
An intuitive definition of curvature

Curvature for plane curves:
As a first definition, we can define curvature as a measure of how sharply a curve bends at a
given point. For example, take the following three three curves: a straight line, a general curvy

line and a circle.

Intuitively, we can observe that a straight line does not bend while the circle has "constant
bending".

Figure 1: Varying radius

Thus, circles provide a natural way to measure "the bend-
ing", or the curvature, of curves. Intuitively, a smaller radius
corresponds to a "sharper" bend (higher curvature), while a
larger radius corresponds to a "gentler" bend (smaller curva-
ture).
Therefore, we define the curvature of a circle as κ = 1

r
with r the radius of the circle.

To measure the curvature of a curve at a point, we define
the osculating circle1 as the circle that best approximates
the curve at that point. Then, we can define the curvature of the curve at a point as the
curvature of its osculating circle, which is the inverse of its radius.

Figure 2: A curve with points P1, P2, P3 and their corresponding osculating circles C1, C2, C3

(illustrative sketch)

Take the example in Figure 2, we can see that the circle C2 has the biggest radius which
corresponds to a gentle bend of the curve, while the circle C3 has the smallest radius and the
curve at that point has a sharper bend.

1Latin for the kissing circle. Such a circle is only well-defined at points where the curve is not locally straight.



Curvature of a helix
For certain2 space curves, the osculating circle at a point exists and lies in the osculating plane
of the curve at that point, which is the plane that best fits the curve at that point.
Similarly, the curvature at a point is given by the inverse of the radius of its osculating circle
at that point. The curvature of a helix can be derived as

κ = r

r2 + c2

with constants r and c. We can see that, similarly to the curvature of a circle, the curvature of
a helix is constant for each point and depends on the radius of its circular motion.
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Figure 3: Three helices with radii r = 0.5, r = 1 and r = 1.5 and the same constant c.

The curvature of a helix as a function of the radius r:
Assume we fix c and consider κ as a function of the radius r. We want to analyse this function:
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Figure 4: Curvature of a helix as a function of its radius r, with c = 0.125

• As r → 0, the curvature decreases to 0.
Interpretation: For r → 0, the helix degenerates into a straight line, which has no
curvature.

• As r → +∞, the curvature decreases to 0.
Interpretation: For r → +∞, the helix becomes "flatter" and its turns become so wide
that the path locally resembles a straight line.

2The curve needs to be regular (non-vanishing first derivative at all points) and additionally have a non-
vanishing second derivative at all points.



• The curvature has a maximum at r = |c|.
Interpretation: For r = |c|, the helix "balanced" between its radial (r) and vertical (c)
components. The curvature is maximized because the helix is neither too "flat" (small r)
nor too "stretched" (large r).

– For r < |c|, the helix is more vertically "stretched".

– For r > |c|, the helix is more radially "dominant".
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Figure 5: Three helices with radii r = 0.01, r = c = 0, 125 and r = 0, 5 and the same constant
c = 0.125.

The curvature of a helix as a function of its vertical component c:
Assume we fix r and consider κ as a function of c. We want to analyse this function:
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Figure 6: Curvature of a helix as a function of its vertical component c, with r = 1

• As |c| → +∞, the curvature decreases to 0.
Interpretation: For |c| → +∞, the helix degenerates into a straight line, which has no
curvature.

• The curvature has a maximum at c = 0.
Interpretation: For c = 0, the helix degenerates into a circle of radius r in the xy- plane,
which has a constant curvature (equal to 1

r ).


