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Abstract

For a cyclic group G acting on a smooth variety X with only one character occurring in the G-
equivariant decomposition of the normal bundle of the fixed point locus, we study the derived
categories of the orbifold X G[ / ] and the blow-up resolution Y X G / . Some results generalize
known facts about X n= with diagonal G-action, while other results are new also in this basic
case. In particular, if the codimension of the fixed point locus equals G| |, we study the induced
tensor products under the equivalence Y X GD Db b( ) @ ([ / ]) and give a ‘flop–flop = twist’ type
formula. We also introduce candidates for general constructions of categorical crepant resolu-
tions inside the derived category of a given geometric resolution of singularities and test these
candidates on cyclic quotient singularities.

1. Introduction

For geometric, homological and other reasons, it has become commonplace to study the bounded
derived category of a variety. One of the many intriguing aspects are connections, some of them
conjectured, some of them proven, to birational geometry.

One expected phenomenon concerns a birational correspondence
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of smooth varieties. Then we should have

• A fully faithful embedding X XD Db b( ) ( ¢)↪ , if q K p KX X* *£ ¢.
• A fully faithful embedding X XD Db b( ¢) ( )↪ , if q K p KX X* *³ ¢.
• An equivalence X XD Db b( ¢) @ ( ), in the flop case q K p KX X* *= ¢.

This is proven in many instances, see [12, 14, 28, 38].
Another very interesting aspect of derived categories is their occurrence in the context of the

McKay correspondence. Here, one of the key expectations is that the derived category of a crepant
resolution Y X G / of a Gorenstein quotient variety is derived equivalent to the corresponding
quotient orbifold: Y X G XD D DG

b b b( ) @ ([ / ]) = ( ) . In [9], this expectation is proven in many cases
under the additional assumption that Y XHilbG@ ( ) is the fine moduli space of G-clusters on X .

It is enlightening to view the derived McKay correspondence as an orbifold version of the con-
jecture on derived categories under birational correspondences described above; for more informa-
tion on this point of view, see [29, Section 2], where the conjecture is called the DK-Hypothesis.
Indeed, if we denote the universal family of G-clusters by Y X Ì ´ , we have the following dia-
gram of birational morphisms of orbifolds:

[Z/G]
q p

˜Y

�

[X/G]

π

X/G

ð1:1Þ

Since the pullback of the canonical sheaf of X G/ under p is the canonical sheaf of X G[ / ], the con-
dition that  is a crepant resolution amounts to saying that (1.1) is a flop of orbifolds.

In many situations, a crepant resolution of X G/ does not exist. However, given a resolution
Y X:  , the DK-Hypothesis still predicts the behaviour of the categories YDb( ) and XDG

b ( ) if
K KX G Y* ³/  or K KX G Y* £/ . Another related idea is that even though a crepant resolution does

not exist in general, there should always be a categorical crepant resolution of X GDb( / ), see [35].
The hope is to find such a categorical resolution as an admissible subcategory of the derived
category YDb( ) of a geometric resolution.

Besides dimensions 2 and 3, one of the most studied testing grounds for the above, and related,
ideas is the isolated quotient singularity n

m m/ . Here, the cyclic group mm of order m acts on the
affine space by multiplication with a primitive mth root of unity z . In this paper, we consider the fol-
lowing straight-forward generalization of this set-up. Namely, let X be a quasi-projective smooth
complex variety acted upon by the finite cyclic group mm . We assume that only 1 and mm occur as
the isotropy groups of the action and write S XmFix m( ) Ì≔ for the fixed point locus. Fix a gener-
ator g of mm and assume that g acts on the normal bundle N NS X/≔ by multiplication with some
fixed primitive mth root of unity z . Then the blow-up Y X mm / with centre S is a resolution of
singularities; see Section 3 for further details. There are four particular cases we have in mind:

(a) X n= with the diagonal action of any mm .
(b) X Z2= , where Z is a smooth projective variety of arbitrary dimension, and 2 2m = S acts by

permuting the factors. Then Y Z 2@ [ ] , the Hilbert scheme of two points.
(c) X is an abelian variety, 2m acts by 1 . In this case, Y is known as the Kummer resolution.
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(d) X Y X mm = / is a cyclic covering of a smooth variety Y , branched over a divisor. Here,
n 1= and X X=

~
, Y Y= . This case has been studied in [32].

First, we prove the following result in Section 3.1. This is probably well known to experts, but we
could not find it in the literature. Write G mm≔ .

PROPOSITION A (=Proposition 3.2) The resolution obtained by blowing up the fixed point locus in
X G/ is isomorphic to the G-Hilbert scheme: Y XHilbG@ ( ) .

We set n S Xcodim( )≔ ↪ and find the following dichotomy, in accordance with the DK-
Hypothesis. We keep the notation from diagram (1.1). In particular, for n m= , we obtain new
instances of BKR-style derived equivalences between orbifold and resolution.

THEOREM B (=Theorem 4.1)

(i) The functor p q Y X: D DG
b b

*
*F ( )  ( )≔ is fully faithful for m n³ and an equivalence for

m n= . For m n> , there is a semi-orthogonal decomposition of XDG
b ( ) consisting of

YDbF( ( )) and m n- pieces equivalent to SDb( ).
(ii) The functor q p X Y: D DG

b b
*
*Y ( )  ( )≔ is fully faithful for n m³ and an equivalence for

n m= . For n m> , there is a semi-orthogonal decomposition of YDb( ) consisting of
XDG

bY( ( )) and n m- pieces equivalent to SDb( ).

For a more exact statement with an explicit description of the embeddings of the SDb( ) compo-
nents into YDb( ) and XDG

b ( ), see Section 4. In particular, for m n> , the push-forward
a S X: D DG

b b
* ( )  ( ) along the embedding a S X: ↪ of the fixed point divisor is fully faithful.

In the basic affine case (a), the result of the theorem is also stated in [29, Example 4] and there
are related results in the more general toroidal case in [29, Section 3]. Proofs, in the basic case, are
given in [1, Section 4] for n m³ and in [27] for n 2= . If n 1= , the quotient is already smooth
and we have Y X G= / — here the semi-orthogonal decomposition categorifies the natural decom-
position of the orbifold cohomology; compare [43]. The n 1= case is also proven in [36,
Theorem 3.3.2].

We study the case m n= , where F and Y are equivalences, in more detail. On both sides of
the equivalence, we have distinguished line bundles. The line bundle ZY ( ) on Y, corresponding
to the exceptional divisor, admits an mth root . On X G[ / ], there are twists of the trivial line
bundle by the group characters X

i cÄ . For i m 1, , 1, 0= - + ¼ - , we have X
i i cY( Ä ) @ .

Furthermore, we see that the functors S YD Db b( )  ( ) and S XD DG
b b( )  ( ), which define fully

faithful embeddings in the n m> and m n< cases, respectively, become spherical for m n= , and
hence induce twist autoequivalences; see Section 2.8 for details on spherical functors and twists.
We show that the tensor products by the distinguished line bundles correspond to the spherical
twists under the equivalences Y and F. In particular, one part of Theorem 4.26 is the following
formula.

THEOREM C There is an isomorphism a
1 1 1 1T

*
 cY (Y( ) Ä ) @ ( Ä )- - - - of autoequivalences

of XDG
b ( ) where the inverse spherical twist a

1T
*

- is defined by the exact triangle of functors

a aid .a
G1T * **

  ( ( ) ) -

The tensor powers of the line bundle  form a strong generator of YDb( ) , thus Theorem C, at
least theoretically, completely describes the tensor product
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X X X: D D DG G G
1 b b bÄ Y (Y( ) Ä Y( )) ( ) ´ ( )  ( )- ≔

induced by Y on XDG
b ( ). There is related unpublished work on induced tensor products under the

McKay correspondence in dimensions 2 and 3 by T. Abdelgadir, A. Craw, J. Karmazyn, and A.
King. In Corollary 4.27, we also get a formula which can be seen as a stacky instance of the
‘flop–flop = twist’ principle as discussed in [4].

In Section 5, we introduce a general candidate for a weakly crepant categorical resolution (see
[35] or Section 5.1 for this notion), namely the weakly crepant neighbourhood

YWCN Db( ) Ì ( ) , inside the derived category of a given resolution Y Y:  of a rational
Gorenstein variety Y . The idea is pretty simple: by Grothendieck duality, there is a canonical sec-
tion s: Y  of the relative dualizing sheaf, and this induces a morphism of Fourier–Mukai
transforms t s :* *  ( Ä )  !≔ .

Set tcone ( )+ ≔ and WCN ker ( ) ( )+≔ . Then, by the very construction, we have
WCN WCN*  @( ) ! ( )∣ ∣ which amounts to the notion of categorical weak crepancy. There is one

remaining condition needed to ensure that WCN ( ) is a categorical weakly crepant resolution:
whether it is actually a smooth category; this holds as soon as it is an admissible subcategory of

YDb( ) which means that its inclusion has adjoints. We prove that, in the Gorenstein case m n∣ of
our set-up of cyclic quotients, YWCN Db( ) Ì ( ) is an admissible subcategory; see Theorem 5.4.

In Section 5.4, we observe that there are various weakly crepant resolutions inside YDb( ) .
However, a strongly crepant categorical resolution inside YDb( ) is unique, as we show in
Proposition 5.8. Our concept of weakly crepant neighbourhoods was motivated by the idea that
some non-CY objects possess ‘CY neighbourhoods’ (a construction akin to the spherical subcat-
egories of spherelike objects in [25]), that is full subcategories in which they become Calabi–Yau.
This relationship is explained in Section 5.5.

In the final Section 6, we construct Bridgeland stability conditions on Kummer three-folds as
an application of our results, see Corollary 6.2.

Conventions. We work over the complex numbers. All functors are assumed to be derived. We
write Ei ( ) for the ith cohomology object of a complex E ZDbÎ ( ) and EH*( ) for the complex

Z E iH ,i
iÅ ( )[- ]. If a functor F has a left/right adjoint, they are denoted LF , RF .

There are a number of spaces, maps and functors repeatedly used in this text. For the conveni-
ence of the reader, we collect our notation as the following:

˜X
p

blow-up in S

q

X

πZ = P(N)

j

i

ν
S

a

b

/G = �

blow-up in S
Y = X/G

Db(˜Y )
Φ

Db
G(X)

Ψ

Db(S)

Ξα

Db(S)

Θβ

˜X ˜Y

G g Xacts on smoothmm= = á ñ
S G X n X S, dim dimFix= ( ) Ì = ( ) - ( )
N N gwith idS X N Nz= =/ ·∣

G g: , 1*c c z ( ) = -

Y ZPic withY X
m

Y  Î ( ) = ( )~ 

Z XPic with trivialX X
G = ( ) Î ( )

~~ ~

Zaction on 1X Z Z  = ( ) = (- )n~
∣

p q triv
*
*F ≔ ◦ ◦

q pG
*
*Y (-)≔ ◦ ◦

i* * n bQ ( ( ) Ä ( ))b n≔
a triv* cX ( ) Äa

a≔ ◦
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2. Preliminaries

2.1. Fourier–Mukai transforms and kernels

Recall that given an object  in Z ZDb( ´ ¢), where Z and Z¢ are smooth and projective, we get an
exact functor Z ZD Db b( )  ( ¢), F p p FZ Z*

*( Ä )¢↦ . Such a functor, denoted by FM , is called a
Fourier–Mukai transform (or FM transform) and  is its kernel. See [26] for a thorough introduc-
tion to FM transforms. For example, if Z Z Z:D  ´ is the diagonal map and  is in ZPic( ),
then F FFM

*
 ( ) = ÄD . In particular, FMD is the identity functor.

Convention. We will write M for the functor FM
*D .

The calculus of FM transforms is, of course, not restricted to smooth and projective varieties.
Note that f

*
maps ZDb( ) to ZDb( ¢) as soon as f Z Z:  ¢ is proper. In order to be able to control

the tensor product and pullbacks, one can restrict to perfect complexes. Recall that a complex of
sheaves on a quasi-projective variety Z is called perfect if it is locally quasi-isomorphic to a bounded
complex of locally free sheaves. The triangulated category of perfect complexes on Z is denoted by
D Zperf ( ). It is a full subcategory of ZDb( ). These two categories coincide if and only if Z is smooth.

We will sometimes take cones of morphisms between FM transforms. Of course, one needs to
make sure that these cones actually exist. Luckily, if one works with FM transforms, this is not a
problem, because the maps between the functors come from the underlying kernels and everything
works out, even for (reasonable) schemes which are not necessarily smooth and projective, see [5].

2.2. Group actions and derived categories

Let G be a finite group acting on a smooth variety X . Recall that a G-equivariant coherent sheaf is
a pair F, gl( ), where F XCohÎ ( ) and F g F:g *l 

~
are isomorphisms satisfying a cocycle condi-

tion. The category of G-equivariant coherent sheaves on X is denoted by XCohG( ). It is an abelian
category. The equivariant-derived category, denoted by XDG

b ( ), is defined as XD CohGb( ( )), see,
for example [42] for details. Recall that for every subgroup G G¢ Ì , the restriction functor

X X: D DG G
b bRes ( )  ( )¢ has the induction functor X X: D D

G G
b bInd ( )  ( )¢ as a left and right adjoint

(see for example [42, Section 1.4]). It is given for F ZDbÎ ( ) by

F g F 2.1

g G G

Ind *( ) = ( )

[ ]Î ¢

⨁
⧹

with the G-linearization given by the G¢-linearization of F together with appropriate permutations
of the summands.

If G acts trivially on X , there is also the functor X X: D DG
b btriv ( )  ( ) which equips an object with

the trivial G-linearization. Its left and right adjoint is the functor X X: D DG
G
b b( ) ( )  ( ) of invariants.

Given an equivariant morphism f X X:  ¢ between varieties endowed with G-actions, there are
equivariant pushforward and pullback functors, see, for example [42, Section 1.3] for details. We
will sometimes write f G

*
for fG

*
( ) ◦ . It is also well known that the category XDG

b ( ) has a tensor
product and the usual formulas, for example the adjunction formula, hold in the equivariant setting.

Finally, we need to recall that a character k of G acts on the equivariant category by twisting
the linearization isomorphisms with k. If F XDG

bÎ ( ), we will write F kÄ for this operation. We
will tacitly use that twisting by characters commutes with the equivariant pushforward and pull-
back functors along G-equivariant maps.

513DERIVED CATEGORIES OF RESOLUTIONS OF CYCLIC QUOTIENT SINGULARITIES

Downloaded from https://academic.oup.com/qjmath/article-abstract/69/2/509/4675118
by University of Glasgow user
on 03 August 2018



2.3. Semi-orthogonal decompositions

References for the following facts are, for example, [12, 13].
Let  be a Hom-finite triangulated category. A semi-orthogonal decomposition of  is a

sequence of full triangulated subcategories , , m1 ¼ such that (a) if Ai iÎ and Aj jÎ , then
A A lHom , 0i j( [ ]) = for i j> and all l, and (b) the i generate  , that is, the smallest triangulated

subcategory of  containing all the i is already  . We write , , m1  = á ¼ ñ. If m 2= , these
conditions boil down to the existence of a functorial exact triangle A T A2 1  for any object
T Î .

A subcategory  of  is right admissible if the embedding functor i has a right adjoint Ri , left
admissible if i has a left adjoint Li , and admissible if it is left and right admissible.

Given any triangulated subcategory  of  , the full subcategory  Í^ consists of objects T
such that A T kHom , 0( [ ]) = for all A Î and all k Î . If  is right admissible, then

,  = á ñ^ is a semi-orthogonal decomposition. Similarly, ,  = á ñ^ is a semi-orthogonal
decomposition if  is left admissible, where ^ is defined in the obvious way.

Examples typically arise from so-called exceptional objects. Recall that an object E ZDbÎ ( )
(or any -linear triangulated category) is called exceptional if E EHom , ( ) = and

E E kHom , 0( [ ]) = for all k 0¹ . The smallest triangulated subcategory containing E is then
equivalent to D Specb ( ( )) and this category, by abuse of notation again denoted by E , is admis-
sible, leading to a semi-orthogonal decomposition Z E ED ,b( ) = á ñ^ . A sequence of objects
E E, , n1 ¼ is called an exceptional collection if Z E E E ED , , , , ,n n

b
1 1( ) = á( ¼ ) ¼ ñ^ and all Ei are

exceptional. The collection is called full if E E, 0n1( ¼ ) =^ .
Note that any fully faithful FM transform X X: D Db bF ( )  ( ¢) gives a semi-orthogonal decom-

position X X XD D , Db b b( ¢) = áF( ( )) F( ( ))ñ^ , because any FM transform has a right and a left
adjoint, see [26, Proposition 5.9].

2.4. Dual semi-orthogonal decompositions

Let  be a triangulated category together with a semi-orthogonal decomposition , , n1  = á ¼ ñ
such that all i are admissible. Then there is the left-dual semi-orthogonal decomposition

, ,n 1  = á ¼ ñ given by , , , , ,i i i n1 1 1    á ¼ ¼ ñ- +
^≔ . There is also a right-dual decompos-

ition, but we will always use the left-dual and refer to it simply as the dual semi-orthogonal
decomposition. We summarize the properties of the dual semi-orthogonal decomposition needed
later on in the following:

LEMMA 2.1 Let , , n1  = á ¼ ñ be a semi-orthogonal decomposition with dual semi-orthogonal
decomposition , ,n 1  = á ¼ ñ.

(i) , , , ,r r1 1   á ¼ ñ = á ¼ ñ and , , , ,r n r1 1   á ¼ ñ = á ¼ ñ^
+ for r n1 £ £ .

(ii) If , , n1 á ¼ ñ is given by an exceptional collection that is, Ei i = á ñ, then its dual is also
given by an exceptional collection Fi i = á ñ such that E FHom , 0i j ij* d( ) = [ ].

Proof. Part (i) is [21, Proposition 2.7(i)]. Part (ii) is then clear. □
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An important classical example is the following:

LEMMA 2.2 There are dual semi-orthogonal decompositions

n

n n

D , 1 , , 1 ,

D 1 1 , , 1 1 , .

n

n n

b 1

b 1 1 1

  







( ) = á ( ) ¼ ( - )ñ

( ) = áW ( - )[ - ] ¼ W ( )[ ] ñ

-

- -

Proof. The fact that both sequences are indeed full goes back to Beilinson, see [26, Section 8.3]
for an account. The fact that they are dual is classical and follows by a direct computation, for
instance using [16, Lemma 2.5]. □

The following relative version is the example of dual semi-orthogonal decompositions which
we will need throughout the text.

LEMMA 2.3 Let Z S:n  be a n 1 - -bundle. There is the semi-orthogonal decomposition

Z S S S nD D , D 1 , , D 1b b b b* * * n n n( ) = á ( ) ( ) Ä ( ) ¼ ( ) Ä ( - )ñn n

whose dual decomposition is given by

Z S n S SD D 1 , , D 1 , D .nb b 1 b 1 b* * *n n n( ) = á ( ) Ä W ( - ) ¼ ( ) Ä W ( ) ( )ñn n
-

Proof. Part (i) is [40, Theorem 2.6]. Part (ii) follows from Lemma 2.2. □

The following consequence will be used in Section 4.5.

COROLLARY 2.4 If m n< , there is the equality of subcategories of ZDb( )

S m n S

S n S m

D , , D 1

D 1 , , D .n m

b b

b 1 b

* *

* *

 n n

n n

á ( ) Ä ( - ) ¼ ( ) Ä (- )ñ

= á ( ) Ä W ( - ) ¼ ( ) Ä W ( )ñ
n n

n n
-

Proof. Applying Lemma 2.1(i) to the dual decompositions of Lemma 2.3 gives the equalities

S n S m

S S m

S m n S

D 1 , , D

D , , D 1

D , , D 1 .

n mb 1 b

b b

b b

* *

* *

* *



 

n n
n n
n n

á ( ) Ä W ( - ) ¼ ( ) Ä W ( )ñ

= á ( ) ¼ ( ) Ä ( - )ñ

= á ( ) Ä ( - ) ¼ ( ) Ä (- )ñ

n n

n

n n

-

^

□

2.5. Linear functors and linear semi-orthogonal decompositions

Let  be a tensor triangulated category, that is a triangulated category with a compatible sym-
metric monoidal structure. Moreover, let  be a triangulated module category over  , that is there
is an exact functor :*  p  and a tensor product :  Ä ´  , that is an assignment

A E*p ( ) Ä functorial in A Î and E Î .
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We will take D YG
perf = ( ) for some variety Y with an action by a finite group G. Note that

D YG
perf ( ) has a (derived) tensor product, and it is compatible with G-linearizations.
For  , we have several cases in mind. If X is a smooth G-variety X with a G-equivariant

morphism X Y:p  , then we take X D XDG G
b perf = ( ) = ( ); this is a tensor-triangulated category

itself and *p preserves these structures.
If L is a finitely generated Y -algebra, then let Db = (L) be the bounded derived category of

finitely generated right L-modules with A A
Y

* p ( ) = Ä L and A E A E
Y

* p ( ) Ä = Ä L Ä =L
A E

Y
Ä Î . Note that if L is not commutative, then  is not a tensor category.

We say that a full triangulated subcategory  Ì is  -linear (since in our cases we have
D Yperf = ( ), we will also speak of Y-linearity) if

A E A Efor all and .*   p ( ) Ä Î Î Î

We say that a semi-orthogonal decomposition , , n1  = á ¼ ñ is  -linear, if all the i are
 -linear subcategories.

We call a class of objects  Ì (left/right) spanning over  if * p Ä is a (left/right) span-
ning class of  in the non-relative sense. Recall that a subset  Ì is generating if  = á ñ is
the smallest triangulated category closed under direct summands containing  . The subset  Ì
is called generating over  if * pÄ generates Db ( ).

Let  ¢ be a further tensor triangulated category together with a tensor-triangulated functor
:*  p¢  ¢. We say that an exact functor :  F  ¢ is  -linear if there are functorial

isomorphisms

A E A E A Efor all and .* *  p pF( ( ) Ä ) @ ¢ ( ) Ä F( ) Î Î

The verification of the following lemma is straight-forward.

LEMMA 2.5
(i) If :  F  ¢ is  -linear, then F( ) is a  -linear subcategory of  ¢.
(ii) Let Db Ì ( ) be a  -linear (left/right) admissible subcategory. Then the essential image of
 is Db ( ) if and only if  contains a (left/right) spanning class over  .

For the following, we consider the case that XDb = ( ) for some smooth variety X together with
a proper morphism X Y:p  .

LEMMA 2.6 Let , Db  Ì ( ) be Y -linear full subcategories. Then

om B A A B, 0 , .*    pÌ ( ) = " Î Î^ ⟺

Proof. The direction ⟸ follows immediately from B A Y om B AHom , , ,* *p( ) @ G( ( )); recall
that all our functors are the derived versions.

Conversely, assume that there are A Î and B Î such that om B A, 0*p ( ) ¹ . Since
D Yperf ( ) spans YD QCoh( ( )), this implies that there is an E D YperfÎ ( ) such that
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E om B A Y om B A E Y om B A E

Y om B E A

B E A

0 Hom , , , , , ,

, ,

Hom , .

* * * * *

* *

* *

  



p p p p
p p

p

¹ ( ( )) @ G( ( ) Ä ) @ G( ( ( ) Ä ))
@ G( ( Ä ))
@ ( Ä )

 

By the Y -linearity, we have B E* pÄ Î and hence  Ì ^. □

2.6. Relative Fourier–Mukai transforms

Let X Y:p  and X Y:p¢ ¢  be proper morphisms of varieties with X and X¢ being smooth. We
denote the closed embedding of the fibre product into the product by i X X X X: Ý ¢ ´ ¢↪ .

We call X X: D Db bF ( )  ( ¢) a relative FM transform if FM
*

F = i for some object
X XD Y

b Î ( ´ ). It is a standard computation that a relative FM transform is linear over Y , with
respect to the pullbacks *p and *p¢ . Furthermore, we have p q

*
* F @ ( ( ) Ä ), where p and q

are the projections of the fibre diagram

X ×Y X ′

X ′

pq

X

π π′

Y

ð2:2Þ

The right adjoint of F is given by q p X X: D DR b b
*

F ( ( ) Ä ) ( ¢)  ( )! ≔ . We also have
the following slightly stronger statement which one could call relative adjointness.

LEMMA 2.7 For E XDbÎ ( ) and F XDbÎ ( ¢), there are functorial isomorphisms

om E F om E F, , .R
* * p p¢ (F( ) ) @ ( F ( ))

Proof. This follows by Grothendieck duality, commutativity of (2.2) and projection formula:

om E F om p q E F p om q E p F

q om q E p F

om E q p F

om E F

, , ,

,

,

, .R

* * *
*

* *
*

* *
*

* *

*

    

 

 



p p p

p

p
p

¢ (F( ) ) @ ¢ ( ( Ä ) ) @ ¢ ( Ä )

@ ( Ä )

@ ( ( Ä ))

@ ( F ( ))

!

! 

! 

□

For E F X, DbÎ ( ), using the isomorphism of the previous lemma, we can construct a natural
morphism om E F om E F: , ,* * p pF ( )  ¢ (F( ) F( )) as the composition

E F om E F om E F om E F, : , , , , 2.3R
* * *  p p pF = F( ) ( )  ¢ ( F F( )) @ ¢ (F( ) F( )) ( ) 

where the first morphism is induced by the unit of adjunction F FR F F( ). Note that taking
global sections gives back the functor F on morphisms, that is Y ,F = G( F) as maps
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E F Y om E F Y om E F E FHom , , , , , Hom , .* * *
* p p( ) @ G( ( ))  G( ¢ (F( ) F( ))) @ (F( ) F( ))

More generally, F induces functors for open subsetsU YÍ ,

W W W U X W U X: D D , where and ,U
b b 1 1p pF ( )  ( ¢) = ( ) Í ¢ = ¢ ( ) Í ¢- -

given by restricting the FM kernel *i to W W´ ¢ and we have U,UF = G( F) . From this, we see
that F is compatible with composition which means that the following diagram, for
E F G X, , DbÎ ( ), commutes

π∗ Hom(F,G) ⊗ π∗ Hom(E,F )

˜Φ⊗˜Φ

π∗ Hom(E,G)

Φ

π′∗ Hom(Φ(F ), Φ(G)) ⊗ π′∗ Hom(Φ(E), Φ(F )) π′∗ Hom(Φ(E), Φ(G))

ð2:4Þ

2.7. Relative tilting bundles

Let X Y:p  be a proper morphism of varieties and let X be smooth. Later on, X and Y will
have G-actions, and XDb( ) will be replaced by XDG

b ( ).
We say that V XCohÎ ( ) is a relative tilting sheaf if om V V,V *pL L ( )≔ ≔ is cohomologi-

cally concentrated in degree 0 and V is a spanning class over Y . For a more general theory of rela-
tive tilting bundles, see [8]. Note that L is a finitely generated Y -algebra. We denote the bounded
derived category of coherent right modules over L by Db(L). It is a triangulated module category
over D Yperf ( ) via A A

Y
* p = Ä L, and L is a relative generator. In particular, for A XDbÎ ( ) and

M DbÎ (L), the tensor product A MÄ is over the base Y .
The functor om V X Y, : Coh Coh*p ( ) ( )  ( ) factorizes over Coh(L). Since it is left exact,

we can consider its right-derived functor om V X, : D Db b
*p ( ) ( )  (L). This yields a relative

tilting equivalence:

PROPOSITION 2.8 Let V XDbÎ ( ) be a relative tilting sheaf over Y . Then V generates XDb( ) over
Y , and the following functor defines a Y -linear exact equivalence:

t om V X, : D D .V
b b

*p ( ) ( )  (L)
~

≔

Proof. The Y -linearity of tV is due to the projection formula

t A E A om V E A om V E A t E, , .V V* * * * p p p p( Ä ) = ( Ä ( )) @ Ä ( ) = Ä ( )

Consider the restricted functor t V D Y: DV
perf b* p¢ á Ä ( )ñ  (L)≔ . We show that tV¢ is fully

faithful, using the adjunctions * *p p and
Y

ForÄ L , where Y: D Db bFor (L)  ( ) is scalar
restriction, the projection formula, and the Y -linearity of tV¢ :
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A V B V A B om V V

A B om V V

A B

A B

t A V t B V

Hom , Hom , ,

Hom , ,

Hom ,

Hom ,

Hom , .V V

X X

Y

Y

* * * *

* *

* *




 





p p p p
p p

p p

( Ä Ä )@ ( Ä ( ))
@ ( ( Ä ( )))
@ ( Ä L)
@ ( Ä L Ä L)

@ ( ¢ ( Ä ) ¢ ( Ä ))
L

L

Since objects of type A V*p Ä generate  , this shows that tV¢ is fully faithful. We have
t VV¢ ( ) = L. Since L is a relative generator, hence a relative spanning class, of Db(L), we get an
equivalence Db @ (L), see Lemma 2.5.

We now claim that the inclusion XDb ( )↪ has a right adjoint, namely

t t X: D D .V V
1 b b ¢ ( )  (L) -

For this, take A D YperfÎ ( ), F XDbÎ ( ) and compute

A V F A om V F A t F

t A t t F

A V t t F

Hom , Hom , , Hom ,

Hom ,

Hom , ,

V

V V V

V V

1 1

1

X Y* *

*

 





p p

p

( Ä ) @ ( ( )) @ ( Ä L ( ))

@ ( ¢ ( Ä L) ¢ ( ))

@ ( Ä ¢ ( ))

L
- -

-

where we use the projection formula, the adjunction
Y

ForL Ä , the fact that tV
1¢- is an

equivalence, hence fully faithful, and the Y -linearity of tV
1¢- .

Since the right-admissible Y -linear subcategory XDb Ì ( ) contains the relative spanning class
V , we get XDb = ( ) by Lemma 2.5. This shows that V is a relative generator and that t tV V= ¢ is
an equivalence. □

Let X Y:p¢ ¢  be a second proper morphism and let X X: D Db bF ( )  ( ¢)
~

be a relative FM
transform.

LEMMA 2.9 If

V V om V V om V V, : , ,V V* * p pF F( ) L = ( )  ¢ (F( ) F( )) = LL F( ) ≔

is an isomorphism, then the following diagram of functors commutes:

Db(X)
tV

Φ Φ

Db(ΛV )

⊗ΛV
Λ V )(

Db(X ′)
tΦ(V )

Db(ΛΦ(V ))

ð2:5Þ

Proof. We first show that V E t E t E, : V VF( ) ( )  (F( ))F( ) is an isomorphism in YDb( ) for every
E XDÎ ( ). Assume first that there is an exact triangle A V E B V* *p pÄ   Ä for some
A B D Y, perfÎ ( ) and consider the induced morphism of triangles
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π∗ Hom(V, π∗A ⊗ V )

˜Φ(V,π∗A⊗V )

π∗ Hom(V,E)

˜Φ(V,E)

π∗ Hom(V, π∗B ⊗ V )

˜Φ(V,π∗B⊗V )

π′∗ Hom(Φ(V ), Φ(π∗A ⊗ V )) π′∗ Hom(Φ(V ), Φ(E)) π′∗ Hom(Φ(V ), Φ(π∗B ⊗ V )).

The outer vertical arrows are isomorphisms because they decompose as

om V V A om V V A om V V A

om V V A om V V A

, , ,

, , .

* * * *

*
*

*
*

  

 

p p p p

p p p p

( Ä ) ( ) Ä  ¢ (F( ) F( )) Ä

 ¢ (F( ) F( ) Ä ¢ )  ¢ (F( ) F( Ä ))

~

F

~

~ ~
L

Therefore, the middle vertical arrow is an isomorphism as well. Since V is a relative generator, we
can show that V E,F( ) is an isomorphism for arbitrary E XDbÎ ( ) by repeating the above
argument.

Using the commutativity of (2.4) with E plugged in for G and V plugged in for all other argu-
ments, we see that V E,F( ) induces an VLF( )-linear isomorphism om V E, VV*p ( ) Ä L L F( )

~

om V E, .*p ¢ (F( ) F( )) □

LEMMA 2.10 The functor F is fully faithful if and only if : V VF L  LL F( ) is an isomorphism.

Proof. If F is fully faithful, the unit id R F F is an isomorphism. Hence, FL is an isomorphism,
see (2.3).

Conversely, let FL be an equivalence. By Lemma 2.9, we get a commutative diagram

Db(X)
tV

Φ

Db(ΛV )

⊗ΛV
ΛΦ(V )

〈Φ(V )〉
tΦ(V )

Db(ΛΦ(V ))

In this diagram, the horizontal functors are tilting equivalences. The right-hand vertical functor is
an equivalence, too, by assumption on FL . Hence, X V: DbF ( )  áF( )ñ is an equivalence, which
implies that X X: D Db bF ( )  ( ¢) is fully faithful. □

LEMMA 2.11 Let V XDbÎ ( ) be a relative tilting sheaf, X X: D Db bF ( )  ( )
~

a relative FM auto-
equivalence, and V V:n  F( )

~
an isomorphism such that

om V V om V V: , , ,1
* * n n p pF = ( )  (F( ) F( ))L

- ◦ ◦

that is U j n n jF ( ) =◦ ◦ for all open subsets U YÌ and UVj Î L ( ). Then there exists an iso-
morphism of functors id  F

~
restricting to n .
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Proof. We claim that, under our assumptions, the following diagram of functors commutes:

Db(X)
tV

id

Db(ΛV )

⊗ΛV
ΛΦ(V )

Db(X)
tΦ(V )

Db(ΛΦ(V ))

ð2:6Þ

We construct a natural isomorphism t t: V V VV
h  Ä LF

~
L F as follows. For E XDbÎ ( ), there is

a natural Y -linear isomorphism om V E om V E, , VV* * p p(F( ) )  ( ) Ä L~
L F( ) given by

f f 1n Ä↦ ; the inverse map is g g1 1nÄ -↦ . This map is linear over VLF because, for a local
section om V V,*l pÎ (F( ) F( )), we have by our assumption, setting 1j l= F ( )- :

f f f f f1 1 1 .1h l ln n l n l n l( ) = Ä = F ( ) Ä = Ä = ( Ä )-

Comparing the diagrams (2.6) and (2.5) shows that idF @ . □

COROLLARY 2.12 Let V XDbÎ ( ) be a relative tilting sheaf, X X, : D D1 2
b bF F ( )  ( ¢)~ relative FM

equivalences, and V V: 1 2n F ( )  F ( )~ an isomorphism such that U U2, 1,j n n jF ( ) = F ( )◦ ◦ for
all UVj Î L ( ) and U YÌ open. Then there exists a isomorphism of functors 1 2F  F~ restricting
to n .

Moreover, if V L Lk1= Å Å decomposes as a direct sum, then the above condition is satis-
fied by specifying isomorphisms L L:i i i1 2n F ( )  F ( )~ inducing functor isomorphisms U U1, 2,F  F~

on the full finite subcategory L L, ,U k U1{ ¼ }∣ ∣ of UDb 1p( ( ))- .

REMARK 2.13 All the results of this subsection remain valid in an equivariant setting, where a
finite group G acts on X and X Y:p  is G-invariant. Then the correct sheaf of Y -algebras is

om V V,V
G
* pL = ( ).

2.8. Spherical functors

An exact functor :  j  between triangulated categories is called spherical if it admits both
adjoints, if the cone endofunctor F 1 cone id R

 j j[ ] (  )≔ is an autoequivalence of  , and if the
canonical functor morphism F 1R Lj j [ ] is an isomorphism. A spherical functor is called split if
the triangle defining F is split. The proper framework for dealing with functorial cones are
dg-categories; the triangulated categories in this article are of geometric nature, and we can use
Fourier–Mukai transforms. See [6] for proofs in great generality.

Given a spherical functor :  j  , the cone of the natural transformation T T= j ≔
cone idR

jj(  ) is called the twist aroundj; it is an autoequivalence of .
The following lemma follows immediately from the definition, since an equivalence has its

inverse functor as both left and right adjoint.

LEMMA 2.14 Let :  j  be a spherical functor and let :  d  ¢ be an equivalence. Then
:  d j  ¢◦ is a spherical functor with associated twist functor 1T Td d=dj j

- .
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3. The geometric setup

Let X be a smooth quasi-projective variety together with an action of a finite group G. Let
S Gfix( )≔ be the locus of fixed points. Then S XÌ is a closed subset, which is automatically
smooth since, locally in the analytic topology, the action can be linearized by Cartan’s lemma, see
[17, Lemma 2]. Also note that X G/ has rational singularities, like any quotient singularity over 
[31].

CONDITION 3.1 We make strong assumptions on the group action:

(i) G mm@ is a cyclic group. Fix a generator g GÎ .
(ii) Only the trivial isotropic groups 1 and mm occur.
(iii) The generator g acts on the normal bundle N NS X/≔ by multiplication with some fixed

primitive mth root of unity z .

Condition (ii) obviously holds if m is prime.
Condition (iii) can be rephrased: there is a splitting T T NX S S S X= Å /∣ because TS is the subsheaf

of G-invariants of TX S∣ and we work over characteristic 0. By (iii), this is even the splitting into the
eigenbundles corresponding to the eigenvalues 1 and z .

We denote by G: *c  the character with g 1c z( ) = - . Hence, we can reformulate (iii) by
saying that G acts on N via 1c- .

From these assumptions, we deduce the following commutative diagram:

˜X
p

blow-up in S

q

X

πZ = P(N)

j

i

ν
S

a

b

/G = �

blow-up in S
Y = X/G˜Y˜X

ð3:1Þ

where a, b, i, and j are closed embeddings and p is the quotient morphism. The G-action on X lifts
to a G-action on X

~
. Since, by assumption, G acts diagonally on N , it acts trivially on the exceptional

divisor Z N= ( ). In particular, the fixed point locus of the G-action on X
~

is a divisor. Hence, the
quotient variety Y is again smooth and the quotient morphism q is flat due to the Chevalley–
Shephard–Todd theorem. Since the composition pp ◦ is G-invariant, it induces the morphism

Y Y:  which is easily seen to be birational, hence a resolution of singularities. The preimage
S1 ( )- of the singular locus is a divisor in Y. Hence, by the universal property of the blow-up, we

get a morphism Y YBlS which is easily seen to be an isomorphism.

3.1. The resolution as a moduli space of G-clusters

The result of this section might be of independent interest. Let X be a smooth quasi-projective variety
and G a finite group acting on X . A G-cluster on X is a closed zero-dimensional G-invariant
subscheme W XÌ such that the G-representation H W , W

0 ( ) is isomorphic to the regular
representation of G. There is a fine moduli space XHilbG( ) of G-clusters, called the G-Hilbert
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scheme. It is equipped with the equivariant Hilbert–Chow morphism X X G: Hilb ,Gt ( )  /
W Wsupp( )↦ , mapping G-clusters to their underlying G-orbits.

PROPOSITION 3.2 Let G be a finite cyclic group acting on X such that all isotropy groups are
either 1 or G, and such that G acts on the normal bundle N G XFix( )/ by scalars which means that
Condition 3.1 is satisfied. Then there is an isomorphism

Y X: Hilb with .G j t j ( ) =
@ ◦

Proof. We use the notation from (3.1). One can identify X
~

with the reduced fibre product
Y XY red( ´ ) which gives a canonical embedding X Y XÌ ´

~  . Under this embedding, the generic
fibre of q is a reduced free G-orbit of the action on X . In particular, it is a G-cluster. By the flat-
ness of q, every fibre is a G-cluster and we get the classifying morphism Y X: HilbGj  ( ) which
is easily seen to satisfy t j =◦ .

Let s SÎ and z ZÎ with z sn ( ) Î . Let ℓ N sÌ ( ) be the line corresponding to z. Then, one can
check that the tangent space of the G-cluster q i z X1( ( )) Ì- is exactly ℓ. Hence, the G-clusters in
the family X

~
are all different so that the classifying morphism j is injective. For the bijectivity of

j, it is only left to show that the G-orbits supported on a given fixed point s SÎ are parametrized
by N s( ( )). Let Xx Ì be such a G-cluster. In particular, x is a length m G= ∣ ∣ subscheme con-
centrated in s, and hence can be identified with an ideal I X s X s

m
, ,Ì /m of codimension m. By

Cartan’s lemma, the G-action on X can be linearized in an analytic neighbourhood of s. Hence,
there is an G-equivariant isomorphism

x x y y x x y y R, , , , , , , , , , ,X s X s
m

k n k n
m

, , 1 1 1 1 / @ [ ¼ ¼ ]/( ¼ ¼ ) ≕m

where G acts trivially on the xi and by multiplication by 1z- on the yi. Furthermore, n Nrank S X= /
and k T X nrank dimS= = - . By assumption,  x( ) is the regular mm -representation. In other
words,

R I , 3.2m0 1 x c c c( ) @ / @ Å Å Å ( )-

where c is the character given by multiplication by 1z- . In particular, R I/ has a one-dimensional
subspace of invariants. It follows that every xi is congruent to a constant polynomial modulo I .
Hence, we can make an identification R J x( ) @ ¢/ where J is a G-invariant ideal in
R y y, , k

m
1¢ = [ ¼ ]/n where y y, , n1= ( ¼ )n . The decomposition of the G-representation R¢ into

eigenspaces is exactly the decomposition into the spaces of homogeneous polynomials. Hence, an
ideal J RÌ ¢ is G-invariant if and only if it is homogeneous. Furthermore, (3.2) implies that

J i mdim 1 for all 0, , 1,i i i 1
( /( Ç + )) = = ¼ -+n n n

which means that x is curvilinear. In summary, x can be identified with a homogeneous curvilinear
ideal J in R¢. The choice of such a J corresponds to a point in N s2 (( / ) ) @ ( ( ))n n , see [22,
Remark 2.1.7].
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Hence, j is a bijection and we only need to show that XHilbG( ) is smooth. The smoothness in
points representing free orbits is clear since the G-Hilbert–Chow morphism is an isomorphism on
the locus of these points. So it is sufficient to show that

X n kHom , dim
XD

1
G
b  ( ) = = +x x( )

for a G-cluster x supported on a fixed point. Following the above arguments, we have

Hom , Hom , ,
XD DG G

k nb b* *   
 

( ) @ ( )x x x x( ) ( ´ ) ¢ ¢

where G acts trivially on k and by multiplication by z on n . Furthermore, by a transformation of
coordinates, we may assume that

V x x y y y, , , , , , .k
m

n
k n

1 1 2  x¢ = ( ¼ ¼ ) Ì ´

We have 0   ¢ @x h, where

V y y y, , , .m
n

n
1 2 h = ( ¼ ) Ì

By Künneth formula, we get

Hom , Hom , Hom ,

Hom , .k

D D 0 0 D

D

G
k n k

G
n

G
n

b b b

b

* * *

* *

     

 
   



( ) @ ( ) Ä ( )

@  ( ) Ä ( )

x x h h

h h

( ´ ) ¢ ¢ ( ) ( )

( )

Furthermore, HHom , G
D
0 0

G
nb    


( ) @ ( ) @h h h( ) . Hence, it is sufficient to show that

Hom , n
D
1

G
nb   


( ) @h h( ) . Note that h is contained in the line ℓ V y y, , n2= ( ¼ ). On ℓ, we have the

Koszul resolution

0 0.ℓ
y

ℓ

m
1     h

·

Using this, we compute

Hom , 0 1 .
ℓDb*    ( ) @ [ ] Å [- ]h h h h( )

Note that the normal bundle of ℓ, as an equivariant bundle, is given by Nℓ ℓ
n1 1n  c@ ( Ä )/

- Å - .
By [2, Theorem 1.4], we have

NHom , Hom ,

Hom , .

ℓ ℓ

ℓ ℓ
n

D D

D
1 1

n nb b

b

* * *

* *

   

  

 

c

( ) @ ( Ä  )

@ ( ) Ä  (( Ä ) )

h h h h

h h

( ) ( ) /

( )
- Å -
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Evaluating in degree 1 gives

Hom , .n
D
1 1 1

nb     c( ) @ Å ( Ä )h h h h( )
- Å -

Since, as a G-representation, m0 1 1 c c c@ Å Å ¼ Åh
- , we get an n-dimensional space of invariants

Hom , Hom , .G n
D
1

D
1

G
n nb b    

 ( ) @ ( ) @h h h h( ) ( ) □

The following lemma is needed later in Section 4.4, but its proof fits better into this section.

LEMMA 3.3 Assume that m G n S Xcodim= ³ = ( )∣ ∣ ↪ . Let X,1 2x x Ì be two different
G-clusters supported on the same point s SÎ . Then Hom , 0

XDG
b 1 2
*  ( ) =x x( )

.

Proof. By the same arguments as in the proof of the previous proposition we can reduce to the claim that

Hom , 0,
DG

nb 1 2
*  


( ) =h h( )

where V y y y, , ,m
n1 1 2h = ( ¼ ) and V y y y y, , , ,m

n2 1 2 3h = ( ¼ ). Set ℓ V y y, , n1 2= ( ¼ ), ℓ2 =
V y y y, , , n1 3( ¼ ) , E ℓ ℓ V y y, , , n1 2 3= á ñ = ( ¼ ) and consider the diagram of closed embeddings

�2
ι2

r

{0}

u

v

E
t An

�1

s
ι1

where Nt E
n1 2 c@ ( Ä )- Å - . By [33, Lemma 3.3] (alternatively, one may consult [23] or [3] for

more general results on derived intersection theory), we get

u v N

u v

Hom , Hom ,

Hom ,

Hom ,

Hom , . 3.3

ℓ

ℓ t ℓ

ℓ ℓ
n

D D 1 2

D 2 1

D

D
1 2

n nb 1 2 b 1 2

b
2 1 2

b
2 1 2 2

b
2 1 2 2

* * * *

* *
*

* * * *

* * * *

   

 

 

  

  i i

i i

c

( ) = ( )

@ ( )

@ ( ) Ä 

@ ( ) Ä  ( Ä ) ( )

h h h h

h h

h h

h h

( ) ( )

( )

( )

( )
- Å -

∣

We consider the Koszul resolution 0 0ℓ

y

ℓ

m

1

1

1 1
     h of

1
h . Note that this is an equi-

variant resolution when we consider ℓ1 equipped with the canonical linearization since y m
1 is a

G-invariant function. Applying u v* *, we get an equivariant isomorphism

u v 1 . 3.40 01* *  @ Å [ ] ( )h

Similarly, we have the equivariant Koszul resolution 0 0ℓ
y

ℓ 0  c Ä   
·

of 0 , where
we set ℓ ℓ2≔ and y y2≔ . Applying Hom ,

2
( )h to the resolution, we get
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y y y y0 0m y m 1  c [ ]/ Ä  [ ]/ Ä -·

and taking cohomology yields

yHom , 0 1 1 0 1 .

3.5
ℓ

m
D 0

1 1
0

1
0

1
b

2 2
*      c c c( ) @ á ñ[ ] Å á ñ Ä [- ] @ Ä [ ] Å Ä [- ]

( )

h( )
- - - -

Plugging (3.4) and (3.5) into (3.3) gives

Hom , 0 1 2 .n
D 0

1
0

2 1
0

1 1 2
nb 1 2

* *     c c c c( ) @ ( Ä [ ] Å Ä [- ] Å Ä [- ]) Ä  ( )h h( )
- Å - - - Å -

The irreducible representations occurring are , , , n1 2 1c c c¼- - -( - ), hence the invariants vanish
(recall that m n³ ). □

4. Proof of the main result

In this section, we will study the derived categories YDb( ) and XDG
b ( ) in the setup described in

the previous section. In particular, we will prove Theorems B and C.
We set n S Xcodim= ( )↪ and m G= ∣ ∣, in other words G mm= . We consider, for m a Î /

and b Î , the exact functors

p q Y X

q p X Y

i S Y

a S X

: D D

: D D

: D D

: D D .

G

G
G

G

b b

b b

b b

b b

triv

triv

*
*

*
*

* *

*

n b

c

F ( )  ( )

Y (-) ( )  ( )

Q ( ( ) Ä ( )) ( )  ( )

X ( ) Ä ( )  ( )
b n

a
a






≔ ◦ ◦
≔ ◦ ◦

≔
≔ ◦

With this notation, the precise version of Theorem B is

THEOREM 4.1
(i) The functor F is fully faithful for m n³ and an equivalence for m n= . For m n> , all the

functors Xa are fully faithful and there is a semi-orthogonal decomposition

X S S YD D , , D , D .G n m
b b

1
b b( ) = áX ( ( )) ¼ X ( ( )) F( ( ))ñ- - 

(ii) The functor Y is fully faithful for n m³ and an equivalence for n m= . For n m> , all the
functorsQb are fully faithful and there is a semi-orthogonal decomposition

Y S S XD D , , D , D .m n G
b b

1
b b( ) = áQ ( ( )) ¼ Q ( ( )) Y( ( ))ñ- -

REMARK 4.2 We will see later in Lemma 4.14 that K KY Y*£ for m n³ and K KY Y*³ for
n m³ . Hence, Theorem 4.1 is in accordance with the DK-Hypothesis as described in the
introduction.

For the proof, we first need some more preparations.
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4.1. Generators and linearity

LEMMA 4.3 The bundle V GX X
m0 1  c cÄ [ ] = Ä ( Å Å )-≔ is a relative tilting sheaf for

XDG
b ( ) over D Yperf ( ).

Proof. If L Y D YPic perfÎ ( ) Ì ( ) is an ample line bundle, then so is L*p ( ). Hence, XDb( ) has a
generator of the form E L LY

k* p ( Å Å Å )Ä≔ for some k 0 ; see [41].
In particular, E is a spanning class of XDb( ). Using the adjunction Res Ind Res  , it follows

that E E E E m 1Ind c c( ) @ Å Ä Å Å Ä - is a spanning class of XDG
b ( ). Hence, V XInd= is

a relative spanning class of XDG
b ( ) over YDperf ( ).

Since V is a vector bundle, so is om V V V V, ( ) = Ä . The map p is finite, hence *p is exact
(does not need to be derived). Finally, taking G-invariants is exact because we work in characteris-
tic 0. Altogether, V Vom ,G

* p ( ) is a sheaf concentrated in degree 0. □

LEMMA 4.4 The functors F and Y, and for all , a b Î the subcategories

S a S X and

S i S Y

D D D

D D D
G

Y

b b b

b b b
*

* * 

c

n b

X ( ( )) = ( ( )) Ä Ì ( )

Q ( ( )) = ( ) Ä ( ) Ì ( )
a

a

b 

are Y -linear for D Y X: DG
perf btriv*p ( )  ( ) and D Y Y: Dperf b* ( )  ( ) , respectively.

Proof. We first show that F is Y -linear. Recall that in our setup this means

E F E Ftriv* * pF( ( ) Ä ) @ ( ) Ä F( )

for any E D YperfÎ ( ) and F YDbÎ ( ) . But this holds, since

E F E p q F

p p E q F

p q E q F

p q E F .

triv triv triv

triv triv

triv triv

triv

* *
*
*

*
* * *

*
* * *

*
* *





p p
p

( ) Ä F( ) @ ( ) Ä ( )
@ ( ( ) Ä ( ))
@ ( ( ) Ä ( ))
@ ( ( ) Ä )

The proof that Y is Y -linear is similar and is left to the reader.
The Y -linearity of the image categories follows from Lemma 2.5(i). □

LEMMA 4.5 The set of sheaves i r s S r n, 0, , 1Y s
r

* { } È { W ( ) Î = ¼ - }≔ ∣ forms a span-
ning class of YDb( ) over Y , where i s Y:s

n 1 1 @ ( )- - ↪ denotes the fibre embedding.

Proof. We need to show that D Yperf* ( ) Äˆ ≔ is a spanning class of YDb( ) . Let y Y ZÎ ˜ ⧹ .
Then y y= ( )˜ is a smooth point of Y . Hence, D Yy

perf Î ( ) and D Yy
perf* Î ( ) =˜

D Y .Y
perf*  ( ) Ä Ì ˆ Thus, an object E YDbÎ ( ) with E Y Zsupp Ç ( ) ¹ Æ⧹ satisfies

E EHom , 0 Hom ,* * ( ) ¹ ¹ ( )ˆ ˆ ; see [26, Lemma 3.29].
Let now E Y0 Db¹ Î ( ) with E Zsupp Ì . Then there exists s SÎ such that i E i E0s s* ¹ ¹ ! ;

see again [26, Lemma 3.29]. Since the rrW ( ) form a spanning class of n 1 - , we get by adjunction
E EHom , 0 Hom ,* * ( ) ¹ ¹ ( ). □
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4.2. On the equivariant blow-up

Recall that the blow-up morphism q X X: 
~

is G-equivariant. Let XPicX
G Î ( )

~~ (we will some-
times simply write  instead of X~) be the equivariant line bundle ZX ( )~ equipped with the
unique linearization whose restriction to Z gives the trivial action on Z 1Z ( ) @ (- )n . We con-
sider a point z ZÎ with z sn ( ) = corresponding to a line ℓ N sS XÌ ( )/ . Then the normal space
N zZ X ( )/~ can be equivariantly identified with ℓ. It follows by Condition 3.1 that
NZ X X Z

1 c@ ( Ä )/
-~ ~ ∣ as an equivariant bundle. Hence, in XCohG( )

~
, there is the exact sequence

0 0, 4.1
X X Z

1  c Ä    ( )-~ ~

where both X~ and Z are equipped with the canonical linearization, which is the one given by
the trivial action over Z .

LEMMA 4.6 For ℓ n0, , 1= ¼ - we have p
X
ℓ

X
ℓ

*
  c= Ä~ .

Proof. We have p X X*
 @~ , both, X~ and X , equipped with the canonical linearizations.

Hence, the assertion is true for ℓ 0= . By induction, we may assume that p
X
ℓ

X
ℓ1 1

*
  c@ Ä- -~ .

We tensor (4.1) by
X
ℓ~ to get

ℓ0 0.
X
ℓ

X
ℓ1  c Ä   (- ) n

-~ ~

Since ℓ n0 1£ £ - , we have p ℓ 0
*
 (- ) =n . Hence, we get an isomorphism

p p p .
X
ℓ

X
ℓ

X
ℓ

X
ℓ

X
ℓ1 1 1

* * *
    c c c c c( ) @ ( Ä ) @ ( ) Ä @ Ä Ä @ Ä- - -~ ~ ~

□

LEMMA 4.7 The smooth blow-up p X X: 
~

has G-linearized relative dualizing sheaf

XPic .p X
n n G1 1w c@ Ä Î ( )~- -~

Proof. The non-equivariant relative dualizing sheaf of the blow-up is n Z1p Xw @ (( - ) )~ . Since
p is G-equivariant, pw has a unique linearization such that p p X X: D Dp G G

b b* w= ( ) Ä ( )  ( )
~!

is the right-adjoint of p X X: D DG G
b b

*
( )  ( )
~

. We now compute this linearization of pw .
As the equivariant pull-back p* is fully faithful, p X X: D DG G

b b( )  ( )
~! is fully faithful, too.

Hence, adjunction gives an isomorphism of equivariant sheaves, p p pp X X* *
 w @ @! . The claim

now follows from Lemma 4.6. □

We denote by i s Y:s
n 1 1 @ ( )- - ↪ the embedding of the fibre of  and by j :s

n 1 @-

p s X1( )
~- ↪ the embedding of the fibre of p over s SÎ .

LEMMA 4.8 For s SÎ and r n0, , 1= ¼ - , the cohomoloy sheaves of p XDs G
b* Î ( )

~
are

p j r .r
s s

r r*
*

  c( ) @ (W ( ) Ä )-
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Proof. It is well known that, for the underlying non-equivariant sheaves, we have
p j rr

s s
r*

*
 ( ) @ W ( )- ; see [26, Proposition 11.12]. Since the sheaves rrW ( ) are simple, that is

rEnd r (W ( )) = , we have p j rr
s s

r r*
*

  c( ) @ (W ( ) Ä )a- for some mr  a Î / . So we only
need to show rra = .

Let r n0, , 1Î { ¼ - }. We have p pr r n n1 1
*

  c@ ( Ä )!
- - + - - by Lemma 4.7. Since

r n n1 0, , 1- + - Î { ¼ - }, Lemma 4.6 gives p r
X

r  c@ Ä!
- - . By adjunction,

p0 Hom , Hom , .
X X

r
s

r
X

r
s

r
D DG G

b b* * *    c c c[ ] @ ( Ä Ä ) @ ( Ä )
( )

- -
( )

- -~

By Lemma 2.3, for r v¹ , we have

rZ j v r vHom , Hom , 0.
X X s

v v
D D nb b 1* * * ( (- ) W ( )) @ ( ( ) W ( )) =

( ) ( )~ ~
-

Using the spectral sequence in XDG
b ( )

~

E p E pHom , Hom , ,u v u r v
s

r u v u v r
s

r
2

, * *    c c= ( ( Ä ))  = ( Ä )- - + + - -

it follows that

p

p r

r r r

r r

0 Hom ,

Hom ,

Hom ,

,

X
r

s
r

X
r r

s
r

r r G

r G

D

D

D

G

G

n
r

r

b

b

b 1

* *

* *

*

 

  








c

c

c c

c

[ ]@ ( Ä )

@ ( ( ) Ä )[ ]

@ ( ( ( ) W ( )) Ä Ä ) [ ]

@ ( [- ] Ä ) [ ]

a

a

( )
- -

( )
- - -

( )
-

-

~

~

-

where the last isomorphism is again due to Lemma 2.3. Comparing the first and the last term of
the above chain of isomorphisms, we get r Gr c@ ( )a - which implies rra = . □

COROLLARY 4.9 Let n m³ and ℓ m0, , 1Î { ¼ - }. Let 0l ³ be the largest integer such that
ℓ m n 1l+ £ - . Then

i ℓ tm ℓ tm .s
ℓ

s
t

ℓ tm

0

* *  ( )c(Y( Ä )) @ W ( + )[ + ]
l

-

=

+⨁

Proof. Since the (non-derived) functor q X Y: Coh CohG G

*
( )  ( )
~  is exact, we have

q p0r
s

ℓ G r
s

ℓ

*
*   c c(Y( Ä )) @ ( ( ) Ä )- - - -

and the claim follows from Lemma 4.8. □
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4.3. On the cyclic cover

The morphism q X Y X G:  = /
~ ~ is a cyclic cover branched over the divisor Z . This geometric

situation and the derived categories involved are studied in great detail in [32]. However, we will
only need the following basic facts, all of which can be found in [32, Section 4.1].

LEMMA 4.10
(i) The sheaf of invariants q G

X
1

*
 c( Ä )-~ is a line bundle which we denote YPic

Y
1 Î ( )- 
 .

(ii) Z
Y
m

Y @ ( )  .

(iii) q G
X Y*

 c( Ä ) @a a~  for m 1, ,0a Î {- + ¼ }.
(iv) q Y X: D DG

b btriv* ( ) ( )
~◦ ↪ is fully faithful, due to q G

X Y*
 ( ) @~ .

(v) q Y Xtriv*  ( ( )) @ ~ are isomorphic G-equivariant line bundles.
(vi) In particular, 1Y Z X Z  @ @ (- )n~∣ ∣ .

COROLLARY 4.11 X Y
 cY( Ä ) @a a

 for m 1, ,0a Î {- + ¼ }.

LEMMA 4.12 The relative dualizing sheaf of q X Y X G:  = /
~ ~ is m Z1q Xw @ (( - ) )~ .

Proof. Since the G-action on W X Z
~≔ ⧹ is free, we have q W Ww @∣ . Hence, Zq Xw a@ ( )~ for

some a Î . We have om Z j, 1 1 1Z X Z *
    ( ) @ ( )[- ] @ (- )[- ]n~ , and hence

i q j

q om

q om q

q om q

om q

Z

i m

1 1 1 1

,

,

, by Lemma 4.10 v

, by Grothendieck duality

1

1 by Lemma 4.10 ii vi ,

Z X

Z Y

Z Y

Z Y

Z Y

* **

*

*
*

*

*

*

 

  

  

  

  

 

 a

(- )[- ]@ (- )[- ]
@ ( )
@ ( )

@ ( ) ( )

@ ( )

@ ( ) Ä [- ]

@ (- + )[- ] ( ) + ( )

n n

a

a

a

n

! -

-

-

~









and thus we conclude m 1a = - . □

REMARK 4.13 As an equivariant bundle, we have q X
m 1w c@ Ä-~ , but we will not use this.

COROLLARY 4.14 We have m nY Z w @ ( - )n∣ .

Proof. We have n 1X Z w @ (- + )n~∣ ; compare Lemma 4.7. Furthermore, qY Z Y Z*w w@ ( ) ∣ ∣ .
Hence,

m n1 1 .q Z X Z Y Z Y Z

4.12
 w w w w( - ) @ @ Ä @ ( - ) Än n

 ~  ∣ ∣ ∣ ∣
□

4.4. The case m n³ . Throughout this subsection, let m n³

PROPOSITION 4.15
(i) If m n> , then the functor Xa is fully faithful for any m a Î / .
(ii) Let m n 2- ³ and m a b¹ Î / . Then

530 A. KRUG et al.

Downloaded from https://academic.oup.com/qjmath/article-abstract/69/2/509/4675118
by University of Glasgow user
on 03 August 2018



n m n m0 1, 2, , 1 .R a bX X = - Î { - + - + ¼ - }b a ⟺

Proof. Recall that a S X: D DG
b btriv* cX = ( ( )) Ä ( )  ( )b

b◦ . Hence, the right-adjoint of Xb is
given by aR GcX @ ( ( ) Ä )b

b! - . By [2, Theorem 1.4 and Section 1.20],

a a N

N ,

R G G

G
* *

*

c c

c

X X @ ( ( ) Ä ) @ (( ) Ä  Ä )

@ ( ) Ä ( Ä )
b a

a b a b

a b

! - -

-

where by Condition 3.1, the G-action on Nℓ is given by ℓc- . We see that N G*(  ) @
N 0 0 ;S

0  [ ] @ [ ] here we use that m n> . This shows that, in the case a b= , we have
idRX X @a a which proves (i). Furthermore, since the characters occurring in N* are 0c , 1c- ,…, nc- ,

we obtain (ii) from

N n

n m n m n m

0 0 0 , 1, , , that is

0 1, , 1 1, 2, , 1 .

R G

R

* c a b a b a b

a b

X X ¹ ( Ä ) ¹ Î { - - - ¼ - - }

X X = - Î { + ¼ - } = { - + - + ¼ - }
b a

a b

b a

-⟺ ⟺

⟺ □

COROLLARY 4.16 For m n> , there is a semi-orthogonal decomposition

X S S SD D , D , , D , ,G n m n m
b b

1
b

1
b ( ) = áX ( ( )) X ( ( )) ¼ X ( ( )) ñ- - + -

where S S SD , D , , Dn m n m
b

1
b

1
b = áX ( ( )) X ( ( )) ¼ X ( ( ))ñ^

- - + - .

PROPOSITION 4.17 The functor p q Y X: D DG
b btriv

*
*F = ( )  ( ) is fully faithful.

Proof. By [26, Proposition 7.1], we only need to show for x y Y, Î  that

x y i

x y i X
Hom ,

if and 0

0 if or 0, dim .X
i

x yDG
b  


(F( ) F( )) =

ì
í
ïï
îïï

= =
¹ Ï [ ]( )

By Proposition 3.2, x F( ) = x for some G-cluster x . Hence,

HHom , .
X x x

G
D
0 0

G
b    (F( ) F( )) @ ( ) @x( )

Furthermore, since xF( ) is a sheaf, the complex Hom ,x x*  (F( ) F( )) is concentrated in degrees
X0, ,dim¼ ( ). It remains to prove the orthogonality for x y¹ . If x y ( ) ¹ ( ), the corresponding

G-clusters are supported on different orbits. Hence, their structure sheaves are orthogonal. If
x y , ( ) = ( ) but x y¹ , the orthogonality was shown in Lemma 3.3. □

LEMMA 4.18 The functor F factors through .

Proof. By Corollary 4.16, this statement is equivalent to 0RF X =a for n m, , 1a Î { - ¼ - },
where X Y: D DR

G
b bF ( )  ( ) is the right adjoint of F. Since the composition RF Xa is a Fourier–

Mukai transform, it is sufficient to test the vanishing on skyscraper sheaves of points, see [34,
Section 2.2]. So we have to prove that
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0R
s

R
s  cF X ( ) @ F ( Ä ) =a

a

for every s SÎ and every n m, , 1a Î { - ¼ - }. We have q pR G

*
F @ !; recall that q G

*
stands for

qG
*

( ) ◦ . By Lemma 4.7 together with Lemma 4.8, we have

p i r n1 ,r
s s

r r n1
*  c( ) @ (W ( + - ) Ä )- ! + -

where the non-vanishing cohomologies occur for r n0, , 1Î { ¼ - }. Thus, the linearizations of
the cohomologies of p s c( Ä )a! are given by the characters cg for n1 , ,g a aÎ { + - ¼ }. We
see that, for n m, , 1a Î { - ¼ - }, the trivial character does not occur in p s*  c( Ä )a! . This
implies that q p s*

 c( Ä )a! has vanishing G-invariants. □

We denote by XDG
b Ì ( ) the full subcategory generated by the admissible subcategories

SDbX ( ( ))a for n m, , 1a Î { - ¼ - } and YDbF( ( )) . By the above, these admissible subcategories
actually form a semi-orthogonal decomposition

S S S YD , D , , D , D .n m n m
b

1
b

1
b b = áX ( ( )) X ( ( )) ¼ X ( ( )) F( ( ))ñ- - + - 

PROPOSITION 4.19 We have the (essential) equalities XDG
b = ( ) and YDb F( ( )) = .

For the proof, we need the following:

LEMMA 4.20 We have p
X
r

*
 cÄ Îl-~ for r Î and m n0, ,l Î { ¼ - }.

Proof. By Lemma 4.10, q
X
r

Y
rtriv* @ ( ( ))~  . Hence,

p p q YD
X
r

Y
r

Y
r btriv

* *
*   ( ) @ ( ( )) = F( ) Î F( ( )) Ì~ 

 

which proves the assertion for 0l = . We now proceed by induction over l. Tensoring (4.1) by

X
r cÄ l-~ and applying p

*
, we get the exact triangle

p p p j r , 4.2
X
r

X
r

Z
1 1

* * * *
  c c cÄ  Ä  (- ) Ä  ( )l l l- -( - ) - -~ ~

where rZ (- ) carries the trivial G-action.
The first term of the triangle is an object of  by induction. Furthermore, by diagram (3.1), we

have p j r a rZ Z* * * * n(- ) @ (- ). Hence, the third term of (4.2) is an object of
a S SD DG

b b
* c( ) Ä = X ( ( )) Ìl

l
-

- . Thus, also the middle term is an object of  which gives
the assertion. □

Proof of Proposition 4.19. The second assertion follows from the first one since, if XDG
b = ( )

holds, both, YDbF( ( )) and , are given by the left-orthogonal complement of

S S SD , D , , Dn m n m
b

1
b

1
báX ( ( )) X ( ( )) ¼ X ( ( ))ñ- - + -

in XDG
b ( ).
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The subcategories SDbX ( ( ))a and YDbF( ( )) of XDG
b ( ) are Y -linear by Lemma 4.4. Hence, for

the equality XDG
b = ( ) it suffices to show that

S S YD , ,D , DX
ℓ n mb b 1 b c c cÄ Î = á ( ) Ä ¼ ( ) Ä F( ( ))ñ- - 

for every ℓ m Î / ; see Lemma 4.3. Combining Lemmas 4.10 and 4.6, we see that

p q ℓ nfor 0, , 1.
Y
ℓ

Y
ℓ

X
ℓtriv

*
*   cF( ) @ ( ( ) ) @ Ä = ¼ - 

In particular, YDX
ℓ b cÄ Î F( ( )) Ì for ℓ n0, , 1= ¼ - . Setting r 0= in the previous lemma,

we find that also X
ℓ cÄ for ℓ n m, , 1= - ¼ - is an object of . □

Combining the results of this subsection gives Theorem 4.1(i).

4.5. The case n m³ . Throughout this subsection, let n m³

PROPOSITION 4.21 Let n m> . Then the functors S Y: D Db bQ ( )  ( )b  are fully faithful for every
b Î and there is a semi-orthogonal decomposition

Y m n m nD , 1 , , 1 , ,b    ( ) = á ( - ) ( - + ) ¼ (- ) ñ

where ℓ S i S ℓD Dℓ Y
b b

* * n( ) Q ( ( )) = ( ) Ä ( )≔ and

E Y i E S m n S

E Y i E S S m

D D , , D 1

D D , , D 1 .

Y Y

Y

b b b

b b b

* * *

* * *

  



n n

n n

= { Î ( ) Î á ( ) Ä ( - ) ¼ ( ) Ä (- )ñ}

= { Î ( ) Î á ( ) ¼ ( ) Ä ( - )ñ}

^


 



∣
∣

Proof. This follows from [35, Theorem 1]. However, for convenience, we provide a proof for our
special case. By construction, iR M* nQ @b b(- )

!
n . We start with the standard exact triangle of func-

tors i iid 1ZZ
M*   [- ] !

( ) (see for example [26, Corollary 11.4]). By Lemma 4.10,
Z mZ ( ) @ (- )n , and thus the above triangle induces for any , a b Î

.R
mM M* * * * n n n n Q Q  a b b a a b( - ) ( - - )n n

By projection formula, we can rewrite this as

m .R
* * n a b n a b( ) Ä ( - )  Q Q  ( ) Ä ( - - ) n b a n

Now, S* n @n and 0*n g( ) =n for n 1, , 1g Î {- + ¼ - }. Hence, idRQ Q @b b and
0RQ Q =b a if m n 1, , 1a b- Î { - + ¼ - }.

Therefore, we get a semi-orthogonal decomposition

Y m n m nD , 1 , , 1 , .b    ( ) = á ( - ) ( - + ) ¼ (- ) ñ

The description of the left-orthogonal  follows by the adjunction i i* * . □
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LEMMA 4.22 The functor X Y: D DG
b bY ( )  ( ) factors through .

Proof. By Lemma 4.3, the equivariant bundles , ,X X X
m 1  c cÄ ¼ Ä - generate XDG

b ( ) over
D Yperf ( ), and therefore so do the bundles , , ,X

m
X X

1 1  c cÄ ¼ Ä- + - obtained by twisting
with m1c - . Hence, it is sufficient to prove that X cY( Ä ) Îa for m 1, ,0a Î {- + ¼ } as Y
and  are Y -linear, see Lemma 4.4.

Indeed, by Lemma 4.10 we have i
Y Y Z

*   a= @ (- )a a
n ∣ , hence

q mfor 1, ,0 .X
G

X Y

4.11

*
   c c aY( Ä ) @ ( Ä ) @ Î Î {- + ¼ }a a a


□

PROPOSITION 4.23 The functor X Y: D DG
b bY ( )  ( ) is fully faithful.

Proof. We first observe that V GX X
m0 1  c cÄ [ ] = Ä ( Å Å )-≔ is a relative tilting

bundle for XDG
b ( ) over D Yperf ( ); see Lemma 4.3.

For the fully faithfulness, we follow Lemma 2.10. So we need to show that Y induces an iso-
morphism om V V om V V, ,V

G
* * pL = ( )  (Y( ) Y( ))~ . In turn, it suffices to consider the

direct summands of V . Thus, let m, 1, ,0a b Î {- + ¼ } and compute

om om

om p

om p

p om p

p om p

q om q q

om q q

om

, ,

,

,

,

,

,

,

, .

G
X X

G
X

n n
X

G
X

n n
X

G
X p X

G
X X p X

G
X X X

G
X

G
X X

Y
G

X
G

X

Y X X

1 1

4.6
1 1

4.7

4.10

*
*

*
*

*
*
*

*
*
*

* *
*

* * * *

* *
* *

*

* *
* *

* *







     

  

  

  

  

  

  

  

p c c p c c c

p c c

p w c

p w c

p c

c c

c c

c c

( Ä Ä ) @ ( Ä Ä Ä )

@ ( Ä Ä )

@ ( ( Ä ) Ä )

@ ( Ä Ä )

@ ( Ä )

@ ( ( Ä ) Ä )

@ ( ( Ä ) ( Ä ))

= (Y( Ä ) Y( Ä ))

a b a b

a b

a b

a b

a b

a b

a b

a b

+ - -

+ - -

!

~

~

~

~ ~

~ ~ ~

~ ~

~ ~



 □

We denote by YDb Ì ( ) the full subcategory generated by the admissible subcategories
XDG

bY( ( )) and S i S ℓD Dℓ Y
b b

* * nQ ( ( )) = ( ) Ä ( ) for ℓ m n, , 1Î { - ¼ - }. By the above, these
admissible subcategories actually form a semi-orthogonal decomposition

S S X YD , , D , D D .m n G
b

1
b b b = áQ ( ( )) ¼ Q ( ( )) Y( ( ))ñ Í ( )- - 

PROPOSITION 4.24 We have the (essential) equalities YDb = ( ) and XDG
b Y( ( )) = .

Proof. Analogously to Proposition 4.19, it is sufficient to prove the equality YDb = ( ) . As  is
constructed from images of fully faithful FM transforms (which have both adjoints), it is admis-
sible in YDb( ) . Therefore, it suffices to show that  contains a spanning class for YDb( ) .
Moreover, because all functors and categories involved are Y -linear, it suffices to prove that the
relative spanning class  of Lemma 4.5 is contained in  .

We already know that XDY X G
b  @ Y( ) Î Y( ( )) Ì . By Corollary 2.4, we get for s SÎ and

r m n, , 1Î { ¼ - }
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i r S SD , , D .s
r

m n
b

1
b

* W ( ) Î áQ ( ( )) ¼ Q ( ( ))ñ Ì- -

By Corollary 4.9, we have, for ℓ m0, , 1Î { ¼ - }, an exact triangle

E i ℓ ℓ ,s
ℓ

s
ℓ

* c Y( Ä )  W ( )[ ] -

where E is an object in the triangulated category spanned by i rs
r

*W ( ) for r m n, , 1Î { ¼ - }. In
particular, the first two terms of the exact triangle are objects in  . Hence, also i ℓs

ℓ
* W ( ) Î for

ℓ m0, , 1Î { ¼ - }. □

Combining the results of this subsection gives Theorem 4.1(ii).

4.6. The case m n= : spherical twists and induced tensor products

Throughout this subsection, m n= , so that both functors F and Y are equivalences. We will show
that the functors Qb and Xa, which were fully faithful in the cases n m> and m n> , respectively,
are now spherical. Furthermore, the spherical twists along these functors allow to describe the
transfer of the tensor structure from one side of the derived McKay correspondence to the other.
We set 0Q Q≔ and 0X X≔ .

PROPOSITION 4.25 For every m a Î / , the functor S X: D DG
b bX ( )  ( )a is a split spherical

functor with cotwist nS XM [- ]w / .

Proof. Since MX @ Xa ca , it is sufficient to prove the assertion for 0a = , see Lemma 2.14.
Following the proof of Proposition 4.15, we have NR G*X X @ ( ) Ä (  ) , where G acts on Nℓ
by ℓc- . From N n mrank ordc= = = , we get

N N n n0 det 0 .G
S S S X*   w( ) @ [ ] Å [- ] @ [ ] Å [- ]/

Hence, CidRX X @ Å with C nS XM [- ]w /≔ . Moreover, CR LX @ X follows from a Ca*@! . □

We introduce autoequivalences Y Y: D Db bM ( )  ( )  and X X: D DG G
b bM ( )  ( )c given by the

tensor products with the line bundle Y and the character c, respectively.

THEOREM 4.26 There are the following relations between functors:

(i) 1 n 1M MY @ Fc- - ;
(ii) YX @ Q, in particular, the functorsQb are spherical too;
(iii) 1T T@ Y YQ X

- ;
(iv) 1M M TY Y @ c

-
X and 1 1

1 1M T MY Y @ c
-

X
-- - .

Proof. In the verification of (i), we use p X
n 1w c@ Ä-~ , from Lemma 4.7 and m n= :

p q p q p q .L1
4.7 4.10

X
n n n1 1 1M M M M M*

*
*

*
*  Y @ Y @ @ @ @ Fc c c

-
! Ä- - -

~

For (ii), first note that, since the G-action on Z XÌ
~

is trivial, we have
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i q j q j .G triv* * **
*

* *
*n n nQ @ @ @

Hence, the base change morphism p a j: * * *
*J n induces a morphism of functors

q p a q j: G Gtriv triv
*
* * * *

*J nYX @  @ Qˆ

which in turn is induced by a morphism between the Fourier–Mukai kernels, see [34, Section 2.4].
Hence, it is sufficient to show that J induces an isomorphism s s YX( ) @ Q( ) for every s SÎ ,
see [34, Section 2.2]. The morphism J induces an isomorphism on degree zero cohomology
L p a j Ls p a s s

0 01* * *
*  n( ) @ @ ( )( ( ))- . But there are no cohomologies in non-zero degrees for

j
*
*n since n is flat and j a closed embedding. Furthermore, the non-zero cohomologies of p a* *

vanish after taking invariants, see Corollary 4.9. Hence, sJ ( )ˆ is indeed an isomorphism.
The second assertion of (ii) and (iii) is direct consequences of Proposition 4.25 and the formula

YX @ Q, see Lemma 2.14.
For (iv), it is sufficient to prove the second relation, and we employ Corollary 2.12 with

Li X
i c= Ä , see also Lemma 4.3. Recall that cone id 1L1T = (  XX )[- ]X

- , and aL G *X @ ( ) .
For n1  a¹ Î / , we get

0.L
X S

G
1

1M  c cX ( Ä ) @ ( Ä ) @c
a a--

Hence, X X
1 11T M  c c( Ä ) @ Äc

a a
X
- -- . We have L

X S X ( ) = . Therefore, aL
X S* XX ( ) @

and X S
1T  ( ) @X

- . In summary,

for 1,
for 1.

X
X

S

1
1

1T M 



c c a

a
( Ä ) @

ì
í
ïï
îïï

Ä ¹
=c

a
a

X
-

-
-

On the other hand, for n 1, ,0a Î {- + ¼ }, we have X cY( Ä ) @a a, see Corollary 4.11.
Hence, we have

nfor 2, ,0 .X X
1 11M   c c aY Y( Ä ) @ Ä Î {- + ¼ }a a- --

For n 1a = - + , we use (i) to get

p ,X
n

Y
n

Y X S
1 1 1 1

4.10
11M M

*
     c cY Y( Ä ) @ Y ( ) @ F( ) @ ( Ä ) @c

- - - - - -~-  

where we get the last isomorphism by applying p
*
to the exact sequence (4.1).

Therefore, for every n a Î / , we obtain isomorphisms

F L F L: .X X1
1

2
11 1T M M k c c( ) ( Ä )  ( ) Y Y( Ä )a a c

a
a

a
X
- ~ -- -≔ ≔

Finally, we have to check that the isomorphisms ka can be chosen in such a way that they form an
isomorphism of functors F F: V L L V L L1, , , 2, , ,n n0 1 0 1k { ¼ }

~
{ ¼ }- -∣ ∣ over every open set V YÌ . Let

U Y S YÌ≔ ⧹ the open complement of the singular locus. We claim that F FU U1,
1

2,M@ @c
- .

This is clear for F2
1 1T M= cX

- - . Furthermore, the map p X X: 
~

is an isomorphism and q X Y: 
~ 
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is a free quotient when restricted to W U1p ( )-≔ . Since also qX
G

X*
  c= ( Ä )~ ~ , we get

U U
1MY @ c

-
∣ .

Hence, over W , the i Wk ∣ can be chosen functorially. By the above computations, each i Wk ∣ is
given by a section of the trivial line bundle. As S has codimension at least 2 in X , the sections

i Wk ∣ over W uniquely extend to sections ik over X . The commutativity of the diagrams relevant
for the functoriality now follows from the commutativity of the diagrams restricted to the dense
subset W . □

The relations of Theorem 4.26 allow to transfer structures between YDb( ) and XDG
b ( ). For

example, we can deduce the formula 11 1M T MY Y @c
-

Q- - . Since X cÄ a for
n 1 , ,0a Î {-( - ) ¼ } form a relative generator of XDG

b ( ), their images a under Y do as well.
Hence, at least theoretically, our formulas give a complete description of the tensor products
induced by Y (and also F) on both sides.

Note that F and Y are both equivalences, but not inverse to each other. Hence, they induce
non-trivial autoequivalences XAut DG

bYF Î ( ( )) and YAut DbFY Î ( ( )) . Considering the setup of
the McKay correspondence as a flop of orbifolds as in diagram (1.1), it makes sense to call them
flop–flop autoequivalences. These kinds of autoequivalences were widely studied for flops of
varieties, see [4, 7, 19, 20, 45]. The general picture seems to be that the flop–flop autoequivalences
can be expressed via spherical and -twists induced by functors naturally associated to the centres
of the flops. This picture is called the ‘flop–flop = twist’ principle, see [4]. The following can be
seen as the first instance of an orbifold ‘flop–flop = twist’ principle which we expect to hold in
greater generality.

COROLLARY 4.27 Zn
Y

T M T M YF @ @Q Q (- )-
 .

REMARK 4.28 Let us assume m n 2= = so that 1c c=- . Then, for every k Î , we get

, 4.3k
S
k k  cF( ) @ Ä ( )-

where S
k denotes the k th power of the ideal sheaf of the fixed point locus. Indeed,

.

k
i

k k

k

iv
k

X

S
k k

4.26
1 1 1 1

4.11
1

4.26
1

1

1

M M M

M M

M T

  









 c

c

F( ) @ Y ( ) @ (Y Y) ( )

@ (Y Y) ( Ä )

@ ( ) ( )

@ Ä

c c

c

c

-
( )

- - - - -

-

( )
X
-

-

-

The last isomorphism follows inductively using the short exact sequences

0 0S
k

S
k

S
k

S
k1 1      / + +

and the fact that the natural action of 2m on S
k

S
k 1 / + is given by kc . Let now S be a surface and

X S2= with 2m acting by permutation of the factors. Then Y S 2= [ ] is the Hilbert scheme of two
points and Y is the square root of the boundary divisor Z parametrizing double points. For a vector
bundle F on S of rank r , we have
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Fdet ,
Y

r
F

2
det @ Ä[ ] -



where F 2[ ] denotes the tautological rank r2 bundle induced by F and, for L SPicÎ , we put
L L SPicL

G 2* * p ( ) Î [ ]≔ . Hence, by the Y -linearity of F, formula (4.3) recovers the n 2=
case of [44, Theorem 1.8].

5. Categorical resolutions

5.1. General definitions

Recall from [35] that a categorical resolution of a triangulated category  is a smooth triangulated
category 

~
together with a pair of functors P :*  

~
and P : perf*  

~
such that P* is left

adjoint to P* on perf and the natural morphism of functors P Pid perf
* *  is an isomorphism.

Here, perf is the triangulated category of perfect objects in  . Moreover, a categorical resolution
P P, ,* *( )

~
is weakly crepant if the functor P* is also right adjoint to P* on

perf .
For the notion of smoothness of a triangulated category, see for example [30]. For us, it is

sufficient to notice that every admissible subcategory of ZDb( ) for some smooth variety Z is
smooth. In fact, we will always consider categorical resolutions of YDb( ), for some variety Y with
rational Gorenstein singularities, inside YDb( ) for some fixed (geometric) resolution of
singularities Y Y:  . By this, we mean an admissible subcategory YDb Ì ( )

~  such that
D Y Y: Dperf b* ( )  ( ) factorizes through 

~
.

By Grothendieck duality, we get a canonical isomorphism Y Y* *   w@ @ . This induces a
global section s of w , unique up to a global unit (that is scalar multiplication by an element of

YY ( )́ ), and hence a morphism of functors

t s : .* *  ( Ä )  !≔

Since this morphism can be found between the corresponding Fourier–Mukai kernels, we may
define the cone of functors t Y Ycone : D Db b ( ) ( )  ( )+ ≔ .

DEFINITION 5.1 The weakly crepant neighbourhood of Y inside YDb( ) is the full triangulated
subcategory

YWCN ker D .b ( ) ( ) Ì ( )+ ≔

PROPOSITION 5.2 If WCN ( ) is a smooth category (which is the case if it is an admissible sub-
category of YDb( ) ), it is a categorical weakly crepant resolution of singularities.

Proof. By adjunction formula, t :* * * *     ! is an isomorphism. Hence, 0*  =+ and
D Y Y: Dperf b* ( )  ( ) factors through WCN ( ). By definition,  ! is the left adjoint to * . Since

* and  ! agree on WCN ( ), we also have the adjunction * *  on WCN ( ). □

REMARK 5.3 We think of WCN ( ) as the biggest weakly crepant categorical resolution inside the
derived category YDb( ) of a given geometric resolution Y Y:  . The only thing that prevents
us from turning this intuition into a statement is the possibility that, for a given weakly crepant
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resolution YDb Ì ( ) , there might be an isomorphism *  @ !∣ ∣ which is not the restriction of
t (up to scalars).

5.2. The weakly crepant neighbourhood in the cyclic setup

In the case of the resolution of the cyclic quotient singularities discussed in the earlier sections,
WCN ( ) is indeed a categorical resolution by the following result. We use the notation of Section
3; recall G mm= .

THEOREM 5.4 Let Y X G= / , Y Y:  and i Z S Y: 1= ( )- ↪ be as in Section 3. Assume
m n S Xcodim= ( )∣ ↪ and n m> . Then there is a semi-orthogonal decomposition

i XWCN , D ,b
m* ( ) = á ( ) Y( ( ))ñm

where

m m

n m n m m

1 , 2 , 1 ,

1 , 2 , ,n m n m m1 2

   

  

=á (- + ) (- + ) ¼ (- )

Ä W ( - - ) Ä W ( - - ) ¼ Ä W ( )ñ- - - -

with SDb* n ( )≔ and i i  ( ) Ä ( )≔ ; the ii Ä W ( ) parts of the decomposition do not
occur for n m2= . In particular, WCN ( ) is an admissible subcategory of YDb( ) .

Proof. We first want to show that XD WCNb
m

Y( ( )) Ì ( )m . For this, by Lemma 4.3, it is sufficient
to show that WCN

Y
a

X
a   c= Y( Ä ) Î ( ) for every a m 1, ,0Î {- + ¼ }.

The equivariant derived category XDb
m
( )m is a strongly (hence also weakly) crepant categorical

resolution of the singularities of Y via the functors , m*
*p pm , see [1, Theorem 1.0.2]. Since

* *pY @◦ (see Lemma 4.4), XDb
m

 Y( ( ))m≔ is a crepant resolution via the functors ,* *  .
Hence,

Y
a

Y
a

*  @ !  for a m 1, ,0Î {- + ¼ } and it is only left to show that this isomorphism is
induced by t . Again by the Y -linearity of Y, we have

Y
a

X
a m

* *  p c@ ( Ä )m which is a reflexive
sheaf on the normal variety Y (this follows for example by [24, Corollary 1.7]). By construction, t
induces an isomorphism over Y S⧹ . Since the codimension of S is at least 2, t:

Y
a

Y
a

*   !  is
an isomorphism of reflexive sheaves over all of Y , see [24, Proposition 1.6].

By Theorem 4.1(ii), we have YD ,b  ( ) @ á ñ with

i m n i m, , 1 , 1 , , 1 .* *     @ á ( - ) ¼ (- )ñ @ (á ( ) ¼ ( - )ñ )^

We have 0*  = . It follows that WCN ker ,  ( ) = á Ç ( ) ñ! . Indeed, consider an object
A YDbÎ ( ) . It fits into an exact triangle C A B   with C Î and B Î . From the morph-
ism of triangles

�∗(C)

t(C)∼=

�∗(A)

t(A)

�∗(B) = 0

t(B)

�!(C) �!(A) �!(B)

we see that t A( ) is an isomorphism if and only if B 0 =! .

539DERIVED CATEGORIES OF RESOLUTIONS OF CYCLIC QUOTIENT SINGULARITIES

Downloaded from https://academic.oup.com/qjmath/article-abstract/69/2/509/4675118
by University of Glasgow user
on 03 August 2018



It is left to compute ker  Ç ( )! . Let F ZDbÎ ( ) and B i F*= . By Lemma 4.14,

B i F b F m n .* * *  n@ @ ( Ä ( - ))n! !

We see that B ker Î ! if and only if F m n 0* n ( Ä ( - )) =n if and only if F SDb*nÎ ( )
n m( - )^ . Hence, iker * Ç = ( )!

^ with

m n m Z, 1 , , 1 , D .b    = á ( ) ¼ ( - ) ( - )ñ Ì ( )

Carrying out the appropriate mutations within the semi-orthogonal decomposition

Z m m n m n mD 1 , 2 , , 1 , ,b    ( ) = á (- + ) (- + ) ¼ ( - - ) ( - )ñ

we see that  =^ ; compare Lemma 2.3.
Since m n , , 1  Ì á ( - ) ¼ (- )ñ is an admissible subcategory, we find that i Y: Db

*   ( ) is
fully faithful and has adjoints. Hence, YWCN Db( ) Ì ( ) is admissible. □

REMARK 5.5 We have Y i n mD , WCNnb 1
* ( ) = á ( Ä W ( - )) ( )ñ- . In other words, we can

achieve categorical weak crepancy by dropping only one SDb( ) part of the semi-orthogonal
decomposition of YDb( ) .

5.3. The discrepant category and some speculation

Let Y be a variety with rational Gorenstein singularities and Y Y:  a resolution of singular-
ities. Then,  is a crepant resolution if and only if YD WCNb ( ) = ( ) ; compare [1, Proposition
2.0.10]. We define the discrepant category of the resolution as the Verdier quotient

Ydisc D WCN .b ( ) ( )/ ( )≔

By [39, Remark 2.1.10], since WCN ( ) is a kernel, and hence a thick subcategory, we have
disc 0( ) = if and only if YD WCNb ( ) = ( ) . Therefore, we can regard disc ( ) as a categorical
measure of the discrepancy of the resolution Y Y:  .

In our cyclic quotient setup, where Y XHilbG@ ( ) is the simple blow-up resolution, we have
Sdisc Db( ) @ ( ) by Remark 5.5 and [37, Lemma A.8]. Hence, in this case, disc ( ) is the smallest

non-zero category that one could expect (this is most obvious in the case that S is a point). This
agrees with the intuition that the blow-up resolution is minimal in some way.

QUESTION 1 Given a variety Y with rational Gorenstein singularities, is there a resolution
Y Y:  of minimal categorical discrepancy in the sense that, for every other resolution
Y Y: ¢ ¢  , there is a fully faithful embedding disc disc ( ) ( ¢)↪ ?

Often, in the case of a quotient singularity, a good candidate for a resolution of minimal cat-
egorical discrepancy should be the G-Hilbert scheme.

At least, we can see that disc ( ) grows if we further blow up the resolution away from the
exceptional locus.
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PROPOSITION 5.6 Let Y Y:  be a resolution of singularities and let f Y Y: ¢   be the blow-up
in a smooth centre C YÌ  which is disjoint from the exceptional locus of  . Set f Y Y: ¢ ¢ ≔ .
Then there is a semi-orthogonal decomposition

Cdisc D , disc .b ( ¢) = á ( ) ( )ñ

We first need the following general.

LEMMA 5.7 Let  be a triangulated category,  Ì a triangulated subcategory, and
,  = á ñ a semi-orthogonal decomposition so that the right-adjoint i

! of the inclusion
i :   ↪ satisfies i    ( ) Ì Ç! . Then there is a semi-orthogonal decomposition

, .       / @ á /( Ç ) /( Ç )ñ

Proof. For every object D Î , we have an exact triangle

i D D i D , 5.1*    ( )!

where i* is the left-adjoint to the embedding i :    . Considering an object C Î shows that
our assumption i    ( ) Ì Ç! implies i*   ( ) Ì Ç .

Let C Î and A Î . Then, using the long exact Hom-sequence associated to the triangle
(5.1), we see that every morphism C A factors as C C A*i  . Hence, the embedding i des-
cends to a fully faithful embedding i :      /( Ç )  /¯ , by [37, Proposition B.2] (set
 = ,   = Ç and use (ff2) of loc. cit.). Similarly, we get an induced fully faithful embed-
ding i :      /( Ç )  /¯ (use ff2 op( ) instead of (ff2)).

Now let us show that Hom , 0       ( /( Ç ) /( Ç )) =/ . For B Î and A Î , a morph-
ism B A in  / is represented by a roof

B D A,¬ 
b a

where D B:b  is a morphism in  with cone b( ) Î and D A:a  is any morphism in ,
see [39, Definition 2.1.11]. Put C cone 1 b( )[- ] Î≔ . We apply the triangle of functors
i iid*   ! (formally, i* has to be replaced by i i*  and i

! by i i 
! ) to the triangle of objects

C D B   and obtain the diagram

i!BC i!BD
γ

B

C D B

i∗AC i∗AD 0

where we have used i B B =! and i B 0* = . Now i C   Î Ç! by assumption. The left column
thus forces i C i D* *  @ Î . We get that cone bg Î since cone , cone b g Î , see [39, Lemma
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1.5.6]. Therefore, we get another roof representing the same morphism in  / , replacing D by
i D
! :

B i D A.¬ 
bg ag!

However, i D  Î! and Hom , 0 ( ) = , so the morphism is 0 in  / .
Finally, we need to show that   /( Ç ) and   /( Ç ) generate  / , but this is clear,

because  and  generate . □

Proof of Proposition 5.6. We have a semi-orthogonal decomposition YD ,b  ( ¢) = á ñ with
f YDb* = ( ) and

g C c g CD 1 , , D 1 .g g
b b

* * * *  i i= á ( ( ) Ä (- + )) ¼ ( ( ) Ä (- ))ñ

Here, c C Ycodim= ( )↪ and g and i are the n 1 - -bundle projection and the inclusion of the
exceptional divisor of the blow-up f Y Y: ¢  .

Let U Y C≔ ⧹ . For F YDbÎ ( ¢) , we have f F f FU U*
( ) @ ( )!∣ ∣ . Hence, if F WCN Î ( ¢), we must

have f F WCNU U*
( ) Î ( )∣ ∣ . Since  is an isomorphism in a neighbourhood of C , an object

E YDbÎ ( ) is contained in WCN ( ) if and only if its restriction E U∣ is contained in WCN U( )∣ .
In summary,

f F FWCN for every WCN .
*

 Î ( ) Î ( ¢)

We have f fY Y f* *
  w@ @¢  . By the projection formula, it follows that f f

*  @ !∣ ∣ . Hence, we
have fWCN WCN*  Ç ( ¢) = ( ) and WCN disc  /( ( ¢) Ç ) @ ( ).

Now, we can apply Lemma 5.7 with WCN  = ( ¢) to get a semi-orthogonal decomposition

disc WCN , disc .   ( ¢) = á /( ( ¢) Ç ) ( )ñ

We have f 0
*
( ) = , hence 0* ¢ ( ) = . Accordingly,

fWCN ker ker .   ( ¢) Ç = ( ¢) Ç = ( ) Ç! !

The second equality is due to the fact that all objects of f ! are supported on C , where  is an iso-
morphism. Now, in analogy to the computations of the proof of Theorem 5.4 and Remark 5.5, we
get a semi-orthogonal decomposition

g C c fD 1 , ker .cb 1
* * i= á ( ( ) Ä W ( - )) ( ) Ç ñ-

!

Hence, WCN  /( ( ¢) Ç )@ g C c CD 1 D .cb 1 b
* *i ( ( ) Ä W ( - )) @ ( )- □

5.4. (Non-)unicity of categorical crepant resolutions

Let Y Y be a resolution of rational Gorenstein singularities and let D Yperf Ì ( ) be an admis-
sible subcategory which is a weakly crepant resolution, that is D Y Y: Dperf b* ( )  ( ) factors
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through  and *  @ !∣ ∣ . Then every admissible subcategory  ¢ Ì with the property that
D Y Y: Dperf b* ( )  ( ) factors through ¢ is a weakly crepant resolution, too.
In particular, in our setup of cyclic quotients, there is a tower of weakly crepant resolutions of

length n m- given by successively dropping the SDb( ) parts of the semi-orthogonal decompos-
ition of WCN ( ). We see that weakly crepant categorical resolutions are not unique, even if we
fix the ambient derived category YDb( ) of a geometric resolution Y Y .

In contrast, strongly crepant categorical resolutions are expected to be unique up to equiva-
lence, see [35, Conjecture 4.10]. A strongly crepant categorical resolution of YDb( ) is a module
category over YDb( ) with trivial relative Serre functor, see [35, Section 3]. For an admissible sub-
category YDb Ì ( ) of the derived category of a geometric resolution of singularities Y Y: 
this condition means that  is Y -linear and there are functorial isomorphisms

om A B om B A, , 5.2* *  ( ) @ ( ) ( )

for A B, Î . In our cyclic setup, X YD DG
bY( ( )) Ì ( ) is a strongly crepant categorical reso-

lution, see [35, Theorem 1] or [1, Theorem 10.2].
We require strongly crepant categorical resolutions to be indecomposable, which means that

they do not decompose into direct sums of triangulated categories or, in other words, they do not
admit both-sided orthogonal decompositions. Under this additional assumption, we can prove that
strongly crepant categorical resolutions are unique if we fix the ambient derived category of a geo-
metric resolution.

PROPOSITION 5.8 Let Y Y be a resolution of Gorenstein singularities and Y, Db ¢ Ì ( )
admissible indecomposable strongly crepant subcategories. Then  = ¢.

Proof. The intersection  Ç ¢ is again an admissible Y -linear subcategory of YDb( ) containing
D Yperf* ( ( )). Furthermore, condition (5.2) is satisfied for every pair of objects of  Ç ¢; so the

intersection is again a strongly crepant resolution. Hence, we can assume  ¢ Ì .
Let  be the right-orthogonal complement of ¢ in , so that we have a semi-orthogonal

decomposition ,  = á ¢ñ. By Lemma 2.6, this means that om D A, 0*  ( ) = for A Î and
D Î ¢. But then, by (5.2), we also get om A D, 0*  ( ) = so that   = Å ¢. □

5.5. Connection to Calabi–Yau neighbourhoods

In [25], spherelike objects and their spherical subcategories were introduced and studied. The
paper hinted at a role of these notions for birationality questions of Calabi–Yau varieties. One of
the starting points for our project was to consider Calabi–Yau neighbourhoods (a generalization of
spherical subcategories) as candidates for categorical crepant resolutions of Calabi–Yau quotient
varieties. In this subsection, we describe the connection to the weakly crepant resolutions con-
sidered above.

We recall some abstract homological notions. Let  be a Hom-finite -linear triangulated cat-
egory and E Î an object. We say that ES Î is a Serre dual object for E if the functors

EHom ,*( -) and EHom , S*(- ) are isomorphic. By the Yoneda lemma, ES is then uniquely
determined. Fix an integer d . We call the object E

543DERIVED CATEGORIES OF RESOLUTIONS OF CYCLIC QUOTIENT SINGULARITIES

Downloaded from https://academic.oup.com/qjmath/article-abstract/69/2/509/4675118
by University of Glasgow user
on 03 August 2018



• a d-Calabi–Yau object, if E d[ ] is a Serre dual of E ,
• d-spherelike if E E dHom ,*  ( ) = Å [- ], and
• d-spherical if E is d-spherelike and a d-Calabi–Yau object.

Note a smooth compact variety X of dimension d is a strict Calabi–Yau variety precisely if the
structure sheaf X is a d-spherical object of XDb( ).

In [25], the authors show that if E is a d-spherelike object, there exists a unique maximal trian-
gulated subcategory of  in which E becomes d-spherical. In the following, we will imitate this
construction for a larger class of objects.

DEFINITION 5.9 Let E Î be an object in a triangulated category having a Serre dual ES . We
call E a d-selfdual object if

(i) E E dHom , ( [ ]) @ , that is by Serre duality there is a morphism w E E E d: Sw ( ) [- ]≔
unique up to scalars, and

(ii) the induced map w E E E E: Hom , Hom ,* * * w( )  ( ( ))~ is an isomorphism.

In particular, a d-selfdual object satisfies E E E E dHom , Hom ,*( ) @ ( ) [- ] , hence the name.

REMARK 5.10 If an object is d-spherelike, then it is d-selfdual; compare [25, Lemma 4.2].

For a d-selfdual object E , there is a triangle E E Q E 1
w

Ew ( )   [ ] induced by w. By our
assumption, we get E QHom , 0E*( ) = . Thus, following an idea suggested by Martin Kalck after
discussing [25, Section 7] with Michael Wemyss, we propose the following:

DEFINITION 5.11 The Calabi–Yau neighbourhood of a d-selfdual object E Î is the full triangu-
lated subcategory

E QCY .E ( ) Í^≔

PROPOSITION 5.12 If E Î is a d-selfdual object then E ECYÎ ( ) is a d-Calabi-Yau object.

Proof. If T ECYÎ ( ), apply THom ,*( -) to the triangle E E QEw ( )  . □

Using the same proof as for [25, Theorem 4.6], we see that the Calabi–Yau neighbourhood is
the maximal subcategory of  in which a d-selfdual object E becomes d-Calabi–Yau.

PROPOSITION 5.13 If  Ì is a full triangulated subcategory and E Î is d-Calabi–Yau, then
ECY Ì ( ).

PROPOSITION 5.14 Let Y be a projective variety with rational Gorenstein singularities and trivial
canonical bundle of dimension d Ydim= and consider a resolution of singularities Y Y:  .
Then, for every line bundle L YPicÎ , the pull-back L YDb* Î ( ) is d-selfdual. Furthermore, we
have

LWCN CY . 5.3
L YPic

* ( ) = ( ) ( )
Î

⋂
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Proof. Note that, by our assumption that Yw is trivial, we have Y w w@ . Hence, by Grothendieck
duality, there is a morphism w L L:L Y* *  w Ä  unique up to scalar multiplication, namely
w sidL L*= Ä , where s is the non-zero section of Y w w@ ; compare the previous Section 5.1.
Furthermore, w L L L L: Hom , Hom ,L Y* * * * * * *    w( )  ( Ä ) is an isomorphism, still by
Grothendieck duality, which means that L* is d-selfdual.

Recall that WCN ker ( ) = ( )+ , where + is defined as the cone

.
t

*    ! +

By adjunction, we get D YWCN perf ( ) = ( ( ( )))^ + , where R =+
+ is given by the triangle

.
t R

*    + !

Note that t sR = ( ) Ä . Hence, t L w L L:R
L Y* *  w( ) =  Ä  and L Q 1L* ( ) = [- ]+ ; com-

pare Definition 5.11. Since the line bundles form a generator of D Yperf ( ), we get for F YDbÎ ( ) :

F F D Y

F Q L Y

F L L Y

WCN

Pic

CY Pic .
L

perf

*
*

 





Î ( ) Î ( ( ( )))

Î " Î

Î ( ) " Î

^ +

^

⟺
⟺
⟺ □

REMARK 5.15 Following the proof of Proposition 5.14, we see that, on the right-hand side of
(5.3), it is sufficient to take the intersection over all powers of a given ample line bundle.

In our cyclic setup, if S consists of isolated points, we even have WCN CY Y ( ) = ( ) so that
the weakly crepant neighbourhood is computed by a Calabi–Yau neighbourhood of a single object.
The same should hold in general if Y has isolated singularities.

6. Stability conditions for Kummer threefolds

Let A be an abelian variety of dimension g. Consider the action of G 2m= by 1 . Then the fixed
point set A 2[ ] consists of the 4g two-torsion points. Consider the quotient A (the singular Kummer
variety) of A by G, and the blow-up K A( ) (the Kummer resolution) of A in A 2[ ]. This setup satis-
fies Condition 3.1, with m 2= and n g= and we get

COROLLARY 6.1 The functor A K A: D DG
b bY ( )  ( ( )) is fully faithful, and

K A AD D , ,D , D .

g

G
b b b

2 4 times

b

g

pt pt( ( )) = á ( ) ¼ ( ) Y( ( ))ñ
( - )

  

To explore a potentially useful consequence of this result, we need to recall that a Bridgeland
stability condition on a reasonable -linear triangulated category  consists of the heart  of a
bounded t-structure in  and a function from the numerical Grothendieck group of  to the com-
plex numbers satisfying some axioms, see [15].
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COROLLARY 6.2 There exists a Bridgeland stability condition on K ADb( ( )), for an abelian three-
fold A.

Proof. To begin with, by [11, Corollary 10.3], there is a stability condition on ADG
b ( ). Denote by

ADG
b Ì ( ) the corresponding heart; it is a tilt of the standard heart [11, Section 2].

For a two-torsion point x A 2Î [ ], we set E 1x x1 (- )p( ( ))-≔ . Then, since g Adim 3= = , the
semi-orthogonal decomposition of Corollary 6.1 is given by

K A E AD , D . 6.1x x A G
b

2
b( ( )) = á{ } ( )ñ ( )Î [ ]

Next, we want to show that, for every x A 2Î [ ], there exists an integer i such that
E FHom , 0i

x( Y( )) =£ for all F ADG
bÎ Ì ( ). Indeed, the cohomology of any complex in the

heart of the stability condition on ADG
b ( ), as constructed in [11, Corollary 10.3], is concentrated in

an interval of length three. The functor Y has cohomological amplitude at most 3, since
q A K A: Coh CohG

G*
( )  ( ( )) is an exact functor of abelian categories, and every sheaf on A has a

locally free resolution of length Adim 3= . This implies that the cohomology of any complex in
ADG

bY( ( )) is contained in a fixed interval of length 6. This proves the above claim. Using [18,
Proposition 3.5(b)], this then implies that E A, Dx G

bá Y( ( ))ñ has a stability condition; compare the
argument in [10, Corollary 3.8].

We can proceed to show that, for x y A 2¹ Î [ ], there exists an integer i such that
E E AHom , , D 0i

y x G
b( á Y( ( ))ñ) =£ and so there is a stability condition on E E A, , Dy x G

bá Y( ( ))ñ.
After 43 steps we have constructed a stability condition on K ADb( ( )); compare (6.1). □
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