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. Unigueness of direct sums. Let R be a ring andV/; for ¢ € I (some set)R-modules. LetS together
with ¢; : M; — S andS’ together withe, : M; — S’ be two direct sums of th&/;, i € I.

Show that there is a uniqug-isomorphismS — S’

. Existence and uniqueness of free modules over a set. Let R be aring and a set. Defind; := @,; R
ande : I — Fr by sendingj € I to the element{m;);c; such thatn; = 1 andm; = 0 for all

ieI\{j}.

(&) Show thatF; is a freeR-module ovetrl.

(b) Show that ifG is any other free?-module overl, then there is a uniquB-isomorphismt; — G.

. Let R be aring andN, M; for i = 1,2,3 be R-modules. Show that the functéfomp(-, N) is
contravariant (reverses directions of arrows) and left-exact. iEhahow the following statement:

If
My 22 0y 2 My — 0

is an exact sequence, then
0 — Homp(Ms, N) 22 Homp(Ms, N) 2 Homp(M;, N)

is also exact, wherg, sendsy € Homp(M;, N)to oo p; € Homp(M;_1,N) fori =2,3.

. LetR be aring,N andM; for i € I (some set) bé&-modules. Show that there is &isomorphism:

U : Homp(EP M;, N) — [ [ Homp(M;, N).
i€l i€l

. LetRbearingand — A4 = B A, C — 0 a short exact sequence. Show that the following
statements are equivalent:

(i) There is anR-homomorphisns : C — B such that3 o s = id¢ (s is called asplit).
(i) There is anR-homomorphisnt : B — A such that o o = id 4 (¢ is also called &plit).
(iif) There is anR-isomorphismA & C' — B.

Please turn over.



6. LetR be aring.

(a) LetM;,..., M, be R-modules and pud/ := ], M;. Show that there ar®-homomorphisms
e;: M — Mfori=1,...,nsuchthat
(1) e;oe; =¢;foralli =1,...,n (a homomorphism with this property is called igismpotent).
(2) e;oe; =0foralll <i,j < nandi# j (one says that the idempotenisi = 1,...,n are
orthogonal).
(3) idys = e1 + -+ + e, (ONe says that the;, i = 1,...,n are acomplete set of orthogonal
idempotents of M).
(b) LetM be ank-module andty,...,e, € Homg(M, M) a complete set of orthogonal idempotents
of M, i.e. they satisfy (1), (2) and (3). Létl; := e;(M).
Show that there is aR-isomorphismM — [, M;.



