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Preface

These are very preliminary notes to the course “SDE and PDE (Solving PDE by running a
Brownian Motion)” taught in frame of the Master of Mathematics program at the University of
Luxembourg during the academic year 2020/21.






CHAPTER 1

Motivation

Let M be a differentiable manifold of dimension n (e.g. M = R”, S, T", H",... or an
open domain in such a space, ...) and denote by

T™ 5 M
its tangent bundle. In particular, we have 1i.e.
TM = Upery T, M, 7T, M = z.
The space of smooth sections of 7'M is denoted by
D(TM)={A: M — TM smooth | 7o A =idy}
={A: M — TM smooth | A(x) € T, M forallz € M}.
The sections A € I'(T'M) are called (smooth) vector fields on M.
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NOTE 1.1. As usual, we identify vector fields on M and R-derivations on C*°(M) as fol-
lows:

D(TM) ={A: C®(M) — C>*(M) R-linear | A(fg) = fA(g) + gA(f) Vf,g € C=(M)}
where a vector field A € I'(T'M ) is considered as R-derivation via
(1.1) A(f)(z) :=df. A(x) e R, x€ M,
using the differential df,.: T, M — R of f at z.
NOTE 1.2. Let (h,U) be a local chart of M. Then
0 0
Ohils’ 7 Ohy,
is a basis of T, M for every = € U. Hence A € I'(T'M) can be written locally as

T

AlU = ZAZa% where A; € C*(U).
i=1 !
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2 1. MOTIVATION

1.1. Flow to a vector field

Given a vector field A € I'(T'M ). For a fixed x € M we consider the smooth curve ¢t — x(t)
in M with the properties

2(0) = = and @(t) = A(z(t)).

We write ¢;(z) := z(t). In this way, we obtain for A € ['(T'M) the corresponding flow to A
given by

d

¢o = idyy.

System (1.2) means that for any f € C°(M) (space of compactly supported smooth functions
on M) the following conditions hold:

d
fogo=T.

Indeed, by the chain rule along with definition (1.1), we have for each f € C°(M),

d d
(000 = (df)s, b = (df)o, Alde) = A(f)(¢1)-
In integrated form, for each f € C'2°(M ), the conditions (1.3) write as:

t

(14 fooe)— 1) = [ AP ds =0, 120, v M.
0
NOTATION 1.3. As usual, the curve

o.(x): t— dy(x)
is called flow curve (or integral curve) to A starting at x.

REMARK 1.4. Defining P, f := f o ¢;, we observe that %Ptf = P,(A(f)), in particular

d
1.5 —| Bf=A(f).
(1.5) 7|, Fif = Al)
In other words, from the knowledge of the flow ¢;, the underlying vector field A can be recov-

ered by taking the derivative at zero as in Eq. (1.5).
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In the same way as a vector field on a differentiable manifold induces a flow, second order
differential operators induce stochastic flows with similar properties. In this sense, Brownian
motion on R" or on a Riemannian manifold appears as the stochastic flow associated to the
canonical Laplace operator. The new feature of stochastic flows is that the flow curves depend
on a random parameter and behave irregularly as functions of time. This irregularity reveals an
irreversibility of time which is inherent to stochastic phenomena.

1.2. Flow to a second order differential operator

Now let L be a second order partial differential operator (PDO) on M, e.g. of the form

(1.6) L=Ay+> A,

i=1
where Ag, Ay, ..., A, € T(TM) for some r € N. Note that A? = A; o A; is understood as
composition of derivations, i.e.

A(f) = Ai(A(f),  fel=(M).

EXAMPLE 1.5. Let M = R"™ and consider

A0:OandAZ-:

fort=1,...,n.

a:['i
Then L. = A where A is the classical Laplace operator on R".

Alternatively, we may consider partial differentiable operators L on M which locally in a
chart (h, U) can be written as

(1.7) L|U = Zb,& + Z aij(()iaj,
i=1 ij=1
where b € C°(U,R") and a € C*°(U,R" ® R") such that a;; = a;; for all 7, j (a symmetric).
Here we use the notation 0; = aim.
Motivated by the example of a flow to a vector field (vector fields can be seen as first order
differential operators) we want to investigate the question whether an analogous concept of flow
exists for second order PDOs.

QUESTION. Is there a notion of a flow to L if L is a second order PDO given by (1.6) or
(1.7)?

DEFINITION 1.6. Let (Q2,.7,P; (:%;):>0) be a filtered probability space, i.e. a probability
space equipped with increasing sequence of sub-c-algebras .%; of .%. An adapted continuous
process

X.(2) = (Xi(2))1=0
on (9, .7 ,P; (% )>0) taking values in M, is called flow process to L (or L-diffusion) with
starting point x if Xo(x) = x and if, for all test functions f € C2°(M ), the process

(1.8) N/ () = F(Xo(x)) — f(z) / (LS)(Xu(z))ds, >0,

is a martingale, i.e.

EZ | f(X,(z)) — f(X,(z)) — / (Lf)(XT(:c))dr} =0, foralls<t.

. /




4 1. MOTIVATION

By definition, flow processes to a second order PDO depend on an additional random pa-
rameter w € (). Foreach t > 0, X;(z) = (X;(z,w)),eq is an F;-measurable random variable.
The defining equation (1.4) for flow curves translates to the martingale property of (1.8), i.e. the
flow curve condition (1.4) only holds under conditional expectations. The theory of martingales
gives a rigorous meaning to the idea of a process without systematic drift.

REMARK 1.7. Since N/ () = 0, we get from the martingale property of N/ () that
B[V ()] = B[N ()] = 0.
Hence, defining P, f(z) := E [f(X;(x))], we observe that

Pof(e) = f(x) + / E[(Lf)(X.(2))] ds,

and thus
%Ptf (x) = E[(Lf)(Xi(2))] = B(Lf)(2),
in particular
d d
T EFX@)] = o|  Pf(@)=Lf()

The last formula shows that as for deterministic flows we can recover the operator L from its
stochastic flow process. To this end however, we have to average over all possible trajectories
starting from .

EXAMPLE 1.8 (Brownian motion). Let M = R" and L = %A where A is the Laplacian
on R". Let X = (X;) be a standard Brownian motion on R" starting at the origin. By Itd’s
formula, for f € C*°(R"), we have

d(f o) Xt) = Z (%f(Xt) dXtZ + % Z 818]f(Xt) dXZdXtJ

i=1 ij=1

= (VI)(X0), dX0) + 5(A)(X) dr.
Thus, for each f € C°(R"),

PO = £ = [ Sanxyds, =0

is a martingale.
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This means that
Xt(l') =X + Xt
is an L-diffusion to $A in the sense of Definition 1.6.

REMARKS 1.9. As deterministic flow curves may be defined only up to some finite maximal
lifetime, we have the same phenomenon for flow processes: they also may explode in finite time.

1. We allow X, () to be defined only up to some stopping time ((z), i.e.
X.(@)][0, ¢()[

where

(1.9) {¢(z) < o0} C {t%lcr(n) X(w) = coin M := MU {oo}} P-a.s.
Here M denotes the one-point-compactification of M. A stopping time ((x) with property
(1.9) is called (maximal) lifetime for the process X, (x) starting at x.

More precisely, let U, C M be open, relatively compact subsets exhausting M in the
sense that
U,cU,CUy1C..., U,compact, and U, U, = M.
Then ((z) = sup,, 7,(x) for the maximal lifetime of X (z) where 7,(x) is the family of
stopping times (first exit times of U,,) defined by

To(z) == 1nf{t > 0: X;(z) ¢ U,}.

2. For f € C*(M) (not necessarily compactly supported), the process N/ (x) will in general
only be a local martingale in the sense that there exist stopping times 7,, T {() such that

Vn € N, (Nt’;\m (x))t>0 is a (true) martingale.

3. The following two statements are equivalent (the proof will be given later):
(a) The process
f(X.(2)) = (f(Xe(2)))iz0
is of locally bounded variation for all f € C2°(M).
(b) The operator L is of first order, i.e. L is a vector field (in which case the flow is deter-
ministic).
In other words, flow processes have “nice paths” (for instance, paths of bounded variation)
if and only if the corresponding operator is first order (i.e. a vector field).

1.3. What are L-diffusions good for?

Before discussing the problem of how to construct L-diffusions, we want to study some
implications to indicate the usefulness and power of this concept. In the following two examples
we only assume existence of an L-diffusion to a given operator L.

L. (Dirichlet problem) Let & # D C M be an open, connected, relatively compact domain,
¢ € C(0D) and let L be a second order PDO on M. The Dirichlet problem (DP) is the problem
to find a function u € C'(D) N C?(D) such that
Lu = D
(DP) u = (0 on
ulop = .

Suppose that there is an L-diffusion (X;(7));>0. We choose a sequence of open domains
D,, 1t D such that D,, C D, and for each n we consider the first exit time of D,,,

To(z) = inf{t > 0, Xi(z) ¢ D,}.



6 1. MOTIVATION

Then 7,,(z) 1 7(z) where
T(x) = sngn(x) = inf{t > 0, Xy(z) ¢ D}.

Now assume that  is a solution to (DP). We may choose test functions u,, € C°(M) such that
Up| Dy, = u|D,, and supp u,, C D. Then, by the property of an L-diffusion,

Ni(@) := un(Xy()) — un(x) — /Ot(Lun)(Xr(l“)) dr

is a martingale. Suppose that x € D,,. Then

tATR ()
(1.10) Ninr (@) (@) = tn(Xinr, (@) (2)) — Un(x) — /0 (Luy,) (X, (z)) dr
= u(Ximy o)) — u(e) _

is also a martingale; here we used that the integral in (1.10) is zero since Lu,, = Lu = O on D,,.
Thus we get

E [Nt/\Tn(z) (33)} =E [No(x)] =0
which shows that for each n € N,

(1.11) w(@) =E [u(Xipr, @) (2))] -

From Eq. (1.11) we conclude by dominated convergence and since 7, (z) 1 7 that

u(@) = lim E [u(Xpnr, ) (@))] = E | 1 (X, 0)(2))| = E [u(Xirrie) (2))]

n—o0 n—o0
We now make the hypothesis that
T(r) < 00 as.

In other words, the process starting at z € D exits the domain D in finite time. Then

u(w) = im E [u( Xy (2))] = E | lim u(Xinee ()]

= E [u(Xr)(2))] = E [p(Xr0)(2))]

where for the last equality we used the boundary condition u|0D = ¢. Note that by passing to
the image measure ji, := P o X, (,)(2) " on the boundary we have

E (X0 (2))] = / el ).
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Here we used that

=Hax

NOTATION 1.10. The measure ji,, defined on Borel sets A C 0D,
po(A) =P {Xr(x)(x) S A} )

is called exit measure from the domain D of the diffusion X(x). It represents the probability
that the process X;, when started at x in D, exits the domain D through the boundary set A.

Conclusions From the discussion of the Dirichlet problem above we note the following
observations.

(a) (Uniqueness) Under the hypothesis

T(x) <ocoas. Ve €D

we have uniqueness of the solutions to the Dirichlet problem (DP).
(b) (Existence) Under the hypothesis

() >0 if D>z —a€dD

we have
E [o(Xr@)(2)] = ¢(a), ifD>z—acdD.
Thus we may define u(z) := E [¢(X,(,)(z))]. It can be shown that u is always L-harmonic

on D if twice differentiable; thus under the hypothesis in (b), u will then satisfy the boundary
condition and hence solve (DP).

EXAMPLES 1.11.

(1) Let M = R\{0} and D = {x € R*: 1 < |z| <1y} with 0 < r; < ro. Consider the
operator

where ¢ denotes the angle. If u is a solution of (DP), then u + v(r) is a solution of (DP)
as well, for any radial function v(r) satisfying v(r;) = v(ry) = 0. Hence, uniqueness of
solutions fails.
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Note: For x € D with |z| = r,let S, = {z € R?: |z| = r}. Then, the flow process X, (z)
to L is easily seen to be the (one-dimensional) Brownian motion on .S,.. In particular,

7(x) = +00 as.
(2) Let M = R? and consider the operator
2
19
2 0x?

on a domain D in R? of the following shape:

Then, for z = (z1,22) € D, the flow process X, () starting at = is a (one-dimensional)
Brownian motion on R x {z2}. In other words, flow processes move on horizontal lines.
In particular, when started at € D, the process can only exit at two points (e.g. z, and
x, in the picture). Letting = vertically approach a, by symmetry of the one-dimensional
Brownian motion, we see that there exists a solution of (DP) if and only if

(b)) + (c)
pla) = —

II. (Heat equation) Let L be a second order PDO on M and fix f € C'(M). The heat equation
on M with initial condition f concerns the problem of finding a real-valued function u = u(¢, x)
defined on R, x M such that

Ou __
(HE) {E—Lu on |0, oo x M,

uli=o0 = f.

Suppose now that there is an L-diffusion X (z). It is straightforward to see that the “time-space
process” (t, X;(z)) will then be a L-diffusion for the parabolic operator

0

L==+L
ot "

with starting point (0, ). This means that for all f € C*(R, x M),
de(t, Xo(x)) = (L) (¢, Xo(x)) dt 2 0
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where = denotes equality modulo differentials of local martingales.
We adopt the hypothesis that ((x) = 400 a.s. forall z € M, i.e.

P{X,(x) e M,Vt>0}=1, Vze M.

Suppose now that u is a bounded solution of (HE). We fix ¢ > 0 and consider u|[0,¢] x M.
Then

ult — 5, Xo(2)) — u(t, z) — /0 K% + L) ult -, -)} (X, (z))dr, 0<s<t.

is a local martingale. In other words, we have for 0 < s < ¢,

u(t — s, Xs(x)) = ult,z) + /08 (% + L) u(t —r, - )(X,(z))dr

(.

~
=0, since u solves (HE)

+ (local martingale)s.

This shows that the local martingale in the last equation is actually a bounded local martingale
(since u(t — s, Xs(z)) — u(t, x) is bounded) and hence a true martingale which is equal to zero
at time 0.

Using the martingale property we first take expectations and then pass to the limit as s 1 ¢
to obtain

u(t,z) = Efu(t — s, Xs(z))] = E[u(0, Xi(x))] = E[f(X:(z))], assTt,
where for the limit we used dominated convergence (recall that u is bounded).
Conclusion Under the hypothesis
((z) = 400, foreachz € M,

we have uniqueness of (bounded) solutions to the heat equation (HE). Solutions are necessarily
of the form

u(t, z) = E[f(Xi(z))]

Interpretation The solution u(t, x) at time ¢ and at the point = can be constructed as follows:
run an L-diffusion process starting from x up time ¢, apply the initial condition f to the random
position at time ¢ and average over all possible paths.

1.4. I'-operators and quadratic variation

DEFINITION 1.12. Let L: C*°(M) — C°°(M) be a linear map (e.g. a second order PDO).
The I'-operator associated to L (““I’operateur carré du champ”) is the bilinear map

[': C®(M) x C*°(M) — C*(M) given as

(f.9) = 5 L(f9) ~ FL(9) ~ 9L(F)]

EXAMPLE 1.13. Let L be a second order PDO on M without constant term (i.e. L1 = 0).
Suppose that in a local chart (h, U) for M the operator L writes as

LICF(M) =" a;; 0:0; + Y _ b0,
=1

4,j=1
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where CP(M) = {f € C>®°(M) : supp f C U} and 0; = 6%1_. Then

n

L(f.9) =Y a;(0:if)(D9), Vf g€ CF(M).

i,j=1
In the special case that M/ = R™ and L = A, we find

REMARK 1.14. Let L be a second order PDO. Then I'(f, g) = 0 for all f,g € C>°(M) if
and only if L is of first order, i.e. L € I'(T'M).
For instance, if L = Ag + Y ;_, A2, then

[(f,9) = Z Ai(f)Aig),

and in particular
'=0 ifandonlyif A3 =A,=...=A,=0.

REMARK 1.15. A continuous real-valued stochastic process (X;);> is called a semimartin-
gale if it can be decomposed as X; = Xy + M; + A; where M is a local martingale and A is an
adapted process of locally finite variation (with My = Ay = 0).

DEFINITION 1.16. Let X be a continuous adapted process taking values in a manifold M.
Then X is called semimartingale on M if

f(X) = (f(Xi))e0

is a real semimartingale for all f € C*°(M).

REMARK 1.17. If X has maximal lifetime (, i.e.,
{{ <} C {lg%Xt = ooin M = MU{oo}} a.s.,

then f(X) is a well-defined as a process globally on R, for all f € C'>°(M) (with the conven-
tion f(oo) = 0). For f € C*°(M) however, in general,

J(X) = (F(Xe))ec
is only a semimartingale with lifetime (.

PROPOSITION 1.18. Let L: C*°(M) — C*°(M) be an R-linear map and X be a semi-
martingale on M such that for all f € C*(M),

N = 100 - 700 - [ CLECY,)dr

is a continuous local martingale (same lifetime as X ) (i.e. d(f(X)) — Lf(X) dt = 0 where =
denotes equality modulo differentials of local martingales).
Then, for all f,g € C>®(M), the quadratic variation [f(X), g(X)] of f(X) and g(X) is
given by
d[f(X),9(X)] = d[NT, N9] = 2D(f, g)(X) dt.

In particular, T'(f, f)(X) > 0 a.s.
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PROOF. Let f € C*°(M,R") and ¢ € C*°(R"). Writing as above = for equality modulo
differentials of local martingales, we have

(1.12) d((¢ o [)(X)) = L(¢ o f)(X)dt.
Developing the left-hand side in Eq. (1.12) by It6’s formula (apply the function ¢ to the semi-
martingale f o X)), we get
- , l — 4 ,
d((¢0 (X)) =D _(Di)(f o X)d(f 0 X) + 5 Y (DiD;o)(f o X)d[f'(X), f(X)]
i=1 ij=1

23 (Dig)(f o X) (LF)(X)dt + % Y (DiD;9)(f o X) d[f'(X), f(X)]
i=1 ij=1
where D; = 0/0xz;. By equating the drift parts we find

(L0 £) = S (D) o ) (L)) (X)dt = § 3= (DD0)(f 0 X)dIf (X). /(X))
(

= 1,7=1
Now taking r = 2 and considering the special case ¢(z,y) = zy, we get for f = (f1, f?),

LU = FLG) - PLUN] X de = d [0, X))
= 2T(f, f)(X) dr

4

LEMMA 1.19. For an R-linear map L: C*°(M) — C*(M) the following statements are
equivalent:

(1) L is a second order PDO (without constant term)
(ii) L satisfies the second order chain rule, i.e. forall f € C°(M,R") and ¢ € C*(R"),

T

L(go f) =) (Dipo f) (L) +Z (DiD;éo [YT(f, 17).

=1 i,7=1
PROOF. (i) = (ii): Write L in local coordinates as

L|CE (M Z%aa +Zba

7,7=1

and use that I'(f, g) = >, ai; (0:f)(9;9).

(ii) = (i): Determine the action of L on functions ¢ written in local coordinates (h, U) via

L(p)|U =L(poh ™ oh) = L(¢o f)

where ¢ = ¢ o h=! and f = h. Details are left to the reader as an exercise. U

PROPOSITION 1.20. Let L: C*°(M) — C°°(M) be an R-linear mapping. Suppose that for
each x € M there exists a semimartingale X on M such that X, = x and such that for each

feCc>(M),
F(X) — fl) - / Lf(X,) dr

is a local martingale. Then L is necessary a PDO of order at most 2.

In addition, X has “nice” trajectories (e.g. in the sense that [f(X), f(X)] = 0 for all
f € C®(M)) if and only if L is first order.



12 1. MOTIVATION

PROOF. As in the proof of Proposition 1.18, for all f € C*°(M,R") and ¢ € C*(R"), we
have

(L@of) =D (Dido HLF) + Y (DiDigo T(F, ) (X) =0,
i=1 ij=1
from where we get ’

T

L(go f) =Y (Digo )LL)+ D (DiDigo /T(f, ) =0.
i=1 ij=1
Thus L satisfies the second order chain rule. By Lemma 1.19, L is therefore a second order
PDO. The additional claim follows from

dlf(X),g(X)] = 2T'(f,9)(X) dt, f,g € C*(M). O



CHAPTER 2

SDE and L-diffusions

2.1. Stochastic differential equations on Euclidean space

EXAMPLE 2.1 (ODE on R"). Given f: R, x R™ — R" continuous. One wants to find a
differentiable function ¢ — y(t) € R™ such that

g(t) = B(t,y(1)),

i.e.

dy(t) = B(t, y(t)) dt

REMARK 2.2. Solutions to an ODE may explode in finite time, e.g. the solution to

§(t) = y(t)? with y(0) > 0
.. -1
is given by y(t) = (ﬁ —1) .
EXAMPLE 2.3 (SDE on R"). Given 5 as above and in addition a function

o: Ry x R" — Hom(R",R") = Matr(n x r,R).

Let B be a Brownian motion on R". One wants to find a continuous semimartingale ¥ on R"
such that

dY; = B(t,Y,) dt + o(t,Y,)dB,

in the sense of Ito, i.e.

t t
(2.1) }Q:Y(ﬁ—/ B(S,Yg)dS—F/ o(s,Ys) dBs.
0 0

In Eq. (2.1) the first integral describes the “systematic part” (drift term) in the evolution of Y,
whereas the second integral represents the “fluctuating part” (diffusion term).

DEFINITION 2.4. An R"-valued stochastic process (Y;):>o is called 116 process if it has a
representation as

t ¢
Yt:Y()+/K5ds+/HSdBS
0 0

where

e Y| is .%,-measurable;
e K, and H, are adapted processes taking values in R", resp. Hom(R", R");
3 E[fot |K|ds] < o0 and]E[f(f H?ds| < oo foreach t > 0.

13
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PROPOSITION 2.5. Let : Ry x R" — R" and o0: R, x R® — Hom(R",R"™) be con-
tinuous. For a continuous semimartingale Y on R", defined up to some predictable stopping
time T (i.e. 3 a sequence of stopping times 1,, < T with 1,, T T), the following conditions are
equivalent:

(a) Y is a solution of the SDE
(2.2) dY, = p(t,Y;)dt +o(t,Yy)dB; on|0,7[,
ie.,

o P
Yp:Yo+/ B(t,Y;)dt+/ o(t,Y;) dB,
0 0

for each stopping time p such that p < T a.s.
(b) For each f € C*(R"), it holds that

d(foY) = (Lf)(t,Y)dt+> > 04ilt,Y) (Def)(Y)dBi on[0,7],

k=1 i=1
where
n 1 n
L= D+ - 00" ) DDy,
;& et g le( Ve DDy

where o* is a transpose of o, and (00*), = > ;_, Oki0u. In particular, every solution of
(2.2) is a L-diffusion on [0, T[ in the sense that

d(foY)— Lf(t,Y)dt = d(local martingale) on [0, T|.

PROOF. (a) = (b) Let Y be a solution of SDE (2.2). Then
dY*dY* = d[Y* Y] = (00 )re(t,Y) dt

where [Y*, Y] represents quadratic covariation of Y* and Y*. By 1t0’s formula we get

n

d(f oY) = Y (Dep)V) (Bl V) dt + Y oult.Y) dB')

k=1

5 S (DAD)Y) (o0 ualt, Y ) i

=t =d[y*, Y]

=Lf(t.Y)dt+ Y > ow(t,Y) (Dpf)(Y)dB;

= Lf(t,Y) dt + d(local martingale).
(b) = (a) Take f(z) = x,. Then Dy f = oy and Lf = [, thus

dY' = B(t,Y)dt + Y ou(t,Y)dB' Vi=1,...n.

=1

This shows that Y solves SDE (2.2) on [0, 7. O
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PROPOSITION 2.6 (Itd SDEs on R"; case of global Lipschitz conditions). Let Z be a con-
tinuous semimartingale on R" and

a: R" — Hom(R",R") (= Matr(n x r;R))
such that
AK >0, |a(y) —a(z)] < Kly — z| Yy,z € R" (global Lipschitz conditions).

Then, for each #y-measurable R"-valued random variable x, there exists a unique continuous
semimartingale (X;)icr, on R™ such that

dX = a(X)dZ and X, = xo.

Uniqueness holds in the following sense: if Y is another continuous semimartingale such that
dY = a(Y)dZ and Yy = xg, then X, =Y, forall t a.s.

EXAMPLE 2.7. Let B; be a standard Brownian motion on R". Then the space-time process
Z; = (t, By) is a semimartingale on R™™! and

———\dB
=:a(X)

dX = B(X)dt + o(X)dB = (B(X)|o(X)) (dt> _ a(X)dZ
where «(X) now takes values in Matr(n x (1 +17)).

2.2. Stratonovich differentials

DEFINITION 2.8. For continuous real semimartingales X and Y we define the Stratonovich
differential of X with respect to Y as

1
XodY = XdY + 3d[X,Y]

where on the right-hand side, X dY denotes the classical It6 differential of X with respectto Y,
and as usual, d[X, Y] = dXdY. The integral

t t
1
(2.3) /XodY:/ XdY + S[X,Y],
0 0

is called Stratonovich integral of X with respect to Y.

Formula (2.3) gives the relation between the Stratonovich integral and the usual Ito integral.
Note that if we consider the semimartingale ( fo Xo dY) L= fot X o dY, then

d(/'xody) :XdY+%dXdY:XodY.
0

REMARK 2.9.
1. (Associativity) X o (Y odZ)=(XY)odZ, ie.,

Xod</0'yodz> = (XY)odZ.
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Indeed, we have

Xo(YodZ):Xod(/O.YodZ)

:Xd</.YodZ)+%dXd(/.YodZ)
0 0

1 1 1

= X(YdZ) + 5 X dYdZ + 5dX (de +35 deZ)
1

= (XY)dZ + 5 (XdY +YdX +dXdY)dZ

= (XY)dZ + % d(XY)dZ
= (XY)odZ.
2. (Product rule) d(XY)=XodY +Y odX
PROOF. By Itd’s formula we have

A(XY) = XdY + YdX +dXdY
=XodY +Y odX. 0

PROPOSITION 2.10 (It6-Stratonovich formula). Let X be a continuous R"-valued semi-
martingale and f € C*(R"). Then

A(F(X)) = D (Dif)(X) 0 dX* = (VS(X), 0 dX).

PROOF. By Itd’s formula, we have

AD)(X)) = 3 (DD)X)dX* 4§ 35 (DDLD)(X) dXHaX',
Hence we get

3 (D)(X) 0 dX' = Y (Df)(X) dX'+ § S d(Dif(X)dx’

= (DX X+ z (DiDyf(X)) dX*dX

d(f(X)). u

PROPOSITION 2.11. Let 5: R, x R™ — R" be continuous, o: R, x R” — Hom(R", R")
be C' and B be a Brownian motion on R". For a semimartingale Y on R"™ (defined up to some
predictable stopping time T) the following conditions are equivalent:

(1) Y is a solution of the Stratonovich SDE
(2.4) dY = p(t,Y)dt +o(t,Y)odB,

ie.
Yg:Yo—l—/ B(t,Yt)dt—l—/ o(t,Y;) odB,
0 0

for every stopping time o such that 0 < o < T a.s.
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(i) Forall f € C®(R"),

d(f oY) = (L)(t,Y)dt+ > (Auf)(t,Y)dB* on[0,7]

k=1
where

1 T
L:A0+§ZA§,

with the (time-dependent) vector fields A; € I'(TR") defined as

Ao =>_08:D;y Apx=> ouD;, k=1,...,r
i=1

PROOF. (i) = (ii) By the It6-Stratonovich formula we have

n

d(foY) = (Dif)(Y)odY"

=1

_pr 6,tYdt+ZDf (igik(t,Y)odBk)
_Z@ty (D f)(Y dt—i—Z(Zazk Y))odBk

= (Aof)(t,Y) dt + Z(Ak £(t,Y) o dB*

k=1

— (Aof)(t, V) dt + S (At Y) dBy + % S d((Af)(t, V) dB".

Since
A(ARf(£,Y) = Ou(Acf)(,Y) dt + (AgApf) (Y ) dt + Y (AgArf)(t,Y) 0 dBY,
=1
we observe that
d(Apf(t,Y))dB* = (ALf)(t,Y)dt

and hence

k=1 k=1

d(foY) = <<Aof><t, Y)+ o AN Y)) at + 3 (Aef)(t,Y) dB*

= (LNHEY)dt+ ) (Auf)(t,Y)dB".

(ii) = (i) It is sufficient to take f(z) = x,.
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COROLLARY 2.12. Solutions to the Stratonovich SDE
dY = B(t,Y)dt+o(t,Y)odB
define L-diffusions for the operator
L=A+3Y A2
i=1
in the sense that

d(f oY) = (Lf)(t,Y)dt =0
forall f € C(R").

2.3. Stochastic differential equations on manifolds
DEFINITION 2.13. Let M be a differentiable manifold,
o TM— M

its tangent bundle and let £ a finite dimensional vector space (without restrictions £ = R").
A stochastic differential equation on M is a pair (A, Z) where

(1) Z is a semimartingale taking values in £;
(2) A: M x E — T'M is a smooth homomorphism of vector bundles over M, i.e.

(r,e) — A(z)e:= A(z,e)

Mx E 1 TM
prl[ Jﬂ’
M M

id
such that A(z): F — T, M is linear for each x € M.

REMARK 2.14. Formally we consider A as section A € ['(E* ® T'M), i.e.
Vo € M fixed, A(zx) € Hom(E, T, M),
Ve € E fixed, A(-)ee'(TM).

NOTATION 2.15. For the SDE (A, Z) we also write
dX = A(x)odZ| or |dX =3 |A(X)odZ'
where A; = A(-)e; € I'(TM) and ey, . .. , e, is a basis of E.

DEFINITION 2.16. Let (A, Z) be an SDE on M and let zy: 2 — M be .%j-measurable. An
adapted continuous process X|[0, ([ = (X});«( taking values in M, defined up to the stopping
time (, is called solution to the SDE

(2.5) dX = A(X)odZ
with initial condition X, = xo, if for all f € C2°(M) the following conditions are satisfied:

(i) f(X) is a semimartingale on [0, ([ with f(Xy) = f(z0);
(il) f(X) satisfies

(2.6) d(f (X)) = (df ) x, A(Xy) 0 dZ,.
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We call X maximal solution of the SDE (2.5) if

{C<oo}C{tht 0o in M = Mu{oo}}

Note: For the definition of the r.h.s. in (2.6) we use that for each x € M,

A(z) (df)x

E—T.M R

is a linear map.

REMARK 2.17. We adopt the convention X,;(w) := oo for {(w) < ¢t < oo and f(oc0) =0
for f € C2°(M). Thus we may write, for all t > 0,

X = 100+ | (@) A(X,) 0 dZ,

= f(Xo) :Z/O (df ) x, Ai(Xs)0dZ!  with A; = A(+)e;

=1

=(Ai f)(Xs)
EXAMPLE 2.18. Let E = Rt and Z = (t, Z',..., Z") where (Zy, ..., Z,) is a Brownian
motion on R". Denote the standard basis of R"*! by (e, €1, ..., ¢,). Let

A: M x E—TM
be a homomorphism of vector bundles over M, and consider the vector fields
A=A )e, e(TM), i=0,1,...,r
Then the SDE

dX = A(X) o dZ

(2.7)

writes as

i=1

For each f € C'2°(M) we have
A(f o X) = (df)x A(X) 0 dZ

= Z(df)XA(X)ei odZ'’
_Z df ) x A3(X) 0 dZ'
Tarm

= (Aof)(X dt+2 Af)(X) o0dZ

= (Aof)(X dt+Z[Af )dZ"Jr%d((Aif)(X)) dz'| .

Taking into account that

d((A:f) (X)) = XT:(AjAZ-f)(X) dZ? + d(bounded variation),

J=1
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we see that .
d((Af)(X)) dZ" = (A7 )(X) dt,
where we used that dZ'dZ7 = ¢;; dt for 1 < i, j < r. Hence we get

r

(f o X) = (Aof)(X)dt+ 5 S (AN(X)dt+ Y (A)(X) a2

= (Lf)(X)dt + Z(AJ)(X) A

COROLLARY 2.19. Let L = Ay + % S, A? and let X be a solution to Eq. (2.7). Then
A(f o X) = (LA(X)dt =0, Vf e Cx(M),
where = denotes equality modulo differentials of martingales.

In other words, maximal solutions to the SDE

dX = A(X) o dZ

are L-diffusions to the operator

L=Ay+3> A2
=1

THEOREM 2.20 (SDE: Existence and Uniqueness of solutions; M = R™). Let (A, Z) be an
SDE on M = R"™ and xq an %-measurable random variable taking values in R™. Then there
exists a unique maximal solution X (with maximal lifetime ( > 0 a.s.) to the SDE

(2.8) dX = A(X) o dZ
with initial condition Xo = . Uniqueness holds in the following sense: if Y'|[0,&| is another
solution of (2.8) to the same initial condition, then £ < ( a.s. and X |[0,&[ =Y a.s.

PROOF. Let B(0, R) = {x € R": |z| < R} where R = 1,2,... and choose test functions
dr € C(R™) such that ¢pr|B(0, R) = 1. Since

A € I'(Hom(R", T'M)),
we have
VeeR", A(z): R"— T,M is linear,

in other words, A € C*°(R", Matr(n x r;R)).

Consider the “truncated SDE”
(2.9) dX = AR(X®) o dz

where A" = ¢ A. By Proposition 2.6, the truncated SDE (2.9) has a unique global solution

X with initial condition Xé? = xy, 1.€. for each R there exists a continuous R"™-valued semi-

martingale (X/%);er, satisfying X{¥ = x¢ such that (2.9) holds in the Itd-Stratonovich sense.
Considering the stopping times

Tg := inf {t >0: X ¢ B(O,R)} ,
we have for R < R,
XRHO,TR[:XRHO,TR[ a.s.
Hence a stochastic process X (with lifetime ( = limpgso 7r) is well-defined via

XHO,TR[:XRHO,TR{.
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For each f € C°(R™) such that supp(f) C B(0, R) (with R sufficiently large), we have on
[07 TR[,

d(foX)=d(foX")

= S (Dpf(XT)) o d(XT)*  (using Itd-Stratonovich formula)

k
(VI
= (VA(X), or(X ") A(X™) 0 dZ)
= (Vf(X), A(X) 0 dZ)

= > AVf(X), Ai(X) 0 dZ")

= 3 (df)xAi(X) 0 dZ°

=1

= (df)x A(X) 0 dZ.

Hence, since R is arbitrary, the semimartingale X is the unique solution to Eq. (2.8) with initial
condition Xy = z. O

REMARK 2.21. The proof above shows in particular that X is a solution to the SDE
dX = A(X)odZ

on R" in the Ito-Stratonovich sense if and only if X is a solution to this SDE in the sense of
Definition 2.16, i.e. for each f € C°(R"),

d(foX)=(df)xA(X)odZ.

THEOREM 2.22 (SDE: Existence and Uniqueness of solutions; general case). Let (A, Z) be
an SDE on a differentiable manifold M and let xo: ) — M be Fy-measurable. There exists a
unique maximal solution X [0, {[ (where ( > 0 a.s.) to the SDE
dX = A(X) o dZ
with initial condition Xy = x. Uniqueness holds in the sense that if Y|[0, £[ is another solution
with Yy = xo, then § < ( a.s. and X|[0,£] =Y a.s.

WHITNEY’S EMBEDDING THEOREM. Each manifold M of dimension n can be embedded
into R"** as a closed submanifold (for k sufficiently large, e.g. k = n + 1), i.e.,
M < (M) Cc R™™
where 1 - M — (M) is a diffeomorphism and (M) C R"** g closed submanifold.
PROOF OF THEOREM 2.22. We choose a Whitney embedding (in general not intrinsic)

M — (M) c R"™*

diffeom.

and identify M and «(M); in particular for each x € M the tangent space T, M is then a linear
subspace of R"** according to

T M &2 T R = R,

Vector fields Ay, ..., A, € I'(T'M) can be extended to vector fields
Ay, A e D(TR™) = C°(R"F; R"F)  with A;|M = A;,
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i.e. A; 01 = dio A;. Hence a given bundle map

A: M xR = TM, (z,2) = A@)z = Ay(2)2!
has a continuation

AR X R — R xR (2,2) = A(z)z = i Ay(x)7

=1

The idea is to consider in place of the original SDE

(%) dX = A(X)odZ on M
the SDE
(%) dX = A(X)odZ onR",

It is clear that any solution of () in M provides a solution of (¥) in R4**. More precisely:
If X is a solution to () with starting value Xy = x¢, then X := 10 X solves equation (k) with
starting value Xy = ¢ o 2. Indeed if f € C°(R4**), then f := f|M = for € CX(M), and
we have:

d(foX)=d(foX)= Z(df) AX)odZ' = (df)x (di)x Ay(X) o dZ’

=1 =1

_de A(to X)odZ! = Z(df) Ai(X)odZ.
=1

This implies in partlcular uniqueness of solutions to (x), since equation (%) has a unique solution
to a given initial condition.

To establish existence of solutions to (x) we remark that any test function f € C2°(M) has
a continuation f € C>(R™*) such that fIM = fo.= f. We have the following important
observation.

Each solution X [0, ([ of (¥) in R"™* with Xy = 1 which stays on M fort <  (where x
is an M-valued %#y-measurable random variable) gives a solution of (x).

To complete the proof it is hence sufficient to show the following lemma. 0
LEMMA 2.23. If X|[0, ¢[ is the maximal solution of (¥) in R"* with Xo = x, then
{t<(} Cc{Xi e M}, Vit as.
Observe that it is enough to verify Lemma 2.23 for one specific continuation A of A.
PROOF OF LEMMA 2.23. Let
1M = {(z,0) € M x R"™* | v € (T,M)"'},
be the normal bundle of M and consider /M embedded into L M as zero section:
M— 1M, z~(x,0)

LM x M C R

TRk = Rtk — M @ 1L, M
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Fact: There is a smooth function e: M — ]0, co| such that the map

7o(M) = {(z,v) € LM: |v] <e(2)} — | J{y e R i |y — 2] < e(2)},
(r,v) — x4 v,

is a diffeomorphism from the tubular neighbourhood 7. (M) of M of radius ¢ onto the indicated
part in R"**, Note that both

T 1.(M) = M, (z,v)—z
dist?(-, M): 7.(M) = R, (z,v) — |v|?,

are smooth maps.
Now letting R > 0 be sufficiently large such that

MNB(0,R+1) # o,
then
ep =inf{e(x) | e MNBO,R+1)} > 0.
We choose a decreasing smooth function A : [0, co[— [0, 1] of the form

1ﬁ

—
2
0 €n

and a test function 0 < ¢ € C>°(R™"*) such that ¢|B(0, R) = 1 and supp(y) C B(0, R + 1).
Consider

AR . +k +k +k
AT R x R™ — R™™ x R"™,

ARy, ) i {@(y) A(dise (y, M) A(n(y)) = ity € 7(M),

Now let X be the maximal solution to

(2.10) dX = A"(X)odZ, Xy=mx.
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Consider f € C>°(R™"*) given as
fy) = ply) M(dist*(y, M)).
Then
d(f 0 X) = (df)x AR(X) 0 dZ

= (Vf(X), A%(X) 0 dZ)

=0 onl0,7g|,
where 7 := inf{t > 0: X; ¢ B(0, R)}. Indeed, f is constant on submanifolds of the form

{dist(-, M) =s} N B(0,R), s < eg,
whereas A% (y, z) is tangent to such submanifolds. Thus
Vi) L A%y)z, Vye€ B(0,R), z € R".
Hence, for the maximal solution X to (2.10), we obtain
f(X) = constant on [0, 7| a.s.

Since R is arbitrary, this completes the proof of the Lemma. U

With the usual localization method Proposition 2.6 can be generalized to the case of It
SDEs with local Lipschitz coefficients.

PROPOSITION 2.24 (Itd SDEs on R": case of the local Lipschitz coefficients). Let Z be a
continuous semimartingale on R™ and let

a: R" — Hom(R",R"),
be locally Lipschitz, i.e. VK C R"™ compact there exists a constant Ly > 0 such that
Vy,z€ K, |a(y) —a(z)] < Lgly — 2|.
Then, for any xq Fo-measurable, there exists a unique maximal solution X|[0, ([ of the SDE
dX =a(X)dZ, Xy= .

Uniqueness holds in the sense that if Y|[0, &[ is another solution and Yy = xo, then £ < ( a.s.
and X|[0,£] =Y.

PROOF. We adopt again the method of truncating the coefficients. For R > 0 let

dXt = o(X®)dz, XE = o,

where o 1= ¢r - a and ¢p € C°(R") is a test function such that ¢p|B(0, R) = 1. For
each R > 0, this equation has a unique global solution since the coefficients are now globally
Lipschitz. Thus

XHO,TR[ = XRHO,TR[
is well-defined by uniqueness, where
Tr=inf{t >0: X ¢ B(0,R)},

which finally gives
X|[0,¢] where ¢ = sup 7r. O
R
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EXAMPLE 2.25. Consider the following Itd SDE on R" (with b and o locally Lipschitz):

2.11) dX = b(X) dt + o(X) dW
nx1 nxr rx1

where IV is Brownian motion on R". Then maximal solutions to Eq. (2.11) are L-diffusions to

the operator
n 1 n i
L= ; b,@ + 5 Z (O'O' )ijaiaj,

ij=1
where 0; = 0/0x; is the derivative in direction i.






CHAPTER 3

Some probabilistic formulas for solutions of PDEs

Let L be a second order PDO on M. If M is a general differentiable manifold then L may
be taken of the form

1~
L:A0+§;Aia

where Ay, ..., A, € I'(T'M), orif M = R" then
n 1 n i
=1 i,7=1
where b: R — R™ and 0: R™ — Matr(n x r;R).

For z € M, let X;(z) be an L-diffusion, starting from z at time ¢ = 0, i.e. Xo(z) = z.
Recall that X;(z) can be constructed as the solution of the Stratonovich SDE

dX = Ag(X) dt + Z Ai(z) o dW?,
Xo =1, -
on M, resp. on R™ as solution to the Itd SDE
{dX = b(X)dt + o(X) dW,
Xy ==,

on R", where in both cases the driving process W is a standard Brownian motion on R".
Suppose that the lifetime of X,(x) is infinite a.s. for all x € M.

3.1. Feynman-Kac formula

PROPOSITION 3.1 (Feynman-Kac formula). Let f: M — R be continuous and bounded
andV : M — R be continuous and bounded above, i.e. V < K for some K € R,.
Letu: Ry x M — R be a bounded solution of the following “initial value problem”

{%u:Lu—i—Vu

ie.

Then w is given by the formula

u(t,z) = E {exp (/Ot V(X,(x)) ds) f(Xt(x))] .
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REMARK 3.2. Operators of the form
H=L+V

(where V' is the multiplication operator by V') are called Schriodinger operators, for instance,
H = %A -+ V. The function V is called potential. If H is (essentially) self-adjoint, then by
semigroup theory,

u<t7 ) = etHf
where the right-hand side may be defined via the spectral theorem.
PROOF. Fix ¢t > 0 and consider the process (Y;)o<s<¢ Where Y; := A U, and
Us :=u(t — s, Xs(x)),
Ay =exp ([; V(X (2))dr) .

We will show that (Y )o<s<¢ is @ martingale under our assumptions.

Indeed: First note that by Itd’s formula
dU, = (f)su(t — s, )+ Lu(t — s, -)) (X,(2))ds + dM,
where M, is local martingale. Thus, since A; is of bounded variation, we have
dYs = U,dAs + AydUs
— U, AV (X, (2))ds + A, <8su(t — s, )+ Lu(t — s, .)) (X,(2)) ds + AydM,
= A, (—0u+ Lu+ Vu)(t — s, X,(x)) ds + A,dM,

N J/
-

=0

= A dM;.

Hence (Y;)o<s<: is a local martingale, and as it is bounded, (Y;)o<s<: is a true martingale. In
particular, by taking expectations we obtain

ult. ) = £ 03] = B = [exp ([ V(@) i) u(0, ()
_E {exp (/Ot VX, (2)) dr) f(Xt(a:))] | 0

REMARK 3.3 (Interpretation for M = R™ and L = 3 /).
Physicists think of the solution to

0 1
e Hu where H = §A — V' (Hamiltonian)

uli=o = f
formally as follows:

3.1) ult, z) = / ¢St f(4(1)) D ()

zQ
where
e (), is the is the space of (differentiable) paths x(-) starting from z,

Qpy ={z:[0,t] = R*|z(0) = x0},
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e S(t,x(-)) denotes the classical action of the path x(-) on [0, ], i.e.

St = [ (307 +Visto) ) s,

e Dx(-) is thought of a kind of “Lebesgue measure” on €2, (in the sense of a uniform
distribution on €2,,).

The heuristic expression (3.1) is called a Feynman path integral.

Claim. The expression

(3.2) u(t, zo) = E {exp (— /0 tV(XS)ds) f(Xt)]

where X is a Brownian motion on R" starting from z, gives a rigorous meaning to (3.1).
Indeed: We approximate the integral in (3.2) by a Riemann sum as follows. Let t; := iA,,

fori = 0,1,...,m be a partition of the interval [0, t| where A,, := % is the step length of the
partition, and consider

tum(t,20) = E [exp <_Am "21 V(th.)> f(Xtm)} |

1=
N

= Fm(Xt(), th, e 7Xtm)
Note that Fm(Xt(), th, ce 7Xtm) = Fm(xo, th, Ce 7Xtm)- Then

U (t, 20) = u(t,z9) = E [exp <— /Ot V(X,) ds) f(Xt)] .

Recall that Brownian motion on R" has independent and normally distributed stationary
increments, i.e. for any A € B(R") and s < t,

P{X; — X; € A} =1p_(A) = /Agt_s(:p) dx,

—n/2

where g,(z) = (27t) "/ exp(—|z|?/2t). In particular, if A, ..., A,, € B(R"), then

]P){th EAl,...,Xtm EAm} =

= / Viy—to (da1 — m0)/ Vig—t, (g — 11) - .- / Vit (AT — Tr—1)
Ay As Am
/ / gtl_to(l'l —:L‘O) LN -gtm_tm71(l‘m—$m_1)dI1...dl‘m,
Ay Am
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which gives the probability for a Brownian motion (starting from x) to pass through A; at
time ¢; fort = 1, ..., m (“probability of a successful slalom”).

Taking into account that

—_ 1 ‘xk — Tk 1‘
gtk_tk—l(xk - xk—l) = mexp —T ,
we obtain
Um(tal') _/ .. / gt1—t0<$1 - xo) e gtm—tm—l(xm — (me,l) Fm(l'o, Ti,... ,l’m> dxl L. dxm
m times
where

m—1
Fo(xo, 21, ..., Ty) = €xp (—Am Z V(x2)> f(@m).
Thus, letting A = (27A,,,)"/2, we have

m(t, 1) Am/ / exp (=Sm(t; 1, ... xm)) flom)dey ... dey,

m tlmeb

m—1 2
=0 m

represents the “Riemann sum” for the classical action S(¢, z(-)) of a particle of unit mass under
the potential V' for a trajectory z(-) with z(¢;) = z; (i = 0,1,...,m).

where

Note that Dz(-) corresponds to the (mathematically not well-defined) infinite product mea-
sure
lim (27A,) "2 day ... da,y,.

m—00

3.2. Elliptic boundary value problems
Let L be a second order PDO on a differentiable manifold M, e.g.,

1 T
L=A)+ 3 Z Af on a general differential manifold M,
or
L= Zba + = Z O'O'*)ijaiaj on R".
2,7=1

REMARK 3.4 (Ellipticity).
(1) The “diffusion vector fields” Ay, ..., A, define for each x € M a linear map
A(Z’) R" — TIM, Z Z AZ(IE)ZZ
i=1
Recall that, denoting by e; the standard coordinate vectors of R”, then

A()e, =4, 1=1,2,...,r
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The operator

1 5
L:A0+§ZIAZ.,

is called elliptic on some subset D C M, if the map A(x) is surjective for each x € D.

(2) Similarly, an operator of the type

n

ij=1
is called elliptic on some subset D C M if the linear map
o(x): R"—=R", z—o0(x) z,
is surjective for each x € D.
NOTE 3.5. The following conditions are equivalent:
o(x) is surjective <= o*(x) is injective
<= a(z) := o(x)o*(z) is invertible
<~ (a(z)v,v) >0, V0#veR"

EXAMPLE 3.6 (Expected hitting time of a boundary). Let & # D C M be some open,
relatively compact domain with boundary O D. Suppose that there exists a solution u € C?(D)N

C(D) to the problem
Lu = -1 D
(33) u on D,
ulaD = 0.

(For instance, if L is elliptic on D and the boundary 9D is smooth, it is well-known by classical
PDE theory that such a solution exists).
Let X;(x) be an L-diffusion such that X(x) = x and denote by

Tp(z) =inf {t > 0: X,(x) € 0D}

its first exit time from D. Then, for each x € D,

u(z) = E[TD(x)]

In particular, we see that v > 0 on D.
PROOF. For x € D, let X; = X;(x) and 7p = 7p(x). We know that the process
tATD
w(Xiprp) — ul(x) — / Lu(X,)ds, t>0,
0

is a martingale (starting at 0), and hence

E[u(Xinry)] — u(z) = E [ /0 o Lu(X,) ds] |

This shows that
(3.4) E[t A mp] = u(z) — E[u(Xinr, )]-
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Recall that u is bounded, since « € C'(D) with D compact, and hence by Beppo-Levi,
E[rp] = Jim E[t A 1p] < +00.

Thus, by letting ¢ 1 +o00 in (3.4), we obtain

E[rp] = u(z) — E[u(X,)],

T
where we used that u|0D = 0. O
COROLLARY 3.7. If the boundary value problem (3.3) has a solution, then
E[rp(z)] < oo,

and hence Tp(x) < oo a.s. for all x € D. Thus L-diffusions starting at any point v € D
eventually hit 0D with probability 1.

REMARK 3.8. The property of an L-diffusion of hitting the boundary with probability 1 is
a “non-degeneracy” condition on the operator L.

EXAMPLE 3.9. Consider an operator of the form

n 1 n
L = Zbﬁl + = Z (O'O'*)ij 818] on R"
— 2 ——

2,j=1 ai;

and let with D C R" be relatively compact. Suppose that the following “weak elliptic condi-
tion” is valid: For some 1 < ¢ < n there holds

min a,(z) >0
zeD

Then E[7p(z)] < oo for any x € D.

PROOF. Set

A:=mina,(z) and B :=max|b(x)|.
zeD €D

For 11, v > 0 consider the smooth function
h(z) = —pe’™, x € D.

Then
vzl V2
—Lh(z) = pe Eaﬂ(x) + vby(z)
1 2B
> §;WA e’ (1/ — 7)
1 K 2B .
> —vpAe”™ (v — — (take v > 2B /A and let K := min xy)
2 A xeD
> 1 for yu sufficiently large.
Thus

Lh<—1 onD.
As above, we may proceed as follows. The process

tATD
Nl := h(Xiprp,) — h(2) —/ Lh(X,)ds, t>0,
0
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is a martingale (where again X; = X,(z) and 7p = 7p(x)). By taking expectations we obtain

h(z) — E[h(Xoney )] = —E { /0 o Lh(xX.) ds} > EJt A ).

Hence,

t—o00

E[rp] =E [lim inf ¢ A TD:|
<liminf E[t A 7p]
t—00

< 2max|h(y)| < oco. O
yeD

DEFINITION 3.10 (Generalized Dirichlet problem). Let & # D C M be an open and
relatively compact domain and let L be a second order PDO on M as above. Assume to be
given g,k € C(D),k > 0 and ¢ € C(9D). The generalized Dirichlet problem consists in

finding u € C?(D) N C(D) such that
(GDP) —Lu+ku=g¢9g onD
ulop = ¢.

THEOREM 3.11 (Stochastic representation of solutions to the generalized Dirichlet prob-
lem). Assume that u is a solution to (GDP). For x € D, let X;(x) be an L-diffusion, starting

from x, and assume that
E[rp(z)] < oo Vz e D.

Then

ulz) = E {w(xnn exp {— ke ds} [T o {— | ex dr} ds}

where Tp = Tp(x) and X; = X;(x). In particular, solutions to (GDP) are unique.

PROOF. Consider the semimartingale

N, = u(X,) exp {— /Ot k(X.) ds} + /Utg(Xs) exp {— /0 k(X)) dr} ds.

We find that
t
dN, = exp {—/ k(X)) ds} ( d(u(X))) —u(X)k(X,) dt + g(X,) dt)
0 ———
2 (Lu)(Xy) dt

o exp {— /Ot k(X,) ds} (Lu — uk + g)(X;) dt = 0,

where as before = denotes equality modulo differentials of (local) martingales. Thus, the pro-
cess

(Nt/\TD )tZO
is a martingale. In particular, by dominated convergence,

u(r) = E[No] = E[Niar,] = E[Ny,],
and thus

w(z) = E {U(XTD) exp {_ /OTD k(X.) ds} + /OTD g(X.) exp {— /0 k(X.) dr} ds} |

Since u|sp = ¢, we have u(X,,) = ¢(X,,) which gives the claim. O
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We shall consider the result of Theorem 3.11 in some special cases.
I. (Classical Feynman-Kac formula) Consider the boundary problem

—Lu+ku=g onD,
u|3D = 0.

Its solution is given by

/OTD(JC) 9(X,(z)) exp {— /Otk:(Xr) dr} dt] . zeD.

In particular, if £ = 0 then

u(z) =E

u(z) =E (Green'’s function)

o (x)
/0 g(Xo(x)) dt

Note that —Lu = g is equivalent to © = —L~'g. Thus the Green’s function gives an
“inverse” to — L.
II. (Classical Dirichlet Problem) Consider the problem

{Lu:O on D,

(DP)
U|aD = @.

If X;(z) is an L-diffusion, then

(o) =Ef(Xep(a))] = [ s
oD
where the exit measure ji, is given by
po(B) :=P{X, () € B}, B C 0D measurable.

Note that u(x) = [, ¢du(z) makes sense also for boundary functions ¢ which are just
bounded and measurable.

EXAMPLE 3.12. Assume that 0D = A U B where AN B = &. In Physics the solution to
the Dirichlet problem

Lu=0onD,
u|lA =1,
u|B =0,
is called equilibrium potential for the capacitor (A, B).
Let ¢|sp be defined as
1, ifxeA,
ple) = {o, ifr € B.
Then
u(@) = E[o(Xr, ()] = P{7a(2) < 75(2)}
where

Ta(z) = inf{t > 0, X;(z) € A},
Tp(x) = inf{t > 0, X(x) € B}.

Thus u(x) corresponds to the probability that an L-diffusion, starting from x, hits A before
hitting B.
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EXAMPLE 3.13. Let (IWs)s>0 be a standard Brownian motion on the real line starting at 0.

We consider the decreasing function

F(t) := IP{ sup |Ws| < 1}

0<s<t

and want to show that

F(t) ~e ™ ast — .
In terms of

T =inf{s > 0: |W,| = 1},
we have

F(t) = P{T > t}.
Note that X;(z) := x + W, is a real-valued L-diffusion for the operator L = 192.
For z € |—1, 1] let
T(x) =1inf{s > 0: | X,(x)| = 1}

be the first exit time of the interval when starting at . Then by definition 7°(0) = 7.

Let us consider the following eigenvalue problem for L := 302 on [—1,1].
Given A <0, find u € C?%(]—1,1[) N C([-1, 1]) such that

{Lu+)\u =0 on({lz| <1},

(EVP) u=1 on {|z| = 1}.

We know that if a solution to (EVP) exists, then

()
u(z) =E |@(X7@)) exp (/ Adr) =E [*®)]
S——— 0

=1
However, it can be directly checked that (EVP) has the following explicit solution

B cos(vV2\x)
cos(vV2))
For A < 0 note that v/2)\ is imaginary, but cosine of an imaginary is real:
cos(iy) = ey_;—ey = cosh(y), yeR.
Thus, for 7" = T'(0), we obtain
(3.5) E [e’\T} = ; A <0 (Laplace transform of the law of T).

cos(V2X)’
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On the other hand Eq. (3.5) holds up to the first singularity of the function
1

cos(v/2))

which is at A = 72 /8. By monotone convergence we obtain

o ()~

E[V7] = < oo, for\<m?/8,
| =00, for\>n?%8.

A —

Hence

Observe that
E [eM] = / tP{eM >t} dt < 0o = / MP{T >t} dt < oo,
0 0
thus
Ft)=P{T >t} ~e" ast— oo,
where \* = 72/8.
COROLLARY 3.14. Let
A =sup {\: E[eM] < o0} .
Then (EVP) has a solution if and only if A < \*.

3.3. Parabolic boundary value problems

Let D C M be an open and relatively compact domain. Consider a second order PDO L
on M as above and let (X;(z));>o be an L-diffusion. Fix 7" > 0 and let V' be a measurable
function on D such that

T/\TD(:B)
exp (/ V_(Xs(x))ds>] < oo, VreD,
0

where V_ := (—V) V 0 denotes the negative part of V and 7p(x) = inf{t > 0 : X,(z) € OD}.
Furthermore, let f, g € C(D) and ¢ € C(9D) be given.

Problem. Find a solution to the following parabolic boundary value problem:
%u:Lu—Vung on [0,7] x D,
(BVP) u(t,)op = for t €[0,T],
U’t:O =
Note that necessarily f|ap = ¢.

THEOREM 3.15. Every solutionu € C*([0,T] x D)NC([0, T] x D) of (BVP) is of the form
tATD tATD S
u(t,z) = E [ F(Xonns) exp (— / V(X,) ds) + / g(X,) exp (— / V(X)) dr> ds] |
0 0 0

where X; = Xy(x) and Tp = 1p(x).

E

PROOF. For 0 < ty < T, we check by Itd’s formula that

t t s
Ny = u(to—t, X;) exp (—/ V(Xs)ds> ~|—/ g(Xs) exp (—/ V(Xr)dr) ds, t<toATp,
0 0 0

is a martingale. Then it suffices to evaluate u(to, z) = E[No] = E[Niyrrp] = - - O
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EXAMPLE 3.16. Let @ # D C R? be an open and relatively compact domain. Consider
the space-time boundary problem

Su=_Lu on ]0,00[x D,
ulospp =0 on |0,00[ x dD,
u|t:0 = 1.

By classical PDE theory, if L is elliptic and self-adjoint, then (since the domain D is bounded),
the spectrum of — L (with Dirichlet boundary conditions) is discrete. Let

()\na wn)n21

be the sequence of eigenvalues to — L with the corresponding normalized eigenfunctions ,,.
We have

O< A <A< <
Recall that (1),,),>1 forms an L?-orthonormal basis of L?*(D, dz). Then

u(t,z) = Z cne (), e = (P, 1).

n>1
On the other hand,
Ns:=u(t — s, Xs(x)), s<tATp:=oa,
is a martingale, and hence
u(t,z) =Eu(t — o, X,(2))]
=P{t < 7p(x)} ~cre M (z), ast — oo.

COROLLARY 3.17 (Large deviations of exit times). Let
Tp(z) = inf{t > 0: X;(z) € 0D}.
Then
Jim 1o B{rp(x) > 1} =~ A,
where
A= inf{/D—(@DLt/))(fv) dz| ¢ € CZ(D), |92y = 1}
is the smallest eigenvalue of — L with Dirichlet boundary conditions on D.

EXAMPLE 3.18 (Kac 1951). Let M = R% and L = ;A. Consider X,(z) = = + W, where
W is a standard Brownian motion on R%. For V € C(R%),V > 0, one would like to find the

asymptotics of
t
E {exp (—/ V(Xs(m))ds)} , ast— oo.
0

Assume that the spectrum of %A — V is discrete (this requires “mild” growth conditions on
V(z) as |x| — o0). Denote by (\;),>1,

O<)\1§/\2§...,

the eigenvalues of —%A +V,l.e.

ENE
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with (¢,,) an orthogonal basis of L?(R¢, dx). It is a standard fact that ¢); > 0 for the ground
state 1)1. Then, in particular,

un(t, z) = exp(—At),(2)
solves

Un|t:0 - wn

For f € Cy(RY) N L*(RY, dx), we have
flz)= Z cnthn(x)  (convergence uniform and in L?)

n>1

0 1
{Eun = 5Au, — Vuy,,

where
Cn = <f> wn>L2(Rd,dx)'
This implies that

u(t,x) = Z Cn €N Yy (),

n>1
solves
Ju _ 1 _
5= 2Au Vu,
U’t:O = f

On the other hand, we have by Feynman-Kac,

utt.o) = | o) e (- | V() )|

Now let f 1 1. Then ¢, = [ 9, (x)dz (where ¢; > 0 since ¢; > 0), and we get

u(t,z) = E [exp (— /0 VX)) ds)}

= Z cn e (2)

n>1

~ e My (x), ast — oo.

COROLLARY 3.19. Let spec(%A — V) be discrete and

u(t,z) = E [exp (— /0 t V(X,(2)) dsﬂ .

1
g{g n logu(t,z) = — A,

Then

where

1
A = inf spec<—§A + V)
= inf <¢ (—1A+V)¢> ]w € C*(RY), ¥[72(an =1
s 5 12 (dz) ) L2(dx)

i { [ (3iwel + Vo)) de] v € @), ol =1}



CHAPTER 4

Brownian motion and harmonic/holomorphic functions

For simplicity, let M = R" and L = %A. Let X;(x) = x + W, be a Brownian motion on
R™ starting from .

4.1. Mean value property of harmonic functions

NOTE 4.1. Let D C R" be bounded open domain and let h € C?(D) N C(D) be harmonic
on D (i.e. Ah = 0). Then, for each x € D,

b(a) = E Xy @] = | Hop du.
D
where j1, :== P o X, (z)~! denotes the exit measure of X;(z) from D and
p = inf{t > 0: Xy(z) € OD}.

REMARK 4.2 (Lévy’s characterization of Brownian Motion). Let X be a continuous semi-
martingale taking values in R”. Then X is a Brownian motion if and only if X is a local
martingale with

PROOF. The necessity of the condition is obvious. To prove its sufficiency it is enough to
check that for each ¢ € R" the complex-valued process

, 1
e = exp (i(6.X) + 3lef )
is a martingale in C. This is straight-forward by means of 1t6’s formula. U

COROLLARY 4.3. Let X be a Brownian motion on R"™ and let G be a continuous adapted
process taking values in Matr(n x n;R). Consider the local martingale defined as

t
(G-X)t:/ G,dX, t>0.
0

Then G- X is a Brownian motion on R if and only if G takes its values in the orthogonal group
O(n) almost surely.

PROOF. Indeed,
d(G-X)'(G-X)] =Y d(GuX") d(GeX")
k.l

= GuGj dX*dX" = (GG, dt. 0
k.t =0pp dt

NOTE 4.4. If (X;);>o is a Brownian motion on R” and G € O(n), then (GX})>o is a
Brownian motion as well.

39
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COROLLARY 4.5 (Consequences for harmonic functions). Let
D=DB(z,r)={yeR": ly—z| <r}
be the open ball in R™ about x of radius r. Then the exit measure
po(A) :=P{X;,  (z) € A}, A CIB(x,r) measurable,
satisfies
pr(A) = P{e+ W, € A}, G e O(n),

and is hence a rotationally invariant measure on 0B(z,r) = S(z,r) ={y € R": |y—x| =1}
Thus, up to a normalizing constant, |1, equals the surface measure on the sphere S(x,r).

A/ ~ B(XI")

(z,7) E A} - ]P){I + GWTB(Q:,r)

REMARK 4.6 (Mean value property of the harmonic functions).
Let h € C*((B(x,7)) N C(B(x,r)) be harmonic on B(x,r). Then

1
h(x) = hdS
(z) area of OB(z, 1) /aB(M)
where dS is the surface measure on 0B(z, ), and hence

h(z) = WB;W/B(M)M?J) dy.

Question Why are positive harmonic functions on R" constant?

PROPOSITION 4.7 (Liouville property). If h > 0 and Ah = 0 on R", then h is constant.

PROOF. Indeed for x y € R" fixed, let R = |z — y| + r where r > 0. Then

1
h(z) = h<—u—— h
(z) VO]B($, T) /B(m ~ volB(z,r) /B(y,R)

volB(y, R) volB(0, R)
_ YOO ) = Y2 Y 0y ~ co.
volB(x,r) () = vol B(0, 1) (v) (y), asr— o0
By exchanging the roles of z and y, we obtain h(y) < h(x). O

4.2. Conformal invariance of Brownian motion

DEFINITION 4.8. Let D C R"™ be an open and connected (not necessarily bounded) domain.
A function f: D — R" is called BPP (Brownian path preserving) if for any Brownian motion
X on R” (starting at x € D) there exists another Brownian motion X on R™ and a continuous
non-decreasing R, -valued process 7; such that

f(Xt) = XT“ Vit < TD(Z’) a.s.
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This means that f maps Brownian motions to Brownian motions modulo a possible change
of the time scale (the paths of t — f(X;) are Brownian paths with a different parametrization).

~

The two Brownian motions X and X run at a different clock.

THEOREM 4.9 (Lévy, conformal invariance of Brownian motion). Let D C R*=C be an
open connected domain. For a non-constant C*-function f: D — C the following conditions
are equivalent:

(1) f is BPP; B
(2) f is holomorphic or anti-holomorphic (i.e. f or f is holomorphic).
In this case, for a Brownian motion X starting in D (i.e. Xy € D), the time change is given by

o ! ! 2
T, ._/0 (X, ds.

Note that T} is strictly increasing a.s. (Indeed: if 7' (w) is constant in some interval [a, b],
then f'(X (w)|[a,b] = 0 is 0; however a holomorphic function which is constant along some
non-constant curve must be constant).

PROOF. Write f = u + iv and X = (X!, X?). Then by It6’s formula we have
d(foX)=((0f) 0 X)dX" + ((0of) 0 X)dX* + %((Af) o X))dt
N1
= (5 oo () + 5 a0

/

::E;(X)
where u, and u, denote 0,u and O,u, respectively.

(1) = (2): If f is BPP then, by Lévy’s characterization of Brownian motion, Af(X) =0
and G(X}) takes its values in O(2) (up to multiplication with an R, -valued process), i.e.

G(Xt) - At . Ot

with O; € O(2) a.s. Thus f must be holomorphic or anti-holomorphic (depending on whether
det O; = 1 or det O; = —1 a.s.). In addition,

A = 111X
(2) = (1): Now let f be holomorphic, resp. anti-holomorphic. Then

arex- [ )] (42)

Uy —Ug dXx?
| o] ()

Note that if X = X' + X2 is a Brownian motion in C, then X = X! — iX? is a Brownian
motion in C as well. Hence, without restrictions, we may assume that f is holomorphic. Then
d(foX)=(foX)dX = [f(X)]dX™,

where
dX* = exp(iarg f(X)) dX.
Thus X * is a Brownian motion. Let ¢ — 7; be the inverse of the (a.s. strictly increasing) function

¢
t— T, = / | f/(X,)|? ds.
0
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Note that
7 =inf{s > 0: T, > t}
are stopping times for ¢t < T, = limy,, 7} and that ¢ — 7; is continuous. Then

(Xi)ter = (f 0 Xs e

is a Brownian motion. Indeed, for i, j € {1,2}, we have
(X X7), = 6, Ty, = 65t
(If T, < oo with positive probability, the process X can be extended to a Brownian motion
defined for all times by attaching a piece of an independent Brownian motion). Thus we find
Xp, = foX, Vt<mp,

as wanted. O

APPLICATION 4.10 (A Brownian motion proof of ((2) = 72/6). Recall that

g(z)zzi: [JTa-p"" 2€C, Rez>1

n?
n=1 p prime

Let D = {z € C: |z| < 1} be the open unit disc and suppose that f: C — C is analytic
on a neighbourhood of . This function maps the unit disk I to f(ID) with boundary 9 f (D) =
f(OD) where 9D = {¢ : 0 < 0 < 27 }.

We develop f on D as

o0

f(z) = Zanz" where a,, € C.

n=0
Without restriction we suppose that f(0) = ay = 0.
Let X be a two-dimensional Brownian motion starting at 0. We know that there is another
Brownian motion X starting at f(0) = 0 such that
(4.1) foX, =Xy,
Let R
7 = inf {t >0: X, € 8f(ID))}
be the first hitting time of X, of the boundary df(ID). We claim that

1 oo
Bl =53 laal”
n=1

Indeed, since M; = \Xt\Q — 2t is a martingale, the optional stopping theorem gives
E[|X,[*] = 2E[7].

By (4.1), up to a time change, the trajectories of f o X; are the same as the trajectories of X,.
In particular, we find that
f(Xo) = X5
where o = inf {t >0: X, € 8]1)} is the first hitting time of X; of the boundary 0. This shows
that )
. 1 & ;
B[1X ] = B[S0 = 5 [ 17EPd0= Y fanl
T Jo=0 1
where for the last equality we used Parseval’s theorem. Thus the claim follows.
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Interesting identities result if we can find domains where the mean Brownian exit time E|7]
can be explicitly determined. For instance, consider strips of the type

Sa:{x+iy:—a<y<a}, a > 0.

Brownian motion starting at 0 takes on average E[7] = a? to exit the strip S,. Since

11—z 23 25 7
=1 = -2 —_— = =+ ...
f(2) og(1+z> (z+3+5+7+ )

maps the unit disk D to the strip S /2, we obtain

LAY COTE S S
4 3252 )

In other words,

s > 1
2 Tl @

Since

3 1 ~ 1 1 =~ 1
15O =3¢ =22 5= Gie
the formula ¢(2) = 72 /6 follows from identity (4.2).

COROLLARY 4.11. A Brownian motion on C =R? does not hit any point given in advance
(for t > 0) with probability 1.

PROOF. We may assume that the given point is 0 and that the Brownian motion X starts
from 1 in C. We consider the image of X under the holomorphic map exp: C — C\{0}. By
Lévy’s theorem (Theorem 4.9) there exists a Brownian motion X in C such that

eXp(Xt) = XTt
with the new clock

T, = /t | exp(X,)|* ds.
0
Hence X, does not hit 0 before time 7%,,. We want to show that 7, = oo a.s. Suppose that
/OO |exp(X,)[>ds < o0
with positive probability (then alreac;)y < o0 a.s. by the 0/1-law). Thus, almost surely,

/ exp(2ReX) ds < oo,
0

and since with X; also —X; is a Brownian motion, we get as well fooo exp(—2ReX) ds < oo,
almost surely. But then

/ (exp(2ReX) + exp(—2ReX,)) ds < oo, almost surely,
0

which is a contradiction, since " + e~ " > 2. O

PROPOSITION 4.12. The planar Brownian motion (X)>o is recurrent, i.e. X, enters every
open disc infinitely often, as t — oc.
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PROOF. Without restrictions Xy = 1 and D = {z € R?: |z| < §} for some § < 1. We
show that
P :=P{X;enters D} = 1.

(This gives the claim since Brownian motion starts anew at any stopping time).
Assume that P < 1 and consider the holomorphic mapping

f:C\{0} — C, zr—>§.

By Lévy’s theorem (Theorem 4.9), there exists a Brownian motion X such that

1 - |
— =X ith th lock T, = ——ds.
X, 7, with the new clock T /0 X s

But then, since X is also a Brownian motion,
1> P > P{X enters D before T,,} = P{1/X, enters D},

and thus

P {1/X, does not enter D} > 0
which implies

P {| X}| bounded by 1/§} > 0.
This is in contradiction to Lemma 4.13 below. Hence, we have

P =P{X,enters D} = 1. O
LEMMA 4.13. Complex Brownian motion almost surely leaves every bounded set.

PROOF. Fix R > 0 and let X be a Brownian motion starting at 0. Then, for each ¢t > 0,

R
1
P{|X;| < R} = - 2—ﬂe*7“2/2t2m dr
_ |:_€—r2/2t] r=h
r=0
—1— e B2 < R?/2t.
Let ¢,, := n?. Then
= RP 1
ZP{|th| <R} < 72@ < 00,
n=1 n=1

and hence by the Borel-Cantelli lemma, with probability one, for all but finitely many n one has
| X+,| > R. O

COROLLARY 4.14 (New proof of the Liouville property for R?). Let h: R? — R be har-
monic and suppose that h > 0. Then h is constant.

PROOF. If not, then for any Brownian motion X on R?, the image process h(X;) is a non-
negative (local) martingale which is bounded below, hence a supermartingale. Therefore h(X})
converges almost surely, as ¢ — oo (by the martingale convergence theorem, non-negative
supermartingales have a limit almost surely). Unless £ is a constant function, this is in contra-
diction to the recurrence of X (the process h(X;) can only converge if h is constant). U

Note that Brownian motion on R? hits any disc infinitely often with probability 1, but will
almost surely never touch a point with rational coordinates.
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REMARK 4.15. The two-dimensional Brownian motion is an object with interesting path
properties.

1. For any fixed ¢ > 0, almost surely, a two-dimensional Brownian path contains a closed loop

around X, in every interval of the form |¢, ¢ 4 ¢[ (i.e. before time ¢ + ¢ the path will perform
a closed loop).

ii. (Cut points) Almost surely, there exists ¢ € ]0, 1] such that
X(0,4) N X (1, 1]) = 2,
i.e. the paths of Brownian motion X |[0, 1] can be cut into two parts which do not intersect.
The time ¢ is called a cut time and X, a cut point.
4.3. Picard’s Little Theorem and the winding of Brownian motion

A holomorphic function f: C — C can miss at most one point, otherwise it is constant. In
other words, a non-constant holomorphic function f: C — C satisfies

#(C\f(C)) <1.

THEOREM 4.16 (Picard’s little theorem). A holomorphic function f: C — C\{0, 1} must
be a constant.

In the sequel, we want to give a probabilistic proof of Picard’s Little Theorem. To this end
we study the winding behavior of planar Brownian motion.

. Winding of Brownian motion about one point in the plane.
Consider the “punctured plane” C\{0} and its the fundamental group

m(C\{0}) = m (R*\{0,0}) = m(S") = Z.

The exponential function
exp: C — C\{0}, =z~ ¢€7,
is the universal covering of C\{0}. Since exp is 27-periodic, i.e.
L
it divides the complex plane into strips (fundamental domains of the covering) of the form
Dy:={z€C: 21k <Imz < 2n(k+1)}, keZ.

The exponential function maps each strip D = Dy, to C\{0}. Given a point x in the punctured

0 i
o R N

c T I —_ o

\
]

plane C\{0}, say x = rexp(ip) with r > 0, the preimage of = under the exponential function
is
exp '(z) = {logr +i(p + 2km), k € Z},
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where each “fundamental domain” D, contains exactly one point of the preimage. Moreover
if a curve in C crosses one of the fundamental domains D, the corresponding path in C\{0}
makes a “cycle” about the origin.

Now let X be a Brownian motion in R2. By Lévy’s theorem on conformal invariance of
Brownian motion (Theorem 4.9) there exists a Brownian motion X on R? such that

t
exp(X;) = X7, where T} = / | exp(X,)|? ds 1 oo.
0

In particular, X does not hit 0 a.s. If X, upcrosses [downcrosses] Dy, then Xt turns once
counter-clockwise [clockwise] around the origin. Since however X is recurrent, it will enter
and exit each Dy, infinitely often.

COROLLARY 4.17. A two-dimensional Brownian motion winds clockwise and anti-clockwise
arbitrarily many times about x = 0, but returns to the vicinity of the starting point unwound
(equal number of clockwise and anti-clockwise turns) infinitely often.

II. Winding of Brownian about two points in the plane.

For prove Picard’s little theorem we study the winding behavior of Brownian motion in the
double-punctured plane C\{0,1}. Recall that we want to show that a holomorphic function
f:C — C\{0,1} is constant.

Idea of proof. By Lévy’s theorem on conformal invariance of Brownian motion (Theorem
4.9), the image process fo X is a time-changed Brownian motion on C\{0, 1}, and if f # const,
the time change will be non-trivial. Recall that complex Brownian motion X on C is recurrent
on open sets.

Let U be an open contractible neighbourhood of the starting point Xy = z. If U is suf-
ficiently small and = not a degenerate point of f, then f(U) is also open and contractible in

C\{0,1}.

U

f(U)
f .
/_\ -

C C\{0,1}

Since every path of X which returns to U can be contracted relative to U, Little Picard’s
Theorem follows if we can show the following Lemma.

LEMMA 4.18. There is a random time T such that P{T < oo} = 1 and such that for any
t > T,if Xy € U then the path f(X) up to the time t is not contractible in C\{0, 1} relative
to f(U).

The lemma can be proved either directly by probability arguments, or it can be deduced
from the existence of a holomorphic universal covering of C\{0,1}. The same method as
above may then be used to study the winding of Brownian motion about two points, 0 and 1,
say. The result is however quite different. The universal cover of the twice-punctured plane
C\{0, 1} is the open upper half-plane, the covering map being the so-called Jacobi modulus,
usually denoted by k2,

HZ = {z € C: Im(z) > 0} =55 ©\{0,1}.
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Brownian motion X on C\{0, 1} does not hit 0 or 1 if X, # 0,1, and as the Jacobi modulus

11
3 2

HQ

C\{0, 1}

is analytic, it lifts to a Brownian motion X on the half-plane H, running with a complicated
clock 7. The lift X is confined to the half-plane, however Brownian motion will eventually try
to cross the real line. Thus (X, ):>o must run with so slow a clock that it approaches a point of
the bordering real axis as ¢ — co. To achieve this, it has ultimately to leave the fundamental
domain where it started from as well as any other fundamental domain, and pass through a series
of sheets of the tesselation corresponding to longer and longer words of the fundamental group
with the implication that the original Brownian motion on C\{0, 1} gets inextricably tangled
up in its winding about 0 and 1. Unlike the case of the once-punctured plane, the winding of
the Brownian path about the two punctures 0 and 1 becomes progressively more complicated as
t — oo and never gets undone.






CHAPTER 5

Semigroup derivative formulas and computation of the price sensitivities

Let X = (X;) be a solution of an SDE on R" of the type

(5.1) dX =b(X) dt + o(X)dW,, X,=u,
nx1 nxr rxl1l

where W is a Brownian motion on R". We write again X; = X,(z). We suppose that Eq. (5.1)
models the time evolution of the asset prices. Consider payoffs of the type ¢ = f(X7(z)),
where 7" > 0 and where f: R" — R is a bounded and measurable function. Consider option
prices of the type

P(¢) = E[f(Xr(2))]

where z represents the current price of the underlying at time 0.

5.1. Greek’s Delta
We would like to calculate
Ay = 0, P(¢) (“Greek Delta™),

which represents the sensitivity of the price with respect to the current price and is important
for the hedging strategies.
One would like to have a formula of the type

0. P(¢) = E[f (Xr(x)) 7]

where 7 is independent of f and where no derivatives of f are involved in the right-hand side.

Naive Approach:
Do = ,E[f(Xr(x))] = E[0x (£ (Xe(x)))] = E[(0af) (X1 (2)) On(Xr())]
where 0, X would represent the solution to the formally differentiated SDE, i.e.,
dU = (0b)xU dt + (00)xU dW,
Up =1 (unit matrix).
Obvious problems:

(1) In many situations f is not differentiable, sometimes not even continuous, e.g. n = 1,
and

f(Xr(z)) = (Xr(z) — K)y (European Call), or
f(X7(2)) = Vg o(X7(2)) (digital option).
(2) Sometimes the “deterministic horizon” 7" needs to be replaced by a stopping time:

LE[f (X (2))]?
49
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For instance, if 7 = 7p () is the first exit time from some bounded domain D C R" (barrier
option), then

= X (x)
can not be differentiable. Indeed, we have
D>ax— X, (z) €0D.

Note that such a map even cannot be continuous, since there is no continuous retraction of D to
the boundary 0D.

Question Does this mean that x — E[f(X,(z))] is not differentiable? What can then be
said about hedging strategies in this case?

Recall that
dX =b(X)dt + o(X)dW; (for simplicity b and o smooth),
where we adopt the hypothesis that (X;) is an elliptic diffusion, i.e.
o(x): R" — R"™ surjective for all x € R".
Goal We want to calculate quantities like
Ao = 0:P(¢),  where P(¢) = E[p(x)],
in situations like
¢(x) = f(Xrnr)(x)), or
¢(z) = f(Xr(x))1
o(z) = f(X7(x))

with 7" > 0 and 7 > 0 a first exit time.

{T<r}, Or
, etc

Step 1 The process
My(z) =E7[¢()], t<T,
is a (local) martingale expressible as a function of (¢, X;(x)) and differentiable in = for ¢ < 7.
Indeed, consider for instance the case

P(¢) = E[f (Xrar(2))] = u(T, )
where
T={t>0:X(z) e 0D}, DCR",
with D a relatively compact domain. Then u solves the PDE

9., _
U = Lu,
U’T:O = f,

U(Tv '>|3D = f|3Dv
where
n 1 )
L= ZZI b;0; + 5 mzl(aa )ij 0;0;.
Hence
M(z) = u(T —t, Xi(z))

(both sides are martingales having the same value at time 7" A 7).
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Step 2 (Fact from Stochastic Analysis)

If M;(x) is a family of continuous local martingales (depending smoothly on the parameter x),
then %M (x) is also a local martingale.

Here: We use this fact as follows. Write u; = u(t, -), then
My(x) = up—(Xe(2))

and for any v € R",

0
N, = <%Mt(x), v) = (dur)x,w(0X)v, t<TAT,

is a local martingale as well.

Step 3 (Allow v to vary with time)

Instead of a fixed vector v € R” consider an adapted R"-valued process v(¢) with absolutely
continuous paths. Then

t
he v= (dur—¢) x, () (0X): v(t) — / (dur—r)x, () (0X), 0(r)dr
0 (r)
=dv(r

is a local martingale. We consider
t
M} = - (Xi(a)) = oT2) + [ (dur)x, )0 (X,a)) W,
0
and

t
M? = / (o7 ( X (2))(0X),0(r), dW,),
0
where 0! is the right inverse to o. Then
d(M;M7) 2 d[M}, M{] = (dur—t) x,(@) (0X )¢ 0(t) dt

where = denotes equality modulo differentials of local martingales. Hence

me = (dur- ) ) (OX ) 0t) — ur—o(X(a)) / (o7 (X, (2))(0), 9(r), AV,

is a local martingale as well.

Step 4 Choose v(t) such that
e (my) is a true martingale,
e v(0) =vandv(T'AT)=0.
Then, by taking expectations, we get
E[mo] = E[mT/\T].

THEOREM 5.1. Let

and v € R". Then for
(dP(¢))zv = Vo P(¢) = (VP9)(x),v)
the following formula holds:

AP =—E o) [ (o (X, (02), 50). )
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where

e W is Brownian motion on R",
e v(r) is an adapted R™-valued process with absolutely continuous paths such that
v(0) =vandv(T A1) =0,

e and moreover

TAT 1/2
E ' 2d .
(/0 [0(s)] s) ] < 00
EXAMPLE 5.2. Let T
T =00, v(s)= ;Sv, v =g
Then
o . 1 1
958 = v = g
and
1 T
OP(o(e) = 7B | 1(Xr(0) [ (o7 (Xelo) @)},
or

Ay = VP(0)(a) = LE [f(XT@:)) | oxi; o-1<Xt<x>>*th] .

5.2. The case of Black and Scholes

For instance, consider the Black-Scholes model (n = 1)

d
%:Ttdt—’—atth, S():.CU>0,
t
with r; and o, are deterministic functions and inf; o; > 0. Thus
O'(St> = Stat
and
9 () = 28y(x) = (0X)
ax t\T) = T t\T) = t-
Hence .
1 dW,
Ay =E X — )
=B | fele) oy [ 0]

Special case  Consider the particular case when r;, = r and 0, = o are constants. Then
we recover the classical formula

d —rT — —rT
—Ele f(ST@:))}—E[e 1 (Sr(@))

There is no derivative of f in the right-hand-side.

Wr
xoT |’
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uniqueness of solutions, 21
semigroup theory, 28
semimartingale

on M, 10

real-valued, 10
solution of an SDE, 18
stochastic differential equation on M, 18
stochastic representation of solutions

generalized Dirichlet problem, 33
Stratonovich differential, 15
Stratonovich integral, 15

tangent bundle, 1

Whitney’s embedding theorem, 21
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about one point, 45
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(A,Z)SDEon M, 18

(h,U) local chart, 1

) smooth functions on M, 5
° ) test functions on M, 3

T M tangent bundle, 1

T, time change, 41

X:(z) L-diffusion, 3

[X, Y] quadratic covariation, 14

A Laplacian, 4

Ag Greek delta, 49

T'(T'M) space of vector fields, 1
I'(f, g) T-operator, 9

Z equality local martingales, 9

4o €Xit measure, 7

V gradient, 4

¢(x) lifetime of X;(z), 5

d[X,Y] = dXdY quadratic covariation, 14
df; differential of f at z, 1

o dX Stratonovich differential, 15
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