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Abstract

A one-step scheme is constructed, which, as the Milstein scheme, has the strong approximation property of order 1; in contras
to the Milstein scheme, our scheme does not involve the simulation of iterated It6 integrals of secoribbaitiethis article:
A.B. Cruzeiroetal., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Published by Elsevier SAS on behalf of Académie des sciences.

Résumé

Monte-Carlo géométrique pour un opérateur elliptique : approximation numérique forte. On propose un schéma
a un pas, qui, comme le schéma de Milstein, posséde la propriété d’approximation forte a l'ordre 1; contrairement au
schéma de Milstein, notre schéma ne nécessite pas la simulation d'intégrales itérées de 1td du secoRoudeife. cet
article: A.B. Cruzeiro et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Published by Elsevier SAS on behalf of Académie des sciences.

1. Introduction

Numerical integration of SDE consists, an SDE being fixed, in producing a discretization scheme leading
to a pathwise approximation of its solution. In this work we discuss the related problem of how to establish a
Monte-Carlo simulation to a given real strictly elliptic second order operétowrhich leads to good numerical
approximations of the fundamental solution to the corresponding heat operator.

Of course many SDE can be associatedctoeach choice corresponding to a parametrization by the Wiener
space of the Stroock—Varadhan solution of the martingale problem associate#oo applications to finance all
these parametrizations are equivalent. We shall prove that there exists an optimal parametrization for which the
one-step Milstein scheme does not involve the computation of iterated stochastic integrals of second order. For ou
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search of an optimal parametrization we have to describe the possible parametrizations of the diffusion associate
to L£; it is sufficient to solve this problem for the Euclidean Laplaqlaermin this case it is equivalent to replace
the standard Brownian motioif onR? by anorthogonal transforni¥ with an It differential of the type
d
~ k
dWe =Y [2w®]; dw;®), (1)
j=1
wheret — 2w (¢) is an adapted process taking values in the groyp) ©f orthogonal matrices. We denote by
O(Ww) the family of all such orthogonal transforms which is isomorphi®t®(d)), the path space on @).
Pointwise multiplication defines a group structureRi®(d)) >~ O('W).
Given onR? the data of/ + 1 smooth vector fieldgg, A1, ..., Az, we consider the 1td SDE

d
déw (1) = Ao(Ew (D) di + Y Ax(&w (1)) dWi (1),  &w (0) = &o. 2)

k=1

Throughout this Note we assume ellipticity, that is, for @ng R¢ the vectorsAi(£), ..., Aq(§) constitute a

basis ofR?; the components of a vector field in this basis are denoted, Ax)s which gives the decomposition
UeE)= Z;’le, Ar)e Ax(§). By change of parametrizatiowe mean the substitution 6¥ by W in (2); we then

get an Itd process if. This change of parametrization does not change the infinitesimal generator associated to
(2) which has the forn = % dkap AZAf Dy Dg+ ), Aj Dy WhereD,, = 3/3&%. The group QW) operates on

the set of elliptic SDE ofiR? and the orbits of this action are classified by the corresponding elliptic opetators

2. Definition of the schemes

Denote byt, := ¢ x integer part of /¢; we define our scheme by

Zywe (t) = Zwe (te) = Ao(Zwe (1)) (t — 1) + Y Ak(Zwe (t)) (Wi (1) — Wi (te))
k

1
+ 5 2O A (Zwe (1) | (We () = Wela)) (W () = Wi 1)) — ey}
k,s

+ %kZ: Ai(Zw= (1)) ([As, Al Ak)ng ) {(Wie(0) = Wi (1)) (Ws (1) — W (1)) — em} |, 3)
where W is standard Brownian motion oR¢, andn; the Kronecker symbol defined by} = 1 if k = s and
zero otherwise. Denote BH(R?) the path spacen R?, that is the Banach space of continuous maps ffoy]
into R¢, endowed with the sup normp1 — p2llce = SUR (0,77 | P1(E) — P2(t)|ga. Fixing&o € RY, let Py, (RY) be
the subspace of paths starting frgm Given Borel measures;, p2 on P(R?), denote byM(p1, p2) the set of
measurable maps : P(RY) — P(R?) such that?, p; = p»; theMonge transport nornisee [8,5]) is defined as

. 2 12
du(p1, p2) == [Weﬁ?;,pz)/llw(p) IIOOpl(dp)] :

Theorem 2.1.Assume ellipticity and assume the vector fieldsalong with their first three derivatives to be
bounded fix £ € R? and let p, be the measure Olﬁ’go(Rd) defined by the solution of the Stroock—Varadhan
martingale probleni7] for the elliptic operator.L; let ps be the measure obtained by the scheimeith initial
value Zy:(0) = &. Then

1
limsup-duy oz, ps) =c < 00. (4)
&

e—0
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Remark. The proof of Theorem 2.1 will provide an explicit transport functiodglwhich puts the statement in a
constructive setting; the constanis effective.

3. The Milstein scheme

The Milstein scheme for SDE (2) (cf., for instance, [6], formye23) or [2], p. 345; see also [3]) is based
on the following stochastic Taylor expansion &f along the diffusion trajectoryA; (&w (¢)) = Ar(Ew (t)) +
204, Ap) Ew (1)) (W) (1) — W;(te)) + O(e), which leads to

Ewe () — Ewe (te) = Y Ar(Ewe (6)) (Wa () — Wi (te)) + (t — o) Ao(§we (1))

k
t

220 A0 e 1) [ (W) = Wi0)) AWt

ik fe

the computation ofti (W;(s) — W;(t.)) dWi(s) gives the Milstein scheme

Ewe (1) — Ewe (te) = > Ax(Ewe (1)) (Wa () — W (te)) + (t — o) Ao(§we (1))

k
1 .
+5 Z(aAiAk)(SWS (te)) (Wi (0) = Wi (1)) (Wi (1) — Wi (1)) — em;) + R,
ik

whereR =} ; _[Ai, Acl(Ewe () j}i(Wi () = Wi(te)) dWi(s) — (Wi(s) — Wi(ze)) dWi (s).
It is well known that the Milstein scheme has the following strong approximation property:

B[ sup w0 —&we 0)[*] = O(6?). (5)
t€[0,1]

The numerical difficulty related to the Milstein scheme is how to achieve a fast simulatiRnTie purpose of
this work is to show that by a change of parametrization this simulation can be avoided.

4. Horizontal parametrization

Givend independent vector fieldss, ..., A; onR?, we take the vectord (), ..., Aq(£) as basis at the point
&, the functionsB; ,, calledstructural functionsare defined (see [1]) by:

Bie® =([A A Ai),, [A AN =D B () Ai(®).

The structural functions are antisymmetric with respect to the two lower indices. Considentiection functions
defined from the structural functions by
: 1, . '

Fkl,s = E(ﬂllcv - 'Bs,i +131gk) (6)
Let I'; be thed x d matrix obtained by fixing the indek in the three indices functionskf*. Then, by means of
the antisymmetry of; , in the two lower indices[ is an antisymmetric matrix:

I+ 13) = Bis = i+ Bl Bli = Biy + Bii =0.
The matrix/; operates on the coordinate vectors of the basi§) via I't(As) =) ; F,("’SA,'. This givesl;(Ay) —
Iy(Ar) = [Ar. As]: theith component of the Lh.s. iS(8] | — B, + Bf, — B, + B, — B = BL, LetM =
R? x &; whereég, is the vector space of x d matrices. Define oM vector fieldsAx, k=1, ...,d, as follows:
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A, e) = (Z efAc(E), M, e)>, [MI(E €)== efel I} (&), £eR? ety (7
14

e

Denoting for a vectoZ onM by Z# its projection oriR?, we have:
Proposition 4.1.The vector fields\; satisfy the relatiofAx, A;]7 =0

Proof. The horizontal componer[lagkﬁs]H is given by
[3AkAS]H = Z A;( 81'1;';' + Z(Z[Nk]% 3(;)6?)14
i g9 “a.p
= Z(Z e,fAi,) <Z et 81‘Ag/> — Z(Z ekeﬁ y L,,> <Z ngnfSAq>
i N v q

e

= Z(Z%AQ) (Zef'a,-Ag) — Y efel Iy A,
i £ 4

ol
using the fact thaﬁ(g)e? = ngmy. We finally get[agkﬁs] =Y verel [0a, Ay — 3o T, v Aql. Therefore the
horizontal component of the commutator is
[Ak, A7 = efel 1A Apl = Y efel (I — TE ) Aa
0,0 a, 0,0
which vanishes sinc&y(Ay) — Iy (A¢) = [A¢, Apr]. O

Denote bye" the transposed of the matrixand letAo(¢, €) = (Ao(&), —eJ), J == Y ¢_; N, Ni. Consider
the following It6 SDE on the vector spabé:

dmy = Axmw) Wi + AoGmw) dr. - mw (0) = (6o. 1d). ®)
k

Proposition 4.2.Denotemy (t) = (Ew (t), ew (1)), thenew (¢) is an orthogonal matrix for > 0, and

t

FEw®) — /(£f)(§w(s)) ds is a local martingale, for anyf € C%(R9). 9)
0

Proof. We compute the stochastic differentialedfe:

Zd e,fe,f/ Z <Z e,fefle,’j ut Zek emep I’ ) dw,,

m,k,p ~ U
—i—Z(e,f (Ao)i —|—e,€ (Ao)ﬁ + Z emek FZ ,e,q,,ek 1"5 )d
k m,p.q.p'.q

where the last term of the drift comes from the Itd contracliop de! * def = 3", [N, Mi]¢ dr = J¢ dr. The
first two terms of the drift are computed by using the definitiodef " [ef (A0)] + ef (Ao){] = —3[(eTe)! +
(eTeJ)i]. Write eTe = Id +o, then the drift takes the form (o J + Jo')/2. We compute the coefficient o#d,:
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_Z<Zeﬁe,ﬁe,‘{’ +Zekemek ) Zem<z 13 pu—}—Ze eé, )
u
Using the antisymmetry“lffz = _F,f,z/ we obtain
/ 1
dof, =— Z dw,, Zefl <Zaé‘1"1f’u + Zo}[‘[f’v> -5 [0J + Joli dr. (10)
m )4 u v

Eq. (10), together with Eq. (8), gives an SDE with local Lipschitz coefficients for the t§pte o); by uniqueness
of the solution, ag (0) =0, we deduce (1) =0forallr > 0. O

In terms of the nevR?-valued Brownian motionV defined by (Wk () = Z@[ew(t)]lé dW,, we have

déw =Y Ac(Ew (1)) dWi (1) + Ao(Ew (1)) dr. (12)
k

5. Reconstruction of the schemé&

We want to prove that our schengeis essentiallythe projection of the Milstein schem@y:, ew:) for the
solutionmy = Ew,ew) of the SDE (8). In order to write the first componeni: we have to compute the
horizontal part oEAkAj, which has been done in the proof to Proposition 4.1: we get

Ewe (1) — Ewe (z¢)
= Ao(Ewe (1))t — 1) + Y _[ews (1) [y Ae(Ewe (1) A(W)

k,t
+Z Z{Z ewe (1) | [ew 1)) (aAer/ - ZFE,@Ai)(éws <te))}(A<Wk>A<Wf> —en).
0,0 i
whereA(Wy) = Wi (1) — Wi(z:). By (5)
E[ sup [|ew (1) — ews (1) ||2] < ce?, ]E[ sup [|éw (1) — Ewe (1) ||2] <ce? (12)
t€[0,1] 1€[0,1]

Consider the new procesé, defined by
E5 (1) — &0y (1) = Ao(Efy (1)) (1 — 1) + > _[ew (1) ] Ae (£l (1)) A(Wi)

¥4

+3 Z{Z ew (1)), [ew o))’ (aAerf - ZF;,K,AI->(55W (rg>)}(A(Wk>A(Wj> —en}).

N
Lemma5.1.The procesg&, has the same law as the procesg: defined in(3).

Proof. By Proposition 4.2W; (1) — We(t:) := Y [ew ()15 (Wi (1) — Wi(z:)) are the increments of dk¢'-valued
Brownian motionW; we get

£y (1) — E5, (1) = Ao(Ef, (1))t — 1) + Y Ar(Ef, (1)) (Wi (1) — Wi (ze))
k

1 ~ ~ ~ ~
s ;(aAk Y ) ) (Wit~ Weta) (W0 = Wat1) = ).
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By Eq. (6), we have 3, Fk",SAi = [Ar, Al + X, (([Ai, Al Ak) A + ([Ai, Ak, Ag)A;), where the first term
is antisymmetric ink,s and does not contribute; the remaining sum is symmetric,in Thus we get
—Diks Fk”SA,-A(Wk)A(Wg) = ixs Ail[As, Ail, Ax) A(Wy) A(Wy) which proves Lemma 5.1.0

Lemma 5.2.We have£[sup (o 1 ||§a, (t) — Ewe (1) IIéd] < cg?

Proof. The following method of introducing a parameteand differentiating with respect to, is continuously
used in [4]. Fon € [0, 1], lete* := kew + (1 — Mewe and define the procegg, by

£l (D) — &3 (te) = Ao(8h (1)) (1 — 1) + D[l (1) ] Ae(Ely (1)) A (W)

k.l

+3 Z{Zewm [efy )] (aA[Aw—Z L )éwa(ts))}(A(Wk)A(Wj)—(t—ts)m{)-

e

LetuW = 0&/0A; thensw(t) —Ewe(r) = fo uW(t)dk Denote byA’, (84,A¢), (T, v Z/Ai)/ the matrices obtained
by differentiatingAx, 94,Ae, Fz »Ai With respect té, and consider the delayed matrix SDE

the,(J:[A’ (&l (1)) dt+Zew<r€> AL(ER () W + 5 Z{Zewas)]i[eév(rg)]ﬁ'

k,j * e

x ((aA(Am/ (i A) )(e—éva (ts>)}(A(Wk> dW; (1) + A(W)) dWi (1) — ] dr)}JtHO

i
with initial condition J;y,, = Id. Then

T

why (T) = Jr / J;,O[Z[ew(m —ewe (1)) Ae (&l (1) AW (1) + Z{Z[ew(m —ews (t)];

0 k.t k,j ‘e
x [eév(zg)]f./ <8AZA@/ -3 F,jyé,Al-) (& (tg))}(A(Wk) dW; (1) + A(W;) AWy (1) — ) dt)}

which along with (12) proves Lemma 5.20

References

[1] A.-B. Cruzeiro, P. Malliavin, Renormalized differential geometry on path space: structural equation, curvature, J. Funct. Anal. 139 (1996)
119-181.

[2] P.E. Kloeden, E. Platen, Numerical Solution of Stochastic Differential Equations, Springer-Verlag, Berlin, 1992.

[3] P. Malliavin, Paramétrix trajectorielle pour un opérateur hypoelliptique et repére mobile stochastique, C. R. Acad. Sci. Paris, Sér. A-B 281
(1975) A241-A244.

[4] P. Malliavin, A. Thalmaier, Numerical error for SDE: asymptotic expansion and hyperdistributions, C.R. Math. Acad. Sci. Paris, Sér. | 336
(2003) 851-856.

[5] F. Malrieu, Convergence to equilibrium for granular media equations and their Euler schemes, Ann. Appl. Probab. 13 (2003) 540-560.

[6] G.N. Milstein, Numerical Integration of Stochastic Differential Equations, in: Math. Appl., vol. 313, Kluwer Academic, Dordrecht, 1995.
Translated and revised from the 1988 Russian original.

[7] D.W. Stroock, S.R.S. Varadhan, Multidimensional Diffusion Processes, in: Grundlehren Math. Wiss., vol. 233, Springer-Verlag, Berlin,
1979.

[8] C. Villani, Topics in Optimal Transportation, in: Grad. Stud. Math., vol. 58, Americal Mathematical Society, Providence, RI, 2003.



