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Lie Algebroid Associated with an Almost Dirac Structure

Kentaro Mikami and Tadayoshi Mizutani

Abstract

We show that to an almost Dirac structure of a manifold, there asso-
ciates a Lie algebroid. In the case of a Poisson manifold, this Lie algebroid
coincides with the usual cotangent Lie algebroid with Lie algebra bracket
on the space of one-forms.

1 Introduction

Let 7 be an arbitrary 2-vector field on M, i.e. a smooth section of A*(TM). We
denote by 7, the bundle homomorphism T*M — TM defined by a, — m(ay, )
(x € M). By an abuse of notations, we denote by the same letter 7, the homo-
morphism I'(T*M) — I'(TM) between sections. For the Schouten bracket [, 7]
of 7, which is a 3-vector field, we define ker[r, 7] = {a € T*M | [7, 7|(cv, -, ) = 0}.
If ker|m, 7] forms a bundle of constant rank, it was proved in [7] that ker|r, 7]
becomes a Lie algebroid with respect to the bracket Lz )5 — Lzga — d(7(a, 3))
and the anchor p(a) = 7(«a). Clearly, it coincides with the usual Lie algebroid
structure of T*M of a Poisson manifold (M, ), where [r,7] = 0. On the other
hand, the graph of 7 : T*M — TM defines a sub-bundle of TM & T*M, which
is an almost Dirac structure (see Section 1), and ker[r, 7| can be identified with
a subset of this almost Dirac structure. The aim of this paper is, generalizing the
above result, to show that a certain sub-bundle Ly of an almost Dirac structure
is a Lie algebroid with respect to the bracket and the anchor, which are natu-
rally defined on the almost Dirac structure (Theorem 2.1). The sub-bundle L is
given as the kernel of the 3-tensor field T restricted to the almost Dirac structure,
introduced in [1] (see Definition 2.2).

In Section 1, we review some basic facts on Dirac structures and prove that £
is a Lie algebroid. In Section 2, in order to clarify the conditions under which an
element belongs to ker T, we use the description of an almost Dirac structure by
means of a “2-vector field on a sub-bundle of T*M”. In Section 3, we give a ‘dual’
description of Dirac structures in which we use “2-forms” defined on a sub-bundle
of TM. We also give simple examples.

It is possible to generalize our result in the case of deformed bracket in [4] or
[3], and also seems highly possible in the case of the twisted Poisson structures
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[8]. However, we restricted ourselves to the case of the ordinary Dirac structures
in order to make the arguments and the computations clear. We hope interesting
examples will come about from the further generalizations.

2 Dirac Structures

Let T(M) and T*(M) be the tangent and the cotangent bundle of M, respectively.
Let (-,-); be the symmetric pairing on T(M) @ T*(M) defined by

<(XI7 aflf)? (Y:m ﬁz>>+ = O‘ZB<Y:E) + 696<Y33)7 (X:v; aac)v (ny ﬁ:p) cT,M® T;M

Definition 2.1 (T. Courant). A smooth sub-bundle £ C T(M) ® T*(M) is
an almost Dirac structure if £ is maximally isotropic with respect to the pairing
(,-)+. This means L is a sub-bundle of rank n(= dim M) and the restriction of
(-, )+ to L x L vanishes identically.

Remark 2.1. In [1], an almost Dirac structure is called a Dirac structure, however
we use the word Dirac structure to mean the one which was called an integrable
Dirac structure in [1].

OnI'(T(M) & T*(M)), we have a bracket defined by
(2.1)

[(X1, 1), (X2, 0)] = ([XlaXz] » Lxyo0 — Ly,a1 + %d(&l()@) - a?(Xl)))

where [ X7, X3] is the usual Lie bracket of vector fields and Lx« is the Lie derivative
of 1-form « with respect to the vector field X.

The bracket [(Xi,aq), (Xa, az)] is skew-symmetric but does not satisfy the
Jacobi identity. Indeed, let (Ji, J5) denote the Jacobiator

(J1, J2) = [[(X1, ), (Xo, 2)], (X5, a3)] + cp.
Clearly J; = 0. As for J5, however, we have

Proposition 2.1. The second component Jo of the above Jacobiator is given by
Jy = }ld<2061<[X2,X3]) + Lx, (2(X3) — a3(Xs))) + c.p. .
Especially, the restriction of Jy to an almost Dirac structure L is
%d(al([XQ, X3]) + Lx, (a2(X3))) + cp. .

Proof. This is shown directly from the definitions of (-,-), and [, -]. O
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Definition 2.2. An almost Dirac structure £ is called a(n) (integrable) Dirac
structure if T'(L) is closed under the bracket [-,].

In [1], Courant introduced the R-tri-linear map on T(M) @ T*(M) to R
defined by T((X1, o), (X2, a2), (X5,03)) = ([(X1,01), (X2, a2)], (X5, 03)) 4 for
(Xi, ) € T(M)dT*(M) (i = 1,2,3), and showed that an almost Dirac structure
is integrable if and only if T" restricted to £ vanishes: T'|; = 0. We note that the
restriction 7’|z has the tensor property. That is T, is tri-linear over C*°(M).

Proposition 2.2. Let £ be an almost Dirac structure. Then T'|z, T restricted to
L, is computed as

T’L‘,((Xla Oél), (XQ, 042), (Xg, Oég)) = (Oél([XQ, Xg]) + LX1 (OéQ(Xg))) + C.p.

and
1
J2|£((X1, 041), (X27 042), (X:s, CKs)) = §d (T|z:((X1, 041)7 (X27 042), (X3, 063))) .
Proof. On L, we have

(I(X1, 1), (X2, 02)], (X5, 03)) 4
= (Lx,02)(X5) = (Lx,0n)(X3) — %Lxs(oéz(Xl) — a1 (X2)) + a3([X1, X3])
= Lx,(02(X3)) — o2([X1, X3]) — Lx, (01 (X3)) + on ([ Xz, X))
— Ly (a2(X1)) + as([X1, Xa]).
This together with Proposition 2.1 shows Proposition 2.2. O]

Let £ be an almost Dirac structure. We consider the ‘sub-bundle’ Lq of £
consisting of the elements in ker T'| .. More precisely, we put

Lo={e=(Z,y)e L | T(ei,ez,e) =0, e1,e9 € L}.

Since T restricted to L, is skew-symmetric with respect to all the arguments, £,
can be considered as the kernel of the bundle map T : £ — A2L*, e+ T(-,-,¢).
Since the fiber dimension of £, may change from point to point, to get a Lie
algebroid, we have to restrict £y to a submanifold of M where L is of constant
rank. Hereafter, for simplicity, we assume that Ly is a bundle of constant rank on
whole M. The following proposition is obvious from Proposition 2.2.

Proposition 2.3. If one of eq,eq,e3 in I'(L) is an element in I'(Ly), we have the
Jacobt identity:

Meh 62]], 63]] + [[[[62, 63]], 61]] + [[[[63, 61]], 62]] = 0.
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The following proposition is used to show that I'(Lg) is closed under the bracket
[['7 ]]

Proposition 2.4. For e = (Z,7) € I'(Ly) and e = (Y,3) € T'(L), we have
[e,ei] € T(L).

Proof. Since T restricted to £ is skew symmetric, we have ([e, e1], e2)+ =T (e, ey, €2)
=T(e1,ey,€) =0, for any ey, ey € I'(L). By the maximality of £, we can conclude
[e,eq] is in T'(L). O

By the above propositions, we obtain the following theorem.

Theorem 2.1. Let L be an almost Dirac structure and Lg the kernel of T, which
we assume a sub-bundle of L. Then Ly is a Lie algebroid with respect to the bracket
[-,-] and the anchor pr,, which is the natural projection p : T(M) & T*(M) —
T(M) restricted to Ly.

Proof. Let e1, ey be two elements of I'(Ly). Then for any e3 and ey in I'(£), we
have

T([e1, ea], €3, €a) = ([[e1, eal, €3], ea) s = ([[er, es], ea] + [en, [ez; es]], ea) +
= T([e1, e3], €2, e4) + T'(e1, [e2, €3], €4) = 0.

The second equality holds because of the Jacobi identity (Proposition 2.3) for
e1,e2,e3 and the last one is true because [ey, es], [es, e3] are both in T'(L) by
Proposition 2.4. This shows that I'(Ly) is closed under the bracket. Since the
Jacobi identity is obvious for the elements in I'(Ly)(Proposition 2.3), [-, -] is a Lie
algebra bracket on I'(Lg). That p, satisfies the condition of an anchor map is
also verified directly from the definition (2.1) of [, -]. O

3 An alternative description of a Dirac structure

In this section and the next, we give alternative descriptions of an almost Dirac
structure and give more explicit conditions for an element in £ to be in the kernel
of 3-tensor T'|.

Let £ be an almost Dirac structure on M and p, and p}: denote the restriction
of the natural projections T(M)®T*(M) — T(M) and T(M)&T* (M) — T*(M)
to L, respectively. We put £ = Imp, and A = Imp}. As was remarked before, the
fiber rank of £ as well as A, may not be constant. To justify our computations
we only treat the case when £ and A are bundles of constant rank.

Take an element a € A, (the fiber over z € M ), then for some X € T(M),
(X, ) lies in £. That £ is isotropic implies that the restriction X |4, of X con-
sidered as an element in A% (dual space) depends only on a and we obtain an
well-defined fiber map 7 : A — A* (see [1]). We may consider 7 as a ‘2-vector
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field” defined on (each fiber of) A. It is skew-symmetric since for o, 3 € A, we
have

m(a,8) = X(8) = =Y (a) = —n(B,a), where (¥, ) € L.

From the sub-bundle A = Imp}. and a skew-symmetric 2-field 7 on A, we can
recover L as a bundle given by

L ={(X,0) e T(M)aT*(M)| 6 A, 7(6) = X|4}.

Indeed it is easy to see that £ is a vector bundle of rank n(= dim M). That £’
is isotropic with respect to (-, ), follows from the skewness of =. If (X', a/) € L,
we see

(X", d), (X, 0))1 =a/(X) + 0(X') = m(0, ) + 0(X)
= —7(a,0) + 0(X') = —X'(0) + H(X') = 0

for (X,0) € £'. This together with the maximality of £ implies £ = L'.

Now we are going to characterize the element of Ly in terms of © and A,
where L is the sub-bundle ker T'|; of L. First, we observe that A* is a quotient
bundle of T(M) by the sub-bundle A°, where A° is the bundle consisting of the
annihilators of A. 7 is an element A2A*, however we choose and fix a splitting
to the projection T(M) — A*, and consider A* as a direct summand of T(M),
obtaining a 2-vector field which extends 7. This is possible since we are assuming
A is of constant rank. We denote this extended 2-vector field by the same letter
7, since we hope this will not cause any confusion. Then L is given by

3.1) L={(X,a) | a€ A 7(a)=X|4} ={F()+X,a) | a€ A X c A°}.

For e; = (X, a),es = (Y,3) and e3 = (Z,7) in L, we look for the condition on
es under which T'(ej, e9,e3) = 0 holds for all e;,es € L. We can write e; =
(T(a) + X, a),es = (7(B) + Y, 0) and es = (7(7) + Z,7), respectively, where
X,Y,Z € A°. With these notations, we have

[(X, @), (v, 8)] = ([#(a).7(3)] + [F(a), V] + [X, 7(8)] + [X, V],
LB + Lz — d(m(ev, B)) + L5 — Lya).

Writing {a, 3} for L) — Lzgya — d(w(, 3)) and making the pairing (-, )4 of

the above element and (Z,v) = (W(y) + Z,7), we obtain

(32)  [7(@),7(B)](7) + [7(a), Y](7) + [X. 7(B)](v) + [X.Y](7)

which is nothing but T'(ey, 2, €3).
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If we choose X =Y = 0, then (3.2) gives

(3.3) [T (), 7(B)](7) + 7(v, {ev, B}r) + Z({ev, B}r) = 0,
for a, 3 € A. We put Y = 0 and a = 0 in (3.2), we obtain
(3.4) (X, 7(B)](v) +7(v, LxB) + Z(LgB) =0, X € A3 €A

If we put a = 8 = 0 into (3.2), we get y([X,Y]) =0 (X,Y € A°). It is easy to
see that this is equivalent to

(3.5) Lyye A, X e A

Conversely, it can also be seen that if (Z,7) = (7(y) + Z,~) satisfies conditions
(3.3), (3.4) and (3.5) then (3.2) vanishes identically.

In the following, we will simplify the conditions (3.3) and (3.4). First, we note
(3.4) is equivalent to the following:

(Lsm)(B,7) + 7(Lx ) + 73, L) + Ls(Z(8)) — [X, Z](8) = 0.
Since Z(3) = 0, this means
(3.6) (Lxm)(v)+LgxZ =0, on A.
To simplify the condition (3.3), we use the following
Lemma 3.1. For Z € A° and o, 3 € A, we have
1Z,7)(, ) = Z({e, B})
Proof. By the definition of {«, 5},, we have

]

Lemma 3.2. The condition (3.3) for (Z,~) = (7(v) + Z,v) can be replaced by
the next equality:

[@(y), ®(B)] + (Lz7)(B) = 7({7, B}x) =0, B €A,
or equivalently by

%[7‘(‘,71’](’7) +L;mr=0 on A.
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Proof. By Lemma 3.1, (3.3) can be replaced by

3.7 [® (), 7B)() + 7y, {e, B}x) +[Z,7)(@, ) =0 o, B € A.
Using the general formula for a 2-vector field (see [7], [9])

39 [7(0), 7(3)] = 7({a, B}:) + 2 [m,7](a )

we thus rewrite (3.7) as

%[w, Tl B,7) + (Lym) (e, B) = 0 e, %[w, () + Lyr =0

]

From the above lemmas, we can summarize the conditions on Ly as follows.

Proposition 3.1. Let A and A° be as before and m a skew symmetric bilinear
form on A. Let

L={(X,a) | acAn(a)=X[4}={F)+X,a) | a€c A X € A%}
be an almost Dirac structure defined by m. We put
Lo={e=(Z,y)=(F()+Z,v) €L | T(er,ea,e) =0, ej,ea € L}.
Then (Z,7) = (7(y) + Z,7) € L belongs to Ly if and only if the following condi-
tions (C1), (C2) and (C3) are satisfied:
(C1) Lgy€ A, forall X € A°,
(C2) (Lgm)(v)+LgZ=0o0nA, foral X e A°,

(C3) %[w,ﬂmﬂz,ﬂ—o on A.

Example 3.1. Let A be an arbitrary Pfaffian system. We consider the case when
7 = 0. Then

L={(X,a) | ae A, X e A°}.

(C1) means Lxy € A for any X € A°, and (C2) mean [X,Z] € A° for any
X € A°. Clearly, (C3) is vacuous in this case. Thus £, = Char(A) x Ay, where
Char(A) is the Cauchy characteristic of A and A, is the first derived (Pfaffian)
system of A, respectively. In particular, if A is completely integrable and hence
A is the tangent bundle of a foliation F, Ly is just the product T'F x (T'F)°. The
bracket in L is given by

[[(Xv Oé), (Y, ﬁ)]] = ([X7 Y], LXB - LYO‘)'
Example 3.2 ([7]). We consider the case when A = T*(M) and 7 : T*(M) —
T(M) is an arbitrary 2-vector field. Since A° = {0}, the conditions (C1) and
(C2) are trivial. (C3) implies [r,7|(a,7,) = 0 for any a € T*(M). Thus,
Lo = {(7(7),7) | v € ker[r,n]} and ker|r, 7] is a Lie algebroid with respect to
{+,-}=. This is our previous result in [7].
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4 Description by 2-forms

In this section, we describe an almost Dirac structure by a ‘2-form’ on & = p.(L) C
T(M) and find the conditions which characterize £,. To justify the computation,
we assume & is of constant rank again.

Let w: & — &£ be a skew symmetric bundle homomorphism as before. The
almost Dirac structure is given by

L={(X,a) e TM)dT(M) | ixw=alg, X €&, acT(M)}.
The bracket on I'(L) is given by
[(X1,a1), (X2, 0)] = ([X1, Xao] , Lx,00 — Ly, + d (w(X1, X2))) -

Let ey = (X, a),ea = (Y, ),e3 = (Z,7) be three elements in I'(£). We look for
the conditions on e3 = (Z,7), so that T'(ey, ey, e3) = 0 holds for all ey, ey € T'(L).
We choose a section s of the natural projection i* : T*(M) — &£* and consider the
map sow : £ — T*(M). Extending s o w to a map from T(M) to T*(M), we
obtain a 2-form @ € A?(T*(M)) satisfying @ (e, es) = w(ey, ez), for ey, e5 € E. We
write an element (X, a) in £ as (X,ix@ + &), where @ € £° (= the annihilators
of £). We compute T'(eq, €9, €3) using the formula in Proposition 2.2:

T((X, ), (Y, 5),(Z,7))
=a([Y, Z]) + 8([Z, X]) + (X, Y]) + Lx (8(2)) + Ly (7(X)) + Lz(a(Y))
=—da(Y,2) —dB(Z,X) — dy(X,Y) + Ly((Z2)) + Lz(3(X)) + Lx (7(Y)).

Making use of
da =dixw + da = Lxw —ixdo + da,
da(Y,Z) =(Lx0)(Y, Z) — (do)(X,Y, Z) + (da)(Y, Z),
Ly(a(2)) =Ly (0(X, Z) + a(2)) = Ly (0(X, Z)),
we see the above T'(ey, e, €3) is equal to
A5(X,Y, 2) + (1Y, Z]) + H(17, X)) + (X, V).

From this, we obtain the following conditions (4.1) and (4.2) on e3 = (Z,~) which
assure T((X, a), (Y, 5),(Z,v)) =0 for all (X,a«),(Y,5) € L.

(4.1) do(X,Y,Z) + 3([X,Y]) =0 for X,Y €&,

(4.2) B([Z,X]) =0 for X € &, Be&°.

Now, (4.1) is equivalent to that (d®)(Z) —dy = 0 on &€ and from v = iz® + 7,
this is equivalent to Lz — dy = 0 (on &). Similarly, (4.2) is equivalent to that
Lz& C €. Thus Ly is given by the following:

Lo={(Z,y)eL | LyECE, Lyo—dy=0onE}.
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We note that Lzw is well-defined since the right-hand side of
ix(Lz@) = Lz(ix@) — ijz,x)@
is independent of the choice of @. The bracket (in £) is given by
[(Z.7), (W, 8)] = ([Z, W], Lz6 — Lwy + d(v(W))) .
Since Lizw)€ = Lz(Lw&) — Lw(LzE) C € and

=d(Lz0 — Lwy +d(y(W))), on €,

that [(Z,7), (W, 9)] € Lo is verified.

Example 4.1. Consider the case where & = T(M) and w is an arbitrary 2-form.
Then

L=1{(X,a) e T(M)®T*(M) | ixw=a}={(X,ixw) | X € T(M)}.

It is easy to see Lo = {(Z,izw) | Z € kerdw}. In particular, if w is closed, Ly is
a Dirac structure given by the presymplectic structure on M.

Example 4.2. Let £ be a contact distribution with its contact 1-form 6, and let
w = df. The only vector field in £ satisfying LzE C £ is the zero vector field.
Thus I'(Lo) = {(0, f0) | f € C°(M)} with trivial bracket. Similar situations
occur with distributions whose Cauchy characteristic is trivial, since the condition
LzE C £ means that Z is contained in the Cauchy characteristic of £. With such
distributions, it is appropriate to consider the ¢-deformed bracket ([3],[4]).
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