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Abstract We define martingales on manifolds with time-dependent connection,
extending in this way the theory of stochastic processes on manifolds with time-
changing geometry initiated by Arnaudon et al. (C R Acad Sci Paris Ser I 346:773—
778, 2008). We show that some, but not all, properties of martingales on manifolds
with a fixed connection extend to this more general setting.
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1 Introduction

Stochastic analysis on manifolds with a fixed connection or a fixed Riemannian met-
ric has been studied for a long time, see e.g. the books by Hackenbroch and Thal-
maier [9] and Hsu [10]. Motivated by Perelman’s proof of the geometrization and
hence the Poincaré conjecture using Ricci flow [14—16], Arnaudon, Coulibaly and
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Thalmaier [1] introduced Brownian motion on a manifold with a time-dependent Rie-
mannian metric. Thanks to the subsequent papers by Coulibaly-Pasquier [5], Kuwada
and Philipowski [11,12] and Paeng [13], Brownian motion in such a time-dependent
framework is now well understood.

Stochastic analysis on manifolds, however, is not restricted to the study of Brownian
motion. Another important topic is martingale theory, which in the case of a fixed
connection is treated in depth in e.g. [6,7,9, 10], but which has not yet been studied in
the case of a time-dependent connection. The aim of the present paper was to fill this
gap.

The results of this paper will be fundamental for various geometric applications in
subsequent papers which include a study of the harmonic map heat flow on manifolds
with time-dependent metric, stochastic representations of harmonic forms in a time-
dependent setting, as well as new entropy formulas for positive solutions to the heat
equation under Ricci flow.

2 Horizontal Lift, Stochastic Parallel Transport and Stochastic Development on
Manifolds with Time-Dependent Connection

Let M be a d-dimensional differentiable manifold, 7 : F(M) — M the frame bun-
dle and (V(#));>0 a family of linear connections on M depending smoothly on ¢.
Let (2, F, P, (F;):>0) be a filtered probability space. Throughout the whole paper,
the notions of martingale, semimartingale, etc., are understood with respect to this
filtration. Moreover, all processes are tacitly assumed to be continuous.

Definition 2.1 (cf. [9, Definition 7.135] for the case of a fixed connection) An F(M)-
valued semimartingale U is said to be (V(t));>o-horizontal if

s (o dU;) =0, 2.1

Ra’xd

where w; is the -valued connection form with respect to V(z).

Proposition 2.2 (cf. [9, Satz 7.141] for the case of a fixed connection) Let X be an
M -valued semimartingale and Uy an Fo-measurable F (M)-valued random variable
with w Uy = Xo. Then there exists a unique (V(t));>o-horizontal lift U of X starting
at Uy, i.e. an F(M)-valued semimartingale satisfying (2.1) and m U = X. Moreover,
starting with an arbitrary lift U of X satisfying Uy = Uy (which can be constructed
using charts, see e.g. [9, Proof of Satz 7.141]) the horizontal lift U can be constructed
in the following way: Let

t

V= /a)s (o d(}s), 2.2)

0
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and G the solution to the GL;(R)-valued SDE

d
4G =~ D EeGody”.  Go=1. (2.3)
a,f=1
where Eqg € RY*4 s the matrix whose (i, j)-entry is 1 ifi = « and j = B, and 0

otherwise. Then
UI = f][Gl. (24)

Proof We first show that the process U defined by (2.4) is indeed (V (¢));>0-horizontal.
Letting ®: F(M) x GLy(R) — F (M) defined by ®(u, g) := ug, we have

@)= (i), =0

where 0, := dLgl (L, and R, denoting left resp. right multiplication with g). Since
moreover by [9, Bemerkung 7.128 (ii)], Ry, = Ad(g~ " w;, we obtain

w0 dU) = o (o 40 (0, G1))
= (®*w) (o 4 (0. G1))
= (R,@) (o d00) + 66, (o dG))
=Ad(G;") o (o d0;) +dLg) (0 dG))

d
— Ad (G,‘l) odyi— > G 'EqsGyody® = 0.
o,B=1

To show uniqueness, assume that U’ is another (V(¢));>o-horizontal lift of X with
Uy = Up. Then, U = U’'G with a GLy(R)-valued semimartingale G = (G;);>0
starting at /. The above computation yields dLE[1 (o dGy) = 0 and hence dG; = 0,
so that G; = I forall t > 0. O

Definition 2.3 (cf. [9, Definition 7.144] for the case of a fixed connection) The
(V(1))i>0-parallel transport along an M-valued semimartingale X is the family of
isomorphisms //s; : Tx,M — Tx,M (0 < s < t) defined by

[sa i=U, U,

where U is an arbitrary (V(¢));>o-horizontal lift of X. (As in the case of a fixed
connection, the result does not depend on the choice of the horizontal lift.)

@ Springer



J Theor Probab (2015) 28:1038-1062 1041

Definition 2.4 (cf. [9, Definition 7.136] for the case of a fixed connection) Let X be
an M-valued semimartingale, Uy an Fy-measurable JF (M )-valued random variable
with w Uy = Xo, and U the unique (V(¢));>0-horizontal lift of X starting at Up. The
R?-valued process

t

Z; :=/z9(o dUy) (2.5)

0

is called the (V(¢));>0-antidevelopment of X (or U) with initial frame Up; here ¥ is
the canonical R-valued 1-form on F(M),

O, (w) = u”N(drw), w e T,F(M).
Remark 2.5 A (V(t)):>0-horizontal semimartingale U can be recovered from its
(V()):>0-antidevelopment Z and its initial value Uy as the solution to the SDE
d .
dv, = > ='Wy 0 dZL, (2.6)
i=1
where (H iV(t))leI are the standard V (¢)-horizontal vector fields on F (M), i.e.

HY Oy =y O (uey), ue F(M),

where huv(t) ¢ TruwyM — T,F (M) is the horizontal lift with respect to the connection
V().
Proof To verify that U solves SDE (2.6), one has to show that

t

d
fW) = f(Uo) = Z/ HYY £(Uy) 0 dZ!

i=1 0
for all f € C®(F(M)). As in [9, Proof of Satz 7.137], this can be done as follows:
first, note that foru € F(M) and & € T,F (M), we have
d . d .
STHTY i) =D df @ HYY wiE)
i=1 i=1

d .
= > dr@hny® wey (u ')

i=1
d

=D df why Y (r.é).
i=1
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Together with the horizontality of U and (2.5), this implies that

t

SfWUs) — f(Up) = /df(o duy)
d t
=Z/ HYO fUs)dl(o dUy)

d 1
Z/ H'® £(Uy) 0 dZ,

as claimed. O

Corollary 2.6 Let U be a (V(t));>0-horizontal semimartingale, and X := w U. Then
we have the following Ito formulas:

1. For all smooth functions f on Ry x F(M) we have

d
9 .
a_{(t’ Updt+ > HYVf(, U)o dZ]

i=1

d(f(t,Ur))

d
9 .
— a—]:(t, Updt+ > HYOf@, Uy dzi

i=1

d
1 V(1)1 V(1) i i
+§.§. lHl. HYOF @ U d(Z!, 20,
i,j=

2. For all smooth functions f on Ry x M we have

d
a .
d(f(, X)) = a_];(t’ X dt + D (Uien) f(t, X;) 0 dZ]
i=1
f a .
= (1, X)de+ > (Ui f (2, X)) dZ;
i=1

d
1 . .
+5 > Hess" " f(Use;, Urej)d(Z', Z7),.
i,j=1

Remark 2.7 In the situation of Proposition 2.2 let Z, = fot ¥ (o df/s) where U is an
arbitrary lift of X with the same initial condition. Then,

dZ, = G, ' 0 dZ,. Q2.7
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Proof Sincen Uy =7 Ut, we have

dZ, =9 (o dU;) = U o mdU, = G107 0 1,dU,=G 19 (0 dU)=G; ! 0 dZ,.

O
Remark 2.8 In a formal way, the second part of Corollary 2.6 can be written as
dX; = U; odZ;, orequivalently, dZ; = Ul_1 odX;. (2.8)
In the same manner, the Itd differential ¥ X, of X is defined as
dVOX, =U,dZ,, orequivalently, dZ, = U 'd""X,. (2.9)

We shall discuss the significance of these differentials in Sect. 5.

3 Alternative Definition of Horizontality in the Riemannian Case

In this section, we assume that for each ¢t > 0, the connection V (¢) is the Levi-Civita
connection of a Riemannian metric g(#) depending smoothly on ¢ (we call this the
Riemannian case). In this situation, it seems natural to require that each U, takes values
in the g(¢)-orthonormal frames of M, i.e. U; € Og(;)(M) for all t > 0. To ensure this,
one has to add a correction term to (2.1).

Definition 3.1 An F(M)-valued semimartingale U is said to be (g(t));>0-Riemann-
horizontal if Uy € Og40)(M) and

=5
oQ

(1, Ureq, Usep) Eqp dt. 3.1

o3

d
1
dU;) = —= E
w; (o 1) 3 = :

o

1

In Proposition 3.7 below, we will show that any (g(¢));>0-Riemann-horizontal
semimartingale U satisfies indeed U; € Og(t)(M ) for all + > 0. Before doing so,
we show that the results of the previous section carry over to (g(¢));>o-Riemann-
horizontal processes with appropriate modifications:

Proposition 3.2 Let X be an M-valued semimartingale and Uy an Fo-measurable
Og(0)(M)-valued random variable with w Uy = Xo. Then there exists a unique
(g())r>0-Riemann-horizontal lift U of X starting at Uy, i.e. an F(M)-valued semi-
martingale satisfying (3.1) and = U = X. Moreover, starting with an arbitrary lift U
of X satisfying 00 = U, the (g());>0-Riemann-horizontal lift U can be constructed
in the following way: Let

t

V= /a)s (o dl?s), (3.2)

0
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and G the solution to the GL;(R)-valued SDE

d
4G, = — D EapG;ody”
o,f=1
d
1 g - -
- a§1 = (1. 0:Giea. U,Giep) GiEapdt, Go=1,  (33)

Then
U, = U,G,. (3.4)

Proof We first show that the process U defined by (3.4) is indeed (g(¢));>0-Riemann-
horizontal. As in the proof of Proposition 2.2 we obtain

o (0dUy) = (RE, o) (odﬁ,) +6g, (0dG))

= Ad(G") o (0d0) +dLG! (0dG))

d
— Ad (G;‘) odyr — > Gy 'EapGrody”
a,B=1

(o8]
o

(l, Uthea, Utheﬂ) Eaﬂ dr

N =

M=~ M=

(o5}

t

=5
o

(t, Urea, Usep) Eqp dt.

| =
S

t

o 1

Uniqueness of U can be proved in the same way as in Proposition 2.2 O.

Definition 3.3 The (g(?));>0-Riemann-parallel transport along an M-valued semi-
martingale X is the family of isomorphisms //s;: Tx M — Tx, M (0 < s < 1)
defined by

s = UtUs_l,

where U is an arbitrary (g(¢));>0-Riemann-horizontal lift of X.

Definition 3.4 Let X be an M-valued semimartingale, Uy an Fy-measurable O, )
(M)-valued random variable with w Up = Xo, and U the unique (g(¢));>0-Riemann-
horizontal lift of X starting at Up. The R?-valued process

t

Z :=/z9(o duy)

0
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is called the (g(#));>0-Riemann-antidevelopment of X (or U) with initial frame Uj.

Remark 3.5 A (g(t)):>0-Riemann-horizontal process U can be recovered from its
(g(t))s>0-antidevelopment X and its initial value Uy as the solution to the SDE

d d
o1 9
v 8
dv, = > B Wy) 0 dZ] -3 > 5, (1 Urea, Usep) Vop(Uy) dr,
i=1 a,p=1

where (Vy. ﬁ)g’ p— are the canonical vertical vector fields defined as

d
VOB £y = &‘s:of (I + 5Eup))

(I denoting the identity matrix).

Proof Noting that o, (Vyg) = Eug (by the definition of wy), this can be proved in the
same way as Remark 2.5. O

Corollary 3.6 Let U be a (g(t))i>0-Riemann-horizontal semimartingale, and X =
7 U. Then we have the following Ito formulas:

1. For all smooth functions f on Ry x F(M) we have

d
9 .
4@ v = Lo vpa+ Y 1 O rw vy oz
i=1
1 & e
3 Z a (t, Uteq, Uteﬂ) Vap f (2, Up) dt
a,B=1
af d V() i
= (L Uy di+ > B r U dz]
i=1
1 ¢ o
+5 > H H]Opa upd(z'. 20),
i,j=1
1 & ag
-3 > 5(;, Urea, Ureg) Vap f(t, Up)dt.  (3.5)
a,B=1

2. For all smooth functions f on Ry x M we have
d

a .
d(f(t. X)) = a—’;(r, X)dt + > (Usen) f (. X)) 0 dZ]

i=1
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of d .
= (L X)dr+ > (Wien f(t. X1) dZ]

i=1

d
1 o
+3 z Hess¥f (Use;, Uej) d(Z', Z7),.
i,j=1

Proposition 3.7 Let U be a (g(t)):>0-Riemann-horizontal semimartingale. If Uy €

Og0)(M), then U; € Og(1y(M) forall t > 0.

Proof We have to show that (Uye;, Usej) () is constant for all 7, j € {1,...,d}. To
doso,wefixi, j € {1, ..., d} and apply Itd’s formula (3.5) to the function f (¢, u) :=

(uej, ue;i) o). Obviously,
J18(0)

0 ad
B—J:(l, u) = a—f(uei, uej).

Since f is constant along horizontal curves in F (M), we have
Vi) o _ VO VO o _
H W f=H""H ; f=0.

Finally, for u € Og)(M),

Ve f(t,u) = d

E‘s:of (t, u(l + 5Eqp))
d

(u (I + sEqp) €i, u (1 +SEaﬁ) €jlg)

ds ls=0

=% s:O((I +5Ea[5) ei, (I +sEa;3) €j)Rd

= (Eqpei, €j)rd + (€i, Eqpej)Ra
2 fa=p=i=],

=11 ifi#jand (¢ =i,B=jora=j,B=1i),
0  otherwise,

so that

d
1 d 0 a
5 D St ueq uep)Vap f(t,u) = 5 (uer, uey) = —a—’:(r,u).

o,f=1

Remark 3.8 In the situation of Proposition 3.2 let Z, = fot V(o dljs). Then
dZt = Gt_l OdZ[.

Proof This can be proved in the same way as Remark 2.7.

@ Springer
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Remark 3.9 Let X be an M-valued semimartingale and Up an JFp-measurable
Og(0)(M)-valued random variable with 7 Uy = Xo. Then, X has on the one hand
a unique (V(¢));>o-horizontal lift U starting at Ug, (V(t));>o-parallel transports //
5.0 (0 <s <1t)anda (V(t));>0-antidevelopment Z, and on the other hand a unique
(g(1))s>0-Riemann-horizontal lift U Riem starting at Up, (g(?));>0-Riemann-parallel
transports /KM (0 < s < 1) and a (g(1));>0-Riemann-antidevelopment ZRiem,
Proposition 3.2 implies that

17/Ri 1 1 (98 * Ri
d(U,— U! lem)z—EU,— (5) URiemg;

and

d (/5 lem) = - //0,( )//R‘em

Moreover, in this case, the process y defined in (2.2) resp. (3.2) and therefore also
the process G defined in (2.3) resp. (3.3) is of finite variation, so that the Stratonovich
differential appearing in (2.7) resp. (3.6) may be replaced by an It6 differential.

Remark 3.10 For the Stratonovich differential dX,, resp. Itd differential dV®) X, of
X, as introduced in Remark 2.8, one observes that

dX; = U, 0dZ, = UR™ o dzRiem - and
d¥OX, = U, dZ, = URe™ gzRiem,

This follows directly from Remark 3.8 or from a comparison of Corollaries 2.6 and 3.6.

4 Quadratic Variation and Integration of 1-Forms

Proposition 4.1 Let X be an M -valued semimartingale, U a (V(t)):>0-horizontal or
(g(t))s>0-Riemann-horizontal lift of X, and Z; := fot V(o dUy) the corresponding
(V(t))s>0-antidevelopment resp. (g(t));>0-Riemann-antidevelopment. Then for every
adapted T*M @ T*M-valued process B above X (i.e. B; € T;(“TM ® T;[Mfor all
t > 0) we have

/B(dXY,dX)— Z/ (Usei, Usej) d(Z', Z7)s.

i,j=1%

Proof By [9, Lemma 7.56 (iv)] there exist £ € N, real-valued adapted processes
(B’“’)ﬁ ,— and functions k1, ..., hy € C*°(M) such that B, = Z B’w(dh ®

) w,v=1
dh,)(X;) for all t > 0. It follows that
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t
/BS (dX,, dXy) (B*’dh, ® dh,) (dX,, dX,)
0

Il
MN
N O —

®
<
Il
—_

I
i [\4N

/ (I (X), (X)),
O

Since by 1t6’s formula (Corollary 2.6 resp. Corollary 3.6)

d(h,(X), hy(X))s = Z(Usez)hu.(x )(Usehy(Xs)d(Z', Z7)s

d
Z (dh, ® dh,) (Use;, Uge;) d(Z', Z7)s,
]:
the claim follows. O

By choosing By = Hessv(")f(Xs) or (in the Riemannian case) B; = g(s, Xy), we
obtain the following two corollaries:

Corollary 4.2 For all smooth functions f on Ry x M we have

d
d .
4@ X0 = L xp a4 Y Wien 10, X0 a7

i=1
1
+5 HessVVf (dX,, dX,). 4.1
Corollary 4.3 (Riemannian quadratic variation) In the Riemannian case,

! d
/g(s)(dxs, dxy) = > (7, Z'),.

0 i=1

Remark 4.4 For a smooth function f on M (independent of time), using that

d d
D Wie) f(X)dZ) = D (df)x, (Urer) dZ] = (df)x, (U; dZy)

i=1 i=1
= (df)x,@ "Xy,

formula (4.1) reads as
1
d(f(X0) = [@f)x, (" X)) + 5 Hess " (X, dX)), 4.2)
or more generally, replacing df by a general 1-form o € I'(T*M) we obtain
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a(o dX;) = a(dVPVX,) + %(V(r)a)(dX,, dXx,). 4.3)

Formula (4.3) gives the relation between Itd and Stratonovich differential. In local
coordinates, we have formulas analogous to the time-independent case (see for
instance [3, p. 423]):

3 i i 1
a(o dX;) = Za, (X)dX! + = Z i(X,)d(X,, X7, (4.4)

a(dv(t)X ) = Zal(Xt) (Xm + — ZF k([ Xt)d(Xf, X;j>) 4.5)

where F; «(t, +) are the Christoffel symbols with respect of V(7).

Proposition 4.5 Let X be an M -valued semimartingale, U a (V(t));>0-horizontal or
(g(t))r>0-Riemann-horizontal lift of X, and Z; := fot V(o dUy) the corresponding
(V(t))s>0-antidevelopment resp. (g(t)):>0-Riemann-antidevelopment. Then for every
adapted T* M -valued process WV above X (i.e. ¥, € T)’(", M for all t > 0) we have

t

/\Il(odX)—Z/\IJ(UAe, )odZ:.

0 i=17p

Proof By [9, Lemma 7.56 (v)], there exist £ € N, real-valued adapted processes
W', ..., W’ and functions hy, ..., he € C®(M) such that W, = S5, Wrdh,(X,)
for all + > 0. It follows that

t

/\I/(odX)—Z/\Ildh (o dXy)

0 v=17
Z/ Vo dhy(Xy).

Since by It6’s formula (Corollary 2.6 resp. Corollary 3.6)

d
dhy(Xs) = D dhy(User) 0 dZ;,
i=1

the claim follows. O

Remark 4.6 In the situation of Proposition 4.5, repeating the calculation with Itd
differentials and taking into account (4.2), resp. (4.2), we obtain the analogous formula
for the It6 integral:
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t

/xp d¥9x,) = Z/\If (Uge)dZ:.

0 =1
See Emery [6, Chapter VII] for the general framework.
By choosing ¥y = a(Xj) for @ € ['(T*M), we have the following corollary:

Corollary 4.7 (Itd and Stratonovich integration of 1-forms along a semimartingale)
Let X be an M-valued semimartingale, U a V(t)-horizontal lift and Z the V (t)-
antidevelopment of X, resp. UR®™ a g(t)-Riemann-horizontal lift and ZX™ the cor-
responding g(t)-antidevelopment of X. Then for each a € T (T*M) the following
formulas hold:

t

/a(o dX,) —Z/a(X )(Uye;) o dZ!

0 i=17

_ i / o (X) (UReme;) od (zRiem)i
0

/ta(dvmx ) = Z/a(X )(Use;) dZ!

0

110

d ! .
_ Riem Riem !
_ZEZI/a(X) U )d(z )S.

5 Martingales on Manifolds with Time-Dependent Connection
Proposition 5.1 (cf. [9, Satz 7.147 (i)] for the case of a fixed connection) Let X be
an M-valued semimartingale. Then the following conditions are equivalent:

1. The (V(t))s>0-antidevelopment of X is an R4 -valued local martingale.
2. For any smooth f: M — R the process

t

f(X) — f(Xo) — % / Hess¥©)f (dX;, dX;), >0,
0

is a real-valued local martingale.
3. For any a € T'(T*M) the process

t

/a(dv(”Xs), t>0,

0

@ Springer



J Theor Probab (2015) 28:1038-1062 1051

is a real-valued local martingale.

Moreover, in the Riemannian case, these conditions are equivalent to the condition
that the (g(t)):>0-Riemann-antidevelopment of X is an R9-valued local martingale.

Definition 5.2 X is called a (V(¢));>0-martingale if the equivalent conditions of
Proposition 5.1 are satisfied.

Proof of Proposition 5.1 Let Z be the (V(t));>o-antidevelopment or (g(t));>o0-
Riemann-antidevelopment of X, and f € C°°(M). Then by Corollary 4.2

t d t
700 = 00 5 [ Hess" @, ax) = Y [ Woensxazi

0 =19

This is a local martingale for all f € C*(M) if and only if Z is an R?-valued local
martingale. The equivalence with the third item is clear from Corollary 4.7. O

Proposition 5.3 (Local expression) A semimartingale X is a (V(t));>o-martingale if
and only if in local coordinates

. 1 . .
dx; = -2 > i xndx!, x5,
jk
up to the differential of a local martingale.

Proof This can be proved in the same way as in the case of a fixed connection (see
e.g. [7, Proposition 3.7]), or derived directly from the representation (4.5) in local
coordinates. O

Example 5.4 Let M = R equipped with the standard metric go, and let u be a
strictly positive smooth function on Ry x R. Define the metric g(z, -) by g(¢, x) =
u(t, x)go(x), and let V(r) be its Levi-Civita connection. Let b and ¢ be smooth func-
tions on Ry x R, and X the solution to the SDE

dXt = b(t, Xt)dt + O'(t, Xt)th,

where W is a standard one-dimensional Brownian motion. Then, X is a (V(#));>0-
martingale if and only if

’ 2

4u

b=—

on {(¢, X;) |t > 0} (the prime denotes differentiation with respect to x).

Proof Taking into account that the unique Christoffel symbol of V() equals u'/(2u),
the claim follows immediately from Proposition 5.3. O
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6 Convergence of Martingales
6.1 Local Convergence

Proposition 6.1 (cf. [9, Lemma 7.187] or [10, Theorem 2.5.6] for the case of a fixed
connection) Let U C M be an open subset with the following property: There exists
a smooth function ¢ = (¢', ..., %) : M — RY such that

e ¢|y is bounded,
® ¢|u is a diffeomorphism onto its image, and
e HessV® @i (x) > Oforalli €{l,...,d},allx € U andallt > 0.

Then each (V(t)):>0-martingale X converges almost surely on the set
Qo := {X lies eventually in U} .

Remark 6.2 In the case of a fixed connection, each point x € M has a neighbourhood
U with that property (see e.g. [9, Lemma 7.187] or [10, Theorem 2.5.6]).

Proof of Proposition 6.1 By Definition 5.2 for each i € {1,...,d}, there exists a
real-valued local martingale M’ such that

¢ (X)) = ¢' (Xo) + M! + Al

t
where Al := %fHessV(‘Y)wl dXy, dXy).
0

Since HessV® ¢! > 0 on U, the process A is eventually non-decreasing and in
particular bounded from below on €. Since ¢'| is bounded, it follows that the local
martingale M’ is bounded from above and hence convergent on Qg (because it is a
time-changed Brownian motion). This implies that the process A’ is bounded and
hence convergent on 2 (since it is eventually non-decreasing). Consequently, the
process ¢’ (X) converges on €2, and, since ¢|y is a diffeomorphism onto its image,
so does the process X.

6.2 Darling—Zheng
An important result of martingale theory in the case of a fixed connection is the
convergence theorem of Darling and Zheng (see e.g. [9, Satz 7.190]): let X be an M-

valued martingale with respect to a fixed connection V, and gg an arbitrary Riemannian
metric on M. Then

o0
{Xoo exists in M] C |/g0(dXs,dXs) <ooyp C {Xoo exists in M} (6.1)
0

@ Springer



J Theor Probab (2015) 28:1038-1062 1053

where M is the Alexandrov compactification of M. In the case of a time-dependent
connection, at least the second inclusion does not hold. To see this, consider the
following example:

Example 6.3 In the situation of Example 5.4 take u(¢, x) = exp(a(t)x), o(t,x) =
o(t)and b(t, x) = —%a(t)a2(t) with smooth functions a, 0 : Ry — R. Then, X is a
(V(1));>0-martingale, and

t t

X, =X — %/a(s)o(s)zds +/O’(S)dWS,
0 0

so that fot go(dX,,dX,) = f(; o (s)?ds.If o is chosenin sucha way that [;° o' (s)?ds <
00, then fooo g0(dXs, dXs) < oo, but the function a (being arbitrary) can be chosen
in such a way that X does not converge in R.

In the Riemannian case, one might hope that the second inclusion of (6.1) holds if
we replace the arbitrary fixed metric go with the given metrics (g(s))s>0, i.e. that

o0

/g(s)(dXs,dXs) <oob C {Xoo exists in M}
0

This, however, turns out to be wrong as well:

Example 6.4 In the situation of Example 5.4 take u(t, x) = u(t), o(t,x) = 1 and
b(t,x) =0. Then X is a (V(¢));>0-martingale, and

X: =Xo+ W,

so that fé g()([dXy, dX,) = fot u(s)ds. If u is chosen in such a way that [ u(s)ds <
00, then fooo g(s)(dXs, dX) < oo, but obviously X does not converge in R.

7 Uniqueness of Martingales with Given Terminal Value
Proposition 7.1 (cf. [9, Lemma 7.204] for the case of a fixed connection) Let My be
a submanifold of M which is totally geodesic in M with respect to V (t) for all t. Then
for each xy € My and each T > 0 there exist an open neighbourhood V of xo in M
and a non-negative function f € C*°(V) satisfying

fx) =04 x €M
and

Hess'® f(x) >0 (7.1)

foralls € [0,T)and all x € V.
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Proof Let dy := dim Mj. Choose coordinates xi, ..., xg for M on a neighbourhood
O of x¢ in such a way that

ONMy=0nN{xg41=...=x4=0}. (7.2)

We will show that for sufficiently small ¢ > 0 the function

Fe =5 (2 1ER)

where X := (x1, ..., xg,) and X := (Xgy+1, - - - , x4) does the job on a possibly smaller
neighbourhood V of x¢. All we have to show is that (7.1) holds provided one chooses
c and V small enough.

Let szj (s, x) be the Christoffel symbols with respect to V(s). Since M| is totally
geodesic and because of (7.2) one has

MY, x) =0, i,j<do, k=do+1

for all s > 0 and all x € O N M. By the compactness of [0, T'], this implies the
existence of a constant C < oo such that

IThGs.0| < CIEl. i j <do. k=>do+1. (1.3)
Since
d
Hess'® f(x) = Z H;j(s, x)dx; @ dx;,
ij=1
where
Hij(s, x) = ZFk (s, x)—(x)

it suffices to show that the matrix H (s, x) is positive definite for all s € [0, 7] and all
x € V\ Mo, provided that c and V are chosen small enough. Using the decomposition
of {l,...,d}intol ={1,...,do}and J = {dp + 1, ..., d}, this is true if and only if
the same statement holds for the block matrix H*(s, x) defined by

1 1
o W(Hij(svx))(i,j)elxl m(Hij(Ssx))(i,j)eli
s, x) =
1 1
m(Hij(ssx))(i,j)eJxI C—Z(Hij(s,x))(i,j)ejxj
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(use the general fact that for any ¢ > 0, a symmetric block matrix (2 2) is positive

. . . A ¢B .
definite if and only if the matrix ( B CCZ C) has this property).

Since
of xilX[? 1 <k <dp,
Yy =
dxg (@ + X3 do+1<k<d,
and
92 f 8ijI1%1? 1<i,j<d,
(x) = 2x;x; l<i<dpanddp+1<j<d,
axiax]‘

8ij(c* +1X17)  do+1<i,j<d,

we obtain on [0, T'] x (O \ My), using (7.3),

d
¢+ |x|
H*(s, x)ij = 8ij — ZFU(S X)X — ( TRE ) Z F,{(j(S,X)xk
k=dy+1
=5ij+o(|)z|+c) ifi, j < do,
A~ do 2 d
2xix;i |x| |x|
* L A k _ k
H™ (s, x)ij = Rl e D ThGs, 0k (| I > Tis, 0xx
k=1 k=dp+1
(II+M+ I)?I) ifi <dy, j =do+1,
FPY R 5
H*(s,x)ij = 8ij (1+—) ——ZF (s, x)xk—( B |2) Z Tk (s, )
k=dy+1
2 2
X X||X o .
—%+OGL+|”|HI) 0, ) > do+ 1.

This implies that

lim lim H*(s,x) =1

c—>0x—>x0

uniformly in s € [0, T'], so that on [0, T] x (V \ My) the matrix H*(s, x) is positive
definite provided that ¢ and V are small enough (the choice of V has to depend on the
choice of ¢). m]

Corollary 7.2 Let M be submanifold of M which is totally geodesic in M with respect
to V(t) for all t. Then given T > 0 each point xo € My has an open neighbourhood
V in M with the following property: If X is a V-valued (V(t));>0-martingale such
that a.s. X7 € My, then a.s. X; € Mg forallt € [0, T].
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Proof Choose V and f as in Proposition 7.1. Then f(X) is a non-negative submartin-
gale with f(X7) =0 a.s., hence f(X) =0a.s.on [0, T]. O

Corollary 7.3 (Uniqueness of (V(t));>o-martingales with given terminal value)
Given T > 0 each point x € M has an open neighbourhood V with the following
property: If X and Y are two V -valued (V (t));>0-martingales such thata.s. Xt = Yr,
then a.s. X; = Yy forallt € [0, T].

Proof Apply Corollary 7.2 to the diagonal embedding of M into M x M equipped
with the product connections V(¢) ® V(z). O

8 Behaviour of Semimartingales Under Maps

Proposition 8.1 (cf. [9, Satz 7.156] for the case of fixed connections) Let N be
another manifold, also equipped with a smooth family of connections (ﬁ(t))tzo,
and let f € C®°(R4 x M, N). Let X be a semimartingale on M, U a (V(t));>0-
horizontal or (g(t));>0-Riemann-horizontal lift of X, and Z the corresponding
(V(1))1=0-antidevelopment or (g(t)):>0-Riemann-antidevelopment. Moreover, let U
be a (V(t)),>o horizontal or (§(t))¢>0-Riemann-horizontal lift of the image process
Xt = f(t, Xy), and 7 the corresponding (V(t)),>0 -antidevelopment or (g(t)):>0-
Riemann-antidevelopment. Then the following formula holds:

~ - 0 -~
dZ, = U,_lg(t, X)) dr + U7 dfU, dz,
1~ -
+§U;1 HessY VO r ¢, X,)(dX,, dX,). (8.1

Proof Let n := dim N and ¢ € C°°(N). Then by Corollary 4.2 and the pullback
formula for the quadratic variation (see e.g. [9, Satz 7.61]),

n ~
dp(X) =" (f],ek) o(X)dZk + % HessV g (df(t, df(,)
k=1
n

i o -
= (U,ek) P(X)dZf + 5 (f* Hessv(’)q)) X, dX,)).  (82)
k=1

On the other hand, using the Hessian composition formula
Hess¥ (g o £) = dg o Hess" VD £ 1 £* HessV®) ¢
(see e.g. [9, Satz 7.155]), we obtain

de(X;) = d(p o f)(t, X;)

_gof)
ot

d

————(t, X)) dt + > _(Uei)(p o f)(t, X,)dZ]
i=1
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d
1
+5 'Zl Hess" (¢ o £)(dX,, dX,)
i,j=

(so f)

d

———=(t, X dt + D (Use) (g o ), X) dZ]
i=1

1 ~
+5 (dw o Hess¥ -V ® f) dX,, dX,)
1 * V()
+5 ( f*Hess (p) dX,, dX,). (8.3)

Combining (8.2) and (8.3) we obtain

n d

> (Orer) o (X0 aZf = (“’ f KoL xoya+ > Weno e X0z

k=1 i=1

1 ~
+> (d(p o HessV -V ® f) dX,, dX,).

Since this holds for all ¢ € C°°(N), it follows that

n d
> (Oier) azf = %(;, X)di + > df (. User) dZ]

k=1 i=1

1 ~
+3 Hess' -V rdx,, dX,)

and hence

Ulf

1 1~ V), V(t)
dz, = (t, X)) dt + U7'dfU, dz, + 2U Hess £, X,)(dX,, dX,).

O

Corollary 8.2 Ifthe connections V (t) are the Levi-Civita connections of Riemannian
metrics g(t) and if X is a (g(t));>o0-Brownian motion (whose (g(t)):>0-Riemann-
antidevelopment W is a Euclidean Brownian motion), then

of |

o Ag“) Wf)f) (t, X)dt + U~ dfU, aw,, (8.4)

dz, = 0! (

where ASOV Oy s the tension field of u with respect to g(t) and V (1).

Corollary 8.3 The function f maps (g(t));>0-Brownian motions to (V(t));>0-
martingales if and only if

af
L 590
FTRE f=
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forallt > 0.

Remark 8.4 In the situation of Proposition 8.1, one may consider the “intrinsic” anti-
developments of X, respectively X, defined by

A; = UpZ,, respectively A, :=UyZ,,

which take values in T% , respectively TXON . Note that,
dA; = //(I} odX,, respectively dA, = /7(;} odX,,

where //o; = U,U, ! and //0, = U,U, 1 denote the parallel transports along X,
respectively X. Then, formula (8.1) reads more intrinsically as

~ ~ 10 ~
ad = 5} Lo xoar+ 5 df fo.aa,

1 - ~
+§//(;} Hess' VO £ (1, X,)(dX,, dX,). (8.5)

The same remark applies to formula (8.4) which then reads as

= To. ( Ca ;Ag") V‘”f) (6. X)dt + /]oy df [fo.sdAr

Recall that in this formula, A, = Uy W, is a Euclidean Brownian motion in Ty, M.

Remark 8.5 In terms of It differentials (see Remark 3.10 above)
d¥OX, = //o,dA,, respectively dﬁ(l)f(, = /7&} dA;,

formula (8.5) simplifies to

coe D
V0%, = B—J;U, Xpydr +df (a¥OX,)

1 ~
+5 HessV VO £(¢, X,)(dX,, dX,). (8.6)

9 Derivative Processes, Martingales on the Tangent Bundle and Applications to
the Non-linear Heat Equation

In this section, we assume for simplicity that the connections V(¢) are torsion-free.
Let V'(z) the complete and V" (t) the horizontal lift of V(¢) to the tangent bundle 7M.
In the same way as in [4], one can obtain the following results.

Theorem 9.1 (cf. [4, Theorem 3.1] for the case of a fixed connection) Let I be an
open interval containing 0 and (X;(5))>0,sel1 @ Cl—family of continuous M-valued
(V(t))i=0-martingales. Then the T M-valued derivative process (X});>0 defined by
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X =2 X
re ds ls=0 !

is a (V'(t))s>0-martingale.

Theorem 9.2 (cf. [4, Corollary 4.4] for the case of a fixed connection) A T M -valued
semimartingale J is a (Vh (t))s>0-martingale if and only if

1. its projection X to M is a (V(t));>0-martingale, and

2.d(//517) = 0.

Theorem 9.3 (cf. [4, Theorem 4.12] for the case of a fixed connection) A T M -valued
semimartingale J is a (V' (t));>o-martingale if and only if

1. its projection X to M is a (V(t));>o-martingale, and
2. d(@a}],) Z 0, where Oo,: TxyM — Tx,M denotes the damped parallel
transport along X, defined by the covariant equation

_ 1
d (//o100s) = =5//0,R7 (B0 dX,) dX1.  ©0,0 = Wy, u

Remark 9.4 In the Riemannian case, the condition d(// a : Jr) = 0 in Theorem 9.2 can

also be expressed using the Riemann-parallel transport //;’ R‘em

obtains that it is equivalent to

a((em) )2 5 () 1(2—“;’)#1,dt.

Similarly, the equation defining the damped parallel transport is equivalent to

a () " on) - (//R‘em) (aag ) O dr

(//Rlem) RED (@, dX,)dX,. 9.1)

; using Remark 3.9 one

If X is a (g(7));>0-Brownian motion, (9.1) simplifies to

o((8) "0 =58 () - w02

which coincides with the expression given in [1, Definition 2.1] and [5, Definition 3.1].
Combining Theorems 9.1 and 9.3, one obtains

Corollary 9.5 Let I be an open interval containing 0, (X;(s))ses a C'-family of con-
tinuous M-valued martingales, X; := X;(0), and (X});>0 the T M-valued derivative

process defined by X; := %|S=0Xt(s). Then the process (@&:X;),Zo is a Tx,M-
valued local martingale.
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Let now N be another differentiable manifold and 71 < T». Let (g(¢))1,<:<7, be a
smooth family of Riemannian metrics on M, V(z) the Levi-Civita connection of g(z)
and (@(t))TIS,ST2 a smooth family of connections on N. Letu: [Ty, To] x M — N
be a solution of the non-linear heat equation

8_u - lAg(f)ﬁ(f)u. 9.3)
a2

We fix x € M, let (X;)o</<1,—7, be an M-valued (g(T> — t))o</<71,—T1, -Brownian
motion starting at x, and define

X =ul—1,X), 0<t<Th—Ti.
Proposition 9.6 (cf. [4, (5.22)] for the case of fixed Riemannian metrics) Let
u: [Ty, ) xM— N

be a solution of Eq. (9.3). Let ©¢ ;: TxM — Tx, M be the damped parallel transport
along X, and éo,z : T}}ON — T)}t N the damped parallel transport along X, where X

and X are defined as above. Then for each v € Ty M the Ty (t.x)N-valued process
O du(Ty — 1, X,) O v, 0=t <T— T,

is a local martingale.

Proof Let y: R — M be a smooth curve with y(0) = x and y(0) = v. By [2,
Theorem 3.1] there exists a smooth family (X;(s))o</<7,—7,, sk of M-valued (g(T> —
1))0<t<T,—T7,-Brownian motions satisfying Xo(s) = y(s) forall s € R, X;(0) = X;
forallt € [0, T, — T}] and

0
— X = .
s ls—0 1(8) = O v

Let
X, (s) = u(Tr —t, X;(s)).

By Corollary 8.3, the process (X, (8))o<t<7,—T1, 1s an N-valued (V(Th — 1))o<t<To—T; -
martingale for each s € R. Moreover,

ad - 0
—| X)) =du(Ta —t, X1)—| Xi(s) =du(T> —1, X;)Og 0.
ds ls=0 as ls=0 ’
Therefore, the result follows immediately from Corollary 9.5. O
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Remark 9.7 1If the local martingale in Proposition 9.6 is a true martingale, we obtain
the stochastic representation formula

du(Ts, x) = E [(Z)(;}THI du(Ty, XTZ_TI)(%,TZ_TI] . (9.4)

Theorem 9.8 Let M be a connected differentiable manifold equipped with a smooth
Sfamily (g(t)) —oco<t<T Of Riemannian metrics satisfying

g

5, T Ricen = K >0 9.5)

(uniformly strict super Ricci flow), and let (N, g) be a Riemannian manifold of non-
positive sectional curvature. Then every ancient solution u: (—oo, T] x M — N of
the non-linear heat equation

du _ 1, s,

a2
whose differential is bounded is constant.

P;:oof of Theorem 9.8. The curvature conditions imply that ||®¢ | < e K15/2 and
1V, i | < 1, so that the local martingale in Proposition 9.6 is bounded and hence a
true martingale. The representation formula (9.4) then implies that

Idu(t, x)llz < e ®5/% sup ||du(t — s, y)l|.
yeM

The claim now follows from letting s — oo. O

Remark 9.9 More refined representation formulas and Liouville theorems for the non-
linear heat equation in the spirit of [17] can be found in our recent preprint [8].
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