Exercises with helices

Helix puzzld’|

A rotating barber’s pole consists of a cylinder on which red, white and blue helices are
painted. The cylinder is 1 meter high. The red stripe forms an angle of 30 degrees with
the base of the cylinder. How long is the red stripe?

Possible answers:

1) Without formulas: If a right triangle is wrapped around
any type of cylinder, with the base of the triangle going around
the base of the cylinder, the triangle’s hypotenuse will trace a
helix on the cylinder. Think of the red stripe of the barber’s
pole as the hypotenuse of a right triangle, then "unwrap" the
triangle from the cylinder. The triangle will have angles of 30
and 60 degrees. The hypotenuse of such a triangle must be twice
the altitudeEl In this case the altitude is 1 meter, so that the

hypotenuse (red stripe) is 2 meters.

2) With formulas: We are given the following information A barber’s pold’]

e height h =1 meter = h=T-c=1

e helix angle = 30° — 30° = arctan(¢) < -
,

c
s

Then, using the arc-length formula:

2v3
_\?)[.T.TZQ.T.CZQ.}LZQ

L=T Vr2+c2=T-

Interesting result:
The length of the red stripe depends only on the height of the cylinder and the helix angle. It is
completely independent of the cylinder’s radius! No matter how wide or narrow the cylinder

is, as long as the helix angle is 30°, the length of the stripe will always be twice the height.

8Puzzle and Solution included in: Martin Gardner. The Sixth Book of Mathematical Diversions. University
of Chicago Press, 1984. isbn: 0226282503. p.8

Picture Source: https://commons.wikimedia.org/wiki/File:Barber%27s_signboard. jpg

ODraw the right triangle with height A and hypotenuse L. Double it to form an equilateral triangle. Since h

is half the side length L, we get L = 2 - h.



https://commons.wikimedia.org/wiki/File:Barber%27s_signboard.jpg

The Twiddled Boltdl

Two identical bolts are placed together so that their helical grooves intermesh. If you move
the bolts around each other as you would twiddle your thumbs, holding each bolt firmly
by the head so that it does not rotate or twiddling them in the direction shown, will the
heads

(a) move inward,
(b) move outward
(c) remain the same distance from each other?

The problem should be solved without resorting to actual test.

Official solution: The twiddled bolts move neither inward nor outward. They behave like

someone walking up a down escalator, always staying in the same place.

Righty Tighty, Lefty Loosey[r_gl:

The bolts follow the standard threading rule: clockwise rotation tightens, and counter-clockwise
rotation loosens. When twiddling the bolts, the movement appears clockwise from one side and
counter-clockwise from the opposite side. Thus, as one bolt would tighten, the other would

loosen, cancelling out the effect and resulting in no net movement.

Other, more visual explanations can be found on the following websites:
https://leancrew.com/all-this/2025/03/a-sciam-bolt-puzzle/
https://puzzles.nigelcoldwell.co.uk/eightyfour.htm.

1pyuzzle and Solution included in: Martin Gardner. The Colossal Book of Mathematics: Classic Puzzles,

Paradoxes, and Problems. W. W. Norton & Company, 2001. isbn: 978-0393020236; p.124
12https://puzzling.stackexchange.com/questions/52415/martin-gardners-the-twiddled-bolts



https://leancrew.com/all-this/2025/03/a-sciam-bolt-puzzle/
https://puzzles.nigelcoldwell.co.uk/eightyfour.htm
https://puzzling.stackexchange.com/questions/52415/martin-gardners-the-twiddled-bolts

Calculation exercisdl?

Find the shadow of the helix defined by the parametric equations
x =rcos(t),y =rsin(t),z = ct

on the (xOy) plane, given that the light rays are parallel to the tangent at the point ¢ = 0.

Needed formulas:

1. Let r(t) = (2(t),y(t), 2(t)) be a regulaif’| curve. Then the tangent vector at a r(ty)
is given by
z'(t)
T'(to) = [ ¥/'(t) ’t:to
Z(t)

2. Expression of lines in space:
A line d through a point A with direction vector @, can be defined by a system of

parametric equations:

T=x4+ A Ty
M(z;y;2) €d & FEER Sy=ya+ Xy

Z2=2ZA+ Az

“Regular = differentiable with non-zero derivative for all points

3https://les-mathematiques.net/vanilla/discussion/2328910/helice-exercice-simple-et-original


https://les-mathematiques.net/vanilla/discussion/2328910/helice-exercice-simple-et-original

Solution:

(1) First, we want to calculate the tangent vector at the point ¢ = 0:

2/ (t) —rsin(t)
T(t) = y'(t) | = | rcos(t)
2/ (t) c
Thus, at time t = 0:
0
o :=T(0) = |
c

The light rays are parallel to fo, so the direction vector ¢’ of the light rays is collinear to the

tangent vector. We can choose ¥ = Tj.

Since a light ray [ needs to pass through a point P(t) = (rcos(t),rsin(t),ct) of the helix
before hitting the (zOy)-plane, we can define the light ray [ by:

x(t)=xzp+k-xy
M(x(t),y(t),2(t)) €l & Ik ERy(t) =yp+k-yo
2(t)=zp+ k-2
x(t) =rcos(t) + k-0
< JdkeR Jy(t)=rsin(t)+k-r
z(t)=ct+k-c

The (zOy)-plane is defined by z = 0. To find the intersection of the light ray with the (zOy)-

plane, set z = 0 in the parametric equation of the light ray:
zt)=ct+k-c=0 =t+k=0 =k=—t

Substitute k = —t back into the parametric equation of the light ray to find the x and y
coordinates of the shadow on the (zOy)-plane:

Tshadow = T €0s(t)

Yshadow = T sin(t) + (—t) - r = r(sin(t) — t)
Thus, the shadow of the helix is given by:
x = rcos(t) y =rsin(t) —rt

This curve is called a cycloid. A cycloid can be described as the curve traced by a point on a

circle as it rolls along a straight line.



