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1. Uniqueness of direct sums. LetR be a ring andMi for i ∈ I (some set)R-modules. LetS together
with ǫi : Mi → S andS′ together withǫ′i : Mi → S′ be two direct sums of theMi, i ∈ I.

Show that there is a uniqueR-isomorphismS → S′.

2. Existence and uniqueness of free modules over a set. LetR be a ring andI a set. DefineFI :=
⊕

i∈I R

and ǫ : I → FI by sendingj ∈ I to the element(mi)i∈I such thatmj = 1 andmi = 0 for all
i ∈ I \ {j}.

(a) Show thatFI is a freeR-module overI.

(b) Show that ifG is any other freeR-module overI, then there is a uniqueR-isomorphismFI → G.

3. Let R be a ring andN,Mi for i = 1, 2, 3 beR-modules. Show that the functorHomR(·, N) is
contravariant (reverses directions of arrows) and left-exact. Thatis, show the following statement:

If
M1

ψ2

−→M2

ψ3

−→M3 → 0

is an exact sequence, then

0 → HomR(M3, N)
ψ̃3

−→ HomR(M2, N)
ψ̃2

−→ HomR(M1, N)

is also exact, wherẽψi sendsα ∈ HomR(Mi, N) to α ◦ ψi ∈ HomR(Mi−1, N) for i = 2, 3.

4. LetR be a ring,N andMi for i ∈ I (some set) beR-modules. Show that there is anR-isomorphism:

Ψ : HomR(
⊕

i∈I

Mi, N) →
∏

i∈I

HomR(Mi, N).

5. Let R be a ring and0 → A
α
−→ B

β
−→ C → 0 a short exact sequence. Show that the following

statements are equivalent:

(i) There is anR-homomorphisms : C → B such thatβ ◦ s = idC (s is called asplit).

(ii) There is anR-homomorphismt : B → A such thatt ◦ α = idA (t is also called asplit).

(iii) There is anR-isomorphismA⊕ C → B.

Please turn over.



6. LetR be a ring.

(a) LetM1, . . . ,Mn beR-modules and putM :=
∏n
i=1

Mi. Show that there areR-homomorphisms
ei : M →M for i = 1, . . . , n such that

(1) ei ◦ ei = ei for all i = 1, . . . , n (a homomorphism with this property is called anidempotent).

(2) ei ◦ ej = 0 for all 1 ≤ i, j ≤ n andi 6= j (one says that the idempotentsei, i = 1, . . . , n are
orthogonal).

(3) idM = e1 + · · · + en (one says that theei, i = 1, . . . , n are acomplete set of orthogonal
idempotents of M ).

(b) LetM be anR-module ande1, . . . , en ∈ HomR(M,M) a complete set of orthogonal idempotents
of M , i.e. they satisfy (1), (2) and (3). LetMi := ei(M).

Show that there is anR-isomorphismM →
∏n
i=1

Mi.


