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Abstract

The purpose of this paper is to study the properties of the Fibonacci Word Frac-
tal and the Fibonacci Snowflake and explore possible generalizations through the
lens of stochastic fractals and complex analysis. We begin with the recursive con-
struction of the Fibonacci word to define the fractal curve using the Odd-Even
Drawing rule, implemented using Python’s Turtle library. We establish its main
geometric properties, including the study of the possible patterns, the symmetry
and the self-similarities. We first rigorously compute the fractal dimension of the
Fibonacci Word Fractal curve using thermodynamic formalism and proving formally
the equality betweg\ the Hausdor [Cdimension and the Box-Counting dimension at
s =3In(*)(In(1 +, 2)) 1, followed by the computation of its boundary dimension,
s = In(3)(In(L + " 2)) 1. The study then extends to Fibonacci Snowflakes, giving
their perimeter, L(n) = 4Asn+1, and their area, S(n) = P(2n + 1), respectively as
functions of Fibonacci and Pell numbers. Finally, we generalize the definition of the
Fibonacci Word Fractal into a n-dimensional space (n  3), introducing a stochastic
orientation-switching parameter, analyse the resulting dimensional variance and we
conclude with an algebraic study of original fractal in the complex plane.

Keywords: Fibonacci Word, Fibonacci Word Fractal, Combinatoric on Words,
Fractal Dimension, Hausdor COimension, Box-counting Dimension, Thermodynamic
Formalism, Iterated Function System, Fibonacci Snowflake, Golden Ratio, Stochas-
tic Fractals, Generalization of the Fibonacci Word Fractal, Pell Numbers, Python,
Turtle, Matplotlib.
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1 Introduction

In 1975, Benoit Mandelbrot (1924 2010) formalized fractal geometry, putting together
the work of Felix Hausdor on fractional dimensions and of his mentor Paul Lévy on
Brownian motions [20]. He introduced the notion of a fractal from the Latin fractus
(designating shattering or "disrupted,” "erratic" objects) which he characterized by its
irregularity, its dimension, and illustrative examples. In this work, we focus on the Fi-
bonacci word fractal: a fractal curve de ned on the plane following the Fibonacci word, a
Sturmian sequence closely related to the Golden Ratio and the Fibonacci numbers. The
Fibonacci Word Fractal serves as a rigorous bridge between combinatorics on words and
geometry constructed using a mapping known as the Odd-Even Drawing rule, resulting
in a curve with intricate symmetries and a recursive structure.

Following the foundational work of Monnerot-Dumaine [21], the purpose of this paper is
to analyse the properties of the Fibonacci Word Fractal, its variants, and the Fibonacci
Snow ake, while exploring generalizations through the lens of stochastic fractals. This
provides a solid background to understand complex research involving the Fibonacci Word
and Fibonacci Word Fractals, such as Fibonacci Quasicrystals.

The work is organized as follows: In Section 2, we de ne the Fibonacci Word and study
its main properties and its fundamental link with Fibonacci numbers, leading to Section
3, where we construct the Fibonacci Word Fractal and detail its geometric properties, cov-
ering the similarity of successive patterns and studying their symmetry. Using di erent
proofs and computations, we introduce fractal dimension in Section 4, constituting the
core theoretical contribution. Using Measure Theory and Thermodynamic Formalism, we
compute the Box-Counting dimension and the Hausdor dimension of the Fibonacci Word
Fractal curve, concluding by showing their equality with the Open Set Condition. Assum-
ing identical conditions, we then compute the Box-Counting dimension of the boundary
of the Fibonacci Word Fractal.In the fth section, we extend our study to the Fibonacci
Snow akes, the construction of which shows that sequences derived from Fibonacci words
de ne closed, non-self-intersecting paths that bound a planar region. Using combinato-
rial methods presented in the appendix, we show that these curves are characterized as
well-de ned polyominoes and provide their geometric properties, such as their perimeter
and area, respectively determined as functions of Fibonacci and Pell numbers. Section
6 explores an extension of the Fibonacci Word Fractal into n-dimensional space (n 3)
by introducing a stochastic orientation-switching parameter. We analyse the resulting
dimension and the e ect the stochastic switching probability has on it, noting its "Jump"
and "Plateau” behaviour. Finally, we conclude in Section 7 by representing the Fibonacci
Word Fractal in the complex plane, enabling a transition from a geometric analysis to
an algebraic and arithmetic approach by associating the endpoint of each path with a
complex number.



2 The Fibonacci Word [21]

This section introduces the Fibonacci Word Fractal. The aim is to de ne the Fibonacci
Word Fractal and prove its main properties using [21].

De nition 2.1 (The Fibonacci Word). The n-th Fibonacci Word, denoted by S ,, is
de ned iteratively by the concatenation of §; and S,, foralln 3. WeletS ; =
1 and S = 0. The Fibonacci Word is obtained as n! 1.

In other words, foralln 3,S,=S,: S,2 , with S;;8i 2 N, strings. We can also de ne
the morphism

(
07!01

1710 )

that maps each character (reading the word from left to right) of §; to a de ned
subword (01 or 0) of the Fibonacci Word. By an abuse of terminology, we also use the
name Fibonacci Word to describe the n th Fibonacci Word S,, with n < 1.

Remark 2.1. Multiple de nitions of the Fibonacci Word exist, di ering in their initial val-
ues S and S;. We have selected this speci ¢ de nition to maintain a direct mathematical
alignment with the Fibonacci Numbers.

Remark 2.2. The 8 rst Fibonacci Words are :

AS]_=1
ASZZO

" S3=01

" S4=010
" S5 =01001

" S =01001010
" S$;=0100101001001
" Sg=010010100100101001010

| De nition 2.2. A sequence of letters in a Fibonacci Word is called subword.

Remark 2.3. In some literatures, subword may de ne a possibly non-contiguous subse-
guence of a word. Contiguous subwords are then called factors. In this document, we
consider subwords as factors.

De nition 2.3. We de ne the length of a nite Fibonacci Word S |, as the number of
letters of S,, denoted |Sj.

2.1 Some properties of the Fibonacci words

Proposition 2.1. For n 3, the two last letters ab of a Fibonacci Word S ,, are 01 or 10
if n is odd or if n is even, respectively.

Proof. We prove this statement using induction with base case; & 01 and S; = 010,
both verifying Proposition 2.1. We assume n is odd, meaning that (n 1) and (n 2) are
respectively even and odd and therefore, that,S ends by the subword (10) and S, by
(01) (induction hypothesis). Since S=S,1 Sp> and that string concatenation preserves



the order of the characters of each substrings, it follows that the two last letters of, &re
the same as the ones of,S , i.e. 01. We have therefore shown that for n 3 odd, the
last two letters of S, are 01. The proof for n even is analogous.

Proposition 2.2. The subwords (11) and (000) can't appear in a Fibonacci Word

Proof. We proceed by induction. Let us rst prove that (11) is not a subword of $8n 2
N. Given as base cases;5,; Ss; S, (all verifying our property), we assume that §,
and S,, do not contain the subword (11) and prove our statement for S Since § =
Sh1 Sh2 but neither S,; nor S,, contain (11), we have to show that (11) can't be
formed by crossing the boundary of § and S,, . From Proposition 2.1, we have that
only for n odd, S, ends by the letter 1 and moreover the morphism (S) shows that
any letter is mapped to either 0, or 01, i.e. two subwords starting with 0, meaning that
S,2 can't start by the letter 1. Therefore, all possible subwords of length 2 formed by
crossing the boundary of §; and S,, are (00) or (10). Hence we have shown that (11)
is not a subword of § 8n 2 N.

We apply the same principle for the subword (000), using as base casgswg&h i 2
f1;:::;59 and assuming neither $; nor S,, contains (000). We can reformulate the
problem as proving that no Fibonacci Word starts or ends by the substring (00), as it
is the only way that (000) is formed by crossing the boundary of .3 and S,, . By
Proposition 2.1, we already know that no Fibonacci word ends by the letters (00) and we
have already discussed that 8n 2;§ starts by (0), therefore, (S), 0 7! 01 and hence
8n 2;S 1 must start by (01). In conclusion, (000) is not a subword of the Fibonacci
word sequence.

Before stating the next propositions, we de ne a new function that takes as an input a
nite word of any alphabet and returns that word but reversed, in other words:

De nition 2.4. Let be the set of all sequences of letters from a non-empty nite set
of letters , called an alphabet. We de ne the application

suchthatforalls2 ;s=aja:ia,1 a,,S =apa,1 a2 ;wherea;::;a,2 .

Lets=ab 2 , where a=a::a, and b = b:::b, with aq;::a, by 2 . We
can verifythat s =b a . Indeed, s = by::bayiia; = (bniib)(@n:ia)) = b a .
Moreover, since, fO; 1g is an alphabet, any Fibonacci word belongs to fO; 1gvhere is
de ned.

Proposition 2.3. If S , = ppab with n 4, where the su x ab represents the last two
letters of §, , then p, is a palindrome.

Proof. Proving by induction on n, we have for n = 4;5;6, $4 =010;Ss = 01001; & =
01001010, as base cases and90; ps = 010; ps = 010010 are palindromes. Our induction
hypothesis states that §, and S,3; without their two last letters forms respectively
pn2 and p,3 , both palindromes. We therefore need to show that,p= S,1 pn2 IS
a palindrome, meaning that 1 pn2 = (Snh1 pr2 ) . By Proposition 2.1 and since
fO; 19 is our alphabet if S,, ends by ab, then $; must end by ba. Therefore, & =

3



Sh2 Snz = pPn2 abps ba and hence, $= S,1 Sp2 = pn2 abps bap, ab 5 p 4
pn2 abps bap,. =p, . This all implies that p, is a palindrome.

Proposition 2.4. p ; = baS, = bap,ab is a palindrome.

Proof. Applying De nition 2.4, we have that : (p%) =S, (ba) = (ab) p,b a
bap ba = pY, showing that (f is a palindrome.

The two following statements will be very useful to prove geometric properties of the
Fibonacci Word Fractal.

Theorem 2.1. Let S , = pyab and de ne t, = p,ba. Then for every n > 6,

Sh =Sns Shz Spe ths ths

Proof.
Sh=Sn1 Sh2

=Sn2 Sns Shs Sna

=Sn3 Sna Sns She Shs Sna Sns Sna
One can show using inductionthat $= S, t,; andt, =S,, S,1 . One can proof it us-
ing as base case n = 5 and then assuming that & S, t,; andt, =S,, S,1 asinduc-
tion step. Indeed, we get that t+1 = pnp+1@b = Sypnr @b = Sithy =Sh1 (Sh2 the ) =
Sh1 S,. Therefore,

Sh =(Sn3 )(Sna Sns )(Sne )(Sns Sna )(Sns Sha )
=Sn3 Sns She ths ths

Corollary 2.1. Foreveryn>6p , =pn3z abpsz Pns Pnz baps .

Proof. Applying Proposition 2.3 to the result shown in Theorem 2.1, one gets
Sh =Shn3 Snz Spe tha ths
=(Pns ab)(mhs ab)Sie (Pns ba)(ms ba)
=(pns ab)ps (abSi6 )pns ba(ms ba)
=Pn3 @bpis Phe Pns baps ba (1)
(1) since S =pne ba by Proposition 2.1.

Also, note that the Fibonacci Word is a classical example of Sturmian words. We will
not prove this property, but it helps understanding how the ratio computed in Proposition
2.7 appears in the Fibonacci Word Sequence and the construction of the Fibonacci Word
Fractal.

De nition 2.5 (Sturmian Words). Let = fa;bg be an alphabet. An in nite word

on is called Sturmian if its complexity (measured by the subword complexity function
p:NIN)isp(n)=n+1. Thatis, s 2 is Sturmian if foralln 1, shasn+1
subwords (factors) of length n, denoted ffwhere is a subword of s. Moreover, all nite
subwords of s are Sturmian.




2.2 Relation with the Fibonacci Numbers

De nition 2.6. The n-th Fibonacci Number, denoted as A ,,isdened by A, =A,1 +
A,, foralln 3. WeletA ;=1and A, =1.

Remark 2.4. The 8 rst Fibonacci numbers are :

AA]_:l
AA2:1
AA3:2
AA4:3
AA5:5
AA6:8
" A;=13
"TAg=21

Proposition 2.5. The length of the Fibonacci Word |Sj is the Fibonacci number 4,
8n 1.

Proof. We can prove this by induction. The base cases for n =1 and n = 2 are done, as
shown above. Let's now assume thatjs j=A,; and|S,, j=A,, . We have to show
that jS,j = A ,,, which can directly be shown by adding the two last equalities.

Proposition 2.6. The ratio A,;—;l tends to ', the Golden ratio, as n ! +1.

Proof. Letr, = A/g—;l and L =1lim ., ry
By de nition of the Fibonacci number, we get :

rn:An+1:An+An1 :1+An1 =1+ 1
An An An rnl
Taking the limit, we get :
L=1+ 1
L p_
5

Solving for L, we obtain L =
Since A, , A1 >08nandr, >0 8n
We getL>0

p_
5
Hence L=

P
We have successfully proven thaf”,;—;l tendsto ' = 1+2 ° the Golden ratio.



Proposition 2.7. The n-th Fibonacci number A , is even ,n 0 mod 3;8n

Proof. It su ces to prove that :

8

2 Az IS 0dd,;

S Az IS 0dd;

" Asz IS even:
Let's proceed by induction.

Base case: k=0
For k = 0, we have

A; =1 (odd); A, =1 (odd); A3z =2 (even);

Inductive step
Assume that, for k O, 8

2 Az is odd;
S Az 1S 0dd;
" Aszz IS even;

Using de nition 2.6, we obtain :

T Agea = 'M%ﬁ +,?‘j§+_z} ) A 3:4 is 0dd.

even odd

T Azes = "i\jyf} +'|A‘.fﬁ+j )A 35 is odd.

odd even

Az = '?‘jﬁ*f} +'|°~_%§+_z} ) A 36 IS EVEN.
odd odd

This proves that :
Apiseven () n O (mod 3):
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3 Construction and geometrical properties of the Fi-
bonacci Word Fractal

3.1 The construction of the Fibonacci Word Fractal

We now introduce the Fibonacci Word Fractal (sometimes noted FWF) itself. By a slight
abuse of terminology, we refer to the nite curves as "fractals”, we call n-th Fibonacci
Word Fractal F,,, obtained from the Fibonacci word §. The actual Fibonacci Word
Fractal is obtained only in the limit, as n! 1. To emphasize the niteness of F n
for instance in the context of Iterated Function System (a method of constructing fractal),
we later use the notion of pre-fractal for F with n < 1.

De nition 3.1 (The n-th Fibonacci Word Fractal). The n-th Fibonacci Word Fractal is a
geometric representation of the n-th Fibonacci word. It is generated by interpreting each
letter of the sequence Sas a speci ¢ movement command in the plane. This construction
follows the Odd-Even Drawing Rule (OEDR):

8 letter in the k-th position:

1. If the letter is 1, draw a line segment in the previous direction of length 1.
2. If the letter is O, draw a line segment of length 1 after rotating 90 °

(a) to the right if k is even
(b) to the left if k is odd

Throughout this document, we will use Python to build Fibonacci Word Fractals and
variants, as changing the angle of rotation whenever the letter O occurs, or considering for
instance a new dimension to our Fractal, see De nition 6.1 . We will mainly use Turtle
for the classical de nition and classical angle of rotation changes and Matplotlib for more
complex programs.

The following code generate a Fibonacci Word Fractal for any given n.

from turtle import *
from math import *

def fibonacci_word(n):

if n == 1:
return "1"

elif n == 2:
return "0"

else: return fibonacci_word(n-1)+fibonacci_word(n-2)
def draw_fibonacci_word_fractal(word, step):

speed(0)

penup ()

setposition(-200,0) #Initial position of the turtle

pendown ()

setheading(90) #Initial orientation of the turtle (in degrees)

#The characters of f n and their index are stored in a list:
fwinlist = list(enumerate(word))



n
36| S
W

#The fractal is constructed using OEDR:

for i, ¢ in fwinlist: #Where i, the index and c, the character
forward(step)
if ¢ == "0":
if (len(fwinlist) - i) % 2 == 0:
left(90)
else:
right(90)

done()
int(input("Please give a positive non-zero number: "))

float(input("Give a step measure: "))
fibonacci_word(n)

30 print(w) #To print the Fibonacci Word
2 draw_fibonacci_word_fractal(w,s,a) #Draws the Fractal

Remark 3.1. A more elaborate version of the code can be found in the document The
Fibonacci Word Fractal - Construction and Geometric Properties - Final >
Codes. In this version, we provide a solution to:

1.

1

2

Center the fractal and compute the optimal step size to draw the fractal in a given
window. Given a step measure, we can determine the size of the window the fractal
will be centered in by simulating the OEDR with the given step size. We keep trace
of the "bounds", meaning that, choosing the initial position of the turtle to be the
origin of the Cartesian plane with x-axis and y-axis, we store the maximum and min-
imum values of x and y the curve goes through and use them to compute the width
and height of the wanted window using the formulas width = (max min , +100)
and height = (max, min ,+100), adding a margin of 100 pixels.

Given the window, we use the same technique as described above, computing the
"bounds" and the necessary window measures simulating a Fibonacci Word Frac-
tal with an initial step of size 1. The optimal step size is given by the minimal
value found computing the ratio between the width of the preferred window and
the newly computed width and between the height of the preferred window and the
newly computed one.

Get directly the drawn fractal using tracer() and update() methods.

Enable generating variants of the Fibonacci Word Fractal, where we replace 90
degrees turns by other angle turns (usual examples are the 60° and the 72° variants).
We de ne outside of draw_fibonacci_word_fractal() the following function:

def alternating_turn(i, word_len, chosen_angle):
return chosen_angle if (word_len - i) % 2 == 0 else -
chosen_angle



We obtain the variants passing alternating_angle() as a new argument of
draw_fibonacci_word_fractal():

1 def draw_fibonacci_word(word, step, chosen_angle, turn_rule):

speed(0)

4 penup()

5 setposition(-200,0)

6 pendown ()

7 setheading (90)

9 for i, ¢ in enumerate(word):

10 forward(step)

1 if ¢ == "0":

12 angle_change = turn_rule(i, len(word), base_angle)
13 left(angle_change)

We therefore can generalize De nition 3.1:

De nition 3.2. We consider ° 2[0;2].

The °-variant of n-th Fibonacci Word Fractal is constructed using the Odd-Even Drawing
Rule (OEDR), consisting in :

8 letter in the k-th position:

1. If the letter is 1, draw a line segment in the previous direction of length 1.
2. If the letter is O, draw a line segment of length 1 rotate with an angle of

(@ +°if k is even
(b) °ifkis odd

If =90°, we call the variant the n th Fibonacci Word Fractal.

The above algorithms output the following curves:

Figure 2: F3 with =60° Figure 3: Fy3 with =72°



Figure 1: Fy3 with =90°

Note that not all °-variant of n-th Fibonacci Word Fractal is a self-similar set or satisfy
the property of not overlapping or intersecting with itself, as in Figures 4 and 5. Later,
when studying the fractal dimension of the curve of the °-variant of the Fibonacci Word
Fractal, we will only consider 2 [0; 5] as we assume these variants don't overlap, see

Theorem 3.3.

Figure 4. F,3 with = 100° Figure 5: F3 with = 120°

Remark 3.2. The overlapping and self intersection properties of Figures 4 and 5 can
be emphasized using Manim Python script and switching from the set of points repre-
senting F3; = 90° to the variants with = 100° and = 120 with the function
ReplacementTransform(old_fractal, new_fractal). The code structure and the main

new functions are provided in Appendix 8.4.

Let us now de ne the following terms, useful to study the properties of the fractal.

De nition 3.3. The resulting angle of a word ! is de ned as the change in angle from
the rst to the last angle of the curve generated by the word !.

10



De nition 3.4. The pattern P |, describes the global drawing of the n-th FWF.

De nition 3.5. The length of the fractal F |, denoted by L,, is de ned by the length of
the straight line from rst to last point drawn.

De nition 3.6. The height of the fractal F ,, denoted by H,, is de ned by the maximal
distance separating an arbitrary point of the fractal and the straight line from rst to last
point drawn.

3.2 Similarity of the patterns P, and P,3

The following proposition is needed for the proof of theorem 3.1.

Proposition 3.1. If a morphism # preserves the parity of the length, then it preserves
the parity of the position.

Proof.

# preserves the parity of length :$ j#(x)j = jxj mod 2 for all words x.

We want to show that letters that are in odd (resp. even) positions before the morphism
remain in odd (resp. even) positions under the morphism #.

Here are our assumptions :

2. #is such that j#(x)j = jxj mod 2
3. x := position of the rst letter of #(x k) in #(X)

Let's now prove by induction that p. k mod 2

Base case :
p: 1 because p; =1, it's the rst letter of the word.

Inductive step :
Assume that g k mod 2

Psr = Pk + JH#X k)]

)P k1 Pk HH(X k)] mod 2
)P kst P k¥jXkj mod 2
)P k1 K+jx j mod?2
)P k1 k+1 mod?2

We now have the tools to state and prove the following theorem :

Theorem 3.1. The pattern P , is similar to the pattern P,3 , 8n >3

11



Proof. The goal is to nd a morphism # that will transform the word ! into another word,
that guarantees the odd-even drawing alternation required by the odd-even drawing rule.
In order to show that, we have to construct # such that :

1. # preserves the parity of position (by proposition 3.1, we just have to show the
parity of length)

2. The resulting angle of a pattern must be preserved or inverted by # .

Let's rst show point 1.
Let be the morphism that generates the in nite Fibonacci Word. (S)
Then, we get? :

(00) = 0101
(01) = 010
(10) = 001

Hence, is not the morphism we are looking for, as j (!)j can be odd for ! even.
Let's examine if 2 is the desired morphism.

2(00) = (0101) = 010010
2(01) = (010) = 01001
2(10) = (001) = 01010

2 doesn't meet our requirements, as f(!)j can be odd for ! even.
Let us determine if 3 is the morphism we are looking for.

3(00) = (010010) = 0100101001
3(01) = (01001) = 01001010
$(10) = (01010) = 01001001

Let's now verify that this statement also holds for odd numbers :

*(0) = (((0))) = 01001
(1) = (((1)) =010

By induction and the fact that Fibonacci words are constructed by an iterative concate-
nation, it follows that for all words ! of odd (resp. even) length, j 3(!)j is always odd
(resp. even).

1We do not consider the case (11) as the subword 11 does not exist by proposition 2.2

12



We successfully proved the rst point : the morphism 2 preserves the parity of length,
and hence the parity of position.

Let's now consider point 2 :

The goal is to prove that the resulting angle of a pattern must be preserved or inverted
by 3.

Let a(!) be the function that gives the resulting angle of a word ! through the odd-even

drawing rule.

We have :?
a(0) =
a(l)=0
a(00)=0
a(01) =
a(10) =

Following the OEDR introduced in the de nition 3.1, one can also show that :
a( 3(0)) = a(01001) =
a( 3(1))=a(010)=0
a( 3(00)) = a(0100101001) =0
a( 3(01)) = a(0100101001) =
a( 3(10)) = a(0100101001) =

As before, the general case can be shown using induction.

We successfully proved the second point : the resulting angle of a pattern is preserved or
inverted by 3.
This concludes the proof that R is similar to Py 3 .

Remark 3.3. One can observe that one can extend this theorem to the °-variant of n-th
Fibonacci Word Fractal.

3.3 The 3 dierent patterns for the Fibonacci Word Fractal

By proposition 3.1, we know that the pattern R, is similar to the pattern Py 3 .
There exists therefore up to three patterns for the Fibonacci Word Fractal : 2, , Pax1
and Psy.

P, forn=22 P, forn=23 P, forn=24

20ne can check these easily with the de nition 3.1
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3.4 The symmetries of the patterns of the Fibonacci Word Fractal
Proposition 3.2.
1. The pattern P53, has a diagonal axis symmetry.

2. The pattern P53, has a orthogonal symmetry.

3. The pattern Py has a central symmetry.

This proposition will not be proven here.

Remark 3.4.
An idea for the proof was to use complex numbers (see section 7 of the miscellaneous
section).

The following three gures illustrate the symmetries of the fractal.

P, forn=22 P, forn=23 P, forn=24

3.5 Some geometrical proportions of the pattern of the FWF

We here state and prove some properties of the Fibonacci Word Fractal that will be used
afterwards.

Proposition 3.3. The pattern P ,, is built in the following way: it begins with a pattern
P, 3 ; after a right-angled turn, another B3 follows, then a single Rs , another P, 3 ,
and nally, after a right-angled turn in the opposite direction to the rst, one last Rs .

Proof. By corollary 2.1, we have

Ph =Pns abm3 Pne Paz baps :

As previously established in proposition 2.1, (ab) 2 f(01); (10)g.
From this observation, it follows that the rst two copies of B,3 are orthogonal.
Consequently, the pattern B can be expressed as

P,=P,3 turn 90° P,3 Phe Pnhs turn 90°P 3 :

Remark 3.5. Let's observe that we can extend this proposition to the °-variant of n-th
Fibonacci Word Fractal, for 2 [0; 5].

14



Proposition 3.4. L ,=2L,3 +L,s 8n>6

Proof. We know that : L, =L,3 co0os(90)+L,3 +L,g +Ly3 +c0s(90) L,z by
the previous proposition.
The result follows.

Remark 3.6. We can again generalize this proposition to the °-variant of n-th Fibonacci
Word Fractal. The length would then be L, =2L 3 +2L,3 cos()+L n¢ .

Theorem 3.2. The contracting ratio r between P, and P,3 is l—j@—i

Proof. From proposition 3.4, we have L =2L ,3 +L 5 .
We also know that, by de nition, the contracting ratio r = LES = L”G
By applying the relations established above and given that r is posmve it is possible to

calculate:

I—n3
)r= L
)r L n=Lns
)r 2 L a3 +Lns)=Lns
)T(ZL n3 +r|—n3):|-n3
Yor+r %=1

)r= p2 1= —p=

Theorem 3.3. The °-variant of the n-th Fibonacci Word Fractal is non-overlapping for
21[0; 5l

This theorem will be assumed here.

length

reiont Of the Psc.o rectangle isp 2.

Proposition 3.5. The ratio

Proof. Using proposition 3.3, we know that the height of the pattern R is equal to the
length of P,z plus the height of B3 .

Hence, H, =L, 3 +H,3.

Moreover, by theorem 3.2, we know that the contracting ratio betweenPand P,3 Iis

1+ 2

Thus, Hp 3 :1—+H|@—§and Lhys = 1—59—2
L H
H = Q\_+ p\_
) n p1+f"2 1+|"2
)(1p+ 2Hn=Ln+H,
)  2H, =L,
= 2

15



Figure 6: The geometrical proportions B>

On the pattern presented in gure 6, we have normalized the height of the fractal.
Proposition 3.5 and theorem 3.2 are used to nd the other proportions. The computations
made are detailed in the following remark.

Remark 3.7. p_

In , we have tha}g the length | of the fractal is" 2, by proposition 3.5.

The teal distance h, is 2 1 by the contraction ratio, as it's the height ofl[JD 33 -
In violet, h 3 is a simple suptraction from ng height of the pattern B and 2 1.
The distanceishencel ( 2 1)=2 2.

The distance I, in cyan is equal to 2 = 2, as it is the length of the pattern Rys ,

which is precisely the violet distangce §. D P p_p._

" The distance in blue k is equal to” 2 (2 2) (2 2)=" 2( 2 1) 2

" The distance in l, is the height of a pattern Ry s , which is precisely the teal
distance by, it is hence equal to 2 1.

" The distance in pg_ls thS length of bhg fractal mian_tWice the distance
l4, it's hence equalto 2 ( 2 1) ( 2 1)=2 2.

h 'I‘;rle dist?)nce in purple hs is the height of a pattern Py , which is equal to :
=2 1"
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4 The Fractal Dimension

In [20], Mandelbroot provides a mathematical answer to the Coastline Paradox, or the
question "How long is the coast of Britain?". He shows, based on a data-driven work
by Lewis Fry Richardson (1881-1983), that as the measuring scale becomes smaller and
more precise, the estimated length of the coastline increases rather than converging to
a xed value. As this measure fails, the notion of dimension is introduced. In this
section, we introduce and apply to the Fibonacci Word Fractal two dimensions used in
Fractal geometry: the box-counting dimension, also known as the Minkowski-Bouligand
dimension, and the Hausdor dimension. We then compute the dimension of the boundary
and of the curvé of the Fibonacci Word Fractal.

4.1 The box-counting dimension of the curve of the Fibonacci
Word Fractal

This section aims to prove the box-counting dimension of the Fibonacci Word Fractal,
ik ic _1og( 3)

which is m

De nition 4.1 (Box-counting dimension). Let F R 9 a fractal.

For r > 0, denote by N(r) the minimal number of closed boxes of side length r required

to cover F.

The box-counting dimension of F is :

log N (")

dime (F) = lim 10

The following theorem comes from a proof in document [21] (theorem of section 5.1).

Theorem 4.1. Let F R 2 be a self-similar non empty non overlapping fractal.
Then the box-counting dimension of F exists and equals

logM _ logM
log(1=r)  logr ©

We denote by M the ratio indicating how the number of segments increase after an iteration
and by r' the contracting ratio after an iteration.

dimB F =

Next, we provide and prove a proposition required for the following theorem :

logM  _  logM 3
log(1=r% ~ log(1=(r 93)

Proposition 4.1.

logM® _  3logM _ logM
"log(1=(r93) ~ 3log(1=r% ~ log(1=r9 "

We know from theorem 3.1 that the pattern R is similar to the pattern P, 3 .
Moreover, by theorem 3.2, we know the contracting ratio r = (F)° between R; and P,.
We let N := M 3. These theorems together with proposition 4.1 enable us to state the
following theorem :

Proof. Indeed

3In the following sections and in literature, one calls the box-counting dimension or the Hausdor
dimension of the curve of a fractal the dimension of the fractal itself
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Theorem 4.2. Let F be the Fibonacci Word Fractal.

dimg(F) = Io'g(glt‘r) for N the ratio indicating how the number of segments increase

between R; and B, and for r the contracting ratio between Pz and P,.

Theorem 4.3. N =' 3 where N is de ned in the previous theorem.

Proof. By propositions 2.6 and 2.54%L 1 :

_jSh] jSal iSn1 ] JSn2 _. 3
N = lim - - = - - - - =
Nt jSns ] JSn1] ISn2] JSns ]

Theorem 4.4. The box-counting dimension of the curve of the Fibonacci Word Fractal

e di — _log( 3)

Proof. It follows from theorems 4.2, 3.2 and 4.3.

4.2 The box-counting dimension of the the °-variant of n-th Fi-
bonacci Word Fractal

This section aims to extend the box-counting dimension of the curve to de nition 3.2.
The previous subsection stated and proved the box-counting dimension of the fractal with
rotational angle 90°.

Here, we will state and prove its value for angles ° as long as the fractal does not overlap
itself.

Theorem 4.5. The box-counting dimension of the curve of the the Fibonacci Word Frac-
tal for a rotational angle 2 [0; 5], such that the fractal does not overlap itself, is :

log{' 3)
log(1+cos()+ = (1+cos()) 2+1)

Proof. We use theorem 4.2. We observe that the N from the theorem does not change
with the change of rotational angle, it is still * 3.
Let's calculate the r from the formula :
By generalisation of proposition 3.3, we have l=2L ,3 +2L,3 cos()+L e .
We also know that, by de nition, the contracting ratio r = %~ = .- Hence,
)r - I—n3 - Ln6
Ln Ln3
)Ir L n=Lns
)r (2 L n3 +2Ln3 COS()+|— né6 ):I— n3
)I‘ (2 L n3 +2|—n3 COS()+I’ L n3 ):Ln3
Y2r+2rcos()+r %=1
Yr 2421 +cos ) 1=0
)r=1 cos (+cos)?2+1

)r=1 cos + (+cos)2+1

18



The last implication comes from the fact that r is positive.

This shows that the dimension is
dimg F = logN  _ log(?) — log{' %)

log(1=r) log(1cos()+ | (1+cos()) 2+1)  log(l+cos()+ ' (l+cos()) 2+1) '
where the last equality comes from properties of the logarithms.

4.3 The Hausdor dimension

A common dimension used in fractal geometry is the Hausdor dimension. This sec-
tion is dedicated to show how thermodynamic formalism and potential theory can be
used to compute the Hausdor dimension of the Fibonacci Word Fractal. The goal is
however wider, one with knowledge in dimension theory can note that the box-counting
dimension and the Hausdor dimension coincides, since the Fibonacci Word Fractal is a
self-similarity satisfying the Open Set Condition (OSC), as later proved in Section 4.3.2.
The following shows the Hausdor dimension fractal under the previous hypothesises and
strictly following thermodynamic formalism logic, as it was presented in the works of the
mathematicians Bowen and Ruelle. A rigorous alternative is using potential theory, as in
[14]. Nevertheless, although this method formally gives us a lower bound candidate for
the Hausdor dimension without the need of proving the OSC nor assuming that the Fi-
bonacci Word Fractal never intersects itself, it requires complex computational techniques
we won't present here. However, it relies on useful statements one can use to formally
prove the equivalence between the box-counting dimension and the Hausdor dimension
through the construction of a Gibbs measure satisfying the Mass Distribution Princi-
ple (Proposition 4.2). Reminders of measure theory and the de nition of the Hausdor
measure and dimension can be found in the Appendix, sections 8.1 and 8.2.

4.3.1 Computing the Hausdor dimension of the Fibonacci Word Fractal

In the previous sections, we have visualized the Fibonacci Word Fractal using the OEDR
rule, providing a deterministic mapping for each k we call pre-fractals. Asn! 1, these
pre-fractals converges to the Fibonacci Word Fractal one can see as a compact set called
an attractor. A widely used technique in the computation of the Hausdor dimension is
introduced in [14] and requires the following a rmation:

Proposition 4.2 (Mass Distribution Principle). Let E R " be a Borel subset.If there is
a Borelian probability? measure supported by E such that for all x 2 R, r > 0,

B(x;r) Cr °
for some constant C > 0, then one has that HE) é (E). In particular, we have that

dimy (E) s

aThe proof holds for any measure that satis es (E) > 0. In particular, a probability measure is a
measure where (E) =1. An example of possible probability measure is the Gibbs measure.

Proof. Let fU;gy be a cover of E, where I N. Let fr jgp be such that foralli 21,
ri >jUij where | j denotes the diameter of U It follows that, for all x; 2 U;:

Ui B ir) Cr ¢
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Letr; 'jU ;jforalli2l. As fU gy Is a cover of E, we get the following inequality:

E) X ;) X
C C

i2l i2l

juij®

In particular, choosing fU;gi;; to be any cover of E and taking the in mum, we have

that
(E)
C

Moreover, by the de nition of the Hausdor dimension, since is a probability measure
and C is a non-zero constant, we have that 0 < HE), meaning that dimy (E) s.

H *(E)

[3] provides consequences (Frostman's Lemma) and generalizations (Billingsley's Lemma)
of the Mass Distribution Theorem, directly related to a formal computation of the Haus-
dor dimension of such set E. However, we follow here a physic approach using potential
theory as in [14]. Note that computing the Hausdor dimension strictly using the Mass
Distribution Principle requires checking every possible ball of the Fibonacci Word Fractal
(attractor). Falconer proves that the local condition of this principle is satis ed if the
following integral converges

zZZ Z
_ dx)d(y) _
Is() = Xy s(x)d (X)
where |5 is called the s energy and s the s potential at a point x 2 R " due to the mass
distribution on E and convergence therefore implies that dimy (E) s. Although we
don't delve in the theory of dynamical systems, we can consider the construction of the
Fibonacci Word Fractal as an iterative process where the fractal is its limit. Constructing
the pre-fractals is therefore a state in our system and the attractor is its nal stable shape.
Hence, as the fractal we get is a stable object, we associate it a mass, or a Borel proba-
bility measure for instance, as our set is well-de ned on Borel subsets. The self-similarity
property of the Fibonacci Word Fractal therefore ensures that the local mass (B(x;r))
behaves like . Intuitively, assigning all the points a "pressure”, we can move from a
local condition as described in Proposition 4.2 to a global one, where () at a point x
measures the total repulsive force that all y 2 R E exert on the fractal and | ¢ is the
potential energy.

The following theorem will be very important for later computations:

Theorem 4.6 (Perron-Frobenius Theorem for primitive matrices [30]). Let A be a non-
negative primitive matrix, i.e. there exists k > 0 such that ),j\ > 0 for all i;j. Then, there
exists a positive eigenvalue (A), the spectral radius, such that for any other eigenvalue
, (A) >]j]j. Moreover, (A) has algebraic and geometric multiplicity 1, i.e. there exists

a unique eigenvector v > 0 associated with (A).

To the Fibonacci Word de ned with the substitution rule S we can assign the following
incidence matrix
11
M= 10
where (0) produces the vector 1 , and (1) the vector é . The incidence matrix of a
substitution is indeed a square matrix M = mj; , where my is the number of occurrence
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Figure 7: Convergence of the Fibonacci Word Fractal Attractor

of the letter i in (j). As M is primitive (take k = 2), the theorem of Perron-Frobenius
ensures the existence of a biggest eigenvalue, in our case the Golden ratio ', corresponding
to the spectral radius and telling how fast the number of segments of the Fibonacci Word
Fractal is multiplying as n ! 1. Moreover, inspired by the work of de ning Fibonacci
Snow akes in the complex plane (see Section 8.3) let us represent the construction of the
Fibonacci Word Fractal in C. One can nd the following relation

Zn =2Zpy +i01 7y,

where z 2 C represents the total displacement vector of the n th iteration of the Fi-
bonacci Word Fractal K, and i a 90° rotation. This construction emphasis that the
geometric orientation of the pre-fractals of the Fibonacci Word resets every three itera-
tions as (2) = 3 [16], where (2) is called the second Pisano period, which is the period
with which (A )iy taken modulo 2 repeats, as shown in Proposition 3.1. This meanslthat

the average contracting ratio r per single substitution is indeed on average % i—lp—i °
using Theorem 3.2.

Proposition 4.3 (Ruelle Operator/ Transfer Operator of the Fibonacci Word Fractal).
Let (f0;1g ; ') be a dynamical system, where is the substitution rule S. Let
fO;1g 'R :y 7! sin( 01/) = sIn(%) be the potential. The Ruelle operator of the
Fibonacci Word Fractal is equivalent to

L =rs M=M= . " )
rs 0

Wl

where M is this incidence matrix associated to the substitution rule and % =1TJp—§

Remark 4.1. A complex groof using Gibbs state can show formally the link between the
spotentialatx s(X)= jxyj *d(y)and =sIn(%). One can nd further details in
[26] Intuitively, one can see that the distance between two sequences x;y 2 = f0; 1g
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will be smaller if they share a greater common pre x of length k. Therefore we get
X yi % X. Forinstance, if x and y di er completely, then k =0 9 jx yj=1 which
represents the whole fractal in a probabilistic view!

Broof. For any continuous function f in fO; 1g the Ruelle Operator is de ned by L (f)(x) =
200 €Y f(y), see [32]. Since (y) =sIn%, we have that:
X
e f(y) = %° f(y)
y2 (x) y2 (x)
= Mf (3)

P
Note that (3) follows from the de nition of the substitution . Indeed ~ , ,, f(y) counts
how many times each symbol appears in (x), when representing f as the vector

f(0)
f(1)

and therefore
f(0)

1 =2 =0
0 fn L =M 4)

L (F)(x) =% i

Remark 4.2. It is direct that M(s) is a primitive linear operator. Therefore, the Perron-
Frobenius Theorem ensures that (M(s)) exists and is well-de ned and intuitively char-
acterizes the s mass of the Fibonacci Word Fractal.

Proposition 4.4 (Topological Pressure). The topological pressure of the Fibonacci Word
Fractal is given by

P(s) =log((M(s)))

Remark 4.3. As originally de ned in [9] by Bowel, the topological pressure of such sub-
stitution systems can be derived from P (s) = limy; %In Z,(s) where Z, is a partition
function. Moreover, assuming £ is here equivalent to (M(s)"), we can easily link the
fact that lim %Iog (M(s) ") = log (M(s)) with the result shown in [10] and saying
that, under the hypothesis of being in a IFSm, if there exists a positive number = (L),
the spectral radius, and a positive function h : f0; 1g! R such that L  (h) = h, then
the limit lim ), %Iog L (1)(x) =log exists and is therefore the topological pressure.
However, let us assume the following theorem, proved in [10], which applies directly
to the case of the Fibonacci Word Fractal.

Theorem 4.7. In a Iterated Function System with a measure (IFSm) where the potential

is positive and continuous, if there exists a positive number = (L ), the spectral
radius, and a positive function h : fO; 1g ! R such that L (h) = h, then the topological
pressure is given by P (s) =log (L)

Proof of Proposition 4.4. By Proposition 4.3, we have that L = M(s) and is primitive,
ensuring by Perron Frobenius theorem the existence of (M(s)) > 0 and of a unique
associated eigenvector h > 0. It follows that P (s) = log( (L )) = log( (M(S))).
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The following theorem is the key to compute the Hausdor dimension, proved by Bowen
in [8] for quasi-circles and hyperbolic systems.

Theorem 4.8 (Bowen's Equation). The Hausdor dimension dimy(E) is the unique
solution to P(s) = 0. That is, in the case of the Fibonacci Word Fractal, the Hausdor
dimension can be found computing

(M(s)) =1

Therefore, the Hausdor dimension of the Fibonacci Word Fractal is equal t§ -

Proof.

M@E)=10 % °*M)=1

0% SM)=1
P S P

1+ 2 ) )
0 In() §|n(1+ 2)=0 ( In() = 2In(1+ 2)

Therefore, we have that
. 3In(’
s=dimy(Fec) = 4%)—_
H(Fc) nL+ " 2)

Which precisely corresponds to the result found in Theorem 4.4.

4.3.2 On the equivalence of the box-counting dimension and the Hausdor
dimension

De nition 4.2 (Open Set Condition [14]). Let S ;(F) be the components (the pre-fractals)
of an attractor F (the Fibonacci Word Fractal?. We say that the § satisfy the open set
condition if there exists V 6=;, open and bounded, such that:

®
S(V) V

i=1

F L .
where s the disjoint union operator.

aThis notation comes directly from [14] and may not be confused with the notation S for the nth
Fibonacci Word.

Kenneth proves that, under the Open Set Condition, the box-counting dimension and
the Hausdor dimension are equivalent.

Theorem 4.9. The Fibonacci Word Fractal F veri es the Open Set Condition for all F,.

Proof. In the article of the American Mathematical Society Separation Properties for
Self-Similar Sets, Andreas Schief [27] shows the following theorem:
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S
Theorem 4.10. Let K be a self-similar set such that K = I, Si(K). The following are
equivalent:

1. The components of K verify the Open Set Condition
2.H (K)>0

m

P
where is the unique solution satisfying 2, r; =1 and r; is the ratio of the similarity
S for each i 2f1;:::;mg.

We have already shown the the Fibonacci Word Fractal is a self-similar set (Proposition
3.1). One can see that all the possible patterns the Fibonacci Word Fractal can be writ-
ten as a (disjoint) union of 5 self-similarities. As in Figure 6, taking 1 as the height
of the Fian_acci Word FractaI,FpDe can compute that four self-similarities have ratio
2349 = 2 landoners=( 2 1) 2. We therefore have that:

x® _ _
r. =4(p2 1) +(p2 1) 2 =1

04( 2 1) +(p§ 1)2 1=0

Let X =( P 2 1) . Wesolve X3+4X 1=0. The,positive solution is X = 2+ _p 5.
Substigution back, we getthat ( 2 1) = 2+ 50 =log (P53 (2+ 5)=
"l’gé( - 1)5) 1;63:::, which is precisely the Hausdor dimension of the Fibonacci Word
pP_
Fractal computed in Theorem 4.8. We thereofore have that dig(Fc) = %P%TS) =
- H > 0. In conclusion, all the similarities of the Fibonacci Word Fractal satisfy

the Open Set Condition. This implies and checks that dig(F¢) = dim g (F¢).
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4.4 The fractal dimension of the boundary of the Fibonacci Word
Fractal

The dimension of the curve of the Fibonacci Word Fractal is not the same as that of its
boundary. One can de ne the boundary of the fractal as a self-similar set itself. Assuming
the Open Set Condition, we compute in this section the dimension of the boundary of the
Fibonacci Word Fractal using only the box-counting dimension.

Curve of the 239 FWF Boundary of the 239 FWF lterative steps to construct
the boundary of the FWF

At each iteration, there are segments of two di erent lengths. This leads us to the following
de nition :

De nition 4.3 (long segment). We de ne long segments as the longest segments at an
iteration.

We denote by I(n) the number of long segments at the n-th iteration.

De nition 4.4 (small segment). We de ne small segments as the smallest segments at
an iteration.
We denote by s(n) the number of small segments at the n-th iteration.

The boundary of the Fibonacci Word Fractal is constructed iteratively from an initial
segment of length k, by the following method :

1. Transform the long segment of length k into 2 segments of Iengﬁﬁs—é on the sides,
and 3 segments placed in the center, with right angles, of Ieng%ﬂ—bﬁ

2. Iterate this rule for each long segment.

Remark 4.4. By construction, at each iteration, the long segments will generate 2 long
segments and 3 short segments, while the short segments will become 3 long segments.

Theorem 4.11. The box-counting dimension of the boundary of the Fibonacci Word Frac-

tal is dimg (Fg) = —2@_

log(1+  2)

Proof. Let's use theorem 4.1 as the boundary of the fractal is not intersecting itself.
We will more precisely use the formula diggF = % where ° denotes the contracting
ratio after 1 iteration and M the ratio indicating how the number of segments increase

after an iteration.

We already know that the contracting ratio 1°= 1 + P 2, by the construction described
above.
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Let's now nd M :
By remark 4.4, we get that :

" I(n+1) = 2I(n) +s(n)
" s(n+1)=23l(n)

Hence, I(n) =2I(n 1)+s(n 1)=2l(n 1)+3I(n 2)

The initial conditions are 1(0)=0 and I(1)=1.

This is a linear induction of order 2.

Its characteristic equation is 2 =2 + 3.

Its roots are ;=3 and ,= 1.

We therefore have thatl(n)= 3"+ (1) "; for ; 2R.
By the initial conditions, we get that :

M= ;@ () "

If nis even, we have I(n) =31 = 3+ 1.
If nis odd, we have I(n) =¥ = 3+ 1
Hence, -
m=7*3
3t 1
s(n) =3 7] + >

Remark 4.5. The long and small segments don't have the same length.

It is easily seen that the length of the long segments are 1+2 longer then the small
segments.

We then de ne t(n) the total number of segments, of the same length as the small seg-
ments, at the n-th iteration.

We get that t(n) = I(n) (1+ P 2) +s(n).

Now,

+
M= fim 0t
ni+1 tn)

3n+1
4

n!+q] 41 (1+p§)+3 3t 4
i 4 k2

4
3n;1 (1+ p§)+3 3n
= i

N ] (1+p§)+3 %
_3 1+ 2)+3
B 1+:)§+3 :
6+3 2
T2+
=3
Hence, ding (Fg) = —29&_

log(1+  2)

k

P~ "
+1 1+ 2)+3 T+

NI | NI~

&
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5 The Fibonacci Snow ake

In order to understand the de nitions and theorems stated below, please refer to the
section 8.3, in the Appendix, where the terminology is explained and some facts used in
the proofs of this section are proven.

5.1 Constructions towards the de nition of the Fibonacci snow ake
De nition 5.1. We de ne a sequence (4 n)n2y INT by

=" g1=R;
and for every n 2,

Gh1 Gh2; ifn 2 (mod 3);
Gh1 Ghz; ifn 0;1 (mod 3):

Remark 5.1. The rst terms of the sequence (Qnon are :

go=",

g: =R,

g2 =R,
gz = RL,

qs = RLL,
qs = RLLRL,

s = RLLRLLRR,
07 = RLLRLLRRLRRLR,
(s = RLLRLLRRLRRLRRLLRLLRR.

Proposition 5.1. The length of the n-th term jq ,j is the Fibonacci number 4.

Proof. The proof is analogous to the one of proposition 2.5.
We also prove this by induction. The base cases for n =0 and n = 1 are done, as shown
above. Let's now assume that jg, j = A,; andjt,2 j=An,> . We have jgj = A, as

G2 =Gz ]

Proposition 5.2. Let n 2 N. There exists an antipalindrome t, two palindroms p;r and
a letter a 2 fL; Rg such that:

" Ozne1 = ta
(sn+2 = Pa
Qan+z =ra

Proof. Let's prove the three points by induction.

" Basecase: n=0

o ="R
Inductive step :
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Assume that g,+; =ta.
Then :

OBn+4 = (3n+3 Cgn+2
= Oan+2 BBn+1 Bn+2
patapa

palp 3

antipalindrome  letter

A~

Base case: n=0

¢ ="R

Inductive step :
Assume that gn.» = pa.
Then :

(Bn+s5 = U3n+4 U3n+3
= Qan+3 Bn+2 Bn+3
= r apara

=0 1B

palindrome letter

A

Basecase: n=0

g =RL

Inductive step :
Assume that gn+3 =T a.
Then :

OBn+6 = Q3n+5 Chn+4

= Q3n+4 BBn+3 Cgn+a
= pataparapatap a

= pataparapatap 5

palindrome letter

Proposition 5.2 tells us that the winding number can only take three values.
These values are speci ed in the next proposition.

Proposition 5.3. Let n 2 N. Then, we have :

" (@ a)=0

" (@ se) = (@ sne2)=(1) ™
Proof.
" We have Gn+3 = Qan+2 Brner = Q3n+1 On OB+t -

By additivity of the winding number, we get that :
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(@ 3n+3) = (@ 3n+2) *+ (@ 30)+ ( Toner)-

By the fourth property of proposition 8.2, we get that (qzn+3) = (9 3n)-
Moreover, (q3) =0 as g = RL.

Hence, by induction, (q3,) =0 8n 2 N.

" We have Gns2 = Qzn+1 Gn-
By additivity of the winding number, we get that :
(q 3n+2) = (q 3n+1)+ (q 3n)-

Hence, by the previous point, (dsn+2) = (0 3n+1):

Moreover, by proposition 5.2, we know that g.; =ta;
for t a antipalindrome and a a letter in fR; Lg.

By propositions 2.7 and 5.1, we know that jg., j is odd.
This implies that jtj is even.

Furthermore, we know that (t) =0, as t is an antipalindrome of even length.
Hence, (sna)= )+ (@)= (a) = 1.

Let's now show by induction that (g zp+1) = (1) ™1,
Base case: n=0

qi)=1

Inductive step :
Assume that (g ans1) =(1) "™t
Recall that ign+4 = Qzn+2 BBn+1 CBn+2 Then :

(q 3n+a) = (0 3ne2) + ( Bnrz) + ( Tonr2)
= ( ne1)

(@ 3n+1)
= (1) ™

This shows that (g an+1) = (0 3ns2) = (1) "1,

De nition 5.2. We dene Q | to be the smallest rectangle box containing,q
The sides of Q are determined by the origin and the endpoint of g.

Remark 5.2. Each Q is contained in Q.1 as g is a pre x of ¢,,,
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Theorem 5.1. For all n 2 N, the paths q, satisfy the following properties:
1. The path (Gn+1 )3 sy is closed.
2. The path (Gn+2 )3 &, IS Closed.
3. The path g is non-intersecting.

4. The path (Gn+1)3 G,y IS NON-intersecting.

Proof. 1. The goal is to show that g1 = i
This will imply that (q zn+1 )3c,4; is closed by theorem 8.3.
By proposition 5.2, we know that g,.; = ta, for t an even antipalindrome and
a2 fR;Lg.
By theorem 8.2, we know that w =i W)
As already stated in the proof of proposition 5.3, we have (ta) = (a)= 1l ast
is an even antipalindrome.

Using the recalled properties above, we have : 3§t =i 1 =i

2. It follows from the rst point together with the fact that (q 3n+1) = (9 3n+2) by
proposition 5.3.

3. By construction, each g is a pre X of Qo1 .
Hence, if ¢ has an intersection, then g, also has an intersection.
It therefore su ces to show that gz, is non-intersecting 8n 2 N.

As o, is intersecting itself i qs, is, we will work on g,,, to be able to afterwards
work with Q.

Let's rst of all prove that q 5, = Qsn2 Ggp1 -
Base case : n=1

We haveq =R; q;:=R; g, =".

Hence, g =010,

Inductive step: Assume that ¢, = Qsn2 Gnq -
Then :

Gz = Oanv2 Ggnet
= Qan+1 Bn Bonlhn 1
=0Qan+1 OBn OBn1 OBn2 Oy
=0sn+1 BnBn1 WBn2 B
=(Qan+t1 Oen+1 Ogp
=0sn+1 Ogneo

This ends the inductive proof that §, = qan2 G, g -

The statement g, = Qzn2 G, IMplies that Qzn = Q3n2 Qa1 -
Let's now assume that g,, is non-intersecting.

Then, g, Is non-intersecting 8k 2 N such that1 k 3n 1.
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) there are no intersections in the rectangle Q,; nor in the rectangle Q> .
) there is no intersection in Q 3,.

) 9 3, IS non-intersecting.

) d 3n IS NoN-intersecting.

) d n» IS non-intersecting.

4. By theorem 8.3, we know that the word Ww de nes a closed path if w=i .
It su ces then to show that (qsn+1 )? iS non-intersecting.

(q3n+1)2:‘:13nchnl OsnBn 1
:CI3n %nl anl %nz cEnl

We know by the third point that none of these factors are intersecting.

This implies that the path (gzn+1 ) .1 IS NON-intersecting.

The rst and fourth points of theorem 5.1 make sense of the following de nition :

De nition 5.3. A Fibonacci Snow ake of order n is a polynomino T ¢(n) represented by
the word (tgn+1 )3 Ggpaq » Where n 2 N.

5.2 Generating the Fibonacci Snow ake

Given De nitions 5.1 and 5.3, we generate the Fibonacci Snow akes using Turtle Library
in Python.

1 import turtle
2

s def q_sequence(n):

[@

g = ["", "Rl # q0 = \epsilon, q1 = R

for k in range(2, n+1):
if K % 3 == 2:
q.append(q[k-1] + q[k-2])

© o ~N o o A

10 else:

1 g.append(qg[k-1] + invert(q[k-2]))
12

13 return g[n]

14
15 def draw_fibonacci_flake(word, step=5, angle=90):

16

17 turtle.tracer(0, 0) #To directly output the Snowflake.
18 t = turtle.Turtle()

19 t.speed(0)

20 t.penup()

21 t.goto(-200, 0)

22 t.pendown()
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a7

#The program recognizes that the drawn path is indeed closed as
the turtle gets back to its initial position. This allows filling

the Snowflake with a colour:

t.color("black", "paleturquoise")

t.begin_fill()

for ¢ in word:
if ¢ == 'R":
t.right(angle)
elif ¢ == 'L"
t.left(angle)
t.forward(step)

t.end_fill()
t.hideturtle ()
turtle.update()
turtle.done()

n = int(input("Enter a natural number less or equal than 7: "))

#From Theorems 4.2 and 4.3 and as Proposition 5.1 links the sequence
g_n to A_n, we have that this program has a complexity of \Theta(\
phi*{3n}), explaining why we limit the input at n = 7.

k = 3*n + 1 #By Definition 5.3

g = g_sequence(k)

flake_word = q + g + g + @

draw_fibonacci_flake(flake_word, step=4, angle=90)

Remark 5.3. The following gures illustrate the Fibonacci Snow akes corresponding to
the ve rst orders.

Te(1) T (2) Te(3)
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Tk (4) T (5)

Remark 5.4. As for the n-th Fibonacci Fractal, see Remark 3.1, there exists a more
elaborate version of the code in The Fibonacci Word Fractal - Construction and
Geometric Properties - Final > Codes. There, we provide a solution to optimize the
size of a step in a given window, using the same technique as described in Remark 3.1.

5.3 Perimeter of the Fibonacci Snow ake

Theorem 5.2. The perimeter of a Fibonacci Snow ake of order n is
p_ 3n+l 4 1 pg 3n+1

— — 4 1+ 5
L() = 4A an = o 150 L0

Proof. By de nition, the Fibonacci Snow ake of order n is represented by the word :

(Q3n+1 )3 O(3n+1 .
The perimeter is then four times the length of g. .

Moreover, jGn+1 ] = A 3n+1, Dy proposition 5.1.

This shows that : L(n) = 4A 3541 .

The second equality comes from the Binet formula, which will not be proven in this
document. One can nd the proof in [15].

5.4 Area of the Fibonacci Snow ake
5.4.1 Some useful propositions for the next section

This subsection contains three propositions that will be used in the proof of theorem 5.3.
We will assume them to be true.

Proposition 5.4. P(n+1) ?+P(n)?=P(2n+1) for P(n) the n-th Pell number.
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Proposition 5.5. Letw2 T and its corresponding polygonal line. Let 2 E and M
be the midpoint of the vector z =w.

1. w is a palindrome if and only if the perpendicular tow at M is a symmetry axis
for .

2. w is an antipalindrome if and only if is symmetric with respect to M.

Proposition 5.6. Let 2 E. Then for all n 2 N, we have :
8
g dam= (PM):(1) "P(n)
' (P(n+1);(1) "P(n)
(P(n)+P(n+1)0)

B' q 3n+l

d 3n+2

5.4.2 The area of the Fibonacci Snow ake

Theorem 5.3. The area of a Fibonacci snow ake of order n is
S(n) = P(2n + 1), where P(n) is the n-th Pell number.

Proof. We know by proposition 5.2 that g,,, is an antipalindrome.
By the rst point of theorem 8.3 and proposition 5.5, we, know that the area determined

by the word (Gsn+1 )30, is the area of the square of side 5, .

By proposition 5.6, we know that g 5,,;, = (P(n+1);(1) "P(n)).
Hence,

S(n)= 2 (P(n+1)2+(1) *"P(n)? (5)
=P(n+1) 2+ (1) *P(n)? (6)
=P(n+1)?+P(n)? (7)
=P(2n+1) (8)

The rst equality comes from the fact that the area of a square is the square of the length
of its side.

The second equality holds as2 2 f1;1g and 2 6= 1, as the surface would otherwise
be negative.

The fourth equality comes from proposition 5.4.

We successfully showed that the area of a Fibonacci snow ake of order n is S(n) =
P(2n+1).
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6 A Generalization of the Fibonacci Word Fractal in
Higher Dimensions

This section introduces a stochastic generalization of the Fibonacci Word Fractal (FWF)
in R". Unlike the traditional deterministic construction, this approach incorporates prob-
abilistic plane switching to govern the fractal's trajectory. To the best of our knowledge,
this n-dimensional stochastic extension represents a novel contribution to the literature.

De nition 6.1 (The Generalized Fibonacci Word Fractal). Letn2 N , be the ambient
dimension, ' 2 R be the rotation angle (previously denoted as ), and p 2 [0;1] be a
stochastic switching probability. Let W = (w;)i;y be the in nite Fibonacci Word.

Fractal Construction

The fractal is de ned as the discrete trajectory of points (X)izy in R". Let the state at
step i be given by (X;B;), where X; 2 R" is the position and B = (u 9 ; ug) Pl uﬂ)) is
an orthonormal basis representing the local orientation.

Iteration: For each stepi O, let symbol L =w ;.
1. Orientation Update:

" If L = 1: The orientation remains unchanged, B = B;.
“IfL=0:
(a) Stochastic Plane Switch (if n > 2): With probability p, swap the vector
uy with a randomly selected vector ! where k 2 3;:::;ng.
(b) Rotation: Rotate the rst two vectors (u? ;u? ) in their spanned plane by
an angle ;, determined by the OEDR rule:

=(1) "

The new basis B is obtained by updating u and u, via the standard 2D
rotation matrix R( ;).

2. Position Update: Regardless of the symbol s, the position advances in the direc-
tion of the current heading:

Xi+1 :Xi+u;|Fi) and 3+1 =Bi

6.1 Exploration of the Newly De ned Fractal

We created three Python scripts with the aim to explore both the properties and the
shape of the Generalized Fibonacci Word Fractal (GFWF). Code generation assistance
was provided by Gemini 3 Deep Think Our rst objective has been to visualise the
3-dimensional fractal at di erent orders, angles, and values of p.

4All used codes are available in the document The Fibonacci Word Fractal - Construction and
Geometric Properties - Final > Codes and have been almost thoroughly apprehended. Only Shapiro-
Wilk and D'Agostino's K 2 tests have not been entirely understood as the mathematics behind them were
too complex for us to grasp.
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