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0 Introduction

Let G be a real connected Lie group, let X;, 7 = 1,...d, be some left
invariant vector fields on G which generate the Lie algebra of G, and form the
left invariant sub-Laplacian A = — Z?:l XJZ. On the space L%(G) relative
to the right invariant Haar measure on G, the operator A is formally self-
adjoint and non-negative. Then, from the spectral theorem, every Borel
function m bounded on R determines a bounded operator on L*(G) via
the formula m(A) =[5 m(A)dEy, where A = [, AdE) is the spectral
resolution of A. A question which arises naturally is the following (see
Hoérmander [12] for R™): is it possible under certain conditions regarding
the function m, to extend m(A) to a bounded operator on LP(G) for some
p#27

We concentrate here on the case where G is a solvable Lie group with
exponential volume growth (for Lie groups with polynomial volume growth,
see Christ [2], and Alexopoulos [1]). Two classes of solvable Lie groups
with exponential volume growth and invariant sub-Laplacians emerge in
the miscellaneous works on that problem: Lie groups with sub-Laplacians
which admit a differentiable LP functional calculus on the one hand (see



e.g. Hebisch [8], [9], [10], Cowling, Giulini, Hulanicki and Mauceri [4],
Mustapha [14], Gnewuch [7]); Lie groups with sub-Laplacians of holomor-
phic L? type on the other hand (see Christ and Miiller [3], Ludwig and
Miiller [13], and Hebisch, Ludwig and Miiller [11]). In this paper, we prove
a multiplier theorem for groups and sub-Laplacians belonging to the first
class.

We consider a family of Lie groups G such that each G is a semidirect
product of a real nilpotent Lie group N (non necessarily Euclidean) with
the real line R, and the action is semisimple and has nonzero eigenvalues
all positive but one. We show that on each G there is a left invariant sub-
Laplacian with differentiable functional calculus on LP(G) for all p > 1. This
result is new when N is non-Euclidean (for N Euclidean, see Hebisch [10]);
in case of eigenvalues not all positive with N non-Euclidean, previous multi-
plier theorems concern exclusively invariant sub-Laplacians of holomorphic
LP type (see Christ and Miiller [3], Ludwig and Miiller [13], and Hebisch,
Ludwig and Miiller [11]).

1 Results

Let us begin by introducing some notations, and recalling some basic notions
about stratified groups (those can be found in the book of Folland and
Stein [6]).

Let H be a stratified group, that is a connected simply connected nilpo-
tent Lie group, whose Lie algebra b is such that the following vector space
decomposition holds

b=,V
where the subspaces V; satisfy
V1, Vj] = Vija, j=1,...n—1.
We consider the family of algebra automorphisms {0y }+er of b defined by
O’t(Xj) = ethj, Xj S ‘/}

This endows h with a structure of dilations, which corresponds to a structure
of dilations on H, given by the one-parameter group of automorphisms on
the group H

Ot = €Xppy 00t 0 exp;II, t eR,

where expy denotes the exponential map from § to H. With this structure
of dilations, the nilpotent Lie group H is said to be a homogeneous group of
homogeneous dimension

Q:zn:jdimvj.

J=1



Let « be real negative, and let G = H x R x R be the Lie group whose
product is

g1 - 92 = (h1,a1,t1) - (he,ag,t2) = (h1 - o4, ha, a1 + e ag, t1 + t2)

where g; = (h;,a;,t;) € G, i =1,2. Observe that the Lie group G is solvable
with exponential volume growth, and that it is non-unimodular when «
equals not —@Q). We endow G with the right invariant Haar measure

dg = dhdadt,

dh being a bi-invariant Haar measure on H, da and dt being the Lebesgue
measures on R corresponding respectively to the variables a and t.

In what follows, we identify § with an ideal of the Lie algebra g of G. Fix
{e1,...,eq} a basis of the vector space Vi. To each vector e;, j = 1,...d,
we associate a vector field X; left invariant on H, by setting:

X;o(h) = dsp(h - expy(sej))l,_g,  h€H, ¢ €CHH),

and a vector field X; left invariant on G, by setting:

X;o(g) = 0sp(g - exp(se)))l g g E€G, ¢ € CH(G),

where exp denotes the exponential map from g to G. It is easy to see that
Xj=¢€'Xj, j=1,...d. We define two more left invariant vector fields on G

Xo = 6,5 and Xd+1 = eataa.

Note that the system x = {Xp,...Xgy1} satisfies Hérmander condition
on G.

We consider now the operator — Z?ié XJZ defined on the set C§°(G) of
smooth functions compactly supported in G. Let A denote the Friedrichs
extension of this operator on L?(G) (i.e. the smallest self-adjoint extension),

The so-defined operator A is a left invariant sub-Laplacian on G.

The aim of this paper is to prove the following multiplier theorem.

Theorem 1.1 Let G and A be as above. Suppose that m is a real contin-
uous function compactly supported in |0, 4+o00[ which belongs to the Sobolev
space HOT5T¢(RT) for some € > 0. Then the operator m(A) extends to an
operator bounded on LP(G) for allp > 1.



Remark 1.1 The degree of reqularity of our LP multipliers is not expected
to be sharp. The interest of our result is not quantitative but qualitative:
we give the first example of sub-Laplacians which admit o differentiable LP
functional calculus, p # 2, on N A-groups with roots not all positive and for
which N # R"™.

To prove Theorem 1.1, we estimate the heat kernel {p,}x.>o associated
with the sub-Laplacian A

e =dxp.,  ¢€CFG), Rz >0,

where #; denotes the product of convolution in the space L?(G, d! g) relative
to dlg = e~ (@+2)qg, the left invariant Haar measure on G. We show that
p11is is uniformly bounded in L!'(G) by a polynomial in s € R. It was
proved by Hebisch [9], that m(A) is then bounded on LP(G) for all p > 1.
Following Hebisch, Theorem 1.1 derives from the result below.

Theorem 1.2 Let G and p, be as above. There is a constant C > 0
such that

9
Ip11isllzie < CA+[s)9F2,  seR.

Our purpose is thus to establish Theorem 1.2. In order to do so, we
estimate the norm of piy;s in L'(G) by means of its norm in the space
L?(G) weighted by some weight w. In section 2, we define w, we give an
estimate of p144s in L?(G,wdg) (Theorem 2.1), and we show that it implies
Theorem 1.2. The end of the paper is devoted to the proof of Theorem 2.1.

We use the variable constant convention, which means that in a sequence
of equations, identical names will possibly be applied to different constants
(whose dependence in the parameters of the equations is clear). The nota-
tions introduced in section 1 and in section 2 hold in the all paper, except in
section 4.1 and the appendix, section 7; these two sections contain general
results on Lie groups and have their own local notations.

2 Estimates on the heat kernel: L! through L2

Let p be the Carnot-Carathéodory distance on G associated with the Hormander
system x. We denote by |g| = p(e, g) the distance from an element g in G to
the origin e of G, and by Br = {g € G : |g| < R}, R > 0, the ball centered

in e of radius R.



Proposition 2.1 If there exists a function w non-negative on G such that
the following inequalities hold

I(1+w) 2|l 2my < C(L+R)Z,  R>0,
1 3
lw2prtisllrz) < C(L+ [s])92, seR,

then Theorem 1.2 is true.
Proof This result is a rewriting of a result proved by Hebisch [9]. W

To prove Theorem 1.2, we show that there exists a function w on G which
has the properties required by Proposition 2.1. Let | - |z be a homogeneous
norm on the homogeneous group H, that is a function continuous and non-
negative on H, smooth away from the origin ey of H, and which satisfies
for all hin H: |h|g = |h=Yu; |oth|lg = €t|h|g for every t in R; ||y = 0 if
and only if h = ey. We put

w(g) =w(h,a,t) = |h|Zlal,  g=(ha,t) €C.
Lemma 2.1 There is a constant C > 0 such that

I(1+w)"2| 28, < C(1+ R)Z,  R>0.

Proof We draw from the geometry of the Lie group G that there exists
C > 0 such that

Br C {g=(h,a,t): |hlg < C’eCR, la| < C’eCR, [t|<C(R+1)}, R>0.
Lemma 2.1 follows from easy computations. H
Theorem 2.1 There is a constant C > 0 such that

1 3
w2 p1pisll 2y < C(1+|s))92, s €R.

Lemma 2.1 and Theorem 2.1 prove Theorem 1.2, by Proposition 2.1. So
the point is now to demonstrate Theorem 2.1.

To prove Theorem 2.1, we show that the function s +— ||w%p1+is||%2(G)
satisfies a certain differential inequality which, once integrated, implies the
expected estimate on ||w% p1+is|\%2 @) The end of the paper is organized as
follows. In section 3, we consider the functions

LI
fk@(s) = ”|h’[2—1|a’2p£+i8H2L2(G)v LS R, f S DQ,]C, k= 0, .. .Q,



where D,,, n € N, denotes the disc {z € C: |z — 1] <1 — 5 }. Observe that

1
foe(s) = fa(s) = lw2pitisliae), s €R, &€ Do

We fix k € [0,Q] and € Dg_j, and we show that s fr¢ is bounded by a
certain quantity. We evaluate directly one part of this quantity (sections 4
and 5), and we estimate the other part by fo¢y, ... fr—1,¢, , With & € Dg_;
(section 6). In section 6, we inject these estimates in the estimate of O, fy, ¢
and we obtain a certain differential inequality that can be integrated using
an argument of induction. This proves, modulo a pointwise estimate on the
heat kernel, that f ¢ is bounded by a polynomial in s; in the particular case
where k = @), it proves Theorem 2.1. In the appendix, section 7, we establish
a pointwise estimate on the heat kernel with complex time on a general non-
unimodular Lie group which completes the proof of Theorem 2.1.

Remark In the sequel, we shall denote by < -,- > the scalar product in
L?(G), and when no ambiguity is possible, by || - |72 the norm || - || 12(q) -

3 First step towards a differential inequality

In this section, we prove the following proposition, which provides estimates
of the derivatives J; fi ¢ of the functions fj ¢ defined above.

Proposition 3.1 Let k be an integer in [0,Q]. There exists a constant
Cr > 0 such that, for any § in Dg_j and s in R,

Bl
10sl12 1 7lal 2 pe-isll72 |

(I+ea)t k=l 1 ¢
CrhY D> sw e 2 |hl7 la| 7 peyislie whenk=1,...Q,

at
Co sup H€7p§+is||%2 when k = 0.
C€Dg+1

First we show some auxiliary results (Lemmata 3.1, 3.2 and 3.3). The
proof of Proposition 3.1 is given at the end of the section.

Lemma 3.1 Let X be a left invariant vector field in x, A be real, and ni,ns
be integers. Let ¢ be the function defined by ¢(g) = |h|}} |a|™® where g =
(h,a,t) € G. Then there exists a constant C' > 0 such that, for any Rz >

_1
2Q+1 >

d+1
At 1 At 1
leZ g2 Xp.|2. <C  sup e d2pcllis + > | < Xjps, M X (d)p: > |-
I¢—2I<so7r Jj=1



Proof The proof is a slight modification of an argument of Hebisch [9].
We shall assume that X # Xg; the proof for X = Xg is similar. From
integration by parts

< Ap,,eMp, >

d+1 d+1
At 1
= Z He 2 ¢2ijzH%2 +A< X0p276/\t¢pz > +Z < ijme)\th((b)pz >
j=0 J=1
At 1 2 At 1 2 At 1 At 1
> lez ¢z Xop:|l72 + lle2 92 Xp:ll72 — Al - [e2 62 Xop:|| 12 - [le= ¢2p:|| L2
d+1
—Z! < Xjps, M Xj(0)ps > |
j=1
At 1 A2 a1 dt1
> e ¢2 Xp.|7. — Z!\€7¢5pz||%2 =D 1< Xjpe M X(d)ps > |-
7=1

Since p, depends analytically on z, there exists, by the Cauchy formula, a
constant C' positive such that, for all z > QQ% and y € R,

At 1 At 1 At 1
le @2 Apyriyll72 = lle? 2 0upariyls < C sup le ¢2pe|7a.
¢~ (e i) < sk

The desired inequality follows. B

For k,l integer, and X a left invariant vector field in x, we set
IkJ,X (ga 3) = / e(l+a)t’h’1;{_l |p§+i8(h> a, t)‘ ’pr-‘ris(h? a, t)‘dhdadtv
G

where £ is positive and s is real.

Lemma 3.2 Let k be an integer in [0,Q], [ in [0,k], and let X be a left
invariant vector field in x. There exists a constant C' > 0 such that for any
§ in Doy and any real s,

k
(m+a)t k—m
Lx(&s)<CY  sup e = [hly® pegisllia-
m:lCGDQ—k-H

Proof Fix kin [0,Q] and X € y.
Let us start by estimating Iy ; x for [ = k. For any £ € Dg_j, and s € R,
R(E+is) > 2Q%k > QQ%. Consequently, by Lemma 3.1,

Iiix(&s) = /Ge(k+a)tp§+z‘s(h,a,t)||XP§+z's(h,a,t)|dhdadt



(kta)t (k +a)t

< e 2 perisllre - lle Xpeisllz2
(k+a)t
< C sup le 2 pll7
|C—(6+is)|< 5t
(k+a)t 2
= C sup ”6 2 pC+’iS||L2) 6 € DQ—k7 seR.

|C*5|<2Qﬁ

For any ¢ such that | — &| < QQ%, one has |[( — 1| <1— 2@,%“; thus

(k+a)t
Ix(&,8)<C sup e 2 petislie §€ Dok, sER,
CEDQ—k+1

which is the expected estimate for [ = k.
Let us now estimate Iy, ; x for I € [0,k — 1]. Assume that thereis! € [1, k]
such that, for some C' > 0,

(m+a)t
Tiix (€, 5) <CZ sup e 5 7 pesiellls €€ Dgp, sER,
m= ICGDQ k41

and let us estimate I ;1 x. Again by Lemma 3.1,

Ik,l—LX (fa S) = /G e(l_1+a)t|h|l;;l+l ‘pf-l-’is(ha a, t)| |Xp§+7,s(ha a, t) |dhd(1dt

(I—14a)t k=l+1 +a)t k— z+1
< e = |h|H2 p§+is||L2 : || Al Xpevisllre
(=1t+a)t 1+0‘)t (= 1+a)t k— l+1
< e IhIH ps+zslle + e | Xpeyis7a
(I—1+a)t k*y 9
< C  sup lem = 1hly* pcllze
|¢—(&+is)|<5gr
d+1
+Z| < ij§+wa (l 1+a)tX (|h’k l+1)p£+z‘s > |a §€ DQ—kv seR.
7j=1

We treat the terms of this inequality separately. First we observe that

(I—1+a)t 1+a)t (I—1+a)t 1+a)t k=l+1
sup [ IhIH ch% = sup e 2 IhIH Petisl 72
¢~ (&+is)|<5o¥r IC—€l< 55T
(= 1+a)t -
|h|H pc+is||%2'

< sup e
CEDQ—k+1

Next, using X1 (b5 ) = 0, we find that
| < Xap1Peris, € X g (|h5 ) peris > | = 0.
Now we estimate

| < ijéﬂ'&e(l_1+a)th(‘h’];1_l+l)P§+z’s > |



for 1 < j <d, remembering that X; = et X j. An argument of homogeneity
on the homogeneous norm | - |y, proves that for all n > 1 there is C' > 0
which satisfies X;(|h|%) < C|h[% . Then

| < ij£+i87e(liHa)th(‘h|l;1_l+1>]9§+z’s > |
< C < |Xjperasl, T perisl >, €€ Dok, sER. (1)

We recognize I x; (&, ), bounded by assumption on /. Thus

|< X]pf—i—zs; (l 1+C¥)tX (|h’k l+1)p§+is >|

(m +o¢)t
< CZ sup le ‘h‘H pCHSH]ﬁ? §€Dg-k, seR.
m—1 SEDQ—k+1

Finally this implies the required estimate on Iy ;1 x :

(m+a)t
Ii-1,x(§8) <C Z sup  [le |h\H “perislli €€Dgy, sER
m=l— 1<6DQ k+1

Lemma 3.2 follows. B

For k,l integer, and X a left invariant vector field in y, we set

Toix(€5) = / |5 al [pesis (s @, 0)] | X pess (b, a, )| dhdadt
G
where £ is positive and s is real.

Lemma 3.3 Let k be an integer in [0,Q], I in [0, k], and let X be an invari-
ant vector field in x. There exists a constant C' > 0 such that, for any £ in
Dg_i and any real s,

(m+eo¢)t
Je1x(&,s SCZZ sup e 2 WH \a| 2 peyisl7a-
—0 m=1 $€Do—r+1

Proof The proof is similar to that of Lemma 3.2, modulo the fact that

integrals Jj ;1 x are estimated via Lemma 3.1, not only by integrals Ji;y
with Y € x, but also by integrals I}, ;_1y. Lemma 3.2 is used to conclude. Bl

Proof of Proposition 3.1 For all integer & in [0, Q)],

ko1
B l[|hl 2 |al2 peis]| 2
— 2R < —iAperis, |h/%alperis >



d+1
= —2%2 < ijp§+i37 |h|lﬁf‘a|p£+13 >

j=0
d+1 . )
2 lal|2 k
= 283 (IIhlflal? Xperil ft < Xipesis Xj(hlfrlapesis > )
7=0
d+1
= 23 S < Xjperis, Xj([hlfrlal)peris >
j=1

Then for k =0, £ € Dg and s € R,

d+1

1
Oslllal2pesislizal < 2D | < Xjperis: Xj(lal)pesis > |
j=1

< 2 < |Xap1petis), € |petis| >
= 2lo0,x,.,(& )

Hence by Lemma 3.2, there exists Cyp > 0 such that
1 at
Oslllalzperislzzl < Co sup e perislie, €€ Do, s €R,
C€DQ+1

which proves Proposition 3.1 for k£ = 0.

Now assume that & is in [1,Q]. The argument used to deduce the esti-
mate (1) in the proof of Lemma 3.2, implies that there is C}, > 0 such that,
for every £ € Dg_j and s € R,

LE
10411213l 2 pe s is]| 2|
d+1
< 2371 < Xyperis: X, (11 lalpesis > |
j=1

d
< Ch Y <X perisl, €l allpeyisl > +2 < [Xay1perisl €| Rl Ipeis) >
=1

d
= Ci Z Ji1,x; (&, 8) + 2050, x,4,, (€5 8)-

Jj=1

By Lemmata 3.2 and 3.3, we have for all k¥ € [1, Q]

B
|0s 1117 |al 2 peisl|72

1k
(m+ea)t k—m 1—c
< (XX s e b Jal T peslEe
=0 m=1S€Po—k+1

k
(m+a)t k—m
+Y . sup e 2 |hly P<+z‘sH%2>
m—0SEDQ-k+1

10



1 k
(m+ea)t k—m 1—¢
< Gy X sw [ TR ol Fpcislia & € Dok s €R,
e=0 m=1—e¢ CGDQ7k+1

which ends the proof of Proposition 3.1. B

4 Estimates on the heat kernel in L?(G) weighted
by exponentials in ¢

In this section, we establish explicit weighted estimates on the heat ker-
nel (Proposition 4.1, Corollary 4.1, Proposition 4.2, Corollary 4.2). Those
estimates will allow us to initialize a process of successive integration of
differentiable inequality (sections 5 and 6), that will lead to Theorem 2.1
(section 6).

Proposition 4.1 There is a constant C' positive such that

at
||€2P§+z‘sH%2 < 0(14‘\5\)2, § € Dgy1, seR

Proof This result is derived trivially from an estimate established by
Hebisch in [9] (p 163). &

An easy consequence of Proposition 4.1 is the following.

Corollary 4.1 There is a constant C positive such that, for any integer k

in [a,Q],
kt
lle2 p§+is||%2 <CO(1+ |5|)2, § € Dgy1, seR

Proof Let k be an integer in [a, Q]. For every £ € Dgy1 and s € R,

kt 0
He7pg+is||%z < / </H . eat\p&is(h, a,t)|2dhda> dt
X

— 00

+oo
+ / < / th]pg+iS(h,a,t)\2dhda) dt
0 HXxR

at
le% perss|l? + /G ¢ lpe.is(9)?dg.

IN

Now

/ e |petis(g))Pdg = / e Y peris(gHPd(g )
G G
- /G e~ 5(q)pesis () 25(g)dg

— / Q@ e (g)dg
G
at

= e perislZ.

11



Thus by Proposition 4.1, there exists C' > 0 such that
kt at
le2 peisllie < 2lle2 peyisl® < C(1+Is])?, £ € Dgt1,s €R,

hence Corollary 4.1. B

A refinement of the estimate of Hebisch [9] more sophisticated than Propo-
sition 4.1, is given by the following proposition.

Proposition 4.2 There is a constant C' positive such that

at S .
||e 2 p%+ns+i(y+5)||%2 < 0?7 Tty € DQv n 6]07 1[7 s> 1.

The proof of Proposition 4.2 uses tools related with Schrodinger opera-
tors. In section 4.1 below, we introduce the results on Schrodinger operators
we need; then we prove Proposition 4.2 in section 4.2. But before that, we
complete the list of our explicit weighted estimates on the heat kernel by
the following corollary of Proposition 4.2.

Corollary 4.2 There is a constant C positive such that, for any integer k

in [1,Q],

Kkt S .
le™ Pz pporiy+s)ll7e < C?, z +iy € Dg, n€]0,1[, s > 1.

Proof The proof is analogous to that of Corollary 4.1. B

4.1 On Schrodinger operators

Note that the results presented here are general, and are not specific to the
groups introduced in section 1.

Let Gg be a real connected simply connected Lie group, go be its Lie
algebra, and dgg be a right invariant Haar measure on Gy. We consider
a family yo = {Y1,...Y,} of left invariant vector fields on Gy, and we
assume that it satisfies Hormander condition. Let ¢ denote the Carnot-
Carathéodory distance relative to xo, and 7 the corresponding distance to
the origin 0 of Gg

7(g90) = 0(0, 90), 90 € Go.

Let {fi,...fs} be a family of real functions in C!(Gp). We define the
operators

Ujp = (Y; +if5)¢, ¢ €Co(Go), j=1,...n,

and their adjoint operators U’, j = 1,...n, in L?*(Gp). We consider the
operator 3 7 U;Uj; defined on the set C5°(Gy). That operator is symmetric

12



and non-negative on L?(Gy), and thus it admits a Friedrichs extension. Let
H denote this extension,

H=) UU;.
j=1

The operator H is a Schrodinger operator on L?(Gp). The semigroup e *#
is well defined for Rz > 0, and so is the kernel of the semigroup that we

shall denote by e =% ¢.

Lemma 4.1 Let K be a compact set in the half-plan {z € C: Rz > 0}.
There is a constant C positive independent of the family of functions { f1, ... fn}
such that for every real ¢, x + iy in K, n in|0,1] and s > 1,

—(z J H 7
||e~ (5 Hnstily+s)) %0l L2 (6o e2emo0)ago) < C €XP (07726 ) .

Proof It is analogous to the proof of Lemma 1.4 in Hebisch [9]. B

4.2 Proof of Proposition 4.2

Let the notations be those of sections 1 and 2 again.

Let Gy denote the Lie group Gy = H x R, with H as in section 1, whose
product is

9o - go = (hat) : (Eaf) = (h : Utﬁat‘{'f)’ 9o = (h7t)a§0 = (ﬁvf) € GO-

We equip Gg with the right invariant Haar measure dgy = dhdt, and we
identify the left invariant vector fields {Xo,... X4} on G to left invariant
vector fields on Ggy. It is then easy to show that yo = {Xo,... X4} is a
Hormander system on Gy. Let ¢ denote the Carnot-Carathéodory distance
on Gq related to xg, and 7 the corresponding distance from an element in
Gy to the origin 0 of Gy.

Now consider the operator — Z?:o X ]2 + €22 where a is a real para-
meter, defined on C§°(Gy). That operator has the form Y77, U;U; de-
scribed above in section 4.1. Thus it admits a Friedrichs extension on
L?(Gy); let us denote by H, this extension,

Let us fix 2 + iy € Dg, n €]0,1[ and s > 1. From the Plancherel formula
at at
He 2 p%+ns+i(y+8) HQLQ(G) = /R ”e 2 p%+ns+i(y+s)”%2((}o)da

13



- /H“e ametilytaHagy |12, oy da

la|<e—cs/n? e—es/m?<|a|<1 1<]al

whatever positive constant ¢ is. Let us estimate each integral separately.
Easy geometrical considerations on the Lie group G allow us to show
that there is a constant C' > 0 for which

t| < C(r(g0) + 1),  go=(h,1) € Go.
Hence there is C' > 0 such that, for every a € R,

e e (BHmirtDiego| 2y ) < ClleCrmleBmHbraiigy 2,

From which we draw by Lemma 4.1, that there is C7 > 0 such that, for
every a € R |

||ea7te—(%+ns+i(y+s))Ha50||%2(G0) < Ciexp (C'182> , z+iy € Dg, n €]0,1[, s > 1.
n

Let us now choose the constant ¢ equal to C'1 in the integrals to estimate.
One then has for any x + iy € Dg, n €]0,1[ and s > 1,

5 —(£+ns+i(y+s))Hg 2
/|a|<e—019/n leze 2 50||L2(G0)da < 20C. (2)
For every a # 0 and every smooth function ¢,
¥ 9l3 L 1eS a3 ol? Lo ot 2 2
e ¢”L2(Go) < m”e 2 \a|2¢HL2(Go) < m(He ad)Hp(GO) + ”‘ZSHH(GO))-

The operator — Z?:o X? is non-negative on L%(Gy), thus for every a # 0
and for every function ¢ in the domain of H,,

He“ta¢Hi2(G0) =< e*a’p, ¢ >r2Gy) < < Ha, ¢ >12(aGo)
1Hat |1 2(Gq) + 191172(G)-

VAN

which implies
at 2
le @172y < H(HHWH%?(G()) + 191 72(60))-

Let us take ¢ = e~ (2Hmstiyts))Hagy in the above inequality. We get

||e%te*(%+ns+i(y+s))H“50||%2(Go)
2 z ‘ : |
< m(||Hae*(§+ns+z(y+8))H“50H2L2(Go) + He*(i“ﬁﬂ(“s))m&oH%Q(GO))'

14



It is easy to check that the functions s — HHae*(%*mH(y*s))H‘l%||%2(G0)

and s — ]]e_(§+"5+i(y+s))Ha50HQLQ(GO) have non-positive derivatives on R™.

Then they decrease on R, and we have

||e°‘7te—(%+n8+i(y+8))Ha50||2L2(G0)
2 —(Zy —(Z 44
< m(HHa@ (2+y)H“5o||i2(Go)+||6 (2+y)H“50||%2(G0))
2 _(z 3 a —_(Z 7 a
< g lHee G2 ooz + 167 T Z L2 64 22(c0))

x [le™ 55260172y
We know from spectral theory that the operators Hye (Gt Ha gpg o= (1+i)Ha
are bounded on L?(Gy) uniformly in z, y for z+iy € Dg, and that the bound
depends not on the parameter a € R. We deduce easily from the bound-
edness of e~ (it W He that HefﬁH‘légH%Q(Go) is bounded uniformly in z for
x + 1y € Dg, and independently of a. As a consequence the second integral
is such that, for any x + iy € Dg, n €]0,1], and s > 1,

ot (Z4nsti(y+s))Ha 5 |12 / 1
e2e \2 (50 da < C da
/ecls/n2§|a<l | 226 e

—C1s/1% <|q|<1 m

s
< C—. 3
= (3)
And we have also
8 (5 +nstily+s) Hag, |12 L g Hag 12
eze \2 1) da < C e dataf da
I olisgda < €[ Ll g,

1 x
< O | —le t8)325.,d
B /R!aue 700] L2y da
= Clpz|Z2(0):

It is a straightforward application of Theorem 7.1 (see Appendix, section 7)
that [|pz/12(g) is bounded uniformly in z for « + iy € Dg. Then for any
x+1iy € Dg, n €]0,1], and s > 1,
at _(x ;
/1<a| leze (2+ns+l(y+8))Ha50”%Q(Go)da < C. (4)

Using the estimates (2), (3), and (4), we find that there is C' > 0 such
that

at S S .
ez p%+ns+i(y+s)”%2(G) < C(H'?TQ) < C?u z+iy € Dg, n €]0,1[, s > 1,

which proves Proposition 4.2. B
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5 Estimates on the heat kernel in L?(G) weighted
by polynomials in |h|g

In this section, we derive new estimates on the heat kernel in L?*(G) from

those of section 4. The main result is given by the following proposition;

we shall use it to estimate by polynomials in s some of the terms in the
inequality in Proposition 3.1.

Proposition 5.1 Let k be an integer in [1,Q]. There exists a constant Cy,
positive such that,

k
1Rl Eperisll?e < Ce(L+[s)***, ¢ € Dg, s €R.

We start by showing two technical lemmata before proving Proposi-
tion 5.1 at the end of the section.

Lemma 5.1 Let k be an integer in [2,Q]. There exists a constant Cy, posi-
tive such that, for any x + iy in Dg, n in |0,1[, and s > 1,

2

Sk E 2k—4
k ij”‘h|§lp§+iy+(i+n)sHL2k when k € [37 Q]7
88“’h‘12{p%+iy+(i+n)s”%2 < ﬁ;+’“ ’
Cy — when k = 2.
n

Proof Let k integer be in [2,Q]. For every x + iy € Dg and 71 €]0, 1],

E
85|Hh|12—1p%+iy+(i+n)sHi2
d+1
. k
= —2R Z(Z +n) < ngp%+iy+(i+n)sa |h’Hp§+iy+(i+n)s >
j=0
d+1 .
3 2
= —2772H’h’fIXjP%Her(Hn)sHH
=0

d+1
. k
+2R Z(l + 1) < Xipz iyt (itns X (PP piyt ivms > )
=0
a1,
< —2772 H|h’12-Iij§+iy+(i+n)sH%2
=0
d
. k
+2[i + 7| Z ‘< Xipz viy+(itn)s: X (M E)P2 iyt (in)s >)
j=1
d+1
< —2772”|h|12-1ijg+z’y+(i+n)sH%2
=0

16



d
+2\/§Z < ’ijg+iy+(i+n)s\7 |Xj(‘h|];1)|’p%+iy+(i+n)s| > s> 1.
j=1

Then by the argument used to prove estimate (1) in Lemma 3.2, there is
Cj > 0 such that, for every z + iy € Dg and n €]0, 1],

k
3 2
Os || |h|f1pg+iy+(i+n)s HL2

d+1
< =203 A Xips ool
> n H ]p%+zy+(z+r])sHL2
Jj=0

d
k—
+Ck D < |Xpz iy irmsl €N D5 +ayiems| >

j=1
d k
< —2772|||h|121ijg+z‘y+(i+n)sH%2
j=1
d k k
5 tip12 1
+C, Z H|h’12{ijg+iy+(i+n)sHL2 [le WH pg+z’y+(i+n)sHL2
j=1
Ck kE_1
< WHet’h’;{ p%-ﬁ-iy-i—(i-i—n)s”%?a s> 1.

For k = 2, this implies by Corollary 4.2 that

Cs
68H|h‘Hp%+iy+(i+n)sH%2 < 7||etp§+iy+(i+n)sHi2
< 02%, x+1iy € Dg, n €]0,1], s > 1,
n

which proves Lemma 5.1 for k& = 2.
For k € [3,Q)],

k
Os || |h’12—lp%+iy+(i+n)s ’\%2

Ck- k1 2
< 7“615“1“[2{ Pz tiy+(itn)sll 2
k 4 k—2 2k—4
< 7“62t|pg+iy+(i+n)s|kHLg'H|h’H ’pg+iy+(z‘+n)s| k ”Lﬁ

Ck Ey % % 2k)€—4
= 7”6’2 P§+z‘y+(i+n)s||Lz : |||h|HPg+z'y+(i+n)sHL2

Thus by Corollary 4.2, for every = + iy € Dg, n €]0,1[, s > 1,

2
k Ck s \* & 2=
Osll|hl o yiyrimsllze < 77<772> R P -+igriems 2
8% g 2kk—4
< Ckﬁ”‘MHp%-Hy‘i‘(i‘f‘n)SH 2
’r] k

17



which proves Lemma 5.1 for k£ € [3,Q]. B

Lemma 5.2 Let k be an integer in [2,Q]. There exists a constant Cy, posi-
tive such that, for any x + iy in Dg, n in |0,1[, and s > 1,

k ) g1+
H|h‘[2—[p%+iy+(i+n)s||L2 < Cy o k-
’[’] 2

k
Proof We estimate H|h[§lp%+iy+(i+n)s\|%2 first for k = 2, then for k in

3. QJ.
By Lemma 5.1,

S
88H|h’Hpg+iy+(i+n)sH%2 < 02$7 s> 1.

From which we draw that
2

2 2 s
IAlaPs viy+tmyslze < AlEPE 4nrig+1) 22 + C2$v s> L
Now Theorem 7.1 implies that

I1Plaps corillie < ¢ @ +iy € Do, 1 €)0,1[.
Then
9 52 52 .
1Al EP2 iyt (i4mysll 2 < C+CQ$ < C2$7 z+iy € Dg, n €]0,1[, s > 1,
and Lemma 5.2 follows for k = 2. .
Now let us fix k € [3,Q]. We write ¢(s) = ”|h’ng+z’y+(i+n)s”%2-
Lemma 5.1 ensures that

BN

V() S Gt F (), 521
n

Hence

O(s) < |\ vr()+Chr—= | » s=1
it
By Theorem 7.1,

k
Y(1) = |||h|ffpg+n+z‘(y+1)||%2 < ¢k, r+iy € Dg, n €]0,1].

In terms of the heat kernel, we have

k 9 31+% 2
I1PlEPs viy+msllze < | e+ Ch—a
”[7 k

1+%
S 2

< Gy wtiye Do, nel0 1], s>1,
77 2

which proves Lemma 5.2 for k = [3,Q]. B
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Proof of Proposition 5.1 Let us estimate H|h|1%p§+z's||%2 for k =1 first,
and then for k € [2,Q)].

Arguments similar to those used to prove Proposition 3.1 when k = 0,
show that there is a constant Cy > 0 for which

1 t
Osll[Pl7perislZel < C1osup lezpeyislFas €€ Do, s €R.
C€Dg 41

Hence by Corollary 4.1,
1
|05 Il Zpetisl| T2 ] < Cr(1 4+ |s])?, s €R,

where C is a constant positive independent on § € Dg. This implies that

1 1
R Eperislze < hlEpell7e + Cr(1+s)°, €€ Dg, seR.

By Theorem 7.1,

1
1l Fperisla < C1(+1s])>, €€ Dg, s€R,

which gives Proposition 5.1 for k = 1.
Now we assume that k is in [2, Q]. On the one hand, Theorem 7.1 implies
that there exists ¢ > 0 such that

k
7l Zperislliz < e, €€ Dg, |s| < 1.

On the other hand, we know from Lemma 5.2 that there is Cy > 0 positive
such that,

k siTe .
H‘h‘?lp%—i-iy—i-(i-i-n)s”%? < Ckﬁ: z+iy € Do, n€]0,1], s > 1.
7’] 2
For n = 4%, this implies that
k
k £ (2s\2T2 )
1Al Epr iy iallZe < Cis™ <x> <™ atiyeDg s> 1

Now by a process analogous to the one used to established the above esti-
mation, one proves that

k
hlfiposig+islze < CulsP™*, x4y € Do, s < -1.

Combining the estimations for |s| <1, s > 1 and s < —1, we obtain that

k
I1B1Zpetisll72 < Ch(1+s))**, &€ Dg, seR,

which proves Proposition 5.1 for k € [2,Q]. B
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6 Proof of Theorem 2.1

In this section, we establish the following proposition which proves Theo-
rem 2.1.

Proposition 6.1 Let k be an integer in [0,Q]. There exits a constant C
positive such that

k 1
IRlZ - lal2perisliz < CL+[s|)*F@HF, €€ Doy, seR.
Denouement Theorem 2.1 follows from Proposition 6.1 with £ = Q.

Proof of Proposition 6.1 We shall demonstrate Proposition 6.1 by in-
duction on k.
By arguments similar to those used to proved Proposition 5.1 when k = 1,

1
a3 pesisl 72 < C(1+]s])?, £eDg, seR.

Proposition 6.1 follows for k& = 0.

Let us now fix ko integer in [1, @], and assume that Proposition 6.1 holds
for every integer k in [0, kg — 1]. Proposition 3.1 ensures that there is C' > 0
such that for any & € Dg_g,,

Pl 2
|0s 1P |al> peisllZ2 |

ko—1 -
(+a)t ko=l (kg+a)t
S C(Z sup e 2 [hly? p(+isH%2+ sup  |le 2 pC+iSH%2
1=0 S€DQ—ko+1 CEDG_1y+1
+>° sup ez|hly lalZpciill}a ), sER.
1=1 C€DQ—ko+1

k
This gives an estimate of |0|| ]h\go |al %p§+isH%2| in terms of norms of the heat
kernel in L? weighted. We shall evaluate the norms separately, depending
on whether the weight is purely exponential in ¢, whether it is polynomial
in |h|g and |a|, or whether it is polynomial in |h|g only.

There is only one term with weight purely exponential in ¢; it is the
(kg+a)t
supremum of |le 2 Petisl|2s for ¢ € Dg_jy+1. By Corollary 4.1, we have

the following estimate

(kg+a)t
sup  [le 2 perislf: <C+ )%, seR.
CEDQ—ky+1

Concerning terms with weights polynomial in |h|y and |a|, they are
ko—1
suprema of He%\h\lf ]a\%pcﬂ-sH%Q for ( € Dg_gy+1, with I = 1,...kg. Let
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us fix [ in [1, ko]. We have

H€ > |h\H |a\ 2pC+stL2

0
J (]l eligesn(h.a,0Pdna)
—00 HxR

+oo
s [T( Aty ol 0,0 Pdna) ar
0 HxR
ko—1

1
a \a!2pc+isH%2+/G Q=R k)5~ |al[pc+is(9) Pdg.

IN

IN

Now

/ @Kot B~ ] [pe (9) | dg
G
_ /G e (@ kot (Yol emataipe, (g~ Pd(g )

_ /Ge(QkOH)te(kol)t|h’];_([)_leat’a‘|pC+is(g)’26(Q+a)tdg

M1 2
I1hlg* lal2peis|za-

Thus, by assumption on kg, there is C' > 0 such that,

kot ko=l 1
sup  Jle® |hly” !a|2p<+zslle < 2 sup |l[Bl57 lal2pcraslia
CEDQ—ky+1 CEDQ—kg+1

C(1 + |s|)3F@Hko=t seR.

IN

Concerning terms with weights polynomial in |h|g only, they are suprema
—1

of He =l \h\H Peisl|3s for ¢ € Dg_py+1, with I = 0,...ky — 1. Fix [ in
[0, ko — 1]. We have

N

(+a)t ko=l
e 2 ‘h|H pC-Hs”L2 S /h[ . (/R . €(l+a)t’p<+is(h,a,t)|2dadt> dh
< X

e [ (G (b0, 0Pdadt) an
‘h[HZI RxR

(I+a)t

—1
le 2 perisls + /G B9 peyis(g)Pdg.

IN

On the one hand, by Corollary 4.1,

(I+a)t 2 2
sup e 2 perisllze < C(L+[s])7, seR.
CEDQ—kg+1
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On the other hand,
[ csto)Pag = [ o I ey ™)
= /Ge(l+a)t€(Ql)t|h|?1_l|p§+is(g)’26(Q+a)tdg

Q=1 9
= HWH2 pC+is||L2'

Thus by Proposition 5.1, there is C' > 0 such that,
1 _
/Ge(”“)tlhlg peris(9)Pdg < C(L+ s> 97, seR.
Finally,

2 o1 2
|aé‘|||h|H |a|2p§+is”L2|

ko—1 ko
¢ <Z (L4 s 4 (1 +]s)+ D (1 + |5’)3+Q+k0—l>

=0 =1
< O+ |s)?T9FTRo=1 ¢ € Do 4,, s €R.

IN

Then by Theorem 7.1, there exists C' > 0 such that,

k

ro 1 ko 1 k
1117 a2 pevisl| 7] 1Rl 4 lal2pell 72| + C(1 + |s|)>+9+Ho

<
< C(l + |8|)3+Q+k0, ¢ e DQ—km s e R,

and Proposition 6.1 follows. B

7 Appendix: Heat kernel with complex time on
non-unimodular Lie groups

In this section, we prove a pointwise estimate on the heat kernel with com-
plex time (Theorem 7.1) used in the previous sections. This estimate holds
on general non-unimodular Lie groups, which seems to be new when the
time is complex.

Let G be a real connected Lie group equipped with a right invariant Haar
measure dg. We denote by d!g the corresponding left Haar measure and by
0 the modular function of G

dg = d(g)d'y.

From now on, we shall assume that the Lie group G is non-unimodular, that

is 0 #1.
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Let x = {X1,...,X,} be a system of left invariant vector fields on G
that satisfies Hormander condition. We form the sub-Laplacian left invariant

on G .
_ 2
A=) X2
j=1
We associate with A the semigroup of operators T = e~*2, Rz > 0, and
we denote by p, the heat kernel
o =p.no, 6 CF(G), Re >0,

where #; denotes the convolution product in L?(G,d'g).

Theorem 7.1 Let G, §, p. be as above, and X\ be real positive. For any €
in 10,1, there is a constant positive C such that

1 2
p=(9)] < C(R2) "5 M5 (g) exp (—%((4'1'))) . geC R(z») >0,

where n is the local dimension of the Lie group G.

Proof of Theorem 7.1 Theorem 7.1 is a straightforward consequence of
Proposition 7.1 below. B

To state Proposition 7.1, we need to introduce additional notations. Let
us put
1 1
A=62A0"2 4 Ald.

The operator A is self-adjoint and non-negative on L?(G,d'g). We asso-
ciate with A the semigroup of operators S* = e~ %4, Rz > 0. Elementary
computations show that

S* = e M7z, Rz > 0.
It follows that, for every ®z > 0,
1
q. = e Mozp, (5)

satisfies

SSo=9xq: ¢ €Cr(G).

Proposition 7.1 For any € in ]0,1], there is a constant C positive such
that

4:(g)] < C(Rz)" exp <—§R<(4|i|2€)z)> e, R() 0.
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Proof of Proposition 7.1 Following Davies [5] (Theorem 3.4.8), Lem-
mata 7.1 and 7.2 below prove Proposition 7.1.

Lemma 7.1 For any € in |0, 1], there is a constant C' positive such that

2
a(g) < C’e_%(t)_f exp (— (4|_g’_| E)t) , geG, t>0.

Proof By the pointwise estimate on the heat kernel of Varopoulos [15] (see
Theorem 1X.1.2)

) . 2
pi(g) < Co™2(g)(min(t, 1)) 2 exp <—(4|i| e)t) , geG, t>N0.

Lemma 7.1 follows, using (5) with z =t € ]0, +oc[. B
Lemma 7.2 There exists a constant C' positive such that

:(9)] S C(R2)"2,  g€G, R(z)>0.

Proof For any real x positive and any real y,
Qu+iy = S%‘Sg—i_in%'

So
z z
ge+iyll Lo (G atg) = 1155 200155 ¥ l22]lg2 | L2t g)

where

155 ll2o0 = sup {13 6 |10t [9llz2(Gat9) < 13-

155+ )12z = sup {IS5+ | L2(g .at); 9]l L2(G.atg) < 1}
Let us estimate ||S% l2—co. For any ¢ € C§°(G),

1S3 ¢l oo (aatg) < 10 %1 g2l o atg) < 10l L2 atg) |9z L2(catg)-

Hence
153 ll2—o0 < llazllr2(c atg)»

which implies

lgziyll o (6 a19) = 155 ¥ l2—2ll02 1226 atg)-

We observe that, for any ¢ > 0,

a(g™") = e M6z (g (g ™) = e N6 2 (9)pel9)d(9) = arl9). g €G.
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Therefore

2 —1y 4l
HQ§HL2(G,dlg) = /qu (Q)Q§ (g )d'g= qz *1 Q§(€) = Q%I (e)

where e is the unity of the Lie group G. Then by Lemma 7.1, we have

Igaviyll oo (@ ag) < Ca™ 2S5 ¥]30, >0, y€R,

which implies

Hq$+inLoo(G7dlg) < O.%'_%, x>0, yeR

This completes the proof of Lemma 7.2. Il
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