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Classical Teichmiller theory

Let S be a surface with at least two holes (x(S) < 0).
The classical Teichmiiller theory studies nice maps

m1(S) — PSL(2,R)

where 71(S) is the fundamental group of S, and

PSL(2,R) :—{(i Z) ca,b,c,d €R, adbc—l}/{jzld}
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Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
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Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m(S) — PSL(n,R).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m(S) — PSL(n,C).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m1(S) — Sp(4,R).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m1(S) — Sp(2n, R).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m1(S) — SO(2,3).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m1(S) — SO(n, n+1).

Mingkun LIU A new perspective on Teichmiiller theory



Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m(S) — PSL(2,R),
it's more fun to consider

m1(S) — SO(p, q).
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m1(S) — PSL(2,R),

it's more fun to consider

7'('1(5) — O.
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Higher Teichmuller theory

Recent years, higher Teichmiiller theory, developed by Hitchin, Labourie,
etc., has been receiving increasing attention.

Classical Teichmiiller theory is not complicated enough.

Rather than considering

m1(S) — PSL(2,R),
it's more fun to consider

m(S) — ©@.

Generality is an idol before whom mathematicians torture themselves.
Arthur EddingtonJ
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Mingkun LIU

One day, a group of young
mathematicians were torturing
themselves before higher Teichmiiller
theory and the coffee machine on
the 6th floor.

A new perspective on Teichmiiller theory



One day, a group of young
mathematicians were torturing
themselves before higher Teichmiiller
theory and the coffee machine on
the 6th floor.

Jean-Marc came and said to them:

Figure: Jean-Marc Schlenker

Mingkun LIU A new perspective on Teichmiiller theory



One day, a group of young
mathematicians were torturing
themselves before higher Teichmiiller
theory and the coffee machine on
the 6th floor.

Jean-Marc came and said to them:
“Young people, what you should
really think about, is not higher
Teichmiiller theory,

Figure: Jean-Marc Schlenker

Mingkun LIU A new perspective on Teichmiiller theory



One day, a group of young
mathematicians were torturing
themselves before higher Teichmiiller
theory and the coffee machine on
the 6th floor.

Jean-Marc came and said to them:
“Young people, what you should
really think about, is not higher
Teichmiiller theory, but LOWER
Teichmiiller theory.”

Figure: Jean-Marc Schlenker
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m1(S5) — PSL(2,R)

as in the classical case,
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rather than studying things like

m1(S) — PSL(2,R)
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Lower Teichmiiller theory, or Schlenker theory

Jean-Marc's revolutionary viewpoint is the following:
rather than studying things like

m1(S) — PSL(2,R)
as in the classical case, we should consider things like
m1(S) — PSL(1,R)

that we shall call Schlenkerian representations.
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Lower Teichmiiller theory, or Schlenker theory

The following technical lemma is crucial for our purposes:
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The following technical lemma is crucial for our purposes:

Lemma (Fundamental lemma)

PSL(1,R) is isomorphic to the group with one element Z,.

The proof of this deep result is astonishingly simple.

Proof sketch.

By construction, PSL(1,R) contains 1 x 1 matrices (up to a sign) with
determinant equal to 1.
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Lemma (Fundamental lemma)

PSL(1,R) is isomorphic to the group with one element Z,.

The proof of this deep result is astonishingly simple.

Proof sketch.

By construction, PSL(1,R) contains 1 x 1 matrices (up to a sign) with
determinant equal to 1. An extraordinarily lengthy and tedious
computation shows that the only matrix satisfying all these conditions is
the identity matrix (1).
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Lower Teichmiiller theory, or Schlenker theory

The following technical lemma is crucial for our purposes:

Lemma (Fundamental lemma)

PSL(1,R) is isomorphic to the group with one element Z,.

The proof of this deep result is astonishingly simple.

Proof sketch.

By construction, PSL(1,R) contains 1 x 1 matrices (up to a sign) with
determinant equal to 1. An extraordinarily lengthy and tedious
computation shows that the only matrix satisfying all these conditions is
the identity matrix (1). This completes the proof. O

Therefore, we obtain the following complete classification of Schlenkerian
representations.

Theorem (Riemann-Schlenker uniformization theorem)

All Schlenkerian representations are isomorphic.
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Work in progress: Teichmtller theory
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Study good representations in the form
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@ What is a 0 x 0 matrix?
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Study good representations in the form
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@ What is a 0 x 0 matrix?
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Teichmiiller theory, or Schlenk-:: theory/program

Study good representations in the form

m1(S) — PSL(0,R).

We encounter immediately fundamental difficulties:
@ What is a 0 x 0 matrix?
@ What is the determinant of a 0 x 0 matrix?
e What is a morphism m1(S) — PSL(0,R)?

These questions touch the foundations of mathematics.

And if you gaze long into an abyss, the abyss also gazes into you.
Friedrich NietzscheJ
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Teichmiiller theory, or Schlenk-:: theory/program

Study good representations in the form

m1(S) —> PSL(®,R).

We encounter immediately fundamental difficulties:
o What is a © x © matrix?
o What is the determinant of a © x © matrix?
e What is a morphism 71(S) — PSL(©, R)?

These questions touch the foundations of mathematics.

And if you gaze long into an abyss, the abyss also gazes into you.
Friedrich NietzscheJ

Mingkun LIU A new perspective on Teichmiiller theory



Open questions:

A new perspective on Teichmiiller theory



Open questions:
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Open questions:

e m(S) — PSL(1/2,R).
e m(S) — PSL(—1,R).
o m(S) = PSL(v/—1,R).
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Open questions:

e m(S) — PSL(1/2,R).
e m(S) — PSL(—1,R).
e m(S) = PSL(v/—L,R).
e m1(S) — PSL(O,R).

Mingkun LIU A new perspective on Teichmiiller theory



Voila voild ©
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