple-
ment V in the sense that on invariant sub-Riemannian structures on principal bundles,
Ricyy measures how far H is from being a Yang-Mills connection, see Example 4.3.
We will see how Ricsy can be interpreted in a similar way in the general case in
Appendix 6.4, Part II.

For further geometric interpretation, see Part II, Section 5.2.

Remark 3.6 In the proof of Theorem 3.5, we prove a curvature-dimension inequality without
normalizing .Z7 in (3.9). The reason why we are free to normalize v such that .Zr = 1
is the following. Since V4 Z is independent of v when either A or Z are horizontal, the
bounds introduced in (i)—(v) behave well under scaling in the sense that for any ¢ > 0, if we
define the bounds relative to v, = év rather than v, we will get the same inequality back for

M+ T2 =M () + ey ().

Remark 3.7 In parallel with the development of our paper, Theorem 3.5 for the case Vv* =
0, #14y = 0 appeared in [9].

3.3 Totally geodesic foliations

Let (M, H, h) be a sub-Riemannian manifold with an integrable, metric-preserving comple-
ment V. Let v be a chosen metric on )V and assume that Vv* = 0. By Sect. 2.4, if vol is
the volume form of the Riemannian metric g corresponding to v, then Aj coincides with
the sub-Laplacian Ay defined relative to vol. By Theorem 3.5 we also obtain a somewhat
simpler curvature-dimension inequality

5 * 1 1 * *
(2 2+ (- ) P+ e ) (D)

1

n=rankH, pi=pxy—c , pr= %m% — a///,zw, 3.4

where ¢ > 0 is arbitrary. The inequality (CD) with the additional assumption p, > 0 was
originally suggested as a generalization of the curvature-dimension inequality by Baudoin
and Garofalo [8].

We will also need the following relation, which is closely related to the inequality (CD).
The proofis left to Sect. 3.6. This result is essential for proving the result of Theorem 5.1 (b).

Proposition 3.8 For any f € C*°(M), and any ¢ > 0 and £ > 0, we have

1 * * * * * * *
Z D =™ (B O = = O™ = el ().

] * * * *
) =T,
where p = pr — ¢~ and pr = —c.//l%lv.

Remark 3.9 To give some context for Proposition 3.8, consider the following special case. Let
h = g be a complete Riemannian metric on M with lower Ricci bound p an choose v* = 0.
Inserting this in (CD) with £ = oo gives us I'g* f) = %(Af) +p re (f) where A isthe Lapla-
cian of g. If we let P, = ¢'2/2 be the heat semigroup of %A, then the previously mentioned
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inequality implies the inequality [® (P, f) < e~ P,[*® (f) for any smooth, compactly sup-
ported function f. However, Proposition 3.8 gives us re"(re'( ) < 4T (f )(Fg*( f) -
prg*(f)) which imply the stronger result [ (P, £)1/2 < ¢=2/2 P,(T% (£)!/2) for any
smooth, compactly supported function f, see e.g. [4, Section 2].

Remark 3.10 1f a metric v on V exist with Vv = 0, then it is uniquely determined by its
value at one point. To see this, let v/ be an arbitrary metric on V and let y be a horizontal
curve in M. Define V' with respect to v'. By Lemma 3.2 (a), we still have V/,v = 0. Since
‘H is bracket-generating, the value of v at any point can be determined by parallel transport
along a horizontal curve from one given point.

3.4 A convenient choice of bases for 7 and V

Let (M, 'H, h) be a sub-Riemannian manifold with an integrable metric-preserving comple-
ment of V. Let v be a metric tensor on V. To simplify the proof of Theorem 3.5, we first want
to introduce a convenient choice of bases for 7 and V' that will simplify our calculations,
similar to choosing the coordinate vector fields of a normal coordinate system in Riemannian
geometry. Let V be defined as in (2.6).

Lemma 3.11 Given an arbitrary point xo of M, there are local orthonormal bases
Ap, ..., Ay and Vi, ..., V, of respectively H and V defined in a neighborhood around
xo such that for any vector field Z,

V2 Ailx = V7 Vslyy = 0. (3.5)
In particular, these bases have the properties

proyglAips Aiyllxg =0, pry[Vsy, Vi Il = 0. (3.6)

Proof Define a Riemannian metric g by g = prj, h+pr}, v. Let (xy, ..., X;4,) be a normal
coordinate system relative to g centered at xo such that

" 0 0 v ad ad
=span{ — , — , = span , —— .
o P 0x] o 0x, X0 o P 0Xp41 o 0Xp4y o
Define Y; = pryy a -and Z; = pry, dx . These vector fields are linearly independent close
to xo. Write
n+v n+v
YJ Zalj 8 ths T
l
where
1ifi=j 1ifi=s+n
aij(xO)Z‘Oifi;éj , biS(XO)ZKOifi;«és+n’

and consider the matrix-valued functions

a = (aij);ili=]7 b= (bn+r,n+s);«)’x=1-

These matrices remain invertible in a neighborhood~ of xg. On this mentioged neighborhood,
leta = (0;j) =a'and B = (B,s) = b~ '.Define¥; = >/ o;;Yiand Z; = >V, Brs Z,
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These bases can then we written in the form

-0 &) LN
Y= — + a’ P— —,
! ax; i§1 Y x; Zi= axnﬂ IZ dx;
for some functions a;; and l;, 7 which vanish at xo. These bases clearly satisfy (3.5) and (3.6).
Since V preserves the metric, we can use the GLam-Sch@idt process to obtain Ay, ..., A,
and Vi, ...V, fromrespectively Y1, ..., Y, and Zy, ..., Z,. O

By computing V —V, we obtain the following corollary.

Corollary 3.12 Given anarbitrary point xo of M, then around x( there are local orthonormal
bases Ay, ..., A, and V1, ..., V, of respectively H and V such that for any vector field Z,

. 1
VzAily = 588(Z, R(Ais ))lx.

° 1 .
VZVslxo = _Eﬁ(vY g)(Vvs -)lxos

where t : T*M — T M is the identification defined relative to g. In particular, these bases
have the properties pro [A;,, Aillx, = 0, and pry,[Vy,, Vi, 1|y, = 0.

3.5 Proof of Theorem 3.5

Let h and v be the respective metrics on 1 and V that give us a Riemannian metric g =
pri,h +pri,v. Letb : TM — T*M be the map v — g(v, .) with inverse f. Let ji"* be
defined similar to the definition of tth* in Sect. 2.1. Note that ﬁh* = pry f and ﬁ"* =pry .

Let Ay, ..., A, be as in Corollary 3.12 relative to some point xo. Clearly, for any f €
C° (M), we have Lf (xg) = Z:’:] Al.zf(xo). Note also that

Vadf(Z) = V7df (A) —df (TV(A, 2)) = V2df (A) +df (R(A, Z).
In the following calculations, since V is metric-preserving, keep in mind that
Vathdf = " Vadf,
while V¥ df = 8V Vadf + (Vav¥) (S, .)..

Below, all terms are evaluated at xo. We first note that for any ¢ > 0,

- I <
2 = 5 20 A (1df e + C1df IR-) = W*(df, dLf) — ¢v*(df, dLf)
i=1

=D AiVadf ™ df)+ £ AiVadf (s df)

i=1 i=1

1 < . . . .
+ 502 AiVa V@S, df) — (" df + 1" df) (Z Va, df(Ai))

i=1 i=1

=DV, Vo g df (D) + D Aidf (R(A;, 8" df))

i=1 i=1

n n
0> Va Vo gpdf (A) = D Ve 1V df (A)
i=1 i=1

@ Springer



116 E. Grong, A. Thalmaier

— . 1 < ‘e
=02 VoragVardf (A) = S0 df (R(A;, 2 V,df)

i=1 i=1

1 n . .
+ S LAWY@ df) + € 3 (VavI(Vadf, df).

i=1

Observe that
Va; Vi gpdf (A) = Ve g Va,df (A)

=" gRY (A AN df A+ D Vi e apydf (A
i=1

i=1

n n
= Ricy (4" df. " df) + > Vg, ot apdf (A + > Ve, o apdf (A)
i=1 i=1

= Riey (" df. " df) + D IVa,df I

i=1

— D df(R(A B Vadf) + D Vadf (R(A;, 8% df)),

i=1 i=1
while
Vi, Vo gpdf (Ai) = Vo 4 Vi, df (A1)
n
= > g(RY(A;i. 87 df)a" df. Ai)
i=1
n n
+ ; Vi, ovtap @ (AD) = ; V4 ey A (AD)
n 1 n
= 2 Vit ar+ o, vorasodf (A0 = 5 2 Vi agria;, odf (AD
i=1 i=1
n n
=D IVadfllz + D (Vav(df. Va,df)
i=1 i=1
1 < i )
= 5 2 df(R(AL B Vadf)) + Idf (R(, )z go- 3.7)
i=1
Hence

Py () =D IV a,df g + Ricn (8™ df, £ df) = D" df (R(Ai, 8% Va,df)

i=1 i=1

+ > Vadf (R(A:, 8™ df) + D Aidf (R(Ai, £ df))

i=1 i=1

n n
LD VA Af 13+ €D (Va,v)(@df, Vadf)

i=1 i=1
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— £ df (R(AL B Vad)) + Lldf (RG, D)Ia g

i=1
| R S e
+ S LAWY@ df) + € 3 (VavI(Vadf, df).
i=1

By realizing that

> Aidf (R(A;, 8% df)) =Ricsy(Hdf, tdf) + D Vadf (R(Ai, £ df))

i=1 i=1

+ D df (R(A;, 8" Vadf).

i=1

and that
df (R(AL 8"V a,df)) = ldf RG, DI e
we obtain
P () =D IV a,df I + Ricy (3™ df. g% df)
i=1
+ Ricyy (Hdf. gdf) + 2 Vadf (R(A;, 4" df))
i=1
+ €D IVadfly: 426> (Vav)df, Vadf)
i=1 i=1
1
+ 5zz(A;,v*)(df, df). (3.8)
Clearly

> IVAdf 13 +2Va,df (R(AL 8 df)) +20 D" (Va,v)(df, Va,df)
i=1 i=1

1 o .
>~ 2 IV )+ R(AL I
i=1

%2 * * * *
> —773rh (f) = 2R Mg T (T () = £t TV (1),

and also

n

n 2
. 1. . 1 . .

S IVadflge = > (g(vif,A_,»f +Via )+ SVaia; f = VA,-,Ajf))

i=1

i,j=1
SRS N o) & (. . 2
=2 (E(VA,.,A,,fWAj,Aif)) + 2 (5(VA,.,A,.f—vA[,AJf>)
i,j=1 i,j=1
= =1 1 1 R
> > (Vi + 2L GAfRAL ADD® = — (L + omi T ().

i=1 i,j=1
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In conclusion

o 1 M2 ;
M = ;(Lf)z + (pH ~ f) ™ (f)

— Qutlyy + 2 MR Mg N T (HTY ()

1 x
+ 5 R + oagye = 245 DT ()

1 1 > .
> —(Lf)*+ (pH -— = R)r“ )
n c l

1 *
+ 5 (% = 2c(tly + Mr Mo, )*) T (f)
+ Cpppye = 24 TV (£). (3.9)
3.6 Proof of Proposition 3.8

Let Ay, ..., A, be alocal orthonormal basis of . From the assumption Vv* = 0 and 3.9),
we obtain rg* (H=>r, ||%Aidf||3* and from this, we know

M () = 4D v (Vadf.df)?

i=1

<4 VA df 12 Ndf llve = 4TS (HOTY ().

i=1

Similarly, from (3.8),

D IVadf e =5 Y (f) = Ricy (3" df. g% df) — 2Ricyy (2" df. 8" df)

i=1

=2 Vadf (R(AL £ df) + €D IVadf I3

i=1 i=l1
< T (F) — (o — < = O () + e, T (1),
and the result follows. [}

3.7 For a general choice of L

Let (M, H,h) and V be as in Sect. 3.2 and let A} be the sub-Laplacian of V. For a general
choice of L with q; = h*, write L = A;l + Z for some vector field Z. We want to use our
generalized curvature-dimension inequality for A} to extend it to a more general class of
operators. Unfortunately, our possibilities are somewhat limited.
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Proposition 3.13 Let L = Ay +Z where Z € I" (V) is a non-zero vertical vector field. Then
L satisfies (CD*) with rank H < n < oo and p1, p2.0, p2.1 given by

1

pPL=pH—cCc
1 2 A 2 2
=-—ms5 — (M, + M) — ——— N Z ||+,
£2,0 ) R ( HY Vv) n—rankH” ||v
1 2 2
pz’l = EpA;lv* _.ﬂ%v* _e/’/ 5

for any positive ¢ > 0. Here, —///év is a lower bound of
. . 1 . 1 .
RlcyzW(Ah Aj) := Ricyy (A, Ap) + Eh(prn Al Vo, 4, 2) + Eh(PrH A2, Vpr, 41 Z)
1 1
+ EV(prv A1, R(Z, A2)) + EV(prv A2, R(Z, A1)

and A is a lower bound of v(pry, ., %va. Z). The other constants are as in Sect. 3.2.

Proof Let #h" be defined as in Sect. 2.1 and let #¥" be defined analogously. Then the result
follows from the identities,

1 * * ° *
S 2NN =T 2L f) = df (Vg 4y 2) + df (R(Z. 47 df ),

2 =TV, ) = df S g 2) + 53 d,
1

rank H

which hold for any vector field Z (not necessarily vertical). m}

/ 2 l / 2 _ 1 2
(Ap /)" = (A f + 20)" = e = (2)

The proof of Proposition 3.13 also shows why it is complicated to extend this formalism
to the more general case. If pry; Z 7 0, then the term £d f (Vyn« 4 pryy Z) requires a lower

bound on the form £6I™ (£) 4+ €bTY (£) or I (£) + 26T (f), both of which would be
outside of our formalism.

3.8 Generalization to the case when V is not integrable

Not every vector bundle has an integrable complement [11], not to mention a metric-preserv-
ing one. We give a brief comment on how our results can be generalized to the case when V
is not integrable.

Let R be defined as in (3.2) and let R be defined by

ﬁ(A, Z) :=prylpry, A,pry, Z], A, ZeI'(TM).

We will adopt the terminology of [17, ChI1.8] and call R and R respectively the curvature and
the co-curvature of H. Then our theory can still be applied with the following modifications.

(a) We consider a complement V' as metric-preserving if
pry, Lv(pri;h) =0, VeI (V). (3.10)

Notice the difference between the formula above and (3.1). In fact, (3.1) holds if and only
if (3.10) holds and V is integrable. Note that (3.10) is equivalent to stating that Vh* = 0
with respect to any connection V defined as in (2.3) using some metric g which tames h
and makes V the orthogonal complement of H.
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(b) In Sect. 3, we now have that T% = —R — R in Lemma 3.2 (c). As a consequence, in
Lemma 3.3 (c), we obtain

g(RV(A,V)Z — RV(A, Z)Y, A) = g(R(Y, R(Z, A)) — R(Z, R(Y, A)), A).
Hence,
2(RV (A, pry Y) pry Z, A) = g(RV (A, pryg Z) pry ¥, A),

however, we now have g(R%(A, pry Y)Z, A) = g(R(Y, R(Z, A)), A).
(c) In Sect. 3.4, Lemma 3.11 still holds, but since V —V is different, in Corollary 3.11 we
have

o 1 = 1 —
VZVslx() = _Eﬁ(vz g)(Vw -)lxo + Eﬁg(z’ R(Vs, '))|x0-

(d) In the proof of Theorem 3.5 in Sect. 3.5, the only difference is that in Eq. (3.7), we
cannot be sure that the term

> aRY (A 17 )M df. A) = w RV df. REY df. )

i=1

vanishes. Hence, we require the separate assumption that for any vectorv € TM on M,
we have o
trR(v, R(v, .)) =0. (3.11)

The same assumption also guarantees that
tr Rv(er w2Z1)Zy)=1tr Rv(er « Pry Z1) pry Z2,

so the definition of Rics in Proposition 3.4 is still valid. If this does indeed hold, then
Theorem 3.5 remains true even if 1V is not integrable. As a consequence, all further results
in this paper and in Part II also hold in this case. Since we do not have any geometric
interpretation for the requirement (3.11), we prefer to mainly consider the case when V
is integrable.

The only exception are the results in Sect. 3.7. Even if (3.11) is satisfied, these results
do do not hold when V is not integrable.

Example 3.14 Consider the Lie algebra su(2) with basis A, B, C satisfying commutation
relations

[A,B]=C, [A,C]=-B, [B,C]=C.

Consider its complexification, which is isomorphic to s[(2, C). Define a sub-Riemannian
manifold (SL(2, C), H, h) by considering i A, i B, iC and C as an orthonormal basis for H.
Here, we have used the same symbol for an element of the Lie algebra and its corresponding
left invariant vector field. Then V spanned by A and B is a metric-preserving complement
that is not integrable, but satisfies (3.11).
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4 Spectral gap and examples
4.1 The curvature-dimension inequality and a bound for the spectral gap

Let (M, H, h) be a compact sub-Riemannian manifold where H is bracket-generating. Let
L be a smooth second order operator without constant term satisfying q; = h*. Assume
also that L is symmetric with respect to some volume form vol on M. Since the metric d..
induced by h* is obviously complete on M, we have that L is essentially self-adjoint on
C2°(M) by Strichartz [24, Sec. 12]. Denote its (unique) self-adjoint extension to an operator
on L2(M, vol) also by L.

Proposition 4.1 Assume that L satisfies (CD*) with py.o > 0. Let X be any nonzero eigen-
value of L. Then

np2,0
n+ p2o(n—1)
Proof Since H is bracket-generating, we know that L — A is hypoelliptic for any A by
[15], so all eigenfunctions of L are smooth. If we write (f, g) = jM fg dvol, note that

Sy Lf dvol = (Lf, 1) =0and [, M (f, g)dvol = —(f, Lg) for f, g € C°(M). Since L
is a nonpositive operator, any nonzero eigenvalue is negative. From (CD*) we get

k
(,01 - 7) < -, ky=max{0, —p21}.
£2,0

/M (MY () + €y () dvol = (Lf, Lf) — (T (f, Lf), €)

1 1 *
> ;(Lf, Lf) - (m - Z) (£ LFY+ TV (), p2,0 + €p2,1).
Hence, if f satisfies Lf = Lf, then

n—1

1 *
WAL ) = = (pl - Z) (£ )+ T (), p2,0 + L(p2,1 + 1))

We choose £ = —[)ii-okg and obtain
—1 —h+k
IRV RIE STy
n 02,0
from which the result follows. O

Let g be a Riemannian metric taming h such that the orthogonal complement V of H is
integrable. We consider the special case when V g = 0 where V is defined as in (2.3). Then
V is a metric-preserving complement and Vv* = 0 where g|y =: v. Let vol be the volume
form of g and let Ay, the sub-Laplacian of vol, which will also be the sub-Laplacian of V.

Corollary 4.2 Assume that the assumptions of Theorem 3.5 hold with

o
K= ZpHmR — My > 0.
Then, for any rank H < n < oo,
2
2k
< —A.
200y + mRr/20H + 2%/(
Proof This follows from formulas (3.4) and by choosing the optimal value of c. O
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4.2 Privileged metrics

Let (M, H, h) be a sub-Riemannian manifold with H bracket-generating and equiregular of
step r as in Remark 2.2. Let dim M = n + v with n being the rank of {. Any Riemannian
metric g on M such that g|s; = h, gives us automatically a splitting

TM=HoV' & -V !

where V¥ is the orthogonal complement of H* in H**!. Conversely, associated to each such
splitting, there exist a canonical way of constructing a Riemannian metric g taming h, which
we will call privileged. Define a vector bundle morphism

VHOHD D - dHY > HeV -V,

such that ¥ is the identity on the first component, while elements in H® j = 2 are sent to
Vi—lby

AI® A2 ® - ®@Aj > pry,  [Ar, [Aal---[Aj-1, Ajll--- 11

Giving H®/ the metric h®/, ¥ induces a metric g on T M by requiring that Y (ker o)L 18 @
fiberwise isometry.
Assume that V) = @};} Vi is an integrable metric-preserving complement. Define b as the
minimal number such that [ R(v, .)|lg*gg < bl pry vllig for any v € T M. Note that
2dim V),

<b? <2|R|? =2dim V.

2 RI2
= “IRI gog < 2 s

We normalize the vertical part of the metric by defining
V—i~| and =pri h+pri,v
= b2g v g =PIy pry v.

Then .#r = 1, while mp = % if » = 2 and 0 otherwise. Furthermore, if 7 is of step 2 and
%AR = Oforany A € I'(H), then Vv* = 0and Ricyy = 0. Hence, for this special case, the
sub-Laplacian Ay, of V or equivalently the volume form of g, satisfies curvature-dimension
inequality
* * 1 _ * 1 *
B 2 )+ (o = O () + 55T (),
forany £ > 0. As aconsequence, if M is compact with p3; > 0 and X is a non-zero eigenvalue
of Ap then
n

- < =X
Qb+ 1) 1P =""N

from Proposition 4.1.
The volume forms of all privileged metric taming h coincide and is called Popp’s measure.
For more details, see [2].

4.3 Sub-Riemannian manifolds with transverse symmetries
For two Riemann manifolds (M;,H;,h;), j = 1,2, a sub-Riemannian isometry ¢ :

My — M, is a diffeomorphism such that ¢*h = hj. The later requirement can equiv-
alently be written as ¢, H; < Hp and hy(¢,v, ¢.v) = hi(v,v) for any v € H;. An
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infinitesimal isometry of a sub-Riemannian manifold (M, H, h) is a vector field V such
that
Lyh* =0. 4.1

If V is complete with flow ¢;, then this flow is an isometry from M to itself for every fixed
t.

We will introduce sub-Riemannian manifolds with transverse symmetries according to
the definition found in [8]. This is a special case of a sub-Riemannian manifold with a
metric-preserving complement and consists of sub-Riemannian manifolds (M, H, h) with

an integrable complement V spanned by v linearly independent vector fields Vi, ..., V,, such
that each of these vector fields is an infinitesimal isometry. The subbundle V will then be a
metric preserving complement. If v is the metric on V defined such that Vi, ..., V, forms an

orthonormal basis, then Vv* = 0. Hence, a complement spanned by transverse symmetries
gives us a totally geodesic foliation.

Since we assume that H was bracket-generating, it follows that the span Vi, ..., V,
actually is a subalgebra of I'(T M). Indeed, since H is bracket-generating, any function
f € C®(M) satisfying Af = 0O for all A € I'(H) must be a constant. Since [V;, V;] =
> v, fsVs must also be an infinitesimal isometry for any i, j, we have that for all A €
rm),

v
0=prylA, [Vi, Vil = D (Afo)Vs.
s=1
It follows that each f; is constant, and the span of Vi, ..., V) is a subalgebra. If all of the
vector fields are complete, we get a corresponding group action. We will then be in the
following case.

Example 4.3 Let G be a Lie group with Lie algebra g. Consider a principal bundle G —
M 5 B over a Riemannian manifold (B, §) with G acting on the right. An Ehresmann
connection H on 7 is called principal if H, - a = H,.,. For any such principal connection
H, define h = 7% g |3. Then G acts on (M, H, h) by isometries and so, for each A € g, the
vector field o (A) defined by

d
g(A)|y = — X - expg (At)
dt|,_g
is an infinitesimal isometry. This is hence a sub-Riemannian manifold with transverse sym-
metries. Let w : TM — g be principal curvature form of H, i.e. the g-valued one-form
defined by

kerw = H, w(o(A)) = A.

Then for any inner product (.,.) on g, define a Riemannian metric g by g(v,v) =
& (v, V) + (@(v), w(v)), v € TM. This Riemannian metric satisfies %g = 0. We
assume that the vertical part of g is normalized so that .Zr = 1.

In general, the metric g is not invariant under the group action. The latter only hold if (., .)
is bi-invariant inner product on g. If such an inner product exist, it induces a metric tensor
v on the vector bundle Ad(M) — B, where Ad(M) is the quotient of M x g by the action
(x,A)-a = (x -a, AdlaHA). Any g-valued from o on M that vanish on V and satisfies
a(Zy-a,....,Zj-a) = Ad(a Ha(z, ..., Z;) can be considered as an Ad(M)-valued
form on B. This includes the curvature form 2(Z1, Z3) = dw(Z1, Z2)+[w(Z1), w(Z3)] =
—w(R(Z1, £2)).
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Conversely, any section F' of Ad(M) can be considered a function F' : M — g satisfying
F(x -a) = Ad(a")F(x). Define a connection V® on Ad(M) by formula V;F =dF(hZ)

forZerl (T B) and let dye be the corresponding covariant exterior derivative of Ad(M)-
valued forms on B. If we consider £2 as a Ad(M)-valued 2-form and v« as the formal dual
of dye, then

M1y = sup [|6ve 2| 5ev-
B

In particular, Ricyy = 0 if and only if v« 2 = 0, which is the definition of a Yang-Mills
connection on 7.

4.4 Invariant sub-Riemannian structures on Lie groups

Let G be a Lie group with Lie algebra g. Let G have dimension n + v. Choose a subspace
h C g of dimension n which generate the entire Lie algebra, and give this subspace an inner
product. Define a vector bundle 7 by left translation of h. Use the inner product on h to
induce a left invariant metric h on . This gives us a sub-Riemannian manifold (G, H, h)
with a left-invariant structure, i.e. G acts on the left by isometries. This means that right
invariant vector fields are infinitesimal isometries, however, we cannot be sure that we have
a complement spanned by such vector fields. This is the case if and only if there exist a
subspace ¢ of g such that Ad(a)¢t is a complement of §) for any a € G. Consider the special
case when ¢ is a subalgebra of g with corresponding subgroup K and g = h & € as a vector
space.

(a) Define V! by left translation of €. Then V is a complement to 7, but this is not in general
spanned by infinitesimal isometries. If K is closed, H can be considered as an Ehresmann
connectiononz : G — G/K,butitisnot principal in general and we cannot necessarily
consider the metric h as lifted from G/K.

(b) Define V" by right translation of £. Then V" is spanned by infinitesimal isometries. It is a
complement if and only if Ad(a)®is acomplement to  forevery a € G. If the latter holds
and K is closed, H can be considered as an Ehresmann connectionon 7 : G — K\G.

(c) If ¢ is an ideal (and K a normal subgroup as a result) then Vi=Visa complement
spanned by infinitesimal isometries.

Example 4.4 (Free step-2 nilpotent Lie groups) Let ) be an inner product space of dimension
n and define ¢ = /\2[) with the inner product induced by the product on §. Define a Lie
algebra g as the vector space g = h @ ¢ with brackets [., .] such that ¢ is the center and for
any A, B € b,

[A,B]=AABet

Then g is a step 2 nilpotent Lie algebra of dimension n(n + 1) /2. Using the inner products
on h and ¢ and defining these two spaces as orthogonal, we get an inner product on g.

Let G be a simply connected Lie group with Lie algebra g and normal subgroup K
corresponding to £. Define H and V by left translation of respectively h and €. Give G a
Riemannian metric by left translation of the inner product on g. If we consider the inner
product space h as a flat Riemannian manifold, then

m:G—> G/K =,
is a Riemannian submersion with ker v, = V and with H as an Ehresmann connection. Also

g coincides with the privileged metric of Sect. 4.2.
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Since
IR, Ilgigg = (n = Dlipry vz,  veTM,

we normalize the vertical part by defining

g =pry gln + pry, gly.

-1
With respect to this normalized metric,
1 .
; Vg=0, Ay =0.
Ji—1 g HV
and py = O since b is flat. Defining A, as the sub-Laplacian of V or equivalently the volume
form of g, we obtain inequality

Mr =1, mr=

* * 1
rho+ty (f)Z;(Ahf)z fr“ )+ ( rV f).

Remark 4.5 Let g be a left invariant metric on the Lie group G, with h and v as the respective
restrictions of g to a left invariant subbundle H and its orthogonal complement V. If V is a
metric-preserving complement of (G, H, h), the conditions of Theorem 3.5 hold, but we do
not necessarily have \% g=0.

4.5 Sub-Riemannian manifolds with several metric-preserving complements

The choice of metric preserving complement may not be unique and give different results in
general. We give two examples of this.

Example 4.6 Let g be acompact semi-simple Lie algebra of dimension n. The term “compact
Lie algebra” is here used to mean that the Killing form

(A, B) — tr ad(A) ad(B)

is negative definite. We remark that when g is semi-simple, then [g, g] = g. Define and inner
product

(A.B) = — tr ad(4) ad(B),
4p

for some p > 0. Note that if we use this inner product to induce a product on End(g) = g*®g,
then | ad(A)[|> = 4plA|.

Let G be a (compact) Lie group with with Lie algebra g and let g be the Riemannian metric
on G obtained by left (or right) translation of (., .). From standard theory of bi-invariant

metrics on Lie groups, it follows that Ric 5(Z, Z) = p||Z ||gg pointwise for any vector field
Z, so G has Ricci lower bound p > 0.

In what follows, we will always use the same symbol for an element in a Lie algebra and
the corresponding left invariant vector field.

(a) Define
h={(A,2A) egdg: Acg}

From our assumptions, we know that b + [, h] = g @ g. Define ‘H by left translation
on G x G. Then H is an Ehresmann connections of the following submersions

7/ :GxG— G, nj(al,az)zaj j=1,2(a1,a) € G.
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Then the pullback of g by 7! or of {g’by 72 gives us the same metric h when restricted
to H. We can write this as

h((A,2A4),(A,2A)) =(A,A), Acg.
2

The sub-Laplacian defined relative to either ker 7! or ker 72 is
n
An =D (Ai,24;)°

i=1

where Ay, ..., A, is some orthonormal basis of g. First consider, V| = ker ni spanned
by elements (0, A), A € g, with the metric v| given as
10, AV = ——(A, A)
s vl = 16p > .

The constants we obtain are

R((A,24), (B, 2B)) =20, [A, B]), Mg =0,
3 1
%R:L PH = P> <///HV=§7 mRZEa

giving us the inequality
9

—Z) Mg, @2

* v 1 * 1
G 2 LA+ e e () 4 (g -

for any ¢ > 0. However, by choosing V, = ker nf, with metric

1
2
(A, 0)||v2 = %@4, A).

we obtain a better result
R((A,2A), (B,2B)) = —([A, B],0), #¢. . =0,

/6"2

1
Mr =1, pn=4p, Mryy=0, mr=—

Nk
so that
o = %(Ahf)2 +@o— e HM™ () + %rvi‘m. “3)
From Proposition 4.1 and Eq. (4.3), we know that if A is any non-zero eigenvalue of Ap,
then
4n
o1’ =

By contrast, we can not even obtain a spectral gap bound using inequality (4.2) unless
p > 9/8, and even then, the result from using v} will give the better bound.

(b) Consider R" as the trivial Lie algebra. Let I : g — R” be a bilinear map of vector
spaces. Define h as a subspace of g x R" by (A, I(A)), A € g. Consider g x R" as the
Lie algebra of G x R", where R” is considered as a Lie group under + . Define H by
left translation of h. This is an Ehresmann connection relative to both projections

7 GxR'"> G, 7%:GxR'—>R".
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Give G the metric g and give R" a flat metric by the inner product (1 (.), 1(.)). Pulling
back these metrics through respectively 77! and 772, we obtain the same sub-Riemannian
metric h on H given by

(A, T(ADIE = (A, A),

even though the geometry of G and R" are very different. The sub-Laplacians with
respect to V! = ker ! and V? = ker 72 also coincide; it is given by

n

Ap = Z(A, I(A))z, A1, Az, ..., A, an orthonormal basis of g.
i=1
We will leave out most of the calculations, and only state that if we define v; on Vi =

ker 7} by

2 _ L 2 _ L
10, I(ADIIy, = Py (A, A), NI(A 05, = 1 (A, A),

then these metrics are appropriately normalized and we get inequalities

* v 1 1 1 * 1 i
S l(f)z;(Ahf)2+(p—;—g)rh (f”(i_cp)r“(f)’

* v 1 1 1 * 1 >
l_lzl +£ 2(f) > ;(Ahf)z— (E +Z) rh (f)+ (Z _CIO) rvz(f)v

that hold for any ¢ > O and £ > 0.

4.6 A non-integrable example

As usual, we use the same symbol for an element of the Lie algebra and the corresponding

left invariant vector field. Consider the complexification of su(2) spanned over C by
[A,B]=C, [B,C]=A, [C,A]l=B.

Consider su(2)€ as the Lie algebra of SL(2, C) and on that Lie group, define (real) subbundles
of the tangent bundle

H =span{iA,iB,iC,C}, V =span{A, B}.

Define a Riemannian metric g such thatiA,iB,iC, C, /2 A and +/2 B forms an orthonormal
basis. Define g |7y = hand g |y = v and let Ail be the sub-Laplacian of the sub-Riemannian
manifold (H, h) with respect to the complement V. It is simple to verify that

Ap = (A + (iB)* + (iC)* + C%.

We caution the reader that (i A)? stands for the left invariant vector field corresponding the
element i A applied twice; it is in no way equal to —AZ2.
Let R and R be respectively the curvature and the co-curvature of . Note that

Vh* =0, Vv*=0,

trR(v, R(v,.)) =0 foranyv e TM,

: 5 . 2 5 . 2 . 2 1 2
Rch(Y,Y)=—§g(zA,Y) —gg(lB,Y) —2g@lC,Y) +§g(C,Y),

RiCHvz(), .//R:L mRzl.
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It follows that Aj is also the sub-Laplacian of the volume form of g with curvature-dimension
inequality

h*-+av* l N2 § l h* lv*
RNz (4w (2+A)r (r+ 5T

5 Summary of Part I1

We include a section here to illustrate what further results can be obtained from our curvature-
dimension inequality (CD*) of Theorem 3.5.

Let L be a second order operator. Let X (x) be an L-diffusion with X (x) = x and maximal
lifetime 7 (x). For bounded functions f, define P, f by

P f(x)= ]E[f(Xt(x))ltsr]-

Assume that L satisfies an inequality (CD*) with respect to some v* € I'(Sym? T'M). Let
C;°(M) denote the space of all smooth, bounded functions. We will introduce two important
conditions.

(A) P1 =1andforany f € C;°(M) with r""”*(f) € C;°(M) and for every T > 0, we
have

sup [IT" Y (P )l < oo
t€(0,T]

(B) Forany f € C®°(M), we have TN (£, TV () =TV (£, T" (f)).

We have the following concrete classes of sub-Riemannian manifolds satisfying these con-
ditions.

Theorem 5.1 (Part II, Proposition 3.3, Theorem 3.4)

(a) Assume that m: M — B is a fiber-bundle with compact fibers over a Riemannian
manifold (B, g). Let H be an Ehresmann connection on 7 and define h = 7*g|.
Assume that the metric dcc of (M, H, h) is complete and that the sub-Laplacian A} of
V = Ker 7, satisfies (CD*). Then condition (A) holds.

(b) Let M be a sub-Riemannian manifolds with an integrable, metric preserving comple-
ment V. Assume that there exist a choice of v on V such that g = prj, h+pri,visa
complete Riemannian metric and such that Vv* = 0. Then the sub-Laplacian Ay of V
and the volume form of vol of g coincide. Assume that Ay, satisfies the assumptions of
Theorem 3.5. Finally, assume that m > 0. Then conditions (A) and (B) hold.

The result of Theorem 5.1 (b) is also valid for non-integrable complements of the type
described in Sect. 3.8. For the special case when h* is a complete Riemannian metric, v = 0
and L is the Laplacian, (A) always holds when the curvature-dimension inequality holds. For
this reason, we expect that the condition (A) will hold in more cases than the ones listed here.

Combined with our generalized curvature-dimension inequality, we have the following
identities.

Theorem 5.2 (Part II, Proposition 3.8) Assume that L satisfies (CD*) with respect to v* and
that (A) holds. Assume also that L is symmetric with respect to the volume form vol, i.e.
Jus fLgdvol = [,, gLf dvol for any f, g € C°(M). Finally, assume that g* = h* + v* is
the co-metric of a complete Riemannian metric.
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(@) If p1 = p2,1 and p2.0 > —1, then for any compactly supported f € C°(M),

L P2,0P1+ 2,1
o=

rh* P < put rh* .
IT5 POl < e T (NIl pro+1

Furthermore, if « > 0 then vol(M) < oo.
(b) Assume that the conditions in (a) hold with o > 0. Then for any f € C°(M),

1 .
If = full?z < —/M ™ () dvol

o

where fy = vol(M)~! fM f dvol. As a consequence if X is a non-zero eigenvalue of L,
then a < —A\.

There are also other inequalities which do not require that L is symmetric with respect to
a volume form, see e.g. Part II, Proposition 3.6.

For the case when both (A) and (B) hold and L satisfies (CD) of Sect. 3.3 with py > 0, we
can use the results from [6-8]. In particular, with some extra computation, we can conclude
the following.

Corollary 5.3 (Part II, Proposition 5.1, Proposition 5.3) Let Ay, is as in Theorem 5.1 (b).
Let

1 2
Kk = smRpH — M-

(a) Assume that k > 0. Then M is compact, and for any f € C*°(M),

1 "
If = ful2s < = /M ™ () dvol

o

where fiy = vol(M)™! Jyy f dvol and

2K 2
o= .
(ZL//HV + mr20H + 2/()

(b) Assume that k > 0 and define

_n (V2R ER) K F e+ 2070

N 9
4 K K

Let p;(x, y) be the heat kernel of %Ah with respect to vol. Then

1
pr(x,x) < WPI(LX)

where x € M and 0 < t < 1. Furthermore, for any 0 < to < t|, any non-negative
smooth bounded function f € Cp°(M) and points x,y € M,

dx, y)? )

" N/2
Py f(0) < (Py ) (g) exp (Dm

If k = 0, we interpret the quotient k / p1 as m%/Z.
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