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1. Injectivity, surjectivity, bijectivity.
LetA = {1,2,3,4,5} andB = {A, B,C, D}.

(a) Describe a surjective map fromto B.
Solution: For exampleif(1) = A, f(2) =B, f(3) =C, f(4) = D, f(5) = A.
(b) Describe a map from to B which is neither surjective nor injective.
Solution: For exampleif(1) = A, f(2) = A, f(3) = A, f(4) = A, f(5) = A.
(c) Does there exist an injective map frofrto B? Why?
Solution: No, because if there were such an injective nfiafhen we'd have#im(f) = #A =5
andim(f) C B, but B does not possess a subset of cardinalibecause# B = 4, contradiction.
(d) Describe an injective map froifd to A.
Solution: For exampley(A) =1, g(B) =2, 9(C) =3, g(D) = 4.
(e) Describe a map from® to A which is neither surjective nor injective.
Solution: For exampley(A) =1,¢9(B) =1,9(C) =1, g(D) = 1.
(f) Does there exist a surjective map frasnto A? Why?

Solution: No, because iff : B — A were surjective, then we would hade= #B > #A = 5,
contradiction.

2. Domain, image, preimage

(@) Letf be a map fronN to Z defined byf(n) = n® andg a map froniZ to N defined byg(n) = n?.
Calculate the image ¢&f underf and determing o g.
Solution: f(2) = 2% =8, f 0 g(n) = f(g(n)) = f(n?) = (n*)? = n.

(b) Let f be a map fromE' = {1,2,3,4} to F = {0,1,3,5,7,10} such thatf(1) = 3, f(2) = 5,
f(3)=5andf(4) = 0.

Solution: f({2,3}) = {5}, im(f) = {0, 3,5}.

FHH5) = {2,3} f71({0,1,3}) = {3,4}, f~1({1,10}) = 0.

The mapf is not injective becausg(2) = f(3) and it is not surjective (e.d0 is not in the image),
consequently it is not bijective either.



3. More on injectivity, surjectivity, bijectivity.

(&) Find an injective but not bijective map fromto N.

Solution. For exampleif : N — N, n + 2n.
(b) Find a surjective but not bijective map framto N.
_ 5 ifniseven,
Solution. For exampleif : N — N, n — o
0 if nisodd.
(c) Find a bijection betweeh andN.
% if n is even,

—ntlif pis odd.

Solution. For exampleif : N — Z, n +— {
2

4. Some proofs concerning maps.
Let A, B,C be setsang : A — B andg : B — C maps. Prove:

(a) If f andg are both injective (resp. surjective, resp. bijective), theif is injective (resp. surjective,
resp. bijective).
Solution. Supposef, g are injective. Letiy, as € A such thay o f(a1) = g o f(ag). This means
g(f(a1)) = g(f(a2)). As g is injective, we inferf(a;) = f(az2). Further, asf is injective we
arrive ata; = ao. Thus we have shown thato f is injective.
Supposef, g are surjective. Let € C. As g is surjective, there i$ € B such thaty(b) = c.
Further, asf is surjective, there ia € A such thatf(a) = b. Putting things together we have
go f(a) =g(f(a)) = g(b) = ¢, showing thay o f is surjective.
The statement about bijectivity follows immediately from the statements about Viifjgetind sur-
jectivity.

(b) If g o f isinjective, thenf is injective.
Solution. Leta;,as € A such thatf(a1) = f(az2). We concludey(f(a1)) = g(f(az2)), that is,
go f(a1) = go f(az). Using now thay o f is injective, we infefa; = as. This now means that
is injective.

(c) If g o fis surjective, them is surjective.
Solution. Letc € C be given. Ay o f is surjective, there is € A such thayy o f(a) = c. Putting
b:= f(a) € B we segy(b) = ¢, showing the surjectivity of.

(d) Suppose that botfiandg are bijective with inverseg—! andg—!, respectively.
Then(go f)~" = flog™"
Solution. We use the fact that we can put brackets as we like and compute:

(gof)o(f_log_l):gO(fOf_l)Og_l:gojdog_lzgog_l:id

and

(f_log_l)o(gof):f_lo(g_log)of:f_loidof:f_lof:id.



5. Invertibility

Consider the function
|z 4+ 1]if z <0

R—>R:z— .
/ v {|x1||fm20.

Make a sketch of.

(a) Is the functionf a bijection?
Solution. No, for instancef(—1) = f(1) = 0.

(b) Find the biggest closed interval, 10] C R such thatf restricted tda, 10] is injective.
Solution. [1, 10]

(c) Writeg : [a,10] — f([a, 10]) for the restriction off to [a, 10] with a from (b). Nowyg is bijective.
Describe the inverse afexplicitly.
Solution. On[1, 10], the functionf simply is f(xz) = « — 1. Its inverse ish : [0,9] — [1, 10] such
thatz — = + 1.

6. Involution
Let F beasetand : E — E amap such thatf o f =idg.
Prove thatf is bijective.
What is its inverse?

Solution. Sincef o f is the identity, it is bijective. From exercises 4(b) and 4(c), we thus obtairyth
is injective and surjective, hence bijective. The inverse is sinfptgelf.

7. Snefunction
Letsin : R — [—1, 1] be the sine function (known from school):
(a) Issin bijective?
Solution. No, it is not injective. For instancejn(0) = sin(w) = 0.
(b) sin~1({0}) = {n7 | n € Z}.
(€) sin ' ({1}) = {5 +2mn | n € Z}.

8. Maps and power sets.
Let E be a non-empty seE(FE) its power set, andl, B € P(FE). One defines

FiPE)=PE): X~ (AnX)U(BNX),

whereX” = E \ X is the complement oX in E.

Analyse the equality (X) = 0.

Deduce a necessary condition fbto be bijective.

Solution. We havef(X) = @ifandonlyif AN X = @ andB N X" = 0. The second condition is
equivalent toB C X. We thus have proved the equivalence:

F(X)=0= ANX=0ABCX.

If fis bijective, then, in particulaf] is in the image off. This, however, means that a sub&etC F
exists such thak N A = ) and B C X. This implies thatd N B = (). ThatA and B are disjoint is
hence a necessary condition fbto be surjective.



9. Increasing maps.
Let/ C RandJ C R be two intervals irR. Let f : I — J be a strictly increasing function.

(&) Show thatf is injective.
Solution. Strictly increasing means that for amy < x5 one hasf(z1) < f(z2). This immedi-
ately implies injectivity.

(b) Determine the unique subs&tC J such thatf : I — K is bijective.
Solution. The sought for sek’ is justim(f).

10. MapsfromN to N
Consider amap : N — N and assume that

Vk € N:u(k+1) > u(k).

(&) Show rigorously (justifying each step of your argument) that forfay= N with & < [, one has
u(k) < u(l).
Solution. This can be proved by induction. More precisely, for ang N, &k > 1 we perform an
induction in order to prove the assertiohn > 1 : u(k) < u(k + n).
Initialisation: The assertion for = 1 is precisely the assumption.
Induction step: Suppose the assertion is provec.fave now prove it fom + 1:

u(k) <u(k+n) <u((k+n)+1),

where the second inequality is the assumption applidd-tan.

(b) Iswu necessarily injective? Justify your answer by a precise argumentacbynterexample.
Solution. Let k,l € N be distinct. By possibly renaming them, we may suppose!. By (a) we
haveu(k) < u(l), in particular,u(k) # u(l). This proves the injectivity.

(c) Iswu necessarily surjective? Justify your answer by a precise argumbgtaocounterexample.
Solution. No. A counterexample is provided hby: N — N given byu(n) = 2n.



