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Introduction

Classical spectral curve method
Quantization problem

Langlands correspondence

Hecke symmetries of Bethe solutions

Hitchin construction
Stable bundles and integrable sy Duke Math. Journal 1987 V 54 N1 91-114.

Hitchin construction
Singular curves
Gaudin system
Separated variables

Let Xy be an algebraic curve, consider the moduli space M = M, 4(X) of stable
holomorphic bundles of fixed rank r and degree d over X,. There is a canonical
simplectic structure on T* M. The deformation technics gives us quite explicit
description of this space: a cotangent vector at a point E of the moduli space M is an
element & € HY(End(E) ® K). There is a well defined function h; : T* M — HO(KC®')
such that h;(E, ®) = 1tr&’. The map

h: T*M — a&f_HO(K®')
is called Hitchin map and realizes the algebraic integrability, which means that the
fibers are abelian lagrangian varieties of half dimension. The crucial role is played by

the spectral curve that is defined as follows. One can define the bundle morphism
(non-linear) char(®) : K — K® by

char(®)(n) = det(® — p * Id)
where p is a local section of K and /d is the identical global section of End(E). The

spectral curve is the preimage of the zero section in K&’ It is an algebraic curve X in
the projectivization of the total space of K.
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Hitchin construction
Singular curves
Gaudin system
Separated variables

Line bundle

The solution of the Hitchin system (means the action-angle variables) are constructed

by the following consideration: let 7 be the projection corresponding to the canonical
bundle K

KK — Xy

let £ be the line bundle on X defined as
0L —nE®23M ™ (E®K)

The support of this sheaf coincides with the spectral curve and defines a line bundle.
The Abel transform A maps the class of divisors to the Jacobian Jac(X).

Theorem

The linear coordinates on Jac(X) of the Abel transform image A(L) provide the angle
variables of the Hitchin system.

[m] = = =
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Hitchin construction
Singular curves
Gaudin system
Separated variables

Singular curves

We enlarge the class of systems by considering the singular points and market points.
o Marked points: one can consider the moduli space of holomorphic bundles with

the additional data - the trivialization at the market points: M, 4(zy, ..., Zk). This
means for example that the tangent vector to M, 4(zy, ..., zx) at the point E is of
the form

K
TeMr (21, ..., 2c) = H'(End(E) ® O(= ) _ z))

i=1
The cotangent vector is now meromorphic

k
o e HU(End(E) @ K © 0> z)))

i=1

o Singular points: in the singular situation (means that the curve ¥y has singularities
for example of the node or cusp type) there is also a consistent formalism of the
Hitchin system. One should realize the singular analog of the dualizing sheaf K
and the holomorphic bundle - the algebraic one.

[m] = = =
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Hecke symmetries of Bethe solutions

Example: CM system

Hitchin construction
Singular curves
Gaudin system
Separated variables

Consider the rational curve with one node point z; < 2, (the ring of rational function is
the subring of rational function f on CP' such that f(z;) = f(22)) and one marked point
z3. The dualizing sheaf (the sheaf realizing the Serre duality H' (F)* ~ HO(F* ® K))

has one global section dz(z_1z1 - 2_122 ). Consider the moduli space M of holomorphic

bundles E of rank n on X ,,4 With a fixed trivialization at the point z3. It means that

TeM = H'(End(E) ® O(-p)).

We restrict to the principal cell of this moduli space which corresponds to the space of
equivalence classes of matrices A with different eigenvalues. The cotangent space is
the space of holomorphic sections of End*(E) ® K ® O(p). Such sections are
matrix-valued functions of z of the form

<|>(z):< S %2, % )dz

Z—Z4 Z— 2o Z—2Z3

such that
PN = Ad, and Oy — Py + P3 = 0.

D. Talalaev Quantum integrable systems and Langlands program



Hitchin construction
Singular curves
Gaudin system
Separated variables

CM suite

The phase space is parameterized by U € GL(n) which is the trivialization at z3 the
matrix A which characterize the projective module over the structure ring O(X moge ),
the residues of the Higgs field ®;. In these coordinates the canonical symplectic form
on 7*M can be represented as follows

w = THd(A™"D1) A dA) + THd(U~ ' &3) A dU)

After the hamiltonian reduction with respect to the right action on GL(n) on U and the
adjoint action of GL(n) on ®;, A one obtains the space parametrized by

(®3)j = fj, i # J; the eigenvalues €% of the matrix A and the diagonal elements of the
matrix (®4); = p; with the following Poisson bracket

{0} =065, {fy, fu} = S fy — dufy

The CM hamiltonian can be obtained as coefficient of Trd?(z) at 1/(z — z)>?

n fifi
H=Trof=> p2 -4y — 10
; ! ,z#; sinh2(x; — x;)

[m] = = =
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Hitchin construction
Singular curves
Gaudin system
Separated variables

Lax operator

The Gaudin model can be considered as the generalized Hitchin system on curves with
marked points. One should take the curve ¥ = CP" with N marked points z1, . .., z.
The Higgs field in this case is = L(z)dz where

L= Y 2 (1)

N T

The expression L(Zz) is traditionally called the Lax operator due to its crucial role in the
context of commutation representation of the corresponding dynamics:

L=1[M,L]

for some matrix valued function M.

The residues of the Gaudin Lax operator ®; are the n x n-matrices with values in

gl, ®...® gl, such that (®;)y is the kl-th generator of the i-th copy of gl,,. We interpret
the Lie algebra generators as functions on the dual space gl;,. The symmetric algebra
S(g1,)®N ~ Clgl; @ ... @ gl] is endowed with the Kirillov Poisson bracket whiten in
coordinates as follows:

{(@); (®))mn} = 0ii(m(Pi)kn — Sk (Pi)mr)-

D. Talalaev Quantum integrable systems and Langlands program



Hitchin construction
Singular curves
Gaudin system
Separated variables

R-matrix br

Let us introduce some notation:

Ejex = 6,653

o {e;} be a standard basis of C" and {E;} be a standard basis of End(C"), that is
° e,(.js)

are generators of the s-th copy of gl, C @Vgl,.
Then the Lax operator can be represented in the form

N o)
L2)=) E®)y.
ij s=1

)

Z— Zs
The Poisson structure can be summarized in the so-called R-matrix form:

{L(z) ® L(u)} = [Ri2(z — u), L(z) ® 1 + 1 @ L(u)] € End(C")®? & S(gl,)®",
with the classical Yang R-matrix

R(z) = %

Piovi ® va = va ® vy

Po=Y Ej®E
i
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Characteristic polynomial

det(L(z) —A)=0= zn: I (z)An—k

Alternative basis of symmetric functions

k=0
K(z)=T z)  k=1,...,n
2Trdkd; etk gU)
H2 K= HeSz=zk FLZ(Z) Z réy Z Zlm Im mI
j#k (Zk - zj) j#k Zk

—%
Kirillov Poisson bracket

The coefficients of the characteristic polynomial of L(z) commute with respect to the

{(2), Im(u)} =0
«O>» «Fr «=)r» «=>» A
' Drdamev | Quanumintegrable systems and Langlands pogram



Let L1(2) = L(z) ® 1 and Lp(u) = 1 ® L(u).

{k(2), Im(u)}

Tz {L“(2) © L™(u)}
= TnzZ (DL u){L(2) ® L)L~ ()77 (u)

= 77122: L (2)Ly(u)Ryz(z — u)LK=(2) L]~ () @)
+ Tr1ZZL (D)L (u)Rya(z — u)Lk==1 (2) L] ()

- Tr1zZ L () (W)Rez - uLi ™ @)Ly W) @)
- Tr1zz Li(2)L " (u)Riz(z — u)Lk= = () L] (u)

243 =Tha[y_ Li(2)Lh(u)Rra(z — )L ()57 7" (u), Li(2)] = 0
ij

«40>» «4F)>r «=)r « > = Q>



Hitchin construction
Singular curves
Separated variables

Gaudin system
Separated variables

B(2)
C(2) -A2)

In the sl, case there is a SOV procedure: The Lax operator is defined be the formula
L ( A(z)

) det(L(z) = X) = R(z,\, hy,..., hg)

Let us define the variables y; as the zeroes of C(z) and w; = A(y;). They are

canonical: {y;, w;} = d; Let us consider the generating function S(/, y) for the
canonical transformation from y;, w; to the action-angle variables /;, ¢;

w; = ayis ¢j = 3//.3

Due to the fact that the point (y;, w;) it the point of the spectral curve and the fact that
the action variables are function on Hamiltonians one obtains the separation of S into
the product

S(l7y17" . 7}/d) = H s(l7yi)
i
where the function s(/, z) solves the equation

R(z,028,hy,...,hy) =0
- DTaakev @ Quanumi
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Correspondence

Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated variables

Poisson algebra (-,{o, 0})

Associative algebra ()
Agi A ~ Ay[[H]] as linear space
asxb = a-b+O(h)
axb—bxa

h{a, b} + O(1?)
Let the classical algebra be S(gl,,). There is a canonical quantization: let U, (gl,) be
the slightly deformed universal enveloping algebra

Un(gly) = T*(ap)[[All/{x® y — y ® x — Rlx, y]}
The classical limit is the limit & — 0.

such that

An integrable system is a pair of Poisson algebra .4 with the Poisson commutative
subalgebra H of an appropriate dimension dim(Spec(H)) = 1/2dim(Spec(.A¢))

Heg CAg=HCA
o A~ Agy[[R]] as linear spaces, the map lim : A — A is called the semiclassical
limit;
0 H is commutative;
0 lim:H ~ Hy

-~ DTakev  Quanumi
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Deformation quantization paradigm
Quantum spectral curve

Bethe ansatz
Realization

Quantum separated variables

On can consider just U(gl,) which is filtered by the degree {F;} with the map to its
associated graded algebra with the induced Poisson structure:

U(aly) — Gr(U(aly)) = @iFi/Fi1 = S(aln)
This means that for the generators a € F; and b € F;:

axb=a-bmod Fi;_q

4)
axb—bxa={a b} mod Fi; >
Classical part
Ag = S(gl)®N ~Clghr ... glj]
Her the subalgebra generated by the Gaudin hamiltonians
Quantum part
A= U(glp)®N

H-?
-~ DTakev @ Quanumi
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Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz
(1] (1]
Quantum" de

Quantum separated variables

Let B=3; Ej ® Bj be a matrix those elements do not commute B; € A, the
determinant of such a matrix is defined as follows
T,0€X

1 TO
det(B) = — > (D) Br(t).o(t) - Brinyo(n)

This definition coincide with the classical determinant for a matrix with commutative
elements. Let A, be the operator of antisimmetrization in (C")®"

1 o
AnV1 R...0 Vg = m Z (—1) VU(1)®...®V0.(,,)
o€Sy
Then

det(B) = Tri.. .nAnBy ... By
Here By is the following element of End(C")®" @ A

y

~—~
k
-~ DTakev  Quanumi
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Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum spectral ¢

Quantum separated variables

Consider the quantum Lax operator:

N o)
L2)=Y E®y.
ij s=1

i

z—2zs

Here L(Zz) is a rational function in z with values in End(C") ® U(gl,)®N. We define the
quantum characteristic polynomial of the quantum Lax operator

det(L(z) — ;) = Xn: Ql(2)007k

k=0
Theorem

®)
The coefficients Qlx(z) commute

[Qlk(2), Qlm(u)] =0

they quantize the classical Hamiltonians for the Gaudin model.

[m]

=
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Yangian

Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated variables

The generators: 9 = 1 Lnj=1,...,n k=1

be formulated in terms of the following generating function
T(z,€

> Ej@ ti(z,e)

oo. Defining conditions can
j\£,€)s
i

tj(z,€) _6’!+Z (R K 7k,

R(z — u,€)T1(z,€)To(u, €) = To(u,e)T1(z,e)R(z — u,e) R(z) =1— —P12
where T  take values in End(C")®2 @ Y(gl,)
Ti(z,0) =Y Ej@1®ti(z€), To(u,0) =) 10 E;® tj(u,e)
i i

Comultiplication homomorphism: A : Y(gl,) — Y(gl,)®?

(1@ A)T(z,e) = T (z,6)T?(z,€) Ati(z,€) =
where T'2 take values in End(C") @ Y(gl,)®?
1

Tz, =Y Ejotiz,)®1, Tz, =) Ejoldt(ze).
ij ij
- DTaakev @ Quanumi
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Let us introduce the notations

m
Tn(z,e) =) 1®... 010 Ej@1®...0 1 tj(z,¢)
i
Then the following expressions

Tk(Z,€) = TrART1(Z,€) To(z — €,€) ... Ty(z — e(k — 1), €)C11
produce a commutative subalgebra in Y(gl,) for general C

[7(2, ), 7(u, €)] = 0
There is the "evaluation representation” pz, : Y(gl,) — U(gl,)

Tzo(u, E) =1 —+

€

def
E E,'j ®ej =:
zZ— 2y I

(0]
R (®)
— zZ— 2y
«0O0>» «F» «E)» « > Q>
' Drmdamev | Quanumintegrable systems and Langlands pogram




Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated variables

Fusion: the image of T(2) by pz, ® ... ® pz, AN~ is of the form

T (u) = T3,(2) ... T4 (2) € End(C") @ U(gt,)*N
The image of the Bethe subalgebra can be organized into a generating function:

Qz,e) = TA(e D2TR(z,¢) = 1)(e Dz TR(z,¢) —1)... (e D2TR(z,¢) — 1)
n .
= 3 r(z—ee)(~1)"ICheIeO:
j=0

= det(e”D2TR(z,¢) - 1)
The highest term of this expression in ¢ is of the form
det(e~ D2 TR(z,¢) — 1) = "det(L(z) — 8;) + O(e™ )

due to the expansion:

e—Eaz TN(Z) —1= e(L(Z) — az) + 0(52)'

o 5 =

12N Ge
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Let us consider the Gaudin model for the sl, case

A B Z d;
= ( C((g Dg; ) -
where

Z— 2z

o = ( hi/2 [=h
The quantum characteristic polynomial:

i —hi/2 >

, 1 c®
det(L(2) — 0:) = 0% — > @
i

p H;
_’ zl.)2 - Z :

i
The Gaudin Hamiltonians are the residues

zZ— 2z

H=Y hihi/2 + eit; + gif;

. Zji — Zj
i A
«0O0>» «F» «E)» « Q>



Deformation quantization paradigm
Quantum spectral curve

Bethe ansatz

Quantum separated variables

Bethe vectors

Let us consider the sl Gaudin model and fix the representation Vi = Vy, ® ... ® Vi,
where Vy, is the \;-highest weight irreducible representation.

Bethe ansatz
M
Q=[] cw)lvac >
j=1
is an eigenvector if the parameters ; satisfy the system of algebraic equation (Bethe
system)
1 Ai 1 ]
—= + =0 j=1,....M (7)
22,: B —Zi k%:/ Hj —

The eigenvalues of H; on Q are given by

1 1 Aj
H? = )\ _ _a
/ I(Zzi_Mj 2Zzi_zj>

j J#i

.
[m] = = =
-~ DTaakev @ Quanumi and Langlands program
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Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated variables
In the considered case the QCP takes the form
det(L(z) — 8;) = 02

_ A2( z) —
One has the commutation relations

C(z)B(z) + A'(2)
[A(2), B(2)] = -B'(2)

— H(z)
[AG2), C(u)] = 1 (0(2) - C(w)
(). CRI=C'2)  [B@), 0] = -2 (Az) ~ Aw)
Using this relations and the condition
H(z)|vac >= (%(Z

~z- z Z (z
one obtains:

M
Hz)Q = (ho(z)—f—ZZ . A(z)+z
=M

PSS Z)(uk - Z)) ?
M
+ 2023

) |vac >= hy(z)|vac >

—— e ¥ + Alwy)
=1 4T M KA Pk 1
-~ DTaakev @ Quanumi
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Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated varia

Quantum separated variables

Let us consider the sl Gaudin model and fix the representation V) = Vy, ® ... ® Vi,

where V), is the \;-highest weight module. Let us realize V), as the factor space of the
Verma module <C[z‘,»]/z‘,.A"Jr1 such that the generators of sl take the form:

7] 82 7]
A = —2ts— + g, €09 = —ts— + As—, () = t,.
sats+ s sathr Sats s
Let us introduce the separated variables y; be the formula:

CTz-w)
=Gz

They are elements of an algebraic extension of the field C[ty, . .., ty].
Verma modules Clty, .. ., in]

Let now Q be the common eigenvector of Gaudin Hamiltonians in the tensor product of

H(z)Q = h(2)Q
Consider both parts of 8 as a rational function on z placing z on the left and
substituting z = y; one obtains:

-~ DTaakev @ Quanumi
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Deformation quantization paradigm
Quantum spectral curve
Bethe ansatz

Quantum separated variables

H(y;)

A () — A (%)
1 Z 1 hihe + 1 Z 1 h
= - — _hil+ = —

4 ik (y/ - zl')(yj - zk) ' 2 K (yj - Zk)2
Using the definition of the separated variables one has:

at 4
o, =3 Lo, =3 ——a,

paledy K YT %

Substituting all this we get:

2
1 Ak
-0y + = Q= h(y;))Q
( (AEP Zk> o)
Hence the common eigenfunction factorizes:
Q=[]ew)
i
such that the function &(z) = [];(z — z;)~*/2w(Zz) satisfies an equation:

(9% — h(2))a(2) = 0

o =
-~ DTaakev @ Quanumi
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Introduction

Classical spectral curve method
Quantization problem

Langlands correspondence

Hecke symmetries of Bethe solutions

Deformation quantization paradigm
Quantum spectral curve

Bethe ansatz

Quantum separated variables

Monodromy

The proposed arguments demonstrate that the spectrum description for the quantum
model is related to the special differential operators, those specialty is some vanishing
condition of the monodromy. In the sl case we obtained: if 2 is a Bethe vector with
eigenvalues H,.Q then the equation

1 )\i()\i+2) f‘l'/Q .
(82‘42/:(22,)2‘21,:22')‘"(2)_0 )

1

has solution of the form
v(z)=]](z-2)"M?]](z— )
i j

where y; satisfy the system of Bethe equations.
This observation is summarized by the Mukhin, Tarasov, Varchenko theorem

Theorem (math.AG/0512299)

There is a one-to-one correspondence between the differential equation of the form 9
with the monodromy +1 and the common eigenvectors for the Gaudin model.

This is generalized to the sl case.

D. Talalaev Quantum integrable systems and Langlands program



Center on the critical level
Beilinson-Drinfeld scheme
Correspondence

This construction is related to the Adler-Kostant-Symes scheme which is in the origin
of the large class of commutative subalgebras. Let g = g+ @ g— be a finite dimensional
Lie algebra which is a direct sum of two its Lie subalgebras. One has an isomorphism
of linear spaces related to some normal ordering

¢ : U(g) — U(g+) ® U(g-)
We introduce the opposite Lie algebra structure on the linear space g— defined by
—{o, o}. The corresponding universal enveloping algebras can be identified as linear
spaces with respect to some PBW basis:

U(e%) =~ U(g-).

Lemma

The center Z C U(g) maps to a commutative subalgebra in U(g+) @ U(g”) via . J

[m] = = =

-~ DTakev @ Quanumi and Langlands program
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Let us denote the commutator in U(g+) ® U(g%) by [*, ]g. Let ¢y, c» be two central
elements in U(g) taken in the form
o= Ky
)

e U(ar), v € Ug-)
[o(c1), #(c2)]Rr

[Z X,-(”y,-“), Z X£2)y(2)]
Z[x“ X 2ay Ny
J.k
Due to the definition of the algebraic structure

(2) X(1) (2)[y(1)
2
[)(/-(1),X,( )]

="

/7yk]:

-y
[6(c1), é(ca)]m = Zmﬂ”w ZWVW

which is zero due to the centrality of ¢;, ¢, O O B (= o« Hac

yz)]n

it
v



Center on the critical level
Beilinson-Drinfeld scheme
Correspondence

Center of U.(slp)

Consider U(gl,[t~'] @ tgI?P[#]) and the corresponding Lax operator:

Lu(z)= Y, &z

i=—00,00

The commutation relations can be represented in the same form as for the Gaudin Lax
operator

(L (2), Loy(u)] = [rPu, Li(2) + Liy(u)]

Theorem

The center of Uc(ﬁt\,,) is isomorphic as a commutative algebra to the commutative
subalgebra in U(gl,[t—"] & tgI?’[t]) defined by the the coefficients of the characteristic
polynomial det(Ly,(z) — 8;). The isomorphism is given by the map I,

I Uyt~ ') ® U(talPlt]) — Uslaly), by @ hp — hihs, (10)

[B. Feigin, E. Frenkel, Int. J. Mod. Phys. A7, Suppl. 1A 1992, 197-215]
[m] =1 = =

program

12N Ge



Introduction
Classical spectral curve method Center on the critical level
Quantization problem Beilinson-Drinfeld scheme
Langlands correspondence Correspondence
Hecke symmetries of Bethe solutions

Beilinson-Drinfeld scheme

Preprint 1991: Quantization of Hitchin’s integrable system and Heche ei

h

Let ¥ be a connected smooth projective curve over C of genus g > 1, G- a
semisimple Lie group, g its Lie algebra. Bung is the moduli stack of G-bundles on X.
Main results:

o There is a commutative ring of differential operators 3(X) defined on the canonical
bundle Kgyp;, the symbol map produces the commutative subalgebra of classical
Hitchin hamiltonians on T*Bung.

o The spectrum of 3 identifies canonically with the moduli of Lg-opers.(If G = SL;
then a Lg is just the Sturm-Liouville operator on X.)

o To each Lg-oper one assigns a D-module on Bung specializing the values of
Hitchin hamiltonians. This D-module is an eigensheaf for the Hecke algebra
whose eigenvalue is the corresponding L g-oper.

The origin of this commutative algebra is the center of U¢(g) whose action on the loop
group can be lifted to the moduli space due to the following realizations of Bung(X):

Bung(¥) ~ G(F)\G(AF)/G(OF) =~ Gin\Gl[2,2 "]/ Gout

where G, and G,; correspond to some covering of the curve X by two open sets: U,
- small disk around a point xo with the local parameter z and Uy, = £\ xg.

D. Talalaev Quantum integrable systems and Langlands program



Center on the critical level
Number field

Beilinson-Drinfeld scheme
Correspondence

Gal(F', F)

Let F be a number field (a finite extension of Q), F - its maximal algebraic extension,
Fab _ its maximal abelian extension. For F C F’ the Galois group is

{o € Aut(F') : o(x) = x ¥x € F}
Gal(C,R) = Z/2Z
Abelian reciprocity law

Gal(F?, F) ~ The group of connected components of F* \AZ
n-dimensional generalization
Repn(Gal(F, F)) < Rep(GLn(AF)) in functions on GLn(F)\GLn(AF)
Why the right hand side is called automorphic
f((az + b)/(cz + d)) = x(@)(cz + d)*1(2) ( 2’

SLa(R)/SL2(Z) ~ K\GL2(Ag)/GL2(Q)

) € Sly(z2)

12N Ge



Center on the critical level

Beilinson-Drinfeld scheme
Correspondence

Cases F:

o number field

Transformations over C:

o field of functions on an algebraic curve over a finite field Fy (Laforgue)
o field of function on an algebraic curve over the field C
Galois side

Repn(Gal) = flat connections on rank n bundles
Automorphic side

Hitchin D-module over GL(F)\GL(Af)/GL(OF) ~ Bunn(Xx)
New features:

return

Hitchin D-module 72 Character x on 3(Uc(3)) g xdet(Lsyy — 0z)




Monodromic formulation
Schlesinger transformation
Matrix monodro

D CT

Let us consider the Fuchsian system

a1(z)

ap1(2)

(@~ AZ)V(Z) =0 A(2) (

with additional conditions

an(2) |\~ A
2l ) =2

zZ—Z
Tr(A) =0; Det(A;) ZA_(

0
_//l.: °
This system is related with the following Sturm-Liouville operator

"+ UP=0 &= V1/vVay
where the potential is given by the formula
3/4
U=
z o

—2 Kk
1/4 + detA; Hu, Hz,
+) ——+> —=
@ wp Z G-ar row hE-a
and the pomts w; are defined by the condition

[m]

k—2

i (2—w)

ae(z)= ——————
ITizi(z - 2)

and L
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Monodromic formulation
Schlesinger transformation

Theorem,

The equation

8z — A(2))W =0

(11)
has solutions of the form
f #1(2)

V= Z— Zj =4 1 12

Ilez-2) (53) (12
M Mo
o1 =[[E=w); bo/tr =D —— (13)
j=1 = 2T
iff the set of numbers ~; where i = 1, ..., M satisfy the system of Bethe equations with
parameters: the set of poles is zy, ..., z, and wy,

..., Wk_o with the highest weights
2d; —1,...,2dx —1and 1,...,1 correspondingly.

12N Ge




Introduction

Classical spectral curve method
Quantization problem

Langlands correspondence

Hecke symmetries of Bethe solutions

Schlesinger transformation

Monodromic formulation
Schlesinger transformation

Action on bundles

Consider C - a curve, E a holomorphic bundle on C, F - the corresponding sheaf,
x € Cand [ € E; then the lower Hecke transformation T, ) E is defined in the
language of sheaves as the subsheaf 7/ = {s € F : (s(x),/) = 0}

In terms of gluing functions, for example the Ty ; of the trivial rank 2 bundle on CP’
produces a degree 1 bundle given by the gluing function

(57)

Action on connections

A connection is the map of sheaves
AF—FRQ

The Schlesinger action can be extended to the space of connection preserving the
Annp={v € Fx :<l,v>=0}

Ay : Ann; — Ann; @ Q)

D. Talalaev Quantum integrable systems and Langlands program



Monodromic formulation
Schlesinger transformation

For our particular case we consider compositions of pairs of Hecke transformations
located at singular points z;, z; of the connection and preserving the trivial rank 2
bundle. We consider the covering Uy, Us, of CP' where Uj is an open disk containing
z;, ziand Uso = CP™\{z1,22}. In terms of gluing functions this is represented by
Gji(z) = C-I,l(z)Gj*1 (z) where

Gs(2) = Gs <

z—2zs 0 1
0o ) Gs
the Gs are chosen by the condition

A — Gs( +ds

0
0

—1 _ 1 Xs
s)et o (%)
To obtain the action on connections in the trivial rank 2 bundle one has to perform the
in Up, Uss-

decomposition Gjj(z) = Gy(z2) Goo(2) Where Go(2), Goo(2) are invertible respectively

2(1=xy) (1 =x)) =% (Yi —2y; = Xiy;)
Goo(2) = ( (1=2xy;+xy;)(1 —xy)) (1 —x;y;)(z—1)

Yi—2yi+X%yiy;

X
(—=xy))(1—2xyi+xy;)

— J
(1=xy))(1=xyj)(z—1) ) )
1
=Xy
-~ DTaakev @ Quanumi

[m] = = =

and L

nae
program



Monodromic formulation
Schlesinger transformation

Then one should realize the gauge transformation with G (z)
A= GooAGL + 07,Goo GZ

The local consideration shows that the eigenvalues of the residues A; transform
depending on the choice of the subspace and the type (upper or lower) of the
Schlesinger transformations correspondingly to the following table

[CUU0 VD ViU, Ry S VIS D VR T
(o Ay Ny ) (X1, 41,00,
(.,.,x\,‘,...,)xj,...) — (.,.,)\,'—1,..,,)\]'—1,...)
(...,/\,‘,...,)\j,...) (..,)\/—1,...,>\j+1,...).

[

u]
@
1l
n
it
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