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Preface

This lecture is about computing modular forms and some of their arithmetic piesgper

We set the following challenging objectives:

e We explain and completely prove tineodular symbols algorithrin as elementary and as ex-
plicit terms as possible. The chosen approach is based on group colggmolo

e The devoted student shall be enabled to implement the (group cohomologickilansymbols
algorithm over any ring (such that a sufficient linear algebra theoryagadle in the chosen
computer algebra system).

e We introduce the theory of Galois representations attached to modular foamsxplicit terms
as possible. We explain some of its number theoretic significance and sometatomal
approaches.

e The devoted student shall be enabled to compute important propertietots @presentations
attached to modular forms explicitly.

According to these objectives the lecture consists of two main parts:
I. Computing Modular Forms
II. Computational Galois Representations

Due to the diversity of the audience, ranging from students up to PhDrdtugidending to gen-
eralise the presented algorithms in different directions, and due to theits| theoretic and algo-
rithmic, the lecture is conceived parallel layers Not all layers need be followed by all students and
all layers can be reduced individually. The layers are the following:

e Theory. Roughly in 3 of the 4h per week the lecture will introduce theoletesults. All
students are expected to attend the lectures. The lectures will be accothpgrézercises
concerning the theory presented. Exercises can be handed in ane wilffected. Some time
will be devoted to discussing possible solutions.

e Algorithms and implementations. In a lecture in the beginning, programming in sonuasta
computer algebra systems is introduced. In some lectures during the termthahgoand
possibly concrete implementations are presented. Much emphasis is laidoticgbriasues
and students will also be asked to find and implement algorithms. Possible selwilbbe
discussed.

e Self-learn modules. For the devoted student to gain a more complete pictheetbeory than
can be presented during the lecture, complementary reading is suggested.



The parallel layers will not necessarily be on a single subject all the timiejsasften necessary to
introduce theory first. The lecture is divided up into stages, instead pfetsain order to emphasize
the possible variety of subjects in each stage.

The conception of this lecture is different from every treatment | knowaiticular, from William
Stein’s excellent book “Modular Forms: A Computational Approach” (i8)e Parts will, however,
be similar to notes of a series of 4 lectures that | gave at the MSRI Graduatesh'dp in Computa-
tional Number Theory “Computing With Modular Forms” ((MSRI]). We emplzaghe central role of
Hecke algebras and focus on the use of group cohomology, since onél@and it can be described in
very explicit and elementary terms and on the other hand already allowsiiliesdipn of the strong
machinery of homological algebra. We shall mention geometric approachem@assing.

Organisational issues will be discussed with all participants and decideth&ygn order to suit
everybody.
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Stage 1

Motivation and Survey

This section serves as an introduction to the topics that we are planningdaotb@/term. We will
briefly review the theory of modular forms and Hecke operators. Thewileefine the modular
symbols formalism and state the theorem by Eichler and Shimura establishing atlivéeim modular
forms and modular symbols. This link is the central ingredient for the findtqdahe lecture, since
the modular symbols algorithm for the computation of modular forms is entirelydoasé. In this
introduction, we shall already be able to give a brief outline of this algorithm.

In the second part of the introduction, we will state and explain the theorgi@kimura, Deligne
and Serre attaching a Galois representation to a Hecke eigenform. Thennmoheber theoretic
significance of modular forms arises from these theorems (e.g. the roledoflandorms in the proof
of Fermat's Last Theorem). We will also sketch which number theoreticrimdition can be obtained
from computing modular forms.

In the practically oriented part of the lecture, we shall introduce the compidebra systems
MAGMA and S\GE and also show how to use the modular forms and modular symbols packages that
are already provided by these systems.

1.1 Theory: Brief review of modular forms and Hecke operators

Congruence subgroups

We first recall the standard congruence subgrouig.efZ). By N we shall always denote a positive
integer.
Consider the group homomorphism

SLy(Z) — SLo(Z/NZ).

By Exercise 1 it is surjective. Its kernel is call€dN). The groupSLy(Z/NZ) acts naturally on
(Z/NZ)?* (by multiplying the matrix with a vector). In particular, the homomorphi&im(Z/NZ) —
(Z/NZ)? given by (¢ %) — (285)(§) = (%) takes all(%) € (Z/NZ)* as image such that, c
generateZ /NZ (that’s due to the determinant beiny} We also point out that the image can and

5



6 STAGE 1. MOTIVATION AND SURVEY

should be viewed as the set of element$ZiNZ)? which are of precise (additive) ordéf. The
kernel is the stabiliser of}). We define the groujp’; (IV) as the preimage of that stabiliser group
in SLa(Z). Explicitly, this means thak'; (V) consists of those matrices #1.2(Z) whose reduction
moduloN is of the form(} % ).

The groupSL»(Z/NZ) also acts orP*(Z/NZ), the projective line oveZ/NZ which one can
define as the tuple& : ¢) with a,c € Z/NZ such that(a,c) = Z/NZ modulo the equivalence
relation given by multiplication by an element@/NZ)*. The action is the natural one (we should
actually view(a : ¢) as a column vector, as above). The preimag®lin(Z) of the stabiliser group
of (1 : 0) is calledT'o(IN). Explicitly, it consists of those matrices 81.2(Z) whose reduction is of
the form(§ % ). We also point out that the quotient 8f.2(Z/NZ) modulo the stabiliser ofl : 0)
corresponds to the set of cyclic subgroups of precise axdier SL,(Z/NZ). These observations are
at the base of defining level structures for elliptic curves (see [MF]).

Itis clear that
(25)—e
_

Lo(N)/T1(N) (Z/NZ)*

is a group isomorphism. We also let
x:(Z/NZ)* — C*

denote a character, i.e. a group homomorphism. We shall exteioda map(Z/NZ) — C by
imposingx(r) = 0if (r, N) # 1.
By class field theory or Exercise 2 we have the isomorphism

Cal(Q(¢y)/Q) =22 (/N Z)

for all primesl 1 N. By (x we denote any primitivéV-th root of unity. We shall, thus, later on also
considery as a character akal(Q({x)/Q). The nameDirichlet character(here ofmodulusN) is
common usage for both.

Modular forms

We now recall the definitions of modular forms. We denotetbthe upper half plane, i.e. the set
{z € C|Im(z) > 0}. The set of cusps is by definitidh' (Q) = Q U {cc}.
ForM = (¢ %) aninteger matrix with non-zero determinant, an intégand a functiory : H —

C, we put
a,zH—l))det(M)k_1
cz+d (cz+d)k -

(fleM)(2) = (fFIM)(2) := f(
Fix integersk and N > 1. A function
f-H—-C

given by a convergent power series (thg f) are complex numbers)

[e.e]

f(z)= Z an(f) (™) = Z ang™ With g(z) = 2™
n=0

n=0
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is called amodular form of weighk for I'; (V) if

(i) the function(f|x (24))(z) = f(%%5)(cz + d)~* is a holomorphic function (still froni to C)

for all (g 3) € SLy(Z) (this condition is called is holomorphic at the cusp/c), and

(@) (fle (25)(2) = f(E5D ez +d)™" = f(z) forall (2 4) € T1(N).
We use the notatioll ("1 (N) ; C). If we replace (i) by

(i) the function (f[, (24))(2) = f(%Eb)(cz + d)~" is a holomorphic function and the limit

f(?jifl)(cz + d)~* is 0 whenz tends taD,

then f is called acusp form For these, we introduce the notatigp(I'; (N) ; C).
Let us now suppose that we are given a Dirichlet charagtefr modulusN as above. Then we
replace (ii) as follows:

@iy f(gzz—jr‘s)(cz +d)™% = x(d) f(z) forall (¢5) € [o(N).

Functions satisfying this condition are callewbdular formqrespectivelycusp formsf they satisfy
(1)) of weightk, charactery and levelN. The notationM (N, x ; C) (respectivelySx(N, x ; C))
will be used.

All these are finite dimensiondl-vector space and fat > 2, there are dimension formulae,
which one can look up in [Stein]. We, however, point the reader to thettiat for & = 1 nearly
nothing about the dimension is known (except that it is smaller than the tespdenension for
k = 2; itis believed to be much smaller, but only very weak results are known td. date

Hecke operators

At the base of everything that we will do with modular forms are the Heckeatges and the diamond
operators. One should really define them conceptually, as we haverdfME]. Here is a definition
by formulae.

If a is an integer coprime t&, by Exercise B we may let, be a matrix inl’o(N) such that

Og = (aal 2) mod N. (1.1.1)

We define thediamond operatofa) (you see the diamond in the notation, with some phantasy)
by the formula
(a)f = flkoa
If f € Mg(N,x; C), then we have by definitioa) f = x(a)f. The diamond operators give a
group action of(Z/NZ)* on M (I'1(N); C) and onS(I';(N); C), and theMy(N, x; C) and
Sk(N, x; C) are they-eigenspaces for this action.
Let] be a prime. We let

Ri={(}7)0<r<i—-1}U{o; (}9)}, if 1+ N (1.1.2)
Ri={(7)0<r<i—1}, ifl| N (1.1.3)
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We use these sets to define thecke operatofl; acting of f as above as follows:

Tif =) flkd.

0ER,
Lemma 1.1.1 Supposef € My(N, x; C). Recall that we have extendgdso thatyx(l) = 0 if {

dividesN. We have the formula

an(T’lf) = aln(f) + lk_lX(l)an/l(f)'
In the formulaa,, ;;(f) is to be read a$ if I does not divide:.

Proof. Exercise 4. O

The Hecke operators for compositeean be defined as follows (we pIif to be the identity):
o Tjri1 =Ty o Tjr — IF~Y(1)T}»—1 for all primes] andr > 1,
e T, =T, o T, for coprime positive integers, v.

We derive the very important formula (valid for every
ar(Tnf) = an(f). (1.1.4)

It is the only formula that we will really need.

From the above formulae it is also evident that the Hecke operators commatgane another.
By Exercise 5 eigenspaces for a collection of operators (i.e. each dlehargiven set of Hecke
operators acts by scalar multiplication) are respected by all Hecke opgerétence, it makes sense
to consider modular forms which are eigenvectors for every HecketipeThese are callddecke
eigenformsor often justeigenforms Such an eigenfornf is callednormalisedf a;(f) = 1.

We shall consider eigenforms in more detail in the following section.

Finally, let us point out the formula (fdrprime and = d mod N)

F=Yd)y = T? — Tpe. (1.1.5)

Hence, the diamond operators can be expressédlimear combinations of Hecke operators. Note
that divisibility is no trouble since we may choadgels, both congruent td modulo N satisfying an
equationl = [¥~1r 4+ k-1,

Hecke algebras and the;-pairing

We now quickly introduce the concept of Hecke algebras. It will be tceatenore detail in later
sections. In fact, when we claim to compute modular forms with the modular symlgoisthm, we

are realling computing Hecke algebras. In the couple of lines to follow, exeber, show that the
Hecke algebra is the dual of modular forms, and hence all knowledgeé atmdular forms can - in
principal - be derived from the Hecke algebra.
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For the moment, we define tlitecke algebraf M (I'; (V) ; C) as the suli=-algebra inside the
endomorphism ring of th€-vector spacé;(I';(N); C) generated by all Hecke operators and all
diamond operators. We make similar definitionsSp(T'; (V) ; C), M (N, x; C) andSi(N, x ; C).
Let us introduce the notations

Te(Mg(T1(N) ;5 C)), Te(Sk(T'1(N) 5 €)), Te(Mi(N, x5 C)) andTe(Sk (N, x ; C)),

respectively.
We now define a bilinear pairing, which | call tieomplex)y-pairing, as

Mk(N7X7 C) X TC(Mk(Nv)(v (C)) - (Cv (f? T) = al(Tf>
(compare with Equation 1.1.4).

Lemma 1.1.2 The complex-pairing is perfect, as is the analogous pairing 85(N, x; C). In
particular,

M (N, x; €) = Home(Te(Mp(N, x5 €)),C), [ (Tn — an(f))

and similarly forS; (N, x ; C). For My (N, x ; C), the inverse is given by — > "> | ¢(T,)q".

Proof. Let us first recall that a pairing over a field is perfect if and only if it i;iregenerate.

That is what we are going to check. It follows from Equation 1.1.4 like thiforlall n» we have) =

a1 (T f) = an(f), thenf = 0 (this is immediately clear for cusp forms; for general modular forms at

the first place we can only conclude thjais a constant, but sinde > 1, non-zero constants are not

modular forms). Conversely, if; (T'f) = 0 for all f, thena,(T(T,.f)) = a1(TTf) = an(T'f) =0

for all f and alln, whenceT' f = 0 for all f. As the Hecke algebra is defined as a subring in the

endomorphism oMy (N, x ; C) (resp. the cusp forms), we fifd = 0, proving the non-degeneracy.
O

The perfectness of thepairing is also called thexistence of g-expansion principle

’The Hecke algebra is the linear dual of the space of modular f¢rms.

Lemma 1.1.3 Let f in My ("1 (V) ; C) be a normalised eigenform. Then
T.f =an(f)f forallneN.
Moreover, the natural map from the above duality gives a bijection
{Normalised eigenforms iNl,(I';(N) ; C)} < Homc_aig(Tc(Mg(I'1 (V) ; C)),C).

Similar results hold, of course, also in the presencg.of

Proof. Exercise 6. O
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1.2 Theory: The modular symbols formalism

In this section we give a definition of formal modular symbols, as implementedaamA and like
the one in|[MerelUniversal], [Cremona] and [Stein], except that wendt factor out torsion, but
intend a common treatment for all rings.

Contrary to the texts just mentioned, we prefer to work with the group

PSLy(Z) = SLy(Z)/{-1),

since it will make some of the algebra much simpler and since it has a very singaapdien as a
free product (see later). The definitions of modular forms could hage femulated usin®SL(Z)
instead ofSL2(Z), too (Exercise 7).

We introduce some definitions and notations to be used in all the lecture.

Definition 1.2.1 Let R be a ring,I" a group andV" a left R[I']-module. Tha-invariants of\” are by
definition
Vi={veV]jgv=vVgel}CV.
TheI'-coinvariants ofl” are by definition
Ve =V/(v—guv|geTl).
If H < T'is afinite subgroup, we define the normibfas
Ny =Y heR[].
heH

Similarly, if g € T is an element of finite ordet, we define the norm gfas

n—1

Ny=Ny=> g €R[L].
=0

Please look at the important Exerdise 8 for some properties of these dafinlii@ shall make use
of the results of this exercise in the section on group cohomology andlgyadigao at other places.

For the rest of this section, we I&be a commutative ring with unit afddbe a subgroup of finite
index inPSLy(Z). For the time being we allow general modules; so wé/léte a leftR[I"]-module.

Definition 1.2.2 We define th&-modules

Mg := R[{a, B}|, 8 € PH(Q)]/({e, a}, {a, B} + {B,7} + {7, a}|a, 8,7 € PH(Q))
and
Br := R[P'(Q)].
We equip both with the natural Ieftaction. Furthermore, we let

Mp(V)i=MrorV and Bgp(V):=BrorV

for the left diagonal'-action.
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(a) We call thel’-coinvariants
MR, V)= Mp(V)r = Mg(V)/{(z — gx)|lg € T,z € Mp(V))

the space ofl", V')-modular symbols.

(b) We call thel-coinvariants
Br(T\ V) := Br(V)r = Br(V)/{(x — ga)lg € T,z € Br(V))

the space ofl", V')-boundary symbols.

(c) We define thboundary mags the map
Mgr(T, V) — Br(T',V)
which is induced from the maptr — Br sending{«, 5} to {5} — {a}.

(d) The kernel of the boundary map is denoted’y z(I", V') and is calledthe space of cuspidal
(T, V')-modular symbols.

(e) The image of the boundary map insifig(I", V) is denoted bz (T", V') and is calledthe space
of (I', V')-Eisenstein symbols.

The reader is now invited to prove that the definitionidfz (I", V') behaves well with respect to
base change (Exercise 9).

The modulesV,,(R) and V.X(R)

Let R be aring. We put/,(R) = R[X,Y], = Sym"(R?) (see Exercise 10). BR[X, Y], we
mean the homogeneous polynomials of degrée two variables with coefficients in the ring. By
Maty(Z)-o we denote theZ-module of integrak x 2-matrices with non-zero determinant. Then
Va(R) is aMato(Z)0-module in several natural ways.

One can give it the structure of a Iéftat,(Z).o-module via the polynomials by putting

((25) . NEY) = F((XY)(28)) = F((aX + Y, bX +dY)).

Merel and Stein, however, consider a different one, and that’s tkeimmplemented in MGMA,
namely

((e8) - NECY)=FI(20) ($)) = F(L0) () = FCST ) )

Here,. denotes Shimura’s main involution whose definition can be read off from teebove (note
that M* is the inverse of\f if M has determinant). Fortunately, both actions are isomorphic due to
the fact that the transpose @f¢ %)) (¥ ) is equal to(X,Y)o~* (2 }) o (the isomorphism is given

by v — ov).
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Of course, there is also a natural right actionNiyts(Z)_o, namely
(£ (eNWE)) = F((28) () = F(exiav )

By the standard inversion trick, also both left actions desribed aboveecamrned into right ones.
Let now(Z/NZ)* — R* be a Dirichlet character, which we shall also consider as a character

ab
X : To(NV) m (Z/NZ)* % R*. By RX we denote the?[T'o(NV)]-module which is defined to
be R with the 'y (V)-action throughy, i.e. (¢ %) .r = x(a)r = x ' (d)r for (24) € Ty(N).
Note that due tdZ/NZ)* being an abelian group, the same formula mak&salso into a right
R[To(N)]-module. Hence, puttingf @ ). (¢5) = (flx (¢54)) ® (24) r makesM(I'1(N); C)
into a rightT’y(V)-module and we have the description (Exercise 11)

Mi(N, x; C) = (M(T1(N); C)) &N (1.2.6)

and similarly forS (N, x ; C).
We let
VX(R) := V,(R) ®r RX

n

equipped with the diagonal lefty(/V)-action. Note that unfortunately this module is in general not
an SLy(Z)-module, but we will not need that. Note, moreover, that(if1) = (—1)", then minus
the identity acts trivially oiV/,;X(R), whence we consider this module also d%&V)/{+1}-module.

The modular symbols formalism for standard congruence subgoups

We now specialise the general set-up on modular symbols that we haveasadto the precise
situation needed for establishing relations with modular forms.
So we letN > 1, k > 2 be integers and fix a character: (Z/NZ)* — R*, which we also
sometimes view as a group homomorphisgN) — R* as above. We impose that—1) = (—1)*.
We define
Mi(N,x; R) == Mp(To(N) {1}, V), (R)),

CMk(Nv X5 R) = CMR(FO(N)/{:E]-}7 VkX—Q(R))7
Bi(N,x; R) := Br(Do(N)/{£1}, ;X ,(R))

and
Ex(N,x; R) := ER(To(N)/{£1}, V¥ 5 (R)).

Letn:= (' 9). Because of

we have
n1(N)p=T1(N) and nlo(N)n=To(N).
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We can use the matrix to define an involution (also denoted hyon the various modular symbols
spaces. We just use the diagonal actionMd (V') := Mgz ®g V, provided, of course, that acts
onV. OnVj_s(R) we use the usudlats(Z)o-action, and orV}* ,(R) = Vi_2(R) ® RX we let
n only act on the first factor. We will denote by the supersctighe subspace invariant under this
involution, and by the superscriptthe anti-invariant one.

Note that here we are not following the conventions of [Stein], p. 14X .a0tion just seems more
natural than adding an extra minus sign.

Hecke operators

The aim of this part is to state the definition of Hecke operators and diamardtops on formal
modular symbolsM (N, x; R) andCM (N, x; R). One immediately sees that it is very similar
to the one on modular forms. One can get a different insight in the definimgulae by seeing how
they are derived from a “Hecke correspondence like” formulation irsdation on Hecke operators
on group cohomology.

The definition given here is also explained in detail in [Stein]. We shouldraksation the very
important fact that one can transfer Hecke operators in an explicit wilaton symbols. Also that
point is discussed in detail in [Stein].

We now give the definition only fdf; for a primel and diamond operators. Tt for composite
n can be computed from those by the formulae already stated in the beginniotice that the
R[Iy(N)]-action onV;X ,(R) (for the usual conventions, in particulay(—1) = (—1)*) extends
naturally to an action of the semi-group generated’byN) and R, (see Equation 1.1.2). To be
precise, we make that statement for the action discussed by Stein and$éerttle section o, (R)).
Thus, this semi-group acts ovil (N, x ; R) (and the cusp space) by the diagonal action on the tensor
product. Letr € My (N, x; R). We put

Tyx = Z o.x.

0ER,

If a is an integer coprime t®/, we define the diamond operator as
(a)r = oqx = x(a)x

with o, as in Equation 1.1.1.

As in the section on Hecke operators on modular forms, we define Heoleratgon modular
symbols in a very similar way. We will take the freedom of taking arbitrary ags (we will do
that for modular forms in the next section, t00).

Thus for any ringR we letTr(My(I'1(n); R)) be theR-subalgebra of thé&k-endomorphism
algebra ofM(T'1(n) ; R) generated by the Hecke operat@ts For a charactex : Z/NZ — R*,
we make a similar definition. We also make a similar definition for the cuspidal aobsmd the--
and—-spaces.
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Proposition 1.2.3 Let R beZ or a subfield ofC. Then we have
Tr(My(T1(n); R)) ®@g C = Te(Mi(T'1(n); C))
and similarly for the cuspidal subspace and th@and —-spaces. Moreover,
Homp(Tr(Mg(T1(n); R)),C) = Home(Te(Mp(T'1(n); R)),C).
For a charactery : Z/N7Z — R*, similar results hold.

Proof. Exercise 12. O

1.3 Theory: The modular symbols algorithm

The Eichler-Shimura theorem

At the basis of the modular symbols algorithm is the following theorem by EiciWeich was ex-
tended by Shimura. One of our aims in this lecture is to provide a proof for thisnintroduction,
however, we only state it and indicate how the modular symbols algorithm cdertved from it.

Theorem 1.3.1 (Eichler-Shimura) There are isomorphisms respecting the Hecke operators
(@) My(N, x; C)) @ Sp(N, x; C)Y = My(N, x; C),

(b) Sk(N,x; C)) & Sk(N, x; C)Y = CM(N, x; C),

(©) Sk(N,x; C) = CM(N, x; C)F.

Proof. Later in this lecture. Those who already want to have an indication aboytrtioé are
referred to/[Diamond-Im], Theorem 12.2.2. There the language ofpgrohomology is used, as we
will do in this lecture. So, the reader should believe the fact - to be provexdthas lecture, too - that
the group cohomology in [Diamond-Im] coincides with the modular symbols. O

We may rephrase the Eichler-Shimura theorem as follows.
Corollary 1.3.2 Let K be a subfield of andy : (Z/NZ)* — K* a character. Then
(@) My(N, x; C) = Homg (Tx (Mi(N,x; K)),C),
(b) Sk(N,x; C) = Homp (Tx (CMy(N, x; K)),C) and
(©) Sk(NV,x; C) = Homg (T (CMy(N, x; K)F),C).

Similar results hold fol™; (/V) without a character and also fdry(NV).
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Proof. We only prove (a), as the others are very similar. Theorem|1.3.1 firdittefla us that the
C-algebra generated by the Hecke operators inside the endomorphisif dfig NV, x ; C) equals
the C-algebra generated by the Hecke operators inside the endomorphisaf Ag(N, x ; C). i.e.

Te(Mg (N, x; C)) = Tec(Mr(N, x; C)).

To see this, one just need to see that the algebra generaddd (@, x ; C)) & Si(V, x; C)V is the
same as the one generatedMp(N, x ; C)), which follows from the fact that if som& annihilates
the full space of modular forms, then it also annihilates the dual of the pasjes

The claim now follows from Proposition 1.2.3 and Lemma 1.1.2. O

Sketch of the modular symbols algorithm

It may now already be quite clear how the modular symbols algorithm for congpatiep forms
proceeds. We give a very short sketch.

Algorithm 1.3.3 Input: A field K C C, integers N > 1, k > 2, P, a character x : (Z/N7Z)* —
K*.

Output: A basis of the space of cusp forms Si(N, x; C); each form is given by its standard
g-expansion with precision P.

(1) Create M := CMy(N, x; K).

(2) L < [] (empty list), n < 1.

(3) repeat

(4) Compute T,, on M.

(5) Join T}, to the list L.

(6) T « the K-algebra generated by all T' € L.
(7) n«—n+1

(8) until dim (T) = dime Sk(N, x; C)

(9) Compute a K-basis B of T.
(10) Compute the basis BY of TV dual to B.
(11) for ¢ in BY do
(12) Output 3/, ¢(T,)q" € K[g].

(13) end for.
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We should make a couple of remarks concerning this algorithm. Please remtbiaubiinere are
dimension formulae fof; (N, x ; C). In last term’s lecture [MF] we gave some of them. The general
case can be looked up in [Stein].

It is clear that the repeat-until loop will stop, due to Corollary 1.3.2. We w&n give an upper
bound as to when it stops at the latest. That is the so-called Sturm bouroth, w also treated in
last term’s course [MF] in some cases (even weights, no charactert thegormulation here, one
should plug in the formula used in the proof of Lemma 3.3.33 into the Sturm bdusatn 3.3.37).

Proposition 1.3.4 (Sturm) Let f € M(N, x; C) such thata,(f) = 0 for all n < *£ where

12
w= NHZ|N prim(—:‘(1 + %)
Thenf = 0.

Proof. Apply Corollary 9.20 of [Stein] withm = (0). O

Corollary 1.3.5 Let K, N, x etc. as in the algorithm. Thefix (CM (N, x; K)) can be generated
as aK-vector space by the operataf$, Ts, . . ., Thu .
12

Proof. Exercise 13. O

We shall see later how to compute eigenforms and how to decompose thegpaadular forms
in a "sensible" way.

1.4 Theory: Number theoretic applications

Galois representations attached to eigenforms

We mention the sad fact that until 2006 only the one-dimensional repréisestaf Gal(Q/Q) were
well understood. In the case of finite image one can use the KroneakleetMheorem, which asserts
that any cyclic extension d is contained in a cyclotomic field. This is generalised by global class
field theory to one-dimensional representation&ef(Q/ K ) for each number field. Since we now
have Serre’s conjecture (a theorem by Khare, Wintenberger and Kisiralso know a little bit about
2-dimensional representations G&1(Q/Q), but, replacingQ by any other number field, all one has
is conjectures.

The great importance of modular forms for modern number theory is due fadh#nat one may
attach a&2-dimensional representation of the Galois group of the rationals to eactalised cuspidal
eigenform. The following theorem is due to Shimurafoe 2 and due to Deligne fok > 2.

Theorem 1.4.1Letk > 2, N > 1, p a prime not dividingV, andy : (Z/NZ)* — C* a character.
Then to any normalised eigenforfne Si(V, x; C) with f = >~ -, a,(f)q" one can attach a
Galois representation, i.e. a continuous group homomorphism,

pf: Gal(@/@) — GL2(@p)

such that
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(i) pyisirreducible,
(i) pg(c) = —1 for any complex conjugatione Gal(Q/Q) (one says thap; is odd),
(iii) for all primes { { Np the representatiop is unramified at,
Tr(pf(Froby)) = ay(f) and det(ps(Froby)) = e, (1) 1x(0).
In the statementrob; denotes a Frobenius element/aande, is thep-cyclotomic character.

By choosing a lattice irGLg(@p) containingp(Gal(Q/Q)), and applying reduction and semi-
simplification one obtains the following consequence.

Theorem 1.4.2Letk > 2, N > 1, p a prime not dividingV, andx : (Z/NZ)* — F; a character.
Then to any normalised eigenforfne S, (N, x; C) with f = > -, a,(f)¢" and to any prime
ideal B of the ring of integers of); = Q(a(f) : n € N) with residue characteristip, one can
attach a Galois representation, i.e. a continuous group homomorphisnih@adiscrete topology on
GLy(Fy)),
py - Gal(Q/Q) — GLy(F,)

such that
(i) pyis semi-simple,
(i) pg(c) = —1 for any complex conjugatione Gal(Q/Q) (one says thap; is odd),

(iii) for all primes { { Np the representatiop is unramified at,

Tr(p(Frob;)) = a;(f) mod P and det(p;(Frob;)) = 1¥7'x(1) mod P.

Translation to number fields
Proposition 1.4.3 Let f, Q, P andp; be as in Theorem 1.4.2. Then the following hold:
(a) The image op; is finite and its image is contained Ly (F,-) for somer.

(b) The kernel ofs is an open subgroup @kal(Q/Q) and is hence of the for@al(Q/K ) for some
Galois number field<. Thus, we can and do considéal(//Q) as a subgroup ofsLa(F,).

(c) The characteristic polynomial &trob; (more precisely, ofFrob, ,, for any primeA of K dividing
1) is equal toX? — a;(f)X + x(1)I*~* mod B for all primesi { Np.
Proof. Exercise 14. O

To appreciate the information obtained from théf) mod ‘B, the reader is invited to do Exer-
cise 15 now.
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Images of Galois representations

One can also often tell what the Galois grodpl(K/Q) is as an abstract group. This is what the
problems are concerned with. There are not so many possibilites, asewfeose the following
theorem.

Theorem 1.4.4 (Dickson)Letp be a prime and a finite subgroup oPGL»(F,). Then a conjugate
of H is isomorphic to one of the following groups:

o finite subgroups of the upper triangular matrices,
e PSLy(F,) or PGLy(F,r) forr € N,

e dihedral groupsD,. for r € N not divisible byp,

o Ay, Asor Sy.

For modular forms there are several results mostly by Ribet concernirgydbes that occur as
images. Roughly speaking, they say that the image is "as big as possibiEhfost allp3 (for a
given f). For modular forms without CM and inner twists (to be defined later) this miau ¥ G is
the image, therd¥ modulo scalars is equal #SLy(FF,-) or PGLy(F,-), whereF - is the extension
of F,, generated by the, (f) mod . More precise results will be given later.

An interesting question is to study which groups (i.e. whit$LL,(F,)) occur in practice. It
would be nice to prove that all of them do, since - surprisingly - the simpleggBSL, (F,-) are still
resisting a lot to all efforts to realise them as Galois groups Qvar the context of inverse Galois
theory.

Serre’s conjecture

If time allows, we plan to explain this topic in more detail in the second part of thisriec
Serre’s conjecture is the following. Letbe a prime ang : Gal(Q/Q) — GL(F,) be a
continuous, odd, irreducible representation.

e Let IV, be the (outside gp) conductor ofp (defined by a formula analogous to the formula for
the Artin conductor, except that the local factor fais dropped).

e Letk, be the integer defined by [Serre].

e Lety, be the prime-tgs part ofdet op considered as a charactéi/N,Z)* x (Z/pZ)* — IF;.

Conjecture 1.4.5 (Serre) Let p be a prime and : Gal(Q/Q) — GL»(F,) be a continuous, odd,
irreducible representation. Defin¥,, k(p), k, and x, as above.

e (Strong form) There exists a normalised eigenfgrm Sy (N,, X, ; F,)
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e (Weak form) There exis¥, k, y and a normalised eigenforth € Si(N, x; F,)
such thatp is isomorphic to the Galois representation
pr : Cal(@/Q) — CLy(F,)
attached tof by Theorem 1.4.2.

It is known that the weak form implies the strong form. However, there israrigest” form with
a slightly different definition of weight. There is still an open casefer 2 for the strongest form.
As mentioned above, Serre’s conjecture is now a theorem by Khare,Wergger and Kisin.

Serre’s conjecture implies that we can compute (in principle, at least) arithpreperties
of all Galois representations of the type in Serre’s conjecture by comphéngodp Hecke
eigenform it comes from.

Conceptually, Serre’s conjecture gives an explicit description of atlircible, odd and
continuous "moay" representations ofial(Q/Q) and, thus, in a sense generalises dlass
field theory.

Edixhoven and coworkers have recently succeeded in giving anithlgowhich computes the
actual Galois representation attached to a madodular form. Hence, with Serre’s conjecture we
have a way of - in principle - obtaining all information @rdimensional irreducible, odd continuous
representations dfal(Q/Q).

1.5 Theory: Exercises

Exercise 1 The group homomorphism
SLo(Z) — SLo(Z/NZ)
given by reducing the matrices modulbis surjective.

Exercise 2 Let N be an integer andy € C any primitiven-th root of unity. Prove that the map

Cal(Q(¢y)/Q) =224 (/N Z)

(for all primes! t N) is an isomorphism.
Exercise 3 Prove that a matrix, as in Equation 1.1.1 exists.
Exercise 4 Proof Lemma 1.1.1.

Exercise 5 (a) Let K be a field,VV a vector space and}, 75 two commuting endomorphisms16f
ie. 1T, = ToT). Let\; € K and consider the\;-eigenspace df}, i.e.V; = {v|T1v = A\jv}.
Prove thatl,V; C V;.
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(b) Suppose thatly(I';(k); C) is non-empty. Prove that it contains a Hecke eigenform.
Exercise 6 Prove Lemma 1.1.3.

Exercise 7 Check that it makes sense to repldtie,(Z) by PSL2(Z) in the definition of modular
forms.

Exercise 8 Let R be a ring,I" a group andV” a left R[I']-module.
(a) Define the augmentation ideBl by the exact sequence
0—Ir - R 2L R 1.
Prove thatlp is the ideal inR[I'] generated by the elemerits- g for g € T.
(b) Conclude thait = V/IpV.
(c) Conclude thatt = R®@p V.

(d) Suppose thaf = (T) is a cyclic group (either finite or infinite (isomorphic {@, +))). Prove
that I is the ideal generated byt — 7).

(e) Prove that’™ = Hompry(R, V).

Exercise 9 Let R, " andV as in Definition 1.2.2 and leR — S be a ring homomorphism.

(a) Prove that
MR(F, V) Rp S = Ms(r, V ®r S).

(b) Is a similar statement true for the cuspidal, the boundary or the Eisienspace?
Exercise 10 Prove that the map
Sym™(R?) — R[X,Y],, (3)®@ @ (4 )= (@X +bY) - (a, X +b,Y)

is an isomorphism, whergym”(R?) is the n-th symmetric power of2?, which is defined as the
quotient ofR? @ - - - @ R by the span of all elements ® - - - ® v,, — Vg(1) ® - @ Uy for all

n-times
o in the symmetric group on the lettef$,2,...,n}.

Exercise 11 Prove Equatiori.2.6.

Exercise 12 Prove Proposition 1.2.3. In which generality does the proposition hold?v@areplace
R by any subring o€C?

Exercise 13 Prove Corollary 1.3.5.
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Exercise 14 Prove Propsition 1.4/3.

Exercise 15In how far is a conjugacy class L, (IF,-) determined by its characteristic polyno-
mial?
LetG C GLy(F,-) be a subgroup. Same question as abovesor

1.6 Algorithms and Implementations: MAGMA and SAGE

Introduction to MAGMA

Please download the example file "Magmalntro" from the web page. It witkipdained during the
lecture.

Introduction to SAGE

We shall not have time to presenh&e in detail. Please try to find the analogues of the topics pre-
sented for M\GMA yourself. The web pages foln8E are:

http://sage.apcocoa.org/

http://www.sagemath.org/

1.7 Algorithms and Implementations: Modular symbols inMAGMA

Please download the example file "ModularSymbols" from the web pagell henexplained during
the lecture.

1.8 Computer exercises

Computer exercise 1(a) Create a listL of all primes in between 234325 and 3479854? How many
are there?

(b) Forn =2,3,4,5,6,7,997 compute for each € Z/nZ how often it appears as a residue in the
list L.

Computer exercise 21In this exercise you verify the validity of the prime number theorem.

(a) Write a functiorNunber O Pri mes with the following specifications. Input: Positive integers
a, b with a < b. Output: The number of primes jn, b].

(b) Write a functionTot al Nunber O Pri mes with the following specifications. Input: Positive
integersz, s. Outut: A list[ny, ng, ns, ..., ny] such thatn; is the number of primes betweén
andi - s andm is the largest integer smaller than or equali@s.
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(c) Compare the output ofot al Number O Pri mes with the predictions of the prime number
theorem: Make a function that returns the ljst, ro, ..., ] with r; = 10‘;"81.. Make a function
that computes the quotient of two lists of "numbers".

(d) Play with these functions. What do you observe?

Computer exercise 3Write a functionVal uesl nFi el d with: Input: a unitary polynomialf with
integer coefficients anét a finite field. Output: the set of values pin K.

Computer exercise 4(a) Write a functionBi nar yExpansi on that computes the binary expan-
sion of a positive integer. Input: positive integer Output: list of0’s and 1's representing the
binary expansion.

(b) Write a functionExpo with: Input: two positive integers, b. Outputa®. You must not use the
in-built functiona®, but write a sensible algorithm making use of the binary expansién ©he
only arithmetic operations allowed are multiplications.

(c) Write similar functions using the expansion with respect to a generaldas

Computer exercise 5In order to contemplate recursive algorithms, the monks in Hanoi usel&yo p
the following game. First they choose a degree of contemplation, i.e. a poisitegern. Then they
create three lists:

Li:=nmn—1,...,2/1]; Ly :=[]; L3 := [|;

The aim is to exchange; and L,. However, the monks may only perform the following step: Remove
the last element from one of the lists and append it to one of the other lisjscstibthe important
condition that in all steps all three lists must be descending.

Contemplate how the monks can achieve their goal. Write a proc&ilirgHanoi with inputn
that plays the game. After each step, print the number of the step, thditiiseend test whether all
lists are still descending.

[Hint: For recursive procedures, i.e. procedures calling themseleag, must put the command
forward my_procedur e in front of the definition ofry _pr ocedur e.]

Computer exercise 6 This exercise concerns the normalised cuspidal eigenforms in weighd
level23.

(&) What is the number fiel# generated by the coefficients of each of the two forms?

(b) Compute the characteristic polynomials of the first 100 Fourier coeffis of each of the two
forms.

(c) Write a function that for a given prime computes the reduction modyboof the characteristic
polynomials from the previous point and their factorisation.
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(d) Now use modular symbols ougy for a givenp. Compare the results.

(e) Now do the same for weightand level37. In particular, try p = 2. What do you observe? What
could be the reason for this behaviour?

Computer exercise 7 Try to implement Algorithm 1.3.3.
If it is still too difficult, don’t worry. We will be getting there.
1.9 Self-learn module:

Those not familiar enough with the theory of modular forms are invited to readahkics on modular
forms.
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