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1. Let R be a ring andm be a maximal ideal. Recall thatmRm is the unique maximal ideal of the
localisationRm of R atm.

(a) Show that the natural mapµ : R → Rm, r 7→
r

1
induces a ring isomorphism

R/m
∼= Rm/mRm.

(b) LetM be anR-module and denote byMm its localisation atm. Conclude from (a):

M/mM ∼= Mm/mRmMm.

2. LetR be a ring andMi for i ∈ I beR-modules. (For simplicity, we assumeR to be commutative. But,
the result holds in general with the same proof.)

Show that the following statements are equivalent:

(i) Mi is flat overR for all i ∈ I.

(ii)
⊕

i∈I
Mi is flat overR.

Hint: Use Proposition 8.7 and the injectivity of the direct sum of injective homomorphisms.

3. LetR be a ring. LetM be a flat andT a faithfully flat R-module. Show thatR ⊕ T is faithfully flat
overR.

4. Letϕ : R → S be a homomorphism of rings and letM be anS-module andN anR-module. Recall
thatM is anR-module viar.m := ϕ(r).m for r ∈ R andm ∈ M (you need not prove this!). Recall
also thatS⊗R N is anS-module vias.(t⊗n) := (st)⊗n for s, t ∈ S andn ∈ N (you need not prove
this either).

Show the following statements:

(a) If φ is a flat ring homomorphism andM is a flatS-module, thenM is a flatR-module.

(b) If φ is a faithfully flat ring homomorphism andM is a faithfully flat S-module, thenM is a
faithfully flat R-module.

(c) If φ is a flat ring homomorphism andN is a flatR-module, thenS ⊗R N is a flatS-module.

(d) If φ is a faithfully flat ring homomorphism andN is a faithfully flatR-module, thenS ⊗R N is a
faithfully flat S-module.

Hint: Use Lemma 8.10.


