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Æ/Ç³ÈÊÉ�ËNÌ3ÍÎÇ³ÈŸÏ�ÈŸÐ.ÑYÈÒÆ/ÇÎÓYÍ³ËNÔŠÕqÌ3Ö9ÈŸÇÎ×ØÖ�ÕNÙ@Ç³ÈŸÌ3×ÚÕqÛ*ÜÝÑYÈŸÌÚÞIÌ3Ö9ÈŸÇÎ×àß á�âIÛYÐ.ÑãÜaäYåYÌ3×�ÑYÈŸÌ@ÈŸÐçæ=ÕqÛYÓY×3Ì@ÈvÙ3ÛYÍÎ×�Õq×@ÈèÕqÛ.Ù{é

êuÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈŸÌ@È�ë�ÈŸÌ@ÑYÈŸÐÊÈŸÌ3ë�ìqåYÐ±×@È“í›ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÛYÐYÏ�ÈŸÐèÇÎÔîÆ=ÈŸ×�ÕqÇÎÍ�Ñ*ÛYÌ@ï@åYÏ�ÈdÜoäYåYÌ3×{é

êˆÔñðAÕqåYÔ�ÈŸÐÃÇÎåYÌ@ÈŸÌ�í›ÈŸÌ3ÔWÛY×3ÛYÐYÏ�ÈŸÐóòvÛôÏ�ÈvËNÔ�ÈŸ×3Ì3Ç³Ù@ï�å.ÈŸÐ�õ�ÕqÍ³ËNÇ³Ù,öˆÆ�ÕqÌ@Ù3×@ÈŸÍÎÍÎÛYÐYÏ�ÈŸÐ÷å�ÕqÖ9ÈŸÐ(ø.ËNÐ±×�ÕqÇÎÐ.È�ÛYÐ.Ñ

ùèÕqòvÛYÌ
ÇÎÐúß}ø0ùÊâ•Ñ*Ç³È/ÜoËNÍÎÏ�ÈŸÐ.ÑYÈÝí›ÈŸÌ3Ô“ÛY×3ÛYÐYÏ6ÕqÛ*ÜaÏ�ÈvÙ3×@ÈŸÍÎÍÎ×�û•ü�ËNÐNý,ÈvïŸ×3ÛYÌ@È�þ†Õ�ÿ��
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z›Ù Ç³Ù3×"ÈŸÇÎÐóÖ!ÈŸÔ�ÈŸÌd{�ÈŸÐ.Ù@ëlÈŸÌ3×@ÈŸÌ}|AÔ�Ù3×�ÕqÐ.Ñ•~�Ñ.Õ$€ Ù3Ç³ï@å

p
öuÕNÑ*Ç³Ù�ï@åãÕqÐ�ÕqÍK•�×3Ç³Ù@ï@å.ÈÊõ/Ì3ÛYÓYÓ9ÈŸÐ÷Ì@ÈŸÇÎÐóÏ†Ì3ÛYÓYÓ!ÈŸÐ*ö

×3å.ÈvËNÌ@ÈŸ×3Ç³Ù�ï@å ï@å�ÕqÌ�Õ${�×@ÈŸÌ3Ç³Ù3Ç³ÈŸÌ@ÈŸÐÚÍ ÕNÙ@Ù@ÈŸÐQéTz›ÙlÏ†ÇÎÍÎ×lÐ�ìqÔ"ÍÎÇ³ï�å�ÜoËNÍÎÏ�ÈŸÐ.ÑYÈvÙ�ðIÈvÙ@ÛYÍÎ×�Õq×lÉ�ËNÐ\‚�Õqò&ÕqÌ@Ñ ûoÙ3Ç³ÈŸå.È�ß}Æ/Æ=ù@ƒ¢â+~
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z�ÇÎÐ.È}“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!È"å.ÈŸÇK€†×WÇÎÔ ø�ÕqÍÎÍ

p 6= 2
*:E[J+���T6/)Q���R<�#

ûoÈŸÐYÏ†Í•éK�

*:E

L

�/)�”�UB%

ÿ�~9Ü•ÕqÍÎÍ³Ù

G=Gp ÕqÖ9ÈŸÍ³Ù@ï@åôÇ³Ù3×^~

ë�ËNÖ!ÈŸÇ

Gp ÑYÈŸÐ ÞAÖ.Ù@ï�åYÍÎÛ,€ãÑYÈvÙvz�Ì3ò{ÈŸÛYÏ†ÐYÇ³Ù@Ù@ÈvÙÊÑYÈŸÌ

p
ö•×@ÈŸÐ•“?ËN×@ÈŸÐYò{ÈŸÐ>É�ËNÐ

G
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸ×{é–z�ÇÎÐ.ÈèëlÈŸÇÎ×@ÈŸÌ@È

ëyÇ³ï�å¢×3ÇÎÏ�È	—=Í ÕNÙ@Ù�È
É�ËNÐ\“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈŸÐÚÙ@ÇÎÐ.ÑŠÑ*Ç³È

UB�P� ”nE
).4}���

õ/Ì3ÛYÓYÓ9ÈŸÐ�~¢ë�ÈŸÍ³ï@å.ÈÝÕqÍ³Ù�Ñ*Ç³ÈIÈŸÐ.Ñ*ÍÎÇ³ï@å6ÈŸÌ3ò{ÈŸÛYÏ†×@ÈŸÐ

×@ËNÌ@Ù@Ç³ËNÐ.Ù,ÜaÌ@ÈŸÇ³ÈŸÐ6Ó9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.ÈŸÐàõ=Ì3ÛYÓYÓ!ÈŸÐ ÑYÈ�˜.ÐYÇ³ÈŸÌ3×�ëlÈŸÌ@ÑYÈŸÐ•{[™NÐYÐ.ÈŸÐQéYÞIÖÚÈŸÇÎÐ.ÈŸÔ Ï�ÈŸëyÇ³Ù@Ù@ÈŸÐ6êˆÐ.ÑYÈ�šÚÙ3ÇÎÐ.Ñ�Ñ*Ç³È

õ=Ì3ÛYÓYÓ!ÈŸÐÊÑYÈŸÌ/ÕqÖ.Ù3×@ÈŸÇÎÏ�ÈŸÐ.ÑYÈŸÐ

p
öu›!ÈŸÐ±×3Ì�ÕqÍÎÌ@ÈŸÇÎå.È“ÈŸÇÎÐ.ÈŸÌ
Ó9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.ÈŸÐúõ/Ì3ÛYÓYÓ9È�Ù3×@ÈŸ×@ÙyÛYÐYÇ ÜgËNÌ3Ô é

z�ÇÎÐ.ÈÝÐ�Õq×3äYÌ3ÍÎÇ³ï�å.È“øYÌ�ÕqÏ�È�Í ÕqÛY×@ÈŸ×AÑ.Õqå.ÈŸÌ^�

õ/ÇÎÖY×ÊÈvÙ ÛYÐ.ÈŸÐ.Ñ*ÍÎÇ³ï@å.È(ÛYÐ¢É�ÈŸÌ3òvë�ÈŸÇÎÏ†×@È

p
ö+z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ ÈŸÇÎÐ.ÈvÙ�›9ÕqåYÍK{[™NÌ3Ó9ÈŸÌ@Ù^~IÑYÈŸÌ@ÈŸÐ õ�ÕqÍ³ËNÇ³Ù,ö

õ/Ì3ÛYÓYÓ9È=Ó!ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï�åÊÖYòvëÝéYÛYÐYÇ ÜgËNÌ3ÔîÇ³Ù3×.œ

ùÒÕqÐ÷ÔH™�ï@å¢×@ÈG~0ÛYÔ Ù3Ç³ï�åóÑYÈŸÔ•“›Ì@ËNÖYÍ³ÈŸÔ òvÛ(Ð�ìqå.ÈŸÌ3Ð�~s›�Û.ÙŒÕq×3ò{Ù3×3Ì3Û,{±×3ÛYÌ@ÈŸÐ ÕqÛ.Ù3Ð±ÛY×3ò{ÈŸÐ`{[™NÐYÐ.ÈŸÐQé0Æ�Õqå.ÈŸÌ

Ç³Ù@×
ÇÎÐúß áãâ?ÑYÈŸÌIÞIÐ.ÙŒÕq×3ò�Ï�ÈŸë�ìqåYÍÎ×^~2ž

>•Z=Ÿ�(
)+*,��)

òvÛ Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐQé�Æ/Ç³ÈvÙ
Ù3ÇÎÐ.Ñ ×@ËN×�ÕqÍQÇÎÔŠÕqÏ†ÇÎÐ�ìqÌ@È� ±Û�ÕNÑ*Ì�Õq×3Ç³Ù@ï@å.È

z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ ×@ËN×�ÕqÍ?Ì@ÈvÈŸÍÎÍ³ÈŸÌ	›9ÕqåYÍK{[™NÌ3Ó9ÈŸÌ{é�ƒ±Ç³È�Ù3ÇÎÐ.ÑàÑ.ÕNÑ*ÛYÌ@ï@å ÕqÛ.Ù3Ï�ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸ×^~-Ñ.Õ$€ÚÕqÛ*Ü›ÇÎåYÐ.ÈŸÐÒÈŸÇÎÐ.ÈWêˆÐ±É�Ëqö

ÍÎÛY×3Ç³ËNÐ�~-Ñ*Ç³È

&$EG4–*0%K�d]B�•Ÿ�E
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�

~9ËNÓ!ÈŸÌ3Ç³ÈŸÌ3×{é9Æ/Ç³ÈvÙ@È�ÍÎÇ³ÈdÜgÈŸÌ3×AÜoäYÌ/Ö!ÈvÙ3×3ÇÎÔ"ÔW×@È Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È_z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

L jk+ ÑYÈvÙ ×@ËN×�ÕqÍyÌ@ÈvÈŸÍÎÍ³ÈŸÐ¢„�ÈŸÇÎÍK{[™NÌ3Ó9ÈŸÌ@Ù

k+ ÈŸÇÎÐ.È6Þ–{�×3Ç³ËNÐ ÕqÛ*Ü

G(L jk)
~�ë�ÈŸÍ³ï@å.ÈÊÇÎÔñø�ÕqÍÎÍ³È ÈŸÇÎÐ.ÈŸÌŠÕqÖ!ÈŸÍ³Ù�ï@å.ÈŸÐ

z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

L jk
{†ÕqÐ.ËNÐYÇ³Ù@ï@å Ç³Ù@×{é!êuÐ�ý,ÈvÑYÈŸÔ ø�ÕqÍÎÍ›ÈŸÌ3å�ìqÍÎ×�ÔŠÕqÐ�ý3ÈvÑYË±ï�åúÈŸÇÎÐ.È�{NÕqÐ.ËNÐYÇ³Ù@ï�å.È�ÞD{±×3Ç³ËNÐúÕqÛ*ÜlÑYÈŸÐ

—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ!ÈŸÐQé�Æ/Ç³ÈvÙ@È6ÞD{±×3Ç³ËNÐóÇ³Ù3× É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï�åãÔ"ÇÎ×ŠÕqÍÎÍ³ÈŸÐóëyÇ³ï@å±×3ÇÎÏ�ÈŸÐ�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ É�ËNÐ¢—AËNå.Ëqö

Ô�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ9ÈŸÐ�~.ÇÎÐ.Ù@Ö!ÈvÙ@ËNÐ.ÑYÈŸÌ@ÈÝÕqÛ.ï�åÊÑYÈŸÔîðIÈŸòvÇÎÓYÌ@ËNòvÇÎ×�ìq×@Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù=ÑYÈŸÌyÏ†Í³ËNÖ�ÕqÍ³ÈŸÐ•—=Í ÕNÙ@Ù�ÈŸÐ,{[™NÌ,ö

Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³È†éžÆ�Õqå.ÈŸÌH{†ÕqÐYÐ ò�ét£=é�Ñ*Ç³È ÞD{�×3Ç³ËNÐãÑYÈŸÌŠêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐçÕqÛ*ÜÝÑYÈŸÌØõ�ÕqÍ³ËNÇ³Ù3ö€õ/Ì3ÛYÓYÓ!ÈàÑYÈŸÌ�ÔŠÕFš*ÇÎÔŠÕqÍ³ÈŸÐ

ÛYÐ±É�ÈŸÌ3òvëlÈŸÇÎÏ†×@ÈŸÐ+ÕqÖ9ÈŸÍ³Ù@ï@å.ÈŸÐ¤z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ ÕqÛ*ÜÝÑYÈŸÌŠê€ÑYÈ{ÕqÍK{±Í ÕNÙ@Ù�ÈŸÐYÏ†Ì3ÛYÓYÓ!È6Ô"ÇÎ×3åYÇÎÍ ÜgÈÊÑYÈŸÌŠÉ�ËNÔÅü�ùÊö+—–™NÌ3Ó9ÈŸÌ

Ö9ÈŸÌ@ÈŸÇÎ×3Ï�ÈvÙ3×@ÈŸÍÎÍÎ×@ÈŸÐf{�ËNÔ"ÓYÍ³È�š*ÈŸÐX—IËNÐNý,ÛYÏ¢Õq×3Ç³ËNÐàÙ3×3Û.Ñ*Ç³ÈŸÌ3×
ë�ÈŸÌ@ÑYÈŸÐQé

ÆAÇ³Èfz�Ì3Ï�ÈŸÖYÐYÇ³Ù@Ù@ÈÒÑ*Ç³ÈvÙ@ÈŸÌ�ÞIÌ3Ö9ÈŸÇÎ×ØÈŸÐ±×@Ù3×@ÈŸå.ÈŸÐçÑ.ÕNÑ*ÛYÌ@ï�å�~lÑ.Õ$€(òvÛYÐ�ìNï@å.Ù@×ØÛYÐ±×@ÈŸÌ@Ù3Û.ï@å±×�ëyÇÎÌ@Ñ•~lëlÈŸÍ³ï�å.Èfz›Ç ö

Ï�ÈŸÐ.Ù�ï@å�ÕcÜo×@ÈŸÐÊÓ9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.È"õ/Ì3ÛYÓYÓ!ÈŸÐÊå�ÕqÖ!ÈŸÐ�~�ÕqÛ*Ü�ÑYÈŸÐ.ÈŸÐÊÈŸÇÎÐ.ÈÝêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐÒËNÓ!ÈŸÌ3Ç³ÈŸÌ3×{é�Æ/Ç³ÈvÙ@È=ëlÈŸÌ@ÑYÈŸÐÒÑ.ÕqÐYÐ

É�ÈŸÌ3Ï†ÍÎÇ³ï�å.ÈŸÐàÔ"ÇÎ×
ðAÈvÙ3ÛYÍÎ×�Õq×@ÈŸÐÊÑYÈŸÌIÞAÐ�ÕqÍK•*Ù@È�ÑYÈŸÌ?{[™NÌ3Ó!ÈŸÌ3×3å.ÈvËNÌ@ÈŸ×3Ç³Ù�ï@å.ÈŸÐ¥ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐQé

êuÙ3×

A
ÈŸÇÎÐ.È“ÕqÖ9ÈŸÍ³Ù@ï@å.ÈWõ=Ì3ÛYÓYÓ!ÈG~�ÕqÛ*Ü�ÑYÈŸÌIÈŸÇÎÐ.ÈÝêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐ

�
ËNÓ!ÈŸÌ3Ç³ÈŸÌ3×^~�Ù@Ë ò{ÈŸÌ,ÜgìqÍÎÍÎ×

A
ÇÎÐ

A = A+ � A � ;

ÇÎÇÎÇ



ë�ËNÖ!ÈŸÇ

�
ÕqÛ*Ü

A+ ×3Ì3ÇÎÉ�Ç ÕqÍ�ÛYÐ.ÑØÕqÛ*Ü

A � Ñ*ÛYÌ@ï�å

� a = � a
ËNÓ9ÈŸÌ3Ç³ÈŸÌ3×^~�É�ËNÌ�ÕqÛ.Ù3Ï�ÈvÙ�ÈŸ×3òv×^~¢Ñ.Õ$€WùàÛYÍÎ×3ÇÎÓYÍÎÇK{†Õq×3Ç³ËNÐŠÔ"ÇÎ×

2
ÇÎÐ

A
ÈŸÇÎÐ ÞAÛY×@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.ÙAÇ³Ù3×{é

á�ÇÎÌ"˜,š�Ç³ÈŸÌ@ÈŸÐ ÈŸÇÎÐ.È3“�Ì3ÇÎÔ"ò&ÕqåYÍ

p 6= 2
écê€Ù3×

G
ÈŸÇÎÐ.ÈlÓ!ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï�å.È?“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈG~†ÕqÛ*Ü�ÑYÈŸÌ?ÈŸÇÎÐ.È�êˆÐ±É�ËNÍÎÛY×3Ç³ËNÐ

ËNÓ9ÈŸÌ3Ç³ÈŸÌ3×^~.Ù@Ë å�ÕqÖ9ÈŸÐ ëyÇÎÌIÑ*Ç³È�Ñ*ÇÎÌ@È/{�×@È•›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ

G=Gp = (G=Gp)+ � (G=Gp)� :

ƒ�Ë�ëyÇ³È�ëyÇÎÌ
Ñ*Ç³È

Fp
öˆÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐÊÉ�ËNÐ

G=Gp ÕqÍ³Ù

e2)d6F��U
AB���98�����)l!
�TA

d(G)
É�ËNÐ

G
ÕqÛ:¦QÕNÙ@Ù@ÈŸÐv{[™NÐYÐ.ÈŸÐ�~�{NÕqÐYÐ

Ñ*Ç³ÈyÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐŠÉ�ËNÐ

(G=Gp)� ÕqÍ³Ùtz›Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐYÌ�ÕqÐYÏWÉ�ËNÐ

(Gab)� ~NÖ!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×žÔ"ÇÎ×

d(G) � ~NÇÎÐ¢×@ÈŸÌ3ÓYÌ@ÈŸ×3Ç³ÈŸÌ3×

ë�ÈŸÌ@ÑYÈŸÐQé

ÆAÇ³ÈvÙ�È�›9ÕqåYÍ³ÈŸÐ Ù3ÓYÇ³ÈŸÍ³ÈŸÐ�ÈŸÇÎÐ.Èàò{ÈŸÐ¢×3Ì�ÕqÍ³ÈèðAËNÍÎÍ³È ÇÎÐãÛYÐ.Ù�ÈŸÌ@ÈŸÐ¤£�ÈŸ×3Ì�ÕNï@å±×3ÛYÐYÏ�ÈŸÐ�~
ÑYÈŸÐYÐ ÈvÙ�Ï†ÇÎÍÎ×�Ð�ÕNï@å§ƒ*Õq×3ò

ûR¨*é©¨*é©¨:‡&ÿ

d(G)+ � d(G) � � d(G) � + dim FP (pH 2(G; Qp=Zp)� ):
ûl‡&ÿ

áçÇÎÌ
å�ÕqÖ9ÈŸÐ Ù@ËNÏ¢ÕqÌ/õ/Í³ÈŸÇ³ï�åYå.ÈŸÇÎ×^~YÜ•ÕqÍÎÍ³Ù

G
ÛYÐYÇ ÜgËNÌ3ÔîÔ"ÇÎ×IÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÌ/ÞIÖ9ÈŸÍÎÇ³Ù3Ç³ÈŸÌ3ÛYÐYÏ�Ç³Ù@×{é

z›Ù
Ç³Ù3×
ÈŸÇÎÐ6Ö9È/{†ÕqÐYÐ¢×@ÈŸÌªƒ*Õq×3ò[~�Ñ.Õ$€

dim FP H 2(G; Z=pZ) = r (G)

ÑYÈŸÐf«

��%M![J=�=E
�����P)d!
�BA

É�ËNÐ

G
ÕqÐYÏ†ÇÎÖY×^~YÜgÕqÍÎÍ³Ù

G
ÈŸÇÎÐ.È	“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9È�Ç³Ù3×{é*êˆÔîø�ÕqÍÎÍ-ÛYÐYÇ ÜoËNÌ3Ô�ÈŸÌ/õ=Ì3ÛYÓYÓ!ÈŸÐ6Í ì$€†×

Ù@Ç³ï@åÊÑ*Ç³ÈvÙ@ÈŸÌAÈ�š�ÓYÍÎÇÎòvÇÎ×AÕqÛ.ÙIÑYÈŸÔ¬z�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐYÌ�ÕqÐYÏ�Ö!ÈŸÌ@Èvï�åYÐ.ÈŸÐ��

r (G) =
�

d(G)
2

�
:

ûR¨�ÿ

áçÇÎÌ
ò{ÈŸÇÎÏ�ÈŸÐÊÈŸÇÎÐ ðAÈvÙ3ÛYÍÎ×�Õq×AÕqÛ.ÙÝß á�â+~*ëlÈŸÍ³ï�å.ÈvÙIÖ9ÈvÙ�ÕqÏ†×^~.Ñ.Õ$€�Ù�ËNÏ¢ÕqÌIÙ3×�ìqÌd{�ÈŸÌ
Ï†ÇÎÍÎ×Wû=—AËNÌ@ËNÍÎÍ ÕqÌ�ûR¨*é©¨*éK‡^…�ÿ3ÿ��

dim FP H 2(G; Z=pZ)+ =
�

d(G)+

2

�
+

�
d(G) �

2

�
ÛYÐ.Ñ ûR­�ÿ

dim FP H 2(G; Z=pZ) � = d(G)+ � d(G) � :
û5®±ÿ

Æ=ÕqÌ�ÕqÛ.Ù�Ù�ï@åYÍÎÇ³È/€†×=ÔŠÕqÐàò�é0£=éK~�Ñ.Õ$€ÚÈŸÇÎÐ.È�ÛYÐYÇ ÜoËNÌ3Ô�È�õ/Ì3ÛYÓYÓ9ÈWÔ"ÇÎ×/ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÌÝÞIÖ9ÈŸÍÎÇ³Ù3Ç³ÈŸÌ3ÛYÐYÏ�ÛYÐ.ÑXz›Ì3ò{ÈŸÛ*ö

Ï�ÈŸÐ.ÑYÈŸÐYÌ�ÕqÐYÏ

d(G) � 3
Ð¢ÛYÌIÑ*Ç³ÈÝùX™NÏ†ÍÎÇ³ï@å,{�ÈŸÇÎ×@ÈŸÐ

(d(G)+ = 1
ÛYÐ.Ñ

d(G) � = 2)
Ë�ÑYÈŸÌ

(d(G)+ = 3
ÛYÐ.Ñ

d(G) � = 0)
ûgþ�ÿ

òvÛYÍ ì$€†×�ûaÉ±Ï†Í•é9ƒ*Õq×3ò�ûR¨*é©¨*é©¨G¨�ÿ3ÿdé

z›Ù0Ç³Ù3×?É�ËNÐ ÈŸÐ±×@Ù@ï@å.ÈŸÇ³ÑYÈŸÐ.ÑYÈŸÌžá�Ç³ï�å¢×3ÇÎÏG{�ÈŸÇÎ×^~

dim Fp (pH 2(G; Qp=Zp)� )
òvÛ•{�ÈŸÐYÐ.ÈŸÐ�~NÛYÔ_ÕqÛ.Ùyûl‡&ÿ¯ƒ�ï@åYÍÎä.Ù,ö

Ù�È=òvÇ³ÈŸå.ÈŸÐÊòvÛv{[™NÐYÐ.ÈŸÐQé.áçÇÎÌyëlÈŸÌ@ÑYÈŸÐÒÙ@ÈŸå.ÈŸÐ�~.Ñ.Õ$€ŠÑ*Ç³ÈvÙ�ÈÝÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ ÇÎÐ É�Ç³ÈŸÍ³ÈŸÐ ø�ìqÍÎÍ³ÈŸÐS{±Í³ÈŸÇÎÐ.ÈŸÌIÏ†Í³ÈŸÇ³ï@å

1
Ç³Ù@×^~

ë�ËNÌ�ÕqÛ.ÙAÙ@Ç³ï@åÚÜoäYÌ

d(G)+ 6= 1
Ù@ËqÜoËNÌ3×
ÈŸÌ3Ï†ÇÎÖY×^~�Ñ.Õ$€�Ð¢ÛYÌ

d(G) � 3
ÕqÛ*Üo×3Ì@ÈŸ×@ÈŸÐS{†ÕqÐYÐQé

ÆAÇ³ÈvÙ�ÈvÙ
ðIÈvÙ3ÛYÍÎ×�Õq×AÈŸÌ3å�ìqÍÎ×
ÔŠÕqÐàÕqÛ.Ù
ÑYÈŸÔ Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3ò

Ĥ i (G; E) �= Ĥ 2� i (G; Q=Z)_ ÜoäYÌIÕqÍÎÍ³È

i 2 Z;
ûR°�ÿ

ë�ÈŸÍ³ï@å.ÈŸÌ/ÇÎÐ ÑYÈŸÐ Ö9ÈŸÇ³ÑYÈŸÐ6ÜoËNÍÎÏ�ÈŸÐ.ÑYÈŸÐàø0ìqÍÎÍ³ÈŸÐÊÏ†ÇÎÍÎ×WûaÉ±Ï†Í•é,„�å.ÈvËNÌ@ÈŸÔ�È�ûl‡†é©¨*é©¨G±�ÿ�ÖYòvëÝé�ûl‡†é©¨*é©­G²�ÿ3ÿ��

ûoê3ÿ

� S
Ù@ÈŸÇQÈŸÇÎÐ.ÈŠûaÔH™NÏ†ÍÎÇ³ï�å.ÈŸÌ3ëlÈŸÇ³Ù@ÈWÍ³ÈvÈŸÌ@È&ÿ�ùÒÈŸÐYÏ�È�É�ËNÐ•“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³ÈŸÐàÈŸÇÎÐ.ÈvÙ³›9ÕqåYÍK{[™NÌ3Ó9ÈŸÌ@Ù

k
é

� L S(p)jk
Ù@ÈŸÇ!Ñ*Ç³È/ÔŠÕFš*ÇÎÔŠÕqÍ³È/ÛYÐ¢É�ÈŸÌ3òvëlÈŸÇÎÏ†×@ÈÝÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È

p
ö+z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�É�ËNÐ

k
~±ÇÎÐ�ëlÈŸÍ³ï�å.ÈŸÌIÕqÍÎÍ³È

ƒ±×@ÈŸÍÎÍ³ÈŸÐàÕqÛ.Ù

S
É�ËNÍÎÍQò{ÈŸÌ3Í³ÈŸÏ†×AÙ3ÇÎÐ.Ñ-é

� G := G(L S(p)jk)
Ù@ÈŸÇQÑ*Ç³ÈWõÝÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9ÈÝÑ*Ç³ÈvÙ@ÈŸÌ–z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ.é

� E := ES(L S(p)) = lim� !
L S (p)� K � k; K jk ´Vµ/¶/·k¸k¹=º

E(K )
~�ëlËNÖ9ÈŸÇ

E(K ) := ES(K )
Ñ*Ç³È/õ/Ì3ÛYÓYÓ9È
ÑYÈŸÌ

S
ö+z�ÇÎÐYå.ÈŸÇÎ×@ÈŸÐ"ÈŸÇÎÐ.ÈŸÌ?ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐ Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.ÈŸÐ_—D™NÌ3Ó!ÈŸÌ@ÈŸÌ3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

L S(p) � K � k
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×{é



ûoê@ê3ÿ

� S
Ù@ÈŸÇQÈŸÇÎÐ.ÈÝÈŸÐ.Ñ*ÍÎÇ³ï�å.È“ùÒÈŸÐYÏ�È=É�ËNÐ•“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³ÈŸÐÒÈŸÇÎÐ.ÈvÙD›9ÕqåYÍK{[™NÌ3Ó!ÈŸÌ@Ù

k
é

�
êˆÐ

S
Ù@ÈŸÇ"{�ÈŸÇÎÐ.È“äYÖ9ÈŸÌ

p
ÍÎÇ³ÈŸÏ�ÈŸÐ.ÑYÈHƒ±×@ÈŸÍÎÍ³È�ûoÑYÈŸÌ@ÈŸÐ ùÒÈŸÐYÏ�ÈÝëyÇÎÌ/Ô"ÇÎ×

Sp
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐ�ÿAÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ��

Sp \ S = ;
é

� kS(p)jk
Ù@ÈŸÇQÑ*Ç³È=ÔŠÕFš*ÇÎÔŠÕqÍ³ÈWÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖ

S
ÛYÐ¢É�ÈŸÌ3òvë�ÈŸÇÎÏ†×@È“Ï¢ÕqÍ³ËNÇ³Ù�Ù@ï@å.È

p
ö+z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�É�ËNÐ

k
é

� G := G(kS(p)jk)
Ù@ÈŸÇQÑ*Ç³È�õ�ÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9È�Ñ*Ç³ÈvÙ@ÈŸÌ–z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ.é

� E (K ) := O�
K ;m := f a 2 OK j a 2 U(np )

p
ÜaäYÌIÕqÍÎÍ³È

pg
~•ëlËNÖ9ÈŸÇ

kS(p) � K
ÈŸÇÎÐ.ÈØÈŸÐ.Ñ*ÍÎÇ³ï�å.È

Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È•—–™NÌ3Ó9ÈŸÌ@ÈŸÌ3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏãÉ�ËNÐ

k
Ù@ÈŸÇ•élÆ=ÕqÖ9ÈŸÇIÇ³Ù@×

m
ÑYÈŸÌ�ùàË�Ñ*ÛYÍ

Q
p2 S p

~›ÛYÐ.Ñ

U(np )
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×lÑ*Ç³ÈIåP™Nå.ÈŸÌ@ÈŸÐ z�ÇÎÐ.Ù@ÈŸÇÎÐYå.ÈŸÇÎ×@ÈŸÐQé�ø?äYÌlÑYÈŸÌ@ÈŸÐŠÆ=È�˜.ÐYÇÎ×3Ç³ËNÐ6ÕqÐ�ÛYÐ.ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ•ƒ±×@ÈŸÍÎÍ³ÈAÙ3Ç³ÈŸå.È

ƒ!éP­G²*é

� E := O�
kS (p);m = lim� !

K

E(K )
~?ë�ËNÖ!ÈŸÇyÑYÈŸÌ"Ñ*ÇÎÌ@È/{±×@Èg‚-ÇÎÔ�ÈvÙ äYÖ9ÈŸÌ"Ñ*Ç³ÈŠÇÎÐ

kS(p)
ÈŸÐ±×3å�ÕqÍÎ×@ÈŸÐ.ÈŸÐ

ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐàÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.ÈŸÐfz�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐèÉ�ËNÐ

k
Í ìqÛ*Üo×{é

‚-Ç³ÈŸÏ†×žÈŸÇÎÐŠü�ù ö+—D™NÌ3Ó!ÈŸÌ�òvÛYÏ†Ì3ÛYÐ.ÑYÈG~¢Ù@Ë/Ç³Ù3×�Ñ*Ç³ÈvÙ@È�ÆAÛ�ÕqÍÎÇÎ×�ìq×b{�ËNÔ"Ó�Õq×3ÇÎÖ9ÈŸÍ.Ô"ÇÎ×�ÑYÈŸÌ›ÞD{±×3Ç³ËNÐ"ÑYÈŸÌb{�ËNÔ"ÓYÍ³È�šYÈŸÐ

—AËNÐNý€ÛYÏ¢Õq×3Ç³ËNÐQé�êuÔ ø�ÕqÍÎÍ�ûoê3ÿ/ÜgËNÌ@ÑYÈŸÌ3Ð(ëyÇÎÌWòvÛ.Ù�ìq×3òvÍÎÇ³ï�å�~0Ñ.Õ$€f{�ÈŸÇÎÐ.È\“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³È6ÕqÛ.Ù

S
ÇÎÐ÷ÑYÈŸÌ�z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

kjk+ ò{ÈŸÌ,Ü•ÕqÍÎÍ³È†é

ÞIÛ.Ù
ÑYÈŸÔ ÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3òÝëlÈŸÌ@ÑYÈŸÐàëyÇÎÌIÈŸÇÎÐ.È•ƒ±ÛYÌoý3È/{±×3Ç³ËNÐ

� (k)=p � (E(k)=p) � � (pĤ 2(G; Qp=Zp)� )_ ûV»†ÿ

û

� (k)
Ù3ÇÎÐ.ÑèÑ*Ç³È“ÇÎÐ

k
ÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ.ÈŸÐ¥z�ÇÎÐYå.ÈŸÇÎ×@Ù@ëyÛYÌ3ò{ÈŸÍÎÐ�ÿ=Ù@ï@åYÍÎÇ³È/€�ÈŸÐ@{[™NÐYÐ.ÈŸÐ�~!ë�ÈŸÍ³ï@å.È�Ù@ËqÜgËNÌ3×=Ñ*Ç³ÈWÖ9ÈŸå�ÕqÛYÓY×@ÈŸ×@È

Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.Ù@Ö!ÈvÙ@ï�åYÌ�ìqÐ,{±ÛYÐYÏØÍÎÇ³ÈdÜoÈŸÌ3×{é

ÆAÇ³ÈØÖ9ÈŸÐ¢ÛY×3òv×@Èg—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈÚÇ³Ù3×�Ñ*Ç³Èj¼

!GJ+��ZRŸ•E
#TE
4HE
%KEQA
�V�

~?ëlÈŸÍ³ï@å.ÈÚòvÛYÐ�ìNï�å.Ù3×WÜaäYÌ�ÈŸÐ.Ñ*ÍÎÇ³ï@å.È õ/Ì3ÛYÓYÓ9ÈŸÐ

ÑYÈ�˜.ÐYÇ³ÈŸÌ3×IÇ³Ù3×{é*ùÒÕqÐ ÑYÈ�˜.ÐYÇ³ÈŸÌ3×
ÇÎÔ ø�ÕqÍÎÍ�ÓYÌ@Ë±ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÌ/õ/Ì3ÛYÓYÓ9ÈŸÐ Ñ*Ç³È

Ĥ i (G; A)
ÕqÍ³ÙyÑ*Ç³È=Ï�ÈŸë3™NåYÐYÍÎÇ³ï@å.È�—IËNå.Ëqö

Ô�ËNÍ³ËNÏ†Ç³ÈÝÜaäYÌ

i > 0
é�ø•äYÌ

i � 0
Ù@ÈŸ×3òv×yÔŠÕqÐ

Ĥ i (G; A) = lim �
U� G ½l¾�´Vµ

Ĥ i (G=U;AU );
ûR…�ÿ

ë�ËNÖ!ÈŸÇ•ÑYÈŸÌ
ÓYÌ@Ëqý,È/{�×3ÇÎÉ�È7‚-ÇÎÔ�ÈvÙIÉ±Ç Õ ÑYÈŸÐ�¿

�5À?!GJ=�RE
�0���

òvÛ ÖYÇÎÍ³ÑYÈŸÐ Ç³Ù3×{é

ÞIÛ*Ü�Ñ*Ç³ÈvÙ@È6áúÈŸÇ³Ù@È6ÈŸÌ3å�ìqÍÎ×ŠÔŠÕqÐ`{�ÈŸÇÎÐ.ÈŸÐ`{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�å.ÈŸÐçøYÛYÐ,{�×@ËNÌ{éžùèÕqÐóÖ9È/{�ËNÔ"Ô“×ØÑYÈŸÐYÐ.Ë�ï@å�ÈŸÇÎÐ.È

ÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈØí›ÈŸÌ@Ù3Ç³ËNÐ(ÑYÈvÙ�ƒ*Õq×3ò{ÈvÙWÉ�ËNÐÂÁ=Õ${NÕ^•¢ÕqÔŠÕcö+„•Õq×@ÈØÛYÐ.ÑôÑYÈvÙ“Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3ò{ÈvÙ“É�ËNÐr“•ËNÇÎ×@ËNÛ�~•ë�ÕNÙWÇÎÐ

ÑYÈŸÌ"ÞAÌ3Ö!ÈŸÇÎ×�ßÃƒ±âyÙ3×3Û.Ñ*Ç³ÈŸÌ3×WëyÛYÌ@ÑYÈ†é?áçÇÎÌWÖ9ÈŸÐP™N×3ÇÎÏ�ÈŸÐÒý,ÈvÑYË�ï@å(Ð¢ÛYÌ"Ñ*Ç³ÈØí›ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÛYÐYÏôÑYÈvÙHƒ*Õq×3ò{ÈvÙ�É�ËNÐ

Á=Õ${†Õn•¢ÕqÔŠÕcö+„•Õq×@ÈG~�ÑYÈŸÐYÐãÑ*Ç³ÈvÙ@ÈŸÌŠÍÎÇ³ÈdÜoÈŸÌ3×�ÇÎÔÄ›�Û.Ù�ÕqÔ"Ô�ÈŸÐ.Ù3ÓYÇ³ÈŸÍIÔ"ÇÎ×ØÑYÈŸÔEðIÈŸòvÇÎÓYÌ@ËNòvÇÎ×�ìq×@Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

ÛYÐ.ÑÊÑYÈŸÔ æ/ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³ÙŒÕq×3òWÑYÈŸÐ Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3òÚûR°�ÿdé

|IÔ Ñ*Ç³È õ=ÈŸÔ�ÈŸÇÎÐ.Ù�ÕqÔ_{�ÈŸÇÎ×@ÈŸÐèÑYÈŸÌIø�ìqÍÎÍ³ÈØûoê3ÿlÛYÐ.ÑÃûoê@ê3ÿlå.ÈŸÌ�ÕqÛ.Ù3òvÛ.Ù3×@ÈŸÍÎÍ³ÈŸÐ�~�å�ÕqÖ9ÈŸÐ ëyÇÎÌIÑYÈŸÐàÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3ò

òvÛYÐ�ìNï�å.Ù3×ÚÇÎÐ�ÑYÈŸÌSƒ±ÓYÌ�ÕNï@å.ÈèÑYÈŸÌ6ÕqÖ.Ù3×3Ì�Õ${±×@ÈŸÐ•—=Í ÕNÙ@Ù@ÈŸÐ,{[™NÌ3Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³ÈÒÖ!ÈŸëyÇ³ÈvÙ�ÈŸÐ�ÛYÐ.ÑçÙ@ï@åYÍÎÇ³È/€†ÍÎÇ³ï�å+ÕqÛ*Ü“Ñ*Ç³È

{�ËNÐ,{�Ì@ÈŸ×@ÈŸÐ�ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ.ÈŸÐèÕqÐYÏ�ÈŸëlÈŸÐ.ÑYÈŸ×{é

ø•äYÌ�Ñ*Ç³È ê€ÑYÈ{ÕqÍK{±Í ÕNÙ@Ù�ÈŸÐYÏ†Ì3ÛYÓYÓ!È�É�ËNÐôü�ù ö+—D™NÌ3Ó!ÈŸÌ3Ð Ï†ÇÎÍÎ×^~!Ü•ÕqÍÎÍ³Ù

� p � k
Ï�ÈŸÏ�ÈŸÖ!ÈŸÐ Ç³Ù3×^~!ÑYÈŸÌ	‚QÈvËNÓ9ËNÍ³Ñ*×@Ù@ï@å.È

ƒ±ÓYÇ³ÈŸÏ�ÈŸÍÎÛYÐYÏ�Ù�Ù�Õq×3ò[�

d(Clk )+ � 1 + d(Clk )� :
ûR±�ÿ

Æ/Ç³ÈvÙ@ÈvÙ–z�Ì3Ï�ÈŸÖYÐYÇ³Ù
Í ì$€†×IÙ@Ç³ï@åÊÈŸÇÎÐ*Ü•ÕNï@åàÕqÛ*Ü�Ñ*Ç³ÈÝø�ìqÍÎÍ³ÈŠûoê3ÿlÛYÐ.Ñúûoê@ê3ÿlÉ�ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÐQé�áçÇÎÌyëlÈŸÌ@ÑYÈŸÐÒÑYÈŸÐfƒ*Õq×3ò
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z�ÇÎÐ.ÈŸÐôå.ÈŸÌ3òvÍÎÇ³ï�å.ÈŸÐ(Æ�ÕqÐ,{ÒÔH™±ï�å¢×@ÈØÇ³ï@åôæ/ÈŸÌ3Ì3ÐúáçÇÎÐYÏ†Ö!ÈŸÌ3ÏàÕqÛ.Ù�Ù3ÓYÌ@Èvï@å.ÈŸÐ�~•ÑYÈŸÌ�ÜaäYÌ“Ô�ÈŸÇÎÐ.È�øYÌ�ÕqÏ�ÈŸÐÃÙ@×@ÈŸ×@Ù

ÈŸÇÎÐàË$¦9ÈŸÐ.ÈvÙDÒAåYÌIÛYÐ.Ñ6Ï†ÛY×@ÈÝÞAÐ¢×ˆë�ËNÌ3×@ÈŸÐàå�Õq×3×@È†é

êuï�åÊÑ.ÕqÐ,{�È“ÕqÛ.ï@å@ÒA×3ÔŠÕqÌ
í›ÈŸÐNý@Õ${�ËNÖ�~.Æ=ÈŸÐYÇ³Ù
í›ËNÏ�ÈŸÍQÛYÐ.Ñ6ùèÕqÌd{±Û.ÙIø.ÈŸÐYÐ6ÜoäYÌ
Ð¢äY×3òvÍÎÇ³ï�å.È“Æ/Ç³Ùd{�Û.Ù@Ù3Ç³ËNÐ.ÈŸÐQé
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‡†éK‡†éÂz�ÇÎÐÒÕqÖ.Ù3×3Ì�Õ${±×@ÈŸÌAÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3òÒé“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é ­

‡†éK‡†éK‡†éæ„•Õq×@Èdö+—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È é�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é ­

‡†éK‡†é©¨*éæ£�ÈŸÏ†Ì3ÇM¦9È“ÑYÈŸÌIÕqÖ.Ù3×3Ì�Õ${±×@ÈŸÐf—=Í ÕNÙ@Ù@ÈŸÐ,{[™NÌ3Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³È“é�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éç‡�»

‡†éK‡†é©­*éæ“?ËNÐ¢×3Ìoý@ÕqÏ†ÇÎÐ.Ù@ï@å.È�Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù3×3å.ÈvËNÌ3Ç³È>é�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éç‡^…

‡†éK‡†é ®.é Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�ìq×3ò{È é�éÝéÝé�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éç‡^…

‡†éK‡†éjþ*é ÞAÖ.Ù3×3Ì�Õ${±×@È	—=Í ÕNÙ�Ù@ÈŸÐ,{[™NÌ3Ó!ÈŸÌ3×3å.ÈvËNÌ3Ç³È é�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè¨$®

‡†éK‡†é©°*éæz�ÇÎÐàÕqÖ.Ù@×3Ì�Õ${±×@ÈŸÌIÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3òŠéÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè¨†þ

‡†é©¨*éÃÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�ìq×3ò{ÈÝÇÎÐ Ï†Í³ËNÖ�ÕqÍ³ÈŸÌ–—=Í ÕNÙ@Ù@ÈŸÐ,{[™NÌ3Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³È éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè¨G±

‡†é©¨*éK‡†é_õ/Ì3ÛYÐ.Ñ*Í ÕqÏ�ÈŸÐñéÝé�éÝéÝé�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè¨G±

‡†é©¨*é©¨*éé›�ëlÈŸÇ•È�šYÕ${�×@È•ƒ�Èn ±Û.ÈŸÐYò{ÈŸÐ é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè­$®

‡†é©¨*é©­*é ÞAÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈÝÏ†Í³ËNÖ�ÕqÍ³È7—=Í ÕNÙ@Ù�ÈŸÐ,{[™NÌ3Ó!ÈŸÌ3×3å.ÈvËNÌ3Ç³ÈHéÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè­G°

‡†é©¨*é ®.éæ£�ÈvÙ@ï@åYÌ�ìqÐ,{�×@È�í›ÈŸÌ3òvë�ÈŸÇÎÏ†ÛYÐYÏØÛYÐ.Ñ6É�ËNÍÎÍ³È�›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏHéÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè­[»

‡†é©¨*éjþ*é Æ=ÈŸÌ
æ/ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³ÙŒÕq×3òèé�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é†®�²

‡†é©¨*é©°*éæz�ÇÎÐÊÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3ò�ÜaäYÌyÇÎÐ

S
É�ËNÍÎÍQò{ÈŸÌ3Í³ÈŸÏ†×@È7z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ é“é�éÝé�éÝéÝé�éÝé�é“é�é†®�¨

‡†é©¨*éÃ»�éæz�ÇÎÐÊÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@ÙŒÕq×3ò�ÜaäYÌyÖ9ÈvÙ@ï�åYÌ�ìqÐ,{±×@È“í›ÈŸÌ3òvëlÈŸÇÎÏ†ÛYÐYÏ é�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é†®�­
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¨*éK‡†éjƒ±×3Ì3Û,{�×3ÛYÌ@ÈŸÐ ÇÎÐ•“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!ÈŸÐ é�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é†®¢þ

¨*éK‡†éK‡†éæz�Ì3ò{ÈŸÛYÏ�ÈŸÌAÛYÐ.Ñ ðIÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐ É�ËNÐf“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈŸÐ éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é†®¢þ

¨*éK‡†é©¨*é ø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏ�ÈŸÐÊÉ�ËNÐ•“›Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ!ÈŸÐ éÝé�éÝé�é“éÝé�éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é†®�…

¨*éK‡†é©­*éæ“?ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.È�ÛYÐ.ÑÚÛYÐYÇ ÜoËNÌ3Ô�È•“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈŸÐóéÝé�éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é þ:‡

¨*é©¨*éÂ“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!ÈŸÐ Ô"ÇÎ×AÞ–{�×3Ç³ËNÐ ÈŸÇÎÐ.ÈŸÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐ éÝé�é“éÝé�éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é þG¨

¨*é©¨*éK‡†é ÞD{±×3Ç³ËNÐ ÈŸÇÎÐ.ÈŸÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐèÕqÛ*Ü�ÕqÖ9ÈŸÍ³Ù@ï�å.ÈŸÐèõ/Ì3ÛYÓYÓ9ÈŸÐ�é�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é þG¨

¨*é©¨*é©¨*é ÞD{±×3Ç³ËNÐ ÈŸÇÎÐ.ÈŸÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐèÕqÛ*Ü0ÑYÈŸÐf—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ9ÈŸÐ÷é“éÝé�éÝé�éÝéÝé�é“é�éÝé�é þG­

¨*é©¨*é©­*éæ“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈŸÐÊÔ"ÇÎ×
ÞD{�×3Ç³ËNÐÊÈŸÇÎÐ.ÈŸÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐ é�éÝé�éÝé�éÝé“é�éÝé�éÝéÝé�éÝé�é“é�é þ[»

¨*é©¨*é ®.éæ“?ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.ÈŽ“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈŸÐ Ô"ÇÎ×IÞD{±×3Ç³ËNÐ ÈŸÇÎÐ.ÈŸÌAêˆÐ±É�ËNÍÎÛY×3Ç³ËNÐ+é�éÝé�éÝéÝé�éÝé�é“é�é þG±

¨*é©­*éj›�Ûàü�ùÊö+—–™NÌ3Ó9ÈŸÌ3Ð éÝé�éÝé�éÝéÝé�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè°G¨

¨*é©­*éK‡†é_ü�ùÊö+—–™NÌ3Ó9ÈŸÌ éÝé�éÝéÝé�é“é�éÝé�éÝéÝé�éÝé�é“é�éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè°G¨

¨*é©­*é©¨*éé›�ÛYÌ–—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Èdö�ÛYÐ.ÑS—=Í ÕNÙ�Ù@ÈŸÐ,{[™NÌ3Ó!ÈŸÌ3×3å.ÈvËNÌ3Ç³È“É�ËNÐÒü�ùÊö+—–™NÌ3Ó9ÈŸÌ3ÐHéÝéÝé�é“é�éÝé�éè°G­

¨*é©­*é©­*éé›�ÛYÌIê€ÑYÈ{ÕqÍ ö›ÛYÐ.Ñfƒ±×3Ì�ÕqåYÍK{�Í ÕNÙ@Ù@ÈŸÐYÏ†Ì3ÛYÓYÓ9ÈÝÉ�ËNÐÒü�ùÊö+—–™NÌ3Ó9ÈŸÌ3Ðçé“éÝé�éÝé�éÝéÝé�é“é�éÝé�éè°†þ

¨*é ®.éÂ“?ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.È"õ�ÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9ÈŸÐ É�ËNÐÒü�ùÊö+—–™NÌ3Ó9ÈŸÌ3Ð éÝéÝé�éÝé�éÝé�é“éÝé�éÝé�éÝéÝé�é“é�éÝé�éõ»
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G
ÈŸÇÎÐ.ÈØõ/Ì3ÛYÓYÓ9È ûaÔH™NÏ†ÍÎÇ³ï@å.ÈŸÌ3ëlÈŸÇ³Ù�ÈŠÛYÐ.ÈŸÐ.Ñ*ÍÎÇ³ï�åôÛYÐ.ÑúËNåYÐ.È_„•ËNÓ!ËNÍ³ËNÏ†Ç³È&ÿdé¯›�ÛYÐ�ìNï@å.Ù3×WëlÈŸÐ.ÑYÈŸÐúëyÇÎÌÝÛYÐ.Ù�ÈŸÌ

ÞAÛYÏ�ÈŸÐYÔ�ÈŸÌd{ØÑYÈŸÐ

G
öˆùÒË±Ñ*ÛYÍÎÐÚòvÛQé,ƒ�ÈŸÇ³ÈŸÐ

A; B
òvëlÈŸÇ

G
öˆùàË�Ñ*ÛYÍÎÐúûaëlÈŸÐYÐ6ÐYÇ³ï�å¢×@Ù
ÕqÐ.ÑYÈŸÌ@ÈvÙyÈ�š*ÓYÍÎÇÎòvÇÎ×�Ï�ÈdÜgËNÌ@ÑYÈŸÌ3×

Ç³Ù@×^~�ë�ËNÍÎÍ³ÈŸÐ ëyÇÎÌ�Ñ.ÕqÌ3ÛYÐ¢×@ÈŸÌ�ÇÎÔ"Ô�ÈŸÌ7‚-ÇÎÐ,{*Ù3Ô�Ë�Ñ*ÛYÍÎÐÒÉ�ÈŸÌ@Ù@×@ÈŸå.ÈŸÐ�ÿdé-Æ=ÕqÐYÐ Ù3ÇÎÐ.Ñ

A 
 Z B
ÛYÐ.Ñ

H om(A; B ) G
ö

ùÒË�Ñ*ÛYÍÎÐ ÛYÐ¢×@ÈŸÌIÑYÈŸÐàÞ–{�×3Ç³ËNÐ.ÈŸÐ

g:(a 
 b) := g:a 
 g:b
ÖYòvëÝé

(g:� )(a) := g:(� (g� 1:a)) :

Z
ë�ËNÍÎÍ³ÈŸÐŠëyÇÎÌžÙ@×@ÈŸ×@Ù›Ô"ÇÎ×žÑYÈŸÌ›×3Ì3ÇÎÉ�Ç ÕqÍ³ÈŸÐ

G
öˆÞD{�×3Ç³ËNÐŠÉ�ËNÐ�Ì@Èvï�å¢×@ÙlÛYÐ.Ñ"É�ËNÐ�ÍÎÇÎÐ,{*Ù�É�ÈŸÌ@Ù@ÈŸå.ÈŸÐQé�áçÇÎÌ�ëlËNÍÎÍ³ÈŸÐŠÜoÈŸÌ3Ð.ÈŸÌ

A
 Z[G]B
ÈŸÌd{�Í ìqÌ@ÈŸÐ�~vë�ËqÜaäYÌQëyÇÎÌ�ÕqÛ.ï�å

A
 GB
Ù@ï@åYÌ@ÈŸÇÎÖ9ÈŸÐÝëlÈŸÌ@ÑYÈŸÐQécÆ�ÕqòvÛ�ÜgÕNÙ�Ù@ÈŸÐ=ëyÇÎÌ

A
ÕqÛ*Ü.ÕqÍ³Ù�ðAÈvï@å±×@Ù3Ô�Ë±Ñ*ÛYÍ

Ô"ÇÎ×

a:g := g� 1:a
é�“?ÈŸÌ•Æ=È�˜.ÐYÇÎ×3Ç³ËNÐ�Ï†ÇÎÍÎ×?ÕqÍ³Ù@Ë

a:g
 Gb = a
 Gg:b
ÖYòvëÝé

g:a
 G g:b = a:g� 1
 Gg:b = a
 Gb
é

êuÐ6í›ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÛYÐYÏ6ÑYÈŸÌ
ËNÖ!ÈŸÐàÈŸÌd{±Í ìqÌ3×@ÈŸÐÊÞD{�×3Ç³ËNÐ ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌ
Ñ.Õqå.ÈŸÌAÈŸÇÎÐ.ÈŸÐÊ×3Ì3ÇÎÉ±Ç ÕqÍ³ÈŸÐ

G
öˆùÒË�Ñ*ÛYÍ•é

á�ÇÎÌ�ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐôÕqÍ³Ù

I G = (s � 1js 2 G)
ÑYÈŸÐ@—�ÈŸÌ3Ð ÑYÈŸÌ

mDUGA
4}����JV![J=�=E
�

� : Z[G] ! Z; g 7! 1
é9ÆAÇ³È

ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

Z 
 G A ! A=I GA =: AG; n 
 G a 7! na + I GA
Ç³Ù@×AÈŸÇÎÐèêuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù{é!Æ�ÕqÔ"ÇÎ×AÇ³Ù3×

AG
ÑYÈŸÌAÏ†ÌQ™
€†×@È�ø�Õ${�×@ËNÌ3Ô�Ë±Ñ*ÛYÍ0É�ËNÐ

A
~!ÕqÛ*ÜžÑYÈŸÔ

G
×3Ì3ÇÎÉ±Ç ÕqÍ0ËNÓ!ÈŸÌ3Ç³ÈŸÌ3×{é

z›ÇÎÐ ëlÈŸÇÎ×@ÈŸÌ@ÈŸÌ/êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù
Ç³Ù@×
Ï�ÈŸÏ�ÈŸÖ!ÈŸÐàÑ*ÛYÌ@ï@å

A 
 G B ! (A 
 Z B )G; a 
 G b 7! (a 
 Z b) + I G(A 
 Z B ):

ø�ÈŸÌ3Ð.ÈŸÌIÖ9ÈŸÔ�ÈŸÌd{�ÈŸÐ ëyÇÎÌ^~.Ñ.Õ$€

H omG(A; B ) := f f 2 H om(A; B ) j g:f (a) = f (g:a) 8a 2 Ag = (H om(A; B )) G

ÛYÐ.ÑÊÙ3Ó!ÈŸòvÇ³ÈŸÍÎÍ

AG = H omG(Z; A)
Ï†ÇÎÍÎ×{é

á�ÇÎÌ
Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐàÑ*Ç³È

�0JV!
�98[!
)d8[!
U�À?($I.UT�BA

F (G) �
É�ËNÐ

Z
äYÖ9ÈŸÌ

Z[G]

0  � � � Z � � � � F (G)0 := Z[G] @1 � � � F (G)1 := Z[G2] @2 � � � : : : ;

­



ë�ËNÖ!ÈŸÇ�ëyÇÎÌIÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐ��

@n :=
nX

i =0

(� 1)i di
ÛYÐ.Ñ

di (g0; : : : ; gn ) := (g0; : : : ; ĝi ; : : : ; gn ):

ƒ�ÈŸ×3ò{ÈŸÐàëyÇÎÌ

hr := g� 1
r � 1gr

~YÙ@Ë"ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌ
Ñ*Ç³È“êuÑYÈŸÐ±×3ÇÎ×�ìq×

(g0; g1; g2; : : : ; gn ) = g0:(1; h1; h1h2; : : : ; h1h2 : : : hn ) =: g0:[h1jh2j : : : hn ]:

Æ/Ç³ÈŽƒB•±ÔWÖ!ËNÍ³È

[h1jh2j : : : jhn ]
Ô"ÇÎ×IÖ9ÈŸÍÎÇ³ÈŸÖYÇÎÏ�ÈŸÐ

hi 2 G
ÖYÇÎÍ³ÑYÈŸÐèÙ@ËNÔ"ÇÎ×IÈŸÇÎÐ.È

Z[G]
ö+£yÕNÙ3Ç³Ù
É�ËNÐ

F (G)n
~.ÖYòvëÝé

F (G)n = Z[G] 
 Z (
ÜoÌ@ÈŸÇ³È“ÕqÖ9ÈŸÍ³Ù@ï@å.È�õ/Ì3ÛYÓYÓ!ÈÝÕqÛ*Ü

[h1jh2j : : : jhn ])
é.ùèÕqÐ Ö9ÈŸÌ@Èvï@åYÐ.ÈŸ×/Ñ*Ç³È�á�ÇÎÌd{�ÛYÐYÏ�É�ËNÐ

di
ÕqÛ*Ü�Ñ*Ç³ÈvÙ@ÈŸÌ–£yÕNÙ3Ç³Ù
òvÛ

di [h1j : : : jhn ] =

8
><

>:

h1
ß

h2j : : : jhn
â

i = 0
ß

h1j : : : jhi hi +1 j : : : jhn
â

0 < i < n
ß

h1j : : : jhn� 1
â

i = n:

9S‹9�h‹0ß5‹��

Þ

�

„•ÈŸÐ.Ù@ËNÌ3Ç³ÈŸÌ@ÈŸÐ ëyÇÎÌ�Ñ*Ç³È7ƒ±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï�™†Ù3ÛYÐYÏ�äYÖ9ÈŸÌ

Z[G]
Ô"ÇÎ×yÑYÈŸÔ

G
öˆùàË�Ñ*ÛYÍ-Þ•~±ÖYòvëÝé�×@ÈŸÐ.Ù@ËNÌ3Ç³ÈŸÌ@ÈŸÐ6ëyÇÎÌ�äYÖ!ÈŸÌ

Z
Ô"ÇÎ×

A
ÛYÐ.Ñ�Ð.ÈŸåYÔ�ÈŸÐØÑYÈŸÐ�Ï†ÌQ™
€†×@ÈŸÐ

G
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@ÈŸÐ6ø�Õ${±×@ËNÌ3Ô�Ë�Ñ*ÛYÍV~¢Ù�Ë�ÈŸÌ3å�ÕqÍÎ×@ÈŸÐŠëyÇÎÌžÑYÈŸÐ}—AËNÔ"ÓYÍ³È�šàûaÐ�ÕNï@å

—AËNÔ"Ó!Ë†Ù@ÇÎ×3Ç³ËNÐàÑYÈŸÌIÈŸÌ@Ù3×@ÈŸÐ6Ö9ÈŸÇ³ÑYÈŸÐÊÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ�ÿ

0  Z[G] 
 Z[G] A  Z[G2] 
 Z[G] A  Z[G3] 
 Z[G] A  : : : ;

ÑYÈvÙ�Ù@ÈŸÐŠæ/ËNÔ�ËNÍ³ËNÏ†Ç³È
ëyÇÎÌ›Ô"ÇÎ×

Hn(G; A)
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸÐŠëlËNÍÎÍ³ÈŸÐQé±Æ/Ç³ÈYz�Í³ÈŸÔ�ÈŸÐ¢×@ÈAÉ�ËNÐ

Z[Gn+1 ] 
 Z[G] A
Ð.ÈŸÐYÐ.ÈŸÐ

ëyÇÎÌ

�PZ=ŸŽ�/JRJ+���

é

H � (G; �)
ÖYÇÎÍ³ÑYÈŸ×=ÈŸÇÎÐ.ÈŸÐ

*:E
I.�=J=��C$�/�@#TE
4HE
%KEQA
��I/<�#,���XË�UT�,&FJVEG)

ÖYòvÏ†Í•é�ÑYÈŸÌ

G
öˆùÒË±Ñ*ÛYÍÎÐ�~!Ñ-é åQéYÜoäYÌlý,ÈvÑYÈ�{±ÛYÌ,ö

ò{È(È�š.Õ${±×@Èjƒ�Èn ¢Û.ÈŸÐYò

0 ! A ! B ! C ! 0
É�ËNÐ

G
öˆùàË�Ñ*ÛYÍÎÐ5Ï†ÇÎÖ*×ÒÈvÙ ÜoäYÌ�ý3ÈvÑYÈvÙ

n
ÈŸÇÎÐ.ÈŸÐHí›ÈŸÌ,ö

ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.ÙèûoÑYÈŸÌ ÐYÇ³ï@å¢×�ÈŸÇÎÐ.ÑYÈŸÛY×3ÇÎÏúÙ�ÈŸÇÎÐÃÔWÛ,€P~›ÕqÖ!ÈŸÌ�Ð�Õq×3äYÌ3ÍÎÇ³ï@å Ï�ÈŸë�ìqåYÍÎ×"ëlÈŸÌ@ÑYÈŸÐŒ{†ÕqÐYÐ�ÿ

� n : Hn+1 (G; C) ! Hn(G; A)
~�Ù@Ë"Ñ.Õ$€�Ï�ÈŸÍÎ×@ÈŸÐ��

ûaÇ™ÿÚø?äYÌ0ý3ÈvÑYÈvÙ?{�ËNÔ"Ô“ÛY×�Õq×3ÇÎÉ�È�Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô

0 � � � ! A � � � ! B � � � ! C � � � ! 0

f

?
?
y g

?
?
y h

?
?
y

0 � � � ! A0 � � � ! B 0 � � � ! C0 � � � ! 0
Ô"ÇÎ×IÈ�š.Õ${�×@ÈŸÐf›!ÈŸÇÎÍ³ÈŸÐS{�ËNÔ"Ô“ÛY×3Ç³ÈŸÌ3×=Ñ.ÕNÙ�ÜgËNÍÎÏ�ÈŸÐ.ÑYÈÝÆ/Ç ÕqÏ†Ì�ÕqÔ"ÔS�

Hn+1 (G; C) � n� � � ! Hn(G; A)

H n +1 (h)

?
?
y H n (f )

?
?
y

Hn+1 (G; C0) � n� � � ! Hn(G; A0)

ûaÇÎÇ™ÿÚø?äYÌ�ý3ÈvÑYÈŽ{±ÛYÌ3ò{È"È�š.Õ${±×@È}ƒ�Èn ±Û.ÈŸÐYò

0 ! A ! B ! C ! 0
Ç³Ù@×ÝÑ*Ç³È�ÜoËNÍÎÏ�ÈŸÐ.ÑYÈ ƒ�Èn ±Û.ÈŸÐYòàûoÑ*Ç³È

%K!
�BA��

�d]�!$&FJ+�����>=nU,���:6

ÿ�ÜoäYÌIÕqÍÎÍ³È

n
È�š.Õ${±×^�

Hn (G; B )  Hn (G; A) � n � � � Hn+1 (G; C)  Hn+1 (G; B )  Hn+1 (G; A)

Æ/Ç³È

1YE$I.�=J=��C��5JV’GJ

Ö9ÈvÑYÈŸÛY×@ÈŸ×^~.Ñ.Õ$€

Hn(G; A)
ÜoäYÌIÕqÍÎÍ³È

n < 0
×3Ì3ÇÎÉ�Ç ÕqÍQÇ³Ù3×{é

���9�=���=�P�

ö

�B�¥�¥â��Ž�����

A
���5� *9)lEd¡n�.&$J=��C$�/)

G
Z+>XE^8
UT%

o

¿

!
���\A��/%;J+����Ê

ÇÆ!

È

A
��I�Jt#TE
4HE
%KEQA
��I/<�#•J=)��5C^�=!G%Ã-x8

o

#

o Hn (G; A) = 0
”�NB)�!
%5%É�

n > 0 o



ÇlO

È

AU
��I�J2�^OQ����”/!
%5%'I2*9)lEd¡n�.&$J=��C}!
%'I

G=U
ZV>�E^8
UT%B”�NB)•�/���0�/�@?�E
).4H!
%MJ+���5%K�/)

U � G o

A

�CB•�

Þ

ä[�

ø?äYÌ“ûgÕ�ÿ�Ù3Ç³ÈŸå.È/ò�ék£=é-ßk£�Ì,âˆé�›�ÛúûaÖ�ÿ�Ù@ÈŸÇ

M � N
ÈŸÇÎÐ.È�ƒ±ÛYÌoý,È/{�×3Ç³ËNÐ6òvëlÈŸÇ³ÈŸÌ

G=U
öˆùàË�Ñ*ÛYÍÎÐ�~*ÛYÐ.Ñ

� : AU ! N
ÈŸÇÎÐ æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù{éžÆ/ÛYÌ@ï@å

G � G=U
ëlÈŸÌ@ÑYÈŸÐ

M
ÛYÐ.Ñ

N
ÕqÛ.ï@å òvÛ

G
öˆùÒË±Ñ*ÛYÍÎÐ�~

ë�ÈvÙ3å�ÕqÍÎÖóÈŸÇÎÐ

G
öˆùÒË±Ñ*ÛYÍÎå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

 : A ! M
È�š�Ç³Ù@×3Ç³ÈŸÌ3×{é•Æ/Ç³ÈvÙ@ÈŸÌ“ÜgÕ${�×@ËNÌ3Ç³Ù3Ç³ÈŸÌ3×"ÕqÖ!ÈŸÌWäYÖ!ÈŸÌ

AU
é

2
á�ÇÎÌ�Ö!ÈŸÔ�ÈŸÌd{�ÈŸÐ÷Ð.Ë�ï@å�~0Ñ.Õ$€ÒòvÛàý3ÈvÑYÈŸÔ

G
öˆùàË�Ñ*ÛYÍ

A
ÈŸÇÎÐÃÜoÌ@ÈŸÇ³ÈŸÌ6ûaÛYÐ.Ñ(Ñ.ÕqÔ"ÇÎ×�ÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈŸÌŒÿ

G
öˆùÒË±Ñ*ÛYÍ

F
È�š*Ç³Ù3×3Ç³ÈŸÌ3×=òvÛ.Ù�ÕqÔ"Ô�ÈŸÐèÔ"ÇÎ×/ÈŸÇÎÐ.ÈŸÌ�ƒ±ÛYÌoý3È/{±×3Ç³ËNÐ

F � A
é�Æ/Ç³ÈvÙ@È�z�ÇÎÏ�ÈŸÐ.Ù@ï�å�ÕcÜa×�Ö9ÈvÑYÈŸÛY×@ÈŸ×^~9Ñ.Õ$€

H (G; �)
ÈŸÇÎÐ

ûaÖYòvÏ†Í•é�ÑYÈŸÌ
ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈŸÐ

G
öˆùÒË±Ñ*ÛYÍÎÐ�ÿ

�5•–!'D�!�O/%K��)

å.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å.ÈŸÌ=øYÛYÐ,{�×@ËNÌ
Ç³Ù3×{é

á�ÇÎÌ�ëlËNÍÎÍ³ÈŸÐg{±ÛYÌ3ò/ÑYÈŸÐØí›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

� 0 : H1(G; C = B =A) ! H 0(G; A)
È�š*ÓYÍÎÇÎòvÇÎ×

Ö9ÈvÙ@ï�åYÌ@ÈŸÇÎÖ!ÈŸÐúûaÉ�Ï†Í•é�ß}Þ•áãâaÿdéTz�ÇÎÐ@‡döu›9•T{±ÍÎÛ.ÙlÇÎÐ

H1(G; B =A)
å�Õq×�Ñ*Ç³ÈAø�ËNÌ3Ô

f =
P

g[g] 
 G (bg + A)
~¢ë�ËNÖ!ÈŸÇ

Ñ*Ç³È

bg
ÜgÕNÙ@×=ÕqÍÎÍ³ÈŽÁAÛYÍÎÍ?Ù3ÇÎÐ.Ñ-é�|AÐ¢×@ÈŸÌÝÑYÈŸÌ�ðAÕqÐ.Ñ.ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ6Ï†ÇÎÍÎ×^�

df =
P

g(1 � g� 1)(bg + A) = 0
é�ƒ�ÈŸ×3ò{ÈŸÐ

ëyÇÎÌ

f :=
P

g[g] 
 G bg 2 H1(G; B )
~›Ù@ËèÏ†ÇÎÍÎ×"ÜgËNÍÎÏ†ÍÎÇ³ï@å

df 2 AG
é�Æ=ÕqÔ"ÇÎ×ØÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌŠÑ*Ç³È6È�š*ÓYÍÎÇÎòvÇÎ×@È

£�ÈvÙ@ï�åYÌ@ÈŸÇÎÖYÛYÐYÏP�

� 0(
X

g

[g] 
 G (bg + A)) =
X

g

(1 � g� 1)bg + I GA

ùèÕqÐ äYÖ9ÈŸÌ3ò{ÈŸÛYÏ†×IÙ3Ç³ï�å Í³ÈŸÇ³ï@å±×^~�Ñ.Õ$€ŠÑ*Ç³ÈvÙyÛYÐ�ÕqÖYå�ìqÐYÏ†ÇÎÏØÇ³Ù3×yÉ�ËNÐÊÑYÈŸÌIÞAÛ.Ù3ë�ÕqåYÍ�ÑYÈŸÌ

bg
é

ƒ�ÈŸÇ

H < G
ÈŸÇÎÐ.È7|IÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!È†é�á�ÇÎÌ
ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÊÜaäYÌ
ÈŸÇÎÐ.ÈŸÐ

H
öˆùÒË±Ñ*ÛYÍ

I ndG
H A := Z[G] 
 Z[H ] A:

ê€Ù3×

H = 1
ÛYÐ.Ñ

X
ÈŸÇÎÐ.È ÕqÖ9ÈŸÍ³Ù@ï@å.È�õ/Ì3ÛYÓYÓ9ÈG~�Ù�ËŠÐ.ÈŸÐYÐ.ÈŸÐèëyÇÎÌ

I ndG
1 X

ÈŸÇÎÐ.ÈŸÐ

�5�98
U[6/�V��)/J+���

ùàË�Ñ*ÛYÍ•é9zžÙAÏ†ÇÎÍÎ×

Ñ.ÕNÙ�E

��4Ž4H! CFE
�f�P#T!.*9�5)dE

�

Hn(G; I ndG
H A) �= Hn (H ; A)

ÜoäYÌIÕqÍÎÍ³È

n � 0:

ƒ±Ó9ÈŸòvÇ³ÈŸÍÎÍ-ÜgËNÍÎÏ†×^~.Ñ.Õ$€ŠÑ*Ç³È�æ/ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ!ÈŸÐ

Hn(G; I ndG
1 X )

ÜaäYÌ/ÕqÍÎÍ³È

n � 1
×3Ì3ÇÎÉ±Ç ÕqÍQÙ3ÇÎÐ.Ñ-é

ƒ�ÈŸÇ³ÈŸÐ

� : G ! H
ÛYÐ.Ñ

� : A ! B
õ/Ì3ÛYÓYÓ9ÈŸÐYå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ ÜoäYÌAÈŸÇÎÐ.ÈŸÐ

G
öˆùÒË±Ñ*ÛYÍ

A
ÛYÐ.ÑàÈŸÇÎÐ.ÈŸÐ

H
öˆùàË�Ñ*ÛYÍ

B
é*Æ�ÕNÙY“?Õ†ÕqÌ

(�; � )
å.ÈŸÇK€†×

C$��)/J=)l’^AG%'�R<�#

~�ëlÈŸÐYÐÊÏ†ÇÎÍÎ×

� (g:a) = � (g):� (a);

Ë�ÑYÈŸÌ›ì
 ¢ÛYÇÎÉ†ÕqÍ³ÈŸÐ¢×›Ñ.ÕqòvÛ�~që�ÈŸÐYÐ

�
ÈŸÇÎÐ

G
öˆùÒË±Ñ*ÛYÍÎå.ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù›Ç³Ù3×^~që�ËNÖ!ÈŸÇ

B
É�Ç Õ

�
ÕqÍ³Ù

G
öˆùàË�Ñ*ÛYÍ.ÕqÛ*ÜaÏ�ÈdÜ•Õ$€†×

ëyÇÎÌ@Ñ-é

���9�=���yˆ0�

A

�B�¥��
GF��"�"���7e3�5�¢C$�/)�J=)d’^A
%;�=</#:�.Iv1Y![!
)

(�; � ) L

�R�fE�OQ���¤�5�98
U[6/�V��)�JŽ���5�0�•���5�98��/UTJ=�KA��\Ë�!
4Ž�5%'�V�

C$E
�IH7E
4HE
4HE
)+*�#���I.4}���

(�; � )n : Hn (G; A) ! Hn (H ; B )
8GUB)d<�#gË���I�J=%É�RA
UT�BAS!
U�”�8����•ŸŽ�/JRJ+���

X

g

[g1j : : : jgn ] 
 G ag 7!
X

g

[� (g1)j : : : j� (gn )] 
 H � (ag);

L

EBOQ���

g
8[!$I

n
Z

¼

U�*,��%

g1; : : : ; gn
OQ�Q6F���R<�#��0�

o

A

�CB•�

Þ

ä[�

Æ/Ç³È�í›ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å,{�ÈŸÇÎ×"ÇÎÔ"ÓYÍÎÇÎòvÇ³ÈŸÌ3×

� � (�; � ) = (�; � ) � �
~•ëlÈvÙ3å�ÕqÍÎÖŒ›9•B{�ÈŸÍÎÐ(ÇÎÐr›9•T{�ÈŸÍÎÐôÛYÐ.Ñ

ð/ìqÐ.ÑYÈŸÌ
ÇÎÐ ðAìqÐ.ÑYÈŸÌIäYÖ!ÈŸÌ,ÜoäYåYÌ3×
ëlÈŸÌ@ÑYÈŸÐQé

2
á�ÇÎÌ
ë�ËNÍÎÍ³ÈŸÐÊÑ*Ç³ÈvÙ
òvÛYÌ
Æ=È�˜.ÐYÇÎ×3Ç³ËNÐÒÈŸÇÎÐYÇÎÏ�ÈŸÌ
ëyÇ³ï@å±×3ÇÎÏ�ÈŸÌ/ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐÊÉ�ÈŸÌ3ë�ÈŸÐ.ÑYÈŸÐ��

�
ø?äYÌ•ÈŸÇÎÐ.È3|IÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!È
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ÛYÐ.Ñ
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0 ! �( A) ��! �( B )
�

�! �( C) ! 0
ÈŸÇÎÐ.È�È�š.Õ${�×@È•ƒ�Èn ¢Û.ÈŸÐYò“É�ËNÐ

H
öˆùÒË±Ñ*ÛYÍÎÐ Ç³Ù@×{é

êˆÔ ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐÊÖ9ÈvÑ*Ç³ÈŸÐ.ÈŸÐ ëyÇÎÌ
ÛYÐ.Ù
ÈŸÇÎÐ.ÈŸÌIížÕqÌ3Ç ÕqÐ¢×@È“ÑYÈŸÌAùàÈŸ×3å.Ë�ÑYÈ�ÑYÈŸÌ³¿

��4}���,I��=EG�,I.C$�/)cIn<�#��V�^O�UT�BA

é



ƒ�ÈŸÇ³ÈŸÐ

f ai j i 2 I g
ÛYÐ.Ñ

f bj j j 2 J g
z�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐ.ÙQ•�Ù3×@ÈŸÔ�ÈŠÉ�ËNÐ
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ÛYÐ.Ñ
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K B
ÛYÐ.Ñ
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Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐÒÑ*Ç³È7—�ÈŸÌ3Ð.ÈÝÑ*Ç³ÈvÙ@ÈŸÌIæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐQé
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Æ/Ç³È ÍÎÇÎÐ,{�ÈŸÐ í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�ÈŸÐ(Ù3ÇÎÐ.ÑÒÖYÇ ý3È/{±×3ÇÎÉ�~9Ñ*Ç³È Ì@Èvï@å±×@ÈŸÐúÇÎÐNý,È/{�×3ÇÎÉÊÛYÐ.ÑÒÜoäYÌ
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Ù@ËNÏ¢ÕqÌ

ÕqÛ.ï�åãÖYÇ ý3È/{±×3ÇÎÉ�~�Ñ.ÕèÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈÊùàË�Ñ*ÛYÍÎÐ å.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�åã×3Ì3ÇÎÉ�Ç ÕqÍIÙ3ÇÎÐ.Ñ-é›Æ=ÈŸÌŠÆ=ÈvïQ{�ÈŸÍIÛYÐ.Ñ ÑYÈŸÌ}£�Ë±ÑYÈŸÐ�Ù3ÇÎÐ.Ñ

{�ËNÔ"ÔWÛY×�Õq×3ÇÎÉ0~�ë�ÕNÙ�ÈŸÇÎÐ.È
ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.È?z�ÇÎÏ�ÈŸÐ.Ù@ï�å�ÕcÜa×@ÈŸÐŠå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å.ÈŸÌžø.ÛYÐ,{±×@ËNÌ@ÈŸÐ"Ç³Ù3×{éNÆ/Ç³È2—IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×

ÑYÈŸÌAÌ@Èvï@å±×@ÈŸÐhƒ�ÈŸÇÎ×@ÈŸÐ±ë�ÕqÐ.ÑèÇ³Ù3×/ÕqÍ³ÙAÈŸÇÎÐ.ÑYÈŸÛY×3ÇÎÏ�È�Æ=È�˜.ÐYÇÎ×3Ç³ËNÐÒÉ�ËNÐ
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ÛYÐ.ÑÃûaÇÎÇ™ÿ�òvÛ6É�ÈŸÌ@Ù3×@ÈŸå.ÈŸÐQé

ÁIÛYÐ÷Ö9ÈŸÐ¢ÛY×3òv×"ÔŠÕqÐ�~�Ñ.Õ$€
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ëlÈŸÏ�ÈŸÐ ÑYÈŸÌ�êuÐNý,È/{�×3ÇÎÉ�ÇÎ×�ìq×WÉ�ËNÐ
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Ñ*Ç³ÈYz›ÇÎÐ.Ù@ï@åYÌ�ìqÐ,{�ÛYÐYÏWÉ�ËNÐ
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0
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ÁAÛYÐÚëlÈŸÐ.ÑYÈŸÐ6ëyÇÎÌ�ÛYÐ.ÙyÑYÈŸÌ?—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È�òvÛQé*ÞAÛ.Ù�ÑYÈŸÌYƒ±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï�™†Ù@ÛYÐYÏŠÈŸÌ3å�ÕqÍÎ×@ÈŸÐ6ëyÇÎÌyÑ*ÛYÌ@ï@å ÞAÐ¢ëlÈŸÐ*ö

Ñ*ÛYÐYÏ ÑYÈvÙ�øYÛYÐ,{±×@ËNÌ@Ù

H omG(�; A)
ÈŸÇÎÐ.ÈŸÐ —AË
{�ËNÔ"ÓYÍ³È�šèûaÐ�ÕNï�åg—AËNÔ"Ó!Ë†Ù3ÇÎ×3Ç³ËNÐ6ÑYÈŸÌ�ÈŸÌ@Ù3×@ÈŸÐŠÖ9ÈŸÇ³ÑYÈŸÐ�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐ*ö

Ï�ÈŸÐ�ÿ

0 ! H omG(Z[G]; A) ! H omG(Z[G2]; A) ! H omG(Z[G3]; A) ! : : : ;
ÑYÈvÙ�Ù@ÈŸÐS—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ9ÈŸÐèëyÇÎÌ
Ô"ÇÎ×

H n (G; A)
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐÒëlËNÍÎÍ³ÈŸÐQé�ÆAÇ³È�z�Í³ÈŸÔ�ÈŸÐ¢×@È�ÕqÛ.Ù

Cn (G; A) := H omG(Z[Gn+1 ]; A)

å.ÈŸÇK€�ÈŸÐ

#TE
4HEQA������•�PZ=Ÿ�E$&
�nJRJ+���

é�êuÐ6Ð�Õq×3äYÌ3ÍÎÇ³ï@å.ÈŸÌ/áúÈŸÇ³Ù@È�ÈŸÌ3Ï†ÇÎÖY×IÙ@Ç³ï@åÊÑ*Ç³È

G
öˆê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

Cn (G; A) �= f f : Gn+1 ! A
ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

j f (gg0; : : : ; ggn ) = gf (g0; : : : ; gn )
ÜaäYÌIÕqÍÎÍ³È

g 2 Gg:

£�ÈŸÐ±ÛY×3ò{ÈŸÐ(ëyÇÎÌ�Ñ*Ç³È}£�ÈvÙ@ï�åYÌ@ÈŸÇÎÖYÛYÐYÏèÑYÈŸÌ

Z[G]
ö+£yÕNÙ3Ç³ÙWÑYÈŸÌ_ƒ±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï�™†Ù3ÛYÐYÏ É�ËNÐjƒ!é�®P~�Ù@ËÊÈŸÌ3å�ÕqÍÎ×@ÈŸÐÃëyÇÎÌ

ÈŸÇÎÐ.ÈÝÐ�Õq×3äYÌ3ÍÎÇ³ï@å.È

G
öˆê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

Cn(G; A) �= f f : Gn ! A
ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

g =: Cn (G; A)

òvëyÇ³Ù�ï@å.ÈŸÐ

Cn (G; A)
ÛYÐ.ÑÝÑYÈŸÌ?õ/Ì3ÛYÓYÓ9È›ÑYÈŸÌ

�5�,#TEG4_EcA����0���_��Z=Ÿ�E$&
�/JRJ+�/�

écÆ/Ç³È�ð/ÕqÐ.Ñ.ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ�ÈŸÌ@Ù@ï�å.ÈŸÇÎÐ.ÈŸÐ

ÇÎÐÊÖ!ÈŸÇ³ÑYÈŸÐ ø�ìqÍÎÍ³ÈŸÐ Ð�Õq×3äYÌ3ÍÎÇ³ï�åàÇÎÐÊÕqÐ.ÑYÈŸÌ@ÈŸÌ�õ=ÈvÙ3×�ÕqÍÎ×{é

H n (G; �)
Ç³Ù3×=ÈŸÇÎÐ

*:E$I.�=J=�5C$��)�&$E$#TEG4_EG%MEQAG�yIn<�#:��)•Ë•UB�,&$JVE
)

ÖYòvÏ†Í•é9ÑYÈŸÌ

G
öˆùàË�Ñ*ÛYÍÎÐ�~!ëlËNÌ3ÛYÐ±×@ÈŸÌÝëyÇÎÌ ûUTuÑ*Û�ÕqÍWV

òvÛYÔ å.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å.ÈŸÐèøYÛYÐ,{�×@ËNÌŒÿ�Ñ.ÕNÙIø.ËNÍÎÏ�ÈŸÐ.ÑYÈ“É�ÈŸÌ@Ù3×@ÈŸå.ÈŸÐ ë�ËNÍÎÍ³ÈŸÐ���ø?äYÌ�ý3ÈvÑYÈª{±ÛYÌ3ò{ÈÝÈ�š.Õ${�×@È�ƒ�Èn ¢Û.ÈŸÐYò

0 !
A ! B ! C ! 0

É�ËNÐ

G
öˆùÒË�Ñ*ÛYÍÎÐ(Ï†ÇÎÖY×"ÈvÙ“ÜaäYÌAý3ÈvÑYÈvÙ

n
ÈŸÇÎÐ.ÈŸÐ÷í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

� n :
H n (G; C) ! H n+1 (G; A)

~�Ù@Ë"Ñ.Õ$€ŠÏ�ÈŸÍÎ×@ÈŸÐ��

ûaÇ™ÿÚø?äYÌ0ý3ÈvÑYÈvÙ?{�ËNÔ"Ô“ÛY×�Õq×3ÇÎÉ�È�Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô

0 � � � ! A � � � ! B � � � ! C � � � ! 0

f

?
?
y g

?
?
y h

?
?
y

0 � � � ! A0 � � � ! B 0 � � � ! C0 � � � ! 0
Ô"ÇÎ×IÈ�š.Õ${�×@ÈŸÐf›!ÈŸÇÎÍ³ÈŸÐS{�ËNÔ"Ô“ÛY×3Ç³ÈŸÌ3×=Ñ.ÕNÙ�ÜgËNÍÎÏ�ÈŸÐ.ÑYÈÝÆ/Ç ÕqÏ†Ì�ÕqÔ"ÔS�

H n (G; C) � n

� � � ! H n+1 (G; A)

H n (h)

?
?
y H n +1 (f )

?
?
y

H n (G; C0) � n

� � � ! H n+1 (G; A0)

ûaÇÎÇ™ÿÚø?äYÌ�ý3ÈvÑYÈŽ{±ÛYÌ3ò{È"È�š.Õ${±×@È}ƒ�Èn ±Û.ÈŸÐYò

0 ! A ! B ! C ! 0
Ç³Ù@×ÝÑ*Ç³È�ÜoËNÍÎÏ�ÈŸÐ.ÑYÈ ƒ�Èn ±Û.ÈŸÐYòàûoÑ*Ç³È

%K!
�BA��

�d]�!$&FJ+�����>=nU,���:6

ÿ�ÜoäYÌIÕqÍÎÍ³È

n
È�š.Õ${±×^�

H n (G; A) ! H n (G; B ) ! H n (G; C) � n

� � � ! H n+1 (G; A) ! H n+1 (G; B ):

Æ/Ç³È

1YE$I.�=J=��C��5JV’GJ

Ö9ÈvÑYÈŸÛY×@ÈŸ×
ëyÇ³ÈvÑYÈŸÌ3ÛYÔS~�Ñ.Õ$€�Ñ*Ç³ÈWõ/Ì3ÛYÓYÓ9ÈŸÐ

H n (G; A)
ÜoäYÌIÕqÍÎÍ³È

n < 0
×3Ì3ÇÎÉ�Ç ÕqÍ�Ù3ÇÎÐ.Ñ-é

H n (G; �)
Ç³Ù3×

<cE��5•–!'D�!BO�%K�

ÖYòvÏ†Í•é¢ÑYÈŸÌžÇÎÐNý3È/{�×3ÇÎÉ�ÈŸÐ

G
öˆùÒË±Ñ*ÛYÍÎÐ�~±Ñ-é åQé�òvÛ“ý,ÈvÑYÈŸÔ

G
öˆùàË�Ñ*ÛYÍ

A
Ï†ÇÎÖY×lÈvÙlÈŸÇÎÐ.ÈŸÐ

ÇÎÐNý3È/{�×3ÇÎÉ�ÈŸÐÊùàË�Ñ*ÛYÍ

I
òvÛ.ÙŒÕqÔ"Ô�ÈŸÐ Ô"ÇÎ×IÈŸÇÎÐ.ÈŸÔ ùÒËNÐ.ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

A ,! I
é

á�ÇÎÌ=ëlËNÍÎÍ³ÈŸÐ(ÕqÛ.ï@å åYÇ³ÈŸÌ�ÑYÈŸÐ í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

� 0 : H 0(G; C) ! H 1(G; A)
ÜoäYÌ

0 !
A ! B ! C ! 0

È�š�ÓYÍÎÇÎòvÇÎ×ÝÖ9ÈvÙ@ï�åYÌ@ÈŸÇÎÖ!ÈŸÐãûaÉ�Ï†Í•é�ß}Þ�á�âaÿdé�ƒ�ÈŸÇ

b+ A 2 (B =A)G = CG é!áçÇÎÌ�ÖYÇÎÍ³ÑYÈŸÐúÑYÈŸÐ

‡dö+—AËNòn•B{�ÍÎÛ.Ù

[g] 7! g:b � b
ÇÎÐ

H 1(G; B )
é�ÁIÛYÐÒÇ³Ù3×

g:(b+ A) � (b+ A) = 0
Ð�ÕNï�åàí›ËNÌ�ÕqÛ.Ù@Ù�ÈŸ×3òvÛYÐYÏ�ÛYÐ.Ñ

Ñ.Õqå.ÈŸÌ�Ç³Ù3×

g:b� b 2 A
é¢ùèÕqÐ}{†ÕqÐYÐŠÍ³ÈŸÇ³ï�å¢×yÑ*Ç³È–|AÐ�ÕqÖYå�ìqÐYÏ†ÇÎÏG{�ÈŸÇÎ×�É�ËNÐ�ÑYÈŸÌ�ÞIÛ.Ù@ë�ÕqåYÍ!É�ËNÐ

b
Ð�ÕNï�åYÓYÌ3ä*ÜoÈŸÐ�ÛYÐ.Ñ

ÈŸÌ3å�ìqÍÎ×AÑ*Ç³ÈÝÈ�š�ÓYÍÎÇÎòvÇÎ×@È�£�ÈvÙ�ï@åYÌ@ÈŸÇÎÖYÛYÐYÏ

� 0(b+ A) := (g 7! g:b� b):



á�ÇÎÌIÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÊÜaäYÌ
ÈŸÇÎÐ.È	|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9È

H < G
ÛYÐ.Ñ ÈŸÇÎÐ.ÈŸÐ

H
öˆùÒË±Ñ*ÛYÍ

A
ÑYÈŸÐ

G
öˆùÒË±Ñ*ÛYÍ

CoindG
H (A) := H omH (Z[G]; A)

ÛYÐ.Ñ÷Ð.ÈŸÐYÐ.ÈŸÐãÇÎÔ ƒ±Ó!ÈŸòvÇ ÕqÍ Ü•ÕqÍÎÍyÉ�ËNÐ

H = 1
ÛYÐ.ÑóÈŸÇÎÐ.ÈŸÌŠÕqÖ!ÈŸÍ³Ù@ï�å.ÈŸÐçõ/Ì3ÛYÓYÓ9È

X
ÑYÈŸÐ ùÒË±Ñ*ÛYÍ

CoindG
1 (X )

&
E
���08
UG6n�R�/)�J

é.ÞAÛ.ï@åÊÇÎÐ Ñ*Ç³ÈvÙ@ÈŸÌ³ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐÊÏ†ÇÎÖY×AÈvÙ
Ñ.ÕNÙXE

�/4�4H!}CFE
�X�P#T!�*9��)dE

~*ë�ÈŸÍ³ï@å.ÈvÙ/Ñ*Ç³ÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È

H n (G; CoindG
H (A)) �= H n (H ; A)

ÜoäYÌAÕqÍÎÍ³È

n � 0
Ö9ÈvÙ�ÕqÏ†×{é.êuÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈŸÌ@È�Ù3ÇÎÐ.Ñ6Ñ*Ç³ÈWõ=Ì3ÛYÓYÓ!ÈŸÐ

H n (G; CoindG
1 (X )

ÜaäYÌIÕqÍÎÍ³È

n � 1
×3Ì3ÇÎÉ�Ç ÕqÍ•é

ÞIÐ�ÕqÍ³ËNÏ6òvÛYÔ å.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�å.ÈŸÐÃø�ÕqÍÎÍ�å.ÈŸÇK€�È�ÜoäYÌ�ÈŸÇÎÐ.ÈŸÐ

G
öˆùàË�Ñ*ÛYÍ

A
ÛYÐ.Ñ ÈŸÇÎÐ.ÈŸÐ

H
öˆùÒË±Ñ*ÛYÍ

B
ÈŸÇÎÐ�“0Õ†ÕqÌ

É�ËNÐèõ/Ì3ÛYÓYÓ!ÈŸÐYå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�ÈŸÐ

� : G ! H
ÛYÐ.Ñ

� : B ! A
C
��)�J=)d’^A
%;�=</#

~�ë�ÈŸÐYÐ Ï†ÇÎÍÎ×

� (� (g):b) = g:� (b);
ÖYòvëÝé�ì
 ¢ÛYÇÎÉ†ÕqÍ³ÈŸÐ¢×/Ñ.ÕqòvÛ�~YëlÈŸÐYÐ

�
ÈŸÇÎÐ

G
öˆùàË�Ñ*ÛYÍÎå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù/Ç³Ù3×{é

á�ÇÎÌIÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇ³È�ÇÎÔîå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�å.ÈŸÐàø�ÕqÍÎÍ�Ñ*Ç³È

���9�=���Kó•�

A

�B�¥��
GF��"�"���7e3�5�¢C$�/)�J=)d’^A
%;�=</#:�.Iv1Y![!
)

(�; � ) L

�R�fE�OQ���¤�5�98
U[6/�V��)�JŽ���5�0�•���5�98��/UTJ=�KA��\Ë�!
4Ž�5%'�V�

C$E
�IH7E
4HE
4HE
)+*�#���I.4}���

(�; � )n : H n (H ; B ) ! H n (G; A)
8GUB)d<�#gË���I�J=%É�RA
UT�BAS!
U�”�8������5�,#TE
4HEQA��/�0���•Ÿ�E$&
�/JRJ+���

f 7! ([g1j : : : jgn ] 7! � (f ([� (g1)j : : : j� (gn )]))) :
á�ÇÎÌ
ë�ËNÍÎÍ³ÈŸÐàÕqÛ.ï@åÒÑ*Ç³ÈvÙyòvÛYÌIÆ=È�˜.ÐYÇÎ×3Ç³ËNÐÊÈŸÇÎÐYÇÎÏ�ÈŸÌAëyÇ³ï@å¢×3ÇÎÏ�ÈŸÌ=ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ É�ÈŸÌ3ëlÈŸÐ.ÑYÈŸÐ��

�
ø?äYÌ•ÈŸÇÎÐ.È3|IÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!È

H < G
ÛYÐ.Ñ�ÈŸÇÎÐ.ÈŸÐ

G
öˆùàË�Ñ*ÛYÍ

A
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌ�ÕqÛ.Ù•ÑYÈŸÌ¯z�ÇÎÐ±Ö!ÈŸ×3×3ÛYÐYÏ

H ,! G
ÛYÐ.Ñ6ÑYÈŸÌIê€ÑYÈŸÐ¢×3ÇÎ×�ìq×=ÕqÛ*Ü

A
Ñ*Ç³È•«

�.I/J=).��&FJ=�RE
�

Ì@ÈvÙ

: H n (G; A) ! H n(H ; A):

�
ø?äYÌ=ÈŸÇÎÐ.ÈŸÐhÁ/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

U � G
å�ÕqÖ9ÈŸÐÒëyÇÎÌÝÑ*Ç³È Ð�Õq×3äYÌ3ÍÎÇ³ï�å.È}“�Ì@Ëqý3È/{�×3Ç³ËNÐ

� : G ! G=U
ÛYÐ.ÑÒÑ*Ç³È

z�ÇÎÐ±Ö!ÈŸ×3×3ÛYÐYÏ

� : AU ,! A
~*ëlÈŸÍ³ï�å.ÈWÈŸÇÎÐ6É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï�å.ÈvÙ³“0Õ†ÕqÌ
ÖYÇÎÍ³ÑYÈŸÐQé�ÆAÇ³ÈvÙ�ÈvÙyÍÎÇ³ÈdÜoÈŸÌ3×
Ñ*Ç³È�p

�^À2![J=�=E
�

ÇÎÐ*Ü

: H n (G=U;AU ) ! H n (G; A):

�
ƒ�ÈŸÇAëyÇ³ÈvÑYÈŸÌ3ÛYÔ

H < G
ÈŸÇÎÐ.È�|IÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!ÈG~

A
ÈŸÇÎÐ

G
öˆùàË�Ñ*ÛYÍ=ÛYÐ.Ñ

g 2 G
éláçÇÎÌ6ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ÈŸÇÎÐ

É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å.ÈvÙ_“0Õ†ÕqÌ Ñ*ÛYÌ@ï@å

� g : gH g� 1 ! H ; ghg� 1 7! h
ÛYÐ.Ñ

� g : A ! A; a 7! g:a
é?ÆAÇ³ÈvÙ�ÈvÙ

ÍÎÇ³ÈdÜgÈŸÌ3×
æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

H n(gH g� 1; A) ! H n (H ; A):
ø?äYÌ
ÈŸÇÎÐ.ÈŸÐ•Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

H � G
ÈŸÌ3å�ìqÍÎ×
ÔŠÕqÐÊÙ@Ë"ÈŸÇÎÐ.È

G
öˆÞ–{�×3Ç³ËNÐàÕqÛ*Ü›ÑYÈŸÐS—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ9ÈŸÐQé

Æ/ÈŸÌWÜgËNÍÎÏ�ÈŸÐ.ÑYÈvƒ*Õq×3ò�ÍÎÇ³ÈdÜgÈŸÌ3×�ÛQéjÕ*é?ÈŸÇÎÐ.ÈØÐ�Õq×3äYÌ3ÍÎÇ³ï@å.ÈÚí›ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å,{�ÈŸÇÎ×ØÑYÈŸÌ�Ù@ËÒÑYÈ�˜.ÐYÇ³ÈŸÌ3×@ÈŸÐóÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ

Ô"ÇÎ×Ií›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐQé�z�Ì
Ç³Ù3×
Ñ.ÕNÙY{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å.È�ÞIÐ�ÕqÍ³ËNÏ�ËNÐÒÑYÈvÙDƒ*Õq×3ò{ÈvÙ“ûl‡†éK‡†é©­�ÿdé

���9�=���yô0�KJ•â:�^å,�Ž�����

� : G ! H
�����ÂW2).U�*[*,���P#TE
4HE
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)+*�#���I.4ŽU�IªUT�98

�
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)ª8B��)

G
ZV>XE^8GUB%;�f�5�

8G�R�

H
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G
Z+>XE^8
UT%

A
���5�0���

G
Z+>XE^8
UT%Ã#:E
4HE
4HE
)V*9#��yI�4ŽU�I

� A : � A ! A
A
�VO/J
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o
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o �
UB�08
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È
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4Ž4 CFE
�

G
ZV>XE�8
UB%;�X&$E
4Ž4ŽUTJ=�V��)/J+Ê

� A
� A� � � ! A

� f

?
?
y

?
?
y f

� A0 � A 0
� � � ! A0
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ƒ�ÈŸÇ

G
ÇÎÐ6Ñ*Ç³ÈvÙ@ÈŸÔ ÞAÖ.Ù@ï�åYÐYÇÎ×3×
ÈŸÇÎÐ.ÈIÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.È“õ/Ì3ÛYÓYÓ9È†éPƒ�ÈŸÇ³ÈŸÐ

V � U
Ë$¦-ÈŸÐ.ÈªÁAËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌyÉ�ËNÐ

G
é�á�ÇÎÌ

ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÒÑ*Ç³È

?7EG).4

Ñ*ÛYÌ@ï@å

NU=V :=
X

g2 U=V

g 2 Z[U=V]:

áçÇÎÌAÈŸÌ3å�ÕqÍÎ×@ÈŸÐÒÑ*ÛYÌ@ï@åèÞIÐ±ëlÈŸÐ.Ñ*ÛYÐYÏÚÉ�ËNÐ

NU=V
ÈŸÇÎÐ.ÈŸÐàæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

AV NU =V
� � � ! AU ~.ë�ÈŸÍ³ï@å.ÈŸÌ=ÈŸÇÎÐ.ÈŸÐ

æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

(AV )U �! AU ÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×{é�Æ/Ç³ÈvÙ@ÈŸÌIÇ³Ù3×yÔ"ÇÎ×
ÑYÈŸÌIê€ÑYÈŸÐ¢×3ÇÎ×�ìq×/ÕqÛ*Ü

G=U
É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï�åQé

êˆÐ í›ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÛYÐYÏÚÑ*Ç³ÈvÙ@ÈŸÌ³ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐàÖ!ÈŸ×3Ì�ÕNï�å¢×@ÈŸÐàëyÇÎÌIÈŸÇÎÐ.ÈÝø�ÕqÔ"ÇÎÍÎÇ³È

A(U)
É�ËNÐÒÕqÖ!ÈŸÍ³Ù@ï�å.ÈŸÐÒõ/Ì3ÛYÓ*ö

Ó9ÈŸÐ ÜoäYÌ“Ë$¦-ÈŸÐ.È}Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

U � G
é/]¢ÈvÑYÈvÙ

A(U)
Ù@ÈŸÇ�Ô"ÇÎ×�ÈŸÇÎÐ.ÈŸÌ

G=U
öˆùÒË�Ñ*ÛYÍ³Ù3×3Ì3Û,{±×3ÛYÌWÉ�ÈŸÌ@Ù@ÈŸå.ÈŸÐ�~�Ñ*Ç³È

Ô"ÇÎ×WÑYÈŸÌ�ÁAËNÌ3Ô É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å÷Ù@ÈŸÇV~QÑ-é9åQéQÑ*Ç³È�æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

G=V � G=U
ÛYÐ.Ñ

A(V)
NU =V

� � � ! A(U)
ÖYÇÎÍ³ÑYÈŸÐÚÈŸÇÎÐŠÉ�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï�å.ÈvÙ?“?Õ†ÕqÌ{é*ùàÇÎ×3×@ÈŸÍ³ÙlÆ=È�˜.ÐYÇÎ×3Ç³ËNÐ6ÕqÛ*Ü�ÑYÈŸÐ —�ÈŸ×3×@ÈŸÐ ûaÉ±Ï†Í•éT£�ÈŸÔ�ÈŸÌd{±ÛYÐYÏÚûl‡†éK‡†é©¨�ÿ3ÿlÈŸÌ3å�ÕqÍÎ×@ÈŸÐ

ëyÇÎÌAÈŸÇÎÐ.ÈŸÐÊæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

Nn : Hn(G=U;A(V )U ) �! Hn (G=U;A(U))
ÜoäYÌIÕqÍÎÍ³È

n 2 N
é

ÆAÇ³ÈvÙIëlËNÍÎÍ³ÈŸÐ ëyÇÎÌIÖ!ÈŸÐ±ÛY×3ò{ÈŸÐ�~.ÛYÔîÑ*Ç³È•¿

�5À?!GJ=�=EG�

ëyÇ³È=ÜgËNÍÎÏ†×
òvÛ ÈŸÌd{±Í ìqÌ@ÈŸÐ��

ÑYÈdÜ

: Hn(G=V; A(V )) ¹+½d¸kµ_^� � � ! Hn(G=U;A(V )U ) Nn� � ! Hn (G=U;A(U))
íAÇ Õ ÑYÈŸÌØÆ/È�Ï�Õq×3Ç³ËNÐ�ÖYÇÎÍ³ÑYÈŸÐãÑ*Ç³Èàõ/Ì3ÛYÓYÓ9ÈŸÐ

Hn (G=U;A(U))
ÈŸÇÎÐ ÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈvÙ\ƒB•�Ù@×@ÈŸÔS~0ë�ÕNÙØÔŠÕqÐ ÇÎÐ

Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐX² Ð�ÕNï@åYÌ@Èvï�åYÐ.ÈŸ×AÛYÐ.Ñ6Ó9ÈŸÌ
Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.Ù3É�ÈŸÌ@Ù@ï�åYÇ³ÈŸÖYÛYÐYÏÚÕqÛ.Ù�ÑYÈŸåYÐ¢×{é

ùÒÕqÐ Ù3×@ÈŸÍÎÍÎ×�ÜoÈvÙ3×^~0Ñ.Õ$€úÑ*Ç³Èàõ=Ì3ÛYÓYÓ!ÈŸÐ

H n (G=U;AU )
ÜoäYÌ�ÈŸÇÎÐ.ÈŸÐ

G
öˆùÒË±Ñ*ÛYÍ

A
É�Ç ÕàÑYÈŸÌØêˆÐ:Ï�Õq×3Ç³ËNÐ ÈŸÇÎÐ

Ñ*ÇÎÌ@È/{�×@ÈvÙsƒB•*Ù3×@ÈŸÔHÖYÇÎÍ³ÑYÈŸÐ�~që�ÕNÙ0ëyÇ³ÈvÑYÈŸÌ3ÛYÔ�ÕqÛ*Ü�Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐH²Y{�Í ÕqÌ0Ç³Ù3×•ÛYÐ.Ñ Ñ*ÛYÌ@ï�å Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.Ù@É�ÈŸÌ@Ù@ï@åYÇ³ÈŸÖYÛYÐYÏ

ÕqÛ.Ù@Ï�ÈvÑYÈŸåYÐ¢×Ië�ÈŸÌ@ÑYÈŸÐ•{†ÕqÐYÐQéYáçÇÎÌ
Ù@ÈŸ×3ò{ÈŸÐ

H n (G; A) := lim� ! H n (G=U;AU ):
ûoÆ/Ç³ÈvÙàÙ3ÇÎÐ.Ñ ÐYÇ³ï@å±×àÑ*Ç³È É�ËNÌ3Ð.ÈúÑYÈ�˜.ÐYÇ³ÈŸÌ3×@ÈŸÐ

H n (G; A)
émÿÊÞIÍÎ×@ÈŸÌ3Ð�Õq×3ÇÎÉ ÈŸÌ3Ï�ÈŸÖ9ÈŸÐ>Ù3Ç³ï@åHÑ*Ç³ÈèÐ.ÈŸÛ>ÑYÈ�˜.ÐYÇ³ÈŸÌ3×@ÈŸÐ

H n (G; A)
ÕqÍ³Ùx—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È=ÑYÈvÙx—AËNÔ"ÓYÍ³È�š*ÈvÙ�ÑYÈŸÌ

Cn (G; A)
ÖYòvëÝé

Cn (G; A)
~¢ÇÎÐ.ÑYÈŸÔ ÔŠÕqÐØÑYÈŸÐ

G
öˆùàË�Ñ*ÛYÍ
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ÞAÛ*Ü�Ñ*Ç³ÈvÙ@È=áúÈŸÇ³Ù@È�É�ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3×=Ù3Ç³ï@åÒÕqÛ.ï@åÊÑYÈŸÌ–£�ÈŸÏ†Ì3ÇM¦ ÑYÈvÙY{�ËNÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐÒùàË�Ñ*ÛYÍ³ÙyòvÛ
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H (A) := f f : G ! A j f (h:g) = h:f (g) 8h 2 H; f

Ù3×@ÈŸ×3ÇÎÏ
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Æ/Ç³ÈyÆ=È�˜.ÐYÇÎ×3Ç³ËNÐŠÑYÈvÙ0É�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï�å.ÈŸÐ “0Õ†ÕqÌ@ÈvÙ›ÛYÐ.Ñ ÑYÈŸÌ�Ô"ÇÎ×›Ù@ÈŸÇÎÐ.ÈŸÌ›æAÇÎÍ ÜoÈ�ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ.ÈŸÐŠÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ�äYÖ9ÈŸÌ3×3Ì�ìqÏ†×
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C 
 Z[G] A = (C 
 Z A)G
NG� � ! (C 
 Z A)G eUfhg� ! H om(C � ; A)G = H omG(C � ; A):

A

�CB•�

Þ

ä[�

ø?äYÌ�ûgÕ�ÿyÛYÐ.Ñ(ûoï&ÿyäYÖ!ÈŸÌ3ò{ÈŸÛYÏ†×=ÔŠÕqÐàÙ@Ç³ï@åÒÍ³ÈŸÇ³ï@å¢×^~9Ñ.Õ$€�ÈvÙAÙ3Ç³ï�åÊ×�Õq×@Ù�ìNï�åYÍÎÇ³ï@å ÛYÔ

G
öˆæAËNÔ�ËNÔ�ËNÌ,ö

ÓYåYÇ³Ù@Ô�ÈŸÐ å�ÕqÐ.ÑYÈŸÍÎ×^~.ÛYÐ.Ñ6Ì@Èvï�åYÐ.ÈŸ×AÑ*Ç³È	£�Ç ý3È/{±×3ÇÎÉ�ÇÎ×�ìq×
Ð�ÕNï@åQé•ûoÑ�ÿlÜoËNÍÎÏ†×
Ù�ËqÜoËNÌ3×IÕqÛ.Ù�ûgÕ�ÿˆöŒûoï&ÿdé

›�ÛÃûaÖ�ÿ�Ù@ÈŸÇ-òvÛYÐ�ìNï�å.Ù3×

a 2 AG éYÆ�Õ

A Z
ögÜoÌ@ÈŸÇ-Ç³Ù3×^~:{[™NÐYÐ.ÈŸÐ ëyÇÎÌIÈŸÇÎÐ.ÑYÈŸÛY×3ÇÎÏ

a =
X

s2 G

s 
 xs

Ù�ï@åYÌ@ÈŸÇÎÖ9ÈŸÐÊÔ"ÇÎ×

xs 2 X
éYáúÈŸÏ�ÈŸÐàÑYÈŸÌ

G
öˆêˆÐ±ÉNÕqÌ3Ç ÕqÐYòWÏ†ÇÎÍÎ×

a =
X

s2 G

gs 
 xs =
X

s2 G

s 
 xg� 1s;

ë�ÈvÙ3å�ÕqÍÎÖàÑ*Ç³È

xs
ÕqÍÎÍ³È�Ï†Í³ÈŸÇ³ï�åàÙ3ÇÎÐ.Ñ-é�ƒ�ËNÔ"ÇÎ×IÇ³Ù3×

a = NG(1 
 x id )
ÈŸÇÎÐSz�Í³ÈŸÔ�ÈŸÐ¢×/É�ËNÐ

NGA
é



Æ/ÈvÙ@ëlÈŸÇÎ×@ÈŸÌ@ÈŸÐàÙ�ÈŸÇ-Ð¢ÛYÐ

a 2 N G A
Ï�ÈŸÏ�ÈŸÖ!ÈŸÐ�~.Ñ-é åQé

0 = NG a = NG

X

s2 G

s 
 xs =
X

g2 G

g 

X

s2 G

xs;

Ù�Ë"Ñ.Õ$€

P
s2 G xs = 0

ÜoËNÍÎÏ†×{é9ƒ�ËNÔ"ÇÎ×AÈŸÌ3Ï†ÇÎÖY×IÙ3Ç³ï@å

a =
X

s2 G

s 
 xs =
X

s2 G

s 
 xs �
X

s2 G

1 
 xs =
X

s2 G

(s � 1)(1 
 xs) 2 I GA:

Æ/Ç³ÈÝê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È�òvëyÇ³Ù�ï@å.ÈŸÐ

AG
ÛYÐ.Ñ

AG ÜgËNÍÎÏ†×AÕqÛ.Ù

AG = A=I GA = A=N G A
NG� � ! NGA = AG:

2
£�ÈŸò{ÈŸÇ³ï�åYÐ.È

F�
Ñ*Ç³È=ÜoÌ@ÈŸÇ³È•ƒ±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï�™†Ù3ÛYÐYÏŠÉ�ËNÐ

Z
~.ÕqÍ³Ù@Ë

0 ! Z � � F0 ! F1 ! F2 ! : : : :

áçÇÎÌIÙ@ÈŸ×3ò{ÈŸÐ

F� n := F �
n� 1

ÜoäYÌ

n � 1
ÛYÐ.ÑÊÈŸÌ3å�ÕqÍÎ×@ÈŸÐàÑ.ÕNÑ*ÛYÌ@ï@åÒÑ*Ç³È�ƒ�Èn ¢Û.ÈŸÐYò

� � �  F� 3  F� 2  F� 1
� �

 � Z  0;

ë�ÈŸÍ³ï@å.È È�š.Õ${�×�Ç³Ù@×^~?Ñ.ÕèÑ*Ç³È

F� n
ÈŸÐ.Ñ*ÍÎÇ³ï�å ÈŸÌ3ò{ÈŸÛYÏ†×@ÈÚÜaÌ@ÈŸÇ³È

Z[G]
öˆùÒË±Ñ*ÛYÍÎÐ Ù@ÇÎÐ.Ñ-é•áçÇÎÌ É�ÈŸÌ@Ù@ï@åYÔ�ÈŸÍÎò{ÈŸÐ�Ö!ÈŸÇ³ÑYÈ

ƒ�Èn ±Û.ÈŸÐYò{ÈŸÐÊÛYÐ.Ñ6ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊÜoËNÍÎÏ�ÈŸÐ.ÑYÈvÙAÆ/Ç ÕqÏ†Ì�ÕqÔ"ÔS~�Ñ.ÕNÙIÕqÐ ý3ÈvÑYÈŸÌ³ƒ±×@ÈŸÍÎÍ³ÈÝÈ�š.Õ${±×yÇ³Ù@×

 � � � F� 3  � � � F� 2  � � � F� 1
� � � � F0  � � � F1  � � � F2  � � �

� �

x
?
?

?
?
y �

Z Z
x
?
?

?
?
y

0 0;
ë�ËNÖ!ÈŸÇ

�
Ñ*Ç³È7—AËNÔ"Ó!Ë†Ù@ÇÎ×3Ç³ËNÐ

� � � �
Ù@ÈŸÇ•éYÞAÛ.ÙY„�ÈŸÇÎÍlûoÑ�ÿyÑYÈvÙY‚QÈŸÔ"ÔŠÕNÙWûl‡†éK‡†é©°�ÿ�Í³ÈvÙ@ÈŸÐ ëyÇÎÌAÕqÖ�~YÑ.Õ$€"ÜoäYÌ

n � 1

H omG(F� n ; A) = H omG(F �
n� 1; A) �= Fn� 1 
 Z[G] A

Ï†ÇÎÍÎ×{é�ÞIÛ,€�ÈŸÌ@ÑYÈŸÔîå�ÕqÖ9ÈŸÐ ëyÇÎÌIÑ*Ç³È�ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

Z 
 Z[G] A = AG
NG� � ! AG = H omG(Z; A):

ÞAÐ¢ë�ÈŸÐ.Ñ*ÛYÐYÏúÑYÈvÙWø.ÛYÐ,{±×@ËNÌ@Ù

H omG(�; A)
ÈŸÌ3Ï†ÇÎÖY× Ð¢ÛYÐ÷Ñ.ÕNÙWÜoËNÍÎÏ�ÈŸÐ.ÑYÈ {�ËNÔ"Ô“ÛY×�Õq×3ÇÎÉ�È6Æ/Ç ÕqÏ†Ì�ÕqÔ"ÔS~0ÑYÈvÙ@Ù@ÈŸÐ

ËNÖ9ÈŸÌ@Ù3×@È•›!ÈŸÇÎÍ³È“ÈŸÇÎÐS—IË
{�ËNÔ"ÓYÍ³È�š Ç³Ù3×^�

� � � ! F1 
 Z[G] A � � � ! F0 
 Z[G] A � � � ! H omG(F0; A) � � � ! H omG(F1; A) � � � !
?
?
y

x
?
?

AG
NG� � � ! AG

?
?
y

x
?
?

0 0:
áçÇÎÌ›ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐŠÑ*Ç³È}¼

!GJ+��ZRŸ•E
#TE
4HE
%KEQA
�V�RA
)�U^*[*P���

Ĥ n ÜoäYÌ

n 2 Z
ÕqÍ³Ù›Ñ*Ç³È2—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈIÑYÈŸÌ›ËNÖ9ÈŸÌ@Ù3×@ÈŸÐ ›!ÈŸÇÎÍ³È†é

Æ/Ç³È7„?Õq×@Èdö+—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È

Ĥ n (G; �)
ÖYÇÎÍ³ÑYÈŸ×IÈŸÇÎÐ.ÈŸÐS{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù�ï@å.ÈŸÐèøYÛYÐ,{±×@ËNÌ{é�z›Ù
Ï†ÇÎÍÎ×IÑYÈŸÌ



���9�=���5ø��KJ•â:�^å,�

Ĥ n (G; A) =

8
>>>><

>>>>:

H n (G; A) n � 1

AG=NGA n = 0

N G A=I GA n = � 1

H � n� 1(G; A) n � � 2
A

�CB•�

Þ

ä[�

Æ=ÈŸÐèÈŸÌ@Ù3×@ÈŸÐàÛYÐ.ÑàÍ³ÈŸ×3òv×@ÈŸÐ ø�ÕqÍÎÍ0ÍÎÇ³ÈvÙ3×/ÔŠÕqÐÒÑ*ÇÎÌ@È/{�×=ÕqÛ.Ù=ÑYÈŸÔ Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô ÕqÖQé9ø?äYÌ

n = 0; � 1
ÈŸÌ3Ï†ÇÎÖY×WÙ3Ç³ï@åôÑ.ÕNÙ	z›Ì3Ï�ÈŸÖYÐYÇ³ÙWÑ.ÕqÌ�ÕqÛ.Ù^~-Ñ.Õ$€àÑ*Ç³È_“0ÜoÈŸÇÎÍ³È Ð�ÕNï�åôÛYÐ±×@ÈŸÐôÙ3ÛYÌoý3È/{±×3ÇÎÉàÛYÐ.ÑúÑ*Ç³È Ð�ÕNï@åôËNÖ9ÈŸÐ ÇÎÐNý3È/{±×3ÇÎÉ

Ù@ÇÎÐ.Ñ-é

2
z›Ù
Ç³Ù3×IäYÖYÍÎÇ³ï@å�~!Ñ*Ç³È7£�ÈŸò{ÈŸÇ³ï@åYÐ¢ÛYÐYÏ

Ĥ0(G; A) := Ĥ � 1(G; A) = N G A=I GA
òvÛÊë�ìqåYÍ³ÈŸÐQé0„QÌ3ÇÎÉ�Ç ÕqÍ³ÈŸÌ3ëlÈŸÇ³Ù@È

ÈŸÌ3å�ÕqÍÎ×@ÈŸÐàëyÇÎÌIÑ.ÕqÐYÐ Ñ*Ç³È=ÜgËNÍÎÏ�ÈŸÐ.ÑYÈÝÈ�š.Õ${±×@È�ƒ�Èn ±Û.ÈŸÐYò�ÕqÖ9ÈŸÍ³Ù@ï@å.ÈŸÌ=õ/Ì3ÛYÓYÓ!ÈŸÐ��

0 ! Ĥ0(G; A) ! H0(G; A)
�NG� � � ! H 0(G; A) ! Ĥ 0(G; A) ! 0:

ùÊÇÎ×3×@ÈŸÍ³Ù6ÑYÈŸÌ6È�š*ÓYÍÎÇÎòvÇÎ×@ÈŸÐ•£�ÈvÙ@ï�åYÌ@ÈŸÇÎÖYÛYÐYÏ ÑYÈŸÌÚí›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ Ù3×@ÈŸÍÎÍÎ×ØÔŠÕqÐçÜgÈvÙ3×^~�Ñ.Õ$€

NG � im (� 0) = 0
Ï†ÇÎÍÎ×^~�ÛYÐ.ÑèÑ.Õ$€

� 0 äYÖ!ÈŸÌ

NGA
Ü•Õ${�×@ËNÌ3Ç³Ù3Ç³ÈŸÌ3×{é�ø?äYÌ=Ñ*Ç³È•„?Õq×@Èdö+—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈØÈŸÌ3Ï�ÈŸÖ!ÈŸÐèÙ3Ç³ï@å

Ñ.ÕqÌ�ÕqÛ.ÙAÑ*Ç³È�í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

� � 2 : Ĥ � 2(G; A) ! Ĥ � 1(G; A)
ÛYÐ.Ñ

� 0 : Ĥ 0(G; A) ! Ĥ 1(G; A)
ÕqÛ*Ü0Ð�Õq×3äYÌ3ÍÎÇ³ï@å.ÈWáúÈŸÇ³Ù@È†é.Æ/Ç³È�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

� � 1 : N G C=IGC ! AG=NGA
ëyÇÎÌ@ÑÃûaÉ±Ï†Í•éQß}Þ•á âaÿyÑ*ÛYÌ@ï@åÊùàÛYÍÎ×3ÇÎÓYÍÎÇK{NÕq×3Ç³ËNÐàÔ"ÇÎ×

NG
ÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3× û

C = B =A
ÿ��

� � 1 : (b+ A) + I GC 7! NG � b+ NGA:
ùèÕqÐ äYÖ9ÈŸÌ3ò{ÈŸÛYÏ†×IÙ3Ç³ï�å ëyÇ³ÈvÑYÈŸÌ3ÛYÔ Í³ÈŸÇ³ï�å¢×IÉ�ËNÐ ÑYÈŸÌIáúËNåYÍ³ÑYÈ�˜.ÐYÇ³ÈŸÌ3×3å.ÈŸÇÎ×{é

„�ÈŸÇÎÍ�ûaÖ�ÿ•ÑYÈvÙb‚QÈŸÔ"ÔŠÕNÙIûl‡†éK‡†é©°�ÿ�Ö9ÈvÙ�ÕqÏ†×0Ð¢ÛYÐ�~†Ñ.Õ$€/ÜaäYÌ�ÈŸÇÎÐ.ÈŸÐ ÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐ�ÖYòvëÝé${�ËNÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐ

G
öˆùÒË±Ñ*ÛYÍ

A
Ï†ÇÎÍÎ×^�

Ĥ � 1(G; A) = Ĥ 0(G; A) = 0
é�ÞIÛ.Ù�ÛYÐ.Ù@ÈŸÌ@ÈŸÔÅáçÇ³Ù@Ù@ÈŸÐçäYÖ!ÈŸÌÚæAËNÔ�ËNÍ³ËNÏ†Ç³ÈèÛYÐ.Ñ¤—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È

Ù�ï@åYÍÎÇ³È/€�ÈŸÐÊëyÇÎÌ

Ĥ n (G; A) = 0
ÜoäYÌIÕqÍÎÍ³È

n 2 Z
é

ÞIÛ*ÜoÏ†Ì3ÛYÐ.ÑÃÑYÈŸÌWÐ�Õq×3äYÌ3ÍÎÇ³ï@å.ÈŸÐóæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

H omG(Z[G]; A) � A
ÛYÐ.Ñ

A ,! Z[G] 
 Z A
Ç³Ù@×

ý3ÈvÑYÈŸÌ

G
öˆùàË�Ñ*ÛYÍ�Ù@Ë&ëlËNåYÍ-ø�Õ${�×@ËNÌ,ö�ÕqÍ³Ù�ÕqÛ.ï@å\|AÐ¢×@ÈŸÌ3Ô�Ë�Ñ*ÛYÍ9ÈŸÇÎÐ.ÈvÙlÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐÚÖYòvëÝé�{�ËNÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐ6ùÒË±Ñ*ÛYÍ³Ù�~

ÛYÐ.Ñ ëyÇÎÌIÑ*äYÌ,ÜoÈŸÐ Ñ*Ç³È“ùàÈŸ×3å.Ë�ÑYÈÝÑYÈŸÌ
Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.Ù3É�ÈŸÌ@Ù@ï�åYÇ³ÈŸÖYÛYÐYÏÚÇÎÐ6Ö!ÈŸÇ³ÑYÈŸÐÊðIÇ³ï@å±×3ÛYÐYÏ�ÈŸÐÊÖ9ÈŸÐ¢ÛY×3ò{ÈŸÐQé

ÞIÛ*ÜlÑ*Ç³ÈvÙ�È“áúÈŸÇ³Ù@È•{[™NÐYÐ.ÈŸÐèëyÇÎÌ=ÛQé!Õ*é!Ñ*Ç³ÈWðAÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐàÛYÐ.ÑÒÑ*Ç³ÈŽ—IËNÌ@ÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐúÕqÛ*Ü�ÕqÍÎÍ³È ÆAÇÎÔ�ÈŸÐ.Ù@Ç³ËNÐ.ÈŸÐ

n 2 Z
ÕqÛ.Ù�ÑYÈŸåYÐ.ÈŸÐQé

ø•äYÌAÑ*Ç³ÈÝæAËNÔ�ËNÍ³ËNÏ†Ç³ÈÝå�Õq×3×@ÈŸÐ ëyÇÎÌIÑ*Ç³ÈÝÆ=È�Ï�Õq×3Ç³ËNÐ Ö9ÈŸÌ@ÈŸÇÎ×@ÙyÉ�ËNÌ3Ð.ÈÝÑYÈ�˜.ÐYÇ³ÈŸÌ3×{é9z›ÙIÙ3×@ÈŸÍÎÍÎ×
Ù@Ç³ï@å å.ÈŸÌ�ÕqÛ.Ù^~�Ñ.Õ$€

ÑYÈdÜ

0 : H0(G; A) = AG ! H0(G=U;AU ) = (AU )G=U
Ï�ÈŸÌ�ÕNÑYÈ/Ñ*Ç³ÈIùàÛYÍÎ×3ÇÎÓYÍÎÇK{†Õq×3Ç³ËNÐ�Ô"ÇÎ×

NU
Ç³Ù3×{é†áçÇÎÌlÙ@ï�åYÍÎÇ³È/€�ÈŸÐ�Ñ.Õqå.ÈŸÌ�Ñ*Ç³È–z¯š*Ç³Ù3×@ÈŸÐYò=ÑYÈŸÌžÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@ÈŸÐ6ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

ÑYÈdÜ � 1 : Ĥ � 1(G; A) ! Ĥ � 1(G=U;AU ):
áçÇÎÌ=Ù@ÈŸ×3ò{ÈŸÐÒÑYÈdÜ � n� 1 :=

ÑYÈdÜ

n
ÜaäYÌ

n > 0
é0z›Ù=ÈŸÌ3Ï†ÇÎÖY×/Ù3Ç³ï�åÒÑ*Ç³ÈWÏ�ÈŸëyäYÐ.Ù@ï�å¢×@È í›ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å,{�ÈŸÇÎ×“Ô"ÇÎ×Aí›ÈŸÌ3ÖYÇÎÐ*ö

Ñ*ÛYÐYÏ�Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐQé

ÞIÍ³Ù6Ð�ìNï�å.Ù3×@ÈvÙ6ÔH™�ï@å±×@ÈŸÐ>ëyÇÎÌÊÕqÛ.ï@åHÈŸÇÎÐ.ÈúÆ=È�Ï�Õq×3Ç³ËNÐHÕqÛ*Ü Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ

0
ÜoäYÌ Ñ*Ç³È@„•Õq×@Èdö+—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³È

ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐQéžÆ=ÕqòvÛ ÈŸÌ3ÇÎÐYÐ.ÈŸÌ3ÐóëyÇÎÌ"ÛYÐ.Ù"Ñ.ÕqÌ�ÕqÐ�~�Ñ.Õ$€ Ñ*Ç³ÈÚí›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�ÈŸÐ ÕqÛ*Ü=ÆAÇÎÔ�ÈŸÐ.Ù@Ç³ËNÐ

� 1
ÇÎÔ áúÈvÙ@ÈŸÐ¢×3ÍÎÇ³ï�å.ÈŸÐúÑ*ÛYÌ@ï@å Ñ*Ç³È�Á/ËNÌ3Ô Ï�ÈŸÏ�ÈŸÖ9ÈŸÐèÙ3ÇÎÐ.Ñ-é�áçÇÎÌ/Ö!ÈŸ×3Ì�ÕNï�å¢×@ÈŸÐÒÜaäYÌ=ÈŸÇÎÐ.È�È�šYÕ${�×@È�ƒ�Èn ±Û.ÈŸÐYò

0 !
A ! B ! C ! 0

Ñ.ÕNÙ
Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô

N G C=IGC
� � 1� � � !
�NG

AG=NGA

¶/´i^ � 1

?
?
y �NU

?
?
y

N G=U CU =IG=UCU � � 1� � � � !
�NG=U

AG=NG=UAU

:



áúÈŸÐYÐ÷Ñ*Ç³ÈØÌ@Èvï@å¢×@ÈÚÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ Ñ*ÛYÌ@ï@åóÑ*Ç³ÈŠê€ÑYÈŸÐ¢×3ÇÎ×�ìq× ÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3× Ç³Ù3×^~QëyÇÎÌ@Ñ(Ñ.ÕNÙ�ÆAÇ ÕqÏ†Ì�ÕqÔ"Ô Ë$¦-ÈŸÐ.Ù3Ç³ï@å±×3ÍÎÇ³ï@å

{�ËNÔ"ÔWÛY×�Õq×3ÇÎÉ!é!Æ�Õqå.ÈŸÌ
ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÊëyÇÎÌIÑYÈdÜ 0 ÕqÍ³Ù
Ñ*Ç³ÈvÙ@ÈŸÐ æ/ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù{é

á�ÇÎÌIÙ@×@ÈŸÍÎÍ³ÈŸÐ ÈŸÇÎÐYÇÎÏ�È�z�ÇÎÏ�ÈŸÐ.Ù@ï�å�ÕcÜa×@ÈŸÐàòvÛ.Ù�ÕqÔ"Ô�ÈŸÐQé.ÞAÛ.ÙÝßkÁIö+—	—	„�â+~�ƒ*Õq×3ò�»�éK‡G~YòvÇÎ×3Ç³ÈŸÌ@ÈŸÐ ëyÇÎÌ
ÜoËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ
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Ĥ n (H ; A) = Ĥ n+1 (H ; A) = 0
”�NT)•!
%5%K�S‘���J+�/)=A
)�U�*[*,���

H � G
A
��%MJ

o

ÞIÛ.ÙÝßkÁ	ƒ±á�â+~,“�Ì@ËNÓ!Ë†Ù@ÇÎ×3Ç³ËNÐÂ‡†éÃ»�é©°:~.ÈŸÐ±×3Ð.ÈŸåYÔ�ÈŸÐÊëyÇÎÌyÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ

���9�=���ak��KJ•â:�^å,�Ž�����V���

A
UT�98

B G
ZV>XE^8GUB%;�

o�l

���P�

A
&$E
#TE
4HE
%KEQA
��I/<�#SJ=)���C^�R!
%�UT�98

B
8
�5C^��I.�VOQ��%•��I�J5-tE^8���)

L

�/�P�

A Z
ZÃ”�)d���bUT�98

B
&$E$#TEG4_EG%MEQAG�yIn<�#fJ=)���C^�R!
%•��I�J5-s8[!
���f��I�J3!
U:</#

H om(A; B )
&$E$#:E
4HE
%MEcA
�yIn<�#•J=)���C^�R!
%

o

Æ/ÈŸÌD£�ÈŸë�ÈŸÇ³ÙIÑYÈvÙ�ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐXƒ*Õq×3ò{ÈvÙIÖ!È�˜.Ð.ÑYÈŸ×IÙ@Ç³ï@å ÇÎÐúß}Þ•áãâˆé

���9�=���=�nm•�KJ�â:�^å,� ÇÆ!

È

ËtNT)b¡^�d8��f‘��9J+��)=AG).U�*[*,�

H � G
CFE
4

p

�98B�d]

n
A
�5%;J+Ê¯<cE
)

�
)d�.I

= n o

ÇlO

È

�����

jGj = n
-x8[!
���\A
�5%MJ
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êˆÐ:Ï�Õq×3Ç³ËNÐ*öˆðAÈvÙ3×3Ì3ÇK{±×3Ç³ËNÐ*öuƒ�Èn ±Û.ÈŸÐYò

0 �! Ĥ 1(G=H; AH ) oqpsr� ! Ĥ 1(G; A) tUusv� ! Ĥ 1(H ; A)
�yI/J3�d][!
&FJ

o

Ë�!G%�%'I

Ĥ i (H ; A) = 0
”�NB)�!
%�%É�

i = 1; : : : ; n � 1
A
�5%MJ5-x8[!
�P�X�yI/Jx!
U,<�#•8
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0 �! Ĥ n (G=H; AH )
owpsr

� ! Ĥ n(G; A)
tUusv

� ! Ĥ n (H ; A)
�d][!$&FJ

o

í›ËNÐôÖ9ÈvÙ@ËNÐ.ÑYÈŸÌ@ÈŸÌ“áçÇ³ï@å±×3ÇÎÏG{�ÈŸÇÎ×“ÜoäYÌÝÛYÐ.ÙÝÇ³Ù@×“Ñ*Ç³ÈHz¯š*Ç³Ù3×@ÈŸÐYòØÑYÈvÙXž
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Ĥ p(G; H om(A; M )) � Ĥ q(G; A) [� � � ! Ĥ p+ q(G; M )

�

?
?
y �

x
?
? (� 1)p+1

?
?
y
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&
E
4Ž4�U:JV!GJ=�5Cn-38

o

#

o

�.I–A
�5%MJ

(� � ) [ � + (� 1)p(� [ � � ) = 0
”�NT)
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Ĥ i (G=U;AU )
ÕqÛ.ï@åóÜoäYÌ

i = � 1; 0
É�Ç ÕÒÑYÈŸÌ

Æ=È�Ï�Õq×3Ç³ËNÐÒÈŸÇÎÐ6ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈvÙ³ƒB•*Ù3×@ÈŸÔ é

���9�=���=�Bó���áv�zyb�

Þ

�

Þ

‹9�s�������

G
*9)dE����98,%'�R<�#¥UT�98

A
���5�`8
��Ic&�)Q�/J+��)

G
ZV>XE�8
UB%

oZl

��)\8��cbt�P�V��)Q���¢8
�V�

„•Õq×@Èdö

—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ!ÈŸÐ

”.NT)

i � 0
8
UB)d<�#
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(G : U)Ĥ i (G=U;AU ) = 0
Ï†ÇÎÍÎ×{éQÆ�ÕqÔ"ÇÎ×ÝÇ³Ù3×
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Ç³Ù3×�Ñ*Ç³ÈS|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓ*ö

Ó9È

L
i 2 I nJ < hi >

Ë$¦-ÈŸÐ�~-Ñ.ÕØÇÎåYÌª—AËNÔ"ÓYÍ³ÈŸÔ�ÈŸÐ¢× ÈŸÇÎÐ.È ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈG~�ÕqÍ³Ù@Ë�ë�ÈŸÏ�ÈŸÐôÑYÈŸÌ�æ/ÕqÛ.Ù@ÑYËNÌl¦-ÈŸÇÎÏ�ÈŸÐ.Ù@ï�å�ÕcÜa×

ÕqÖYÏ�ÈvÙ�ï@åYÍ³Ë†Ù@Ù@ÈŸÐ.ÈG~-ùÒÈŸÐYÏ�È Ç³Ù3×{é!Æ/Ç³ÈvÙ@È ùàÈŸÐYÏ�ÈŸÐèÖYÇÎÍ³ÑYÈŸÐúÈŸÇÎÐ.ÈŽ|IÔ"Ï�ÈŸÖYÛYÐYÏ�Ù@Ö�ÕNÙ3Ç³ÙÝÑYÈŸÌ

0
Ö9ÈvÙ3×@ÈŸå.ÈŸÐ.Ñ ÕqÛ.Ù	Á/ËNÌ,ö

ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ3Ð�~�ëlÈvÙ3å�ÕqÍÎÖ

H
ÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@åàÇ³Ù3×{é

2
êˆÔ ø.ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ�Ù@ÈŸÇ

Ĥ i (G; A)
ÜoäYÌ

i � 0
Ù@×@ÈŸ×@Ù•Ô"ÇÎ×�Ñ*Ç³ÈvÙ@ÈŸÌ�{�ËNÔ"Ó�Õ${�×@ÈŸÐ"ÛYÐ.ÑÝÜoäYÌ

i > 0
Ô"ÇÎ×�ÑYÈŸÌ0Ñ*Ç³Ùd{±Ì@ÈŸ×@ÈŸÐ

„•ËNÓ!ËNÍ³ËNÏ†Ç³È�ÕqÛ.Ù3Ï�ÈvÙ3×�Õq×3×@ÈŸ×{é

Æ=Õ�ÇÎÔ ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÐôòvÛúÈŸÇÎÐ.ÈŸÌÝÈ�šYÕ${�×@ÈŸÐÂƒ�Èn ¢Û.ÈŸÐYò

0 ! A ! B ! C ! 0
ÐYÇ³ï@å±×�ÕqÛ.ï@å

0 ! AU !
B U ! CU ! 0

È�šYÕ${�×yÇ³Ù3×“û™ÜoäYÌ
Ë$¦9ÈŸÐ.È7Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

U � G
ÿ�~.ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌyÇÎÐÊÐ.ÈŸÏ¢Õq×3ÇÎÉ�ÈŸÐàÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.ÈŸÐ

ÐYÇ³ï�å¢×0ËNåYÐ.È3›�Û.Ù�Õq×3òvÉ�ËNÌ�ÕqÛ.Ù�Ù@ÈŸ×3òvÛYÐYÏ�ÈŸÐWÍ ÕqÐYÏ�ÈlÈ�šYÕ${�×@Èxƒ�Èn ±Û.ÈŸÐYò{ÈŸÐQécÆ�Õqå.ÈŸÌ•Ç³Ù3×

Ĥ (G; �)
{�ÈŸÇÎÐ�{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�å.ÈŸÌ

ø.ÛYÐ,{±×@ËNÌ{é

á�ÇÎÌ
å�ÕqÖ9ÈŸÐ ý3ÈvÑYË±ï�åÊÑ.ÕNÙ�ÜgËNÍÎÏ�ÈŸÐ.ÑYÈ
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ö

�B�Â�hâ��Ž���/�

A
�/����%É��C$��%;ZV&$EG4–*,!$&FJ+��)

G
Z+>XE^8
UT%

o

¿

!
���\A
�5%MJ+Ê

Ĥ 0(G; A) = AG=NGA
¿

!�OQ�/�2OQ�Q6F���R<�#��0�

NGA =
\

U� G {h|

u

p

NG=UAU

8G�R� W2)�U^*[*P�•8B��)

ÛYÐYÇÎÉ�ÈŸÌ@Ù@ÈŸÍÎÍ³ÈŸÐXÁAËNÌ3Ô�ÈŸÐ

o

A

�CB•�

Þ

ä[�

Æ/Ç³ÈvÙ›Ç³Ù3×�ÈŸÇÎÐ.È
ÛYÐYÔ"ÇÎ×3×@ÈŸÍÎÖ�ÕqÌ@È³—IËNÐ.Ù@Èn ±Û.ÈŸÐYò/ÑYÈŸÌ�ÞIÐ±ëlÈŸÐ.Ñ*ÛYÐYÏ"ÑYÈvÙ›ÓYÌ@Ëqý3È/{�×3ÇÎÉ�ÈŸÐ ‚-ÇÎÔ�ÈvÙ�ÕqÛ*ÜQÑ*Ç³È

È�š.Õ${�×@È•ƒ�Èn ¢Û.ÈŸÐYò�{�ËNÔ"Ó�Õ${±×@ÈŸÌ/õ=Ì3ÛYÓYÓ!ÈŸÐ

0 ! NG=UAU ! AG ! Ĥ 0(G=U;AU ) ! 0
é

2
áúÈŸÐ.ÑYÈŸÐÊëyÇÎÌ
ÛYÐ.ÙyÐ±ÛYÐÊÑYÈŸÔ ülÛYÓYÓYÌ@Ë�Ñ*Û,{±×IòvÛQéYá�ÇÎÌ
ÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐ

Ĥ i (G; A) � Ĥ q� i (G; B ) [� � � ! Ĥ q(G; A 
 B )
ÜoäYÌ

i � 0
ÛYÐ.Ñ

q � 1
ëyÇ³ÈyÜoËNÍÎÏ†×^�:ƒ�ÈŸÇ³ÈŸÐ

x 2 Ĥ i (G; A)
ÛYÐ.Ñ

y 2 Ĥ q� i (G; B )
é�Æ�ÕqÐYÐŠÏ†ÇÎÖY×�ÈvÙžÈŸÇÎÐ.ÈŸÐØË$¦-ÈŸÐ.ÈŸÐ

Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

U � G
~.Ù@Ë"Ñ.Õ$€

y =
ÇÎÐ*Ü

(z)
ÜaäYÌ
ÈŸÇÎÐ

z 2 Ĥ q� i (G=U;B U )
Ï†ÇÎÍÎ×{éYáçÇÎÌIÙ@ÈŸ×3ò{ÈŸÐ��

x [ y :=
ÇÎÐ*Ü

(
ÑYÈdÜ

(x) [ z):
Æ/Ç³ÈvÙ@ÈvÙ
Ç³Ù3×yëlÈŸÏ�ÈŸÐ@ƒ*Õq×3òØûl‡†éK‡†éK‡^­�ÿ�ëlËNåYÍ³ÑYÈ�˜.ÐYÇ³ÈŸÌ3×{é

êuÙ3×yòvÛ.ÙŒìq×3òvÍÎÇ³ï@å

A
ÕqÍ³Ù

Z
öˆùÒË±Ñ*ÛYÍQÈŸÐ.Ñ*ÍÎÇ³ï�åÊÈŸÌ3ò{ÈŸÛYÏ†×^~�Ù�ËWÖYÇÎÍ³ÑYÈŸ×/Ñ.ÕNÙAülÛYÓYÓYÌ@Ë�Ñ*Û,{±×IÈŸÇÎÐ.ÈŸÐàÙ3×@ÈŸ×3ÇÎÏ�ÈŸÐ æAËNÔ�Ëqö

Ô�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù{é†Æ�ÕcÜoäYÌ•Ï�ÈŸÐ±äYÏ†×0ÈvÙ?òvÛ�ò{ÈŸÇÎÏ�ÈŸÐ�~NÑ.Õ$€IÜoäYÌ0ÕqÍÎÍ³È

e 2 Ĥ q(G; A 
 B )
ÛYÐ.Ñ"ÕqÍÎÍ³È

(x; y)
ÇÎÔæ|AÌ3ÖYÇÎÍ³Ñ“É�ËNÐ

f eg
~!ÈŸ×ˆë�Õ�Ô"ÇÎ×AÇÎÐ*Ü

U (z) = y
ÛYÐ.ÑÊÇÎÐ*Ü

U (f ) = e
~.ÈŸÇÎÐ.È“Ë$¦-ÈŸÐ.È�|AÔ"Ï�ÈŸÖYÛYÐYÏ

V
É�ËNÐ

x
ÇÎÐ

Ĥ i (G; A)
È�š*Ç³Ù3×3Ç³ÈŸÌ3×

Ô"ÇÎ×?ÑYÈdÜ

(V )[ z = f
éŸáúÈŸÏ�ÈŸÐWÑYÈŸÌ•ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐ�z›Ì3ò{ÈŸÛYÏ†×3å.ÈŸÇÎ×•É�ËNÐ

A
Ç³Ù@×�Ñ*Ç³Èlõ/Ì3ÛYÓYÓ9È

Ĥ i (G=U;AU )
ÕqÍ³Ù•ÈŸÐ.Ñ*ÍÎÇ³ï@å

ÈŸÌ3ò{ÈŸÛYÏ†×@È_„•ËNÌ@Ù3Ç³ËNÐ.Ù3Ï†Ì3ÛYÓYÓ9È"ÈŸÐ.Ñ*ÍÎÇ³ï@åQé�ƒ�ËNÔ"ÇÎ×=Ç³Ù3×�ÑYÈŸÌª—�ÈŸÌ3Ð

K
ÑYÈŸÌ=Æ=È�Ï�Õq×3Ç³ËNÐ

Ĥ i (G; A) ! Ĥ i (G=U;AU )
Ë$¦-ÈŸÐQé.Æ�Õqå.ÈŸÌ
Ç³Ù3×

x + K
ûgÕNÑYÑ*ÇÎ×3ÇÎÉÚÏ�ÈvÙ@ï�åYÌ3Ç³ÈŸÖ!ÈŸÐ�ÿ
ÈŸÇÎÐ.È�Ù@ËNÍ³ï@å.È“Ï�ÈvÙ3Û.ï@å±×@È�|AÔ"Ï�ÈŸÖYÛYÐYÏ.é

��� �!�h}���~•&€5/•C6i‚�&„ƒ…&€•†#�‡‰ˆ8$'•z#�Š‹$S&�Œ•*Ž3 #�ˆSˆG&�Œ0Š�•�•z•�&€•z$'.0&€,�•C6 &

áçÇÎÌIÙ3×@ÈŸÍÎÍ³ÈŸÐv{�ÛYÌ3òÝëyÇ³ï�å¢×3ÇÎÏ�È�£�ÈŸÏ†Ì3ÇM¦-ÈÝÑYÈŸÌAÕqÖ.Ù3×3Ì�Õ${�×@ÈŸÐ•—=Í ÕNÙ@Ù�ÈŸÐ,{[™NÌ3Ó!ÈŸÌ3×3å.ÈvËNÌ3Ç³È“òvÛ.Ù�ÕqÔ"Ô�ÈŸÐQé

���9�=���=�nj•��áv�zyb�

Þ

�

Þ

‹9�s�������

G
�/���0�?*9)dE����08:%'�R<�#:�gW2)�U�*[*,�•UT�98

A
�����@8
��Ic&�)Q�/J+��)

G
ZV>XE�8
UB%

o

ÇÆ!

Èhp

I�J

G
���98,%'�R<�#[-bInEH�0�/�P�0���

L

��)

A
�/���0�/�

—=Í ÕNÙ�Ù@ÈŸÐYÔ�Ë±Ñ*ÛYÍ

-9”/!
%5%'I�”�NB)s¡n�d8B�S‘"��J+��)RA
)�U^*[*P�

H � G
A
�5%;J+Ê

Ç+�

È

H 1(H ; A) = 0 o

ÇV�5�

Èh¿

�V� W2).U�*[*,�

H 2(H ; A)
��I�J�6nw$&�%'��I/</#gCFEG�@8B��)‘Y2)l8G�PUB�TA

jH j o

ÇlO

È

l

��)	�0�/�P�0���

A
���������

ø�ËNÌ3ÔŠÕq×3Ç³ËNÐ.Ù3Ô�Ë±Ñ*ÛYÍ

UT�98g8[!$I³1?![!G)

(G; A)
���5�0�

—=Í ÕNÙ�Ù@ÈŸÐ*ÜoËNÌ3ÔŠÕq×3Ç³ËNÐ

-9”/!
%5%'I¯”�NT)

¡n�d8B�.I³1?![!
)

V � U
El•D������)S‘��9J+��)=AG).U�*[*,���¥CFE
�

G
Ç+�

È

8
�V�}W2)�U�*[*,�

H 1(U=V; AV )
J=).�5C^�R!
%���I�J5-

ÇV�5�

È

UB�08g���5�

p

I/E
4HE
)+*�#���I.4ŽUBI

�5�PC

U=V : H 2(U=V; AV ) !
1

(U : V )
Z=Z

A��RA���OQ���X�yI/J5-•I/EŽ8[!da}”.NT)�¡^�d8��ªEl•D�/�0� ‘���J+�/)=A
)�U�*[*,�

W � U
C$E
�

G
4Ž�5J

W � V
8�!$I

¿

�=!^AG)l!
4Ž4

H 2(U=V; AV )
oqpsr

� � � ! H 2(U=W; AW )
tUusv

� � � ! H 2(V=W; AW )

owp“’

?
?
y

oqp“’

?
?
y

oqp“’

?
?
y

1
(U:V ) Z=Z ”

p–•>— ˜

v

o

{

p

� � � � � ! 1
(U:W ) Z=Z

�(U:V )
� � � � ! 1

(V :W ) Z=Z
&$E
4Ž4ŽUTJV![J=��CŽ��I�J

o

¿

!$IY8
UT)l</#Ž�5�PC

U=V (uU=V ) = 1
(U:V ) + Z

�/���98B��UTJ=�KA_OQ�.I/J=��4Ž4_J+�xe2%K��4}���9J

uU=V 2 H 2(U=V; AV )
#:��� a"J

øYÛYÐ.Ñ.ÕqÔ�ÈŸÐ¢×�ÕqÍK{�Í ÕNÙ@Ù@È

o
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ƒ�ÈŸÇ

G
ÈŸÇÎÐ.ÈÝÕqÖ!ÈŸÍ³Ù�ï@å.È�×@ËNÓ9ËNÍ³ËNÏ†Ç³Ù@ï@å.È õ/Ì3ÛYÓYÓ9È†é

���9�=���=�nk•��áv�zyb�

Þ

�

Þ

‹9�s�

¿

�V��!BOQ��%'I/<�#:�vW2).U�*[*,�

G_ := H om
vc¢Pus¢

o £

(G; R=Z)
C
��)cI^�.#:����4Ž�=Js8���)ª&$EG4–*,!$&FJ=ZuEd•D���0���

¼

E.*:E
%KEQA
�V�7#:��� a"J28
�V�

ülå�ÕqÌ�Õ${�×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!È

OQ6

L

o

8[!$I

“•ËNÐ±×3Ìoý3ÕqÏ†ÇÎÐ*öˆÆ/Û�ÕqÍ

C$E
�

G o

êuÙ3×

G
ÈŸÇÎÐ.È�Ñ*Ç³Ùd{±Ì@ÈŸ×@È�„�ËNÌ@Ù3Ç³ËNÐ.Ù3Ï†Ì3ÛYÓYÓ9ÈG~�Ù�Ë Ï†ÇÎÍÎ×IË$¦9ÈŸÐ.Ù@Ç³ï@å¢×3ÍÎÇ³ï�å

G_ = H om(G; Q=Z):
áçÇÎÌ
Ù@ÈŸ×3ò{ÈŸÐ

G� := H om(G; Q=Z):
ƒ±×�Õq×3×�ÈŸÇÎÐ.ÈŸÌÝÕqÖ9ÈŸÍ³Ù@ï@å.ÈŸÐôõ/Ì3ÛYÓYÓ9È�{[™NÐYÐ.ÈŸÐèëyÇÎÌ=Ð�Õq×3äYÌ3ÍÎÇ³ï@åôÕqÛ.ï�å ÈŸÇÎÐ.ÈŸÐ

G
öˆùÒË�Ñ*ÛYÍ

A
Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐQéQÆ�ÕqÐYÐàÇ³Ù@×

ÕqÛ.ï�å

A � Ô"ÇÎ×IÈŸÇÎÐ.ÈŸÌ

G
öˆùÒË±Ñ*ÛYÍ³Ù3×3Ì3Û,{�×3ÛYÌAÕqÛ.Ù3Ï�ÈvÙ@×�Õq×3×@ÈŸ×^~.É�Ç Õ

(g:f )(a) := f (g� 1:a)
é

Æ/ÈŸÌ�æ/ÕqÛYÓY×@ÙŒÕq×3òÒÑYÈŸÌg“•ËNÐ±×3Ìoý3ÕqÏ†ÇÎÐ.Ù@ï�å.ÈŸÐ+Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù3×3å.ÈvËNÌ3Ç³ÈÒÖ!ÈvÙ�ÕqÏ†×�Ñ*Ç³È•z¯š*Ç³Ù3×@ÈŸÐYòÒÈŸÇÎÐ.ÈvÙ}{†ÕqÐ.ËNÐYÇ³Ù@ï@å.ÈŸÐ

ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

G ! (G_ )_ ; g 7!
�
f : H om¤h¥

´

¥

¸§¦

(G; R=Z) ! R=Z; f (� ) := � (g)
�
:

ÆAÇ³È�›�Û.ËNÌ@Ñ*Ð¢ÛYÐYÏ

G 7! G_ å�Õq×yÜoËNÍÎÏ�ÈŸÐ.ÑYÈ�z�ÇÎÏ�ÈŸÐ.Ù@ï@å�ÕcÜo×@ÈŸÐ��

�
Ñ*Ç³Ùd{�Ì@ÈŸ×@ÈÝÕqÖ!ÈŸÍ³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9ÈŸÐ

7!
{�ËNÔ"Ó�Õ${�×@È“ÕqÖ9ÈŸÍ³Ù@ï@å.ÈWõ=Ì3ÛYÓYÓ!ÈŸÐ�~

�
Ñ*Ç³Ùd{�Ì@ÈŸ×@ÈÝÕqÖ!ÈŸÍ³Ù@ï�å.È7„�ËNÌ@Ù@Ç³ËNÐ.Ù3Ï†Ì3ÛYÓYÓ!ÈŸÐ

7!
ÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈWÕqÖ9ÈŸÍ³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9ÈŸÐ�~

�
ÓYÌ@Ë±ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈWÕqÖ9ÈŸÍ³Ù@ï@å.È�õ/Ì3ÛYÓYÓ!ÈŸÐ

7!
Ñ*Ç³Ùd{�Ì@ÈŸ×@ÈÝÕqÖ!ÈŸÍ³Ù@ï�å.È7„�ËNÌ@Ù@Ç³ËNÐ.Ù3Ï†Ì3ÛYÓYÓ!ÈŸÐ�~

�
{�ËNÔ"Ó�Õ${±×@ÈWÕqÖ!ÈŸÍ³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9ÈŸÐ

7!
Ñ*Ç³Ùd{�Ì@ÈŸ×@ÈÝÕqÖ9ÈŸÍ³Ù@ï@å.ÈWõ=Ì3ÛYÓYÓ!ÈŸÐQé

��� �!�a¨…��ž Ÿ0#!3 6i$'¡%$zˆSˆ8¡%$'©	&

�	‹9
87t�B
F�

Þ

���"�"���T�

›�ÛYÐ�ìNï�å.Ù3×Ië�ËNÍÎÍ³ÈŸÐÊëyÇÎÌ
ÈŸÇÎÐYÇÎÏ�È“í›ËNÌ3Ö!ÈŸÌ@ÈŸÇÎ×3ÛYÐYÏ�ÈŸÐà×3Ì@È�¦9ÈŸÐQé

���9�=���yˆ€m•�

A

�T�h�B
8F����������•���

G
�/���0�?*9)dE����08:%'�R<�#:�gW2)�U�*[*,�

o

ÇÆ!

È

�����

A
���5�¢8
��Ic&�)Q�/J+��)

G
ZV>�E^8
UT%Ã-78���)\!
%ÃI

Z
Z+>XE^8
UT%2�/�98:%;�=<�#r�/)d6F��U
A[Jª�yI/J

o

¿

!
���@AG�RO/J7�.Ig�/���0�\Ed•D���0�

‘���J+��)RA
)�U^*�*,�

V � G
-7InEÂ8[!QaŒ”.NT)f!
%5%É�S�5�

V
����J5#T!
%MJ+���0�/� Ed•D���0��� ‘��9J+��)=AG).U�*[*,���

U � G
A
�5%;J+Ê

AU = A o

ÇlO

È

�����

U � G
���5�0��Ed•D���0�•‘���J+�/)=A
)�U�*[*,�.-2UB�08

A
UT�98

B
I^���V���

G
ZV>XE^8GUB%;�,-

L

E�Oc���

AU = A
!
�BAB���9E
4ŽZ

4H�/�

L

��)d8��

o

¿

!G�P�gA
�5%MJ+Ê

H om(A; B )U = H omU (A; B ) = H om(A; B U ):
A

�CB•�

Þ

ä[�

›�ÛÃûgÕ�ÿlÖ!ÈŸ×3Ì�ÕNï�å¢×@ÈŸÐÒëyÇÎÌIÑ*Ç³È	|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9È

V = f g 2 G j ga = a 8a 2 A g =
\

a2 A

Ga =
\

a Z� ª0´+µ�´ «h¬

¥

½>«

Ga:

Æ/Ç³È

Ga
Ù@ÈŸÇ³ÈŸÐ Ñ.ÕqÖ!ÈŸÇ-Ñ*Ç³È�ƒ±×�ÕqÖYÇÎÍÎÇ³Ù�Õq×@ËNÌ@ÈŸÐÊÉ�ËNÐ

a
~*Ñ*Ç³È=ëlÈŸÏ�ÈŸÐÊÑYÈŸÌyÆ/Ç³Ùd{�Ì@ÈŸ×3å.ÈŸÇÎ×yÉ�ËNÐ

A
Ë$¦-ÈŸÐ Ù3ÇÎÐ.Ñ-é

V
Ç³Ù3×
ÕqÍ³Ù

ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÌAÆ/ÛYÌ@ï@å.Ù�ï@åYÐYÇÎ×3×�ÕqÛ.ÙyÇÎåYÐ.ÈŸÐÊÙ@ËNÔ"ÇÎ×AÕqÛ.ï�åÊË$¦-ÈŸÐQé

V
ÈŸÌ,ÜoäYÍÎÍÎ×IË$¦-ÈŸÐ.Ù3Ç³ï@å±×3ÍÎÇ³ï@åèÑ*Ç³ÈÝø.ËNÌ@ÑYÈŸÌ3ÛYÐYÏ�ÈŸÐQé

ûaÖ�ÿ�Æ/Ç³ÈÝÈŸÌ@Ù3×@È“õ/Í³ÈŸÇ³ï�åYå.ÈŸÇÎ×IÇ³Ù3×?{�Í ÕqÌyÛYÐ.Ñ6ëyÛYÌ@ÑYÈÝÙ@ï�å.ËNÐÊÏ�ÈŸò{ÈŸÇÎÏ†×{éYáúÈŸÇÎ×@ÈŸÌIå�ÕqÖ!ÈŸÐ ëyÇÎÌ

H omU (A; B ) = f f : A ! B
æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

j u:f (a) = f (a) 8a 2 Ag

= f f : A ! B
æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

j f (A) � B Ug = H om(A; B U ):
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ÈŸÇÎÐ.ËNÌ@Ñ*Ð.ÈŸÐQé

ÆAÇ³ÈWÕqÖ.Ù3×3Ì�Õ${±×@È�—=Í ÕNÙ@Ù@ÈŸÐ,{[™NÌ3Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³ÈÝÖ�ÕqÛY×AÕqÛ*Ü�ÑYÈŸÌIê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

(
Ì@ÈvÙ G

H 
 )[ : Ĥ q(H ; Z) �= Ĥ q+2 (H ; C)

û™ÜoäYÌ2|IÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!ÈŸÐ

H
É�ËNÐ

G
ÿlÕqÛ*Ül~�Ñ*Ç³ÈAÜaäYÌ�ÈŸÇÎÐ.ÈŸÐv—=Í ÕNÙ@Ù@ÈŸÐYÔ�Ë�Ñ*ÛYÍ

C
Ô"ÇÎ×�øYÛYÐ.Ñ.ÕqÔ�ÈŸÐ¢×�ÕqÍK{�Í³Ù@Ù@È



Ï†ÇÎÍÎ×^~¢ëyÇ³È

ëyÇÎÌ�ÇÎÐ Ñ*Ç³ÈvÙ@ÈŸÔ ÞAÖ.Ù@ï�åYÐYÇÎ×3×ÝÙ@ÈŸå.ÈŸÐèëlÈŸÌ@ÑYÈŸÐQé�z›Ù=Ï�ÈŸå±×ÝåYÇ³ÈŸÌ�Ñ.ÕqÌ3ÛYÔS~-Ñ*Ç³ÈvÙ@È"ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ6Ï�ÈŸÐ�ÕqÛ.ÈŸÌ�òvÛ@{�ÈŸÐYÐ.ÈŸÐ

ÛYÐ.Ñ òvÛ ÛYÐ¢×@ÈŸÌ@Ù3Û.ï�å.ÈŸÐ�~.ë�ÈŸÍ³ï@å.È�£�ÈvÑ*ÇÎÐYÏ†ÛYÐYÏ�ÈŸÐèÕqÐ

C
òvÛ Ù3×@ÈŸÍÎÍ³ÈŸÐÊÙ@ÇÎÐ.Ñ•~.Ñ.ÕqÔ"ÇÎ×Iê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³È�É�ËNÌ3ÍÎÇ³ÈŸÏ†×{é

z�ÇÎÐ.ÈWÈŸÍ³ÈŸÏ¢ÕqÐ±×@È ùàÈŸ×3å.Ë�ÑYÈ“ëyÇÎÌ@ÑàÑ*ÛYÌ@ï@å ÑYÈŸÐ
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Ï�ÈŸÍÎÇ³ÈdÜoÈŸÌ3×^~!ÑYÈŸÐÊëyÇÎÌ/ÇÎÔîÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐèÑYÈ�˜Yö

ÐYÇ³ÈŸÌ@ÈŸÐÊÛYÐ.Ñ6ÛYÐ¢×@ÈŸÌ@Ù3Û.ï�å.ÈŸÐàë�ÈŸÌ@ÑYÈŸÐQé

ÞIÛ.Ù3Ï¢ÕqÐYÏ�Ù@ÓYÛYÐ,{±×ÝÑYÈŸÌ	£�ÈŸ×3Ì�ÕNï@å±×3ÛYÐYÏ�ÈŸÐôÇ³Ù3×�Ñ*Ç³ÈHƒ±Û.ï@å.È"ÈŸÇÎÐ.ÈvÙÝùÒË�Ñ*ÛYÍ³Ù

C(
 )
~9ÑYÈŸÌÝÈŸÇÎÐ.ÈŸÐÒÉ�ËNÌ3Ï�ÈŸÏ�ÈŸÖ9ÈŸÐ.ÈŸÐ

G
öˆùÒË�Ñ*ÛYÍ

C
Ô"ÇÎ×


 2 Ĥ 2(G; C)
ÛYÔ Ü•ÕNÙ@Ù@ÈG~¢Ù�ËÝÑ.Õ$€



ÛYÐ¢×@ÈŸÌyÑYÈŸÌlÐ�Õq×3äYÌ3ÍÎÇ³ï@å.ÈŸÐ6ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÇÎÐ

Ĥ 2(G; C(
 ))
ÕqÛ*Ü�Ñ*Ç³È7ÁAÛYÍÎÍ-Ï�ÈŸå¢×{é

2
ö+—AËNòn•B{�ÈŸÍÎÐÒÇÎÐ

Ĥ 2(G; C)
ÈŸÌ,ÜoäYÍÎÍ³ÈŸÐ

�c (� ; � ) � c(�� ; � ) + c(�; � � ) � c(�; � ) = 0;

ë�ìqåYÌ@ÈŸÐ.ÑÊÈŸÇÎÐ

2
ö+—AËNÌ�ÕqÐ.Ñ

c(� ; � )
òvÛÊÈŸÇÎÐ.ÈŸÔîÏ�ÈvÈŸÇÎÏ†Ð.ÈŸ×@ÈŸÐàùÒË�Ñ*ÛYÍQÑ*ÛYÌ@ï@åàÈŸÇÎÐ.È�õ/Í³ÈŸÇ³ï@å±ÛYÐYÏØÑYÈvÙY„s•±Ó.Ù

c(� ; � ) = � b(� ) � b(� � ) + b(� )
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� = � = 1
~.Ñ.Õ$€

c(1; � ) = c(1; 1)
Ç³Ù3×^~

ÛYÐ.Ñ6ÜaäYÌ
ÈŸÇÎÐ.ÈŸÐ

2
ö+—AËNÌ�ÕqÐ.Ñ•~�Ñ.Õ$€

c(1; � ) = 1:b(� ) � b(� ) + b(1) = b(1)
Ï†ÇÎÍÎ×{é

êˆÔ ø.ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐôÙ�ÈŸÇ

c(� ; � )
ÈŸÇÎÐÒí›ÈŸÌ3×3Ì@ÈŸ×@ÈŸÌ“É�ËNÐ
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ÇÎÐ

Ĥ 2(G; C(
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ÁIÛYÍÎÍQÇ³Ù@×^�
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 ) := C � B := C �
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� b� := b� � � b� + c(� ; � );
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� (� b� ) = � (b� � � b� + c(� ; � ))

= b�� � � b� + b�� + b� + c(�; � � ) � c(�; � ) + �c (� ; � )

= b�� � � b�� + c(�� ; � ) = (�� )b�
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ÑYÈvÙ í›ÈŸÌ3×3Ì@ÈŸ×@ÈŸÌ@Ù

c(� ; � )
É�ËNÐ



ÕqÖYå�ìqÐYÏ†×{é�Æ=ÈŸÐYÐ Ù@ÈŸÇ

d(� ; � ) = � c(� ) � c(� � ) + c(� )
ÈŸÇÎÐ

2
ö

—AËNÌ�ÕqÐ.Ñ É�ËNÐ

C
ÛYÐ.Ñ Ù�ÈŸÇ ]C(
 )

ÑYÈŸÌyòvÛ

c(� ; � ) + d(� ; � )
Ï�ÈŸÖYÇÎÍ³ÑYÈŸ×@È•›!ÈŸÌ,ÜgìqÍÎÍÎÛYÐYÏ�Ù@Ô�Ë±Ñ*ÛYÍ•ÕqÛ*ÜsƒB•�Ô“Ö9ËNÍ³ÈŸÐ ~b�

~

Ñ.ÕqÐYÐÊëyÇÎÌ@Ñ Ñ*Ç³ÈÝê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³ÈÝÑ*ÛYÌ@ï@å

b� 7! ~b� � c(� )
Ï�ÈŸÏ�ÈŸÖ9ÈŸÐQé

z›ÙIÈŸÌ3Ï†ÇÎÖY×IÙ@Ç³ï@åÊÙ@ËqÜgËNÌ3×
ÑYÈŸÌyÜgËNÍÎÏ�ÈŸÐ.ÑYÈ

G
ö+z�ÓYÇÎÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

� : C(
 ) = C � B ! I G; c 7! 0; b� 7! � � 1:



æAÇ³ÈŸÌ�ÕqÛ.ÙIÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌIÑ*Ç³ÈÝÈ�š.Õ${±×@È�ƒ�Èn ±Û.ÈŸÐYò

0 � � � ! C � � � ! C(
 )
�

� � � ! I G � � � ! 0;
ë�ËNÖ!ÈŸÇ9Ñ*Ç³ÈIÈŸÌ@Ù@×@ÈIÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�Ñ*Ç³ÈAÐ�Õq×3äYÌ3ÍÎÇ³ï@å.Èªz�ÇÎÐ±Ö!ÈŸ×3×3ÛYÐYÏ

C ,! C � B
Ç³Ù3×{é�áúÈŸÇÎ×@ÈŸÌ�å�ÕqÖ9ÈŸÐŠëyÇÎÌ�Ñ*Ç³ÈIÈ�š.Õ${±×@È

ƒ�Èn ±Û.ÈŸÐYò

0 � � � ! I G � � � ! Z[G] �� � � ! Z � � � ! 0:
ÆAÇ³ÈvÙIÏ†ÇÎÖY×
ÑYÈŸÐ6ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐÊæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.ÙAÜaäYÌ0ý3ÈvÑYÈ	|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9È

H � G
ÛYÐ.Ñ�ý,ÈvÑYÈvÙ

n 2 Z
�

� 2 : Ĥ n (H ; Z)
� 1� � � ! Ĥ n+1 (H ; I G)

� 2� � � ! Ĥ n+2 (H ; C):
z›Ì
Ç³Ù3×
ÑYÈŸÌIæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù�~�ÑYÈŸÐ ëyÇÎÌIÙ@Û.ï@å.ÈŸÐ��

���9�=���yˆ�ô��KJ�â:�^å,�

¿

��)•EBO��MAB�®H7E
4HE
4HE
)+*�#���I.4ŽUBI

� 2 : Ĥ n (H ; Z) ! Ĥ n+2 (H ; C)

”�NT)����5�0���

G
ZV>XE^8GUB%

C
UT�98\���5�


 2 Ĥ 2(G; C)
��I�J�A��RA��^Oc���r8
UT)d<�#

� 7!
)Q�.I G

H (
 ) [ � =: 
 H [ � :

Ë"��)��0��)	I����98g’z=/UT�5CF!
%É����J+Ê

Ç+�

È

C(
 )
�yI/Jb&$E$#:E
4HE
%MEcA
�yIn<�#•J=)���C^�R!
%

o

ÇV�5�

È

C
��I�J2�����SŸ�%M!
IcIn�/�P4HE^8
UT%
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È

� 2 �yI/J3���5�

p

I/E
4HE
)+*�#���I.4ŽUBI

o

A

�CB•�

Þ

ä[�

›�ÛYÐ�ìNï@å.Ù@×ØÌ@Èvï�åYÐ.ÈŸÐçëyÇÎÌØÛYÐ¢×@ÈŸÌÚí›ÈŸÌ3ëlÈŸÐ.Ñ*ÛYÐYÏóÑYÈŸÌ�È�š�ÓYÍÎÇÎòvÇÎ×@ÈŸÐ•£�ÈvÙ@ï@åYÌ@ÈŸÇÎÖYÛYÐYÏóÑYÈŸÌ�í›ÈŸÌ3ÖYÇÎÐ*ö

Ñ*ÛYÐYÏ�Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐèÐ�ÕNï@å�~�Ñ.Õ$€

� 2(1) = 
 H
Ç³Ù@×yÜaäYÌ

1 = 1 + jH jZ 2 Ĥ 0(H ; Z)
��z›ÇÎÐf|AÌ3ÖYÇÎÍ³Ñ ÑYÈŸÌ

1
ÇÎÐÚÑYÈŸÐS²cöu›9•B{�ÈŸÍÎÐÚÖYòvÏ†Í•é

Z[G]
Ç³Ù3×lÏ�ÈŸÏ�ÈŸÖ9ÈŸÐÚÑ*ÛYÌ@ï@å Ñ*Ç³È

1
Ñ�ÑYÈvÙ@Ù@ÈŸÐ\£�ÇÎÍ³Ñ�ÛYÐ¢×@ÈŸÌyÑYÈŸÔ ð/ÕqÐ.Ñ*å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

ÈŸÌ3Ï†ÇÎÖY×lÑYÈŸÐ

1
ö+—AËNòn•B{�ÈŸÍ�ÖYòvÏ†Í•é

I G
ÕqÍ³Ù

� 1(1)( � ) = � � 1
é
z�ÇÎÐH|AÌ3ÖYÇÎÍ³Ñ"Ñ.ÕvÉ�ËNÐ�ÇÎÐ�ÑYÈŸÐ

1
öu›9•T{�ÈŸÍÎÐ"ÖYòvÏ†Í•é

C(
 )
Ç³Ù3×

x(� ) = b�
écÆ=ÈvÙ@Ù@ÈŸÐ•£�ÇÎÍ³Ñ“ÛYÐ¢×@ÈŸÌ0ÑYÈŸÔ5ð/ÕqÐ.Ñ*å.ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù?Ç³Ù3×

� 2� � 1(1)( � ; � ) = � b� � b� ;� + b� = c(� ; � )
é

ÆAÇ³È“ÞIÛ.Ù@ÙŒÕqÏ�È

� 2 = 
 H [
ÜgËNÍÎÏ†×
Ð¢ÛYÐÒÕqÛ.ÙDƒ*Õq×3òØûl‡†éK‡†éK‡^¨�ÿdé

z›Ù Ï†ÇÎÍÎ×

Ĥ � 1(H ; Z) = Ĥ 1(H ; Z) = 0
~
Ñ.ÕóÈvÙàÕqÛ*ÜaÏ†Ì3ÛYÐ.Ñ+ÑYÈŸÌfz�Ð.Ñ*ÍÎÇ³ï@å,{�ÈŸÇÎ×ÒÉ�ËNÐ

H
{�ÈŸÇÎÐ.È ÐYÇ³ï@å±×,ö

×3Ì3ÇÎÉ�Ç ÕqÍ³ÈŸÐ>æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

H ! Z
Ï†ÇÎÖY×^~�ÛYÐ.Ñ+ÕqÛ,€�ÈŸÌ@ÑYÈŸÔ

N H Z = 0
Ç³Ù3×6ë�ÈŸÏ�ÈŸÐ>ÑYÈŸÌ êuÐNý,È/{�×3ÇÎÉ±ÇÎ×�ìq×

ÑYÈŸÌlùÊÛYÍÎ×3ÇÎÓYÍÎÇK{†Õq×3Ç³ËNÐŠÔ"ÇÎ×

jH j
é�Æ�Õ

Z[G]
{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�åØ×3Ì3ÇÎÉ�Ç ÕqÍ.Ç³Ù3×^~qÜgËNÍÎÏ†×

Ĥ n (H ; Z) �= Ĥ n+1 (H ; I G)
ÛYÐ.Ñ

åYÇ³ÈŸÌ�ÕqÛ.Ù

Ĥ 0(H ; I G) = Ĥ 2(H ; I G) = 0
é9ƒ�ËNÔ"ÇÎ×AÈŸÌ3å�ÕqÍÎ×@ÈŸÐÒëyÇÎÌIÑYÈŸÐ ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐf„•ÈŸÇÎÍ?ÈŸÇÎÐ.ÈŸÌIÍ ÕqÐYÏ�ÈŸÐÒÈ�š.Õ${±×@ÈŸÐ

ƒ�Èn ±Û.ÈŸÐYò

0 ! Ĥ 1(H ; C) ! Ĥ 1(H ; C(
 )) ! Ĥ 1(H ; I G) ! Ĥ 2(H ; C) ! Ĥ 2(H ; C(
 )) ! 0; (� )

ÑYÈŸÐÊëyÇÎÌ
òvÛYÔ¬£�ÈŸëlÈŸÇ³ÙAÑYÈŸÌ�²? ¢ÛYÇÎÉ†ÕqÍ³ÈŸÐYò{ÈŸÐÊå.ÈŸÌ�ÕqÐYòvÇ³ÈŸå.ÈŸÐQé

(i ) ) (ii )
�!ê€Ù3×

C(
 )
{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�åè×3Ì3ÇÎÉ±Ç ÕqÍV~.Ù�Ë ÜoËNÍÎÏ†×/ÕqÛ.Ù

(� )
~�Ñ.Õ$€

Ĥ 1(H ; C) = 0
Ç³Ù3×^~YÛYÐ.ÑàÑ.Õ$€

� 2
ÛYÐ.Ñ�Ù@ËNÔ"ÇÎ×�ÕqÛ.ï@å

� 2 : Ĥ 0(H ; Z) ! Ĥ 2(H ; C)
ÈŸÇÎÐØê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù�Ç³Ù3×{é±Æ�Õqå.ÈŸÌlÇ³Ù3×

C
ÈŸÇÎÐ —=Í ÕNÙ@Ù@ÈŸÐYÔ�Ë�Ñ*ÛYÍ•é

(ii ) ) (i )
��êuÙ3×

C
ÈŸÇÎÐ¤—=Í ÕNÙ@Ù�ÈŸÐYÔ�Ë±Ñ*ÛYÍV~�Ñ.ÕqÐYÐ Ç³Ù3×�Ð.ËN×ˆëlÈŸÐ.Ñ*ÇÎÏ

� 2 : Ĥ 1(H ; I G) ! Ĥ 2(H ; C)
ÈŸÇÎÐ

ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù^~?ëlÈvÙ3å�ÕqÍÎÖ÷ë�ÈŸÏ�ÈŸÐ

(� ) Ĥ 1(H ; C(
 )) = Ĥ 2(H ; C(
 )) = 0
Ç³Ù3×{é?æIÇ³ÈŸÌ�ÕqÛ.Ù Ù@ï�åYÍÎÇ³È/€�ÈŸÐ÷ëyÇÎÌ

Ô"ÇÎ×3×@ÈŸÍ³Ùªƒ*Õq×3òØûl‡†éK‡†é©…�ÿ�Ñ*Ç³È	{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù�ï@å.È�„QÌ3ÇÎÉ�Ç ÕqÍÎÇÎ×�ìq×IÉ�ËNÐ

C(
 )
é

ÆAÇ³È®²? ±ÛYÇÎÉ†ÕqÍ³ÈŸÐYòÝÉ�ËNÐ

(ii )
ÛYÐ.Ñ

(iii )
ÈŸÌ3Ï†ÇÎÖY×
Ù3Ç³ï�å Ù@ËqÜgËNÌ3×IÕqÛ.ÙY£�ÈŸ×3Ì�ÕNï@å¢×3ÛYÐYÏ�ÑYÈŸÌyòvÛ

0 ! C ! C(
 ) !
I G ! 0

Ï�ÈŸåP™NÌ3ÇÎÏ�ÈŸÐàÍ ÕqÐYÏ�ÈŸÐÊÈ�š.Õ${±×@ÈŸÐXƒ�Èn ±Û.ÈŸÐYò�é

2
z�ÇÎÐ.ÈŸÐ ÈŸÌ@Ù3×@ÈŸÐ¥ƒ�ï@åYÌ3ÇÎ×3×ÝÕqÛ*ÜlÑYÈŸÔ áúÈŸÏ�òvÛYÔèƒ*Õq×3ò É�ËNÐXÁ=Õ${†Õn•¢ÕqÔŠÕcö+„•Õq×@È ÖYÇÎÍ³ÑYÈŸ×�Ñ.ÕNÙAÜgËNÍÎÏ�ÈŸÐ.ÑYÈ�‚�ÈŸÔ"ÔŠÕ

ûaÉ�Ï†Í•éQßkÁ	ƒ±áãâ+~,“›Ì@ËNÓ!Ë†Ù3ÇÎ×3Ç³ËNÐX­*éK‡†éK‡&ÿ��
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Ĥ i (G; A � ) � Ĥ � i � 1(G; A) [� � � ! Ĥ � 1(G; Q=Z) = 1
jGj Z=Z

�/���0�/�

p

InE
4HE
)+*�#���I.4ŽU�I

Ĥ i (G; A � ) �= Ĥ � i � 1(G; A) � :
A

�CB•�

Þ

ä[�

›�ÛYÐ�ìNï�å.Ù3×�Ö9ÈvÙ@ï@åYÌ@ÈŸÇÎÖY×"ÔŠÕqÐ÷ÜoäYÌ

i = 0
ÑYÈŸÐ êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

Ĥ 0(G; A � ) �= Ĥ � 1(G; A) �
Ñ*ÇÎÌ@È/{�×{é*Æ�ÕqÐYÐØÉ�ÈŸÌ3ë�ÈŸÐ.ÑYÈŸ×
ÔŠÕqÐ�Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.Ù@É�ÈŸÌ@Ù@ï@åYÇ³ÈŸÖYÛYÐYÏ�ÛYÐ.ÑÚÑYÈŸÐSƒ*Õq×3ò�ûl‡†éK‡†éK‡^¨�ÿ�~±ÛYÔ Ñ.ÕNÙ�ðIÈvÙ@ÛYÍÎ×�Õq×žÜoäYÌ

ÕqÍÎÍ³È

i 2 Z
òvÛÊÈŸÌ3å�ÕqÍÎ×@ÈŸÐQé.Æ/Ç³ÈÝÆ=ÈŸ×�ÕqÇÎÍ³Ù
ÑYÈvÙD£�ÈŸë�ÈŸÇ³Ù@ÈvÙIÙ@ÇÎÐ.ÑÚÇÎÐúßkÁªƒ±á�â+~9ƒ!é•‡G‡^­:~YÐ�ÕNï�åYòvÛYÍ³ÈvÙ@ÈŸÐQé

2
Æ/ÈŸÌIÐ�ìNï@å.Ù3×@È•ƒ�ï�åYÌ3ÇÎ×3×IëyÇÎÌ@Ñ6Ï�ÈŸÍÎÇ³ÈdÜgÈŸÌ3×IÑ*ÛYÌ@ï�å ÜgËNÍÎÏ�ÈŸÐ.ÑYÈvÙY‚QÈŸÔ"ÔŠÕÊû,ßkÁ	ƒ±á�â+~P“�Ì@ËNÓ9Ë†Ù3ÇÎ×3Ç³ËNÐf­*éK‡†é©¨�ÿdé
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Ĥ i (G; H om(A; Z)) � Ĥ � i (G; A) [� � � ! Ĥ 0(G; Z) = Z=jGjZ
�/���0�/�

p

InE
4HE
)+*�#���I.4ŽU�I

Ĥ i (G; H om(A; Z)) �= Ĥ � i (G; A) � :
A

�CB•�

Þ

ä[�

A
Ç³Ù3×IÈŸÇÎÐ

Z
ögÜaÌ@ÈŸÇ³ÈŸÌ
ùÒË±Ñ*ÛYÍV~.ëlÈvÙ3å�ÕqÍÎÖÊÑ*Ç³ÈÝÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×@È�ƒ�Èn ±Û.ÈŸÐYò

0 ! H om(A; Z) ! H om(A; Q) ! H om(A; Q=Z) ! 0

È�š.Õ${�×AÇ³Ù3×{é0ÁAÛYÐàÇ³Ù3×

H om(A; Q)
ÕqÖ9ÈŸÌD{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù�ï@å ×3Ì3ÇÎÉ�Ç ÕqÍV~!ÑYÈŸÐYÐ ùàÛYÍÎ×3ÇÎÓYÍÎÇK{NÕq×3Ç³ËNÐèÔ"ÇÎ×

jGj
Ç³Ù@×=ÕqÛ*Ü

Q
ÛYÐ.Ñ Ù�ËNÔ"ÇÎ×�ÕqÛ.ï�åôÕqÛ*Ü

H om(A; Q)
ÖYÇ ý,È/{�×3ÇÎÉ0~!ë�ÈvÙ3å�ÕqÍÎÖ

jGj � Ĥ n (G; H om(A; Q)) = 0
Ð±ÛYÌ�Ï�ÈŸÍÎ×@ÈŸÐ@{NÕqÐYÐ�~

ë�ÈŸÐYÐÊÖ9ÈŸÌ@ÈŸÇÎ×@Ù

Ĥ n (G; H om(A; Q)) = 0
Ç³Ù3×{é

ÞIÛ.ÙDƒ*Õq×3ò�ûl‡†éK‡†éK‡G‡&ÿyÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌIÑ.ÕNÙY{�ËNÔ"Ô“ÛY×�Õq×3ÇÎÉ�È�ÆAÇ ÕqÏ†Ì�ÕqÔ"Ô

Ĥ i � 1(G; H om(A; Q=Z)) � Ĥ � i (G; A) [� � � ! Ĥ � 1(G; Q=Z)

�

?
?
y ¸k¶

?
?
y �

?
?
y

Ĥ i (G; H om(A; Z)) � Ĥ � i (G; A) [� � � ! Ĥ 0(G; Z)

;

ÇÎÐ�ÑYÈŸÔ Ñ*Ç³ÈAÙ@ÈŸÐ,{±Ì@Èvï�å¢×@ÈŸÐÚÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐÚê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐØÙ@ÇÎÐ.Ñ-é¢ùàÇÎ×3×@ÈŸÍ³ÙžÑYÈŸÌlÈ�š*ÓYÍÎÇÎòvÇÎ×@ÈŸÐ\£�ÈvÙ�ï@åYÌ@ÈŸÇÎÖYÛYÐYÏ ÑYÈvÙ

Ì@Èvï�å¢×@ÈŸÐ(í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù ëlÈŸÇK€ÊÔŠÕqÐôëlÈŸÇÎ×@ÈŸÌ^~�Ñ.Õ$€àÑ*Ç³ÈvÙ@ÈŸÌ“Ñ*Ç³È�ê€ÑYÈŸÐ¢×3ÇÎ×�ìq×WÇ³Ù3×{é�ƒ�ËNÔ"ÇÎ×ÝÜgËNÍÎÏ†×

Ñ*Ç³È“ÞIÛ.Ù@ÙŒÕqÏ�È=É�ÈŸÌ3ÔH™NÏ�È7‚QÈŸÔ"ÔŠÕÊûl‡†éK‡†é©¨G­�ÿIÕqÛ.ÙY‚QÈŸÔ"ÔŠÕ ûl‡†éK‡†é©¨G°�ÿdé

2
A

�CB•�

Þ

äZ;"�Bä•J�â:�^å���ä_í0‹9�³¯Sâ	FTâC±9âP�¥âTë.‰sâ:�^�`���9�5�9�yˆ,ó•�^�

ÞAÛ.Ù
ÑYÈŸÐ È�šYÕ${�×@ÈŸÐfƒ�Èn ±Û.ÈŸÐYò{ÈŸÐ

0 ! C !
C(
 ) ! I G ! 0

ÛYÐ.Ñ

0 ! I G ! Z[G] ! Z ! 0
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌ^~NÑ.Õ

A Z
ögÜoÌ@ÈŸÇ�Ç³Ù3×^~cÑ*Ç³È�È�š.Õ${±×@ÈŸÐHƒ�Èn ¢Û.ÈŸÐYò{ÈŸÐ

0 ! H om(A; C) ! H om(A; C(
 )) ! H om(A; I G) ! 0

ÛYÐ.Ñ

0 ! H om(A; I G) ! H om(A; Z[G]) ! H om(A; Z) ! 0:
æAÇ³ÈŸÌ�ÕqÛ.ÙÚÙ@ï@åYÍÎÇ³È/€�ÈŸÐ ëyÇÎÌ�Ð¢ÛYÐ ÛYÐ¢×@ÈŸÌÚí›ÈŸÌ3ë�ÈŸÐ.Ñ*ÛYÐYÏóÉ�ËNÐ§ƒ*Õq×3òóûl‡†éK‡†éK‡G‡&ÿØÑ*Ç³Èf—AËNÔ"Ô“ÛY×�Õq×3ÇÎÉ�ÇÎ×�ìq×6ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ

Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô�Ù^�
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���9�=���ÉÅ9ˆ��KJ�â:�^å,�Ž�•���

(G; C)
�/���0�	Ÿ�%K!$IcI^���^”nE
)�4_![J=�=E
�@UT�98gI^���

U � G
�/���0�HEl•D���0�X‘"��J+��)RA
)�U^*[*P�

o

e3�5�0�

Á/ËNÌ3Ô�ÈŸÐYÏ†Ì3ÛYÓYÓ9È

ÇuOQ6cA
%

o U
È

��I�JY���5�0�f‘��9J+��)=AG).U�*[*,�

I
CFE
�

CU -tI/Ev8[!Qa¤���5�0�ŽEl•D�����X‘���J+�/)=A
)�U�*[*,�

V � G
4Ž�=J

V � U
�d]
��I�J=�V��)�J5-P”�NT)•8
�V�

I = NU=V CV A
�5%MJ

o

¿

�V�­?7E
)�4}���BA
)�U^*�*,���ÂO��5%M8B���¥���������ÁÀP�/)nOd!G�98

o

¿

�R�7��U,E
)d8
�PUT�BA

V 7! NU=V CV

O/��%K8��/Jª���������h�5�,&�%;U�I��=E
�PI.UT4•&G�.#�)Q���98�����ÀP��)^Od!
�08$I.��I/E
4HE
)+*�#���I.4ŽUBI76

L

�yIn<�#:���j8���4ÂÀP��)^Od!
�08f8��/)��5�

G
Ed”.Z

”^���0�/� ?�E
)�4_!G%;J+���5%É��)HCFE
�

U
-�”�NT) 8
�V�

U=V
!�OQ��%'I/<�#Â�yI/J5-YUB�98X8���4ÃÀP��)^Od!
�98@8��/)�?7E
)�4}���BA
)�U�*[*,���ÎOQ6cA
%

o

U o

mDU�ab��)d8���4i��I�JT¡^�d8��ª�5�

CU ����J5#:!
%;J+�/�0��Y–OQ��)RA
)�U^*[*P�_��������)�?�E
)�4H�/�BA
)�U^*[*P�³In�/%KO.I/Jx���5�0��?�E
).4}���TA
).U�*9Z

*P�

o

��� �!�hÄ���ÅK6 ŒÆ#�‡‰ˆ8$'•z#�Š‹$S&�•-žÇŸ…#!3 64$S¡%$zˆSˆG#�$'©

ƒ�ÈŸÇ

Gk
ÈŸÇÎÐ.ÈÊÓYÌ@Ë±ÈŸÐ.Ñ*ÍÎÇ³ï�å.È õ=Ì3ÛYÓYÓ!È†élá�ÇÎÌØÇÎÐ.Ñ*ÇÎòvÇ³ÈŸÌ@ÈŸÐçÑ*Ç³ÈèÕqÖYÏ�ÈvÙ@ï�åYÍ³Ë†Ù@Ù@ÈŸÐ.ÈŸÐ•ÁAËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌÚÉ�ËNÐ

Gk
Ô"ÇÎ×

ÜgËNÌ3ÔŠÕqÍ³ÈŸÐH—–™NÌ3Ó9ÈŸÌ3Ð

GK � Gk
ÛYÐ.Ñ Ù@ï@åYÌ@ÈŸÇÎÖ9ÈŸÐ ÜoäYÌ?ÈŸÇÎÐ.È�òvëlÈŸÇ*ÜgËNÌ3ÔŠÕqÍ³È2—–™NÌ3Ó9ÈŸÌ

L jk
ÛYÐ.Ñ

K jk
Ô"ÇÎ×

GL � GK
ÜoäYÌWÑYÈŸÐÉÈAÛ.ËN×3Ç³ÈŸÐ¢×@ÈŸÐ

G(L jK ) := GK =GL
é�á�ÇÎÌWÐ.ÈŸÐYÐ.ÈŸÐ(Ñ*Ç³È�ÜoËNÌ3ÔŠÕqÍ³ÈÒûaÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È&ÿ•z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

L jK
ÕqÖ9ÈŸÍ³Ù@ï�å ÖYòvëÝé.ÈŸÇÎÐ.È

p
ö+z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏP~.Ü•ÕqÍÎÍ³Ù

G(L jK )
ÈŸÇÎÐ.È“ÕqÖ9ÈŸÍ³Ù@ï�å.È�ÖYòvëÝé.ÈŸÇÎÐ.È7“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ!ÈÝÇ³Ù3×{é

á�ÇÎÌ
Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐàÑ*Ç³È=ÜgËNÍÎÏ�ÈŸÐ.ÑYÈ•ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ��

� (Gk ; C)
Ù@ÈŸÇQÈŸÇÎÐ.È�—=Í ÕNÙ@Ù@ÈŸÐ*ÜgËNÌ3ÔŠÕq×3Ç³ËNÐQé

�
z›ÙžÈ�š*Ç³Ù3×3Ç³ÈŸÌ@È
ÈŸÇÎÐØÍ³ÈŸÉ�ÈŸÍ öV{�ËNÔ"Ó�Õ${±×@ÈŸÌ

Gk
öˆùÒË±Ñ*ÛYÍ

C0 ÛYÐ.Ñ�ÈŸÇÎÐ {�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å�×3Ì3ÇÎÉ�Ç ÕqÍ³ÈŸÌ

Gk
öˆùàË�Ñ*ÛYÍ

X
~

Ù@Ë"Ñ.Õ$€�Ñ*Ç³È•ƒ�Èn ±Û.ÈŸÐYò

1 �! C0 �! C �! X �! 1
Ô"ÇÎ×
Ù3×@ÈŸ×3ÇÎÏ�ÈŸÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐÒÈ�šYÕ${�×
Ç³Ù3×{é



�
ø?äYÌ0ý,ÈvÑYÈ�ÈŸÐ.Ñ*ÍÎÇ³ï�å.È�ÜgËNÌ3ÔŠÕqÍ³È7—–™NÌ3Ó9ÈŸÌ@ÈŸÌ3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

K jk
Ù@ÈŸÇ³ÈŸÐÊÑ*Ç³È

G(K jk)
öˆùÒË�Ñ*ÛYÍÎÐ

CK := CGK ; I K ; EK ; ClK
Ï�ÈŸÏ�ÈŸÖ9ÈŸÐ�~YëlÈŸÍ³ï�å.È“ÈŸÇÎÐ.ÈÝÈ�š.Õ${±×@È�ƒ�Èn ±Û.ÈŸÐYòÝÖYÇÎÍ³ÑYÈŸÐ��

1 ! EK ! I K ! CK ! ClK ! 1:
ûl‡&ÿ

�
ø?äYÌŠÈŸÐ.Ñ*ÍÎÇ³ï@å.È ÜoËNÌ3ÔŠÕqÍ³Èf—–™NÌ3Ó9ÈŸÌ@ÈŸÌ3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K 0jK
Ù@ÈŸÇ³ÈŸÐ�ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐ

�
Ï�ÈŸÏ�ÈŸÖ9ÈŸÐ�~›ëlËNÖ9ÈŸÇ

� :
CK ,! CK 0

Ñ*Ç³È7z›ÇÎÐ¢Ö9ÈŸ×3×3ÛYÐYÏØÙ@ÈŸÇV~YÙ@Ë"Ñ.Õ$€ØÑ.ÕNÙ
Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô

�����=�9�KÅ9Å��

1 � � � ! EK 0 � � � ! I K 0 � � � ! CK 0 � � � ! ClK 0 � � � ! 1
x
?
? �

x
?
? �

x
?
? �

x
?
? �

1 � � � ! EK � � � ! I K � � � ! CK � � � ! ClK � � � ! 1
x
?
?NK 0j K

x
?
?NK 0j K

x
?
?NK 0j K

x
?
?NK 0j K

1 � � � ! EK 0 � � � ! I K 0 � � � ! CK 0 � � � ! ClK 0 � � � ! 1
{�ËNÔ"Ô“ÛY×�Õq×3ÇÎÉ6Ç³Ù@×{éYÞIÛ,€�ÈŸÌ@ÑYÈŸÔîÖYÇÎÍ³ÑYÈŸÐàÑ*Ç³ÈÝùàË�Ñ*ÛYÍÎÐ É�Ç Õ

�
Ñ*ÇÎÌ@È/{�×@È•ƒB•�Ù@×@ÈŸÔ�È†éYá�ÇÎÌ
Ù�ÈŸ×3ò{ÈŸÐ��

I = lim� !
K jk ´Vµ/¶/·WÊ

I K ; E = lim� !
K jk ´Vµ/¶/·WÊ

EK ; E (p) = lim� !
K jk ´Vµ/¶�·WÊ pËaÌ•«aÍ�Ê

EK ; C(p) = lim� !
K jk ´Vµ/¶�·WÊ pËaÌ•«aÍ�Ê

CK :

� I K
å�Õq×yÏ†ÛY×@ÈŸÐÒõ�ÕqÍ³ËNÇ³Ù,öˆÞAÖ.Ù3×3Ç³ÈŸÏP~.Ñ-éYåQé

I G(K 0jK )
K 0 = I K

é

ÞAÛ,€�ÈŸÌ@ÑYÈŸÔîÏ†ÇÎÍÎ×

H 1(G(K 0jK ); I K 0) = 1
ÜoäYÌ0ý,ÈvÑYÈ“ÈŸÐ.Ñ*ÍÎÇ³ï@å.È�ÜgËNÌ3ÔŠÕqÍ³È7z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

K 0jK
é

�
ø?äYÌ•ý3ÈvÑYÈ=ÈŸÐ.Ñ*ÍÎÇ³ï@å.È=ÜgËNÌ3ÔŠÕqÍ³È	—–™NÌ3Ó9ÈŸÌ@ÈŸÌ3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

K jk
Ç³Ù@×

ClK
ÈŸÐ.Ñ*ÍÎÇ³ï�å�~YÛYÐ.Ñ6ÑYÈŸÌyðIÈŸòvÇÎÓYÌ@ËNòvÇÎ×�ìq×@Ù3å.Ëqö

Ô�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.ÙIÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×IÈŸÇÎÐ.ÈŸÐàêuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

ClK �= CK =NL jK CL
�= G(L jK ) = Gab

K ;

ëlËNÖ9ÈŸÇ�ÑYÈŸÌ�ÜgËNÌ3ÔŠÕqÍ³È7—–™NÌ3Ó9ÈŸÌ

L
Ñ*ÛYÌ@ï@å

GL = [GK ; GK ]
ÜgÈvÙ3×3Ï�ÈŸÍ³ÈŸÏ†×
Ç³Ù@×{é

�
ûgÕ�ÿ

Ĥ i (G(K jk); I K ) = 1
ÜoäYÌIÕqÍÎÍ³ÈÝÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ

K jk
ÛYÐ.ÑàÕqÍÎÍ³È

i 2 Z
é

ûaÖ�ÿ

Ĥ i (G(K jk); I K ) = 1
ÜoäYÌIÕqÍÎÍ³ÈÝÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ

p
ö+z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K jk
ÛYÐ.ÑÊÕqÍÎÍ³È

i 2 Z
é

�
ûgÕ�ÿ�íAÇ Õ

�
Ï†ÇÎÍÎ×^�

lim� !
K jk ´+µ�¶/·WÊ

ClK = 1:

ûaÖ�ÿ�í/Ç Õ

�
Ï†ÇÎÍÎ×^�

lim� !
K jk ´+µ�¶/·WÊ

ClK = 1
ÛYÐ.Ñ

lim� !
K jk ´Vµ/¶�·WÊ pËaÌ•«aÍ�Ê

ClK (p) = 1
é

���9�=���ÉÅPó��•‰�Š"��‹�
$�B�`��ËtNT)	¡^�d8��.I

i 2 Z
AG�RO/JŽ�.Iv���`���5J=U,!GJ=�RE
� Çu!

È

���5�0���`&
!
�9E
�P��I/</#:���•JVE.*:E
%KEQA
��I/<�#,���

p

InE
4HE
)+*�#���I.4ŽU�I

Ĥ i (Gk ; E ) �= Ĥ 2� i (Gk ; Q=Z)_

UT�98 �5�S���=J=U:![J=�=E
�jÇuO

È

�/���0�/�f&
!
�9E
�P��I/</#:���@JVE.*:E
%KEQA
��I/</#:���

p

I/EG4_EG)V*�#B�yI�4�UBI

Ĥ i (Gk (p); E(p)) �= Ĥ 2� i (Gk (p); Qp=Zp)_ :
ø•äYÌ�ÈŸÇÎÐ.È�ÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŠõ/Ì3ÛYÓYÓ9È

G
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐ ëyÇÎÌ�Ñ.ÕqÖ9ÈŸÇ•Ô"ÇÎ×

G(p)
ÇÎåYÌ@ÈŸÐ ÔŠÕFš*ÇÎÔŠÕqÍ³ÈŸÐ�“›Ì@Ëqö

p
öÎÈAÛ.Ëqö

×3Ç³ÈŸÐY×@ÈŸÐQé�ø?äYÌžÇÎåYÐ�Ï†ÇÎÍÎ×

G(p) = G=R
~±ëlËNÖ9ÈŸÇ

R
ÜaäYÌžÑYÈŸÐÚÆ/ÛYÌ@ï@å.Ù@ï�åYÐYÇÎ×3×
ÕqÍÎÍ³ÈŸÌlË$¦-ÈŸÐ.ÈŸÐgÁ/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

H � G
Ù@×@ÈŸå¢×^~*ÜoäYÌIÑ*Ç³È

G=H
ÈŸÇÎÐ.È

p
ö€õ/Ì3ÛYÓYÓ9È=Ç³Ù3×{é

���9�=���ÉÅ9ô��

ö

�B�Â�hâ��

(G(p))ab �yI/Js8���)�4_!�]
��4H!
%É�ª13)dE
Z

p
Z.q3U,EGJ=�V����J3CFE
�

Gab -x8

o

#

o

(G(p))ab = (Gab)(p):



A

�CB•�

Þ

ä[�

z›Ù�Ï†ÇÎÍÎ×^�

(G=R)ab �= (G=R)=[G=R; G=R] �= G=[G; G]R
é?Æ�Õ:~QÜ•ÕqÍÎÍ³Ù

H � G
ÈŸÇÎÐ÷Ë$¦9ÈŸÐ.ÈŸÌ

Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ�Ç³Ù3×^~9ÕqÛ.ï@å

H [G; G]=[G; G] � G=[G; G]
ÈŸÇÎÐÒË$¦-ÈŸÐ.ÈŸÌ	ÁAËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ=Ç³Ù3×^~�ÛYÐ.ÑèÈvÙIÛYÔ"Ï�È/{�ÈŸåYÌ3×

òvÛÚý3ÈvÑYÈŸÔ Ë$¦-ÈŸÐ.ÈŸÐ�Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

N � G=[G; G]
ÈŸÇÎÐ.ÈŸÐúË$¦-ÈŸÐ.ÈŸÐhÁAËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ

H � G
Ô"ÇÎ×

[G; G] � H
ÛYÐ.Ñ

N = H=[G; G]
Ï†ÇÎÖY×^~.ÈŸÌ3Ï†ÇÎÖY×IÙ@Ç³ï@åÊÑ*Ç³È“õ/Í³ÈŸÇ³ï�åYå.ÈŸÇÎ×IÉ�ËNÐ

(G=R)ab ÛYÐ.Ñ

(Gab)(p)
é

2
£�ÈŸÉ�ËNÌIëyÇÎÌ
òvÛYÔ¬£�ÈŸëlÈŸÇ³ÙAÑYÈvÙY„�å.ÈvËNÌ@ÈŸÔ�ÙY{�ËNÔ"Ô�ÈŸÐ�~�Ö!ÈŸë�ÈŸÇ³Ù@ÈŸÐ ëyÇÎÌ
òvÛYÐ�ìNï�å.Ù3×AÈŸÇÎÐ

���9�=���ÉÅ�`•�

ö

�B�Â�hâ��

E
#T!GJ¯A
U:J+���ŒWY!
%MEG�yI�Z=m	O.I/J=�R�RA UT�98v�.IDA
�5%;J�”.NT)�!
%5%K�

K jk

H 1(GK ; E ) �= ClK
UT�98 �54ÌË�!
%5%tÇuO

È

6nU�In’GJy6/%;�R<�#

H 1(GK (p); E(p)) �= ClK (p):
A

�CB•�

Þ

ä[�

áúÈŸÏ�ÈŸÐ

lim� !
K jk

ClK = 1
Ç³Ù@×?Ñ*Ç³È?ƒ�Èn ¢Û.ÈŸÐYò

1 ! E ! I ! C ! 1
È�š.Õ${±×{éG›�Û�ÇÎåYÌ•Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐ�ëyÇÎÌ

Ñ*Ç³È�Í ÕqÐYÏ�È"È�š.Õ${±×@ÈHƒ�Èn ±Û.ÈŸÐYò

1 ! E GK ! I K ! CK ! H 1(GK ; E ) ! H 1(GK ; I ) = 1
é9í›ÈŸÌ3Ï†Í³ÈŸÇ³ï�å.ÈŸÐ

ëyÇÎÌ�Ñ*Ç³ÈvÙ@ÈWÔ"ÇÎ×=ÑYÈŸÌ/È�š.Õ${±×@ÈŸÐ¥ƒ�Èn ±Û.ÈŸÐYò

1 ! EK ! I K ! CK ! ClK ! 1
~!Ù@ËŠÜoËNÍÎÏ†×=ÑYÈŸÌ/ÈŸÌ@Ù@×@È�„•ÈŸÇÎÍ?ÑYÈŸÌ

ÞAÛ.Ù@Ù�ÕqÏ�È†é

ƒ±ÇÎÐ.Ñ6ëyÇÎÌ
ÇÎÐ ÑYÈŸÌ³ƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ÷ûaÖ�ÿ�~.Ù@Ë Ö9ÈŸ×3Ì�ÕNï@å¢×@ÈŸÐàëyÇÎÌ

GK (p) = GK =(
\

L jK ´Vµ/¶/·WÊ p ËPÌ•«aÍ/Ê

GL ) = GK =( lim �
L jK ´Vµ/¶�·WÊ pËaÌ•«aÍ�Ê

GL ):

Æ�Õqå.ÈŸÌ
Ç³Ù@×IÕqÛ*ÜaÏ†Ì3ÛYÐ.Ñ ÑYÈvÙAÈŸÌ@Ù3×@ÈŸÐS„�ÈŸÇÎÍ³Ù

H 1( lim �
L jK ´Vµ/¶/·WÊ pËaÌ•«aÍ�Ê

GL ; E )(p) = lim� !
L jK ´Vµ/¶/·WÊ pËaÌC«UÍ�Ê

H 1(GL ; E )(p) = lim� !
L jK ´+µ�¶/·WÊ pËaÌC«UÍ�Ê

ClL (p) = 1:

ø�ËNÍÎÏ†ÍÎÇ³ï@åàÙ�ï@åYÍÎÇ³È/€�ÈŸÐÊëyÇÎÌ/ÕqÛ.Ù
ÑYÈŸÌIêuÐ:Ï�Õq×3Ç³ËNÐ*öˆðIÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐ*öuƒ�Èn ¢Û.ÈŸÐYò

1 ! H 1(GK (p); E(p)) ¸kµ–^� ! H 1(GK ; E )(p) «�´

¤

� ! H 1( lim �
L jK ´Vµ/¶/·WÊ p ËPÌ•«aÍ/Ê

GL ; E )(p) = 1

Ñ*Ç³È“êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³È

H 1(GK (p); E(p)) �= ClK (p)
é

2
A

�CB•�

Þ

äSí9‹9� �����=���ÉÅPó��^�

›�ÛYÐ�ìNï�å.Ù3×“ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌ=ëlÈŸÏ�ÈŸÐúÑYÈŸÌ	{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù�ï@å.ÈŸÐÂ„�Ì3ÇÎÉ±Ç ÕqÍÎÇÎ×�ìq×�É�ËNÐ

X
Ñ*Ç³È“æAËNÔH™�ËNÔ�ËNÌ3ÓYåYÇ³È

Ĥ i (Gk ; C) �= Ĥ i (Gk ; C0)
ÜoäYÌyÕqÍÎÍ³È

i 2 Z
é±Æ/Ç³ÈvÙlå�Õq×�òvÛYÌ�ø.ËNÍÎÏ�ÈG~*Ñ.Õ$€�Ù3Ç³ï�å�Ñ*Ç³ÈAÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.È/í›ÈŸÌ@Ù3Ç³ËNÐ6ÑYÈvÙ2ƒ*Õq×3ò{ÈvÙ�É�ËNÐ\Á/Õ${†Õn•¢ÕqÔŠÕcö+„?Õq×@È

ûl‡†éK‡†é©¨G…�ÿIÕqÛ.ï@åàÕqÛ*Ü

C
ÕqÐ¢ëlÈŸÐ.ÑYÈŸÐàÍ ì$€†×^~YÛYÐ.Ñ6ëyÇÎÌyÜoäYÌIÕqÍÎÍ³È

i 2 Z
ÈŸÇÎÐ.ÈŸÐÊæAËNÔH™�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

Ĥ i (Gk ; C) �= Ĥ 2� i (Gk ; Z)_

ÈŸÌ3å�ÕqÍÎ×@ÈŸÐQé�Æ/Ç³È=Ï†Í³ÈŸÇ³ï@å.ÈŸÐfÐAÖ9ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ�ÈŸÐàÈŸÌ3Ï�ÈŸÖ9ÈŸÐ ÇÎÔîø�ÕqÍÎÍ³ÈØûaÖ�ÿ�ÈŸÇÎÐ.È“æAËNÔH™�ËNÔ�ËNÌ3ÓYåYÇ³È

Ĥ i (Gk (p); C(p)) �= Ĥ 2� i (Gk (p); Z)_ :

z›Ö!ÈŸÐ.Ù@ËŠÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌyÜoäYÌ
ÈŸÇÎÐ.ÈÝÈŸÐ.Ñ*ÍÎÇ³ï@å.È•z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

K jk
ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

Ĥ i (G(K jk); CK ) �= Ĥ 2� i (G(K jk); Z)_ ;

ÕqÛ.ÙIÑYÈŸÐ.ÈŸÐ6ëyÇÎÌIÕqÛ*Ü?Ñ*Ç³È	z�Ð.Ñ*ÍÎÇ³ï�å,{�ÈŸÇÎ×AÑYÈŸÌyÍÎÇÎÐ,{�ÈŸÐÒõ/Ì3ÛYÓYÓ9È�Ù@ï�åYÍÎÇ³È/€�ÈŸÐ�~.Ñ.Õ�Ñ*Ç³È=Ì@Èvï@å¢×@È�ÕqÍ³Ù

Z
öˆùàË�Ñ*ÛYÍ-ÈŸÐ.Ñ*ÍÎÇ³ï@å

ÈŸÌ3ò{ÈŸÛYÏ†×AÇ³Ù3×yÛYÐ.Ñ6É�ËNÐ

jG(K jk)j
ÕqÐYÐ¢ÛYÍÎÍÎÇ³ÈŸÌ3×/ëyÇÎÌ@Ñ-é

á�ÇÎÌ
×@ÈŸÇÎÍ³ÈŸÐàÑ*Ç³Èª®Nö+„�ÈŸÌ3Ô�Èdöuƒ�Èn ±Û.ÈŸÐYò6ûl‡&ÿ�ÕqÛ*Ü0ÇÎÐ

1 ! EK ! I K ! M K ! 1



ÛYÐ.Ñ

1 ! M K ! CK ! ClK ! 1:
áúÈŸÏ�ÈŸÐàÑYÈŸÌY{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï@å.ÈŸÐ�„QÌ3ÇÎÉ�Ç ÕqÍÎÇÎ×�ìq×IÉ�ËNÐ

I K
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌIåYÇ³ÈŸÌ�ÕqÛ.ÙyÜoäYÌ

i 2 Z
êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

Ĥ i +1 (G(K jk); EK ) ��! Ĥ i (G(K jk); M K )
ûR¨�ÿ

ÜoäYÌIÕqÍÎÍ³È�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐfz�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K jk
ÇÎÔîø�ÕqÍÎÍžûgÕ�ÿlÖYòvëÝé�ÜoäYÌ
ÕqÍÎÍ³È�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ

p
ö+z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K jk
ÇÎÔ

ø�ÕqÍÎÍlûaÖ�ÿdé.ø.ÈŸÌ3Ð.ÈŸÌAÖ!È/{�ËNÔ"Ô�ÈŸÐ ëyÇÎÌAÑ*Ç³È�È�šYÕ${�×@È•ƒ�Èn ±Û.ÈŸÐYò

Ĥ i (G(K jk); M K ) ! Ĥ i (G(K jk); CK ) ! Ĥ i (G(K jk); ClK ) ! Ĥ i +1 (G(K jk); M K ):
ûR­�ÿ

á�ÇÎÌ
ë�ËNÍÎÍ³ÈŸÐ ÇÎÔ ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ6ÜoäYÌIÕqÍÎÍ³È

i 2 Z
Ñ*Ç³È7z¯š*Ç³Ù3×@ÈŸÐYò“ÈŸÇÎÐ.ÈvÙIæAËNÔH™�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

Ĥ i (Gk ; C) �= Ĥ i +1 (Gk ; E )
ÇÎÔ ø�ÕqÍÎÍlûgÕ�ÿ�ÖYòvëÝé*ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿ

Ĥ i (Gk (p); C(p)) �= Ĥ i +1 (Gk (p); E(p))
ò{ÈŸÇÎÏ�ÈŸÐ�~�ÑYÈŸÐYÐÊÑ.ÕqÐYÐ6ÜgËNÍÎÏ†×
ÑYÈŸÌ³ƒ*Õq×3òÝÇÎÔîø�ÕqÍÎÍ�ûgÕ�ÿ�ëlÈŸÏ�ÈŸÐ

Ĥ i (Gk ; E ) �= Ĥ i � 1(Gk ; C) �= Ĥ 3� i (Gk ; Z)_ �= Ĥ 2� i (Gk ; Q=Z)_

ÖYòvëÝé�ÑYÈŸÌAÕqÐ�ÕqÍ³ËNÏ�ÈŸÐàðAÈvï@åYÐ¢ÛYÐYÏØÇÎÔîø�ÕqÍÎÍlûaÖ�ÿdé

á�ÇÎÌ
Ö9ÈŸå�ÕqÐ.ÑYÈŸÍÎÐÊÑ*Ì@ÈŸÇ�ø�ìqÍÎÍ³È�Ï�ÈŸ×3Ì@ÈŸÐYÐ±×{é

ûoê3ÿ

i = 0
� êuÐ Ñ*Ç³ÈvÙ@ÈŸÔ ø�ÕqÍÎÍQå�ÕqÖ9ÈŸÐ6ëyÇÎÌyÜoäYÌ“ûgÕ�ÿlÜgËNÍÎÏ�ÈŸÐ.ÑYÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ��

Clk
Ï

´4ÐV¸§Ñ+«y½>ÐV¸

¥ÓÒÎ¥

� � � � � � � � ! Gab
k

Ô

¸k¶+Õ+¬l·� � � � � ! H 1(Gk ; R=Z)_

�� � ! H 2(Gk ; Z)_ Ñ–«�½c´Vµ/¶/·k¸k¹=º/´4«%Ö%¬�×�¬4Ø�¬�Ù…¬ÎËPÚz¬

¥

´

� � � � � � � � � � � � � � � � � � ! Ĥ 0(Gk ; C):

êˆÔîø�ÕqÍÎÍlûaÖ�ÿ�ÈŸÌ3Ï†ÇÎÖY×AÙ3Ç³ï�å��

Clk (p) ! Gab
k (p) ! H 1(Gk (p); R=Z)_ ! H 2(Gk (p); Z)_ ! Ĥ 0(Gk (p); C(p)) :

Æ�ÕqÖ!ÈŸÇ-å�ÕqÖ9ÈŸÐ ëyÇÎÌY‚QÈŸÔ"ÔŠÕàûl‡†éK‡†é©­†þ�ÿ�Ö!ÈŸÐ±ÛY×3òv×{é

ùÊÇÎ×3×@ÈŸÍ³Ù–‚QÈŸÔ"ÔŠÕ ûl‡†éK‡†é©­G°�ÿyÈŸÌ3å�ÕqÍÎ×@ÈŸÐàëyÇÎÌ
Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È†é

ûoê@ê3ÿ

i > 0
� z�Ð±×@Ù@ï@å.ÈŸÇ³ÑYÈŸÐ.ÑàÇ³Ù3×^~YÑ.Õ$€

lim� !
K jk ´Vµ/¶/·WÊ

H i � G(K jk); ClK
�

= H i � Gk ; lim� !
K jk ´+µ�¶/·WÊ

ClK
�

= H i � Gk ; 1
�

= 1

ÜaäYÌ“ûgÕ�ÿlÛYÐ.Ñ ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿlòvÛ.Ù�ìq×3òvÍÎÇ³ï�å

lim� !
K jk ´Vµ/¶/·WÊ pËaÌC«UÍ�Ê

H i � G(K jk); ClK
�

= H i � Gk (p); lim� !
K jk ´Vµ/¶/·WÊ p ËPÌ•«aÍ/Ê

ClK (p)
�

= H i � Gk (p); 1
�

= 1

Ï†ÇÎÍÎ×{é"£�ÇÎÍ³Ñ*ÛYÐYÏ ÑYÈvÙ Ñ*ÇÎÌ@È/{±×@ÈŸÐj‚-ÇÎÔ�ÈvÙ É�ËNÐ ûR¨�ÿ“ÛYÐ.ÑçûR­�ÿÝäYÖ!ÈŸÌ�ÕqÍÎÍ³È�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ`z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K jk
ÇÎÔ ø�ÕqÍÎÍ�ûgÕ�ÿ=ÛYÐ.ÑôÇÎÔ ø�ÕqÍÎÍ=ûaÖ�ÿ=äYÖ9ÈŸÌWÑ*Ç³ÈŠÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐ

p
ö+z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐóÈŸÌ3Ï†ÇÎÖY× Ñ.ÕqÐYÐô×@ËNÓ9ËNÍ³ËNÏ†Ç³Ù@ï@å.È

êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

H i +1 �
Gk ; E

� �= H i � Gk ; lim� ! M K
�

ÖYòvëÝé

H i +1 �
Gk (p); E(p)

� �= H i � Gk (p); lim� ! M K
�

ÛYÐ.Ñ

H i � Gk ; lim� ! M K
� �= H i � Gk ; C

�
ÖYòvëÝé

H i � Gk (p); lim� ! M K
� �= H i � Gk (p); C(p)

�
:



ûoê@ê@ê3ÿ

i < 0
� z�Ð±×@Ù@ï@å.ÈŸÇ³ÑYÈŸÐ.ÑàÇ³Ù3×^~YÑ.Õ$€�ÇÎÔîø�ÕqÍÎÍ�ûgÕ�ÿ

lim �
K jk ´Vµ/¶/·WÊ

Ĥ i � G(K jk); ClK
�

= 1

ÖYòvëÝé*ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿ

lim �
K jk ´+µ�¶/·WÊ pËaÌ•«aÍ�Ê

Ĥ i � G(K jk); ClK
�

= 1

Ï†ÇÎÍÎ×{é9Æ=ÕNÙ�Ù@Ç³ÈŸå¢×�ÔŠÕqÐ ëyÇ³ÈWÜoËNÍÎÏ†×^�-ÞAÛ.Ù7ƒ*Õq×3òÊûl‡†éK‡†é©­:‡&ÿ/Ù@ï@åYÍÎÇ³È/€�ÈŸÐôëyÇÎÌ“ÕqÛ*Ü�Ñ*Ç³ÈŽ—IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×�ÑYÈŸÌ

Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô�È

ClK 0
NK 0j K

� � � � ! ClK ClK 0(p)
NK 0j K

� � � � ! ClK (p)
Ï

´ ÐV¸§Ñ+«

?
?
y

Ï

´ ÐV¸§Ñ+«

?
?
y

ÛYÐ.Ñ

Ï

´4ÐV¸§Ñ+«

?
?
y

Ï

´4ÐV¸§Ñ+«

?
?
y

Gab
K 0

×�¬lµ�½dµ/¸

¤

¹=º� � � � � � � ! Gab
K Gab

K 0(p) ×�¬lµ�½dµ/¸

¤

¹=º� � � � � � �! Gab
K (p)

Ô"ÇÎ×žÙ@ÈŸÐ,{�Ì@Èvï@å±×@ÈŸÐØê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐQé�á ìqåYÍ³ÈŸÐ�ëyÇÎÌ

K 0jK
Ù�Ë,~�Ñ.Õ$€

G(K 0jK ) = Gab
K

Ï†ÇÎÍÎ×^~�Ñ-é åQé

GK 0 =
[GK ; GK ]

~YÑ.ÕqÐYÐ Ç³Ù3×
Ñ*Ç³È	{†ÕqÐ.ËNÐYÇ³Ù@ï@å.ÈWÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏØËNÖ!ÈŸÐ�~.Ñ*Ç³È=ÇÎÐ.Ñ*ÛYòvÇ³ÈŸÌ3×AëyÇÎÌ@Ñ6É�ËNÐ

GK 0 = [GK ; GK ] ! Gab
K = GK =[GK ; GK ];

Ñ*Ç³È¥ÁAÛYÍÎÍ ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ.éAÆ/Ç³ÈvÙàå�Õq×ÊòvÛYÌÒø.ËNÍÎÏ�ÈG~AÑ.Õ$€�ÇÎÐHÑ*Ç³ÈvÙ@ÈŸÔ ø�ÕqÍÎÍ�ÕqÛ.ï�å

ClK 0
NK 0j K

� � � � ! ClK
ÛYÐ.Ñ

ClK 0(p)
NK 0j K

� � � � ! ClK (p)
Ñ*Ç³È7ÁAÛYÍÎÍ ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐàÙ3ÇÎÐ.Ñ•~Yë�ËNÌ�ÕqÛ.ÙIÙ3Ç³ï�åÊÑ*Ç³È	£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏØÈŸÌ3Ï†ÇÎÖY×{é

á�ÇÎÌyë�ËNÍÎÍ³ÈŸÐÊÐ±ÛYÐ ëyÇ³È�ÇÎÔ ø�ÕqÍÎÍ�ûoê@ê,ÿlÑ*ÛYÌ@ï�åfÐAÖ!ÈŸÌ3Ï¢ÕqÐYÏ�ÇÎÐôûR¨�ÿ�ÛYÐ.ÑôûR­�ÿ�òvÛYÔîÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈŸÐf‚-ÇÎÔ�ÈvÙ
É�Ç Õ

ÑYÈŸÐ Æ=È�Ï�Õq×3Ç³ËNÐ.ÈŸÐ äYÖ!ÈŸÌ
Ñ*Ç³È�ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐfz�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

K jk
ÇÎÔîø�ÕqÍÎÍlûgÕ�ÿlÖYòvëÝé*äYÖ9ÈŸÌ
Ñ*Ç³È�ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐ

p
ö+z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐÒÇÎÔîø�ÕqÍÎÍlûaÖ�ÿ�ÑYÈŸÐS£�ÈŸë�ÈŸÇ³ÙAÕqÖ.Ù@ï�åYÍÎÇ³È/€�ÈŸÐQé�Æ�ÕqòvÛ Ö9È{ÕNï@å¢×@ÈŸÐàëyÇÎÌ^~YÑ.Õ$€ØÕqÛ.Ù
ÑYÈŸÌYz�Ð.Ñ�ö

ÍÎÇ³ï@å,{�ÈŸÇÎ×�É�ËNÐ

ClK
Ñ*Ç³Èvz�Ð.Ñ*ÍÎÇ³ï@å,{�ÈŸÇÎ×ØÉ�ËNÐ

Ĥ i (G(K jk); ClK )
ÜoËNÍÎÏ†×^~0ÛYÐ.Ñ(ëyÇ³È6ËNÖ9ÈŸÐóÏ�ÈvÙ@ÈŸå.ÈŸÐãÕqÛ.ï@å

Ñ*Ç³ÈÊõ/Ì3ÛYÓYÓ9È

Ĥ i (G(K jk); CK )
ÈŸÐ.Ñ*ÍÎÇ³ï�å Ç³Ù3×{é�Æ�Õqå.ÈŸÌ�Ù@ï@åYÍÎÇ³È/€�ÈŸÐ�ëyÇÎÌŠÕqÛ.Ù ûR­�ÿ"ÕqÛ*Ü/Ñ*Ç³Èvz›Ð.Ñ*ÍÎÇ³ï@å,{�ÈŸÇÎ×

É�ËNÐ

Ĥ i (G(K jk); M K )
é›ÞAÍ³Ù@ËèÖYÍ³ÈŸÇÎÖY×ØÑ*Ç³ÈSzbšYÕ${�×3å.ÈŸÇÎ×�Ö9ÈŸÇÎÔ ÐIÖ9ÈŸÌ3Ï¢ÕqÐYÏúòvÛYÔ ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈŸÐ¢‚-ÇÎÔ�ÈvÙ

ÈŸÌ3å�ÕqÍÎ×@ÈŸÐQé

ƒ�ËNÔ"ÇÎ×IÈŸÌ3Ï†ÇÎÖY×IÙ3Ç³ï�å

Ĥ i +1 �
Gk ; E

� �= lim �
K jk ´Vµ/¶/·WÊ

Ĥ i � G(K jk); M K
�

ÖYòvëÝé

Ĥ i +1 �
Gk (p); E(p)

� �= lim �
K jk ´Vµ/¶/·WÊ p ËPÌ•«aÍ/Ê

Ĥ i � Gk (p); M K
�

ÛYÐ.Ñ

lim �
K jk ´Vµ/¶/·WÊ

Ĥ i � G(K jk); M K
� �= Ĥ i � Gk ; C

�
ÖYòvëÝé

lim �
K jk ´+µ�¶/·WÊ pËaÌC«UÍ�Ê

Ĥ i � G(K jk); M K
� �= Ĥ i � Gk (p); C(p)

�
:

2

ü–ýÎÛªý��������Qÿ>���������������‹� ÿ½��ÜM�½Ý������½��
ÆÞß�½�������d�à
�á�
%â:��
���ãà�dÝ�
0ÿ½�

���h}�� �!�Xäå•CŸ0Œ‰ƒ03 #%5/&�Œ

êuÐàÑ*Ç³ÈvÙ�ÈŸÔ ÞAÖ.Ù@ï@åYÐYÇÎ×3×/ëlËNÍÎÍ³ÈŸÐÒëyÇÎÌ–{�ÛYÌ3òWÑ*Ç³È“ëyÇ³ï@å¢×3ÇÎÏ�Ù@×@ÈŸÐÒÇÎÔ ÜoËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ ÕqÛ*Üo×3Ì@ÈŸ×@ÈŸÐ.ÑYÈŸÐÒÆ=È�˜.ÐYÇÎ×3Ç³ËNÐ.ÈŸÐÒÛYÐ.Ñ

ÈŸÇÎÐYÇÎÏ�È ÇÎåYÌ@ÈŸÌ�ÈŸÍ³ÈŸÔ�ÈŸÐ±×�ÕqÌ@Ù3×@ÈŸÐhz�ÇÎÏ�ÈŸÐ.Ù@ï�å�ÕcÜa×@ÈŸÐÃÕqÛ:Ï.Ç³Ù@×@ÈŸÐ�~!Ñ*Ç³È�ÇÎÐèÑYÈŸÌ=Ï†Í³ËNÖ�ÕqÍ³ÈŸÐh—=Í ÕNÙ@Ù@ÈŸÐ,{[™NÌ3Ó9ÈŸÌ3×3å.ÈvËNÌ3Ç³È í›ÈŸÌ,ö

ë�ÈŸÐ.Ñ*ÛYÐYÏH˜.Ð.ÑYÈŸÐQé
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Ĥ i (G(K jk); I K ) �=
M

p
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Ĥ i � G(L S(p)jk); ES(L S(p))
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K � kS(p)
{�ËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Ù@ï�å ×3Ì3ÇÎÉ±Ç ÕqÍyÇ³Ù@×^~•ë�ÕNÙ�ÕqÛ.Ù"ÑYÈŸÔñÜoËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ`‚�ÈŸÔ"ÔŠÕóûl‡†é©¨*é©­:‡&ÿWÜoËNÍÎÏ†×{é

Æ=ÈŸÐYÐ ÈvÙ/Ù3ÓYÇ³ÈŸÍ³ÈŸÐèÐ¢ÛYÌ�Ñ*Ç³ÈWÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐÂƒ±×@ÈŸÍÎÍ³ÈŸÐèÉ�ËNÐ

S
ÈŸÇÎÐ.È�ðIËNÍÎÍ³ÈG~9Ñ.ÕŠÑ*Ç³È�z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏàÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖ É�ËNÐ

S
ÛYÐ±É�ÈŸÌ3òvëlÈŸÇÎÏ†×yÇ³Ù3×^~�ÛYÐ.Ñ�ÜoäYÌ

p 6= 2
Ö9ÈŸÇ�í›ÈŸÌ3É�ËNÍÎÍ³Ù@×�ìqÐ.Ñ*ÇÎÏ†ÛYÐYÏ�Ð�ÕNï�åÚÕqÌ@ï�åYÇÎÔ�ÈvÑ*Ç³Ù@ï@å.ÈŸÐ•ƒ±×@ÈŸÍÎÍ³ÈŸÐÚÑ*Ç³È–z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

C=R
ÐYÇ³ï�å¢×ÚÕqÛ*Üa×3Ì@ÈŸ×@ÈŸÐ`{†ÕqÐYÐ�~0ÛYÐ.Ñ÷ÜoäYÌ

p = 2
ÑYÈŸÌ�õ/Ì3ÛYÐ.Ñ:{[™NÌ3Ó9ÈŸÌ

k
ÕqÍ³Ù"×@ËN×�ÕqÍ
ÇÎÔŠÕqÏ†ÇÎÐ�ìqÌŠÉ�ËNÌ�ÕqÛ.Ù@Ï�ÈvÙ@ÈŸ×3òv×

ëyÛYÌ@ÑYÈ†é

ClK
ë�ÈŸÌ@ÑYÈÚÌ@ÈŸÓYÌ�ìNÙ@ÈŸÐ¢×3Ç³ÈŸÌ3×�Ñ*ÛYÌ@ï@å Ñ*Ç³ÈÊõ/Ì3ÛYÓYÓ9È

CK =Cm
K

~?ëlÈŸÍ³ï�å.È6Ð�ÕNï@åÎƒ*Õq×3òôûl‡†é©¨*é©¨$®±ÿWÇ³Ù�ËNÔ�ËNÌ3ÓYåóòvÛYÌ

õÝÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9ÈØÑYÈŸÌWÔŠÕFš�ÇÎÔŠÕqÍ³ÈŸÐóÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖ

S
ÛYÐ¢É�ÈŸÌ3òvë�ÈŸÇÎÏ†×@ÈŸÐ>ûaÛYÐ.ÑúÇÎÐYÐ.ÈŸÌ3å�ÕqÍÎÖ

S
ò&ÕqåYÔ É�ÈŸÌ3òvëlÈŸÇÎÏ†×@ÈŸÐ�ÿ

ÕqÖ9ÈŸÍ³Ù@ï�å.ÈŸÐfz�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏØÉ�ËNÐ

K
Ç³Ù3×{é

ÆAÇ³È�z�Ð.Ñ*ÍÎÇ³ï@å,{�ÈŸÇÎ×/É�ËNÐ

CK =Cm
K

å�ÕqÖ9ÈŸÐ ëyÇÎÌ
ÇÎÐfƒ*Õq×3ò�ûl‡†é©¨*éÃ»†ÿ�Ö9ÈŸëyÇ³ÈvÙ@ÈŸÐQé

ÆAÇ³Èª„�Ì3ÇÎÉ±Ç ÕqÍÎÇÎ×�ìq×yÉ�ËNÐ

lim� !
kS � K jk

CK =Cm
K

ÛYÐ.Ñ

lim� !
kS (p)� K jk

CK =Cm
K (p)

ÜoËNÍÎÏ†×
ÕqÛ.ÙyÑYÈŸÔ æ=ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³Ù�Õq×3òŠû=—IËqö

Ì@ËNÍÎÍ ÕqÌ�ûl‡†é©¨*é©¨G…�ÿ3ÿdé

ÆAÇ³È�z¯šYÕ${�×3å.ÈŸÇÎ×AÑYÈŸÌªƒ�Èn ¢Û.ÈŸÐYò{ÈŸÐàÇÎÐàÑYÈŸÔîÛYÐ.Ñ Ñ*Ç³È•—IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×�ÑYÈvÙ
Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô�Ù ûl‡†éK‡†é©­G­�ÿ�ÜgËNÍÎÏ�ÈŸÐ

ÕqÛ.Ù³ƒ*Õq×3òØûl‡†é©¨*éK‡^­�ÿ�ÖYòvëÝéYÍ ÕNÙ�Ù@ÈŸÐ Ù3Ç³ï@åàÙ@ËqÜoËNÌ3×yÐ�ÕNï�åYÌ@Èvï@åYÐ.ÈŸÐQé

Æ=ÕNÙ–„�å.ÈvËNÌ@ÈŸÔ ÈŸÌ3Ï†ÇÎÖY×IÙ3Ç³ï�å Ð¢ÛYÐÒÕqÛ.ÙIÑYÈŸÔîø�ÕqÍÎÍlûaÖ�ÿ�É�ËNÐ•„�å.ÈvËNÌ@ÈŸÔ ûl‡†éK‡†é©­$®±ÿdé

2
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p
���5�0�H13)��5476�!$#�%'-

K
���5�

q
Zu![8
��I/</#:��)g�"!$#�%'&$(
)+*,��)v4Ž�=J

q 6= p o

p

I/J

L jK
�������

WY!G%ME
��I.ZRe3)

L

���5J+�/).UT�BAfCFE
4 W2)d![8

ps -2I/EvI.�5�98•8G�R�_#T($#:�/)d���¥e3�5�,I^�����P#:���=J+���BA
)�U^*�*,���

U(n)
L

”.NT)H!
%�%É�

n � 1
&
E$#TE
4HE
%KEQA
��I/<�#•J=)��5C^�=!G%

o

A

�CB•�

Þ

ä[�

Æ/Ç³È

n
ö•×@È³z›ÇÎÐ.Ù@ÈŸÇÎÐYå.ÈŸÇÎ×@ÈŸÐYÏ†Ì3ÛYÓYÓ!ÈÝÇ³Ù3×�ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈŸÌ?‚-ÇÎÔ�ÈvÙ

U(n)
L = lim � mU(n)

L =U(m)
L

ÜoäYÌ

n � 1
É�ËNÐ÷ûaÔ“ÛYÍÎ×3ÇÎÓYÍÎÇK{†Õq×3ÇÎÉ�ÈŸÐ�ÿ

q
ö€õ/Ì3ÛYÓYÓ9ÈŸÐ�~�ÕqÛ*Ü›ÑYÈŸÐ.ÈŸÐX“•ËN×@ÈŸÐYòvÇ³ÈŸÌ3ÛYÐYÏ6Ô"ÇÎ×

ps ÖYÇ ý3È/{�×3ÇÎÉ�Ç³Ù@×{é9ƒ�ËNÔ"ÇÎ×AÇ³Ù@×–“•ËN×@ÈŸÐYòvÇ³Èdö

Ì3ÛYÐYÏ�Ô"ÇÎ×

ps ÕqÛ.ï�åèÕqÛ*Ü

U(n)
L

ÛYÐ.ÑàÑ.Õqå.ÈŸÌ=ÕqÛ*Ü

Ĥ i (G(L jK ); U(n)
L )

ÖYÇ ý3È/{±×3ÇÎÉ9é�ÞAÛ*ÜoÏ†Ì3ÛYÐ.ÑÊÉ�ËNÐ

f (ps ) = 1
ÜoäYÌ

ÕqÍÎÍ³È

f 2 Ĥ i (G(L jK ); U(n)
L )

Ç³Ù3×

Ĥ i (G(L jK ); U(n)
L ) = 1

ÜoäYÌIÕqÍÎÍ³È

i 2 Z
é

2
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ƒ�ÈŸÇ

G
ÈŸÇÎÐ.ÈH“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!È†é•ÆAÇ³È

Ë•)l![JRJ=���P�5Z�‘"��J+��)RA
)�U^*[*P�

�( G)
Ç³Ù3×ÝÑYÈ�˜.ÐYÇ³ÈŸÌ3×�ÕqÍ³ÙWÑYÈŸÌÝÆAÛYÌ@ï�å.Ù@ï@åYÐYÇÎ×3×"ÕqÍÎÍ³ÈŸÌ

Èvï�å¢×@ÈŸÐÒË$¦9ÈŸÐ.ÈŸÐ•|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9ÈŸÐÊÉ�ËNÐ

G
éPz›ÙyÏ†ÇÎÍÎ×WûoÙ@Ç³ÈŸå.È�ß}Æ=Æ/ù@ƒ¢â+~,“�Ì@ËNÓQé�‡†éK‡^­�ÿ

�( G) = Gp[G; G];

ë�ËNÖ!ÈŸÇ

Gp Ñ.ÕNÙ•z�Ì3ò{ÈŸÛYÏ†ÐYÇ³Ù ÑYÈŸÌ

p
ö•×@ÈŸÐ “•ËN×@ÈŸÐYò{ÈŸÐHÉ�ËNÐ

G
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×{é
Æ�Õqå.ÈŸÌ6Ç³Ù3×

G=�( G)
Ñ*Ç³ÈèÏ†ÌQ™
€†×@È

ø�Õ${±×@ËNÌ3Ï†Ì3ÛYÓYÓ9È�É�ËNÐ

G
~?Ñ*Ç³ÈØÕqÖ9ÈŸÍ³Ù@ï@å(ÛYÐ.ÑÃÉ�ËNÔ z¯š*Ó9ËNÐ.ÈŸÐ¢×@ÈŸÐ

p
Ç³Ù@×{é�Æ�Õ"ý3ÈvÑYÈŸÌWæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

G !
Z=pZ

äYÖ!ÈŸÌ

�( G)
Ü•Õ${�×@ËNÌ3Ç³Ù3Ç³ÈŸÌ3×^~.ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌIÑ*Ç³È�õ/Í³ÈŸÇ³ï@åYå.ÈŸÇÎ×

H 1(G) = H om(G; Z=pZ) = H om(G=�( G); Z=pZ) = H om(G=�( G); R=Z) = (G=�( G)) _ :

Æ�ÕqÖ9ÈŸÇQå�ÕqÖ9ÈŸÐ6ëyÇÎÌ

H 1(G)
ÜoäYÌ

H 1(G; Z=pZ)
Ï�ÈvÙ@ï�åYÌ3Ç³ÈŸÖ!ÈŸÐQé

z�ÇÎÐ.ÈŽ„�ÈŸÇÎÍÎÔ�ÈŸÐYÏ�È

S � G
å.ÈŸÇK€†×

&
E
�PC$��)RA����9J�Ç�AB�RA����

1
È$~�ÜgÕqÍÎÍ³ÙAÇÎÐ�ý,ÈvÑYÈŸÌ=Ë$¦-ÈŸÐ.ÈŸÐX|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9È

U � G
Ü•ÕNÙ3×IÕqÍÎÍ³È7z›Í³ÈŸÔ�ÈŸÐ¢×@ÈÝÉ�ËNÐ

S
ÍÎÇ³ÈŸÏ�ÈŸÐQé

z�ÇÎÐ.È7{�ËNÐ±É�ÈŸÌ3Ï�ÈŸÐ¢×@È�„�ÈŸÇÎÍÎÔ�ÈŸÐYÏ�È

S � G
å.ÈŸÇK€†×

e3)d6F��UGA����98��/�,I.w$I�J+�/4

É�ËNÐ

G
~*Ü•ÕqÍÎÍ³Ù

< S >
Ï†Í³ÈŸÇ³ï@å

G
Ç³Ù3×{é

áçÇÎÌ
Ð.ÈŸÐYÐ.ÈŸÐÊÑ*Ç³ÈÝÔ"ÇÎÐYÇÎÔŠÕqÍ³È7z�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐYò&ÕqåYÍ�ÑYÈŸÐf«

!
�BA

É�ËNÐ

G
ÛYÐ.Ñ6Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐàÇÎåYÐ Ô"ÇÎ×

d(G)
é

z�ÇÎÐ.ÈIÑYÈŸÐH“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!ÈŸÐØÖ!ÈvÙ@ËNÐ.ÑYÈŸÌ@È–z�ÇÎÏ�ÈŸÐ.Ù@ï@å�ÕcÜo×žÇ³Ù@×›Ñ*Ç³È�ÜoËNÍÎÏ�ÈŸÐ.ÑYÈAülå�ÕqÌ�Õ${�×@ÈŸÌ3Ç³Ù3Ç³ÈŸÌ3ÛYÐYÏ ÑYÈvÙ›ðAÕqÐYÏ�ÈvÙ&é
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E
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Z

p
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G
�/)d6F��U
A[J

G
A����9!
U¥8�!
�P�,-

L

���P�

G=�( G)
8
UT)d<�#f8
�V�

«

�.I�J5&�%K!$I.In���

S
4HE^8GUB%KE

�( G)
C$E
�

S
��)Q6���UGAGJ

L

��)d8

o

Ë"��)��0��)–A
�5%;J+Ê

d(G) = dim Fp H 1(G) =
1
p

jG=�( G)j:

A

�CB•�

Þ

ä[�

áçÇÎÌ?Ù�ÈŸ×3ò{ÈŸÐ

H := < S >
éqø�ÕqÍÎÍ³Ù0Ð¢ÛYÐ

H=�( H )
Ï†Í³ÈŸÇ³ï�å

G=�( G)
Ç³Ù@×^~cÑ.ÕqÐYÐ Ï†ÇÎÍÎ×?ÇÎÐ.Ù3Ö!ÈvÙ�ËNÐ.ÑYÈŸÌ@È

H 1(H=�( H )) = H 1(G=�( G))
ÛYÐ.ÑÚÙ@ËNÔ"ÇÎ×

H 1(H ) = H 1(G)
~�ë�ÈvÙ3å�ÕqÍÎÖÊÕqÛ.Ù�ÑYÈŸÌ�êuÐ:Ï�Õq×3Ç³ËNÐ*öˆðIÈvÙ@×3Ì3ÇK{±×3Ç³ËNÐ*ö

ƒ�Èn ±Û.ÈŸÐYò�ÜgËNÍÎÏ†×^~�Ñ.Õ$€

H 1(G=H)
×3Ì3ÇÎÉ�Ç ÕqÍžÇ³Ù3×{é•Æ=ÕqÐYÐÃÔ“Û,€èÕqÖ!ÈŸÌWÖ!ÈŸÌ@ÈŸÇÎ×@Ù

G=H
Ñ*Ç³È}z�ÇÎÐ.Ù@Ï†Ì3ÛYÓYÓ!ÈØÙ@ÈŸÇÎÐQé�Æ=ÈŸÌ

ƒ*Õq×3òÝÜoËNÍÎÏ†×
Ð±ÛYÐÊÙ@ËqÜgËNÌ3×{é

2
z�ÇÎÐ.È2“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ9ÈžÇ³Ù3×0ÕqÍ³Ù@ËAÏ�ÈŸÐ�ÕqÛ�Ñ.ÕqÐYÐ ÈŸÐ.Ñ*ÍÎÇ³ï@å"ÈŸÌ3ò{ÈŸÛYÏ†×^~qëlÈŸÐYÐ

G=�( G) = G=Gp[G; G] = H 1(G)
ÈŸÐ.Ñ*ÍÎÇ³ï�åÊÇ³Ù3×{éYÆ/Ç³ÈvÙyë�ËNÍÎÍ³ÈŸÐÊëyÇÎÌ
Í³ÈŸÇ³ï�å¢×AÉ�ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÐQé

|IÐ±×@ÈŸÌ–£�ÈŸÐ¢ÛY×3òvÛYÐYÏÚÑYÈŸÌ
È�šYÕ${�×@ÈŸÐXƒ�Èn ±Û.ÈŸÐYò

0 ! Z=pZ ! Z=pr Z ! Z=pr � 1Z ! 0

ÜoäYÌ

r 2 N
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ�ëyÇÎÌ�ÇÎÐ.Ñ*Û,{�×3ÇÎÉ0~±Ñ.Õ$€

H 1(G; Z=pr Z)
ÈŸÐ.Ñ*ÍÎÇ³ï@åÚÇ³Ù3×^~�ÜgÕqÍÎÍ³Ù�Ñ*Ç³ÈvÙžÜaäYÌ

H 1(G; Z=pZ)
ÑYÈŸÌ�ø�ÕqÍÎÍ

Ç³Ù@×{éYÞIÛ.Ù
ÑYÈŸÌAðIÈvï@åYÐ±ÛYÐYÏ

H 1(G; Z=pr Z) = H om(G=Gpr [G; G]; Z=pr Z) = (G=Gpr [G; G])_

Ù�ï@åYÍÎÇ³È/€�ÈŸÐÊëyÇÎÌ^~�Ñ.Õ$€�ÇÎÐ Ñ*Ç³ÈvÙ@ÈŸÔ ø�ÕqÍÎÍ?ÕqÛ.ï@åÊÑ*Ç³ÈWõ=Ì3ÛYÓYÓ!È

G=Gpr [G; G]
ÈŸÐ.Ñ*ÍÎÇ³ï@åàÇ³Ù3×{é*áçÇÎÌIÈŸÌ3å�ÕqÍÎ×@ÈŸÐ��

®¢þ
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G=Gpr [G; G]
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ƒ�ÈŸÇ

N � G
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~cÙ@Ë/Ñ.Õ$€

N
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jSj = dim Fp H 1(N )G :
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ÍÎÇ³ï�å.ÈŸÔ êuÐ.ÑYÈ�šÚÑ*ÛYÌ@ï�åYÍ ìqÛ*Üa×^~�Ñ*Ç³È=ÜgÕNÙ@×yÕqÍÎÍ³È�z�Í³ÈŸÔ�ÈŸÐ¢×@È
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jRj = dim Fp H 2(G):
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á�ÇÎÌyÖ9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐÒÑ*Ç³ÈÝø?äYÐ*Üaö+„�ÈŸÌ3Ô�Èdöuƒ�Èn ±Û.ÈŸÐYò�ÕqÛ.Ùªƒ*Õq×3òØûR¨*é©¨*éÃ»†ÿ

0 ! H 1(G) ! H 1(F ) ! H 1(R)G ! H 2(G) ! H 2(F ):

Æ�Õ Ð�ÕNï�åôßkÁ	ƒ±áãâ+~,“�Ì@ËNÓ9Ë†Ù3ÇÎ×3Ç³ËNÐ�­*éjþ*é©…:~

H 2(F ) = 0
Ï†ÇÎÍÎ×^~�ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌ
òvÛ.Ù�ÕqÔ"Ô�ÈŸÐ Ô"ÇÎ×ªƒ*Õq×3òØûR¨*éK‡†é ®±ÿ

0 = dim Fp H 1(G) � dim Fp H 1(F ) + dim Fp H 1(R)G � dim Fp H 2(G)

= d(G) � jSj + jRj � dim Fp H 2(G):
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RF 0=F0 ÈŸÐ¢×uëlÈvÑYÈŸÌ�×3Ì3ÇÎÉ�Ç ÕqÍ!Ë�ÑYÈŸÌ

ëyÇÎÌ@Ñ É�ËNÐÊÈŸÇÎÐ.ÈŸÔ¬z�Í³ÈŸÔ�ÈŸÐ±×/ÕqÍ³ÙY|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9ÈÝÉ�ËNÐ

F=F0 = F ab ÈŸÌ3ò{ÈŸÛYÏ†×{é�Æ/Ç³È�ƒ�Èn ¢Û.ÈŸÐYò

1 ! RF 0=F0 ! F ab ! Gab ! 1

Ç³Ù@×�È�š.Õ${�×^~*ÛYÐ.ÑÚÕqÍÎÍ³È=É�ËNÌd{�ËNÔ"Ô�ÈŸÐ.ÑYÈŸÐ õ/Ì3ÛYÓYÓ9ÈŸÐ Ù3ÇÎÐ.Ñ
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öˆùàË�Ñ*ÛYÍÎÐ�~*ëlËNÖ9ÈŸÇ

r kZp F ab = jSj
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r kZp Gab � jSj � 1
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0 ! (pGab)_ ! H 2(G; Z=pZ) ! pH 2(G; Qp=Zp) ! 0
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r (G) = dim Fp pGab + dim Fp pH 2(G; Qp=Zp):

A

�CB•�

Þ

ä[�

á�ÇÎÌyÏ�ÈŸå.ÈŸÐàÕqÛ.ÙIÉ�ËNÐ ÑYÈŸÌIÈ�š.Õ${±×@ÈŸÐXƒ�Èn ±Û.ÈŸÐYò

0 !
1
p

Z=Z ! Qp=Zp
p

�! Qp=Zp ! 0:

Æ/Ç³ÈvÙ@ÈŸÌAËNÌ@Ñ*Ð.ÈŸÐ ëyÇÎÌIÑ*Ç³È=Í ÕqÐYÏ�ÈÝÈ�š.Õ${±×@È�ƒ�Èn ¢Û.ÈŸÐYò

H 1(G; Qp=Zp)
p

�! H 1(G; Qp=Zp) ! H 2(G; Z=pZ) ! H 2(G; Qp=Zp)
p

�! H 2(G; Qp=Zp)

òvÛQé�ÆAÇ³È�ƒ�Èn ±Û.ÈŸÐYò

0 ! pGab ! Gab p
�! Gab

Ç³Ù@×
È�šYÕ${�×^~YëlËNÌ�ÕqÛ.ÙIëyÇÎÌIÑ*ÛYÌ@ï@åàÆAÛ�ÕqÍÎÇ³Ù@Ç³ÈŸÌ3ÛYÐYÏØÑ*Ç³È�ÈŸÖ9ÈŸÐ*ÜgÕqÍÎÍ³ÙAÈ�šYÕ${�×@È�ƒ�Èn ¢Û.ÈŸÐYò

H 1(G; Qp=Zp)
p

�! H 1(G; Qp=Zp) ! H 1(pGab; Qp=Zp) ! 0



ÈŸÌ3å�ÕqÍÎ×@ÈŸÐQé�Æ=ÈvÙ3å�ÕqÍÎÖS{[™NÐYÐ.ÈŸÐ ëyÇÎÌIÙ�ï@åYÍÎÇ³È/€�ÈŸÐ�~�Ñ.Õ$€

0 ! H 1(pGab; Qp=Zp) ! H 2(G; Z=pZ) ! pH 2(G; Qp=Zp) ! 0

È�š.Õ${�×yÇ³Ù3×{éYáúÈŸÏ�ÈŸÐ

H 1(pGab; Qp=Zp) = H om(pGab; Qp=Zp) = (pGab)_

ÈŸÌ3Ï†ÇÎÖY×AÙ3Ç³ï@åÊÑYÈŸÌªƒ*Õq×3ò�é
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Æ/ÈŸÌ
ÜoËNÍÎÏ�ÈŸÐ.ÑYÈ•ƒ*Õq×3ò“Ç³Ù3×
ÈŸÇÎÐ ÞIÐ�ÕqÍ³ËNÏ�ËNÐÊòvÛYÌ³›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏØÈŸÇÎÐ.ÈvÙ
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ÈŸÇÎÐ.ÈŸÐ ÜaÌ@ÈŸÇ³ÈŸÐ ÛYÐ.ÑÊÈŸÇÎÐ.ÈŸÐ•„�ËNÌ@Ù3Ç³ËNÐ.Ù@×@ÈŸÇÎÍ•é
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d(G) = dim Fp (G=�( G)) = r kZp (Gab) + dim Fp (pGab):
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d(Gab) = d(G)
Ñ*äYÌ,ÜgÈŸÐôëyÇÎÌ

G
ÕqÍ³ÙWÕqÖ9ÈŸÍ³Ù@ï�åôÉ�ËNÌ�ÕqÛ.Ù@Ù@ÈŸ×3ò{ÈŸÐQé?Æ�ÕqÐYÐôÇ³Ù3×

G
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r
—IËNÓYÇ³ÈŸÐ6É�ËNÐ

Zp
ÛYÐ.Ñ

s = d(G) � r
õ/Ì3ÛYÓYÓ9ÈŸÐ6ÑYÈŸÌ�ø�ËNÌ3Ô
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é*Æ�ÕqÖ!ÈŸÇ!Ç³Ù3×

r
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G
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Zp
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pZp = 0
Ï†ÇÎÍÎ×

pG = p(
Q

Z=pei Z)
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Fp
öˆÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐèÜgËNÍÎÏ†×

Ð±ÛYÐ

dim Fp (pG) = s
é
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Ç³Ù3×
ÈŸÇÎÐ.È“õ/Ì3ÛYÓYÓ9È

G
òvÛ.Ù�ÕqÔ"Ô�ÈŸÐ Ô"ÇÎ×AÈŸÇÎÐ.ÈŸÌIÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

! : G ! N [ f1g ;

Ù�Ë"Ñ.Õ$€"ÜaäYÌIÕqÍÎÍ³È

x; y 2 G

! (xy � 1) � min (! (x); ! (y))
Ï†ÇÎÍÎ×{é�Æ/È�˜.ÐYÇ³ÈŸÌ@ÈŸÐàëyÇÎÌ�ÜaäYÌ›ý,ÈvÑYÈvÙ

n 2 N
Ñ*Ç³ÈÝùÒÈŸÐYÏ�È

Gn := f x 2 Gj ! (x) � ng;

Ù�Ë"ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌIÈŸÇÎÐ.ÈÝÕqÖ.Ù3×@ÈŸÇÎÏ�ÈŸÐ.ÑYÈ•—�ÈŸ×3×@È�É�ËNÐ•|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9ÈŸÐÊÉ�ËNÐ

G
é

|IÔ"Ï�È/{�ÈŸåYÌ3×/ÑYÈ�˜.ÐYÇ³ÈŸÌ3×IÈŸÇÎÐ.ÈÝÙ@ËNÍ³ï�å.È�—�ÈŸ×3×@È“ÕqÛ.ï�åÊÈŸÇÎÐ.ÈÝø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏŠÉ�Ç Õ

! (x) := maxf nj x 2 Gn g:

êˆÐúßk‚-ò{âQëyÇÎÌ@Ñ6É�ËNÐÊÈŸÇÎÐ.ÈŸÌIø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏŠòvÛ.ÙŒìq×3òvÍÎÇ³ï@åÊÏ�ÈdÜgËNÌ@ÑYÈŸÌ3×^~.Ñ.Õ$€

! ([x; y]) � ! (x) + ! (y)

ÜoäYÌIÕqÍÎÍ³È

x; y 2 G
Ï†ÇÎÍÎ×^~Yë�ÕNÙ
Ï†Í³ÈŸÇ³ï�å¢Ö9ÈvÑYÈŸÛY×@ÈŸÐ.ÑÊÇ³Ù3×yÔ"ÇÎ×

[Gn ; Gm ] � Gn+ m :

áçÇÎÌ
Ð.ÈŸÐYÐ.ÈŸÐÊÈŸÇÎÐ.È“Ù@ËNÍ³ï@å.ÈÝø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏ

6�����J=)d!
%

é

á�ÇÎÌlå�ÕqÍÎ×@ÈŸÐŠÐ.Ë�ï@åØÜoÈvÙ3×^~¢Ñ.Õ$€“ÇÎÐŠÑ*Ç³ÈvÙ@ÈŸÔ ø�ÕqÍÎÍ³È

Gn
ÜaäYÌlÕqÍÎÍ³È

n
ÈŸÇÎÐ Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌlÉ�ËNÐ

G
Ç³Ù@×^~†ÛYÐ.Ñ�òvÛ.Ù�ìq×3òŸö

ÍÎÇ³ï�å

Gn=Gn+1
ÇÎÔè›!ÈŸÐ¢×3Ì3ÛYÔ É�ËNÐ

G=Gn+1
ÍÎÇ³ÈŸÏ†×{é9Æ/ÈvÙ/ë�ÈŸÇÎ×@ÈŸÌ@ÈŸÐúÙ3ÇÎÐ.ÑèÙ3Û,{±ò{ÈvÙ�Ù3ÇÎÉ�È�ÈAÛ.ËN×3Ç³ÈŸÐ±×@ÈŸÐúò{ÈŸÐ¢×3Ì�ÕqÍ³ÈŸÌ

ø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏ�ÈŸÐèÕqÖ!ÈŸÍ³Ù@ï�åQé
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êuÐ�Ñ*Ç³ÈvÙ@ÈŸÔ�ÞAÖ.Ù@ï�åYÐYÇÎ×3×�ÜoËNÍÎÏ�ÈŸÐŠëyÇÎÌ�ëlÈŸÇÎ×3Ï�ÈŸå.ÈŸÐ.ÑÒßk—/ö€õAâˆéBƒ�ÈŸÇ

G
ÈŸÇÎÐ.È?“�Ì@Ëqö

p
ö€õ/Ì3ÛYÓYÓ!È†é¢á�ÇÎÌ�ÔH™�ï@å±×@ÈŸÐŠÛYÐ.Ù›ÈŸÇÎÐ.È

ø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏÚÉ�ËNÐ

G
Ö9ÈvÙ@ï@å�ÕF¦-ÈŸÐQé�Æ�ÕqòvÛX{�ËNÐ.Ù3×3Ì3ÛYÇ³ÈŸÌ@ÈŸÐèëyÇÎÌIòvÛYÐ�ìNï�å.Ù3×�ÈŸÇÎÐ.È•|AÔ"Ï�ÈŸÖYÛYÐYÏ�Ù3Ö�ÕNÙ3Ç³Ù=ÑYÈŸÌ

0
ÇÎÐàÑYÈŸÌ

õ=Ì3ÛYÓYÓ!ÈŸÐ�ÕqÍÎÏ�ÈŸÖYÌ�Õ*é-í/Ç³ÈŸÍ³È�ÞIÛ.Ù@ÙŒÕqÏ�ÈŸÐÒäYÖ9ÈŸÌÝõ/Ì3ÛYÓYÓ!ÈŸÐ:˜.ÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏ�ÈŸÐÂ{[™NÐYÐ.ÈŸÐèëyÇÎÌ=Ñ.ÕqÐYÐèÇÎÐ ÑYÈŸÌ“õ/Ì3ÛYÓYÓ9ÈŸÐ�ÕqÍ ö

Ï�ÈŸÖYÌ�Õ"Ö!ÈŸå�ÕqÐ.ÑYÈŸÍÎÐQé

á�ÇÎÌIÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÒÑ*Ç³È�ûaÉ�ÈŸÌ3É�ËNÍÎÍ³Ù3×�ìqÐ.Ñ*ÇÎÏ†×@È&ÿ/õ/Ì3ÛYÓYÓ!ÈŸÐ�ÕqÍÎÏ�ÈŸÖYÌ�ÕŠÑ*ÛYÌ@ï@å

Fp[[G]] = lim � Fp[G=N ];

ë�ËNÖ!ÈŸÇ�ÑYÈŸÌ=ÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈŽ‚-ÇÎÔ�ÈvÙ=äYÖ9ÈŸÌ/Ñ*Ç³È Ë$¦-ÈŸÐ.ÈŸÐ@ÁAËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌ=É�ËNÐ

G
Ï�ÈŸÖYÇÎÍ³ÑYÈŸ×/ëyÇÎÌ@Ñ-é9êuÐàÇÎåYÌ=å�ÕqÖ9ÈŸÐàëyÇÎÌ

Ñ.ÕNÙIêuÑYÈ{ÕqÍ

I (G) = (g � 1j g 2 G):
ø�ÈŸÌ3Ð.ÈŸÌAÙ@ÈŸ×3ò{ÈŸÐ6ëyÇÎÌ

I n (G) := (I (G))n :
ÁAÛYÐ å�ÕqÖ9ÈŸÐ6ëyÇÎÌIÑYÈŸÐ6ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐXƒ*Õq×3òØûaÉ�Ï†Í•é-ßk—/ö€õ/â+~�ƒ*Õq×3ò�»�é©…�ÿdé
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I n (G)
���5�0�

‘"47A��^O�UT�BA$I^Od!$I.��IŽ8B��)

0
�5�

Fp[[G]] o

á�ÇÎÌIÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐÒÑ*Ç³È

�"!$IcI^���,#T!GU�I�Z=Ës��%MJ=)��R��)�UT�BA

Ñ*ÛYÌ@ï�å

G(n) := f g 2 Gj g � 1 2 I n (G)g:
ø•äYÌAÑ.ÕNÙDƒ±×3Û.Ñ*ÇÎÛYÔ ÇÎåYÌ@ÈŸÌ–z›ÇÎÏ�ÈŸÐ.Ù@ï@å�ÕcÜo×@ÈŸÐÊÖ9ÈŸëlÈŸÇ³Ù@ÈŸÐÊëyÇÎÌ
òvÛYÐ�ìNï@å.Ù3×AÑ.ÕNÙyÜgËNÍÎÏ�ÈŸÐ.ÑYÈ7‚QÈŸÔ"ÔŠÕ*é

�Qˆ•�=���=�����

ö

�B�Â�hâ��HÇu!

È

ËsNT)�!
%5%K�

g; h 2 G
A
�5%MJ+Ê

[g; h] � 1 = (gh � 1)(g� 1h� 1 � 1) + (gh � 1) + (g� 1h� 1 � 1)

ÇlO

È

ËtNT)•!
%5%É�

g 2 G(n)
UB�08g!G%�%É�

h 2 G(m)
A
�5%MJ+Ê

gh � 1 � g � 1 + h � 1 (
4HE^8
UT%ME

I n+ m (G)) :

Çu<

È

[G(n) ; G(m) ] � G(n+ m) o

ÇÆ8

È

ËtNT)•!
%5%É�

g 2 G(n)
A
�5%;J+Ê

gpk
2 G(pk n) :

A

�CB•�

Þ

ä[�

ûgÕ�ÿ�Ì@Èvï@åYÐ.ÈŸ×AÔŠÕqÐ ÛYÐYÔ"ÇÎ×3×@ÈŸÍÎÖ�ÕqÌ/ÕqÛ.Ù{éYø?äYÌWûaÖ�ÿlÖ9ÈŸÌ@Èvï@åYÐ.ÈŸÐàëyÇÎÌ

gh � 1 = (g � 1)(h � 1) + g � 1 + h � 1 � g � 1 + h � 1 (
Ô�Ë�Ñ*ÛYÍ³Ë

I n+ m (G)) :
ø?äYÌWûoï&ÿlÌ@Èvï�åYÐ.ÈŸÐÊëyÇÎÌ
Ô�Ë�Ñ*ÛYÍ³Ë

I n+ m (G)
�

[g; h] � 1 = (gh � 1)(g� 1h� 1 � 1) + (gh � 1) + (g� 1h� 1 � 1)

� ((g � 1) + (h � 1))(( g� 1 � 1) + (h� 1 � 1)) + g � 1 + h � 1 + g� 1 � 1 + h� 1 � 1

� (g � 1)(g� 1 � 1) + (h � 1)(h� 1 � 1) + g � 1 + h � 1 + g� 1 � 1 + h� 1 � 1

= 0

Fp[[G]]
å�Õq×=ülå�ÕqÌ�Õ${±×@ÈŸÌ3Ç³Ù3×3ÇK{

p
~YÑ.Õqå.ÈŸÌIÇ³Ù3×

gpk
� 1 = (g � 1)pk

ÈŸÇÎÐfz�Í³ÈŸÔ�ÈŸÐ¢×AÉ�ËNÐ

I pk n (G)
~Yë�ÈvÙ3å�ÕqÍÎÖ(ûoÑ�ÿlÏ†ÇÎÍÎ×{é

2
á�ÇÎÌIÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊÐ¢ÛYÐÊÑYÈŸÐ
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�/���0�ª6F����J=)d!
%K�ªËs�5%;J=)��R�/).UT�BA$-sUT�98g8
�V�

G(n)
O/��%K8����¥���5�0�•‘�47A��^O/UB�BA
InOd!$I��yIŽ8���)

1
CFE
�

G o

A

�CB•�

Þ

ä[�

Æ/Ç³È›ÈŸÌ@Ù3×@Èt£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ
ÜgËNÍÎÏ†×QÛYÐYÔ"ÇÎ×3×@ÈŸÍÎÖ�ÕqÌ�ÕqÛ.ÙQÑYÈŸÔ>É�ËNÌ�ÕqÛ.Ù@Ï�ÈŸå.ÈŸÐ.ÑYÈŸÐ�‚QÈŸÔ"ÔŠÕ*é
›�ÛYÌQòvëlÈŸÇÎ×@ÈŸÐ

Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐàëyÇÎÌ
Ñ*Ç³È“ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

� : G(n)=G(n+1) ! I n (G)=I n+1 (G); g 7! g � 1:
Æ/Ç³ÈvÙ@È
Ç³Ù3×žÈŸÇÎÐŠæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.ÙlÐ�ÕNï@åg„�ÈŸÇÎÍ0ûaÖ�ÿ0ÑYÈvÙs‚QÈŸÔ"ÔŠÕNÙ&é¢ø.ÈŸÌ3Ð.ÈŸÌlÇ³Ù3×

�
Ð�ÕNï@åØÆ=È�˜.ÐYÇÎ×3Ç³ËNÐØÉ�ËNÐ

G(n+1)
ÇÎÐNý3È/{�×3ÇÎÉ!éYÆ�Õqå.ÈŸÌ
Ç³Ù3×

G(n) =G(n+1)
ÈŸÐ.Ñ*ÍÎÇ³ï@å�~�ëlÈvÙ3å�ÕqÍÎÖ

G(n+1)
ÇÎÐ

G
Ë$¦9ÈŸÐ Ç³Ù@×{é

ƒ�ÈŸÇ-ÜoÈŸÌ3Ð.ÈŸÌ

U � G
ÈŸÇÎÐÊË$¦-ÈŸÐ.ÈŸÌ–Á/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌIÛYÐ.Ñ

 U : Fp[[G]] ! Fp[G=U]
Ñ*Ç³ÈWÐ�Õq×3äYÌ3ÍÎÇ³ï@å.ÈŽ“�Ì@Ëqý3È/{�×3Ç³ËNÐQé�Æ�Õ�ÑYÈŸÌ³—�ÈŸÌ3ÐàÉ�ËNÐ

 U
Ë$¦-ÈŸÐÊÇ³Ù3×^~�Ï†ÇÎÖY×AÈvÙ/ÈŸÇÎÐ.ÈŸÐÒêuÐ.ÑYÈ�š

n
~.Ù@ËŠÑ.Õ$€

I n (G)
ÇÎÔ

—�ÈŸÌ3ÐàÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐÊÇ³Ù@×{é.ø?äYÌIÕqÍÎÍ³È

g 2 G(n)
å�ÕqÖ9ÈŸÐ ëyÇÎÌAÕqÍ³Ù@Ë"Ñ*Ç³ÈWõ=Í³ÈŸÇ³ï@åYå.ÈŸÇÎ×

 U (g � 1) = 0 =  U (g) � 1:
Æ�Õqå.ÈŸÌ
Ç³Ù@×

G(n)
ÇÎÐ

U
ÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ�~�ÛYÐ.Ñ Ñ*Ç³È

G(n)
Ù3×@ÈŸÇÎÏ�ÈŸÐ6òvÛYÌ

1
ÕqÖQé

2
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áçÇÎÌAÑYÈ�˜.ÐYÇ³ÈŸÌ@ÈŸÐèÇÎÔ ø.ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐÒÜaäYÌ/ÈŸÇÎÐ.È•“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!È

G
ÈŸÇÎÐ.ÈÝëlÈŸÇÎ×@ÈŸÌ@È�ò{ÈŸÐ±×3Ì�ÕqÍ³È�ø?ÇÎÍÎ×3Ì3Ç³ÈŸÌ3ÛYÐYÏP~9Ñ*Ç³ÈÝÏ¢ÕqÐYò

ÈŸÐ±×@Ù@ï@å.ÈŸÇ³ÑYÈŸÐ.ÑYÈWí›ÈŸÌ3ëlÈŸÐ.Ñ*ÛYÐYÏ ˜.Ð.ÑYÈŸÐ ëyÇÎÌ@Ñ-é

ƒ�ÈŸÇžòvÛYÐ�ìNï@å.Ù@×�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ

q
ÈŸÇÎÐ.È

p
ö+“•ËN×@ÈŸÐYòÚË�ÑYÈŸÌ

0
éQÆ/Ç³È

!�O.I/J+���MAB���98��

q
Z+������J=)d!
%')Q����#:�

ëyÇÎÌ@ÑúÇÎÐ.Ñ*Û,{�×3ÇÎÉ

ÑYÈ�˜.ÐYÇ³ÈŸÌ3×/Ñ*ÛYÌ@ï@å

G(1;q) := G
ÛYÐ.Ñ

G(n+1 ;q) := (G(n;q) )q[G(n;q) ; G]:
�Qˆ•�=���=�TÅ•�KJ�â:�^å,�Ž�•���
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K � G
�/���0�•!�ORAB�.I/<�#B%ME$I.In������‘��9J+��)=AG).U�*[*,�

oõl

��)ªI^�/Jy6��/�X�5�98
UB&FJ=�5C

K (1) := K
UT�98

K (n+1) := (K (n))q[K (n) ; G]:
¿

!
���\A
�5%MJP”�NB)•!G%�%É�

n 2 N
K (n) � G(n) ;

L

E�OQ���

G(n)
8
�V�

n
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K (n)
UB�98g8[!
4Ž�=Jx!
U,<�#f8
�V�

G(n;q) �Q<�#BJt6/UT)

1
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q = ps ���5�0�

p
Z=1?E[J+���T6

o

¿

!
�P�X��I�J

G(n;q) � G
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G(n;q) O/��%K8����h!
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ûgÕ�ÿ�êˆÔi‚�ÈŸÔ"ÔŠÕ ûR¨*éK‡†éK‡G‡&ÿ�å�ÕqÖ9ÈŸÐ ëyÇÎÌyÏ�ÈvÙ@ÈŸå.ÈŸÐ�~.Ñ.Õ$€

(G(n) )
q � G(nq)

ÛYÐ.Ñ

[G(n) ; G] � G(n+1)
Ï†ÇÎÍÎ×{é�á�ÇÎÌIò{ÈŸÇÎÏ�ÈŸÐàÑ*Ç³È7£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ�Ð¢ÛYÐÊÇÎÐ.Ñ*Û,{�×3ÇÎÉ9é�ø?äYÌ

n = 1
Ç³Ù3×IÙ3Ç³È	{�Í ÕqÌ{é.Æ=ÈŸÌIêuÐ.Ñ*Û,{±×3Ç³ËNÐ.Ù�Ù@ï@åYÌ3ÇÎ×3×AÜoËNÍÎÏ†×

ÕqÛ.Ù

K (n+1) = (K (n))q[K (n) ; G] � (G(n) )q[G(n) ; G] � G(nq)G(n+1) � G(n+1) :
Æ/Ç³ÈvÙ�Ï†ÇÎÍÎ×lÜaäYÌ

q = ps é�Æ/ÈŸÌ2£�ÈŸëlÈŸÇ³ÙlÜoäYÌ

q = 0
ÈŸÌ3Ï†ÇÎÖY×�Ù3Ç³ï@å6ÕqÛ.Ù�Ï†Í³ÈŸÇ³ï@å.ÈŸÌyðIÈvï�åYÐ¢ÛYÐYÏ"Ñ*ÛYÌ@ï@åÚáúÈŸÏ†Í ÕNÙ@Ù�ÈŸÐÚÕqÍÎÍ³ÈŸÌ

„•ÈŸÌ3Ô�ÈG~.ÇÎÐÊÑYÈŸÐ.ÈŸÐàÈŸÇÎÐ

q
ÕqÛ*Üo×3Ì3ÇÎ×3×{é

ûaÖ�ÿ›áçÇÎÌ�Ö!ÈŸÐ±ÛY×3ò{ÈŸÐ6ëyÇ³ÈvÑYÈŸÌ3ÛYÔîêˆÐ.Ñ*Û,{�×3Ç³ËNÐÚÐ�ÕNï@å

n
é±Æ=ÈŸÌ�êˆÐ.Ñ*Û,{�×3Ç³ËNÐ.Ù�ÕqÐ*Ü•ÕqÐYÏ"Ç³Ù3×x{�Í ÕqÌ{é�ø•äYÌyÑYÈŸÐSƒ�ï@åYÌ3ÇÎ×3×

Ù�ÈŸ×3ò{ÈŸÐ ëyÇÎÌ
òvÛYÐ�ìNï@å.Ù@×

H := G(n;q) éYÆ�ÕqÐYÐ Ç³Ù@×

H
ÕqÍ³Ù
Ë$¦-ÈŸÐ.È7|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9ÈÝÐ�ÕNï�åf‚QÈŸÔ"ÔŠÕàûR¨*éK‡†é©¨�ÿ�ÈŸÐ.Ñ*ÍÎÇ³ï@å

ÈŸÌ3ò{ÈŸÛYÏ†×^~�ÛYÐ.Ñ
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È
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È
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 B )+ = (A+ 
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È
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 B ) � = (A � 
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Æ=ÕNÙ
Ì@Èvï@åYÐ.ÈŸ×IÔŠÕqÐÊÛYÐYÔ"ÇÎ×3×@ÈŸÍÎÖ�ÕqÌIÐ�ÕNï@åQé
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C = A1 � � � � � Ad+ � B1 � � � � � Bd� ;

L

EBOQ���

A i = A+
i

-

B j = B �
j

-

jA i j = jB j j = p
-

d+ = dim Fp C+ UT�98

d� = dim Fp C � A���%MJ+���

o
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�CB•�

Þ

ä[�

Á/ÕNï�åçÑYÈŸÔÕƒ*Õq×3òÊÉ�ËNÐçùÒÕNÙ@ï�å,{�È Ç³Ù3×

Fp[< � > ]
å�ÕqÍÎÖ!ÈŸÇÎÐ*Ü•ÕNï@å�~�Ñ.Õ

2 6= p
É�ËNÌ�ÕqÛ.Ù@Ï�ÈvÙ@ÈŸ×3òv×

Ç³Ù@×{é•Æ�Õqå.ÈŸÌ Ç³Ù3×"ÕqÛ.ï@åèý3ÈvÑYÈŸÌ

Fp[< � > ]
öˆùàË�Ñ*ÛYÍlå�ÕqÍÎÖ9ÈŸÇÎÐ*Ü•ÕNï@å�~0ëlÈvÙ@å�ÕqÍÎÖ

C
ÇÎÐ÷ÈŸÇÎÐ.ÈÚÑ*ÇÎÌ@È/{±×@ÈSƒ±ÛYÔ"Ô�È�É�ËNÐ

ÇÎÌ3Ì@ÈvÑ*ÛYòvÇÎÖYÍ³ÈŸÐÒùàË�Ñ*ÛYÍÎÐ ò{ÈŸÌ,Ü•ìqÍÎÍÎ×^~�ÕqÛ*Ü�ÑYÈŸÐ.ÈŸÐ

�
ÈŸÐ¢×uëlÈvÑYÈŸÌ�ÕqÍ³Ù
êˆÐ±É�ÈŸÌ@Ù3Ç³ËNÐÊË�ÑYÈŸÌIÕqÍ³ÙIê€ÑYÈŸÐ¢×3ÇÎ×�ìq×IËNÓ9ÈŸÌ3Ç³ÈŸÌ3×{é

á ìqÌ@È
Ñ*Ç³È–z�Í³ÈŸÔ�ÈŸÐ¢×3ò&ÕqåYÍ9ÈŸÇÎÐ.ÈvÙ�ÇÎÌ3Ì@ÈvÑ*ÛYòvÇÎÖYÍ³ÈŸÐ

Fp[< � > ]
öˆùàË�Ñ*ÛYÍ³Ù�Ï†ÌQ™
€�ÈŸÌlÕqÍ³Ù

p
~†Ù@Ë=ò{ÈŸÌl˜�ÈŸÍ³ÈIÈŸÌ›òvÛYÐ�ìNï�å.Ù3×

ÕqÍ³ÙWÕqÖ!ÈŸÍ³Ù@ï�å.È�õ/Ì3ÛYÓYÓ9È ÇÎÐôÑ*Ç³È"Ñ*ÇÎÌ@È/{�×@È ƒ±ÛYÔ"Ô�È�É�ËNÐ òvÛ

Z=pZ
Ç³Ù@ËNÔ�ËNÌ3ÓYå.ÈŸÐ(õ/Ì3ÛYÓYÓ9ÈŸÐQéQÞAÛ*Ü�Ñ*Ç³ÈvÙ�ÈŸÐh{NÕqÐYÐ

ÔŠÕqÐÒÕqÖ!ÈŸÌIÑ*Ç³È

�
öˆÞD{±×3Ç³ËNÐàÙ@Ë"ÈŸÇÎÐYÌ3Ç³ï@å±×@ÈŸÐ�~�Ñ.Õ$€ŠÑ*Ç³È�Ñ*ÇÎÌ@È/{�×@È•ƒ±ÛYÔ"Ô�È

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×AÇ³Ù@×{é

2

}d�h}��h}���¶-Š‹$z64,/ŒÆ&�6sŒ…&€•! 8Œ<ó/,/3sŸd$z64,<Œ #!Ÿ…û�ƒ…&�Œ•*-,<.…,/12,/3 ,�5/64&�5�•CŸ…•‰•�&�Œ

ƒ�ÈŸÇ

G
ÈŸÇÎÐ.ÈÝÓYÌ@Ë�ÈŸÐ.Ñ*ÍÎÇ³ï@å.È õ/Ì3ÛYÓYÓ!ÈÝÛYÐ.Ñ

A
ÈŸÇÎÐàÑ*Ç³Ùd{�Ì@ÈŸ×@ÈŸÌ

G
öˆùÒË±Ñ*ÛYÍ•éYáúÈŸÇÎ×@ÈŸÌ/Ù@ÈŸÇQÈŸÇÎÐ.È“ÈŸÐ.Ñ*ÍÎÇ³ï�å.È�õ/Ì3ÛYÓYÓ9È

�
Ï�ÈŸÏ�ÈŸÖ9ÈŸÐ�~.Ñ*Ç³È“ÕqÛ*Ü

G
ÛYÐ.ÑÊÕqÛ*Ü

A
ÑYÈŸÌ�ÕqÌ3×IËNÓ!ÈŸÌ3Ç³ÈŸÌ3×^~�Ñ.Õ$€"ÜaäYÌIÕqÍÎÍ³È

� 2 �
Ñ*Ç³ÈÝæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�ÈŸÐ

� � : G ! G; g 7! � � 1g
ÛYÐ.Ñ

� � : A ! A; a 7! � a
ÈŸÇÎÐÊÉ�ÈŸÌ3×3Ì�ìqÏ†ÍÎÇ³ï@å.ÈvÙ³“?Õ†ÕqÌAÇÎÔ ƒ±ÇÎÐYÐ.ÈÝÑYÈŸÌY£�ÈŸÔ�ÈŸÌd{±ÛYÐYÏèûl‡†éK‡†é ®±ÿ�ÖYÇÎÍ³ÑYÈŸÐQé.Æ�ÕNÙyå.ÈŸÇK€†×^~.Ñ.Õ$€

� � (� � (g):a) = g:� � (a)
ÖYòvëÝé

� :
�
(� � 1g):a

�
= g:(� :a)

ûl‡&ÿ

ÜoäYÌWÕqÍÎÍ³È

a 2 A
ÛYÐ.ÑÃÕqÍÎÍ³È

g 2 G
Ï†ÇÎÍÎ×{é•Æ�Õqå.ÈŸÌ“ÑYÈ�˜.ÐYÇ³ÈŸÌ3×�Ñ*Ç³ÈŠø.ÈvÙ3×3Í³ÈŸÏ†ÛYÐYÏÒÕqÛ*Ü
ÑYÈŸÐ¥—AË
{�ÈŸ×3×@ÈŸÐÃÉ�ËNÐ

G
Ô"ÇÎ×

áúÈŸÌ3×@ÈŸÐàÇÎÐ

A
(� f )(g1j : : : jgn ) := � f (� � 1g1j : : : j� � 1gn )

ÈŸÇÎÐ.ÈŸÐèæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

H n (G; A) ! H n (G; A)
é9êˆÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈŸÌ@È“Ç³Ù3×AÑYÈŸÌ/ðAÕqÐ.ÑYËNÓ9ÈŸÌ�Õq×@ËNÌ

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×^~

Ñ-é.åQéYÑ.Õ$€"ÜaäYÌIÕqÍÎÍ³È

n
ö+—AË
{�ÈŸ×3×@ÈŸÐ

f : Gn ! A
Ï†ÇÎÍÎ×

@(� f ) = � (@f ):
ÞAÛ.ÙDƒ*Õq×3òØûl‡†éK‡†éjþ�ÿyÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌ^~.Ñ.Õ$€"í›ÈŸÌ3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�ÈŸÐ

�
ö•ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×AÙ@ÇÎÐ.Ñ•~YÑ-é åQé

� (� f ) = � (� f ):
ÞAÛ*Ü?ÑYÈŸÐv—AË
{�ÈŸ×3×@ÈŸÐÊÙ3Ç³ÈŸå¢×yÔŠÕqÐ Ù�ËqÜoËNÌ3×^~*Ñ.Õ$€"ëyÇÎÌ
ÕqÛ*Ü?Ñ*Ç³ÈvÙ@È/áúÈŸÇ³Ù@È�ÈŸÇÎÐ.È

�
öˆÞD{�×3Ç³ËNÐ6ÕqÛ*Ü0ÑYÈŸÐv—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Èdö

Ï†Ì3ÛYÓYÓ9ÈŸÐ

H n (G; A)
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐQé

á�ÇÎÌ
ë�ÈŸÌ@ÑYÈŸÐÊÛYÐ.ÙyÇÎÔîø�ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐÊÇÎÐÊÈŸÇÎÐ.ÈŸÌIÑYÈŸÌIÖ!ÈŸÇ³ÑYÈŸÐfƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ.ÈŸÐèÑYÈvÙyÐ�ìNï@å.Ù@×@ÈŸÐXƒ*Õq×3ò{ÈvÙ
Ö9È�˜.Ð.ÑYÈŸÐQé

�Qˆ•�yˆ��ÉÅ��KJ•â:�^å,�}Çu!
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���5�0�}*0)lE��/�98:%;�=<�#,�ŒW2)�U^*[*P�X4Ž�5J_El•D������4�?7E
)�4H!
%;J+�/��%É��)

G � F
-�UB�08

A
In�/�Ž���5�ð8
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F
ZV>XE^8GUB%
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�,-s8[!Qa¢8
�V�7)Q�.I�UB%MJ=�R�/)d���08��H�d][!
&FJ+�����>=/UP���T6

1 ! G ! F ��! � ! 1
6���)5”/’G%�%MJ5-s8

o

#

o
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4HE
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�ROnJ
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UT�98g!
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� :a := ' (� ):a o

Ë���)��0��)g�/)c#T!G%;J+���

L

�5) �������_CFEG�j8��/)

l

!
#�%s8��.IŽ�0<�#B�P�5JRJ+��IŽUT�9!�O�#T’
�BA
�KA��ºY"*,��)d!GJ=�RE
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H n (G; A) o
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�CB•�
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ä[�

ûgÕ�ÿ�Æ/Ç³È“õ/äYÍÎ×3ÇÎÏG{�ÈŸÇÎ×IÉ�ËNÐôûl‡&ÿlÜgËNÍÎÏ†×IÑ*ÇÎÌ@È/{�×{é

ûaÖ�ÿ�Æ/Ç³ÈÝÈŸÌ@Ù3×@ÈŸÐ ÞAÛ.Ù@Ù�ÕqÏ�ÈŸÐ Ù3ÇÎÐ.Ñv{�Í ÕqÌ{éYÆ/Ç³ÈWõ/äYÍÎ×3ÇÎÏG{�ÈŸÇÎ×
É�ËNÐ(ûl‡&ÿ�Ù3Ç³ÈŸå¢×IÔŠÕqÐÊÕqÛ.Ù

g:(� :a) = g:(' (� ):a) = ' (� ):
�
(' (� � 1) g ' (� )) :a) = � :

�
(� � 1:g):a

�
:

Æ/Ç³È�Í³ÈŸ×3òv×@È"ÞAÛ.Ù@Ù�ÕqÏ�È“ÜoËNÍÎÏ†×�Ñ.ÕqÌ�ÕqÛ.Ù^~-Ñ.Õ$€

H i (G; �)
ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×“ÛYÐ¢×@ÈŸÌÝÑYÈŸÌ�Þ–{�×3Ç³ËNÐèÉ�ËNÐ

G
Ç³Ù3×�ûaÉ±Ï†Í•é0ßkÁ	ƒ±áãâ+~

“›Ì@ËNÓ!Ë†Ù3ÇÎ×3Ç³ËNÐr‡†é©°*é©¨�ÿ�~YÛYÐ.Ñ ý3È=òvëlÈŸÇ�ƒ�ï�åYÐYÇÎ×3×@È

';  : � ! F
Ù3×@ÈŸ×@Ù?{�ËNÐNý,ÛYÏ†Ç³ÈŸÌ3×IÙ3ÇÎÐ.Ñ-é

2
êˆÔ ø.ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐèÖ!ÈŸ×3Ì�ÕNï�å¢×@ÈŸÐèëyÇÎÌ³—AËNÐ.Ù@Èn ±Û.ÈŸÐYò{ÈŸÐÊÜoäYÌAÑ*Ç³È�ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÈŸÐÒòvëyÇ³Ù@ï�å.ÈŸÐèÑYÈŸÐX—IËNå.ËNÔ�ËNÍ³ËNÏ†Ç³Èdö

Ï†Ì3ÛYÓYÓ9ÈŸÐQéYáçÇÎÌIÙ@ÈŸ×3ò{ÈŸÐ Ù3×@ÈŸ×@Ù
É�ËNÌ�ÕqÛ.Ù^~.Ñ.Õ$€ŠÈŸÇÎÐ.È

�
öˆÞD{�×3Ç³ËNÐÊÕqÛ*Ü0ÑYÈŸÐ•—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ!ÈŸÐèÉ�ËNÌ3ÍÎÇ³ÈŸÏ†×{é



�Qˆ•�yˆ��Kó•�

ö

�B�¥�¥â��

p

I�J

� : G ! H
���5�

�
Z+�5�PCF!G).�R!
��J+��)…H7EG4_EG4_EG)V*�#B�yI�4�UBIc-•8���)24Ž�5J��/���0�/4

�
ZÆ����CF!
)��=!
��Z

J+�/�•H7EG4_EG4_EG)V*�#B�yI�4�UBI

� : B ! A
CFE
4

H
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UT%
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G
ZV>�E^8
UT%

A
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(�; � ) : H n (H ; B ) ! H n (G; A)
��OQ���^”n!
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�
ZÆ���PC$!
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A

�CB•�

Þ

ä[�

ƒ�ÈŸÇ

� 2 �
é*áúÈŸÏ�ÈŸÐ

�
 (� f )

��
g1j : : : jgr

�
= �

�
� f

�
� � 1(� (g1)) j : : : j� � 1(� (gr ))

� �

= � �
�

f
�
� (� � 1g1)j : : : j� (� � 1gr )

� �
=

�
�

�
 (f )

� � �
g1j : : : jgn

�
;

ë�ËNÖ!ÈŸÇ�ëyÇÎÌ
òvÛYÌIÞAÖ,{±äYÌ3òvÛYÐYÏ

 := (�; � )
Ï�ÈvÙ�ÈŸ×3òv×
å�ÕqÖ!ÈŸÐ�~�ÈŸÌ3Ï†ÇÎÖY×IÙ3Ç³ï@åàÑ*Ç³È7£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ.é

2
Æ=ÕNÙ_‚�ÈŸÔ"ÔŠÕ�{[™NÐYÐ.ÈŸÐóëyÇÎÌ ÇÎÐ.Ù3Ö!ÈvÙ�ËNÐ.ÑYÈŸÌ@È ÕqÛ*Ü/Ñ*Ç³ÈÚêˆÐ:Ï�Õq×3Ç³ËNÐóÛYÐ.ÑóÑ*Ç³ÈÚðAÈvÙ3×3Ì3ÇK{±×3Ç³ËNÐ ÕqÐ±ëlÈŸÐ.ÑYÈŸÐQész›ÇÎÐ.È

ÕqÐ�ÕqÍ³ËNÏ�ÈWÞIÛ.Ù�Ù�ÕqÏ�È=Ï†ÇÎÍÎ×�ÜaäYÌAÑ*Ç³È�æAËNÔ�ËNÍ³ËNÏ†Ç³ÈG~�Ù@Ë"Ñ.Õ$€ØÕqÛ.ï@åàÑ*Ç³È7—IËNÌ@ÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐ

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×IÇ³Ù3×{é

ÞIÛ.Ù=Ù@ÈŸÇÎÐ.ÈŸÌ=È�š�ÓYÍÎÇÎòvÇÎ×@ÈŸÐ@£�ÈvÙ@ï�åYÌ@ÈŸÇÎÖYÛYÐYÏôûaò�ék£/é�ÇÎÐ

[
ÁIö+—	—	„

]
~•ƒ!é0®�…�ÿ
ÈŸÌ@Ù@ÈŸå.ÈŸÐÒëyÇÎÌ^~9Ñ.Õ$€�ÑYÈŸÌª{†ÕqÐ.ËNÐYÇ³Ù@ï@å.È

ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

Gab �= Ĥ � 2(G; Z)
ÜoäYÌ
ÈŸÇÎÐ.ÈÝÈŸÐ.Ñ*ÍÎÇ³ï�å.È�õ/Ì3ÛYÓYÓ9È

G
ÈŸÖ9ÈŸÐ*ÜgÕqÍÎÍ³Ù

�
ö•ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×AÇ³Ù3×{é�õ/Í³ÈŸÇ³ï@å.ÈvÙIÏ†ÇÎÍÎ×yÜoäYÌ
Ñ*Ç³ÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È

AG=NGA �= Ĥ 0(G; A):

ÞIÛ.ÙAÑYÈŸÌ–£�ÈvÙ@ï@åYÌ@ÈŸÇÎÖYÛYÐYÏÚÑYÈvÙ/ülÛYÓ*ö+“�Ì@Ë�Ñ*Û,{�×@ÈvÙ=ÕqÛ*Ü›ÑYÈŸÐ•—AË
{�ÈŸ×3×@ÈŸÐ÷ûaò�é�£/é.ÇÎÐÃßkÁ	ƒ±áãâ+~YÓQé9­†þ�ÿ�Ù@ï@åYÍÎÇ³È/€�ÈŸÐ

ëyÇÎÌAÙ@ÈŸÇÎÐ.È

�
öˆêˆÐ±ÉNÕqÌ3Ç ÕqÐYò

� (a [ b) = (� a) [ (� b):
ÞAÛ*Ü�Ñ*Ç³ÈvÙ@ÈYƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ"ëyÇÎÌ@Ñ Ñ.ÕNÙ•ÜoËNÍÎÏ�ÈŸÐ.ÑYÈ2‚QÈŸÔ"ÔŠÕ:~†ÑYÈvÙ�Ù@ÈŸÐ_£�ÈŸë�ÈŸÇ³Ù�Ù3Ç³ï@å"Ù@ËqÜgËNÌ3×0Ñ*ÛYÌ@ï@åHÁ=ÕNï@åYÌ@Èvï@åYÐ.ÈŸÐØÈŸÌ3Ï†ÇÎÖY×^~

ÞAÐ¢ë�ÈŸÐ.Ñ*ÛYÐYÏ}˜.Ð.ÑYÈŸÐQé

�Qˆ•�yˆ��yô0�

ö

�B�¥�¥â��Ž�����

[ : A � B ! C
���5�0�
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B
�/���0�³6/w$&�%;��I/<�#:�ª13)dE
Z

p
Z.W2)�U^*�*,�3”�NB)

p 6= 2
-38�!
�P�vA���%MJ+���

H 2(A; Z=pZ) = H 2(A; Z=pZ)+ UT�98

H 2(B ; Z=pZ) = H 2(B ; Z=pZ) � :
A

�CB•�

Þ

ä[�

ûgÕ�ÿ�ÛYÐ.ÑôûaÖ�ÿlÛYÐ.Ñ Ñ*Ç³ÈÝÈŸÌ@Ù@×@È�ÞIÛ.Ù@ÙŒÕqÏ�È=É�ËNÐÃûoï&ÿ�Ù3ÇÎÐ.Ñ\{�Í ÕqÌ{é

ø•äYÌyûoï&ÿ9Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐ"ëyÇÎÌ•Ñ.ÕNÙ�z�Ð.ÑYÈ�ÑYÈŸÌ•ø?äYÐ*Üaö+„�ÈŸÌ3Ô�Èdöuƒ�Èn ±Û.ÈŸÐYòIÕqÛ.Ù¯ƒ*Õq×3ò�ûR¨*é©¨*éÃ»†ÿ-ÖYòvÏ†Í•éqÑYÈŸÌ0Æ=ÕqÌ@Ù@×@ÈŸÍÎÍÎÛYÐYÏ

1 ! R ! Zp ! B ! 1
�

H 1(R; Z=pZ)B ¥

¦

�! H 2(B ; Z=pZ) ¸kµ–^� ! H 2(Zp; Z=pZ):
áçÇÎÌ�Ù@ÈŸ×3ò{ÈŸÐèÑ*Ç³È�ÞD{�×3Ç³ËNÐàÉ�ËNÐ

�
ÕqÛ*Ü

Zp
ÜoËNÌ3×^~9Ñ-é åQé

Zp = (Zp)� é!Æ�ÕqÐYÐÒÏ†ÇÎÍÎ×=Ë$¦-ÈŸÐ.Ù3Ç³ï@å±×3ÍÎÇ³ï@å

R = R� é9Æ�Õ

Zp
ÜaÌ@ÈŸÇ-Ç³Ù3×^~*Ï†ÇÎÍÎ×

H 2(Zp; Z=pZ) = 0
~YÛYÐ.Ñ ëyÇÎÌ
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐàÙ@ËNÔ"ÇÎ×IÑYÈŸÐ

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@ÈŸÐÒê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

H 1(R; Z=pZ)B ! H 2(B ; Z=pZ):
Æ�Õ Ð�ÕNï�åÃûaÖ�ÿyÕqÖ9ÈŸÌ

H 1(R; Z=pZ) = H 1(R; Z=pZ) � Ï†ÇÎÍÎ×^~*ÜgËNÍÎÏ†×
Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È†é

2
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p
(8ä-••Ÿ…•0•�&�Œ•1264$I¶-Š‹$'6 ,/ŒÆ&�6 Œ0&€•" GŒ<ó/,/3 Ÿ…$z64,/Œ

áçÇÎÌIÙ3×@ÈŸÍÎÍ³ÈŸÐ6òvÛYÐ�ìNï�å.Ù3×AÈŸÇÎÐYÇÎÏ�ÈÝëyÇ³ï@å¢×3ÇÎÏ�È�—IËNÔ"ÔWÛY×�Õq×@ËNÌ3Ì@ÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐ òvÛ.Ù�ÕqÔ"Ô�ÈŸÐQé

�Qˆ•�yˆ��ak��

ö

�B�¥�¥â��Ž�����

G
���5�0�hW2).U�*[*,�SUB�08ÂOQ�Q6F���R<�#��0�

G(n) 8
�V�\CFEG�¤8����

n
ZÃ”n![<�#:���ŒŸ�E
4Ž4�U:JV!GJVE
)Q���

�/)d6F��U
A[J+�X‘���J+�/)=A
)�U�*[*,�

o

ÇÆ!

È

ËtNT)•!
%5%É�

x; y; z 2 G
A
�5%;J+Ê

[x; yz] = [x; y][x; z][[x; y]; z]:
ÇlO

È

ËtNT)•!
%5%É�

x; y 2 G
UB�98\!
%5%É�

n 2 N
A
�5%;J+Ê

(xy)n � xnyn [x; y]
n ( n � 1)

2 (
4HE^8
UT%KE

G(3) ):

Çu<

È

ËtNT)•!
%5%É�

x 2 G(n) -t!G%�%É�

y 2 G
UB�08 !
%5%É�

a;b 2 N
A
�5%MJ+Ê

[xa; yb] � [x; y](ab) (
4HE^8
UT%ME

G(n+2) ):

ƒ�ÈŸÇ

p
ÈŸÇÎÐ.È�ÛYÐYÏ�ÈŸÌ�ÕNÑYÈ–“�Ì3ÇÎÔ"ò&ÕqåYÍ•é†áçÇÎÌ?å�ÕqÖ9ÈŸÐ"Ï�ÈvÙ@ÈŸå.ÈŸÐ�~†Ñ.Õ$€

dim Fp H 1(G)
ÕqÍ³Ù0Ô"ÇÎÐYÇÎÔŠÕqÍ³ÈYz�Ì3ò{ÈŸÛYÏ�ÈŸÌ3ò&ÕqåYÍ

É�ËNÐ

G
ÇÎÐ±×@ÈŸÌ3ÓYÌ@ÈŸ×3Ç³ÈŸÌ3×=ëlÈŸÌ@ÑYÈŸÐ�{NÕqÐYÐQé9õ=ÈŸÐ�ÕqÛ.ÈŸÌ/Ï†ÇÎÖY×AÑ*Ç³È“Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐèÑYÈvÙ³“�ÍÎÛ.Ù,ö�ÖYòvëÝé�ÑYÈvÙ/ùÊÇÎÐ±Û.Ù3×@ÈŸÇÎÍ³ÙIÉ�ËNÐ

H 1(G)
Ñ*Ç³È�Ô"ÇÎÐYÇÎÔŠÕqÍ³È7z›Ì3ò{ÈŸÛYÏ�ÈŸÌ3ò&ÕqåYÍ?ÑYÈvÙY“›ÍÎÛ.Ù,öžÖYòvëÝé.ÑYÈvÙ
ùàÇÎÐ¢Û.Ù@×@ÈŸÇÎÍ³ÙIÑYÈŸÌIÞAÖ!ÈŸÍÎÇ³Ù@Ç³ÈŸÌ3ÛYÐYÏ"É�ËNÐ

G
ÕqÐQé

�Qˆ•�yˆ��=�nm•�

ö

�B�Â�hâ��Ž���/�

G
���5�0�����98:%;�R<�#f��)d6F��UGAGJ+�	13)dE
Z

p
Z�W2).U�*[*,�

o

¿

!
�P�\A
��%MJ+Ê

d(G) � = dim Fp H 1(G)� = d((G=G2)� ) = d((Gab)� ):

A

�CB•�

Þ

ä[�

Æ/Ç³ÈÒÈŸÌ@Ù3×@Èèõ=Í³ÈŸÇ³ï@åYå.ÈŸÇÎ×6ëlËNÍÎÍ³ÈŸÐ ëyÇÎÌ ÕqÍ³ÙÚÆ=È�˜.ÐYÇÎ×3Ç³ËNÐçÉ�ËNÐ

d(G) � É�ÈŸÌ@Ù@×@ÈŸå.ÈŸÐQé3zžÙØÏ†ÇÎÍÎ×ÚÐ�ÕNï�å

‚�ÈŸÔ"ÔŠÕÊûR¨*é©¨*éK‡&ÿ

H om((G=G2)� ; Z=pZ) = H om(G=G2; Z=pZ) � ;
ë�ËNÌ�ÕqÛ.Ù"Ñ*Ç³È�òvëlÈŸÇÎ×@È õ/Í³ÈŸÇ³ï@åYå.ÈŸÇÎ× ÜgËNÍÎÏ†×{é•áúÈŸÏ�ÈŸÐ

H om(Gab; Z=pZ) = H om(G=G2; Z=pZ)
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ÷ëyÇÎÌ

Ñ*Ç³È“Ñ*Ì3ÇÎ×3×@È“ÕqÛ.Ù
ÑYÈŸÔ Æ/Ç ÕqÏ†Ì�ÕqÔ"Ô

Gab = (Gab)+ � (Gab)�

?
?
y

?
?
y

?
?
y

G=G2 = (G=G2)+ � (G=G2)� ;
ÇÎÐàÑYÈŸÔ ÕqÍÎÍ³È	“0ÜgÈŸÇÎÍ³È•ƒ±ÛYÌoý,È/{�×3Ç³ËNÐ.ÈŸÐàÙ@ÇÎÐ.Ñ-é

2

�Qˆ•�yˆ��=�����

ö

�B�Â�hâ��Ž���/�

G
���5�0�7���08:%'�R<�#\�/)d6F��U
A[J+�D13)dE
Z

p
Z.W2)�U^*�*,�.-x!
U�”³8��/)7�/���0�

p

�PCFE
%;UTJ=�RE
�

�
E.*,�/).�V��)/J5-

InEÂ8�!da

d(G)+ = 0
A
��%MJ

o

¿

!G�P�¤E.*P��).�V��)/J

�
!GU.”

G(n)=G(n+1) !G%ÃI

p

8�����J=�=JV’GJ5-b”n!
%�%'I

n
A���)d![8��•�yI/J5-	UB�98

!G%ÃI

p

�PC$��).I.�RE
�,-¯”n!
%�%'I

n
UT�BA��/)l![8B�S��I�J

o

¿

!�OQ���•OQ�c6����R<�#��0�

G(n) L

�V�d8���)�UT4 8[!$I}e3)Q6���UGA
�P��Iv8B��)

n
ZÃ”n![<�#:���

Ÿ�E
4Ž4ŽU:JV!GJVE
)Q���

o

A

�CB•�

Þ

ä[�

Æ/ÈŸÐf£�ÈŸë�ÈŸÇ³ÙyÜoäYåYÌ@ÈŸÐ6ëyÇÎÌ
Ó9ÈŸÌ
êˆÐ.Ñ*Û,{�×3Ç³ËNÐ Ð�ÕNï@å

n
éTÁ=ÕNï@åÊí›ËNÌ�ÕqÛ.Ù@Ù@ÈŸ×3òvÛYÐYÏŠÇ³Ù@×

G=Gp[G; G] = (G=Gp[G; G]) � :

ÁAÛYÐ Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐÊëyÇÎÌIÑ*Ç³È=Ð�Õq×3äYÌ3ÍÎÇ³ï�å.È•“�Ì@Ëqý3È/{�×3Ç³ËNÐ

(G=[G; G])+ � (G=Gp[G; G])+ = (G=�( G))+ ;

ÑYÈŸÌ@ÈŸÐf£lÇÎÍ³ÑÚ×3Ì3ÇÎÉ�Ç ÕqÍ-Ç³Ù3×{éYÆ/Ç³È=ÞIÐYò&ÕqåYÍ•ÑYÈŸÌYz�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐÊÉ�ËNÐ

(G=[G; G])+ Ç³Ù3×yÙ@ËNÔ"ÇÎ×

0
~YÛYÐ.Ñ

G=[G; G]
Ç³Ù3×

Ï†Í³ÈŸÇ³ï�å

(G=[G; G]) � ~Yë�ÕNÙ
ÑYÈŸÐÊêuÐ.Ñ*Û,{±×3Ç³ËNÐ.ÙŒÕqÐ*ÜgÕqÐYÏŠÑ.ÕqÌ@Ù@×@ÈŸÍÎÍÎ×{é

ƒ�ÈŸÇ�Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È=Ð¢ÛYÐ ÜaäYÌ

n
Ö9ÈŸÌ@ÈŸÇÎ×@ÙyÖ!ÈŸëyÇ³ÈvÙ�ÈŸÐQéYá ìqåYÍ³È

x 2 G(n) ÛYÐ.Ñ

y 2 G
é.Æ�ÕqÐYÐ6Ç³Ù3×

� [x; y] � [� x; y� 1] (
Ô�Ë±Ñ*ÛYÍ³Ë

G(3) ):



ùÒË�Ñ*ÛYÍ³Ë

G(n+1) Ç³Ù3×

� x
ÈŸÐ¢×uëlÈvÑYÈŸÌ

x
Ë�ÑYÈŸÌ

x � 1 ý,È6Ð�ÕNï�åãÑYÈŸÔS~›ËNÖ

n
Ï�ÈŸÌ�ÕNÑYÈ Ë�ÑYÈŸÌ�ÛYÐYÏ�ÈŸÌ�ÕNÑYÈÊÇ³Ù3×{é�ÞIÛ.Ù

‚�ÈŸÔ"ÔŠÕÊûR¨*é©¨*é©±�ÿ�ûoï&ÿ�ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌ

[x; y� 1] � [x; y]� 1 (
Ô�Ë±Ñ*ÛYÍ³Ë

G(n+2) )
ÛYÐ.Ñ

[x � 1; y� 1] � [x; y] (
Ô�Ë�Ñ*ÛYÍ³Ë

G(n+2) ):

Æ�ÕqÌ�ÕqÛ.Ù
ÜoËNÍÎÏ†×
ÑYÈŸÌIêuÐ.Ñ*Û,{�×3Ç³ËNÐ.Ù@Ù@ï@åYÌ3ÇÎ×3×{é

2

�Qˆ•�yˆ��=�:ˆ��

A

�T�h�B
8F����������•���

G
���5�0�	���98:%;�R<�# ��)d6F��UGAGJ+�Y13)dE
Z

p
Z.W2)�U^*[*P�.-b!GU.”ª8���)ª�/���0�

p

�PC$E
%'U:J=�RE
�

�
E.*P��Z

)��V��)�J

o

¿

!
�P�X��I�Jx8G�R�Ž�d][!
&FJ+�����>=/UP���T6

0 ! (pGab)_ ! H 2(G) ! pH 2(G; Qp=Zp) ! 0:

!GU�I	�0![Jy6}Ç

OTo

N

o$#

È

�
ZÆ���PC$!
).�R!
��J

o

A

�CB•�

Þ

ä[�

Æ�Õ�Ñ*Ç³ÈvÙ@ÈŽƒ�Èn ¢Û.ÈŸÐYò ÕqÛ.ÙAÈŸÇÎÐ.ÈŸÌAÍ ÕqÐYÏ�ÈŸÐÒÈ�š.Õ${�×@ÈŸÐ�ƒ�Èn ±Û.ÈŸÐYòWòvÛÒÈŸÇÎÐ.ÈŸÌI×3Ì3ÇÎÉ�Ç ÕqÍ³ÈŸÌ3ëlÈŸÇ³Ù@È

�
ö•ÇÎÐYÉNÕqÌ3Ç ö

ÕqÐY×@ÈŸÐ•{±ÛYÌ3ò{ÈŸÐÊÈ�š.Õ${�×@ÈŸÐXƒ�Èn ¢Û.ÈŸÐYò“Ï�ÈŸëlËNÐYÐ.ÈŸÐÊëyÛYÌ@ÑYÈG~.Ç³Ù3×
Ù3Ç³È�Ù@ÈŸÍÎÖ.Ù3×

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×{é

2
z›Ù
Ï†ÇÎÍÎ×
ÑYÈŸÌyÜgËNÍÎÏ�ÈŸÐ.ÑYÈ•ƒ±Ó9ÈŸòvÇ ÕqÍ ÜgÕqÍÎÍ•ÑYÈŸÌ

Ÿ�NB�P���/J5#�Z=Ë�E
)�4H�/%

é

�Qˆ•�yˆ��=�TÅ•�KJ�â:�^å,� ÇÆ!

È

�����V���

G; H
���08:%'�R<�#:��W2)�U^*[*P���\UB�98

B
���5�vOQ6cA
%

o G
UT�98

H
J=)���C��=!
%É��)2>XE�8
UB%

o

¿

!
�P�

A
��%MJ+Ê

H 2(G � H ; B ) = H 2(G; B ) � H 2(H ; B ) � (H 1(G; B ) 
 H 1(H ; B )) :

ÇlO

È

�����V���

Gi
”�NB)

i = 1; : : : ; n
���98:%;�=</#:�fW2).U�*[*,���ŒUT�98

B
���5�`OQ6QA
%

o

!
%5%É��)

Gi
J=)��5C^�=!G%K��)H>XE^8
UT%

o

¿

!
���

A
��%MJ+Ê

H 2(
nY

i =1

Gi ; B ) =
nM

i =1

H 2(Gi ; B ) �
M

i<j

(H 1(Gi ; B ) 
 H 1(Gj ; B )) :

�����08@8
�R�XW2)�U�*[*,���

Gi
!�Oc��%ÃIn<�#ÂUT�98@E.*P��).�V��)/J•���5�0�

p

�PCFEG%'U:J=�=EG�

�
!
U�”g�y#������,-YInEX�yI/Jª8G�R�}����)�%É�RA
UT�BA

�
ZÆ���PC$!
).�R!
��J

o

A

�CB•�

Þ

ä[�

ûgÕ�ÿ�Æ/Ç³ÈvÙ�ÜgËNÍÎÏ†×ÝòvÛYÔ £�ÈŸÇ³Ù@ÓYÇ³ÈŸÍlÕqÛ.ÙŠßkÁ	ƒ±áãâ+~"z¯š-éQê@êdéK‡†éÃ»�éžûaÖ�ÿAÜgËNÍÎÏ†×ÝÇÎÐ.Ñ*Û,{±×3ÇÎÉôÕqÛ.Ù�ûgÕ�ÿ=ÛYÐ±×@ÈŸÌ

£�ÈŸÐ±ÛY×3òvÛYÐYÏŠÉ�ËNÐ

H 2((G1 � G2) � G3; B ) = H 2(G1 � G2; B ) � H 2(G3; B ) � (H 1(G1 � G2; B ) 
 H 1(G3; B ))

=
3M

i =1

H 2(Gi ; B ) �
M

i<j

(H 1(Gi ; B ) 
 H 1(Gj ; B ))

2
ÆAÇ³ÈD—=äYÐYÐ.ÈŸ×3å*öˆø.ËNÌ3Ô�ÈŸÍ-ëlÈŸÌ@ÑYÈŸÐ�ëyÇÎÌ�Ö!ÈŸÐ±ÛY×3ò{ÈŸÐ�~¢ÛYÔ Ñ*Ç³ÈIÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ�É�ËNÐ

H 2(G=G2)� òvÛØÖ!ÈvÙ@×3ÇÎÔ"Ô�ÈŸÐQé

�Qˆ•�yˆ��=�Bó��KJ�â:�^å,�Ž�•���

G
�/���0�Ž���08:%'�R<�#•��)Q6���UGAGJ+�713)dE
Z

p
Z.W2)�U^*�*,�

o

ÇÆ!

È

�����

d = d(G) o

¿

!
�P�vA
��%MJ+Ê

dim Fp H 2(G=G2) =
d(d + 1)

2
:

ÇlO

È

Y�*P��).�V��)/JY�������

p

�PC$E
%'U:J=�RE
�

�
!
U�”

G
-tI/E�A
�5%;J¯A����0!
U,�/)

dim Fp H 2(G=G2)+ = d+ +
�

d+

2

�
+

�
d�

2

�
UB�08

dim Fp H 2(G=G2)� = d� + d+ � d� ;

L

E�OQ���

d+ = d(G)+ UT�98

d� = d(G) � AB�.In�/Jy6^J

L

UT)d8��

o
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A

�CB•�

Þ

ä[�

ûgÕ�ÿlÜoËNÍÎÏ†×IÕqÛ.ÙWûaÖ�ÿ�~YÇÎÐ.ÑYÈŸÔ

G
Ô"ÇÎ×IÑYÈŸÌy×3Ì3ÇÎÉ�Ç ÕqÍ³ÈŸÐ

�
öˆÞD{�×3Ç³ËNÐ6É�ÈŸÌ@Ù@ÈŸå.ÈŸÐ ëyÇÎÌ@Ñ-é

ÞIÛ.ÙDƒ*Õq×3ò�ûR¨*é©¨*é©¨�ÿ�ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌIÈŸÇÎÐ.È

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@ÈŽ›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ

G=G2
�= A1 � � � � � Ad+ � B1 � � � � � Bd� ;

ë�ËNÖ!ÈŸÇAÑ*Ç³È

A i
ÛYÐ.Ñ

B j
õ/Ì3ÛYÓYÓ9ÈŸÐ ÑYÈŸÌgÒAÌ@Ñ*Ð±ÛYÐYÏ

p
Ù3ÇÎÐ.Ñ•~?ÜoäYÌ�Ñ*Ç³È

A i = A+
i

ÛYÐ.Ñ

B j = B �
j

Ï†ÇÎÍÎ×{é›Æ/Ç³È

—=äYÐYÐ.ÈŸ×3å*öu›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏÚÉ�ËNÐ

H 2(G=G2)
å�Õq×
Ñ.ÕqÐYÐàÑ*Ç³ÈWõ=ÈvÙ3×�ÕqÍÎ×

H 2(G=G2) �=
d+M

i =1

H 2(A i ) �
M

i<j

H 1(A i ) 
 H 1(A j ) �
M

i<j

H 1(B i ) 
 H 1(B j )

�
d+M

i =1

d�M

j =1

(H 1(A i ) 
 H 1(B j )) �
d�M

j =1

H 2(B j );

ë�ËNÖ!ÈŸÇAÐ�ÕNï@å ƒ*Õq×3ò(ûR¨*é©¨*é©…�ÿ

�
ÕqÛ*Ü�ÑYÈŸÌØÈŸÌ@Ù3×@ÈŸÐ•›!ÈŸÇÎÍ³ÈÒÕqÍ³Ù�êuÑYÈŸÐ±×3ÇÎ×�ìq×ØÛYÐ.ÑçÕqÛ*ÜÝÑYÈŸÌ�òvëlÈŸÇÎ×@ÈŸÐ ÕqÍ³ÙŠêuÐ¢É�ÈŸÌ@Ù3Ç³ËNÐ

ËNÓ9ÈŸÌ3Ç³ÈŸÌ3×{é"ƒ�Ë&ëlËNåYÍlÑ*Ç³È_z›Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐ*ö=ÕqÍ³Ù“ÕqÛ.ï�åôÑ*Ç³È"ðIÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐYò&ÕqåYÍlÉ�ËNÐ

Z=pZ
Ç³Ù3×

1
~9ëlÈvÙ3å�ÕqÍÎÖôÙ@Ç³ï@åúÑ*Ç³È

£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ�Ñ*ÛYÌ@ï@åàÞAÖYò&ìqåYÍ³ÈŸÐÊÑYÈŸÌIÆ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.ÈŸÐàÈŸÌ3Ï†ÇÎÖY×{é

2

}d�h}��a¨…��š�,!$'&�Œ0©	•z&�6 œ•.…&ŽšZ•z,�(

p
(¸äå•CŸ…•‰•�&�Œ•1Á6i$Q¶-Š‹$z64,/Œô&�6sŒ…&€•" 8Œ<ó/,/3sŸd$z64,/Œ

ƒ�ÈŸÇ

p
ÈŸÇÎÐ.È�ÛYÐYÏ�ÈŸÌ�ÕNÑYÈ\“�Ì3ÇÎò&ÕqåYÍ•é?áçÇÎÌ�{�ËNÔ"Ô�ÈŸÐ÷Ð¢ÛYÐ÷òvÛ÷ÈŸÇÎÐ.ÈŸÔ2ðAÈvÙ3ÛYÍÎ×�Õq×^~•Ñ.ÕNÙWÜoäYÌWÑ*Ç³Èg£�ÈŸ×3Ì�ÕNï@å¢×3ÛYÐYÏúÑYÈŸÌ

õÝÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9ÈŸÐ É�ËNÐÒü�ùÊö+—–™NÌ3Ó9ÈŸÌ3ÐÊÉ�ËNÐ•ÁAÛY×3ò{ÈŸÐ Ù@ÈŸÇÎÐ ëyÇÎÌ@ÑôûaÉ�Ï†Í•é-ß á�â+~,“�Ì@ËNÓ!Ë†Ù@ÇÎ×3Ç³ËNÐX¨*éK‡&ÿdé

�Qˆ•�yˆ��=�:ô��KJ�â:�^å,�Ž�•���

G
�������_���98:%;�=</#•�/)d6F��U
A[J+�–*:EGJ+���:6/)Q���=</#:�713)dE
Z

p
Z.W2)�U^*[*P�.-?!GU.”

L

�/%M<�#,��)_�/���0�

p

�PC$E
%'UTZ

J=�RE
�

�
E.*,�/).�V��)/J

o

p

I�J

d(G+ ) = 0
-28[!
�P�X�yI/J

G
!�OQ��%'I/</#

o

A

�CB•�

Þ

ä[�

áúÈŸÏ�ÈŸÐ

d(G+ ) = 0
ÈŸÌ3å�ÕqÍÎ×@ÈŸÐØëyÇÎÌ�ÕqÛ.Ùs‚�ÈŸÔ"ÔŠÕØûR¨*é©¨*éK‡G‡&ÿ�~�Ñ.Õ$€

�
ÕqÍ³ÙlêˆÐ±É�ÈŸÌ@Ù3Ç³ËNÐ�ÕqÛ*Ü

G=[G; G]
ÛYÐ.ÑàÕqÍ³Ù
êuÑYÈŸÐ±×3ÇÎ×�ìq×/ÕqÛ*Ü

[G; G]=[G; G; G]
ËNÓ9ÈŸÌ3Ç³ÈŸÌ3×{éP‚QÈŸ×3òv×@ÈŸÌ@ÈvÙAÇÎÔ"ÓYÍÎÇÎòvÇ³ÈŸÌ3×IÇÎÐ.Ù@Ö!ÈvÙ@ËNÐ.ÑYÈŸÌ@È

[G; G]=H = ([G; G]=H)+ ;
ë�ËNÖ!ÈŸÇ

H = [G; G]p[G; G; G]
Ï�ÈvÙ@ÈŸ×3òv×
ëyÛYÌ@ÑYÈ†é

ƒ�ÈŸÇ

x 2 G
é!Æ�ÕqÐYÐÒÏ†ÇÎÖY×�ÈvÙAÈŸÇÎÐ

r 2 [G; G]
Ô"ÇÎ×

� x = x � 1r
é.áçÇÎÌAÖ9ÈŸÌ@Èvï@åYÐ.ÈŸÐ Ð±ÛYÐèÑ*Ç³È

�
öˆÞD{±×3Ç³ËNÐ ÕqÛ*Ü

ÕqÛ*Ü

GpH=H
�

� xp = (� x)p = (x � 1r )p � x � p (
Ô�Ë±Ñ*ÛYÍ³Ë

H );
ë�ËNÖ!ÈŸÇ•Ñ*Ç³ÈÝðIÈvï�å.ÈŸÐYÌ@ÈŸÏ�ÈŸÍ�ûaÖ�ÿ�É�ËNÐS‚QÈŸÔ"ÔŠÕàûR¨*é©¨*é©±�ÿ�Ö9ÈŸÐ¢ÛY×3òv×IëyÛYÌ@ÑYÈ†é�ÞIÍ³Ù@Ë Ï†ÇÎÍÎ×

GpH=H = (GpH=H) � :
Æ=Õ

G
Ó!ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï�åÊÇ³Ù3×^~.ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌIÑ*Ç³ÈÝêuÐ,{±ÍÎÛ.Ù3Ç³ËNÐ

([G; G]=H)+ = [G; G]=H � GpH=H = (GpH=H) � ;
ë�ËNÌ�ÕqÛ.Ù
ÜgËNÍÎÏ†×^~YÑ.Õ$€

[G; G]=H
×3Ì3ÇÎÉ±Ç ÕqÍ�Ç³Ù3×{é

ƒ�ÈŸ×3òv×
ÔŠÕqÐ

K = K (1) = [G; G]
ÛYÐ.Ñ

K (n+1) = (K (n) )p[K n ; G]
~YÑ-é åQé

K (2) = H
~*Ù@Ë�ÜoËNÍÎÏ†×IÕqÛ.Ù–ƒ*Õq×3ò

ûR¨*éK‡†éK‡^­�ÿ�ûgÕ�ÿ�~!Ñ.Õ$€6Ñ*Ç³È

K (i ) Èvï@å±×=òvÛYÌ

1
ÕqÖ.Ù3×@ÈŸÇÎÏ�ÈŸÐQé�áúÈŸÏ�ÈŸÐ

K (1) = K (2) ÔWÛ,€ÚÑ.Õqå.ÈŸÌ

K (1) ~�ÕqÍ³Ù@Ë

[G; G]
~

×3Ì3ÇÎÉ�Ç ÕqÍ�Ù@ÈŸÇÎÐQé

2

%

�Bß5â:�

Þ

‹9�"�B�

Þ

�`ìt‹��^�B�"å[
$�

Þ5÷

Š"�B�

´


$‹,ë

p
ënêg

�"ì"ìt�T�

ÞAÛ.Ù
ÑYÈŸÌWû

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@ÈŸÐ�ÿ
È�š.Õ${±×@ÈŸÐfƒ�Èn ±Û.ÈŸÐYò

0 ! H 1(G=G2) ��! H 1(G) 0�! H 1(G2)G ¥

¦

� ! H 2(G=G2) ¸kµ–^� ! H 2(G)
ûaÉ�Ï†Í•éPƒ*Õq×3ò�ûR¨*é©¨*éÃ»†ÿ3ÿlÛYÐ.Ñvƒ*Õq×3ò�ûR¨*é©¨*éK‡/®±ÿ�ÈŸÌ@Ù@ÈŸå.ÈŸÐÚëyÇÎÌyÙ@ËqÜgËNÌ3×^~*Ñ.Õ$€�Ö9ÈŸÇ9ÈŸÇÎÐ.ÈŸÌ�ÈŸÐ.Ñ*ÍÎÇ³ï�åÊÈŸÌ3ò{ÈŸÛYÏ†×@ÈŸÐ6Ó9ËN×@ÈŸÐYòvÌ@ÈŸÇ ö

ï�å.ÈŸÐf“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!È

G
Ù3×@ÈŸ×@Ù

r (G) �
�

d(G)
2

�

Ï†ÇÎÍÎ×^~�Ñ.Õ

d(G2) � d(G)
Ç³Ù3×{é9ƒ±×�ìqÌd{�ÈŸÌIÐ.Ë±ï�å Ï†ÇÎÍÎ×IÑ.ÕNÙ
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!G�P�gA
�5%MJ+Ê

�
d(G)

2

�
� r (G) �

�
d(G)

2

�
+ d(G) � dim(G):

p

�PInOQ�.InE
�98��/)d�ªA
�5%MJ38[!
#:��)

r (G) =
�

d(G)
2

�
;

”n!
%5%ÃI

G
UB��� ”nE
)�4 �yI/J

o

A

�CB•�

Þ

ä[�

áçÇÎÌ�ÜaäYåYÌ@ÈŸÐ ÑYÈŸÐ6Ï†Ì3ÛYÓYÓ9ÈŸÐ¢×3å.ÈvËNÌ@ÈŸ×3Ç³Ù�ï@å.ÈŸÐ�£�ÈŸë�ÈŸÇ³Ù^~*ëyÇ³È�ÈŸÌyÙ3Ç³ï@å6ÇÎÐúß}Æ=Æ=ù@ƒ¢â+~T„�å.ÈvËNÌ@ÈŸÔ¬®.é©­†þ:~

˜.Ð.ÑYÈŸ×{é

á�ÇÎÌIÙ�ÈŸ×3ò{ÈŸÐ

di := (Gi : Gi +1 )
é.Æ�Õ

G
Ó9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@åàÇ³Ù3×^~YÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌIÈŸÇÎÐ.ÈWÕqÖ.Ù3×@ÈŸÇÎÏ�ÈŸÐ.ÑYÈ�—�ÈŸ×3×@È

l := d(G) = d1 � d2 � � � � � dk = dim(G);

Ù�Ë"Ñ.Õ$€

Gk
ÛYÐYÇ ÜoËNÌ3ÔîÇ³Ù@×{é

Á/ÕNï�å ß}Æ=Æ=ù@ƒ¢â+~"„�å.ÈvËNÌ@ÈŸÔ ­*é©°:~•Ï†ÇÎÖY× ÈvÙ�ÈŸÇÎÐjz�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐ.Ùd•*Ù3×@ÈŸÔ

f x1; : : : ; x l g
É�ËNÐ

G
~0Ù@ËàÑ.Õ$€ÒÑ*Ç³È

ùÒÈŸÐYÏ�È

f xpi � 1

1 ; : : : ; xpi � 1

di
g

ÈŸÇÎÐSz�Ì3ò{ÈŸÛYÏ�ÈŸÐ.ÑYÈŸÐ.ÙQ•�Ù3×@ÈŸÔ É�ËNÐ

Gi
ÖYÇÎÍ³ÑYÈŸ×{é

á�ÇÎÌ
ë�ËNÍÎÍ³ÈŸÐÊÇÎÔ ø�ËNÍÎÏ�ÈŸÐ.ÑYÈŸÐàÈŸÇÎÐÊðAÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐ.Ùd•�Ù@×@ÈŸÔîÉ�ËNÐ

G
ÖYòvÏ†Í•é

f x1; : : : ; x l g
ÕqÐYÏ�ÈŸÖ9ÈŸÐQé0ƒ�ÈŸÇ�Ñ.ÕqòvÛ

F
Ñ*Ç³È�ÜaÌ@ÈŸÇ³È	“�Ì@Ëqö

p
ö€õ=Ì3ÛYÓYÓ!È�ÕqÛ*Ü0ÑYÈŸÌIùÒÈŸÐYÏ�È

f x1; : : : ; x l g
~�Ñ.ÕqÐYÐÊÙ3Û.ï@å.ÈŸÐÊëyÇÎÌAÕqÍ³Ù@Ë"ÈŸÇÎÐ.ÈÝÈ�š.Õ${±×@È�ƒ�Èn ±Û.ÈŸÐYò

0 ! R ! F ! H ! 0

Ô"ÇÎ×

G �= H
é

›�ÛYÐ�ìNï@å.Ù3×=Ð.ÈŸåYÔ�ÈŸÐèëyÇÎÌAÇÎÐ

R
ðAÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐ ÕqÛ*Üd~�Ñ*Ç³ÈWÏ¢ÕqÌ�ÕqÐ¢×3Ç³ÈŸÌ@ÈŸÐ�~-Ñ.Õ$€

H
ÈŸÇÎÐ.ÈWÓ!ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï�å.ÈŠõ/Ì3ÛYÓYÓ9È

Ç³Ù@×{éYêˆÐ

G
Ï†ÇÎÍÎ×
ÜaäYÌ

1 � i < j � l

[x i ; x j ]x � 1 (i;j )
1 x � 2(i;j )

2 : : : x � l (i;j )
l = 1

Ô"ÇÎ×IÏ�ÈŸëyÇ³Ù@Ù@ÈŸÐ

� r (i; j ) 2 pZp
~YÑ.Õ Ñ*Ç³È	—IËNÔ"Ô“ÛY×�Õq×@ËNÌ3ÛYÐ±×@ÈŸÌ3Ï†Ì3ÛYÓYÓ!È ÇÎÐ ÑYÈŸÐ

p
ö•×@ÈŸÐS“•ËN×@ÈŸÐYò{ÈŸÐÒÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐÊÇ³Ù@×{é

ÞIÛ,€�ÈŸÌ@ÑYÈŸÔ ë�ËNÍÎÍ³ÈŸÐ(ëyÇÎÌ"ÈŸÌ3Ì@ÈŸÇ³ï�å.ÈŸÐ�~�Ñ.Õ$€

jH=Hn j � jG=Gn j
Ç³Ù3×^~0Ñ.ÕNÙ�å.ÈŸÇK€†×^~?Ñ.Õ$€ Ñ*Ç³È�êˆÐ.Ñ*ÇÎò{ÈvÙ ÇÎÐ

H
Ô"ÇÎÐ.ÑYÈvÙ@×@ÈŸÐ.Ù
Ù@Ë�Ù@ï@åYÐ.ÈŸÍÎÍ�ÕqÖ.Ù3×@ÈŸÇÎÏ�ÈŸÐ6ëyÇ³È�Ñ*Ç³È/ÇÎÐ

G
é*Æ/Ç³ÈvÙ@ÈvÙ�Ç³Ù3×yÑ.ÕNÑ*ÛYÌ@ï@å ï�å�ÕqÌ�Õ${±×@ÈŸÌ3Ç³Ù3Ç³ÈŸÌ3×^~�Ñ.Õ$€ Ù@Ç³ï@åÚÜoäYÌ

di �
m > di +1

Ñ.ÕNÙYz�Í³ÈŸÔ�ÈŸÐ±×

xpi

m
Ô"ÇÎ×
ÑYÈŸÐ

di +1
z�Ì3ò{ÈŸÛYÏ�ÈŸÌ3ÐÊÉ�ËNÐ

Gi +1
Ù@ï�åYÌ@ÈŸÇÎÖ!ÈŸÐÊÍ ì$€†×^~.ÈvÙIÕqÍ³Ù@Ë

� r (m) 2 pi Zp
Ï†ÇÎÖY×IÔ"ÇÎ×

xp� i

m x � 1 (m)
1 x � 2 (m)

2 : : : x
� di +1 (m)
di +1

= 1:
Æ/È�˜.ÐYÇ³ÈŸÌ@ÈŸÐ6ëyÇÎÌyÕqÍ³Ù@ËWÐ¢ÛYÐ

R
ÕqÍ³Ù�ÑYÈŸÐg{±Í³ÈŸÇÎÐ.Ù@×@ÈŸÐ6ÕqÖYÏ�ÈvÙ�ï@åYÍ³Ë†Ù@Ù@ÈŸÐ.ÈŸÐvÁ/ËNÌ3ÔŠÕqÍÎ×@ÈŸÇÎÍ³ÈŸÌyÉ�ËNÐ

F
~±ÑYÈŸÌyÑ*Ç³È

� l
2

�
+

l � dim(G)
z�Í³ÈŸÔ�ÈŸÐ¢×@È

[x i ; x j ]x � 1 (i;j )
1 x � 2(i;j )

2 : : : x � l (i;j )
l

ÛYÐ.Ñ

xp� i

m x � 1 (m)
1 x � 2 (m)

2 : : : x
� di +1 (m)
di +1

ÈŸÐ±×3å�ìqÍÎ×^~�Ù@Ë Ç³Ù@×

H
ÈŸÇÎÐ.È�Ó9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.È"õ/Ì3ÛYÓYÓ9È=Ô"ÇÎ×

jH=Hn j � jG=Gn j
é

ÁIÛYÐ å�ÕqÖ9ÈŸÐ6ëyÇÎÌAÕqÖ9ÈŸÌIÕqÛ.ï@åÒÈŸÇÎÐ.È7“�Ì@Ëqý3È/{±×3Ç³ËNÐ

� : H � G;

Ñ.ÕØÑ*Ç³È�ðIÈŸÍ Õq×3Ç³ËNÐ.ÈŸÐèÉ�ËNÐ

H
ÕqÛ.ï�åÒÇÎÐ

G
ÈŸÌ,ÜaäYÍÎÍÎ×=Ù3ÇÎÐ.Ñ-é!ÞIÛ,€�ÈŸÌ@ÑYÈŸÔ Ï†ÇÎÍÎ×

� (Hn ) = Gn
é�Æ=ÈvÙ3ë�ÈŸÏ�ÈŸÐ ÈŸÌ3å�ÕqÍÎ×@ÈŸÐ

ëyÇÎÌIÉ±Ç Õ

�
ê€Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�ÈŸÐ

H=Hn
�= G=Gn :

z›ÇÎÐSz�Í³ÈŸÔ�ÈŸÐ¢×IÕqÛ.ÙyÑYÈŸÔ —�ÈŸÌ3ÐÚÉ�ËNÐ

�
ÍÎÇ³ÈŸÏ†×yÑ.Õqå.ÈŸÌ�ÇÎÔ ÆAÛYÌ@ï�å.Ù@ï@åYÐYÇÎ×3×/ÕqÍÎÍ³ÈŸÌ

Hn
~±ëlÈŸÍ³ï�å.ÈŸÌAÕqÖ!ÈŸÌ

1
Ç³Ù3×{é�Æ=Õqå.ÈŸÌ

Ç³Ù@×

H
òvÛ

G
Ç³Ù@ËNÔ�ËNÌ3ÓYå�~YÛYÐ.Ñ Ñ*Ç³È=Ì@Èvï�å¢×@È�|IÐYÏ†Í³ÈŸÇ³ï�å¢ÛYÐYÏŠÇ³Ù@×yÖ!ÈŸëyÇ³ÈvÙ@ÈŸÐQé

2
ÞIÛ.Ù�Ñ*Ç³ÈvÙ@ÈŸÔ Ô"ÇÎ×�Ï†Ì3ÛYÓYÓ9ÈŸÐ¢×3å.ÈvËNÌ@ÈŸ×3Ç³Ù�ï@å.ÈŸÐóùÊÇÎ×3×@ÈŸÍÎÐúÈŸÌ3å�ÕqÍÎ×@ÈŸÐ.ÈŸÐÂz�Ì3Ï�ÈŸÖYÐYÇ³ÙÝòvÇ³ÈŸå.ÈŸÐ ëyÇÎÌ7—AËNÐ.Ù@Èn ¢Û.ÈŸÐYò{ÈŸÐ

ÜoäYÌ
Ñ*Ç³È7—AËNå.ËNÔ�ËNÍ³ËNÏ†Ç³ÈŸÏ†Ì3ÛYÓYÓ!ÈŸÐQé
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H 1(G2)G =
H 1(G2)
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0 ! H 1(G2) ¢
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�! H 2(G=G2)
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á�ÇÎÌyÔWä.Ù@Ù@ÈŸÐÊÑ*Ç³È•ƒ±ÛYÌoý3È/{�×3ÇÎÉ±ÇÎ×�ìq×IÑYÈŸÌ
êuÐ:Ï�Õq×3Ç³ËNÐÊò{ÈŸÇÎÏ�ÈŸÐQé�z›ÙyÇ³Ù3×“ûaÉ�Ï†Í•é9ƒ*Õq×3òØûR¨*é©¨*éK‡/®±ÿ3ÿ

dim Fp (im (
ÇÎÐ*Ü

)) = dim Fp H 2(G=G2) � dim Fp H 1(G2)G � d(G) +
�

d(G)
2

�
� d(G2) �

�
d(G)

2

�
:

Á=ÕNï@åv„�å.ÈvËNÌ@ÈŸÔ ûR¨*é©¨*éK‡^°�ÿžÏ†ÇÎÍÎ×
ÕqÖ!ÈŸÌ

dim Fp H 2(G) =
� d(G)

2

�
~�ë�ÈvÙ3å�ÕqÍÎÖ Ñ*Ç³ÈD£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ�ÈŸÐÚÜgËNÍÎÏ�ÈŸÐQé

2

æIÇ³ÈŸÌ�ÕqÛ.Ù2{[™NÐYÐ.ÈŸÐ6ëyÇÎÌyÐ±ÛYÐ Ñ*Ç³È/Æ/ÇÎÔ�ÈŸÐ.Ù3Ç³ËNÐ.ÈŸÐ ÑYÈvÙ?“›ÍÎÛ.Ù,ö›ÛYÐ.ÑÚÑYÈvÙyùÊÇÎÐ±Û.Ù3×@ÈŸÇÎÍ³Ù�É�ËNÐ

H 2(G)
Ö9ÈŸÌ@Èvï@åYÐ.ÈŸÐQé
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�
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!
���\A��/%;J+���

dim Fp H 2(G)+ =
�

d(G)+

2

�
+
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m
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›�ÛYÐ�ìNï@å.Ù3×/Ù@ÈŸÇ³ÈŸÐ

h 2 H
ÛYÐ.Ñ

b1; b2 2 B
éYÆ=ÕqÐYÐÊÇ³Ù3×

< h; b1b2 > =
h(b1=p

1 b1=p
2 )

b1=p
1 b1=p

2

=
h(b1=p

1 )

b1=p
1

h(b1=p
2 )

b1=p
2

= < h; b1 >< h; b2 > :

ƒ�ÈŸÇ³ÈŸÐãëlÈŸÇÎ×@ÈŸÌ

h1; h2 2 H
ÛYÐ.Ñ

b 2 B
é0áúÈŸÐYÐ

i
Ù@ËèÏ�ÈŸë�ìqåYÍÎ×ŠÇ³Ù3×^~�Ñ.Õ$€

h2(b1=p) = � i
pb1=p Ï†ÇÎÍÎ×^~›ëlËNÖ9ÈŸÇ

� p 2 � p(k)
ÈŸÇÎÐ.È�ÓYÌ3ÇÎÔ"ÇÎ×3ÇÎÉ�È

p
ö•×@È	z�ÇÎÐYå.ÈŸÇÎ×@Ù3ëyÛYÌ3ò{ÈŸÍ0Ù@ÈŸÇV~YÑ.ÕqÐYÐÊÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌIÑ*Ç³ÈWõ/Í³ÈŸÇ³ï�åYå.ÈŸÇÎ×

h1 � h2(b1=p)
h2(b1=p)

=
h1(� i

pb1=p)

� i
pb1=p

=
h1(b1=p)

b1=p
:

Æ�ÕqÔ"ÇÎ×IÈŸÌ3Ì@Èvï�åYÐ.ÈŸÐàëyÇÎÌ

< h1h2; b > =
h1 � h2(b1=p)

b1=p
=

h1 � h2(b1=p)
h2(b1=p)

h2(b1=p)
b1=p

= < h1; b >< h2; b > :



áúÈŸÐYÐ

i
Ù@Ë Ï�ÈŸë�ìqåYÍÎ×AÇ³Ù3×^~YÑ.Õ$€

� (b1=p) = � i
pb1=p Ï†ÇÎÍÎ×^~.Ö!È/{�ËNÔ"Ô�ÈŸÐ ëyÇÎÌAÑ*Ç³È

�
öˆêˆÐ±ÉNÕqÌ3Ç ÕqÐYò

< h� ; b� > =
~� � 1 � h � ~� (� (b1=p))

� (b1=p)
= ~�

h(� i
pb1=p)

� i
pb1=p

= (< h; b > ) � ;

ë�ËNÖ!ÈŸÇ

~� 2 G(L jk+ )
ÈŸÇÎÐ.È“ø.ËNÌ3×@Ù@ÈŸ×3òvÛYÐYÏŠÉ�ËNÐ

�
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×{é

áúÈŸÇÎ×@ÈŸÌIò{ÈŸÇÎÏ�ÈŸÐ ëyÇÎÌ^~.Ñ.Õ$€�Ñ*Ç³È�“?Õ†ÕqÌ3ÛYÐYÏØÐYÇ³ï@å¢×,öuÕqÛ.Ù@Ï�È{ÕqÌ3×@ÈŸ×/Ç³Ù@×{é�õ/ÇÎÍÎ×yÜoäYÌ
ÈŸÇÎÐ

h 2 H

< h; b1=p > = � i
p = 1

ÜoäYÌAÕqÍÎÍ³È

b 2 B ;

Ñ.ÕqÐYÐ6ËNÓ9ÈŸÌ3Ç³ÈŸÌ3×

h
×3Ì3ÇÎÉ�Ç ÕqÍ-ÕqÛ*Ü

B
ÛYÐ.Ñ�Ñ.ÕqÔ"ÇÎ×
ÕqÛ*Ü

L jk
é±ø�ËNÍÎÏ†ÍÎÇ³ï@å6Ç³Ù3×

h = idk
é�ê€Ù3×žÛYÔ"Ï�È/{�ÈŸåYÌ3×�ÜoäYÌ�ÈŸÇÎÐ

b 2 B

< h; b1=p > =
h(b1=p)

b1=p
= 1

ÜaäYÌIÕqÍÎÍ³È

h 2 H;

Ñ.ÕqÐYÐÊÇ³Ù3×

b1=p 2 L
ÛYÐ.Ñ6Ù@ËNÔ"ÇÎ×

b 2 L p é
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ÆAÇ³È�“�Ì3ÇÎÔ"ò{ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏŠÉ�ËNÐ

(a) 2 J S
K

Í ÕqÛY×@È

aOk;S = p� 1
1 � � � p� s

s

Ô"ÇÎ×

pi 62S
é*áúÈŸÏ�ÈŸÐÊÑYÈŸÌ–|AÐ¢É�ÈŸÌ3òvëlÈŸÇÎÏ†×3å.ÈŸÇÎ×�ÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖÊÉ�ËNÐ

S
ÈŸÌ3Ï†ÇÎÖY×IÙ3Ç³ï@åàÑ*Ç³È•›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏŠÇÎÐ

J S
L

aOL;S = (P 1;1 � � � P 1;r 1 )� 1 � � � (P s;1 � � � P s;r s )� s ;

ë�ËNÖ!ÈŸÇ.Ñ*Ç³È?“›Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ³È

P i;j
äYÖ!ÈŸÌ
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1 � � � p� s =n
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Ç³Ù@×
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ûaÖ�ÿ-ÜoËNÍÎÏ†×�ÕqÛ.Ù�ûgÕ�ÿQÔ"ÇÎ×

S = ;
~qÑYÈŸÐYÐ�ëyÇÎÌ?å�ÕqÖ9ÈŸÐ�ÈŸÇÎÐ.È

�
ö•ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×@ÈYz›ÇÎÐ¢Ö9ÈŸ×3×3ÛYÐYÏ"û

�
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.È

ëyÇ³ÈvÑYÈŸÌ3ÛYÔ Ñ*Ç³È	{�ËNÔ"ÓYÍ³È�šYÈ7—IËNÐNý,ÛYÏ¢Õq×3Ç³ËNÐ�Ñ.ëyÇÎÌIÙ�ï@åYÌ@ÈŸÇÎÖ9ÈŸÐàÕqÖ!ÈŸÌ/ÕqÛ.ï@å

� x = x
ÿ

O�
k;m ,! E (k):

›�Û ûgÕ�ÿ“Ù3×@ÈŸÍÎÍ³ÈŸÐôëyÇÎÌ�òvÛYÐ�ìNï@å.Ù@×“ÜgÈvÙ3×^~�Ñ.Õ$€

� (k)
ÇÎÐ

(ES(k)) � ÈŸÐ±×3å�ÕqÍÎ×@ÈŸÐ(Ç³Ù@×{é�ƒ�ÈŸÇ

x 2 (ES(k)) � é�Æ�Õ

{�ÈŸÇÎÐ.È�“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³È

p 2 S
ò{ÈŸÌ,ÜgìqÍÎÍÎ×^~YÏ†ÇÎÍÎ×�ÜoäYÌIÑ*Ç³ÈvÙ@È

vp(x � 1) = vp(x) = vp(x) = vp(x);
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vp(x) = 0
~.ëlÈvÙ3å�ÕqÍÎÖ

x
Ö!ÈŸÌ@ÈŸÇÎ×@ÙIÇÎÐ

E(k) � ÍÎÇ³ÈŸÏ†×{éPz›Ù
Ç³Ù3×yÐ�ÕNï@åàí›ËNÌ�ÕqÛ.Ù@Ù@ÈŸ×3òvÛYÐYÏ

xx = 1
é

z�ÇÎÐ.È=Ï¢ÕqÐYò{È�›9ÕqåYÍ

x 2 E(k)
~YÑYÈŸÌ@ÈŸÐ ÞAÖ.Ù@ËNÍÎÛY×3Ö9ÈŸ×3Ì�ÕqÏ

1
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' : J S
k+ ! (J S

k )+ ; a 7! aOk;S :

z›ÇÎÐÊêuÑYÈ{ÕqÍ

a 2 (J S
k )+ å�Õq×IÈŸÇÎÐ.È7“�Ì3ÇÎÔ"ò{ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ

a = P e1
1 � � � P er

r � Qf 1
1 Q1

f 1 � � � Qf s
s Qs

f s Ô"ÇÎ×

ei ; f j 2 Z;

ë�ËNÖ!ÈŸÇ

P i = P i
ÜoäYÌ

i = 1; : : : ; r
Ï†ÇÎÍÎ×^~-ÛYÐ.Ñ�{�ÈŸÇÎÐ.ÈvÙ“ÑYÈŸÌ

P i
Ë�ÑYÈŸÌ

Qj
ÖYòvëÝé

Qj
ÇÎÐ

S
ÍÎÇ³ÈŸÏ†×{éQêuÙ@×

p
ÈŸÇÎÐôÇÎÐ

kjk+ ÛYÐ¢É�ÈŸÌ3òvë�ÈŸÇÎÏ†×@ÈvÙH“�Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ�É�ËNÐ

k+ ~•Ù@Ë Ç³Ù3×�ÈŸÐ¢×uëlÈvÑYÈŸÌ

' (p) = P
Ô"ÇÎ×

P = P
Ë±ÑYÈŸÌ

' (p) = QQ
Ô"ÇÎ×
ÈŸÇÎÐ.ÈŸÔi“›Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ

P
ÖYòvëÝé

Q
É�ËNÐ

k
é*êuÙ3×�åYÇÎÐYÏ�ÈŸÏ�ÈŸÐ

p
ÈŸÇÎÐ.ÈvÙyÑYÈŸÌ
ÈŸÐ.Ñ*ÍÎÇ³ï@å6É�Ç³ÈŸÍ³ÈŸÐ6ÇÎÐ

kjk+ É�ÈŸÌ3òvëlÈŸÇÎÏ†×@ÈŸÐ

“›Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ³È É�ËNÐ

k+ ~!Ñ.ÕqÐYÐÒÈŸÌ3å�ÕqÍÎ×@ÈŸÐèëyÇÎÌ

' (p) = P 2 Ô"ÇÎ×=ÈŸÇÎÐ.ÈŸÔ “�Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ

P
É�ËNÐ

k
~�ëlÈŸÍ³ï�å.ÈvÙ

P = P
ÈŸÌ,ÜoäYÍÎÍÎ×{éYÆ�ÕqÌ�ÕqÛ.ÙyÙ@ï@åYÍÎÇ³È/€�ÈŸÐÊëyÇÎÌ^~�Ñ.Õ$€�ÑYÈŸÌ?—AË
{�ÈŸÌ3Ð É�ËNÐ

'
ÑYÈŸÐvz¯š*Ó!ËNÐ.ÈŸÐ±×@ÈŸÐ

2
ÛYÐ.Ñ6Ù@ËWÉ±Ç³ÈŸÍ³È	z�Ì3ò{ÈŸÛYÏ�ÈŸÌyå�Õq×^~

ëyÇ³È“ÈvÙyÇÎÐ

kjk+ É�ÈŸÌ3òvëlÈŸÇÎÏ†×@È�“�Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ³ÈWÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖàÉ�ËNÐ

S
Ï†ÇÎÖY×{é

ÆAÇÎÌ@È/{�×=ÑYÈŸÌ=Æ=È�˜.ÐYÇÎ×3Ç³ËNÐ ÈŸÐ¢×3Ð.ÈŸåYÔ�ÈŸÐ ëyÇÎÌ^~!Ñ.Õ$€

(PS
k )+ = PS

k+

Ï†ÇÎÍÎ×{é�Æ/ÛYÌ@ï�å�ÐAÖ9ÈŸÌ3Ï¢ÕqÐYÏ�òvÛèÑYÈŸÐ ÈAÛ.ËN×3Ç ö

ÈŸÐ±×@ÈŸÐÊÔ�Ë�Ñ*ÛYÍ³Ë

PS
k+

ÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌAÕqÛ.Ù

'
ÑYÈŸÐ æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô“Û.Ù

� : ClS(k+ ) = J S
k+ =PS

k+ ! (J S
k )+ =PS

k+ = (ClS(k))+ ;

ë�ÈŸÍ³ï@å.ÈŸÌ=Ñ.Õqå.ÈŸÌAÕqÛ.ï@åàÈŸÇÎÐ.ÈŸÐ•—IË
{�ÈŸÌ3ÐàÉ�ËNÔ¬z¯š*Ó!ËNÐ.ÈŸÐ±×@ÈŸÐ

2
Ö!ÈvÙ@ÇÎ×3òv×{é

ƒ�ÈŸÇ

a
ÈŸÇÎÐSz�Í³ÈŸÔ�ÈŸÐ¢×=ÑYÈvÙY—�ÈŸÌ3Ð.ÈvÙIÉ�ËNÐ

�
é�Æ=ÕqÐYÐÊÇ³Ù3×

aOk;S = � Ok;S
Ô"ÇÎ×
ÈŸÇÎÐ.ÈŸÔ

� 2 PS
k

éYÆ�Õqå.ÈŸÌ
Ï†ÇÎÍÎ×

(1) = Ok;S =
aOk;S

aOk;S
=

�
�

Ok;S :

�
�

Ç³Ù@×ÝÈŸÇÎÐhz�Í³ÈŸÔ�ÈŸÐ¢×WÉ�ËNÐ

(ES(k)) � ÛYÐ.ÑúÙ�ËNÔ"ÇÎ×�Ð�ÕNï@årƒ*Õq×3òÊûR¨*é©­*éK‡G‡&ÿ=ÈŸÇÎÐ.È}z�ÇÎÐYå.ÈŸÇÎ×@Ù3ëyÛYÌ3ò{ÈŸÍ•é?õ=ÇÎÖY×ÝÈvÙ�ÈŸÇÎÐ.È

z›ÇÎÐYå.ÈŸÇÎ×@Ù3ëyÛYÌ3ò{ÈŸÍ

� 2 � (k)
ÑYÈŸÌ�ÕqÌ3×^~¢Ñ.Õ$€ �

� = � 2 Ï†ÇÎÍÎ×^~¢Ñ.ÕqÐYÐŠÜoËNÍÎÏ†×

�� � 1 = �� � 1 ÛYÐ.Ñ

a = � Ok;S
é¢Æ/ÈvÙ@å�ÕqÍÎÖ

Ç³Ù@×
ÑYÈŸÌ–—�ÈŸÌ3Ð É�ËNÐ

�
ÇÎÐ

� (k)=(� (k))2 ÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ�~.ë�ÈŸÍ³ï@å.ÈvÙAÇ³Ù@ËNÔ�ËNÌ3ÓYå òvÛ

Z=2Z
Ç³Ù@×{é

ûaÖ�ÿ�Æ=ÈŸÌ–£�ÈŸëlÈŸÇ³Ù
É�ÈŸÌ3Í ìqÛ*Üo×
É�ËNÍÎÍK{�ËNÔ"Ô�ÈŸÐèÕqÐ�ÕqÍ³ËNÏ.é
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Á=ÕNï@å�ƒ*Õq×3ò6ûR¨*é©­*éK‡^¨�ÿ
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ö€õ/Ì3ÛYÓYÓ9ÈŸÐèÕqÍ³Ù

—�ÈŸÌ3ÐÊÛYÐ.ÑS—IË
{�ÈŸÌ3ÐQé�Æ=Õ Ñ*Ç³ÈvÙ�È�Ï†Í³ÈŸÇ³ï@åYò{ÈŸÇÎ×3ÇÎÏÚÕqÛ.ï@å

p
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E := ES(k)
A���%MJ+���ð8[!G�P�

E � = � k
UB�98

(E :
E + E � ) � 2:

ÇlO
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�����

m
���5�f>XE^8
UT%�CFE
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o

ËsNT)

E := O�
k;m

AB��%;J+�/�¥8[!
�P�

E � � � k
UT�98

(E : E + E � ) � 2:
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Æ/Ç³È ÈŸÌ@Ù3×@È�£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ6Ç³Ù@×/Ñ*Ç³È ÞAÛ.Ù@Ù�ÕqÏ�ÈWÉ�ËNÐhƒ*Õq×3ò ûR¨*é©­*éK‡G‡&ÿdé!áçÇÎÌ/Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐúÑ*Ç³È È�šYÕ${�×@È

ƒ�Èn ±Û.ÈŸÐYò

1 ! E + E � ! E
�

�! E � =(E � )2;
Ô"ÇÎ×

� (x) := x
x (E � )2 é�ùèÕqÐúÖ!È{ÕNï�å¢×@ÈG~?Ñ.Õ$€

� (x) = x
x 2 (E � )2 ~�ÕqÍ³Ù�Ë

x = x� 2 ~QÇÎÔ"ÓYÍÎÇÎòvÇ³ÈŸÌ3×^~?Ñ.Õ$€

x� � 1
ÈŸÇÎÐ¤z�Í³ÈŸÔ�ÈŸÐ¢×�É�ËNÐ

E + Ç³Ù3×{é›Æ�Õqå.ÈŸÌŠÈ�š*Ç³Ù3×3Ç³ÈŸÌ3×ØÈŸÇÎÐ.ÈX›!ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ

x = (x� � 1)�
ÇÎÐãÈŸÇÎÐ.ÈŸÐ

E + öWÛYÐ.ÑãÈŸÇÎÐ.ÈŸÐ

E � öˆÞIÐ±×@ÈŸÇÎÍ•éYáúÈŸÏ�ÈŸÐ

j� (k)=� (k)2j � 2
ÜoËNÍÎÏ†×
Ñ*Ç³È�òvë�ÈŸÇÎ×@È�£�ÈŸå�ÕqÛYÓY×3ÛYÐYÏ.é

2
ÁIÛYÐÃå�ÕqÖ!ÈŸÐúëyÇÎÌ ÕqÍÎÍ³È"í›ËNÌ3Ö9ÈŸÌ@ÈŸÇÎ×3ÛYÐYÏ�ÈŸÐÃÖ9ÈvÈŸÐ.ÑYÈŸ×^~QÛYÐ.Ñ¥{[™NÐYÐ.ÈŸÐÃÑ*Ç³È"É�ËNÐÃÛYÐ.ÙÝÖ9ÈŸÐP™N×3ÇÎÏ†×@È�í›ÈŸÌ@Ù3Ç³ËNÐ(ÑYÈvÙ

‚�ÈvËNÓ!ËNÍ³Ñ*×@Ù@ï�å.ÈŸÐ@ƒ±ÓYÇ³ÈŸÏ�ÈŸÍÎÛYÐYÏ�Ù�Ù�Õq×3ò{ÈvÙ
Ö9ÈŸëlÈŸÇ³Ù@ÈŸÐQé
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A := ClS(k)(p);
I/Eg8[!da

A+ = ClS(k+ )(p)
A
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A := Clmk (p);
InE 8�!da

A+ = Clmk+ (p)
A
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A=Ap �= G(L jk);
UT�98v�.I–A
�5%;J

d(A)+ � 1 + d(A) � :
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áúÈŸÏ�ÈŸÐ�ÑYÈŸÌŠùèÕFš*ÇÎÔŠÕqÍÎÇÎ×�ìq×ØÇ³Ù3×�Ñ*Ç³Èfz�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

L jk+ ÇÎÐ Ö!ÈŸÇ³ÑYÈŸÐçø�ìqÍÎÍ³ÈŸÐãÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï�åQéžùàÇÎ×

�
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐ�ëyÇÎÌ�ëyÇ³ÈvÑYÈŸÌ3ÛYÔ Ñ*Ç³ÈS{�ËNÔ"ÓYÍ³È�š*ÈS—AËNÐNý€ÛYÏ¢Õq×3Ç³ËNÐ�ÇÎÐ

kjk+ é0áçÇÎÌ�Ù@ÈŸ×3ò{ÈŸÐ

H := G(L jk)
éžÆ/Ç³È

�
ö•ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È�êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È

A=Ap �= G(L jk)
ÜgËNÍÎÏ†×ÝÕqÛ.Ù³—AËNÌ@ËNÍÎÍ ÕqÌŠûR¨*é©­*é©°�ÿIÛYÐ.ÑÒÑYÈŸÐ¥ƒ*ìq×3ò{ÈŸÐãûl‡†é©¨*é©¨:‡&ÿIÖYòvëÝé

ûl‡†é©¨*é©¨$®±ÿdé

ÞIÛ.Ùvƒ*Õq×3ò÷ûR¨*é©­*é©±�ÿŠÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌ�ÈŸÇÎÐ.ÈX|AÐ¢×@ÈŸÌ3Ï†Ì3ÛYÓYÓ9È

B � k� =(k� )p Ô"ÇÎ×

L = k(B 1=p)
ÛYÐ.ÑãÑ*Ç³È

—=ÛYÔ"Ô�ÈŸÌ,ö+“0Õ†ÕqÌ3ÛYÐYÏ

H � B ! � p(k):
Æ/Ç³È

�
öˆêuÐ¢É†ÕqÌ3Ç ÕqÐYò“ÇÎÔ"ÓYÍÎÇÎòvÇ³ÈŸÌ3×AÙ�ËqÜoËNÌ3×^~YÑ.Õ$€

< H + ; B + > = 1 = < H � ; B � >

Ï†ÇÎÍÎ×^~�ÑYÈŸÐYÐ

(� p(k))+ ÈŸÐ¢×3å�ìqÍÎ×AÐ¢ÛYÌIÑ*Ç³È

1
é9ƒ�ËNÔ"ÇÎ×IÇ³Ù3×
Ñ*Ç³È7“0Õ†ÕqÌ3ÛYÐYÏ

H + � B � ! � p(k)

ÐYÇ³ï�å¢×,öuÕqÛ.Ù3Ï�È{ÕqÌ3×@ÈŸ×^~!ÛYÐ.Ñ Ñ.Õqå.ÈŸÌIÏ†ÇÎÍÎ×

d(A)+ = d(A+ ) = d(H + ) = d(B � ):

ÞIÛ.Ù2‚QÈŸÔ"ÔŠÕÚûR¨*é©­*éK‡^²�ÿ›Í³ÈvÙ@ÈŸÐØëyÇÎÌ
ÕqÖ�~�Ñ.Õ$€�ÈvÙlòvÛWý,ÈvÑYÈŸÔ

b 2 B
~¢ëlÈŸÍ³ï@å.ÈvÙ
Ô�Ë±Ñ*ÛYÍ³Ë

(k� )p Ö!ÈvÙ3×3ÇÎÔ"ÔW×�Ç³Ù3×^~

ÈŸÇÎÐÒêuÑYÈ{ÕqÍ

a 2 J S
k

ÇÎÔ ø�ÕqÍÎÍ�ûgÕ�ÿyÛYÐ.Ñ ÇÎÔ ø�ÕqÍÎÍ�ûaÖ�ÿ

a 2 J m
k

ûaëyÇÎÌAÐ.ÈŸåYÔ�ÈŸÐÒÑ.ÕNÙD£lÇÎÍ³ÑÊÛYÐ¢×@ÈŸÌ=ÑYÈŸÌD“�Ì@Ëqý3È/{�×3Ç³ËNÐ

J k � J m
k

ÿ�Ï†ÇÎÖY×
Ô"ÇÎ×

(b) = ap é9ƒ�ËNÔ"ÇÎ×AÈŸÌ3å�ÕqÍÎ×@ÈŸÐ ëyÇÎÌIÈŸÇÎÐ.ÈŸÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

� : B ! pA; b 7! a:

zžÙ
Ç³Ù3×?{�Í ÕqÌ^~YÑ.Õ$€

�
ëlËNåYÍ³ÑYÈ�˜.ÐYÇ³ÈŸÌ3×/ÛYÐ.Ñ

�
ö•ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×AÇ³Ù3×^~.Ù@Ë"Ñ.Õ$€�Ù3Ç³ï�åÊÈŸÇÎÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô“Û.Ù

 : B � ! (pA)�

ÈŸÌ3Ï†ÇÎÖY×{é

êˆÔ ø�ÕqÍÎÍ�ûgÕ�ÿ�Ç³Ù3×�ÈŸÇÎÐ\z�Í³ÈŸÔ�ÈŸÐ¢×

b 2 B
ÇÎÔ —�ÈŸÌ3ÐØÉ�ËNÐ

�
~†Ü•ÕqÍÎÍ³Ù

(b) = (a)p ÜoäYÌlÈŸÇÎÐ

a 2 ES(k)
Ï†ÇÎÍÎ×{é±Æ�Õqå.ÈŸÌ

Ç³Ù@×

ker( ) � (ES(k)=(ES(k))p)� :

êuÔîø�ÕqÍÎÍlûaÖ�ÿyÈŸÌ3Ï�ÈŸÖ!ÈŸÐàÕqÐ�ÕqÍ³ËNÏ�È�ÐIÖ9ÈŸÌ3Í³ÈŸÏ†ÛYÐYÏ�ÈŸÐ

ker( ) � (O �
k;m=(O�

k;m)p)� :

Æ�ÕqÖ9ÈŸÇQëyÛYÌ@ÑYÈ•ƒ*Õq×3òØûR¨*é©­*éK‡G‡&ÿ�Ö!ÈŸÐ±ÛY×3òv×{é

ÁIÛYÐ6ÜgËNÍÎÏ†×IÕqÛ.ÙDƒ*Õq×3òØûR¨*é©­*éK‡/®±ÿyÔ"ÇÎ×3×@ÈŸÍ³ÙIêuÐ.ÑYÈ�š�Ö9ÈŸ×3Ì�ÕNï@å±×3ÛYÐYÏ�ÈŸÐ�~�Ñ.Õ$€

(ES(k)=(ES(k))p)� = � (k)=(� (k))p ÖYòvëÝé

(O�
k;m=(O�

k;m)p)� � � (k)=(� (k))p

Ï†ÇÎÍÎ×{é.á�ÇÎÌyå�ÕqÖ9ÈŸÐàÕqÍ³Ù@Ë ÇÎÐ.Ù3Ï�ÈvÙŒÕqÔ“×AÑ*Ç³È�È�š.Õ${�×@È•ƒ�Èn ¢Û.ÈŸÐYò

1 ! ker( ) ! B �  
�! (pA)� ;

ÛYÐ.ÑÊÑ.Õqå.ÈŸÌIÈŸÌ3å�ÕqÍÎ×@ÈŸÐÊëyÇÎÌ

d(B � ) � d(ker( )) + d(pA)� � d(Z=pZ) + d(A � ) = 1 + d(A) � :

áúÈŸÏ�ÈŸÐàÑYÈŸÌIËNÖ!ÈŸÐÊÏ�ÈŸò{ÈŸÇÎÏ†×@ÈŸÐÒõ/Í³ÈŸÇ³ï@åYå.ÈŸÇÎ×

d(B � ) = d(A)+ Ç³Ù@×
ÑYÈŸÌDƒ*Õq×3òÝÖ!ÈŸëyÇ³ÈvÙ�ÈŸÐQé

2
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Æ/Ç³ÈvÙ@ÈŸÌØÞIÖ.Ù@ï�åYÐYÇÎ×3×ŠÈŸÐ¢×3å�ìqÍÎ×�Ñ*Ç³ÈÚò{ÈŸÐ¢×3Ì�ÕqÍ³ÈŸÐçðIÈvÙ3ÛYÍÎ×�Õq×@È6òvÛóÓ9ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï@å.ÈŸÐ+õ�ÕqÍ³ËNÇ³Ù,ö€õ=Ì3ÛYÓYÓ!ÈŸÐ Ö9ÈvÙ3×3ÇÎÔ"ÔW×@ÈŸÌ

p
ö+z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ É�ËNÐèü�ùÊö+—–™NÌ3Ó9ÈŸÌ3Ð�~�ëyÇ³È“Ù3Ç³È“ÇÎÐôß áãâ?òvÛS˜.Ð.ÑYÈŸÐÒÙ3ÇÎÐ.Ñ ÛYÐ.ÑàÈŸÇÎÐ.ÈÝí›ÈŸÌ�ÕqÍÎÍÎÏ�ÈŸÔ�ÈŸÇÎÐ.ÈŸÌ3ÛYÐYÏÊÕqÛ*Ü

ÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖÒÈŸÇÎÐ.ÈŸÌ–“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³ÈŸÐYÔ�ÈŸÐYÏ�È

S
ÛYÐ¢É�ÈŸÌ3òvë�ÈŸÇÎÏ†×@ÈŽz�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐQé

ƒ�ÈŸÇ

kjk+ ÈŸÇÎÐÒü�ùÊö+—–™NÌ3Ó9ÈŸÌ
ÛYÐ.Ñ

p 6= 2
ÈŸÇÎÐ.È7“�Ì3ÇÎÔ"ò&ÕqåYÍ•é

á�ÇÎÌ
Ö9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐàÑ*Ç³È�Ö9ÈŸÇ³ÑYÈŸÐ6ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐXƒ±ÇÎ×3Û�Õq×3Ç³ËNÐ.ÈŸÐ��

ûoê3ÿ

� S
Ù@ÈŸÇQÈŸÇÎÐ.ÈŠûaÔH™NÏ†ÍÎÇ³ï�å.ÈŸÌ3ëlÈŸÇ³Ù@ÈWÍ³ÈvÈŸÌ@È&ÿ�ùÒÈŸÐYÏ�È�É�ËNÐ•“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³ÈŸÐÊÉ�ËNÐ

k+ é

�
êˆÐ

kjk+ ò{ÈŸÌ,Ü•ÕqÍÎÍ³È	{�ÈŸÇÎÐ.È�ÇÎÐ

S
Ï�ÈŸÍ³ÈŸÏ�ÈŸÐ.È�“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³È†é

� L S(p)jk
Ù@ÈŸÇ!Ñ*Ç³È/ÔŠÕFš*ÇÎÔŠÕqÍ³È/ÛYÐ¢É�ÈŸÌ3òvëlÈŸÇÎÏ†×@ÈÝÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È

p
ö+z›Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�É�ËNÐ

k
~±ÇÎÐ�ëlÈŸÍ³ï�å.ÈŸÌIÕqÍÎÍ³È

ƒ±×@ÈŸÍÎÍ³ÈŸÐàÕqÛ.Ù

S
É�ËNÍÎÍQò{ÈŸÌ3Í³ÈŸÏ†×AÙ3ÇÎÐ.Ñ-é

� G := G(L S(p)jk)
Ù@ÈŸÇQÑ*Ç³ÈWõÝÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9ÈÝÑ*Ç³ÈvÙ@ÈŸÌ–z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ.é

� E := ES(L S(p)) = lim� !
L S (p)� K � k; K jk ´Vµ/¶/·k¸k¹=º

E(K )
~�ëlËNÖ9ÈŸÇ

E(K ) := ES(K )
Ñ*Ç³È/õ/Ì3ÛYÓYÓ9È
ÑYÈŸÌ

S
ö+z�ÇÎÐYå.ÈŸÇÎ×@ÈŸÐ"ÈŸÇÎÐ.ÈŸÌ?ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈŸÐ Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.ÈŸÐ_—D™NÌ3Ó!ÈŸÌ@ÈŸÌ3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ

L S(p) � K � k
Ö!ÈŸò{ÈŸÇ³ï�åYÐ.ÈŸ×{é

ûoê@ê3ÿ

� S
Ù@ÈŸÇQÈŸÇÎÐ.ÈÝÈŸÐ.Ñ*ÍÎÇ³ï�å.È“ùÒÈŸÐYÏ�È=É�ËNÐ•“�Ì3ÇÎÔ�Ù3×@ÈŸÍÎÍ³ÈŸÐàÉ�ËNÐ

k+ é

�
êˆÐ

S
Ù@ÈŸÇ"{�ÈŸÇÎÐ.È“äYÖ9ÈŸÌ

p
ÍÎÇ³ÈŸÏ�ÈŸÐ.ÑYÈHƒ±×@ÈŸÍÎÍ³È�ûoÑYÈŸÌ@ÈŸÐ ùÒÈŸÐYÏ�ÈÝëyÇÎÌ/Ô"ÇÎ×

Sp
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐ�ÿAÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ��

Sp \ S = ;
é

� kS(p)jk
Ù�ÈŸÇ�Ñ*Ç³ÈÝÔŠÕFš*ÇÎÔŠÕqÍ³ÈWÕqÛ,€�ÈŸÌ3å�ÕqÍÎÖÒÉ�ËNÐ

S
ÛYÐ¢É�ÈŸÌ3òvëlÈŸÇÎÏ†×@È�Ï¢ÕqÍ³ËNÇ³Ù@Ù�ï@å.È

p
ö+z�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�É�ËNÐ

k
é

� G := G(kS(p)jk)
Ù@ÈŸÇQÑ*Ç³È�õ�ÕqÍ³ËNÇ³Ù,ö€õ/Ì3ÛYÓYÓ9È�Ñ*Ç³ÈvÙ@ÈŸÌ–z�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ.é

� E (K ) := O�
K ;m

~.ëlËNÖ9ÈŸÇ

kS(p) � K
ÈŸÇÎÐ.È“ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈWÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È�—–™NÌ3Ó9ÈŸÌ@ÈŸÌ3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ É�ËNÐ

k
Ù@ÈŸÇ•éYÆ�ÕqÖ!ÈŸÇ-Ç³Ù@×

m
ÑYÈŸÌAùàË�Ñ*ÛYÍ

Q
p2 S p

é

� E := O�
kS (p);m = lim� !

K

E(K )
~?ë�ËNÖ!ÈŸÇyÑYÈŸÌ"Ñ*ÇÎÌ@È/{±×@Èg‚-ÇÎÔ�ÈvÙ äYÖ9ÈŸÌ"Ñ*Ç³ÈŠÇÎÐ

kS(p)
ÈŸÐ±×3å�ÕqÍÎ×@ÈŸÐ.ÈŸÐ

ÈŸÐ.Ñ*ÍÎÇ³ï@å.ÈŸÐàÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.ÈŸÐfz�Ì3ëlÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐèÉ�ËNÐ

k
Í ìqÛ*Üo×{é

á�ÇÎÌ�å�ÕqÍÎ×@ÈŸÐÚÜoÈvÙ@×^~¢Ñ.Õ$€ ÇÎÐØÖ9ÈŸÇ³ÑYÈŸÐ6ø�ìqÍÎÍ³ÈŸÐ�Ñ*Ç³È=ÞAÖ!ÈŸÍÎÇ³Ù3Ç³ÈŸÌ3ÛYÐYÏ É�ËNÐ

G
ÈŸÐ.Ñ*ÍÎÇ³ï@åÚÇ³Ù3×�ûoÞIÖ.Ù@ï�åYÐYÇÎ×3×	‡†é©¨*éK‡AÖYòvëÝé

ƒ*Õq×3ò÷ûl‡†é©¨*éÃ»†ÿ3ÿdéžÆ/Ç³ÈSz�Ì3ë�ÈŸÇÎ×@ÈŸÌ3ÛYÐYÏ�ÈŸÐ

L S(p)jk+ ÛYÐ.Ñ

kS(p)jk+ Ù3ÇÎÐ.ÑóÖ9ÈŸÇ³ÑYÈ6Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å�~›Ù@ËúÑ.Õ$€úëyÇÎÌØÈŸÇÎÐ.È

ÞD{�×3Ç³ËNÐÊÑYÈŸÌ?{�ËNÔ"ÓYÍ³È�š*ÈŸÐX—IËNÐNý,ÛYÏ¢Õq×3Ç³ËNÐÒÕqÛ*Ü

G
Ö9È/{�ËNÔ"Ô�ÈŸÐ�~YëlÈŸÍ³ï�å.È“ëyÇÎÌyÔ"ÇÎ×

�
Ö9ÈŸò{ÈŸÇ³ï@åYÐ.ÈŸÐQé

á�ÇÎÌ
ë�ËNÍÎÍ³ÈŸÐ Ð¢ÛYÐàÉ�ËNÌ�ÕqÛ.Ù@Ù@ÈŸ×3ò{ÈŸÐ�~.Ñ.Õ$€

G
Ó!ËN×@ÈŸÐYòvÌ@ÈŸÇ³ï�å Ç³Ù3×yÛYÐ.Ñ•—IËNÐ.Ù@Èn ±Û.ÈŸÐYò{ÈŸÐÊÖ9ÈŸ×3Ì�ÕNï@å±×@ÈŸÐQé

ùÊÇÎ×3åYÇÎÍ ÜgÈŠÉ�ËNÐ`ƒ*Õq×3ò ûR¨*é©¨*é©¨:‡&ÿÝë�ËNÍÎÍ³ÈŸÐ÷ëyÇÎÌWÑ*Ç³È�ùf™NÏ†ÍÎÇ³ï�å,{�ÈŸÇÎ×@ÈŸÐ÷ÜaäYÌ

d+ := d(G)+ ÛYÐ.Ñ

d� := d(G) �
ÈŸÇÎÐ.Ù�ï@åYÌ�ìqÐ,{�ÈŸÐQé!Æ=ÕqòvÛ6ë�ÈŸÌ@ÑYÈŸÐÊëyÇÎÌIÈŸÇÎÐ.È“ËNÖ!ÈŸÌ@È�ƒ�ï�åYÌ�ÕqÐ,{�ÈÝÜoäYÌ

dim Fp (pH 2(G; Qp=Zp)� )

Ù@Û.ï@å.ÈŸÐQéYÞAÛ*Ü•Ñ*Ç³ÈvÙ@È/áúÈŸÇ³Ù@È/ëlÈŸÌ@ÑYÈŸÐ ëyÇÎÌ
ÕqÛ*Ü•ÑYÈŸÐ ø�ÕqÍÎÍ

d(G) � 3
Ï�ÈdÜaäYåYÌ3×�ë�ÈŸÌ@ÑYÈŸÐQé.ÞIÐÚÑ*Ç³ÈvÙ@ÈŸÌ–ƒ±×@ÈŸÍÎÍ³È=Ï�ÈŸå.ÈŸÐ

ÈŸÐ±×@Ù@ï@å.ÈŸÇ³ÑYÈŸÐ.ÑÒÑ*Ç³È�ÇÎÔi—ÝÕqÓYÇÎ×@ÈŸÍ?ê›Ö9ÈŸëyÇ³ÈvÙ@ÈŸÐ.ÈŸÐàÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�ìq×3ò{È“ÈŸÇÎÐQé

êˆÐ ÑYÈŸÌ–„?Õq×
ÍÎÇ³ÈdÜgÈŸÌ3×–—IËNÌ@ËNÍÎÍ ÕqÌ ûR¨*é©­*é©…�ÿyÕqÐYÏ�ÈŸëlÈŸÐ.ÑYÈŸ×/ÇÎÔ ø�ÕqÍÎÍ

i = 0
ÈŸÇÎÐ.È

�
ö•ÇÎÐ¢É†ÕqÌ3Ç ÕqÐ¢×@ÈŽƒ±ÛYÌoý,È/{�×3Ç³ËNÐ

E(k) � Ĥ 0(G; E) = E(k)=NGE �= H 2(G; Qp=Zp)_

ÛYÐ.ÑÊÑ.Õqå.ÈŸÌ
ÇÎÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈŸÌ@È�Ð�ÕNï@å�ƒ*Õq×3òØûR¨*é©­*éK‡G‡&ÿyÈŸÇÎÐ.È•ƒ±ÛYÌoý3È/{�×3Ç³ËNÐ

� p(k) � (E(k)=p) � � (pH 2(G; Qp=Zp)� )_ :

Æ/Ç³ÈvÙyÇÎÔ"ÓYÍÎÇÎòvÇ³ÈŸÌ3×=ÕqÍ³Ù@Ë

dim Fp (pH 2(G; Qp=Zp)� ) �

(
0

Ü•ÕqÍÎÍ³Ù

� p(k) 6� k

1
Ü•ÕqÍÎÍ³Ù

� p(k) � k:



ÞAÛ.ÙDƒ*Õq×3òØûR¨*é©¨*é©¨:‡&ÿyÈŸÌ@Ù@ÈŸå.ÈŸÐ ëyÇÎÌ
Ð±ÛYÐÊÑ*Ç³È7|AÐYÏ†Í³ÈŸÇ³ï@å¢ÛYÐYÏ

d+ � d� � d� + 1:
Æ�Õqå.ÈŸÌY{[™NÐYÐ.ÈŸÐàÐ¢ÛYÌIÑ*Ç³È/ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐàø�ìqÍÎÍ³ÈÝÕqÛ*Üo×3Ì@ÈŸ×@ÈŸÐ��

d� = 0
Ë±ÑYÈŸÌ

d+ = 0
Ë±ÑYÈŸÌ

d+ = 1
Ë�ÑYÈŸÌ

(d+ = 2
ÛYÐ.Ñ

d� = 1
ÛYÐ.Ñ

� p(k) � k):
áçÇÎÌ“ë�ËNÍÎÍ³ÈŸÐ

d+ 6= 1
ÕqÐYÐ.ÈŸåYÔ�ÈŸÐQébƒ�ËNÔ"ÇÎ×WÈŸÌ3å�ÕqÍÎ×@ÈŸÐ(ëyÇÎÌ“Ñ.ÕqÐYÐ÷ÕqÛ,€�ÈŸÌWÇÎÐôÑYÈŸÐjƒ�ËNÐ.ÑYÈŸÌ,Ü•ìqÍÎÍ³ÈŸÐ

d+ = 0
ÛYÐ.Ñ

d� = 0
Ñ*Ç³È7|AÐYÏ†Í³ÈŸÇ³ï@å¢ÛYÐYÏ

d(G) � 3
é

êˆÔîø�ÕqÍÎÍ

d(G)+ = 0
Ç³Ù3×

G
Ð�ÕNï@å�ƒ*Õq×3òØûR¨*é©¨*éK‡{þ�ÿyÕqÖ9ÈŸÍ³Ù@ï@å�~YÇÎÐÊÛYÐ.Ù@ÈŸÌ@ÈŸÔ ø�ÕqÍÎÍ•ÕqÍ³Ù�Ë"ÈŸÐ.Ñ*ÍÎÇ³ï@åQé

ƒ±ÇÎÐ.Ñ�Ñ*Ç³È

p
ö•×@ÈŸÐŽz�ÇÎÐYå.ÈŸÇÎ×@Ù3ëyÛYÌ3ò{ÈŸÍÎÐ"ÇÎÐ

k
ÈŸÐ¢×3å�ÕqÍÎ×@ÈŸÐ�~†Ù@ËAÍÎÇ³ÈdÜoÈŸÌ3×0ÑYÈŸÌb‚QÈvËNÓ9ËNÍ³Ñ*×@Ù@ï@å.ÈYƒ±ÓYÇ³ÈŸÏ�ÈŸÍÎÛYÐYÏ�Ù@Ù�Õq×3ò“ûVƒ*Õq×3ò

ûR¨*é©­*éK‡{þ�ÿ3ÿ
Ñ*Ç³È7|AÐYÏ†Í³ÈŸÇ³ï@å¢ÛYÐYÏ

d+ � 1 + d� ;
ë�ÈŸÍ³ï@å.È�ÑYÈŸÐ ø�ÕqÍÎÍ

d� = 0
ÕqÛ.Ù@Ù@ï@åYÍÎÇ³È/€†×{é

ÁIÛYÐúÏ†ÇÎÖY×WÈvÙÝÈŸÇÎÐ.ÈŸÐôêuÐ.ÑYÈ�š

i
~-Ù@Ë6Ñ.Õ$€

Gi =: P
ÈŸÇÎÐ.È"ÛYÐYÇ ÜgËNÌ3Ô�ÈØõ/Ì3ÛYÓYÓ9È"Ç³Ù3×{é•Á=ÕNï@åÂ‚QÈŸÔ"ÔŠÕôûR¨*é©¨*é©¨G²�ÿ

Ï†ÇÎÍÎ×

d(P)+ � d+ ÛYÐ.Ñ

d(P) � � d� :
áçÇÎÌ
ë�ËNÍÎÍ³ÈŸÐÒÕqÐYÐ.ÈŸåYÔ�ÈŸÐ�~!Ñ.Õ$€

d+ 6= 0
ÛYÐ.Ñ

d� 6= 0
ÛYÐ.Ñ Ù�ËNÔ"ÇÎ×

d(P) � d(G) � 3
Ï†ÇÎÍÎ×{éYá ìqÌ@È

d(P) < 3
~

Ù�ËÊå�ìq×3×@È

P
Ð�ÕNï�åŒ—IËNÌ@ËNÍÎÍ ÕqÌ ûR¨*é©¨*éK‡^±�ÿWÈŸÇÎÐ.ÈØÛYÐ.ÈŸÐ.Ñ*ÍÎÇ³ï�å.ÈÚÞIÖ9ÈŸÍÎÇ³Ù3Ç³ÈŸÌ3ÛYÐYÏP~?ë�ÕNÙ"ÕqÖ9ÈŸÌ�ÑYÈŸÐ(í›ËNÌ�ÕqÛ.Ù@Ù@ÈŸ×3òvÛYÐYÏ�ÈŸÐ

ëyÇ³ÑYÈŸÌ@Ù@ÓYÌ3Ç³ï@å¢×{é!Æ=ÈvÙ3å�ÕqÍÎÖS{[™NÐYÐ.ÈŸÐ ëyÇÎÌIÛYÐ.ÙIÕqÛ*Ü0ÑYÈŸÐàø�ÕqÍÎÍ

d(G) = d(P) = 3; d+ = d(P)+ ÛYÐ.Ñ

d� = d(P) �

Ö9ÈvÙ@ï�åYÌ�ìqÐ,{�ÈŸÐQé

Æ=ÕNÙ
Ï†Ì3ÛYÓYÓ!ÈŸÐ±×3å.ÈvËNÌ@ÈŸ×3Ç³Ù@ï@å.È ðIÈvÙ@ÛYÍÎ×�Õq×
ÑYÈvÙ³ƒ*Õq×3ò{ÈvÙ“ûR¨*é©¨*é©¨G¨�ÿyÍÎÇ³ÈdÜoÈŸÌ3×
Ð±ÛYÐÊÈŸÇÎÐ.ÈŸÐ áçÇ³ÑYÈŸÌ@Ù3ÓYÌ3Û.ï@åQé

á�ÇÎÌ�Ü•ÕNÙ@Ù@ÈŸÐóÑ*Ç³ÈÚÆAÇ³ÙQ{±Û.Ù@Ù@Ç³ËNÐ(òvÛ.ÙŒÕqÔ"Ô�ÈŸÐóÇÎÔ ÜgËNÍÎÏ�ÈŸÐ.ÑYÈŸÐ`„�å.ÈvËNÌ@ÈŸÔS~�ë�ÈŸÍ³ï@å.ÈvÙH„�å.ÈvËNÌ@ÈŸÔ ­*éK‡6ÕqÛ.Ù6ß á�â
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