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1 Intoduction

In this report we are going to present an interesting topic of Magic Polyhedra. The
word polyhedra refers to word Polyhedron which is composed of 2 Greek words “poly”
(means multiple) and “hedron” (means surface). There’s one well known magic figure:
magic square.

2 Magic Square

Definition 2.1. A magic square is a square of different size with arrayed numbers which
are usually positive integers such that the sum of arrayed numbers in every column, every
row and every diagonal is equal to the same number.

16 3 2|13

2 7 6 =15
51011 8 9 5 1 =15
916|712 4 3 8=15
I'4 N
41514 1 15" 15 15 15 15
Figure 1: Magic square 4x4 Figure 2: Magic square 3x3

The sum in left square is 34 and 15 in a second one.

2.1 How does it work?

And let’s now think how it works. We were thinking about 1 particular solution. That
solution is based on the idea of putting the same number in every position. That solution
works with most of the magic polyhedrons with some exceptions. And that solution is not
so interesting to work with. So, we thought to start working with the square of size 3. As
our first step, we replaced all arrayed integers by variables a,b,c,...,i. And wrote equations
relating these variables.

al|b
d|le|f
g | h|i

at+b+c=d+e+f=g+h+i=a+d+g
=b+e+h=c+f+i=a+et+i=c+e+yg (1)
As a next step, we can rewrite equation (1) into multiple equations. And make from

them a system of equations. Of course, we can write all possible equations, but it would be
useless as some other equations would be a linear combination from first 7 equations.
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(a+b+c = d+e+f a+b+c—d—e—f =0
a+b+c = g+h+i a+b+c—g—h—i =0
a+b+c = a+d+g a+b+c—a—-d—g =0
a+b+c =b+e+h &Sa+b+c—b—e—h =10
a+b+c = c+f+i a+b+c—c—f—i =0
a+b+c = a+e+i a+b+c—a—e—i =0
la+b+c = ctetyg la+b+c—c—e—g =0

a+b+c—d—e—f =0
a+b+c—g—h—i =0
b+c—d—g =0
Sda+c—e—h =0

a+b—f—i =20
b+c—e—i =0
la+b—e—g =0

From Linear Algebra Course, we know that system of equations can be rewritten as a
product of matrix and vector. In our case, we can interpret our system as:

a 0
111 -1 -1 -1 0 0 0 b 8
111 0 0 0 -1 -1 -1 2 0
011 -1 0 0 -1 0 0], o
101 0 -1 0 0 -1 0 ;_0
011 0 -1 0 0 0 -1 p 0
110 0 -1 -0 -1 0 0 ; 0

; 0

We have spotted that our vector (a, b, ¢, d, e, f, g, h, i) must belong to the Kernel
of the matrix. With a use of computer, we can easily compute the basis of kernel of our
matrix.

We find a basis:
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So, we have encountered a problem by getting uncomfortable fractions. We asked
computer to compute the kernel of the matrix which was defined over set of rational numbers
Q. Consequently, basis was also defined on rational numbers. We don’t want to work with
fractions as it makes magic square less readable. We defined our matrix then over the set
of integers and we have got a more convient basis:

1 0 0
0 1 0
2 2 3
2 3 4
1, 1],
0 ~1 —2
0 0 —1
2 1 2
1 2 2

2.2 How do we construct our magic square?

We had to interpret our results in a right way. We can take any vector and rewrite it as
square in order to have right variable in the right place. We rewrite all 3 vectors in such way.

11012 0|11 2 00| 3
21110 3|11]-1 4 [1]-2
[0[2]1] OEE T[22

We noticed 1 interesting thing. For each square we almost have a basis. That means,
that we can choose any numbers and they will not be changed by linear combinations of
other vectors.

1102 011] 2 010] 3
211]0 311]-1 4 11]-2
01211 0]1] 2 112 2

Avoid negative signs in our basis, we can multiply the last square by -1. So we get:

11012 011] 2 0]01-3
110 311]-1 4 -1 2
0121 011] 2 11-2]-2

Now we can choose any 3 numbers and construct our magic square. Let’s take 5,7 and
3. We multiply all numbers in 1st, 2nd and 3rd square by 5,7 and 3 respectively.
And we get:

1102 0]1] 2 0101|-3 5 | 7 |15
D% 1 +7%| 3 1|34 |-1|2 |=[19] 9 | -1
0121 0]1] 2 1]-21]-2 3 | 1113
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Let’s have a look at our final magic square, we can see that the sum in every row,
column and diagonal equals to 27. For the conclusion of construction, we can take a linear
combination of any vectors from basis. If you look carefully at previous squares at the
beginning of chapter 2.2, rewriting each vector from our basis gives us magic squares. Con-
struction of magic square 3x3 is finished

However, there’s an alternative method to construct a magic square of size 3x3. That
method was developed by Edouard Lucas. Just choose 3 any positive integers a, b and c.
And write the result in a table below:

c-b ct+a+b c-a
c-a+b C cta-b
c+a c-a-b c+b

And let’s compare his solution with ours. We can represent his solution as a linear
combination of following vectors which we rewrite in a form of cubes:

1111 -1 110 0]1]-1
cx| 1| 1|1 |+bx| 1|0 |-1|4a|-1|0]1|=
-1 1 1]-1

c-b c+a+b c-a
c-a+b C c+a-b
c+a c-a-b c+b

And we need to find out the linear combination of vectors from vectors above in order
to have vectors from our kernel. And we find:

171711 -1(1]0 0117]-1 1{10]2
11 (11|40« 1|0 |-1|=1x|-1]0]| 1 |= 1

11]1 0-1]1 1]1-1]0 0121

1111 -1 110 01]-1 0112

1« 1|1 |1 |+1x| 1 |0 |-1|=1x|-1]0 |1 |=[3]|1]|-1

11171 ;11 1]-1 0112
1711 -1 110 0]1]|-1 00]-3
=14 1|1 |1 |-1x| 1|0 |-1|+2%|-1]0 |1 |=|-4]|-1]2
171711 0-1]1 11-1]0 11-2]-2

And we have proved that every magic square can be rewritten in the way of Edouard
Lucas’s magic square. Also, his way of construction is the easiest to remember how to make
a magic square 3x3. For the conclusion, we can say that every magic constant is equal to
3c. It is an important conclusion for next magic polyhedrons.

2.3 Magic Square of size 4x4,...,nxn

To construct a magic square of bigger size, we can use the matrix-method. Let’s
construct a 4x4 square:
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a|blcl|d
e | flgl|lh
ilj k|1
m|n|ol|p

Remark 2.1. It is important to pay attention to variables and their position, 1 little mistake
may end with a wrong result.

a+b+c+d=e+f+g+h=i+j+k+l=m+nt+o+p=a+e+i+m
=b+f+j+n=c+g+k+o=d+h+l+p=a+f+k+p=d+g+j+m (2)

we split (2) into system of equations which we rewrite as a matrix:

[1 11 1-1-1-1-1 @ 6 @6 @ @ & @ @]
[1 11 1@ e 0 8-1-1-1-1 @ @& & @]
[1 11 1@ @ @86 @6 @-1-1-1-1]
[e 11 1-1 6 06 06-106 6 -1 & o]
[1 e 1 1@-100 @-16 @ @-128 8]
[1 1 e 1@ e-100 6-10 @ @-1 8]
[1 110680 0-180606-18 0 8-1]
[e 11 1e-1068 6 86-10 8 8 8-1]
[1 11068 086-18808-10620-120 8 8]

Figure 3: Matrix describing system of equations 4x4

The kernel of that matrix is:

[1 08 068 @06 106100 08 1 0]
[e 186 0686006 186606 1128 0 8]
[e e 1066006 106 1e11-1 0]
[e e 8 18006 106-122@1 2-1-1]
[e @8 0 10 06-10 1-10-1-1 1 1]
[e e e 0 6 1 06-1 0 0-110-11 8]
[e e 8 @ 8@ 1-1 6-1 01 0 1-1 8]
[e @8 0680060 1 1-1-1-1-1 1 1]

Figure 4: A kernel of magic square 4x4

2.3.1 How do we construct our magic square 4x47

1107010 0111010 010] 110 0j0]0/|1
010|011 010101 010] 0|1 07]0]01
0111010 0101110 010|110 01-1{2 /|0
00|10 110 0 111|-11]0 112 ]-1]-1
01010]0 00070 0/0]01|O0 0101010
1701]07-1 O} 11]0/(-1 01071 /|-1 0101010
1]-1]0 0 -1 1 01-1 1 1]711(-1]-1
-1]-17 1)1 0]-1]1 0O} 1|-1(0 -1j-1)1 1
110]0|0 0110160 010110
Ls 0001 194 0101011 134 0/0] 011
011]0]0 010|110 010110
00|10 110]0|0 111|-1|0
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07J01]01 0101010 0/0]0]0

R 0701]01 e 11701]07]-1 L6+ 0} 110]-1

0(-1]2 10 0]1]|-1 010 |-1]1

112 ]-1]-1 -1j-1) 11 0-1]1

0/0]0]0 0101010 1 2 3 4
T 0710 1]-1 16+ 0]0101]0 _ 5 6 7 -8
0}-110]1 1]711(-1]-1 16 |11 | -14 | -3
0| 1]-1 -1(-171 1 -12 1 -9 | 14 | 17

1+24+344=54+6+7-8=16+11-14-3=-12-9+14+17
=14+54+16—-12=24+6+11-9=3+7-14+14=4-8-3+17
=14+6-14+17=4+7+11-12=10

2.4 Properties of magic squares

All magic squares of size nxn can be modified. Some modifications will still give us
magic squares. There are 3 such modifications:
We can add any constant to each number in the square. This helps us to have only positive
integers if we want to. That modification changes also the sum of the numbers. Let’s add
5 to each number in one of our previous square:

517 115 10 [ 12 [ 20
199 -1 5 24 14| 4
3 11113 8 |16 | 18

Therefore, that modification works for square of any size. We show :

(am+z)+bi+2)+ - +(m+z) =(a+x)+(be+2)+- -+ (na+x)

(an + ) + (bn +2) + - - - + (10 + )
(a2) + (b2) + -+ (n2) + nxx

& (a1) + (b)) +- -+ (n) +nxzx
= (an) + (bp) +- -+ (np) + nxz
< (a1) + (b)) + -+ (n1) = (a2) + (b2) + - - - + (n2)

= (an) + (bp) + -+ + (1)
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Moreover, we can multiply all number by any constant. This also works with squares
of any size.

x(ar) +x(by) +---+x(n1) = z(ag) +x(bs) + - + x(n2)

Here we suppose that x # 0,80 we can divide all equations by x and it brings us back
to default equation.
But if x = 0, then all numbers in square are 0, and it is also magic square. We conclude
that our solutions correspond to a vector sub-space.
Finally, we can rotate and reflect our magic square:

10 12 | 20 18116 | 8
o4 | 14 1 vertical + hom’z_ogztal reflection 1 14 [ o4
8 | 16 | 18 20 | 12 | 10
10} 12 | 20 Clockwise rotation by 90 degrees 8 24 | 10
24|14 4 — 16 | 14 | 12
8 | 16 | 18 18| 4 |20

And we can use complex numbers inside our magic square. So, we can interpret our
magic square as a double magic square where sum of real part of all numbers is different
from sum of imaginary part of all numbers.

3 Magic Tetrahedron

Definition 3.1. A tetrahedron is a polyhedron composed of four triangular faces and six
straight edges.

Figure 5: Tetrahedron 3D Figure 6: Tetrahedron net
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3.1 How does it work?

Firstly, we associate each variable to each corner of all triangles. Secondly, we write all
necessary equations, system of equations and matrix associated to a system of equations

Figure 7: Tetrahedron 2D with numbers

b 177 + 2 277 _"_ 7 3’7 — 7 477 _"_ b 577 + 2 677 — 2 777 _"_ 7 877 + b2 977 — 2 10’7 _"_ 7 1177 + 2 12’7
:77 177 + 2 877 _"_ 7 1277 — 7 277 + b 477 _"_ 7 577 — ” 377 _"_ 7 577 + b 1177 — ” 677 _"_ ” 977 + 2 1077

we split equation into system of equations which we rewrite as a matrix:

[1 1 1-1-1-1 8 @ @ @ @ @]
[1 11 @8 @-1-1-1 0@ @& @]
[1 11068606 6 6-1-1-1]
[1 8 1-1 8 -1 0 6 @ @& o]
[11 e e-10 8 0 0 -1 0]
[11 1@ 8-108 0-1-1 8 0]
[e 1 1@ 8 @ 8-106 0 o-1]

Figure 8: A system of equations of tetrahedron

the kernel of that matrix is:

[1 @ e 8 © 11 0 @ e 1 @]
[ 1 @ 8 © 1 0 0 1-1 1 1]
[6 618 0110608 0 1]
[6e e @ 1 ©-1-1 0 1 8 @ @]
[6e @ @ 8 1-1 6 0 @ 1-1 o]
[6e 6 8 © @ 6 1-1 1 0-1]

Figure 9: A kernel of tetrahedron

3.2 How do we construct magic tetrahedron?

We do the same steps as for magic squares. We just choose randomly 4 numbers to
multiply them with each vector in basis to obtain linear combination for final construction.

1107010 01 1]01]0 010110
11110 01 1]01]0 011
0j0]1]0 1]-1]1|1 0001
0101]0 1 010|010 0]0]0
-1 -1 11-1]101]0 0 01
1101010 0] 11]-1(0 -1(1(0]-1
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As it was mentioned before, with red color, we want to show that there are some
numbers which will be 0 if we don’t take each vector from our kernel basis. We take
random numbers from -10 to 10 multiplied with each vector from kernel.

1101010 0111010 0101110

3x| 01 O|+7| 0| 1 ]0|0 |49 0]1]1]0

010|110 1]-1)1]1 00 1
07101]0 1 010|010 0]0(01]0 317191
+1x|0]-1]-1]0|+8«|1|-1|0|0|+11x] 0 ]0|0| 1 |=|8 10|11 ]| -4
110010 0} 11]-1(0 17101 121 -3 | 2 |20

Now we have magic tetrahedron where sum inside each triangle is 19 and sum of all
numbers in each corner is also 19 (see the computations below).

Figure 10: Final version of magic tetrahedron.

3+47+9=14+84+10=11-4+12=-3+2+4+20
=7T+14+11=12410-3=9+84+2=20+3-4=19

3.3 Properties of magic tetrahedron.

Magic tetrahedron has the same properties as a magic square of any size. We can
rotate, it will stay “magic”. We may add any constant and multiply with any constant.
And we can put same number in every corner and tetrahedron will be magic. Complex
numbers are also welcome to be written in.

4 Magic Cube

We cannot really define what is exactly magic cube because it has a lot of possible
interpretations depending on the size and nature. We have found 2 interpretations which
we find interesting.

10
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4.1 Magic cube interpretations

For the left cube, we put a magic square on each side of the cube with the additional
condition that the sum of numbers having a common corner of the cube is the same as the
sum in any row and any column of the magic square. For the right cube, the sum of the 9
numbers belonging to each side and the sum of the 9 numbers belonging to diagonal of the
whole cube are the same. It’s easier to understand when you have a look at the equations
and picture of right cube.

"

|/76 e A
JEAN g
il
Figure 11: Magic side-cube 3D Figure 12: Magic skeleton-cube 3D

4.2 How does skeleton-cube work?

We start working with skeleton-cube. As always, we associate variables and we write
necessary equations.

PP L UQY U3 04T LB L VEY LT LY L QY = Y107 4 U117 4 7127 4 7137 4 7147 + 7157 + 7167 4+ 717 4 718”7
7197 4 7207 4 7217 4 7227 4 7237 4 7247 4 257 4 7267 4+ 727"
P1P V107 £ 7197 £ 747 47137 47227 £ 077 4L V167 + 7257
— 7927 L7117 47207 4+ 757 4+ 7147 £ 7237 £ 78" £ 7177 4 7267
— 737 L7127 £ 7217 £ 767 £ 7157 £ 7247 £ 797 L7187 4 727
— 717 £ 7107 4+ 7197 4+ 757 4+ 7147 £ 7237 £ 797 £ 7187 4 7277
P37 L7127 L7217 £ 757 47147 4 7237 £ 077 £ 7167 + 7257
P17 L7107 4 7197 4727 £ U117 £ 7207 4 737 4 7127 4 7217
P47 L7137 £ 7227 £ 757 47147 4 7237 4 767 4 7157 4 7247
— 777 L7167 4+ 7257 4 "8 £ U177 £ U267 £ 797 4 7187 4 727
— 717 L7927 £ 737 L7137 47147 4 715 4 7257 4+ 7267 4 727
— 7197 47207 4+ 7217 4+ 7137 £ 7147 £ 7157 £ 777 £ 787 £ 797
— 717 L7117 £ 7217 £ 747 L7147 L7247 LT LT 4027
=737 £ 767 4797 47117 4 7147 £ U177 4 7197 4 7227 4 7257

Then we split equations into system of equations which we rewrite as a matrix:

11
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o-Hoo-o0oo0o-HHO0+H0-HO
1 1 [} 1 1
OrHOHO0OO0OOHO0OO-HOOOo
1 1 1 1
O H-H-HoOoOO-HO+A—HOOH
[} | [} |
OrHOO-HOH1O0O0O0O0O-HO
1 1 1 1
OrHOHO0OOHOH+HO0O0O0Oo
I | | [
O-HH-H-HO-HOOOOOOH
(I} 1 1
oOo-HooOo-" A0 —"0 A0
1 (I} I [
oHo-HoOordHAHOOOHOO
1 1 1 1
O -~ H0O0HO™
(I} 1 1 1 1
HOO0OOHOOHHOOOOOo
I I [}
o000 -Ho0o0o0o0 -
1 1 1 [}
HTO 141 HO0OO0O+HO+H0 00O
I I I I
o oo-HoHoOoOO0oOOoO--HOOo
I I I [}
oo Ho0o0o O A A~
1 1 1 LI N T B |
TO 11 HO 1000 -+HO0Oo
| I | [}
o o0oOoO-HHd+HHO+H0O0O0Oo
1 [} 1
TooHOoOHHOoOO0O0OoO -
1 1 I (I}
T A A HOO0OO0O0Oo
1 1 1 1
SO~ ~O O~m=OO0oOo

0 -1-1-1

0
0
0
1
1
1
1

Figure 13: Matrix describing system of equations of skeleton-cube

The kernel of that matrix is:

0

0

0

0

0

0

1

1

-1

0 0
0 0
0 0
0 1
0-1-2 0
1-1-1 0

0
0
0
0
0
0
0
0
0
0
0
0
0
1
0

Figure 14: The kernel for magic skeleton-cube

4.3 How do we construct magic skeleton-cube?

As you can see, we have 15 basis-vectors in the kernel. For the next figures, the number
of vectors will increase. And it is very difficult to compute linear combinations manually.

So we used a for-loop and while-loop which computed linear combinations for us. For such
linear combination, numbers were chosen randomly in range [-20,20] and multiplied with

each vector from kernel. While-loop was used to obtain different numbers in every position.
Finally, we write all numbers in skeleton cube and now it is a magic skeleton-cube (see the

equations below).

Figure 15: The magic skeleton-cube

12
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13+17-104+4—-16+10+75-4+40=8—-5+1314+1—-6+48 — 17+ 29 — 60
=0-3-22+132+65—109 — 71+ 36 + 101
=134+4+75-5+1-17-3+132-71
=17-16-44+8-6+29+0+65+ 36
=10—-10440+ 131 4+ 48 — 60 — 22 — 109 + 101
=13-5-3465—-6—164 101 — 60 + 40
=131-22-104+65-6—-16475—-17-"T71
=0-3-22448-64+1+75—-4+40
=134+17-10+1-6+48+4+101+4+36 — 71
=134+4+75+8—-6+29—-22-109 + 101
=8-3-10+132-6+10+29+40—- 71
=13+17-10-5+8+131-22+0-3
=4-16+10+1—-6+48+ 132+ 65— 109
=70-4+40—-17429 -60—-71+ 36+ 101 = 129

4.4 Properties of the magic skeleton-cube

As for all previous magic polyhedrons, we can add any constant, multiply by any
constant, rotate and/or reflect and use complex numbers and the skeleton-cube will remain
magic. Now we pass to side-cube.

4.5 How does side-cube work?

As always, we associate 54 variables. We write equations (see them below). Make a
system of equations and compute its kernel. But we had 1 additional restriction for side-
cube. Variable ”5” must be the same as 7147, 7237, 732”7 7417,”50”. See properties of
side-cube for the explanation.

[ kdad RIEIES UKD

St
2%
3
t

Figure 16: Magic side-cube net

13
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"16” + 717" + 718
7257 + 7267 + 727
7347 47357 + 736"
7437 47447 + 7457
752" + 753" + 7547
7127 + 715" + 718
"217 47247 4727
730" + 7337 + 734
7397 + 742" + 7457
748" + 7517 + 7547
"217 + 723" + 7257
Y377 47417 + 745
748" + 7507 + 752"

T 7347 47547

7277 + 7307 + 743"

” 377 + 7 677 + ” 977
” 1077 + 7 1477 Jr kM 1877

2 777 Jr 2 8’7 Jr 2 977

ki 1377 + 2 1477 + ”» 1577
7 22” _|_ » 2377 + ” 2477
b2 31” + ” 327’ + ” 3377

2 4077 Jr 7741” + ” 4277

749" + 7507 + 7517
117 47147 4717
7207 + 723" + 7267
729" + 732" + 735
7387 47417 + 7447
74T 47507 + 753"
"3 475 4T
719" + 723" + 727
730" + 732" + 734
7467 + 7507 + 7547
"8 47167 + 7197
7367 + 745" + 752"

2 2” _"_ ” 5” _"_ » 8”
R 18” + 7721” _|_ » 3777

b 477 + b 577 + b 677

7107 + 7117 + 7127
7197 + 7207 + 7217
728" +729” + 7307
Y377 47387 + 739"
T46” + AT + 748
1 AT
710" + 713" + 7167
7197 + 722" + 7257
728" + 7317 + 734
"3T 47407 + 7437
7467 +749” + 7527
7174757 4797
7127 47147 4716
728" + 732" + 736
739" + 7417 + 743"
717 47107 + 7487
"7 47257 + 7287
7127 + 7397 + 746"

” 1’7 Jr ” 2’7 Jr ” 3’7

we split equation into system of equations which we rewrite as a matrix:
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©000000000590005004100000900500000001000000000000000500000

©2000000000000500415000050005000000410000500000000400000700

©500000000590005040000005000500000000H00000000000000900000
0 0 v v

©50000000059000H00000005000500000000H00000000000H000000MD
©2000000000000H00000000005000000010005000000000000500000
©5000000005900010000000500005000000100005004100000000050000

©5000000005000H000000000005000H0000000050000000190000000

©20000000000450000000050005000004000005000000005000000000

©5000000000015000000005000050000H0000000000000 1000000000
0 v

©520000000504000000000090050000H000000500000000000500000

©200000000040050000000050005000H00000000504000000001000000

©500000000H00050000000050000500400000000010000000000000100
v 0

©000000000100050000000050000100000050000000000 1000000000

©00000000H90000000000055000500400000000500000000000500000
©200000001000000000000000050400000050000100000H0000000000
©500000001900050000000050000H0000000000500000000000900000
v v v v
©50000004590005000000005000050000000000500000000000500000
©9200000459000500000000000040000000000010000000000H00000
©000000400000000000000000H00000000000H00000000000010000
©50000040055000500000000001000000005000500000000000900000
v v v v
©50000H000505000500000000000H00000005000500000000000500000
©92000100059000000000000041000000000000H00000100000000000
©©000010000000000000000400000000050005000000005000000000
©5000H2000500005000000005000H0000000000050000010000 000000
v 0
©5000100000000000000000H0000000000000HO00000000 LM~
D D 0 0
©000100000000050000000H00050000000050005000000050000500000
©500H0000000005000000H0000000000000000090000 U000 LM~
0 v
000 H00000000000000000H00000000000000 100000000000 000000
0 v
©©©00000000000000000040000000000000050000400000000~000
cci©00000000000000000H9000500000000000500000000000000000

D 0
00 00000000000000 M- H HHAHHHH NN 4000000H--NNd~<0000000

{00 000000000005000004000000500000000000500000005000900000

Figure 17: Matrix describing equations of side-cube.
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The kernel of that matrix is:

cocococoor
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o
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|
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s
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s
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|
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s
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[
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'
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'
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'
Lorosmuwn
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e
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|
chrownn
| o
SR O
o
Lrbonnn
|
cooktuwwn
Lo
]
| L
[P S Y
|
coorikio
|
rhroooo
|

Figure 18: A kernel of magic cube net

4.6 How do we construct magic side-cube?

With the help of computer and for-loop, we compute the linear combination (”position
of vector” * vector) using all vectors in basis. The sum of integers on each column, row,
diagonal and corner is 18.

-16 | 5 | 140
199 | 43 | -113
-54 | 81 | 102

16 | 7 [ 106 || 77| 6 |46 || -19 | 72 | 76 -87 | 87| 129
133 | 43 | -47 || 12 | 43 | 74 || 138 | 43 | -52 || 259 | 43 | -173
-20 | 79| 70 || 40|80 | 9 10 | 14 | 105 || -43 | -1 | 173

19 | 0 | 110
134 | 43 | -48
-24 | 86 | 67

Figure 19: Side-cube net with all written integers.

Verification of magicness of side-cube.

16+7+106=133+43 -47=-20+79+70=5+140 - 16 =199 + 43 — 113 = 102 + 81 — 54
=77T+64+46=12+43+74=404+804+9=194+110+0=134+43 — 48 = —24 + 86 + 67
=—-194724+76=138+43-52=104+14+105= —87+ 87+ 129 =259443 - 173 = —-43 -1+ 173
=164+133-20=74+43+79=106—-47+70=—-164199 — 54 =5+ 43 + 81 = 140 — 113 4+ 102
=77+12+40=6+43+80=46+74+9=19+134 -24 =0+ 43+ 86 = 110 — 48 + 67
=—-194+1384+10=72+434+14=76—52+ 105 = =87+ 256 —43 =87 +43 -1 =129 - 173+ 173
=164+43+70=1064+43 -20=—-164+43+102=774+434+9=46+43+40=19 + 43 + 67
=110+43-24=-194+434+105=76+43+10= 87+ 43+ 173 =129 +43 —43 =106+ 77 — 54
=70+40+19=9+10+110=102+46 —19=140+76 — 87 = 16 — 16 4+ 129 = 105 — 43 4+ 67
=173 -20—-24 =140+43 — 54 = 129

4.7 Properties of the magic magic side-cube

One restriction was mentioned previously about the same number at the center of each
side. This is necessary because, in previous magic polyhedrons, we established that for
magic square 3x3, the sum of all numbers must 3 times the number at the middle. For side-
cube, we have in total 6 magic squares. Different numbers at the middle imply that the sum
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in every row, column on each side will be different and it won’t be a magic square anymore.
The side-cube has the same properties as magic square 3x3 due to its construction.

5 Magic Dodecahedron

Definition 5.1. A dodecahedron is a polyhedron which counts twelve sides. Each side is a
form of penthagon. This figure counts 20 corners and 30 edges. In order to make a magic
dodecahderon, we came up with an idea of finding a solution where the magic constant will

be the same. Let’s find out if it is possible.

Figure 20: Magic dodecahedron 3D Figure 21: Magic dodecahedron 2D

5.1 How does dodecahedron work?

We write all necessary equations relating 60 variables. We can write all important
equations, or we can split them in two parts. One part includes equations with five variables
and other part considers all equations with three variables. But, it’s better to proceed with
all equations simultaneously.

1T AT 4737 747 78 =767 47T + 787 4797 47107

=117 47127 + 7137 + 7147 + 715" = 716" + 717" + 718" + 7197 + 720
=217 47227 + 7237 47247 4+ 725" = 726" + 7277 + 728" + 720" + 730
=317 47327 + 7337 + 7347 4+ 7357 = 736" + 737" + 738" + 7397 + 740"
= 7417 7427 + 7437 47447 7457 = 7467 + 74T + 7487 + 7497 + 750"
="51" 4 752" + 753" + 7547 + 755" = "56" + 757" + 758" + 759" + 760"

P17 4767 7287 =720 47T 7117 =737 47157 47167

=747 47207 47217 =757 + 7257 47277 =78 + 7127 + 7417
=797 47427 4+ 7407 =107 4 729" + 736" = 713" + 747" + 745"
7147 47467 + 7177 = "18" + 7507 + 7527 = 7197 + 722" 4751
723" + 7557 + 7327 = 7247 + 7267 + 731" ="30" + 737" + 735"
= 756" + 743" + 7397 = 744" + 748" + 57" = 758" + 749" + 753"
= 7597 + 733" + 7547 = 760" + "34” + "38”
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té de Luxembourg

1versl

Un

When we asked computer to find a solution where magic constant is the same for every
corner and every penthatgon, computer reported a mistake. That shows that the solution,

which we were looking for, does not exist.

itten as a matrix

We split all equations to have a system of equations, which can be rewr

0
0-1-1-1-1-1

0 -1-1-1-1-1

0

0
0 -1-1-1-1-1

0

0

[

0-1-1-1-1-1]

0 0

[ 0
0-1-1 0

[
0

0o 0 0]
0 0 0]

0
0
-1

ions of magic dodecahedron

A matrix corresponding to system of equat

Figure 22

1X 1S

The kernel of that matr

A kernel of the matrix above

Figure 23

5.2 How do we construct magic dodecahedron?

inear

we compute a |

We do the same operations as for all other magic polyhedrons

combination by using old good for-loop and while-loop.

Figure 24: Our final result of magic dodecahedron
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435+33—-20+48-6=28+593-31-95-15=109+35+1—+345—-9
=230+ 108 4+ 255 — 66 — 37 =470+ 70 + 22 — 53 — 19 = 987 + 233 — 78 — 611 — 41
=391 + 36 + 57 4 54 — 48 = 1397 + 20 + 60 — 258 — 729 = 1177 4 360 + 46 — 14 — 1088
=1023 + 222 + 114 + 49 — 918 = 698 + 164 + 293 — 2 — 663 = 288 + 199 + 182 + 177 — 356
=490

345 —-20—-31=255+48 -9 =230+ 70 — 6 = 435 + 470 — 611 = 233 + 33 + 28 = 222 + 109 — 37
=1023 — 663 — 66 = 108 + 23 + 164 = 293 + 54 — 53 = 391 — 19 — 78 = 987 + 36 — 729 = 593 — 41 — 258
=1397 — 1088 — 15 =1360 + 10 — 85 = 1177 4+ 35— 918 = 199 + 49 4 46 = 182 + 114 — 2 = 698 — 356 — 48
=177+ 57+ 60 = 288 + 20 — 14 = 294

As you may have already noticed, magic constant is not the same for penthagons and
corners. The difference will be explained in next session.

5.3 Properties of the magic dodecahedron

The magic dodecahedron is the first example where putting the same non-zero number
everywhere will not make it magic,. Because we need to satisfy the general condition 5*x =
3*x, in that case x = 0. According to our previous computations, we have the sum in each
penthagon 490 and 294 on each side. We can divide by 98 these numbers and we get then
5 and 3. It can be explained by the fact that we can take all variables and sum them up.
We can do it by taking every penthagon or every corner. We have then 12 pentagons and
20 corners. We obtain the ratio 20/12 = 5/3. This means that for any numbers (including
complex), the sum inside penthagon will always be 5 times x and for every corner 3 times
x. So for other polyhedrons, whose construction includes different amount of variables for
magic constant, we will obtain the same problem, unless all variables are equal to 0.

6 3D printed figures

We have also thought about representation of our magic polyhedrons in real life. We
have come up with an idea of using 3D-printer to create them. We will print 3D models of
both magic cubes, tetrahedron and dodecahedron. Each figure will not exceed the volume
of 1L, they can be placed in a cube box of 10x10x10 cm. All numbers on each figure will
not be greater than 100 and such that magic constant will be positive. Special thanks to
our supervisors for helping us.
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