Chapter 2

Geometry of subelliptic diffusions

Anton Thalmaier!
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1 Introduction

In the same way as a vector field on a differentiable manifold induces a flow, second-
order differential operators induce stochastic flows with similar properties. In this
sense, Brownian motion on a Riemannian manifold appears as the stochastic flow
associated to the Laplace—Beltrami operator. The new feature of stochastic flows
is that the flow curves depend on a random parameter and behave irregularly as
functions of time [36]. This irregularity reveals an irreversibility of time which is
inherent in stochastic phenomena.

Subelliptic diffusions are stochastic flows to canonical second-order differential
operators associated with sub-Riemannian structures and corresponding horizon-
tal distributions. A common feature of these operators is their lack of ellipticity.
Typically they degenerate along a subbundle of the tangent bundle.
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2 Stochastic flows

Let M be a differentiable manifold of dimension »n and denote by
™ 5 M
its tangent bundle. In particular, we have
TM = UyepyThM, n|TM = x.
The space of smooth sections of TM is denoted by

['(TM)={A: M — TM smooth | 7o A =1idy}
={A: M — TM smooth | A(x) € TxM for all x € M}

and constitutes the vector fields on M. As usual, we identify vector fields on M and
R-derivations on C*(M) as

(TM) = {A: C*(M) — C*(M) R-linear
| A(fg) = fA(g) + 8A(f), Vf.g € C*(M)},
where a vector field A € I'(T M) is considered an R-derivation via
A(f)(x) :=dfy Ax) eR, xeM, (2.1)

using the differential df,: TyM — R of f at x.
There is a dynamical point of view to vector fields on manifolds: it associates to
each vector field a dynamical system given by the flow of the vector field.

2.1 Flow of a vector field. Given a vector field A € I'(T M), for each x € M we
consider the smooth curve ¢ +— x(¢) in M with the properties

x(0)=x and (f) = A(x(r)).

We write ¢;(x) := x(¢). In this way, we obtain for each A € I'(T M) the corresponding
flow to A given by

dp —
{dt 0r = A1), 02

do = idM.

System (2.2) means that for any f € C°(M) (space of compactly supported smooth
functions on M) the following conditions hold:

d [©] = (¢]
{Eo‘ ¢1) = A(f) © . 03

fodo=F.
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Indeed, by the chain rule along with definition (2.1), we have for each f € C2°(M),

d d
S (fod) =(df)e, b = (df)g, A(dr) = A(f)($1)-

In integrated form, for each f € C2°(M), conditions (2.3) can be written as

Fodu(x) - fx) - /0 APy ds =0, 150, xeM. (24

As usual, the curve
¢.(x): 11— ¢i(x)
is called the flow curve (or integral curve) to A starting at x.
Remark2.1. Defining P, f := fo¢,, we observe that %Pt f = P;(A(f)), in particular,

d

7 tZOPtf = A(f). (2.5)

In other words, from knowledge of the flow ¢;, the underlying vector field A can be
recovered by taking the derivative at zero as in Eq. (2.5).

2.2 Flow to a second-order differential operator. Now let L be a second-
order partial differential operator (PDO) on M, e.g., of the form

L=A4g+) A} (2.6)
i=1

where Ay, Ay, ..., A, € I'(TM) for some r € N. Note that A% = A; o A; is understood
as a composition of derivations, i.e.,

AX(f) = AAIS), f € C¥(M).
Example 2.2. Let M = R" and consider

0
A():O and Ai:a‘

Xi

fori=1,...,n.

Then L = A is the classical Laplace operator on R".

Alternatively, we may consider partial differentiable operators L on M which
locally in a chart (%, U) can be written as

n n
LlU = Z b,ﬁi + Z Clijaiaj, (27)
i=1

ij=1
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where b € C*(U,R") and a € C*(U,R" ® R") such that a;; = aj; for all i,
(a symmetric). Here we use the notation d; = 6%1,.

Motivated by the example of a flow to a vector field (vector fields can be seen as
first-order differential operators) we want to investigate the question of whether an

analogous concept of flow exists for second-order PDOs.

Question 1. Is there a notion of a flow to L if L is a second-order PDO given by
(2.6) or (2.7)?

Definition 2.3. Let (Q, .7, P;(.%,),>0) be a filtered probability space, i.e., a proba-
bility space equipped with an increasing sequence of sub-o-algebras .%, of .%. An
adapted continuous process

X.(x) = (X:(x))r>0

on (Q,.%#,P;(F;);>0) taking values in M, is called a flow process to L (or an L-
diffusion) with starting point x if Xo(x) = x and if, for all test functions f € C°(M),
the process

N () = (X)) — f(x) — /0 (LX) ds, 120, 2.8)

is a martingale, i.e.,

E7s | f(X:(x)) = f(Xy(x)) = /t(Lf)(Xr(x)) dr] =0 foralls<t.

= N/ (x) - N{ (x)

Note that, by definition, flow processes to a second-order PDO depend on an
additional random parameter w € Q. For each t > 0, X;(x) = (X;(x, w))weq is
an .%;-measurable random variable. The defining equation (2.4) for flow curves
translates to the martingale property of (2.8), i.e., the flow curve condition (2.4)
holds only under conditional expectations. The theory of martingales gives a rigorous
meaning to the idea of a process without systematic drift [59].

Remark 2.4. Since N(J; (x) = 0, we get from the martingale property of N/ (x) that
E[N/(x)] = E[N] ()] = 0.

Hence, defining P; f(x) := E[f(X;(x))], we observe that

Pf(x) = f(x) + /0 E[(Lf)(Xs()] ds.
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and thus

% P f(x) = E[(LEYX,(x)] = Po(LL)():

in particular,

S B = | P = L)

dt|,_ =0

The last formula shows that as for deterministic flows we can recover the operator
L from its stochastic flow process. To this end however, we have to average over all
possible trajectories starting from x.

For background on stochastic flows we refer to the monograph of Kunita [36].

Example 2.5 (Brownian motion). Let M = R" and L = %A, where A is the Laplacian
on R”. Let X = (X;) be a Brownian motion on R” starting at the origin. By Itd’s
formula [52], for f € C*(R"), we have

d(f o X)= ) 0if(X)dX[ + 5 > 9id;f(X,)dX[dX]
i=1 i,j=1

= (V)X dX,) + %(A £)X,) dt.

Thus, for each f € CX(R™),

t
1
£ = £ = [ S0P ds. 120
is a martingale. This means that the process
X[()C) =X+ Xl‘

is an L-diffusion to %A in the sense of Definition 2.3.

Remarks 2.6. As for deterministic flows, we have to deal with the problem that
stochastic flows may explode in finite times.

(1) We allow X,(x) to be defined only up to some stopping time £(x), i.e.,

X.(x) 110, £(x)],

where

{{(x) < o0} C { %i(:r(n)Xt(w) =coinM:=MU {00}} P-a.s. (2.9)



90 Anton Thalmaier

Here M denotes the one-point compactification of M. A stopping time ¢ (x) with
property (2.9) is called a (maximal) lifetime for the process X,(x) starting at x.
In equivalent terms, let U,, C M be open, relatively compact subsets exhausting
M in the sense that

U,cU, CcUyyC--+, U,compact, and U, U, =M.

Then we have {(x) = sup,, 7,(x) for the maximal lifetime of X,(x), where 7,,(x)
is the family of stopping times (first exit times of U, ) defined by

Tu(x) :=inf{r > 0: Xy (x) ¢ U,}.

(2) For f € C*(M) (not necessarily compactly supported), the process N/ (x) will in
general only be a local martingale [52], i.e., there exist stopping times 7,, T {(x)
such that

Vn €N, (Ntfmn (x)), 5 is a (true) martingale.

(3) The following two statements are equivalent (the proof will be given later):

(a) The process
JX.(x)) = (f(Xe(x)))r=0
is of locally bounded variation for all f € C°(M).

(b) The operator L is of first order, i.e., L is a vector field (in which case the flow
is deterministic).

In other words, flow processes have “nice paths” (for instance, paths of bounded
variation) if and only if the corresponding operator is first order (i.e., a vector field).

2.3 What are L-diffusions good for? Before discussing the problem of how to
construct L-diffusions, we want to study some implications to indicate the usefulness
and power of this concept. In the following two examples we assume only existence
of an L-diffusion to a given operator L.

A. (Dirichlet problem) Let @ # D C M be an open, connected, relatively compact
domain, ¢ € C(dD) and let L be a second-order PDO on M. The Dirichlet problem
(DP) is the problem to find a function u € C(D) N C*(D) such that

Lu=0onD,
{ (DP)

ulap = ¢.

Suppose that there is an L-diffusion (X;(x));>0. We choose a sequence of open
domains D,, T D such that D,, ¢ D, and for each n, we consider the first exit time of
Dy,

Tp(x) = inf{r > 0, X;(x) ¢ D,,}.
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Then 7,,(x) T 7(x), where

7(x) = sup 1,(x) = inf{r > 0, X,(x) ¢ D}.

Now assume that « is a solution to (DP). We may choose test functions u,, € C.°(M)
such that u, |D,, = u|D,, and suppu, C D. Then, by the property of an L-diffusion,

N () = (X, (1)) = () - /0 (Lun)(X, () dr

is a martingale. We suppose that x € D,,. Then

AT (X)
Nt/\‘rn(x)(x) = un(Xt/\‘r,,,(x)(x)) - Mn(x) - -/O (Lun)(Xr(x)) dr (2.10)

|
=0

= u(Xipr, (x) (X)) — u(x)

is also a martingale (here we used that the integral in (2.10) is O since Lu,, = Lu = 0
on D,). Thus we get

E [Niaz,(0)(0)] = E[No(x)] = 0,
which shows that for each n € N,
u(x) = E [u(X;pr, 0())] - (2.11)

From Eq. (2.11) we may conclude by dominated convergence and since 7,,(x) T 7
that

u(x) = lim B [4(X, e, (0] = B | 1im a(X;rr, 00| = B [uXppeio ()]

We now make the hypothesis that T(x) < oo a.s. (the process exits the domain D in
finite time). Then

u(x) = IILIEOE [”(Xt/\‘r(x)(x))] =E [tli_{EO M(Xt/\‘r(x)(x))]
=E [”(XT(X)(X))] =E [SD(XT(x)(x))] >

where for the last equality we used the boundary condition u|0D = ¢. Note that by
passing to the image measure p, :=Po XT(X)(X)_I on the boundary we get

E [o(X, 0o ()] = /a e a(da)
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Notation 2.7. The measure u,, defined on Borel sets A C 9D,

Hx(A) =P {X‘r(x)(x) € A} >

is called an exit measure from the domain D of the diffusion X;(x). It represents the
probability that the process X;, when started at x in D, exits the domain D through
the boundary set A.

Conclusions. From the discussion of the Dirichlet problem above we can make
the following two observations.

(a) (Uniqueness) Under the hypothesis

T(x) <ooas. forallx € D

we have uniqueness of the solutions to the Dirichlet problem (DP). It will be
shown later that this hypothesis concerns nondegeneracy of the operator L.

(b) (Existence) Under the hypothesis

7(x) >0 ifD>x >a€dD

we have
E [go(XT(x)(x))] — ¢(a), ifD>x—>acdD.

Thus one may define u(x) := E [QD(XT(X)(X))]. It can be shown then that u is
L-harmonic on D if it is twice differentiable; thus under the hypothesis in (b), u
will then satisfy the boundary condition and hence solve (DP). The hypothesis
in (b) is obviously a regularity condition on the boundary dD.

Note that in the arguments above we nowhere used the explicit form of the operator
L nor of the domain D. We used only the general properties of a stochastic flow
process associated to the given operator L. For a more complete discussion of the
Dirichlet problem, see [54, 13].

Examples 2.8.

(1) Let M = R*>\{0} and D = {x eR?:r < x| < rz} with 0 < r; < r,. Consider
the operator
197
T 2097
where ¢ denotes the angle when passing to polar coordinates on M. If u is a
solution of (DP), then u+v(r) is a solution of (DP) as well, for any radial function
v(r) satisfying v(r;) = v(r;) = 0. Hence, uniqueness of solutions fails.
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Note: For x € D with |x| = r, let S, = {x eR?: |x| = r}. Then, the flow
process X,(x) to L is easily seen to be a (one-dimensional) Brownian motion
on S,. In particular,

7(x) = +o0 a.s.

(2) Let M = R? and consider the operator

x ?Qﬂ ia
| , !
16 [ lay le
/|

Then, for x = (x1,x) € D, the flow process X, (x) starting at x is a (one-
dimensional) Brownian motion on R X {x;}. In other words, flow processes
move on horizontal lines. In particular, when started at x € D, the process
can exit only at two points (e.g., x¢ and x, in the picture). Letting x vertically
approach a, by symmetry of the one-dimensional Brownian motion, we see that
there exists a solution of (DP) if and only if

_ ¢b) +¢le)

¢(a) >
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B. (Heat equation) Let L be a second-order PDO on M and fix f € C(M). The heat
equation on M with initial condition f concerns the problem of finding a real-valued
function u = u(t, x) defined on R, X M such that

0
a—b; = Luon |0, 0] X M,

U= = S

(HE)

Suppose now that there is an L-diffusion X, (x). It is straightforward to see that the
“time-space process” (t, X;(x)) will then be an L-diffusion for the parabolic operator

. 0
L=—+L
6t+

with starting point (0, x). By definition, this means that for all ¢ € C*(R, x M),
dp(t, X,(x)) ~ (L) (1. X, (x)) di 2 0

where £ denotes equality modulo differentials of local martingales.

From now on we assume nonexplosion of the L-diffusion. In other words, we
adopt the hypothesis that {(x) = +oo a.s. forall x € M, i.e.,

P{X;(x)eM, Vi>0}=1, Vxe M.

Suppose now that u is a bounded solution of (HE). We fix ¢+ > 0 and consider the
restriction u | [0, 7] X M. Then

u(t — s, Xg(x)) —u(t, x) — /S [(% + L) u(t —r, -)] (X,r(x))dr, 0<s<t
0

is a local martingale. In other words, fixing ¢t > 0, we have for0 < s < 1,

u(t — s, Xs(x)) = u(t, x) + /S (% + L) u(t —r, )X, (x))dr
0

(2.12)

=0, since u solves (HE)

+ (local martingale);.

Since the integral in (2.12) vanishes, we see that the local martingale term in (2.12)
is actually a bounded local martingale (since u(t — s, Xs(x)) — u(t, x) is bounded) and
hence a true martingale (equal to O at time 0). Using the martingale property we first
take expectations and then pass to the limit as s T 7 to obtain

u(t, x) = Efu(t — 5, Xs(x))] = E[u0, X (x)] = E[f(X:(x)], assTz (2.13)
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where for the limit in (2.13) we have used dominated convergence (recall that u is
bounded).

Conclusion. Under the hypothesis (x) = +oo for all x € M, we have uniqueness
of (bounded) solutions to the heat equation (HE). Solutions are necessarily of the
form

u(t, x) = E[f(X;(x))].

Interpretation. The solution u(z, x) at time ¢ and at point x can be constructed as
follows: Run an L-diffusion process starting from x up to time ¢, apply the initial
condition f to the obtained random position X;(x) at time ¢, and average over all
possible paths.

2.4 T'-operators and quadratic variation.

Definition 2.9. Let L: C*(M) — C*™(M) be a linear mapping (for instance, a
second-order PDO). The I'-operator associated to L (“l’operateur carré du champ™)
is the bilinear map

I': C¥(M)xC*(M)— C*(M) given as

I(f,g) =3 [L(fg) - fL(g) - gL(f)] .

Example 2.10. Let L be a second-order PDO on M without constant term (i.e.,
L1 = 0). Suppose that in a local chart (h, U) for M the operator L is written as

n n
LICY(M) = )" aij 60 + ) bi
i,j=1 i=1

where C;7(M) = {f € C*(M) : supp f c U} and §; = aihi' Then

n

(f,8)= ) ay(@:£)98), Vf.g € CH(M).

ij=1
For instance, in the special case that M = R" and L = A, we find
L(f, f) = IVAI%.
Remark 2.11. Let L be a second-order PDO. Then the following equivalence holds:

I'(f,g)=0, Vf,geC”(M) ifandonlyif L isof first order,i.e., L € T(TM).



96 Anton Thalmaier

For instance, if L = Ag + XI_; A?, then

T(f.8) = > Ail)Ailg)
i=1

and in particular,
I'=0 ifandonlyif Aj=Ay;=---=A4,=0.

Remark 2.12. A continuous real-valued stochastic process (X;);>¢ is called a semi-
martingale if it can be decomposed as

Xl‘ = XO + Ml + A[, (2.14)

where M is a local martingale and A an adapted process of locally bounded variation
(with My = Ag = 0). The representation of a semimartingale X as in (2.14) (Doob—
Meyer decomposition) is unique: If .Z(, denotes the class of local martingales starting
from 0 and .2 is the class of adapted processes with paths of locally bounded variation
starting from the origin, then .#, N <% = 0.

Definition 2.13. Let X be a continuous adapted process taking values in a manifold M.
Then X is called semimartingale on M if

J(X) = (f(X)iz0

is a real-valued semimartingale for all f € C*(M).

Remark 2.14. 1f X has maximal lifetime ¢, i.e.,
{{ < o0} C {liTth =coin M = MU{OO}} a.s.,
e

then f(X) is well defined as a process globally on R, for all f € C2°(M) (with the
convention f(o0) = 0). For f € C*(M), in general,

J(X) = (f(X)i<¢
is only a semimartingale with lifetime £.

Proposition 2.15. Let L: C*(M) — C*(M) be an R-linear map and X be a
semimartingale on M such that for all f € C*(M),

N = (X)) - f(Xo) — / Lf(X,)dr
0
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is a continuous local martingale (of the same lifetime as X) (i.e., d(f(X))— Lf(X)dt
Z 0, where B denotes equality modulo differentials of local martingales).

Then, for all f,g € C*(M), the quadratic variation | f(X), g(X)] of f(X) and
g(X) is given by

d[f(X).8(X)] = d[N/,N¥]| = 2T(f, §)(X) dr.
In particular, T'(f, f)(X) = 0 a.s.

Proof. Let f € C®(M,R")and ¢ € C*(R"). Writing as above Z for equality modulo
differentials of local martingales, we have

d(¢po f)(X)E L(¢ o f)(X)dt. (2.15)

Developing the left-hand side in Eq. (2.15) by Itd’s formula (the function ¢ is applied
to the semimartingale f o X), we get

res)
= NDi0)F o X)d(f 0 X)+ 5 Y (DiDyNS o X)dIF(X), (X))
i=1 Lj=1

2 3 D) o X)(LFNX)di + 5 3 (DDy)(f o X)dlf (X), /(X))
i=1

i,j=1
where D; = 0/0x;. By equating the drift parts we find
r i ~ 1 r i _
[L<¢ o f)~ Zl ((Di@) o f) (LS )] (X)dt = 5 i;wiw)(f o X)d[f'(X). f/(X)].

Taking now r = 2 and considering the special case ¢(x,y) = xy, we get with

f=Lr,
[L(F 2 = L) - LD (X de = d [£1(X), FA(X)] .

Since [L(f'f?) - fIL(fH) = fPL(fN] (X) = 2T(fY, 2)(X), this completes the
proof. m|

Lemma 2.16. For an R-linear map L: C®(M) — C®(M) the following statements
are equivalent:

(i) L is a second-order PDO (without constant term).
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(ii) L satisfies the second-order chain rule, i.e., for all f € C*°(M,R") and ¢ €
C*(R"),

Lgof)= Y (Dipo FYLF)+ > (DiDjpo fIT(F, f7).
i=1 ij=1

Proof. (i) = (ii): Write L in local coordinates as

L | C;;(M) = Z aij aiaj + Zbi 8,'

ij=1 i=1
and use that I'(f, g) = Z?’j:l a;j 0; f0;8.
(ii) = (i): Determine the action of L on functions ¢ written in local coordinates

(h,U) via

L(p)lU = Ligoh™ oh) = L(¢ o f),
where ¢ = ¢ o h™! and f = h. Details are left as an exercise to the reader. m|

Corollary 2.17. Let L: C®(M) — C®(M) be an R-linear mapping. Suppose that
for each x € M there exists a semimartingale X on M such that Xo = x and such that
foreach f € C*(M),

FOX) — £(x) - /0 Lf(X)dr

is a local martingale. Then L is necessarily a PDO of order at most 2.
In addition, X has “nice” trajectories (e.g., in the sense that [ f(X), f(X)] = 0 for
all f € C*(M)) if and only if L is first order.
Proof. As in the proof of Proposition 2.15, for all f € C*(M,R") and ¢ € C*(R"),
we have
L(go f)= ) (Digo UL+ D (DiDjgo fYT(f, )

i=1 ij=1

(X) =0,

so that L is a second-order PDO by Lemma 2.16. The second claim uses

dlf(X),g(X)] =2I(f,8)(X)dz, f,g € C™(M). O

3 Construction of stochastic flows

Flows to vector fields are classically constructed as solutions of ordinary differential
equations on manifolds. In the same way, stochastic flows can be constructed as
solutions to stochastic differential equations (SDEs) on manifolds. We start by
recalling same basic facts about stochastic differential equations on R".
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3.1 Stochastic differential equations on Euclidean space.

Example 3.1 (SDEs on R"). Given 8: R, X R" — R" and in addition a function
o: Ry xR" - Hom(R",R") = Matr(n x r, R),

let B be a Brownian motion on R”. Now one wants to find a continuous semimartin-
gale Y on R” such that

dy, = p(t,Y;) dt + o(t,Y,)dB,

in the sense of Ito, i.e.,

1 t
Y=Y +/ ﬁ(s,Ys)dS+/ o (s,Ys) dBs. (3.1
0 0
In Eq. (3.1) the first term describes the “systematic part” (drift term) in the evolution
of Y, whereas the second integral represents the “fluctuating part” (diffusion term).

Definition 3.2. An R"-valued stochastic process (¥;);>¢ is called an It6 process if it
has a representation as

t t
Yt:Y0+/sts+/Hsst,
0 0

where
e Yy is .%p-measurable;

* K, and H; are adapted processes taking values in R and Hom(R", R") respec-
tively;

. E[/Ot |KS|ds] < ooandE[/OtHszds] < oo for each r > 0.

Proposition 3.3. Ler B: R, X R" — R" and o: Ry X R" — Hom(R",R") be
continuous functions. For a continuous semimartingale Y on R", defined up to some
predictable stopping time T (i.e., there exists a sequence of stopping times T, < T
with 1, T 7), the following conditions are equivalent:

(a) Y is a solution of the SDE
dY, = p@t.Y)dt + o(t,Y;)dB, on|[0,7[, (3.2)

iLe.,

t t
Y, =Yy + / B(s, Ys) ds + / o(s,Ys)dBy,, Y0<t<Tta.s.
0 0
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(b) Forall f € C®(R"),
d(fo¥) = (L)(tY)dt + ) > oit,Y) Dif(Y)dB; on[0,7],
k=1 i=1

where

n n
1
L = D, + — Ve Dy D,
;ﬁk k zk;1(0'0' YkeDi Dy

where o is a transpose of o, and (00" )¢ = Xi_| Oki0yi. In particular, every
solution of (3.2) is an L-diffusion on [0, 7[ in the sense that

d(foY)—Lf(t,Y)dt = d(local martingale) on [0, T|.
Proof. (a) = (b) LetY be a solution of SDE (3.2). Then
aykdyt = d[y*,Y’] = (co")e(1,Y) dt,

where [YX, Y¢] represents quadratic covariation of Y* and Y¢. By Ito’s formula we
get

d(foY)= i Dkf(Y)(,Bk(t, Y)dt + 2 ori(t,Y) dBi)
k=1 i=1

+ % k,{Z:I DiDef(Y) (oo )ie(t,Y) dt

=d[Yk,y!]

= Lf(t,Y)dt + Z Z 01i(t,Y) D f(1,Y) dB;

k=1 i=1
= Lf(t,Y)dt + d(local martingale).

(b) = (a) Take f(x) = x¢. Then Dy f = 6x¢ and Lf = B¢, thus
dy’ = Be(t,Y)dt + Z o0i(t,Y)dB' foreach£=1,...,n.
i=1
This shows that Y solves SDE (3.2) on [0, 7. O

Proposition 3.4 (Itd SDE on R"; case of global Lipschitz conditions). Let Z be a
continuous semimartingale on R" and

a: R" - Hom(R",R") (= Matr(n X r;R))
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such that
AL >0, |a(y)—a(z)| < Lly—z|, Vy,ze€R" (global Lipschitz conditions).

Then, for each %y-measurable R"-valued random variable x, there exists a unique
continuous semimartingale (X;);>0 on R" such that

dX = a(X)dZ and Xy = xo. (3.3)
Uniqueness holds in the following sense: Suppose that Y is another continuous
semimartingale such that dY = a(Y)dZ and Yy = xo,; then X; = Y; for all t a.s.

Proof. The proof is standard in stochastic analysis; see for instance [51] or [30]. O

Proposition 3.5 (Itd SDEs on R”: the case of local Lipschitz coefficients). Let Z be
a continuous semimartingale on R" and let

a : R" — Hom(R",R")

be locally Lipschitz, i.e., for each compact K C R" there exists a constant Lg > 0
such that
Vy,z€K, la(y)-a(@)| < Lgly -zl

Then, for any xo -Fo-measurable, there exists a unique maximal solution X|[0, | of
the SDE
dX = a(X)dZ, Xo= xo.

Uniqueness holds in the sense that if Y|[0, &[ is another solution and yy = xo, then
&< las and X|[0,&] =Y.

Proof. The proof is reduced to Proposition 3.4 by a standard truncation method.
We briefly sketch the argument, since it will be used several times in the sequel.
Let B(O,R) = {x € R": |x| < R} where R = 1,2,... and choose test functions
dr € C°(R™) such that ¢g|B(0, R) = 1. For R > 0 consider the “truncated SDE”

dx® =aR(x®dz, XF = x, (3.4)

where a® := ¢ a is now global Lipschitz. By Proposition 3.4 there is a unique

solution X® to (3.4). Then
X|[0, 7[ := X®|[0, 7g[
is well defined by uniqueness, where
g =inf {r > 0: X[ ¢ B(O,R)}.

This finally defines X on the stochastic interval [0, {[ where { = supg Tr. Uniqueness
of X is deduced from the uniqueness of X|[0, Tg[. O
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Example 3.6. Consider the following 1t6 SDE on R":

dX = B(X) dt + o(X) dB , (3.5)
N—— —— ——
nxl1 nxr rxl1

where B is Brownian motion on R”. Then the space-time process Z; = (t, B;) is a
semimartingale on R”*! and SDE (3.5) can be written as

_(BX)\(dt)
= (a(X)) (dB) =04z,

where a(X) := (g (())?)) Thus, under a local Lipschitz condition on the coefficients

and o, the SDE
dX = B(X)dt + o(X)dB (3.6)

has a unique strong solution for every given initial condition xo. By Proposition 3.3,
maximal solutions of Eq. (3.6) are L-diffusions to the operator

n 1 n
L= Bidi+ 2 D (ao)iji0;,
i=1

ij=1

o0

5., is the derivative in direction .
1A

where 0; =

3.2 Stratonovich differentials.

Definition 3.7. For continuous real-valued semimartingales X and Y let
1
XodY :=XdY + Ed[X,Y]

be the Stratonovich differential. Here X dY is the usual It6 differential and d[ X, Y] =
dX dY the differential of the quadratic covariation of X and Y. The integral

t t
1
/XodY:/ XdY + ~[X,Y], (3.7)
0 0 2

is called the Stratonovich integral of X with respectto Y.

Formula (3.7) gives the relation between the Stratonovich integral and the usual Itd
integral. Since Stratonovich integrals can always be converted back to It6 integrals,
their use in our context will be only formal and for the sake of convenient notation.

Remark 3.8. We have the following properties of the Stratonovich differential and
Stratonovich integrals.
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(1) Associativity: X o (Y odZ)=(XY)odZ, ie.,
Xocl(/ YOdZ) =(XY)odZ.
0

Indeed, we have

Xo(YodZ):Xod(/.YodZ)
0

:Xd(/'Yodz)+1dXd(/'Yodz)
0 2 0

= X(YdZ)+ $ X dY dZ + Sdx (Y dZ + } v az)
= (XY)dZ + 1 (X dY +Y dX + dX dY)dZ

= (XY)dZ + 1 d(XY)dZ

= (XY) o dZ.

(2) Productrule: d(XY)=XodY +Y odX.

Proof. By It0’s formula we have

d(XY)=XdY +YdX +dXdY = X odY +Y o dX. O

Proposition 3.9 (Itd—Stratonovich formula). Let X be a continuous R"-valued semi-
martingale and f € C3(R"). Then

d(f o X) = ) (Dif)(X) o dX' = (Vf(X), o dX). (3.8)
i=1

Proof. By It6’s formula, we have

n n

AD () = Y (DD X)Xt + 3 > (DD D)X dX* X’
k=1 k(=1

Hence we get

DDX) o dX = 3 (DAIXAX + 3 Y d(Dif (X)X’
i=1 i=1 i=1
= DX+ L S (DD 00 dxtax
i1 =

=d(f o X). O
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Formula (3.8) shows the main advantage of the Stratonovich differential: it con-
verts Itd’s formula into the usual chain rule of classical analysis. Hence, at least
formally, classical differential calculus can be applied in calculations involving Strat-
onovich differentials.

Proposition 3.10. Let B: R, XR"™ — R" be continuous, o: R, XR" — Hom(R",R")
be C'. Furthermore, let B be a Brownian motion on R”. For a semimartingale Y
on R" (defined up to some predictable stopping time 7) the following conditions are
equivalent:

(i) The semimartingale Y is a solution of the Stratonovich SDE
dY = B(t,Y)dt + o(t,Y) o dB, (3.9)

i.e.,
Y, = Yo+ /Ot,B(s,Ys)ds - /Ota(s,ys)ost, for0<t<tas
(ii) Forall f € C®(R"),
d(foY)=(Lf)t.Y)dt + Zr:(Ak H&.Y)dB*  on 0,1,
where .

I .,
L:A0+§ZA,

i=1
with the vector fields A; € T(TR") defined as
Ao = Z,BiDi, A = ZO',-kDi, k=1,...,r. (3.10)
i=1 i=1

Proof. (i) = (ii) By the It6—Stratonovich formula (Proposition 3.9) we have

d(fo¥)= ) (Dif)(¥)odY'
i=1
= Y UD)X) pilt.Y)dt + Y (Dif)(Y) (Z aik(t,Y) 0 dBk)
i=1 i=1 k=1

= (Ao f)(t,Y)dt + Z(Ak £)t,Y) o dB*
k=1

d((Arf)(,Y))dB.
k=1

SRR

= (Aof)(t,Y)dt + ) (Acf)(t,Y) dBy +
k=1



2 Geometry of subelliptic diffusions 105

Since
d(ACf(1,Y)) = O(ALf)(EY) di + (AoArf)( Y dit + ) (AcAcf)(E,Y) o dB,
=1

we observe that
d(Acf(1,Y)) dB* = (A} f)(1,Y)dt,

and hence

1 r r
d(f oY) = [(Aa/)t.Y)+ 5 ;(Aim, N)| di+ Ao Y) dB"

= (Lf)(Y)
(ii) = (i) It is sufficient to take f(x) = x. O
Corollary 3.11. Solutions to the Stratonovich SDE
dY =Bt Y)dt +o(t,Y)o dB

define L-diffusions for the operator

1 r

L=Ag+5 Y A} with Ao A,..., A as in Eq. (3.10),
2 i=1

in the sense that
d(foY)—(Lf)tY)dt 20,

forall f € C*(R").
3.3 Stochastic differential equations on manifolds. In this section we de-

scribe the construction of L-diffusions as solutions of stochastic differential equations
on manifolds [18, 27].

Definition 3.12. Let M be a differentiable manifold, 7: TM — M its tangent bundle,
and E a finite-dimensional vector space (without restrictions E = R"). A stochastic
differential equation on M is a pair (A, Z) where

(1) Z is a semimartingale taking values in E;

(2) A: M x E — TM is a smooth homomorphism of vector bundles over M, i.e.,

(x,e) — A(x)e := A(x, e),
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M X E ™
A
M M.

id

Remark 3.13. Formally the homomorphism A may be considered as section A €
['(E* ® TM). In particular, we have

Vx € M fixed, A(x) € Hom(E,T, M),
Ve € E fixed, A(-)e e I'(TM).

Notation 3.14. For the SDE (A, Z) we also write

dX = A(X) o dZ

or

dX = i Ai(X) o dZ',

i=1

where A; = A(-)e; e '(TM) and ey, . . ., e, is a basis of E.

Definition 3.15. Let (A, Z) be an SDE on M and let xo: Q — M be .%j-measurable.
An adapted continuous process X|[0, {[ = (X;);<, taking values in M, defined up to
the stopping time £, is called a solution to the SDE

dX = A(X)o dZ (3.11)

with initial condition Xy = xo if, for all f € C°(M), the following conditions are
satisfied:

(i) f o X is a semimartingale.

(ii) For any stopping time 7 such that 0 < 7 < £, we have
T
706 = 00 + [ () ACK) 0 a2 (3.12)
0
We call X a maximal solution of the SDE (3.11) if

{¢ < 0} C {liTth :ooinM:MU{OO}} a.s.
are
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Note: The integral in (3.12) is defined using

A df)x
EX%r Y% e vem

Remark 3.16. We adopt the convention X,(w) := oo for {(w) <t < oo and f(c0) =0
for f € C2(M). Then we may write, for all ¢ > 0,

FX0) = f(Xo) + /0 (df)x. A(Xy) o dZ,

- 0+ Y, [ @pwaix oz,
i=1 70

=+ Y [ e eaz win i = ace.
i=1

Example 3.17. Let E = R™*' and Z = (t,Z',...,Z"), where (Z!,...,Z") is a
Brownian motion on R”. Denote the standard basis of R"*! by (e, e1,...,er).
Letting

A:- MXE —>TM

be a homomorphism of vector bundles over M, we consider the vector fields
Ai = A(-)eiEF(TM), i:O,l,...,r.

Then the SDE

dX = A(X)odZ

(3.13)

may be written as

dX = Ay(X)dt + 5 Ai(X) 0 dZ
=1

1=

and for each f € C°(M) we have

d(f o X) = (df)xA(X) o dZ

= D (@NxAX)e; o dZ
i=0

= > (df)xAi(X) 0 dZ'
i=0

= > (Aif)X) 0 dZ
i=0
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= (AHX)dt + ) (Aif)(X) 0 dZ'
i=1

= (Ao )(X)dt + ) [(Aif)(X) dZ' + %d((A,- X)) dz| .
i=1

Taking into account that
d((A;: f)(X)) = Z(A A )(X) dZ’ + d(terms of bounded variation),

J=1

we see that
d((Aif)(X) dZ' = (A f)(X) dt,

where we used that dZ'dZ/ = §;; dt for 1 < i, j < r. Hence we get
1 r r i
d(f o X) = (Ao )X d1 + 5 ;(A?f)(X) dr + ;(Aifm dz
= (LAX)dt+ ) (Aif)(X)dZ'.
i=1

Corollary 3.18. Let L = Ao + % DIV A? and let X be a solution to Eq. (3.13). Then,
forall f e CZ(M),
d(f o X) = (Lf)(X)dt 20,

where 2 denotes equality modulo differentials of martingales. In other words, maxi-
mal solutions to the SDE

dX = A(X)odZ

are L-diffusions to the operator L = Ag + % WV A%.

Theorem 3.19 (SDE: Existence and uniqueness of solutions; M = R"). Let (A, Z)
be an SDE on M = R" and x¢ an .%y-measurable random variable taking values in

R™. Then there exists a unique maximal solution X (with maximal lifetime { > 0 a.s.)
of the SDE

dX = A(X) o dZ (3.14)

with initial condition Xy = xo. Uniqueness holds in the following sense: If Y|[0, &[
is another solution of (3.14) to the same initial condition, then ¢ < ( a.s. and
X|[0,é][ =Y as.



2 Geometry of subelliptic diffusions 109

Proof. As in the proof of Proposition 3.5 let B(0,R) = {x € R": |x| < R}, where
R = 1,2,..., and choose test functions ¢g € C°(R") such that ¢r|B(0,R) = 1.
Since

A € '(Hom(R",TM)),

we have for each x € R" the linear map
Ax): R" > Ty M.

In this way A gives rise to a smooth map R"” — Matr(n X r; R).
Consider now the “truncated SDE”

dX® = AR(X®) o dz, (3.15)

where AR = ¢ A. By Proposition 3.4, the truncated SDE (3.15) has a unique global
solution X® with initial condition X(‘f = Xy, 1.e., for each R there exists a continuous
R"-valued semimartingale (XtR )¢ >0 satisfying X(If = xp such that (3.15) holds in the
[to—Stratonovich sense. In terms of the stopping times

g == inf {r > 0: XX ¢ B(O,R)},

we have for R < R,
X0, 7r[ = X"|[0,7&[ a.s.
Hence a stochastic process X (with lifetime ' = limgo, 7r) is well defined via

X0, 7&[ = X*|[0, 7x[.

For each f € CZ(R") such that supp (f) c B(0, R) (with R sufficiently large), we
have

d(foX)=d(foXF
= Z(Dk F(XR)) o d(X®)*  (using the Ito—Stratonovich formula)
k=1
= (VS(XT), 0 dX™)
= (VAX5). or(X") AX™) 0 dZ)
= (Vf(X), A(X) 0 dZ)

= > (VF(X), A(X) 0 dZ")
i=1

= > (df)xAi(X) 0 dZ'
i=1

= (df)x A(X) o dZ.



110 Anton Thalmaier

Hence, X is the unique solution to Eq. (3.14) with initial condition Xy = xo. Note
that X is a solution of dX = A(X) o dZ in the It6—Stratonovich sense (in R") if and
only if, for all f € C°(R"),

d(f o X)=(df)xA(X)odZ. O

Theorem 3.20 (SDE: Existence and uniqueness of solutions; general case). Let (A, Z)
be an SDE on a differentiable manifold M and let xy: Q — M be %y-measurable.
There exists a unique maximal solution X|[0, ([ (where { > 0 a.s.) of the SDE

dX = A(X)o dZ

with initial condition Xy = xo. Uniqueness holds in the sense that if Y |[0, &[ is another
solution with Yy = xg, then & < { a.s. and X|[0,&[ =Y a.s.

We shall reduce Theorem 3.20 to Theorem 3.19 via embedding the manifold M
into a high-dimensional Euclidean space.

Whitney’s embedding theorem. FEach manifold M of dimension n can be
embedded into R"** as a closed submanifold (for k sufficiently large, e.g., k = n+1),
Le.,

M < (M) c R"™,

where 1 : M — «(M) is a diffeomorphism and (M) c R is a closed submanifold.

Proof (of Theorem 3.20). We choose a Whitney embedding (in general not intrinsic)

M < (M) c R

diffeom.

and identify M and «(M); in particular, for each x € M the tangent space Ty M is then
a linear subspace of R"** according to

diy
TxM ci> Tan+k = Rn+k.

Vector fields Ay, ..., A, € I'(TM) can be extended to vector fields
Al ..., A, € T(TR"™) = C2R"k; R"™K)  with A;|M = A;,

i.e., Aj ot =diLo A;. Hence a given bundle map

P
A:MXR" —TM, (x,z)— Alx)z = Z Ai(x)Z'

i=1
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has a continuation
r .
ARMYE RN o RUE R (3 2) o A(x)z = Z A7
i=1
In place of the original SDE
dX = A(X)odZ on M, (%)
the idea is to consider the SDE
dX = A(X) o dZ on R™k, (%)

First of all, it is clear that any solution of (x) in M provides a solution of (%) in Rk,
More precisely, if X is a solution to (x) with starting value Xy = xo, then X:i=10X
solves equation (¥) with starting value Xy = ¢ o xo. Indeed, if f € C=(R™K), then
fi=fIM=fore CX(M), and we have

d(foX)=d(foX)= Z(df)x Ai(X) 0 dZ!
= Z(df)g (do)x Ai(X) o dZ
- i:(df))2 Ai(to X)odZ'
= Z(df)x Ai(X)odZ'.

This implies, in particular, uniqueness of solutions to (), since Eq. (*) has a unique
solution to a given initial condition.

To establish the existence of solutions to (x) we first remark that any test function
f € C®(M) has a continuation f € C®(R"**) such that f|M = f o« = f. We make
the following important observation:

Each solution X|[0, £ [ of (*) in R"™* with Xo = xq which stays on M fort < { (where
Xo is an M-valued Fy-measurable random variable) gives a solution of ().

Hence, to complete the proof it is sufficient to show the following lemma. m|
Lemma 3.21. If X|[0, [ is the maximal solution of (¥) in R"** with Xo = xq, then

{t <} c{X; e M}, forallt a.s.
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Observe that it is enough to verify Lemma 3.21 for one specific continuation A
of A.

Proof (of Lemma 3.21). Let
L M={(x,v) e M xR"™* v e (T.M)*"}
be the normal bundle of M and consider M embedded into L M as a zero section:

M— 1L M, x (x0).

T.M T T M C Rtk

T,R"E =Rt =T M@ 1L M

Fact: There is a smooth function £: M — |0, o[ such that the map

(M) = {(x,v) € LM: | < &(x)} — U [y e R"™ |y — x| < e(x)},
xeM

(x,v) — x+v

is a diffeomorphism from the tubular neighborhood 7.(M) of M of radius & onto the
indicated part in R"**. This follows from the local inversion theorem since the given
map has full rank along the zero section of L M.

Note that both

(M) > M, (x,v)—~x and dis?(-,M): 7.(M) >R, (x,v) |v|?

are smooth maps.
Now letting R > 0 be sufficiently large such that

MNBOR+1)# 2,

then
er = inf{e(x) | x e M N B(O,R+ 1)} > 0.
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We choose a decreasing smooth function A : [0, co[— [0, 1] of the form

1

2
0 €R

and a test function 0 < ¢ € CP(R™¥) such that ¢|B(0,R) = 1 and supp (¢) C
B(0, R + 1). Consider the map

AR . Rn+k % Rr — Rn+k X Rn+k

AR(y,2) := {(’O(y ) A(dist*(y, M) A(n(y)) z  if y € 7o(M),

0 if y ¢ 7o.(M).

Let X be the solution of
dX = AR(X)odZ, Xy= xo.
Consider the test function f € CX(R™**) given as
f() = @(y) Adist(y, M)).
Then

d(f o X) = (df)xARX(X) o dZ
= (Vf(X), AR(X) 0 dZ)
=0 on]0,1g[,
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where 7 :=inf{r > 0: X; ¢ B(0, R)}. Indeed, f is constant on each submanifold of
the form
{dist(-, M) = s} N B(O,R), s < &g,
whereas AR(y, 7) is tangent to such submanifolds. Thus, for all y € B(0, R) and
z€eR",
Vi) L AR(y)z.

Hence, for any solution X of (%), we obtain that
f(X) = constant on [0, 7g[ a.s.
Since R is arbitrary, this completes the proof of the lemma. O

Solutions to an SDE on M of the type (3.11) are by definition semimartingales
on M as defined above: A continuous adapted process X with values in M is a
semimartingale on M if, for each f € C2°(M), the composition f o X provides
a continuous real-valued semimartingale. It is easy to see that each M-valued
semimartingale can be obtained as the solution of an SDE on M.

Theorem 3.22 (Manifold-valued semimartingales as solutions of an SDE). Every
semimartingale on a manifold M is given as the solution of an SDE of type (3.11).

Proof. Let X be an arbitrary semimartingale on M. Without loss of generality (after
an eventual change of time), we may assume that X has infinite lifetime. Choosing a
Whitney embedding ¢: M < R™* we may consider the semimartingale Z := t o X
taking values in E := R"*. Let A: M x E — TM be the bundle homomorphism
which is fiberwise the orthogonal projection A(x): R"** — T M of R"** onto
T M c T,R™* = R"*k We show that X solves the equation

dX = A(X) o dZ.

Let f € CX(M) be given. We choose a continuation fe C2(R™F), where fou=f
such that f is constant locally about M on the normal subspaces L,M (this is
f(y) = f(x) for y € L, M sufficiently small). Now let x € M and z € R"*. By
decomposing z = zg + z*+, where zo € TxM and z*+ € L, M, we obtain

(df)x A(X)Z = (df)L(x) (dL)x A(X)Z = (d]?)t(x) 20 = (d];)t(x) <.
But then

n+k
d(foX)=d(foroX)= ) (Dif)(toX)odZ
i=1
n+k .
= N (df)xA(X)e; 0 dZ' = (df)xA(X) 0 dZ,
i=1
which gives the claim. |
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4 Some probabilistic formulas for solutions of PDEs

Let L be a second-order partial differentiable operator on M, e.g., M is a general
differentiable manifold and L is given in so-called Hormander form as

1 o,
L—A0+§;Ai. (4.1)

For x € M, let X;(x) be an L-diffusion, starting from x at time ¢ = 0, i.e., Xo(x) = x.
Recall that X;(x) can be constructed as the solution to the SDE on M,

dX = Ao(X)dt + Y_, Ai(X) o dB',
X() =X,

where B denotes Brownian motion on R”. Sometimes one starts with a partial
differentiable operator L on M which locally in a chart (h, U) is written as

LlU = Z bi(’)i + Z (O'O'*)ij 6i6j, (42)
i=1

i,j=1

where b € C*(U,R") and a € C*(U,R"” ® R") (using the notation 9; = aihi)' It
is straightforward to rewrite such an operator in Hormander form (4.1) and then to
construct an L-diffusion by solving a Stratonovich SDE.

In the special case M = R" and

n 1 n
L= Z bid; + 5 Z (00)ij0:0;,

i=1 ij=1

an L-diffusion can be constructed directly as the solution of the Itd SDE on R":

dX = b(X)dt + o(X) dB,
Xo = x,

where B is again a Brownian motion on R".
4.1 Feynman—Kac formula. Let L be as in Eq. (4.1). Suppose that the lifetime
of X,(x) is infinite a.s. for all x € M.

Proposition 4.1 (Feynman—-Kac formula). Let f: M — R be continuous and
bounded and let V: M — R be continuous and bounded above, i.e., V(x) < K
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for some constant K > 0. Letu: Ry X M — R be a bounded solution of the following
“initial value problem”

%u =Lu+Vu,
ulIZO = f’

ie.,

u(, -) = f(-).

Then the solution u is given by the formula

{%u(r, 3 = Lu(t, ) + V() ult, -,

u(t,x) =E [exp (/0 V(X(x)) ds) f(Xt(x))] .

Remark 4.2. Operators of the form H = L+V (where V is the multiplication operator
by V) are called Schrodinger operators, for instance, H = %A + V. The function V is
called potential. 1f H is (essentially) self-adjoint, then

u(t,) =" f
by semigroup theory.

Proof (of Proposition 4.1). Fix t > 0 and consider the process Y; := AgZ,, where

A = exp (/OS V(X,(x)) dr) ,
Zs = u(t — s, Xs(x)).

We will show that (¥y)o<s<; is a martingale in our setting.

Indeed, first note that by 1t6’s formula,
dZ, = (asu(t — 5, )+ Lu( — s, ~))(Xs(x)) ds + dN,,
where Nj is a local martingale. Thus, since A; is of bounded variation, we have

dY, = Z,dA, + AydZ,
= Z,AV(Xo(x)) ds + A, (6Su(t — s, )+ Lu(i -, -))(Xs(x)) ds + AydN,
= A (=0u + Lu+ Vu)(t — 5, Xs(x)) ds + AsdNs.

=0
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Hence (Y5)o<s<; is a local martingale, and as it is bounded, (¥y)o<s<; iS a true
martingale. In particular, by taking expectations we obtain

u(t, x) = E[X] =E[Y,] =E [GXP (/t V(Xr(x)) di’) u(0, Xt(x))]
0

=E . O

exp ( /0 VX, (x) dr) FX ()

4.2 Elliptic boundary value problems. Let L be a second-order partial dif-
ferential operator on a differential manifold M, e.g.,

1 r
L=A)+ 3 Z A? on a differential manifold M, or
i=1

n 1 n
L = ; b;0; + 3 i;(aa*)ijaiaj in local coordinates on M.
Remark 4.3 (Ellipticity).

(1) The diffusion vector fields Ay, . .., A, define for each x € M a linear map

.
A(x): R > T.M, 7+ Z A(x)zi

i=1
The operator
L=A+ ! Z A?
2 i=1 l

is called elliptic on some subset D C M if the map A(x) is surjective for each
x €D.

(2) Similarly, an operator of the type
n 1 & )
L= ; bidi + 5 i;(aa )i10;0;
is called elliptic on some subset D C M if the linear map

ox): R"m ->R", z o) z
——
nxr

is surjective for each x € D.
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It is easily checked that both notions of ellipticity are compatible.
Note 4.4. The following conditions are equivalent:

o (x) is surjective <= ¢ "(x) is injective
< a(x) := o(x)o*(x) is invertible
& (a(x)v,v) >0, VO #veR"
Example 4.5 (Expected hitting time of a boundary). Let @ # D C M be some open,

relatively compact domain with boundary dD. Suppose that there exists a solution
u € C*(D) N C(D) to the problem

Lu=—-1 onD
{ “ on = (4.3)

ulpp = 0.

(For instance, if L is elliptic on D and the boundary D is smooth, it is well known
in classical PDE theory that such a solution exists.)
Let X;(x) be an L-diffusion such that Xy(x) = x and define

p(x) =inf {t > 0: X;(x) € D} .

Then, for each x € D,

u(x) = E[TD(x)].

In particular, we see that u > 0 on D.

Proof. For x € D, let X; = X;(x) and 7p = 7p(x). We know that the process

INTD
U(Xinrp) — u(x) — / Lu(Xs)ds, t=>0
0

is a martingale (starting at 0), and hence

Elu(Xiarp)] — u(x) = E[/OMTD Lu(Xy) a’s].
———
-1

This shows that
E[t A tp] = u(x) — E[u(X;arp )] 4.4)

Recall that 1 is bounded, since u € C(D) with D compact, and hence by Beppo Levi,
E[ltp] = tli_}rg E[t ATp] < +00.
Thus, by letting ¢ T +co in (4.4), we obtain
Elrp] = u(x) - E[u(X7,)] = u(x),

where we used that u|0D = 0. O



2 Geometry of subelliptic diffusions 119

Corollary 4.6. If the smooth boundary value problem (4.3) has a solution, then
E[tp(x)] < oo, and hence tp(x) < oo a.s., for all x € D. Thus L-diffusions starting
at any point x € D eventually hit 0 D with probability 1.

Remark 4.77. The property of an L-diffusion of hitting the boundary with probability
1 is a “nondegeneracy” condition on the operator L. We demonstrate this in the
following simple example on R".
Example 4.8. Consider an operator of the form

n 1 n

L= Zblﬁl + 5 Z (o-a*)ij(’)ic')j on Rn, aij = (O'O'*)ij,

i=1 i,j=1
and let D Cc R" be relatively compact. Suppose that L is nondegenerate in the
following weak sense: For some 1 < ¢ < n there holds

mina,,(x) > 0.
xeD

Then E[7p(x)] < oo for any x € D.

Proof. Set
A:=mina,,(x) and B :=max |b(x)|.
xeD xeD
For constants y, v > 0 consider the smooth function
h(x) = —ue’™t, x € D.

Then, choosing v > 2B/A and taking K = min, .5 x¢, we get

—Lh(x) = ue”*¢ (%Zag[(x) + Vb{’(x))

1 2B
> —uvAe’ (v - —)
2
1 2B
> Ev,uAe"K (v X)
> 1 for u sufficiently large.

Thus
Lh < -1 onD.

As above, we may proceed as follows. The process

INTD
Nth = WM Xinep) — h(x) — / Lh(Xs)ds, t=>0
0
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is a martingale (where again X; = X;(x) and 7p = 7p(x)). By taking expectations
we obtain

h(x) = E[h(Xipep, )] = —E[ /0 o Lh(Xy) ds| > E[t A tp].

N——
<-1

Hence,
E[TD] =E [hgnmft A TD]
< litm infE[t A mp]

< 2max |h(y)| < oo,
yeD
which shows the claim. O
Definition 4.9 (Generalized Dirichlet problem). Let @ # D C M be an open and
relatively compact domain and let L be a second-order PDO on M as above. Assume

g,k € C(D),k > 0 and ¢ € C(OD) are given. The generalized Dirichlet problem
consists in finding u € C*(D) N C(D) such that

—Lu+ ku = D,
{ u+ku=gon (GDP)

ulop = ¢.

Theorem 4.10 (Stochastic representation of solutions to the GDP). Assume that u
solves (GDP). For x € D, let X;(x) be an L-diffusion, starting from x, and assume
that

E[tp(x)] < oo, forall x € D.

Then

u(x) =E l(p(XTD)exp {— /OTDk(XS)ds} + /OTDg(XS)eXp {— /Osk(Xr) dr} ds] ,

where Tp = Tp(x) and X; = X;(x).

Proof. Consider the semimartingale

N; = u(X;)exp {—/0 k(Xs)ds} +/O g(Xs)exp {— '/OS k(Xr)dr} ds.

We find that

dN; = exp {— / "X ds} [d(u(X,)) — u(X)k(X,) di + g(x,)dz]
0

D exp {_ /0 kX ds} [(Lu)(Xt) dt — u(X)k(X,) dt + g(X,) dt] -0,
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where as before the symbol £ denotes equality modulo differentials of (local) mar-
tingales. Thus, the process

(Nt/\TD )tZO

is a martingale. In particular, by dominated convergence, we get

u(x) = E[No| = E[Ninrp, ] = E[Nzp |,

and thus
D D A
u(x) =E [u(XTD)exp {—/ k(Xs)ds} + / g(Xy)exp {—/ k(Xy) dr} ds] .
0 0 0
Since u|pp = ¢, we have u(X-,,) = ¢(Xz,,) which gives the claim. O

We shall consider the result of Theorem 4.10 in some special cases.

(I) Classical Feynman—Kac formula. Consider the boundary value problem of
finding u € C?(D) N C(D) such that

—Lu+ ku=gonD,
ulpp = 0.

Its solution is given by

Tp(x) t
/ ¢(Xu(x)) exp {— / k(X () dr} it
0 0

In particular, if £ = 0 then

Tp(x)
/0 ¢(X,(x) di

Note that —Lu = g is equivalent to u = —L~'g. Thus the Green kernel gives
an inverse to —L.

u(x) =E , x€D. (4.)5)

u(x)=E (Green’s kernel).

(Il) Classical Dirichlet problem. Consider the problem of finding u € C*(D) N
C(D) such that

Lu=0onD,
{ (DP)

ulap = ¢.

If X,(x) is an L-diffusion, then

u(x) = E [p(Xep ()] = /a pdus
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where the exit measure i, is given by
Ux(B) :==P{X;,(x) € B}, B C 0D measurable.

Note that u(x) = /a p ¢ du(x) makes sense also for boundary functions ¢ which
are just bounded and measurable.

Example 4.11. Assume that 9D = AU B, where A N B = @. In physics, a solution
u € C2(D) N C(D) to the Dirichlet problem

Lu=0o0n D,
ulA =1,
ulB=0

is called the equilibrium potential for the capacitor (A, B). Let ¢|sp be defined as

x) 1 ifx €A,
x) =
¥ 0 ifxeB.

Then
u(x)=E [(p(XTD (x))] = P{TA(x) < TB(x)},
where

Ta(x) = inf{r > 0, X;(x) € A},
7g(x) = inf{r > 0, X,(x) € B}.

Thus u(x) corresponds to the probability that an L-diffusion, starting from x, hits A
before hitting B.

4.3 Parabolic boundary value problems. Let D c M be an open and rela-
tively compact domain. Consider a second-order PDO L on M and let (X;(x));>0 be
an L-diffusion. Let 7 > 0 and V be a measurable function on D such that

TATp(x)
exp (/0 V_(Xs(x)) ds)

where V_ := (—V) Vv 0 denotes the negative part of V and 7p(x) = inf{s > 0 : X;(x) €
dD}. Furthermore, let f, g € C(D) and ¢ € C(dD).

E )

, Vx €D,
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Problem. Find a solution to the following parabolic boundary value problem:

%u:Lu—Vu+g on [0,T]x D,
u(t, )lop = ¢ for 1 € [0,T], (BVP)
ul=0 = f.

Note that necessarily f|sp = ¢.

Theorem 4.12. Every solution u € C*([0,T] x D) N C([0, T] x D) of (BVP) is of the
form

u(t,x) =E lf(XmTD)exp (—'/OtA\T/I()XS)ds) + /OM;I()XS)CXP (—‘/Oi/(Xr) dr) ds] ,

where X; = X;(x) and tp = Tp(x).

Proof. For 0 <ty < T, we check by It6’s formula that
t
N; = u(ty — t, X;) exp (—/ V(Xs)ds)
0

t N
+ / g(Xs)exp (—/ V(Xr)dr) ds, t<tyANT1p
0 0

is a martingale. Then it suffices to evaluate u(ty, x) = E[Ny] = E[N;nrp, ], Which
gives the claim. O

In the discussion of this section we have restricted ourselves to representation for-
mulas for solutions to elliptic—parabolic equations of second order. For establishing
the existence of solutions by probabilistic methods the reader may consult [54].

5 Stochastic calculus on manifolds

5.1 Quadratic variation and integration of 1-forms. In this section we
give canonical constructions related to continuous semimartingales on a manifold
M, including the quadratic variation of continuous semimartingales with respect to
bilinear forms on 7M and the integral of 1-forms on M along semimartingales; see
[19] for more details.

The following technical lemma on continuous processes is well known (e.g., see
[24]) and very useful for a localization in space of continuous adapted processes,
besides the usual localization in time (through a sequence of stopping times).
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Lemma 5.1. Let (Vi)ren be a countable covering of M by open sets Vi, and X be a
continuous adapted M-valued process. Then there exists a nondecreasing sequence
(Tw)n>0 of stopping times with 79 = 0 and sup, T, = oo, such that on each of the
intervals [Ty, Ta+1] N (Ry X {7y < Tns1}), the process X takes values in only one of
the Vy.

Given a filtered probability space (Q, .7, P; (%, );er, ), we denote by . the vector
space of real-valued continuous semimartingales:

yzjf()@%,

where .y denotes the space of continuous local martingales starting at 0 and <7 the
space of continuous adapted processes pathwise locally of bounded variation.

Lemma 5.2. Let M be an arbitrary differentiable manifold. There exist finitely many
functions h', ..., h® € C®(M) such that the following properties hold:

(i) Each function f € C*(M) factorizes through (W', ..., h0)as f=fo(h',...,hY)
for some f € C®(RY).

(ii) Each section b € T'(T*M ® T*M) can be written as b = Zf,j:l b;j dh' ® dh
with functions b;j € C*(M).

(iii) Each differential form a € I'(T*M) can be written as @ = Zle a; dh' with
functions a; € C*(M).

Proof. We represent M via a Whitney embedding /: M < R’ as a closed subman-
ifold of some R’. Then there exists a differentiable partition (¢;)1ea Of the unity
on M and a family (1y) ea of subsets I; C {1,...,¢} with the following property:
For each A € A the (h');¢;, define a chart for M on some open neighborhood of
supp (¢a)- _ _ _

Part (i) is evident: One defines f|h(M) through f = foh and extends f constantly
along the normal subspaces LM to an open neighborhood of M = h(M). Then,
one may smooth f by multiplication with a function identical to 1 locally about
h(M) and vanishing outside a suitable larger neighborhood. For part (ii), note that
pab = Zf’j:l bfj dh' ® dh/ with bfj € C*(M) such that supp (bg.) C supp (¢,) and
bfj :=0for {i, j} ¢ I, but then

¢
b= Z bij dh' ® dh/, where bij = Z bi
i,j=1 1

The proof of part (iii) is analogous to (ii). O
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Theorem 5.3. Let X be an M-valued semimartingale. There exists a unique linear
mapping
IN(r'meTM)— of, b /b(dX, dX),

such that for all f,g € C*(M),
df ® dg — [f(X),g(X)], (5.1)
fb /f(X) b(dX, dX). (5.2)

Here, by definition b(dX, dX) := dfb(dX, dX). Recall that [ f(X), g(X)] in condition
(5.1) denotes the quadratic covariation process of f(X) and g(X).

Definition 5.4. The process f b(dX, dX) is called the integral of b along X or the
b-quadratic variation of X. The random variable giving its value at time 7 is usually
written as fot b(dX, dX).

Proof (of Theorem 5.3). By Lemma 5.2(ii) each section b € I'(T*M ® T*M) can be
represented as b = ), b;j dh' ® dh/. We define

/ b(dX, dX) := Z / (bij o X) d[h'(X), W (X)]. (5.3)

Then uniqueness is obvious; to prove existence it remains to show that (5.3) is well
defined. To this end assume that

b= Zuvdf"@)dg":o.

finite

We need to check that

D w(X)dlf(X),g"(X)] =0

v

as well. Without loss of generality, by means of Lemma 5.1, we may assume that &
is already a global chart for M. According to Lemma 5.2(i), we write u, = u, o h,
f” = fYoh,and g = g” o hin terms of appropriate extensions u,, 7,8 € C®(RY).
Defining X = / o X, the claim then follows from the following calculation:

S (X) [ (X).g" (0] = Y @(X) dl (). ()]

14

= > > #(X) (Dif)X) (D;g")(X) X', X']
ij Vv

- S (Swaroar) (G ) Jar oo
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Corollary 5.5. The b-quadratic variation f b(dX, dX) depends only on the symmetric
part of b. In particular, / b(dX, dX) = 0 if b is antisymmetric.

Proof. Defining b(A, B) := b(B, A), the assignment b — f b(dX, dX) has the defin-
ing properties (5.1) and (5.2) as well. O

Theorem 5.6 (Pullback formula for the b-quadratic variation). Let ¢: M — N be a
differentiable map and b € T(T*N ®T*N). Let $*b € I'(T*M QT*M) be the pullback
of bvia ¢, i.e.,

(@"b)p(u,v) := by (ddpu,dppv), u,veT,M, peM.

Then, for any semimartingale X on M,

/(¢*b) (dX,dX) = /b(d(¢ o X),d(¢ o X)). (5.4)

Proof. The left-hand side of (5.4) obviously has the defining properties for the b-
quadratic variation of the image process ¢ o X. O

We now turn to the problem of integrating 1-forms on M along M-valued semi-
martingales.

Theorem 5.7. Let X be a semimartingale taking values in M. There is a unique
linear mapping

(T"M) — .7, aH/a(odX)E/a

X

such that, for all f € C®(M),

df = f(X) - f(Xo), (5.5)
fa - /f(X)oa/(OdX). (5.6)

In (5.6) the integral means the Stratonovich integral of the process f(X) with respect
to the semimartingale / a(odX). Thus, in other words, f(X)o a(odX) = f(X) o

d([ a(odX)).

Definition 5.8 (Stratonovich integral of 1-forms along semimartingales). The process
f a( o dX)is called the Stratonovich integral of a along X. We also write /X « instead

offa( odX).
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Proof (of Theorem 5.7). By Lemma 5.2(iii) each differential form a € I'(T*M) can
be represented as & = Y); a; dh' with functions a; € C*(M). We define

/X @ ::Z / a;(X) o d(hi(X)). (5.7)

Uniqueness is again obvious; it is thus sufficient to show that formula (5.7) is well
defined. To this end, we have to verify that if @ = } g 4y df” = 0 then

D () o d(f'(X) =0

v

holds as well. Proceeding as in the proof of Theorem 5.7, without loss of generality,
we may assume again that 4 is already a global chart for M. But then we have

D w(X)od(f (X)) = ) i, (X) o d(f(X))

v = iZﬁy()_()o [Difv()_()od)_(i]
= Z((ZV: Uy, df") (%)X) 0dX' =0,
which gives the claim. m|

Example 5.9. In the special case of a deterministic C I curve X in M, say X; = x(1),
which is trivially a semimartingale, we obtain

/az/a(x(t)) dt, ae€T(T*M). (5.8)
X

Indeed, the right-hand side of (5.8) obviously has the defining properties of A a.

Theorem 5.10 (Pullback formula for the Stratonovich integral of a 1-form). Let
¢: M — N be a differentiable map and a € T'(T*N). Then, for any semimartingale

X on M, we have
/ d'a = / a. (5.9)
X ¢oX

Proof. The left-hand side of Eq. (5.9) satisfies the defining properties for the Strat-
onovich integral of @ along ¢ o X. By uniqueness we therefore have equality. O

Remark 5.11. Leta, B € I'(T*M). Thena®pB € I'(T*M ®T*M) and for the quadratic
covariation process of fX a and fX B we have the formula

[/x “’/Xﬁ] - / (a ® B) (X, dX).
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5.2 Martingales and Brownian motions. The aim of this section is to intro-
duce martingales and Brownian motions on manifolds. This task requires additional
geometric structures on the manifolds: linear connections and Riemannian metrics.
These results will then be extended later to the setting of sub-Riemannian geometry
where the metric is defined only on a subbundle of TM.

Notation 5.12. Let 7: TM — M be the tangent bundle over M. A linear connection
in TM, or equivalently a covariant derivative on T M, is an R-linear mapping

V:[(TM) — T(T*M ® TM) (5.10)

satisfying the product rule V(fX) = df ® X + f VX, for all X € I'(TM) and
f € C®(M). Alternatively, (5.10) may be written as a mapping

T(TM)xT(TM) - T(TM), (A X)— VaX = (VX)A,

which is C*(M)-linear in the first variable and derivative in the second variable. For
f € C®(M), we have the second fundamental form (or Hessian) of f defined as

Vdf = Hess f e D(T*M @ T*M), (Vdf)(A B) = ABf — (V4B)f.

The bilinear form
(A, B) — (Vdf)(A, B)

is symmetric for each f € C*(M) if and only if the connection V is torsion-free, i.e.,
if forall A,B € I'(TM),

T(A,B)=VAB - VgA—[AB]=0.

Definition 5.13 (V-martingale). Let M be a manifold and V be a linear connection
in TM. An M-valued semimartingale X defined on some filtered probability space
(Q, .7, P;(F;):>0) is called V-martingale if for each f € C*(M),

d(f o X) — 3 (Vdf)(dX,dX) 2 0, (5.11)
where £ means equality modulo differentials of local martingales.

Since (Vdf)(dX, dX) depends only on the symmetric part of Vdf, one may always
assume that the linear connection V is torsion-free. Symmetrization of the connection
does not change the class of V-martingales.

Example 5.14. In the special case of M = R" equipped with the canonical linear
connection Vp,D; = 0, we have

(Vdf)(D;, D;) = D;D; f,
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and hence V-martingales in the sense of Definition 5.13 coincide with the usual
class of continuous local martingales on R”. Indeed, according to Itd’s formula, a
continuous R"-valued semimartingale X is a local martingale if and only if

d(f o X) =5 D (DD, HX)dIX', X1 2 0,
ij

for all f € C*(R™). This is exactly condition (5.11) of Definition 5.13.

Remark 5.15 (Martingales as solutions of SDEs). Let V be a linear connection
on TM which without loss of generality is torsion-free. Let Ay € I'(TM) and
A € I'(Hom(M x R",TM)), and suppose that X is a solution to the SDE

dX = Ap(X)dt + A(X) o dZ. (5.12)
Here Z may be an arbitrary continuous R”-valued semimartingale. Then for f €
C®(M) we have

r

4 1 o
d(f o X) = (Aof)(X)dt + ) (Acf)(X)dZ' + 5 D (A £)(X)dZ', 27),
i=1 i,j=1
where A; = A(-)e; € I(TM) fori = 1,...,r. Since (Vdf)(A;,Aj) = AjAif —
(Va,Aj)f and since on the other hand,

(Vdf)(dX,dX) = )" (Vdf)(Ai ANX) dIZ', 2]

i,j=1

we obtain

d(f 0 X) = 3 (Vaf)@X, dX) = (Ao )(X) dr + Y (4:F) 00) dZ'
i=1

1 oo
+s Z (Va,A; £)(X)d[Z, Z).
ij=1
Denoting the drift of the semimartingale Z by Z%"i*, we obtain that X is a V-martingale
if

d DU | o
(Aof)(X)dt + ;(A,- F) XAz + 5 D (Va A f)(X)d[Z, 27] = 0

ij=1

for any f € C*(M). In the special case when Z is a Brownian motion on R” we find
that solutions X to the SDE (5.12) are V-martingales if

1 r
Ay =—= V4. A;.
0 2 ;g; A; A
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Definition 5.16 (Riemannian quadratic variation). Let (M,g) = (M, (-,-)) be a
Riemannian manifold and X be a semimartingale taking values in M. The process

[X, X] := / g(dX, dX) = / (dX, dX) (5.13)

is called a Riemannian quadratic variation of X.

Theorem 5.17 (Lévy’s characterization of M-valued Brownian motions). Let (M, g)
be a Riemannian manifold and V be the Levi-Civita connection. For a semimartingale
X of maximal lifetime and taking values in M, the following conditions are equivalent:

(i) X is a Brownian motion on (M, g), i.e., for any f € C®(M) the real-valued
process

foX—%/Afont

is a local martingale; here Af = trace Vdf € C*(M) denotes the Laplace—
Beltrami operator on M.

(ii) X is a V-martingale such that [f(X), f(X)] = f IV FII2(X) dt for every f €
C>®(M).

(iii) X is a V-martingale such that fb(dX, dX) = f(trace b)(X)dt for every b €
L(T*M ® T*M).

In particular, for the Riemannian quadratic variation (5.13) of X, we then have
t
/ g(dX,dX) =tdim M.
0

Proof. (1) To prove (ii) < (iii) we verify that for X the following two conditions
are equivalent:

@ [FX). fXO] = [IIVAIPX) dr.
(b) f b(dX,dX) = /(trace b)(X)dt forevery b € I(T*M @ T*M).
Indeed, for f, h € C*(M) we have

trace(df ® dh) = » (df ® dh)(es.er) = » (df)(e;) (dh)(er)
= > (Vf.e) (Vhey = (Vf, V).
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The implication (b) = (a) is then the special case that b = df ® df. To verify the
direction (a) = (b), first note that by polarization (a) implies

LX), h(X)] = / (Vo X.VhoX)di

for f,h € C®(M). Thus [f o X,ho X] = [(df ® dh)(dX,dX) = [ trace (df ®
dh)(X) dt. By means of the uniqueness part of Theorem 5.3, we get

/b(dX, dX) = /(trace b)(X)dt

for any bilinear form b € T(T"M ® T*M).

(2) (iii) = (i): Part (1) applied to the given V-martingale X shows that b(dX, dX)
= (trace b)(X) dt for bilinear forms b € I'(T*M ® T*M); thus in particular for
b = Vdf,

d(f o X) 2 1Vdf(dX,dX) = 3(Af)(X)dt.

(3) (i) = (ii): Now let X be a Brownian motion on M. According to Vdf? =
2(f Vdf + df ® df) we first note that A(f2) = 2f Af + 2 ||Vf||%, and thus

d(f? o X) 2 J(A fA)(X)dt = (f Af)X)dt + ||V FI*(X) dt.
On the other hand, by means of It6’s formula,

d(f* o X) =2 f(X)d(f o X) +d[f(X), FX)] 2 F(X) (Af)X)dt +d[f(X), f(X)].

Uniqueness of the Doob—Meyer decomposition implies

0001 = [ I9APCO .
Finally, once again by means of part (1), the last formula gives
Vdf(dX,dX) = (traceVdf)(X) dt = (Af)(X) dt
from which we conclude that X is a V-martingale. O

On R with the canonical Euclidean metric, Brownian motions in the sense of
Lévy’s characterization coincide with the usual class of R”-valued Brownian motions.

Theorem 5.18 (M-valued Brownian motions as solutions of an SDE). Let (M, g) be
a Riemannian manifold and V be the Levi-Civita connection on M. Consider the
SDE

dX = Ap(X)dt + A(X) o dB (5.14)

with Ay € T(TM) and A € T(Hom(M X R",TM)); here B is a Brownian motion
on R". Then maximal solutions to (5.14) are Brownian motions on (M, g) if the two
subsequent conditions are satisfied:
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(i) Ag = —% i Va, A with A; = A(F)ei fori=1,...,r.

(it) The map A(x)*: TxM — R” is an isometric embedding for every x € M, i.e.,
A(x) A(x)" = idy,_y,, where A(x)" is the adjoint to A(x) € Hom(R", T, M).

Proof. Let X be a solution to Eq. (5.14) and assume that conditions (i) and (ii) are
satisfied. According to Remark 5.15 condition (i) guarantees that X is a V-martingale.
In addition, we have for f € C*(M),

d(foX)Z % D (Vf)(Ai, A)(X) dt.
i=1

It is thus sufficient to verify that

Z(Vdf)(Ai, A)) = Af.

This is however a straightforward consequence of condition (ii). O

Remark 5.19. Conditions (i) and (ii) of Theorem 5.18 can always be satisfied for r
sufficiently large. For instance, let M <— R” be a Whitney embedding. Then 7 M
can be seen as a subspace R” for each x € M. Defining A € I'(Hom(M X R",TM))
fiberwise as an orthogonal projection A(x): R” — TyM onto TxM and setting
Ay = —% : Va,A;, then every solution to the SDE (5.14) (with a given initial
condition) is a Brownian motion on (M, g). The drawback of this construction is that
to a given Riemannian manifold (M, g) there is no canonical choice of the coefficients
Ap and A; there is however a canonical SDE on the orthonormal frame bundle O(T M)
over M such that its solutions project to Brownian motions on (M, g). We deal with

this construction in the next subsection.

Theorem 5.20 (Brownian motions on submanifolds of R"). Let M be a submanifold
of R" endowed with the induced Riemannian metric. Consider the SDE

dX = A(X) o dB, (5.15)
where B is a Brownian motion on R™ and
A e T'(Hom(M xR",TM)), (x,v)— A(x)v,

such that A(x): R" — TxM is the orthogonal projection onto TxM. Then every
solution of (5.15), for some specified initial condition, gives a Brownian motion on
(M, g).

Proof. Interms of the vector fields A; = A(-)e; e I'(TM),i = 1,...,n,itis sufficient
by Theorem 5.18 to verify that }}; V4, A; = 0. This is however a straightforward
calculation. O
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5.3 Parallel transport and stochastically moving frames. The fundamen-
tal observation that diffusion processes on a manifold M can be horizontally lifted
via a connection to the frame bundle over M goes back to the pioneering work of
Malliavin, Eells, and Elworthy. Conversely, solving SDEs on the frame bundle and
projecting the solution down to the manifold M allows canonical constructions of
diffusion processes on M.

Intuitively this procedure corresponds to a “rolling without slipping” of the man-
ifold along the trajectories of a continuous R"-valued semimartingale. It allows us to
construct, for each semimartingale in 7y M, its stochastic development on M, together
with a notion of parallel transport along the paths of the obtained process. Clearly this
method requires a connection on M. The problem that in sub-Riemannian geometry,
typically only “partial connections” are canonically given, will be addressed in the
next subsection.

Notation 5.21. Let M be an n-dimensional differentiable manifold and denote by
P = L(TM) its frame bundle. Then 7: P — M is a G-principal bundle with
G = GL(n;R). The fiber P, consists of the linear isomorphisms u: R" — T, M
where u € P, is identified with the R-basis

(Ui, ... uy) = (uey,...,uey,).
A linear connection in 7'M induces canonically a G-connection in P given as a G-

invariant differentiable splitting 4 of the following exact sequence of vector bundles
over P:

0 —> kerdn —> TP ——%> p*TM —> 0.

This splitting induces a decomposition of 7 P:

TP=V@®H :=kerdrn & h(n*TM).
G-invariance of the splitting means that H, ;=(dR,)H,, for each u € P, where Rou :=
u g denotes the right action of geG. For ueP, we call H, the horizontal space at u
and V,,={veT,P: (dn)v = 0} the vertical space at u. The bundle isomorphism

h: "TM = H < TP (5.16)

is called the horizontal lift of the G-connection; fiberwise it reads Ay, : Ty M ——H,,.
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By means of the G-connection in P each vector field X € I'(T P) decomposes into
a horizontal and a vertical part:

X =hor X + vert X.

Definition 5.22 (Connection form). Each u € P defines an embedding /,,: G — P,
g — ug. Its differential at the unit element e € G,

W =(dl,)e: T.G — T,P, Avr— Au), (5.17)

gives an identification k,, : g — V|, of the Lie algebra g = 7, G of G with the vertical
fiber V,, at u. The vertical vector field A € ['(TP) on P defined by (5.17) is called the
standard-vertical vector field to A € g. The g-valued 1-form w € I'(T*P ® g) on P,
defined by

wu(Xy,) = ;' (vertX),, X e [(TP), (5.18)

is called the connection form of the G-connection.

Note that for the frame bundle 7: L(TM) — M over M we have ¢ = GL(n; R).
In the case that M is a Riemannian manifold it is natural to consider the orthonormal
frame bundle 7: O(TM) — M over M with structure group G = O(n; R). The fiber
P, then consists of the linear isometries u: R — T, M. As above a metric connection
on TM then gives rise to a G-invariant splitting TP = V @ H. The connection form
then takes its values in the Lie algebra g of skew symmetric n X n matrices.

In the sequel we deal with the two cases of G-principal bundles: P = L(T M) over
a manifold M with G = GL(n;R) and P = O(T M) over a Riemannian manifold M
with G = O(n; R). In addition to the g-valued connection form (see Definition 5.22)
we have the canonical 1-form

9 e I(T*P @ R"), 9(Xy) :=u(dnX,), uePandX e (TP), (5.19)

where as usual we read u € P as a linear isomorphism (resp. isometry), u: R" —
TryM.

Remark 5.23. The frame bundles P = L(T M) with M a manifold (resp. P = O(TM)
with M a Riemannian manifold), considered as manifolds, are parallelizable, i.e., the
tangent bundles T L(TM) — L(TM) and T O(TM) — O(T M) are trivial.

Proof. Indeed a G-connection in P decomposes TP = V @ H. A canonical trivi-
alization for TP is given as follows: the vertical subbundle V is trivialized by the
standard-vertical vector fields A to A, where A runs through a basis of g; the hori-
zontal subbundle H is trivialized by the standard-horizontal vector fields Ly, . .., L,
in I'(T P) defined by

Li(u) = hy(ue;).
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For any u € P, then
(A(u), Li(u) : A ebasisforg, i=1,...,n)

is a basis for T, P = V,, @ H,, which is obvious from the isomorphisms g — V,,,
A+ A(u), and hy, : TryM — H,. O

Remark 5.24. The standard-vertical (resp., standard-horizontal) vector fields are
determined by the relations

9(A) =0and (L;) = ¢; (resp. w(A) = A and w(L;) = 0).

The canonical second-order partial differential operator A" := 3. Ll.2 is called the
horizontal Laplacian on L(T M) (resp. O(T M)).

Definition 5.25 (Horizontal lift of an M-valued semimartingale). For any P-valued
semimartingale U the Stratonovich integral fU w (defined componentwise with re-
spect to a basis of g) gives a semimartingale taking values in the Lie algebra g. We
call U horizontal if fU w = 0 a.s. For an M-valued semimartingale X, a semimartin-
gale U taking values in P is called the horizontal lift of X, if U is horizontal and if
nolU=X as.

Remark 5.26. Definition 5.25 generalizes the classical notion of horizontal lift for
M -valued differentiable curves: a curve t +— u(t) over t +— x(t)is called horizontal if
mou = xand w(u) = 0.

For the remainder of this subsection we deal with the following situation: either
M will be a differentiable manifold equipped with a torsion-free connection, or M
will be a Riemannian manifold equipped with the Levi-Civita connection.

Definition 5.27 (Anti-development of an M-valued semimartingale). Let X be an
M-valued semimartingale and U a horizontal lift of X taking values in P = L(TM)
(resp. O(TM)). The R"-valued semimartingale

Z:/UﬁE/ﬂ(odU)

is called the anti-development of X into R" (with respect to the initial frame Up). In
terms of the standard basis of R” we have Z = (Z!,..., Z") where Z! = fU 9.

Theorem 5.28. Let X be an M-valued semimartingale, U a horizontal lift of X to
P =1(TM) (resp. O(TM)), and Z an anti-development of X into R"™. The following
statements hold:

(i) fU o=, fO'(U) Li(U) o dZ' for each differential form o € T(T*P).
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(ii) fX a=xy", /a(X) Ue; o dZ' for each differential form a € T'(T*M).

In particular, d(f o U)=Y"_(L; )(U) o dZ' for each function feC*(P), or in short,

dU =) Li(U)odZ, (5.20)

i=1
aswell as d(f o X)=21_ (Ue;)(f) o dZ' for each function feC®(M), or in short,
dX =UodZ. (5.21)

Proof. The additional claims follow from (i) and (ii) with oo = df where f € C*(P)
(resp. @ = df where f € C™(M)).

To (i): According to Theorem 5.7 it is sufficient that the right-hand side of
(i) has the defining properties of fU o. For f € C*(P) we have to show that

d(foU)=Y,(df)U)L(U)odZ' = ¥,;(L;f)(U) o dZ*, which is equivalent to

foU—foU():/

o, where o € [(T*P), o = Z(Li .. (522
v i

But we observe that Y;(L; f)(u) ¥, = (df), o pry,; indeed for A € T,, P we have
2 L)) i (A) = 3 (df ) Li(w) 9, (A)
= D (df ) hufuer) (™! (dm),A)'

= (df )u hu(uu™(dr), A)
= (df)u hy ((dﬂ)uA)
= ((df)u © pry, )(A).

On the other side, we have (df o pry), = (df)u ku wu = d(f o I,)e wy,. But U is
horizontal and hence /U df o pry, = 0 which shows that

fOU—fOUO:/Udf:‘/udfOPrH+/UdfOprV:/UdfOer:/UO'.

The second defining property of the Stratonovich integral is obvious.
To (ii): It is sufficient to show that

d(f o X)= Y (d)(X) Uero dZ' = ) (Uei)(f) o dZ'
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holds for each function f € C*(M). With part (i), using that (dr), L;(u) = ue;, we
obtain

d(forol)= ) d(f o m)(U)L(U) o dZ'
= ) (dN(x(U)) (dm)(U) LiU) 0 dZ* = ) (df)(X) Ue; 0 dZ',

which shows the claim. O

Theorem 5.29. Let X be an M-valued semimartingale, U a horizontal lift of X to
P =1L(TM) (resp. O(TM)), and Z an anti-development of X into R". Then

(i) [a(dU,dU) =73}, [aU)(Li(U),L;j(U))d[Z',Z'] fora € T(T*P @ T*P);

(i) [b(dX,dX) =21, [b(X)(Ue;,Ue;)d[Z', 2] for b € T(T*M ® T*M).

Proof. 1t is again sufficient to consider the special case a = dy; ® dp, where
01, 2 € C*(P) (resp. b = dfi ® df> where fi, f, € C*(M)). Then the statements
follow from Remark 5.11. |

Theorem 5.30 (Existence of horizontal lifts to M-valued semimartingales). Let P
be a G-principal bundle over a manifold M endowed with a G-connection. Let
xo be an M-valued random variable and uy a P-valued random variable over x,
i.e., mouy = xga.s. Then to each M-valued semimartingale X with Xo = xq there is
exactly one horizontal lift U to P with Uy = ug a.s.

Proof. See [53] or [24, Chapter 7]. The existence part is straightforward. Accord-
ing to Theorem 3.22, the semimartingale X can be realized as the solution of a
Stratonovich SDE of the form

t
dX = Z Ai(X)odZ!, Xy = xo, (5.23)
i=1

where Z is an R¢-valued semimartingale for some ¢. Let A; € I'(TP) be the horizontal
liftof A; e ['(TM),i.e., Aj(u) = h,(A;(mu)) for u € P, and consider the “horizontally
lifted SDE” on P:

dU = Y A(U)odZ', Uy = up. (5.24)

¢
i=1

It is clear that solutions to (5.24) are canonical candidates for the wanted horizontal
lift. Indeed, we have d(r o U) = Y.,(dn)y Ai(U) 0o dZ' = ¥, Ai(n o U) o dZ' with
o Uy = xp, and hence m o U = X by the uniqueness of solutions to (5.23). On the
other hand, we have fU W= f w(U) A{(U) o dZ = 0. It remains to verify that U

and X have identical lifetimes. O
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We want to summarize the theory developed so far. Let M be a differentiable
manifold equipped with a torsion-free connection, or a Riemannian manifold with the
Levi-Civita connection. For a semimartingale X on M we defined its horizontal lift
Uto P =L(TM) (resp. O(TM)), and its anti-development Z into R”. Then (modulo
choice of initial conditions Xo = x, Uy = u) each of the three processes X, U, Z
determines the two others.

Indeed, we have

(a) Z determines U as the solution to the SDE dU = ", L;(U)o dZ! with Uy = u;
(b) U determines X via X = 7o U,

(c) X determines Z as Z = fU © where U is the unique horizontal lift of X to P with
Uy = u.

Typically, one starts with Z on R" to determine X on M (the stochastic development
of Z). The frame U moves along X by parallel transport.
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In the deterministic special case of a differentiable curve Z: t +— z(¢) in R",
stochastic development reduces to the canonical Cartan development of z(z).

Example 5.31 (Cartan development). The Cartan development of an R-valued
curve ¢ — z(¢) is the construction of curves x: ¢+ x(t) € M and u: t — u(t) € P
(where P = L(TM), resp. P = O(T M) in the Riemannian case) such that u(-) lies
above x(-) and such that

(i) x =uz, or in equivalent notation dx(t) = u(t) dz(t);
(ii) u is parallel along x, i.e., Vpu = (Vpu',...,Vpu™) =0, where D = 9/0t.
Condition (ii) means that u(-) is a horizontal curve; thus &t € H,, = h,(Tr)M),

and hence &t = h,(x) = h,(uz) by using (i). Since h,(uz) = 3, h,(ue;) ' =
> Li(u) 2, conditions (i) and (ii) are seen to be equivalent to

du = Z Li(u)dz.

Definition 5.32 (Parallel transport along a semimartingale). Let M be a differentiable
manifold equipped with a torsion-free connection, or a Riemannian manifold with
the Levi-Civita connection. Let X be a semimartingale on M and U an arbitrary
horizontal lift of X to L(T'M) (resp. O(TM)). For 0 < s <1, let //; ;:= U, o U;! be
given by

Tk&ﬁ4 = > Tk}ﬁl

R™.

The isomorphisms (resp. isometries in the Riemannian case)
A%Ji kaﬂl — TX}A4

are called the stochastic parallel transport along X.

Theorem 5.33 (Geometric Itd formula). Let M be a differentiable manifold equipped
with a linear connection V (without restriction V torsion-free). Let X be an M -valued
semimartingale, U a horizontal lift of X to 1L(TM), and Z = fU 9 the corresponding
anti-development of X into R". For each f € C*(M) the following formula holds:

n n

d(f o X) = Z(df)(X) (Ue;)dZ' + % Z (Vdf)(X)(Ue;, Ue;)d[Z',Z7], (5.25)

i=1 i,j=1
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or in abbreviated form (see Theorem 5.29),
1
d(foX)=(df)UdZ)+ EVdf(dX, dX). (5.26)
Proof. From dU = Y, L;(U) o dZ' we first see that

d(foX)=d(fomoU)= ) L(fon)U)odZ
;Zuqomwm?+;;uq00mwwwuﬂ

where L;(f o m)(u) = d(f o n)yLi(u) = (df)nw)(dr)uhu(ue;) = (df)pw)(ue:). A
straightforward calculation, however, shows that

LiL(f o m)(u) = Vdf (ue;, uey).
from where formula (5.25) results. O

Remark 5.34. Let M be a Riemannian manifold with its Levi-Civita connection.
Denoting by AM" = 3. Ll.2 the horizontal Laplacian on O(T'M) and by A the Laplace—
Beltrami operator on M, then for each f € C*(M) the following relation holds:

AY'(fom) = (Af)on.

Proof. Indeed, for u € O(T M), we have

Z L2(f o m)(u) = Z Vdf(ue;, ue;) = (traceVdf)n(u) = (Af) o m(u). O

Theorem 5.35. Let M be a differentiable manifold equipped with a torsion-free linear
connection V. Let X be an M-valued semimartingale and Uy an L(T M)-valued -
measurable random variable such that m o Uy = Xg a.s.; furthermore let Z = fU )
be the anti-development of X into R" with respect to the initial frame U.

(i) Then X is a V-martingale on M if and only if Z is a local martingale on R".

(ii) If V is the Levi-Civita connection to some Riemannian metric g on M and if
Uy takes its values in O(TM), then X is a Brownian motion on (M, g) if and
only if Z is a Brownian motion on R (more precisely, a Brownian motion on
R"™ stopped at the lifetime { of X).

Proof. (i) According to Definition 5.13, X is a V-martingale if

d(f o X) - % (Vdf)(dX,dX) £ 0,
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for functions f € C*(M). By means of the geometric It6 formula (Theorem 5.33)
this means that

2 (dNX) (W) dz' 20

for any f € C*(M), which is easily seen to be equivalent to the condition that Z is a
local martingale.
(ii) According to Theorem 5.17, X is a Brownian motion on (M, g) if

d(foX)—3(AfoX)dt 20,

for all f € C*(M). According to formula (5.25), clearly if Z is a Brownian motion
R", then X will be a Brownian motion on (M, g). Conversely, if X is a Brownian
motion on (M, g), then by Lévy’s characterization of M-valued Brownian motions
(Theorem 5.17), X is a V-martingale, and thus Z a local martingale by part (i). On
the other hand, we have Z/ = /U 9!, where 9,} = (dn(-),ue;) = n*(-,ue;). We may
calculate the quadratic variation of Z using Remark 5.11 as follows:

d|Zi, 7] = d[ S [0 ] - (9" ® V) (dU, dU)
=" ((-,Ue;) ® (-, Ue;)) (dU, dU)
= ((-,Ue;) ® (-, Uej)) (dX, dX)
= trace((-, Ue;) ® (-, Uej>)(X) dt = 0ij dt.

By means of Lévy’s characterization for Brownian motions on R” we see that Z is a
Brownian motion. O

Theorem 5.35 provides a canonical construction of Brownian motions on Rie-
mannian manifolds. One obtains Brownian motions on (M, g) with starting point
X € M as a stochastic development of a Brownian motion B on R” as follows.
Choose u € O(T M) such that (1) = x and solve the SDE

dU =Y L;(U)odB', Uy=u.

n
i=1

According to Theorem 5.35, then X = 7 o U will be a Brownian motion on (M, g)
starting from Xy = x.

Remark 5.36. Let X be an M-valued semimartingale with starting point x € M. The
anti-development Z of X into R" (see Definition 5.27) required the choice of a frame

u above x,
Z = / 9, Uy =u.
U
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Considering the anti-development of X into 7\ M, i.e.,

Z,:Uo‘/ﬁ,
U

makes the notion intrinsic. Then we have the formula

dZ' = UgU; " o dX = [y odX.

5.4 Subelliptic diffusions and sub-Riemannian Brownian motions. In
this subsection we want to adapt the results developed so far from the Riemannian to
the sub-Riemannian setting.

A sub-Riemannian structure on a differentiable manifold M is a pair (H, g), where
‘H is a subbundle of TM and g is a positive-definite metric tensor defined only on .
Any sub-Riemannian structure induces a vector bundle morphism

$: T*M — TM,

determined by the properties $(T*M) = H and g(v) = g(v,#ig) for any g € T*M
and v € H. The kernel of # is the subbundle Ann(H) C T*M of elements of T*M
vanishing on 4. Then the so-called co-metric g* on 7*M, defined by

8 (g1 q2) = qi(#q2), qi.q2 € T{M, x € M,

degenerates along Ann(7). It is obvious that sub-Riemannian structures on M and
co-metrics degenerating along a subbundle of 7*M are equivalent structures.

Definition 5.37. Let (H, g) be a sub-Riemannian structure on M. A continuous
semimartingale X taking values in M is called horizontal, or a sub-Riemannian
diffusion, if

/a( odX) =0, forall@ € I'(Ann(H)).

Here f a(odX) = fX a denotes the Stratonovich integral of o along X.

Remark 5.38. Note that if X is a horizontal semimartingale then fX B is well defined

for 8 € T'(H*). The same holds true for / b(dX,dX)if b € T(H* ® H*) is a bilinear
form on ‘H*. In particular, the sub-Riemannian quadratic variation of X,

(X, X] = / g(dX, dX), (5.27)

is well defined.
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As we saw in Theorem 3.22, a continuous semimartingale X taking values in M
can always be obtained as the solution of an SDE of the type dX = 3; A;(X) o dZ".
Then obviously X is horizontal if the vector fields A; are horizontal in the sense that
A; € F(H)

To define horizontal martingales in the sub-Riemannian setting we need to specify
a connection V. To this end it is enough to have a so-called partial connection on H
(see [32] and [20, Section 2]),

I'H)XT'(H) > T'(H), (A, B)+— VB,
and correspondingly the partial Hessian of a function f € C*(M),
Vdf =Hess f e T(H" @ H*), (Vdf)(A,B)=ABf —(VaB)f, fe€C®(M).

Definition 5.39. Let (H, g) be a sub-Riemannian structure on M and V a partial
connection on H. A continuous semimartingale X taking values in M is called a
horizontal martingale if H is horizontal and for any f € C*(M),

d(f o X) — 3 (Vdf)(dX,dX) 2 0.

Remark 5.40. (a) Often partial connections are induced from (full) connections V
on M in terms of a projection p: TM — H as

VaB = p(VsB), A,BeT(H).

For instance, one may extend the metric g from H to a full Riemannian metric
g on TM (this is a common procedure in the case of sub-Riemannian structures
related to Riemannian foliations); then

VaB = pry(VaB), A BeT(H) (5.28)

(where V is the Levi-Civita connection to § on M and pry, is the orthogonal
projection of TM onto H) defines a partial connection on ‘H which is, moreover,
metric, i.e., Vag = 0, for all A € I'(H). Note that (5.28) is the horizontal part of
the so-called Bott connection on M; see [57, Chapter 5].

(b) More generally, it is straightforward to show the following result. Given a
projection p: TM — H, there exists a unique partial connection on H which is
metric and has the property

VAB — VBA —p[A, B] =0.

This is actually the connection in (5.28) defined relative to any Riemannian
metric g such that p is the orthogonal projection.
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Theorem 5.17 is now easily adapted to the sub-Riemannian setting. Given a
partial connection V on H which is metric (i.e., Vag = 0, forall A € T'(H)) we define
the sub-Laplacian Ay relative to (H, g, V) as

Ay f = traceyVdf, f € CT(M).

If the partial connection V is as in Remark 5.40(b), then Ay coincides with the
sub-Laplacian relative to the complement ) = ker p as defined in [21, Section 2.2].

Theorem 5.41 (Lévy’s characterization of sub-Riemannian Brownian motions on M).
Let (H, g) be a sub-Riemannian structure on M and V a partial metric connection
on H. For a horizontal semimartingale X of maximal lifetime on M the following
conditions are equivalent:

(i) X is a sub-Riemannian Brownian motion on M, i.e., for any f € C*(M), the
real-valued process

1
fOX—E/(AHf)Ode
is a local martingale.

(ii) X is a V-martingale such that [ f(X), f(X)] = fg*(df, df)(X;)dt for every
feC®(M).

(iii) X is a V-martingale such that f b(dX,dX) = f (tracey b)(X) dt for every
bel(H"®H").

In particular, for the sub-Riemannian quadratic variation (5.27) of X, we then have
t
/ g(dX,dX) =tdimH.
0

Analogously to Theorem 5.18, we can construct sub-Riemannian Brownian mo-
tions on M as solutions to SDEs.

Theorem 5.42 (Sub-Riemannian Brownian motions as solutions of an SDE on M).
Let (H, g) be a sub-Riemannian structure on M and V a partial metric connection
on H. Consider an SDE of the type

dX = Ao(X)dt + A(X) o dB (5.29)

with Ag € T(H) and A € T(Hom(M x R", H)); the driving process B is a Brownian
motion on R" (for some r).

Then maximal solutions to (5.29) are sub-Riemannian Brownian motions M if the
two following conditions are satisfied:
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(i) Ag = —% i Va, A with A; = A(F)ei fori=1,...,r.

(ii) The map A(x)*: Hy — R” is an isometric embedding for every x € M,
e, A(x)A(x)" = idy, , where A(x)* is the adjoint to A(x) € Hom(R", H.,).

The problem of defining sub-Riemannian Brownian motions and corresponding
random walk approximations has recently been addressed in [15].

The results of Section 5.3 easily carry over to the case of horizontal martingales
and sub-Riemannian Brownian motions. Instead of L(TM) (resp. O(T' M)), we work
with the G-principal bundle P = L(H) of frames in H (resp. P = O(H) of orthonor-
mal frames in H), where now G = GL(k;R) (resp. G = O(k;R)), and k = dim H. In
other words,

P, = {u: R* — H, | u linear isomorphisms (resp. u linear isometry)}, x € M.

A partial connection V on H (resp. a metric partial connection V on H), now induces
a G-invariant subbundle H C TP such that

me: Hy — Haw),
where 7 is the projection P — M. In terms of the horizontal lift of this G-connection,
h: ™H = H<— TP,
we have the standard-horizontal vector fields
L; e (TP), Li(u)=hy,(ue;), uepP,i=1,...,k.

The g-valued connection form w and the R¥-valued canonical 1-form ¢ are defined
as in the Riemannian case, but for a partial connection they are given only on H @ V
with V = ker dr, and no longer globally on 7 P; in other words,

wel(H*®V)®g) and ¢ el(H*®V*)eRN.

One can now define stochastic developments of R¥-valued semimartingales ac-
cording to

Li(U)odZ', Uy=u,
i=1
X =n(U),

k
dU =

as we did in Section 5.3. The resulting processes X will be horizontal semimartingales
on M. Horizontal lifts of such semimartingales X to P = L() can be established as
in the Riemannian case, for instance, by representing X as the solution to an SDE on
M with vector fields A; € I'(H) and solving the “horizontally lifted” SDE on P (see
the proof of Theorem 5.30).
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Theorem 5.43 (Geometric It6 formula for horizontal diffusions). Let (H, g) be a sub-
Riemannian structure on M and V a partial connection on H. Let X be an M -valued
horizontal semimartingale, U a horizontal lift of X to P = L(H) and Z = fU ¥ the
corresponding anti-development of X into RK. For each f € C*(M) the following
formula holds:

k k

d(foX)= Z(df)(X) (Ue;)dZ' + % Z (Vdf)(X) (Uei, Uej)d[Z', 771, (5.30)

i=1 ij=1
or in abbreviated form,
d(foX)=df)UdZ)+ %Vdf(dX, dX). (5.31)
This finally gives the following sub-Riemannian version of Theorem 5.35.

Theorem 5.44. Let (H, g) be a sub-Riemannian structure on M and V a partial
connection on H. Let X be an M -valued horizontal semimartingale and Uy an L(H)-
valued .#y-measurable random variable such that = o Uy = X a.s.; furthermore, let
Z = fU 9 be the anti-development of X into R with respect to the initial frame Uy.

(i) Then X is a V-martingale on M if and only if Z is a local martingale on R¥.

(it) If'V is a metric partial connection on H and if Uy takes its values in O(H), then
X is a sub-Riemannian Brownian motion on M if and only if Z is a Brownian
motion on R* (more precisely, a Brownian motion on R¥ stopped at the lifetime

lof X).
Following Remark 5.36 we have the following remark.

Remark 5.45. Let V be a partial connection on H and let be X an M-valued horizontal
semimartingale with starting point x € M. Let Z be the anti-development of X into

Hy,
Z = / //Ojodx.

(a) Then X is a V-martingale on M if and only if its anti-development Z into H is
a local martingale on H,.

(b) If V is a metric partial connection on #, then X is a sub-Riemannian Brownian
motion on M if and only if its anti-development Z into H, is a Brownian motion

on H,.

Here //,,: Hx, — Hx, denotes the stochastic parallel transport of horizontal
tangent vectors along X. Recall that the //,, are linear isomorphisms for a partial
connection, and isometries for a metric partial connection.
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6 Control theory and support theorems

6.1 Control systems. Consider a Stratonovich SDE on M of the type
r .
dX = Ay(X)dt + Z Ai(X) o dB', (6.1)
i=1
driven by a Brownian motion B = (B!,..., B") on R".

Definition 6.1. Solutions X to SDE (6.1) are called hypoelliptic diffusions if the
vector fields Ay, ..., A, are bracket generating in the sense that

dimLie(Ay,...,A)(x) =dimM, forallx e M. (6.2)

To the SDE (6.1) we associate the control system
i(1) = Ao(x(6) + ) Ai(x(O) (1), (6.3)
i=1

where the control u = u(-) lies in
U ={u: Ry — R’ piecewise constant}; (6.4)

see for instance [56]. In the space U of controls we could have equally taken u
piecewise smooth or piecewise continuous with values in R".
We denote by

* X,(x) the solution to SDE (6.1) with starting point Xy = x; and by

* ¢;(x, u) the solution to the control system (6.3) with initial condition x(0) = x
andu =u(-) e U.

For simplicity, in the remainder of Section 6, all vector fields of the form
r
Ay + Z Aiu', ue R fixed (“frozen vector fields”)
i=1

are assumed to be complete.
We consider the following orbits:

O (x):={yeM: y=¢,(x,u), t >0, u=u(-)eld} “forward orbit”,
Of(x):={yeM: y=¢(x,u), u=u(-)elU} “forward orbit at time ¢,
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We call the control system (6.3)
e completely controllable if O*(x) = M for each x € M,
* strongly controllable if O (x) = M for each t > 0 and each x € M;
e completely accessible if O*(x) has nonvoid interior for each x € M,

* strongly accessible if O/(x) has nonvoid interior for each # > 0 and each
xeM.

Remark 6.2. Geometric control theory characterizes properties of control problems
in terms of Lie-algebra conditions on the vector fields Ay, ..., A,. For example, for
system (6.3),

(1) complete accessibility holds if dim Lie(Ag, Ay, ..., A,;)(x) = dimM for each
x €M,

(2) strong accessibility holds if dim Lie(Aq + %, Ay,...,Ar)(t,x) = dimM + 1 for
eacht > 0and x € M;

(3) strong controllability holds if dim Lie(Ay, ..., A,) = dim M for each x € M.
See for instance [2, 16, 31].

6.2 Support theorems. The famous support theorem of Stroock—Varadhan
(1972) establishes a bridge between the theory of SDEs and control theory, more

precisely, between Eq. (6.1) and Eq. (6.3).
Induced by X (x): Q — C(R,, M), we have the following measures:

P, :=Po X.(x)"! probability measure on Cy (R, M);
P,y :=Po X, (x)7! probability measure on M.

Here C, (R4, M) denotes the space of continuous trajectories R, — M starting from
x at time 0.

Theorem 6.3 (Support theorem; Stroock—Varadhan [55]). For the supports of the
probability measures Py (resp. P; ), the following properties hold:

(I) Path space: On Cx(R,, M) we have

suppPy = {¢.(x,u): u U},
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(II) State space: On M we have
supp Py x = O; (x),
supp Ga(x, ) = 0" (x),
where -
Gate = [ VB a5 0
0
denotes Green’s measure with exponent A on M.

Proof. The support theorem is proved by approximating the driving Brownian motion
B through its piecewise linear polygonal approximation

B = (ti1 —1;) [(tis1 =By + (t —1)By,, |, 1 <t < iy,

for partitions

n:0=tn<ti<tr<---.
See Stroock—Varadhan [55], Kunita [33], and Ichihara—Kunita [28, 29] for technical
details. O

Corollary 6.4. Suppose that the vector fields Ay, ..., A, are bracket generating in
the sense that condition (6.2) holds. Then

suppPy = Cx(Ry, M) and suppP;, =M.
Proof. See Remark 6.2 above, as well as Stroock—Varadhan [55]. m|

Remark 6.5. For stochastic representations of solutions to classical boundary value
problems on a relatively compact open domain D related to the Hormander-type
operator

1,
L=Ao+3 ; A’
(see Sections 4.2 and 2.3) the following “finite exit time condition” has been crucial.

(a) Finite exit time condition. For each x € D, the solution X; to SDE (6.1) with
starting point Xy = x exits D in finite time almost surely.

In terms of the associated control system, a sufficient condition for (a) to hold is given
by the following escape condition.

(b) The domain D is said to satisfy the escape condition if, for each x € D, there
is a control u = u(-) € U such that the path r — ¢,(x, u) in Cx(R,, M) escapes
from D (i.e., there exists a 7 > 0 such that ¢7(x, u) ¢ D).

The proof that the escape condition implies the finite exit time condition proceeds
along the lines of the support theorem; see [54].
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7 Stochastic flows of diffeomorphisms

We consider again an SDE on M of the type
dX = A(X) o dZ, (7.1)

where Z = (t,B',...,B") with B = (B!,..., B") a Brownian motion on R”. In
equivalent form, Eq. (7.1) can be written as

dX = Ao(X)dt + Z Ai(X) o dB', (7.2)

i=1

where the vector fields A; = A(-)e; € T'(T'M) are taken with respect to the standard
basis (e, ey, . . ., e,) of R™*1,
Let (X,(-), £(-)) be the partial flow to

1 r
L=Ay+= > A%
0 221]

in the sense that for each x € M, the process X;(x) has maximal lifetime {(x) and
solves SDE (7.1). For ¢t > 0 fixed, we then have the random set

M(w)={xeM: t <{(x)(w)}, weQ.
Theorem 7.1. The following assertions hold P-almost surely (in w € Q):

(i) My(w) is an open subset of M for eacht > 0, i.e., {(-)(w) is lower semicontin-
uous on M.

(ii) Foreacht > 0, the map
Xi()w): My(w) — Ri(w)
is a diffeomorphism onto an open subset R,(w) of M.

(iii) The path map s — X(-)(w) is continuous from [0, t] into C*(M;(w), M) with
its C*-topology.

Proof. See Kunita’s theory of stochastic flows [36]. O

Remark 7.2. Under “mild” growth conditions (see [36] for precise statements) on
the vector fields Ao, ..., A, and their derivatives (which are trivially fulfilled if M is
compact), we have almost surely

X.(-) € Dift(M), forallt.
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7.1 Tangent flows and pullback of vector fields under stochastic flows.

Proposition 7.3. In the situation of a partial flow to the SDE

dX = Z Ai(X) o dZ! (7.3)
i=0

we consider the “tangent flow” X;. := TX;, defined as the differential of the map
X = Xt('x)x
M — Tx, oM, v+— Xnv, x¢€ M(w).

The tangent map

Ut = Xt*
solves the (formally) differentiated SDE (7.3), i.e.,
dU = Z(DA,-)X UodZ, (7.4)
i=0

where (DA;)x = TxA; = Trw)Ai. In addition, the inverse tangent flow U] = X;k1
solves the SDE

U’ == U'(DA)x o dZ". (7.5)
i=0

Proof. These are standard formulas in the theory of SDEs and are checked in a
straightforward way using stochastic calculus; see [35, 36]. O

We now come to a crucial notion: the pullback of a vector field V on M under a
stochastic flow x — X;(x). More precisely, for V € I'(T M) we consider the (random)
vector field X;;'V on M, defined as

(X, V)y = (T X)Wy, () € TeM,  x € M,.
In other words, we have
XL W) =V(foXiho X, feC™(M).
Lemma 7.4. The pullback vector field Xt_*lV satisfies the equation
dX;'V) =) X:ALV] 0 dZ.
i=0
In the special form of SDE (7.2) this means

d(X;'V) = X Ao, V]dr + Z XA, V] o dB..
i=1
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Proof. For instance, see [34, Section 5]. O
Corollary 7.5. Suppose that the vector field V. commutes with Ao, . .., A,. Then we
have X'V = V.

Remark 7.6. There are analogous formulas for the pushforward vector fields X;.V on
R;, e.g.,

d(XnV) = ) [XnA V] o dZ,
i=0
respectively,
d(X;:.V) = [Xr: Ao, V] dt + Z[X,*Ai, V]odB:.
i=1

7.2 Malliavin’s covariance matrix.

Definition 7.7 (Malliavin’s covariance matrix). Suppose that an SDE of the type

dX = Ay(X)dt + Z Ai(X) o dB

i=1

is given. For ¢ > 0, the tensor
r t
C,(x) = Z / (X 1A, @ (X 1A ds e TM T M, xeM, (7.6)
i=1 70

defines a smooth (random) section of the bundle TM ® T M over M;. This section is
usually called Malliavin’s covariance matrix.

Malliavin’s covariance matrix is at the heart of the so-called Malliavin calculus,
also known as stochastic calculus of variations [47, 50]. In the sequel we use different
notions of writing Malliavin’s covariance matrix (7.6).

Notation 7.8. Putting together the diffusion vector fields Ay, ..., A, into a bundle
map A: M XR" — TM over M, we have

,
X At RT > TeM, 20 Y (X1 A2 (7.7)
i=1

(Note that the drift vector field Ag is not included.) Considering the dual map to
Eq. (7.7),
(X;]A):: T'M — (R7) =R,

we may read Malliavin’s covariance matrix (7.6) as

1t
Ci(x) = / (X;1A) (X LAY ds € Hom(TyM, T M), x € M,.
0
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Example 7.9. On R? consider the SDE
dX, = Ao(X;)dt + A|(X;) o dB!, X, =x=(x',x%), (7.8)
where Ap = x! % and A; = %. Obviously SDE (7.8) can be written as
dX; =dB), adx}=X!d (X, X5) =" x%),
and so we have an explicit expression for the solution as
X! =x"+ B,

t
X2 =x*+x't +/ Blds.
0

(1 0 1 (1 0
Xt*—(t 1) and X, _(—t 1).

For Malliavin’s covariance matrix we get

Thus

)
=4 )

Note that C;(x) is independent of x and invertible for # > 0. SDE (7.8) is degenerate
in the sense that A; does not span T,R?, but observe that [Ag, A;] = %. It is easy to

see that the random vector (X/, X?) has a Gaussian distribution with covariance
t 1?2
22 3)3)°

For ¢t > 0 the covariance is nonsingular, and hence (Xt', Xf) has a smooth Gaussian
density function with respect to two-dimensional Lebesgue measure.

8 Stochastic flows and hypoellipticity
The purpose of this section is to sketch a probabilistic proof of Hormander’s hypoel-

lipticity theorem. We follow some of the arguments in Bismut [14].
Consider a second-order PDO in Hormander form,

1o,
L _A0+§;Ai, (8.1)
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on a differentiable manifold M with smooth vector fields Ay, ..., A,. For simplicity,
we assume again that all vector fields of the form

1" i r
A0+§;Aiu, ueR

are complete.

We denote by 2’(M) the space of distributions on M. Recall that an operator L
of type (8.1) is called hypoelliptic if u € 2’(M) and Lu|U € C*(U), where U ¢ M
is open, implying that u|U € C*(U).

Our goal is to show hypoellipticity of operator (8.1) under a certain Hérmander-
type nondegeneracy.

8.1 Hypoellipticity under Hormander conditions. Consider the following
two canonical measures on M:

P;(x,dy) :=P{X;(x) € dy}, and (8.2)

Ga(x,dy) := /000 e P{X,(x) edy} dt, A>0. (8.3)

Remark 8.1. In Section 4, these measures were used for stochastic representation
formulas of classical PDEs.

(i) Recall that every bounded solution u(, x) to the initial value problem

0
Eu =Lu, ul;—o=7f

can be represented as
ult. )= [ Pix.dy) £) = ELF o (0]
(ii) According to the Feynman—Kac formula (4.5), solutions to
(A-Lu=f
have a representation as
u(x) = /G,l(x, dy) f(y), xeM.

In this sense, the operator G, defines the inverse to A — L, formally G, =
(1-L)L.
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Choosing a smooth volume measure, vol, on M, we now come to the following
fundamental question.

Problem 8.2. When do measures like P;(x, -) or G(x, -) have densities with respect
to vol?

Definition 8.3. To the vector fields Ay, . . ., A, defining the operator

1o,
L:A0+§;Ai,

we associate several important Lie algebras [28, 29, 5].

e On M,

g = Lie(Ao, Al, ey Ar),

B = Lie(Ay, ..., A,),

& :=1ideal in .Z generated by 4.
e On M X R,

5 0
Z = Lie AO+E,A1,“.’Ar .

By definition we have # c ¥ c Z.

In terms of these Lie algebras we consider the following Hormander conditions
(n = dim M):

dim Z(x) =n at each point x of M, (Hp)
dim j(t, x)=n+1 at each point (x, 1) of M X R. (Hy)

Hypothesis (Hp) means that
Lie(Ag, Ay, ..., A )(x) =T M, forall x € M,

whereas (H) is equivalent to

Lie(A1, ..., Ar, [An Ajlo<ij<rs
[Ai [Aj, Allo<ijik<rs - - )(x) = TcM,  forall x € M.

This last condition can be equivalently stated as

dim . (x) =n at each point x of M.
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Theorem 8.4 (Hormander (1967) [26]).
(1) Under hypothesis (Hy) the operator L is hypoelliptic on M.
(2) Under hypothesis (H,) the space-time operator L + % is hypoelliptic on M x R.

It can be shown that Hormander’s condition (Hg) is necessary for hypoellipticity
for operators L with analytic coefficients. Such is not the case for smooth vector
fields Ag, Ay, . .., A,. The stochastic approach allows us to derive sharper criteria for
hypoellipticity that allow Hormander’s condition to fail on tiny subsets of M; see for
instance [11].

Remark 8.5. Let L™ be the formal adjoint operator to L (with respect to the chosen
volume measure). It can be written as

1 ¢ - -
L'=3 > A} +Ao+a, where A+ Ao € Z.
2 i=1
Thus we have the following equivalences:
(i) L satisfies (Hp) if and only if L* — a satisfies (Hp).
(ii) L+ % satisfies (H) if and only if L* + % — a satisfies (Hj).

Corollary 8.6. We may consider the measures G (x, -) and P;(x, -) as distributions
as follows:

Gailx,dy) e D'(M x M), P(x,dy) € 2'(]0,t[ x M x M).

Denoting by A the diagonal in M X M, the following equations hold in the weak
sense:

(1= Le)Ga = I, (A= L}))Ga = 1a,
0 0 i ~
(E - Lx)Pt(x, dy) =0, (E - Ly)Pt(x, dy) = 0.

By means of Hormander’s Theorem 8.4 we obtain the following:

(a) Suppose that condition (Hy) holds. Then the operator L is hypoelliptic and there
exists a function gy € C*((M x M) \ A) such that

Ga(x, dy) = ga(x, y) vol(dy).

(b) Suppose that condition (H\) holds. Then the operator % — L is hypoelliptic and
there exists a function p;(x,y) in C*(]0, o[ X M X M) such that

P (x,dy) = p:(x,y) vol(dy).
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In the sequel, to avoid technical problems, we assume that Ay, Af,..., A, €
['(T M), along with their derivatives, satisfy some growth conditions. Such conditions
will be necessary below to make some quantities well defined. To this end we choose
a Riemannian metric on M; the volume form vol(dy) will be taken with respect to
this metric.

Standing Hypothesis. Assume that the vector fields Ag, Ay, ..., A, are smooth with
bounded derivatives of all orders.

Remark 8.7. This hypothesis is far from being necessary, but it guarantees that
solutions to the Egs. (7.3)—(7.5) lie in any L” space (1 < p < oo) uniformly over
compact time intervals.

The following theorem gives a probabilistic approach to Hormander’s hypoel-
lipticity theorem; see [14, 38, 39, 40, 49, 50], as well as Malliavin’s original
work [44, 45, 46].

Theorem 8.8. For x € M, let X = X (x) be the solution to the Stratonovich SDE

dX = Ap(X)dt + Z Ai(X)odB',  with initial condition X, = x. (8.4)

i=1
Suppose that for each t > 0 the following two conditions hold true:

(i) The bilinear form
r t
Ci(x) := Z / X AN © (X A ds onT:M QT:M
i=1 Y0

is almost surely nondegenerate.

(ii) In terms of the inner product on T,M and reading C,(x) € Hom(T, M, T M),
we have
|C,(x)'| € LP  foreachp > 1. (8.5)

Then there exists a function p;(x,y) in C*(]0,t[ X M x M) such that

P (x,dy) = pi(x,y) vol(dy).

Remark 8.9. Thus proving Hormander’s parabolic result will come down to showing
that under hypothesis (H;), conditions (i) and (ii) of Theorem 8.8 are satisfied. We
will sketch the essential steps of the proof in the remainder of this section.

The idea underlying the probabilistic approach is the following. The measure
P;(x,dy) is the image of the Wiener measure under the mapping X;(x): w +—
X:(x,w). Since Wiener measure has a well-understood analytic structure, if this
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map were “smooth” then regularity properties of P;(x, dy) could be obtained by in-
tegration by parts on Wiener space. The goal of Malliavin calculus is to overcome
the difficulty that the map X,(x), however, is most pathological from the standpoint
of classical analysis or standard calculus. See [37, 25, 10] for survey articles along
these lines.

Theorem 8.10. Suppose that (H) holds true, i.e.,

dimLie(Ay, ..., Ax [Ai, Ajlo<ij<r
[Ai, [A), Akllo<ijkzrs - - )(x) =n  foreachx € M. (H;)

Then, for each x € M and each t > 0, almost surely,
r t
C(x) = Z / (X A ® (X A vds € ToM @ TyM
i=1 70

. ) *
defines a nondegenerate symmetric bilinear form on T; M.

Proof. We fix x € M and let

¢, .= span ((X;}Ai)x: i=1,.. .,r) cTM,

U, = span( U%), t >0,

s<t

U=\ .

s>t

Then (by the 0/1-law of Blumenthal) @/0+ is almost surely a fixed (deterministic)
linear subspace of T, M. We have to show that almost surely

Uy =TM.
Suppose that %" & T M. Then the stopping time
G::inf{t>0:%¢%0+}

is almost surely strictly positive. Leté € Ty M such thaté L %". Then, in particular,
& L %, for all t < o. In other words, we have foreachi =1,...,r,

(&, (X A)c) =0, foranyr < o.
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However, for any V € I'(T M), we know that

X

d(X;'V), = (X;*‘ [Ao, V])x ds + Z (X;} (A}, V]) o dB]

(X AO,V) ds+Z(X lA,,V) dB]

+Z( -4, AJ,V]])xds.

Thus, taking V = A;, where 1 <i < r, we have for ¢ < o,

(& (XA = (& A) + / & (X2 Ao, Arl)y) ds
~— ———— 0
=0

e 3 [e oA an,) asl (5.6
=170

- [ st am as
i=
By uniqueness of the Doob—Meyer decomposition, canceling the martingale part in
Eq. (8.6), we first obtain
(& (X AL ADx) =0, forl<i,j<rands<o.
By repeating the above calculation with [A;, A;] instead of A; we get
& X MALLA ADx) =0, forl <ij<rands<o.

This allows us to cancel the bounded variation part in Eq. (8.6) which gives, in
addition,
(& (X MAp AiDx) =0, forl <i<rands<o.

By iteration, we see that if A is any of the brackets appearing in (H;), i.e.,
A[I] € Lie(Ala ) Ar‘» [Ai’ A_i]OSi,_iSr9 [Ai9 [A]a Ak]]OSi,j,kSr, cee )9

then
& X Ay =0, s <o

In particular, by taking s = 0, we find that

(& (Aix) =0
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But, since according to (Hy),
Lie(Al’ R Ar’ [Al’ Aj]Osi,er, [Al’ [A]’ Ak]]Osi,j,kSr, s )(x) = TXM’

we conclude & = 0. m|

In the sequel, we want to sketch the proof that, for given x € M and t > 0,

Pt (X7 dy) = pt(x’ y) VOl(dy)’ (87)

where p;(x, -) € C*(M). This is the essential part in the stochastic proof of Corol-
lary 8.6(b). To this end, we have to show that u = P,(x,dy) as a distribution is
sufficiently smooth. This means that we have to find estimates for the distributional
derivatives of u.

Lemma 8.11. Let u be a probability measure on a manifold M (dim M = n) such
that
I, D) < Collflleos  forall € N" and f € CX(M).

Then u(dy) = p(y)vol(dy) with p € L'(dy) N C*(M).

Hence to achieve (8.7) for the measure u(dy) = P;(x, dy), we have to show that

E[O@ NG| < Call /o Vo €10

8.2 Girsanov’s theorem. In the sequel we shall use a basic fact from stochastic
analysis. This is a special case of Girsanov’s theorem [52] which specifies how to
remove a drift by change of measure.

Theorem 8.12 (Girsanov). Let B be a standard Brownian motion on R" and let u;
be a continuous adapted process taking values in R" as well, such that

1 t
E [exp (5/ |uS|2ds)
0

Consider the Brownian motion with drift B defined as

< 00,

dB\t = dBt + Uz dt

Then, if B is a Brownian motion on R” with respect to P, then B is a Brownian motion
on R” with respect to P, where the new probability measure P is given by

dp ! 1 [
—| =exp —/ usdBS——/ |us|2ds .
dP Z, 0 2 0
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Hence, defining

t 1 t
G, = exp (_/ ugdBs — _/ |uS|2ds) >
0 2 Jo

d]@:thP Onft.

we have

In particular, for any measurable functional F on path space, we conclude that
Ep[F(B.)] = E[F(B.)]. (8.8)

Eq. (8.8) specifies how a perturbation of a standard Brownian motion by an additive
drift can be compensated via a change of measure.

8.3 Elementary stochastic calculus of variations. We fix a point x € M
and consider u; = A a,, where A € Ty M and where a; is a continuous adapted process
taking values in

MR =T.MR"

1 t
E[exp(E/ |/las|2ds)
0

for all A in a small neighborhood U about 0.
In the SDE (8.4) defining the stochastic flow X, we add a drift to the driving
Brownian motion B,

such that

< oo,

dB} := dB; + Aa, dt,

and compensate this perturbation by changing the measure from P to P4,

P\.7: = G} - P|F,
t

t 1 t
G;l = exp (—/ AdagdBg — = / |1 as|2ds) .
0 2 Jo

We denote by X fl(x) the solution to SDE (8.4) when driven by Bt/l instead of B;.
By Girsanov’s theorem, we may conclude that

where

E [f (X;l(x)) g(Bfl) G;l] is independent of A. (8.9)

Here f is a smooth function on M and g is a functional of B4|[0, ¢] such that g(B%)
is differentiable in A. The explicit form of g will be determined later.
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We may assume that supp (f) lies in a chart of M; then we write (D; f)(x) :=
(df)y e;i. Also, since x € M is fixed, we identify 7 M with R".
From Eq. (8.9) we know that

5| Bl (xiw)smhal] <o

which gives

5| S o) (5] x| s
i A=

-5 | (%) oo

35, ()|

We write

9 L)
(@ Xt(x)) _ (0%,(x)),,.

a t
0X,(x) = —| XMNx) = X;. / (X' A), ay ds € Hom(Ty M, T, M).
=0 0

=0
It is easily checked that

an|,_

Thus, if we take
(X Ay TiM - R,

then
X1 (x) = X1 G ().

Finally, taking
8(BY) = (Gl (™) (B2

where y(B?%) is specified later, and then summing over k, we obtain
B | (D)X, () y(B.)]

5| r(x) Y -

k k1a=0

(cleoeey™) b G?].
kj

=: H;(y)

By iteration, this shows that

B(DiD; D+ £)(%(0)| = B[ FOG ) (- A AW 3.10)
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From Eq. (8.10) we get the crucial estimate
B[0iD;De - HX)|| < 1o X 11+ A AW, B0

where 1, denotes the function on M which is identically equal to 1. Hence, to
conclude, it remains to show that

|-+ A A5 (Am)l) < o0 (8.12)

for arbitrary indices 1 < i, j, k,... < n.
The terms appearing in the norm in (8.12) can easily be worked out explicitly by
using formulas like

i A 1_ _ - A -1

A OC (7! = -G o aiger, (8.13)
0

@/l (/ ( A)x dB ) . (8.14)

Note that apart from C, !(x), only polynomial expressions of quantities appear, which
lie in each LP-space (1 < p < o).

To conclude the proof of Theorem 8.8, the integrability condition (8.5) still needs
to be verified. This requires some nontrivial technical estimates; see [39] for a
detailed exposition, as well as the simplifications due to [49]. A unified treatment of
these issues can be found in [50].

9 Future prospects

Given a sub-Riemannian structure on a differentiable manifold M we have discussed
the problem of defining a canonical sub-Laplacian L = Ay on M, either as L =
tracey; Vdf by choosing a metric partial connection on H, or by endowing M with a
smooth volume measure and defining L as the divergence of the horizontal gradient.
Such sub-Laplacians have a representation in Hormander form as

1,
L—A0+§;Ai

with vector fields Ao, Ay,..., A, € I'(H) c I'(TM). Under the assumption that
Hormander’s bracket-generating condition (Hy) is satisfied, the existence of a smooth
heat kernel p,(x, y) in C*(]0, co[ X M X M) is guaranteed,

Pi(x,dy) := P{X;(x) € dy} = p:(x, y) vol(dy),



164 Anton Thalmaier

and probabilistic methods can be applied to investigate the asymptotics of p,(x, y)
for small and large times. Heat kernel asymptotic expansion is well studied in
Riemannian and sub-Riemannian geometry. The classical results of Ben Arous,
Léandre, and others [12, 42, 41] include such asymptotic expansion for the cases
of diagonal p;(x, x) and off-diagonal and off cut-locus p;(x,y); the on cut-locus
case p(x,y) is understood only up to the leading order [4]. For the application of
Malliavin calculus in the study of heat kernel expansions, see [58].
In terms of the I'-operator

1 [ee]
I(f.8) =5 (L(fe) - fLg—gLf). f.8€C™(M), ©.1
the Carnot—Carathéodory distance on M is defined as

dec(x, y) = sup {|f(x) = f(¥)]: f € CX(M), T(f, f)<1}. 9.2)
Under the strong Hormander condition,
Lie(Ay,..., Ay )(x)=TyM, xe M,

the Carnot—Carathéodory distance is finite and (9.2) defines a metric structure on M.
As in Riemannian geometry, it is natural to investigate the radial process

R; := dcc(x0, X;(x)) 9.3)

for large times [27]. On a Riemannian manifold, by means of classical Laplacian
comparison theorems, the speed of the radial process can be controlled by lower
(Ricci) curvature bounds. Defining curvature in sub-Riemannian geometry however
is an intriguing problem [1]. Up to now, for instance, no direct probabilistic proof
for nonexplosion in finite time of sub-Riemannian diffusion by controlling the radial
process (9.3) under sub-Riemannian curvature bounds is known [23].

During recent years, several results have appeared linking sub-Riemannian geo-
metric invariants to properties of diffusions of corresponding second-order operators
and their heat semigroup; see [6, 7, 21, 22]. These so-called curvature-dimension
inequalities are based on a generalization of the I';-calculus for sub-Riemannian
manifolds introduced by Baudoin and Garofalo [8].

Connections between the probabilistic behavior of subelliptic diffusions and an-
alytic properties of the corresponding heat semigroups, most directly expressed in
functional inequalities, have attracted a lot of attention [17, 48, 43, 3]. For instance,
denoting by P, f the (minimal) heat semigroup generated by

1 r
L=Ay+= > A%
0 221]
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acting on bounded functions f € C*(M), one seeks to find a constant C such that

|VRrP, £ < CP VM £ (9.4)

holds pointwise for any r > 0; see [17, 48]. Note that the squared norm of the
horizontal gradient V' f is given by

VR FP = ) (Af)
i=1

Conversely, functional inequalities of the type in (9.4) can be used to deduce nonex-
plosion of the underlying diffusion [9, 23].
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