
Exercises in Commutative Algebra
Winter Term 2011/2012

Université du Luxembourg Sheet 12
Prof. Dr. Gabor Wiese 5/12/2011

1. (a) LetR be a ring andM be anR-module. Let furtherMi for i = 1, . . . , n be submodules ofM
such thatM is generated by theMi for i = 1, . . . , n. Show that the following two statements are
equivalent:

(i) M is Noetherian (resp. Artinian).

(ii) Mi is Noetherian (resp. Artinian) for alli = 1, . . . , n.

Hint: You may use Lemma 11.4.

(b) Let R be a Noetherian (resp. Artinian) ring. Conclude from (a) that every finitely generatedR-
module is Noetherian (resp. Artinian).

2. LetR be a Noetherian local ring andm � R its maximal ideal. Show the following assertions:

(a) m
n/m

n+1 is anR/m-vector space for the natural operation.

(b) dimR/m
(m/m

2) is the minimal number of generators of the idealm.

Hint: Use the corollary of Nakayama’s Lemma.

(c) If dimR/m
(m/m

2) = 1, then m is a principal ideal and there are no idealsa � R such that
m

n+1 ( a ( m
n for anyn ∈ N.

3. LetR be a local Noetherian integral domain of Krull dimension1 with maximal idealm. Let(0) ( I�R

be an ideal.

Show that there isn ∈ N such thatmn ⊆ I.

Hint: Let Σ be the set of all idealsI � R such thatmn 6⊆ I for all n ∈ N. This set is non-empty and
contains a maximal elementI. Show thatI = (0). Otherwise,I is not a prime ideal, so it contains a
productxy without containingx andy individually. Now consider(I, x) and(I, y).

Please turn over.



4. LetK be a field,f ∈ K[X, Y ] a non-constant irreducible polynomial andC = V(f)(K) the associated
plane curve.

Let (a, b) ∈ C be a point. Thetangent equation to C at (a, b) is defined as

TC,(a,b)(X, Y ) =
∂f

∂X
|(a,b)(X − a) +

∂f

∂Y
|(a,b)(Y − b) ∈ K[X, Y ].

If TC,(a,b)(X, Y ) is the zero polynomial, then we call(a, b) a singular point of C.

If (a, b) is non-singular (also called:smooth), thenVTC,(a,b)
(K) is a line (instead ofA2(K)), called the

tangent line to C at (a, b).

(a) Letf(X, Y ) = Y 2 − g(X) ∈ K[X, Y ], whereg(X) ∈ K[X]. Determine all the singularities of
the associated curveC by relating them to the zeros ofg(X).

(b) Letf(X, Y ) = Y 2 − X3 ∈ R[X, Y ].

Make a sketch of the associated curveC. Find all its singularities. Describe the behaviour of the
tangent lines at points on any of the two branches close to the singularity, when they approach the
singularity.

(c) Letf(X, Y ) = Y 2 − X3 − X2 ∈ R[X, Y ].

Make a sketch of the associated curveC. Find all its singularities. Describe the behaviour of the
tangent lines at points on any of the two branches close to the singularity, when they approach the
singularity.

(d) Letf(X, Y ) = Y (Y − X)(Y + X) + X6 − Y 7 ∈ R[X].

Make a sketch of the associated curveC. Find all its singularities.


