NONSTATIONARY SMOOTH GEOMETRIC STRUCTURES
FOR CONTRACTING MEASURABLE COCYCLES

KARIN MELNICK

ABSTRACT. We implement a differential-geometric approach to normal
forms for contracting measurable cocycles to DiffY(R",0), ¢ > 2. We
obtain resonance polynomial normal forms for the contracting cocycle
and its centralizer, via C? changes of coordinates. These are inter-
preted as nonstationary invariant differential-geometric structures. We
also consider the case of contracted foliations in a manifold, and ob-
tain C'? homogeneous structures on leaves for an action of the group of
subresonance polynomial diffeomorphisms together with translations.

1. INTRODUCTION

Normal forms for differentiable contractions have a long history. Sternberg
proved in [17] that a C'%-smooth diffeomorphism f of R™ fixing 0 and sat-
isfying || Do f]| < 1 is C'? conjugate on a neighborhood of 0 to a polynomial
of resonance type, obtained from the Taylor series of f at 0. The degree of
this polynomial is bounded in terms of the spectrum of Dgf.

This article concerns a generalization of this normal forms theorem to a
flow acting on a product M x R™, where M is a probability space, via a
measurable cocycle to Diff?(R", 0).

1.1. Previous results on nonstationary normal forms. Guysinsky and
Katok found nonstationary normal forms in the C° setting in [8] and [7].
They consider a transformation F' of a continuous R™bundle £ — M,
where M is a compact metric space, acting along fibers by C? diffeomor-
phisms preserving the zero section. The contracting assumption is that
supgenr || DoFz|| < 1. Assuming that the Mather spectrum of F' acting on
I'(€) has the narrow bands property, they prove that a continuous family of
C1 coordinate changes leaves F' acting along fibers by subresonance polyno-
mials. Their degree is bounded in terms of the Mather spectrum.
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The outline of their proof resembles Sternberg’s. They first solve formally
and then make a fixed point argument on the space of coordinate changes
to obtain the solution. An important element in their conclusions is that
the centralizer of F' also acts along fibers by subresonance polynomials in
the chosen coordinates.

In [4], Feres gives an interpretation of Guysinksy and Katok’s normal forms
in the case £ represents an F-invariant lamination in M, as a continuous
F-invariant family of geometric structures: they are reductions of the frame
bundles of some sufficiently high order of the leaves to the group of sub-
resonance polynomials. He further obtains generalized connections on these
reductions, from which he constructs the polynomial charts on leaves using
Gromov’s Frobenius theorem for partial differential relations—all under the
additional assumption that the Mather spectral partition is differentiable
along leaves.

This differentiability assumption on the spectral partition is problematic,
because it does not usually hold. In a recent paper, Kalinin and Sadovskaya
show [12] that differentiability along leaves of the Mather spectral filtration,
which does hold in general, suffices to obtain smoothness along leaves of the
normal forms.

These CY nonstationary normal forms have been used to prove numerous
outstanding theorems, primarily on local rigidity of discrete group actions
on homogeneous spaces (to cite just a few: [5], [6], [13], [11]). The initial
action satisfies the narrow band condition on the spectrum, and sufficiently
small deformations retain the property. We are interested in other situations
in which one cannot necessarily verify the narrow band condition. In this
case, an alternative approach is to consider measurable contractions.

1.2. The approach in this paper. We construct polynomial normal forms
for contracting measurable cocycles to Diff’(R"™,0), ¢ > 2. Contracting in
this context means negative Lyapunov spectrum. Our primary tool is the
theorem of Ruelle in [16], rather than an explicit fixed point argument. We
take a differential-geometric point of view and apply Ruelle’s theorem to
a prolongation of the initial cocycle to higher-order frame bundles £ of
£. We then find a measurable invariant family of smooth reductions of £(")
to the group of subresonance polynomials. From these reductions, at suf-
ficiently high order, we construct, by methods similar to Feres’, coordinate
atlases on fibers in which our cocyle and its centralizer have values in reso-
nance polynomials; these are defined in terms of the Lyapunov spectrum.

A statement of resonance polynomial normal forms for measurable contract-
ing cocycles and their centralizers appears in [9, Thms 6.1, 6.2]. They briefly
sketch the steps of a proof, following the scheme of [8]. A detailed proof for
g = oo was given in 2005 by W. Li and K. Lu [15]. They in fact treat
hyperbolic measurable cocycles—that is, they assume only that 0 is not in
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the spectrum; they do not, however, extend their polynomial normal forms
to the centralizer of the initial transformation.

Our preprint appeared online essentially simultaneously with one by Kalinin
and Sadovskaya [10] in which they also obtain, by a different approach from
ours, subresonance polynomial normal forms for contracting measurable co-
cycles and their centralizers for finite q. They can treat ¢ = r+ « for integral
r>1and 0 < a < 1; they require ¢ + « greater than the ratio of minimum
and maximum Lyapunov exponents, while we require g greater than this
ratio. They require a temperedness assumption on the C? norms of their
cocycle, while we, in order to apply Ruelle’s theorem, make a stronger as-
sumption of finite first moment. They apply the normal forms theorem to
contracted foliations and obtain a homogeneous structure along leaves, as
in our theorem 3.15 below.

The group of resonance polynomials is significantly smaller than the corre-
sponding subresonance group. On the other hand, we lose the continuity
between fibers present in the uniform case. In the important special case
that the fibers are plaques of an invariant C° foliation, however, we obtain
C'? smoothness along leaves, and homogeneity of the atlas. A recent paper [1]
proves Hoélder continuity of Lyapunov decompositions for diffeomorphisms
of compact manifolds on sets of arbitrarily large measure, as in Lusin’s the-
orem; as the regularity of our frame bundle reductions and resulting atlases
seems to be controlled by regularity of the Lyapunov filtration, one could
hope for a similar regularity result for them.

We provide an additional differential-geometric interpretation of the invari-
ant structures on fibers, which generalizes the well-known flat affine connec-
tions on fibers in the case of 1/2-pinched spectrum: let r be the maximum
degree of the resonance polynomials associated to the Lyapunov spectrum,
and assume r < ¢ — 1. Then in almost every fiber there is a C9~! flag of

submanifolds v} C --- C v, I < r, and a C972 flat connection V% on the
normal bundle of v} in vi*!, for each i = 1,...,1 — 1. In the case of a

foliation, these flags of submanifolds fit together to a C?~! flag of foliations,
along with their connections, in almost-every leaf.

1.3. Statement of main results. Let ({¢'}, M, i) be an ergodic flow pre-
serving a probability measure. Let &€ =2 M x R™ — M be a measurable
R"-bundle to which {¢!} lifts, preserving M x {0}, and acting C%-smoothly
on the fibers for ¢ > 2. Denote by F(t,z) = F! the corresponding cocycle
to Diff?(R",0), and by T'(t,z) = T% the cocycle DoF!. Assume that

(MET) sup In* ||T7], sup In* | 7] € L' (M, p)
0<t<1 0<t<1

and let
—OO<>\(1) <...<)\(S) <0§)\(3+1) <<A(m)
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be the Lyapunov spectrum of 7', given by the Multiplicative Ergodic Theo-
rem. The cocycle {FL} will be called a measurable contraction if m = s—
that is, if the Lyapunov spectrum is all negative.

See definition 3.2 below for the group of resonance polynomials H"):0 associ-

ated to the Lyapunov spectrum. The centralizer Z(FL) of the {¢'} action on
£ is given in definition 2.5. For F' € DiffY(R"), write ||F'||, for the C%-norm

of F restricted to the unit disk B(1).

Theorem 3.13: Assume {F!} is a measurable contraction, satisfying

sup In* ||, € L' (M, p).
0<t<1

Let r = | XU /X | and assume r < q — 1. Then there exist the following
differential-geometric structures on &, for all x in a ©'-invariant, pu-conull
subset:

(1) A family A, of CY charts, with transitions in H(")0 (restricted to a
neighborhood of 0). The collection Uy A, is Z(FL)-invariant.

(2) A C7L filtration V! C --- C VL = TE,, with | < r, equipped with
C972 flat connections Vi on Vi/Vi=l i =1,...,1. The filtrations
and connections are invariant by Z(F?).

Elements of Z(F!) act by resonance polynomials in the coordinates given
by (1). Part (1) above should be compared with [15, Thm 1.1(v)], while
noting that they assume ¢ = oo, and that they do not extend their result to
the centralizer. The filtration in (2) restricted to the zero section of £ is a
conglomeration of the Lyapunov filtration of {T}}.

In the important case that M is a compact manifold and {¢'} a C° flow,
and where the fibers of £ are plaques of a C? foliation L by n-dimensional
submanifolds admitting a ¢'-invariant C%structure (see section 2.2 below
for details), we have the following smooth geometric structures on the leaves:

Theorem (compare Thm 3.15 below) Assume g > [AV /A | +1 and that

for fixed t, the q-jet Jz(q) (! }L) is continuous in x. For all x in a ©'-invariant,
u-conull subset, for all y € Ly, there is a family of C? charts on L, at vy,
varying measurably between leaves, with the additional properties:

(1) They are global diffeomorphisms R™ — L,;

(2) ! and its centralizer act by resonance polynomials in these charts;

(3) they make L, into a homogeneous space for the group generated by
translations and subresonance polynomials (see definition 3.2).

If the spectrum X0 is 1/2-pinched, then L carries an invariant family of
C9 1 flat affine structures, measurable in x.

The Lyapunov-Ruelle foliations tangent to the Lyapunov filtration along L
carry the following differential-geometric structure:
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Theorem 3.16: The foliation U, L, contains a Z(o')-invariant filtered fam-
ily of C171 subfoliations

Lic...lii=L 1<,

in which, for all 1 < j < I, the subfoliations L'i-* C L% carry a Z(p')-
invariant, flat transverse connection, which is measurable in x and C972
inside almost every Lg; in particular, almost every leaf LY carries an in-
variant flat connection.

2. SMOOTH DYNAMICAL FOLIATIONS FROM RUELLE

This section contains results from Ruelle [16], in their general form in sub-
section 2.1, and in the special case of foliations on compact C° manifolds
in subsection 2.2. Subsection 2.3 contains some key results restricting the
possible values of Fl-invariant tensors. The formulations of Ruelle’s results
are not exactly the same as in his paper. In particular, we work with a
flow, and we keep track of invariance by the full centralizer of this flow.
Proposition 2.13 in section 2.3 requires a simple modification of the innards
of Ruelle’s proof. The present section thus contains references to and some
recapitulation of Ruelle, as well as some further proofs.

In this section, ({¢!}, M, 1) and the cocycle {F!} are as in the introduction,
but the action is not assumed to be a measurable contraction; that is, the
Lyapunov spectrum of T" has the general form

—OO<>\(1)<-"<A(s)<0§)\(S+1)<"'<A(m)

Let M7 C M be the p-conull set where the conclusions of the MET hold
for the cocycle T'. For x € Mr, denote the filtration corresponding to the
negative portion of the Lyapunov decomposition of To&; =2 R”™ by

ocV)c.--cV:CR™

A key feature of Ruelle’s theorem is that it applies to a noninvertible system.
We are interested here in cocycles over invertible transformations or flows,
and invertibility will be an essential assumption in section 2.3. A crucial
role will also be played, however, by Ruelle’s perturbation theorem [16, Thm
4.1], which applies to arbitrary sequences of linear transformations that are
sufficiently close to {T*}; see proposition 2.13 below.

2.1. Submanifolds in fibers. Following are results on the existence of the
Lyapunov-Ruelle submanifolds in the fibers of £ and their invariance by the
centralizer of {FL}.

Theorem 2.1 (Ruelle 1979). Assume supy<;<; In* ||F;7 ||, € L' (M, ). Let
Mp C M be the set where the conclusion of the ergodic theorem holds for
this function under the flow {¢'}. Let My = Mg N Mr.
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For all x € My, there is a nested family of C'? injectively immersed subman-
ifolds

OCcuvic---cvicé,.
Fori=1,...,s, the submanifolds V. are tangent at O to V!, and are char-
acterized by

) 1 )
vi={ueck, : limsup  In | Flul| < XP}
o0

; i t_; ; Lt — 0
The union Uy, is Fy-invariant: Fy(vl,) = Vit ()

Ruelle’s original statement is for sequences rather than flows. The follow-
ing proposition explicates the relation between his theorem and the above
statement modulo this difference.

Proposition 2.2. The conclusions of the theorem hold for the sequences
{FF = F(k,x)} and {TF = T(k,z)} corresponding to iteration of ¢ = .

Proof: Let A& < X\ < X(0+D. if § = 5 replace AUtD) with 0. Ruelle’s
theorem 5.1 a) [16] asserts the existence of measurable functions §(z) >
a(z) > 0 such that the sets

7y ={u€ Bla(x)) : |F(w)] < Bla)e™ vk > 0}

are C'9 submanifolds of £, tangent at 0 to V!, for all 2 in a u-conull subset
I'. The set I is given by [16] (5.2)—(5.4) and, under our hypotheses, contains
M.

Remark 5.2 c) of [16] (see also (6.2) on p 52) concerns an important lower
bound on the shrinkage of o along {*}-orbits: given A(®) < ¢ < 0, one can
arrange that a(¢*(z)) decreases less rapidly than e*¢.

Set ‘
Vy = U (Fﬁ)_l(ﬁgk(x))
k>0
For u € & and A(®) < ) <\, part b’) of [16, Thm 5.1] gives

1
limsup — In | FFul| < X
k—o0 k
It follows that
. 1 .
Vi C{ue&, : limsup—In||FFul < XD}
k—o0 k

Proof of the reverse containment follows an argument on the bottom of p
52 in [16]: if u belongs to the right-hand set above, then for A} < X\ <
min{ A+ ¢}, and sufficiently large C, |[FF(u)|| < Ce**. For sufficiently
large I, a(p'(x)) > CelC. Then, for all & > 0,

I ()] < Cele™ < al@! () < By (2))e™

so Fl(u) € ’3421(35)' Therefore u € VL.
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Now FF-invariance (both forwards and backwards) of the U 12 follows easily
from the limsup characterization.

On p 53 of [16] is the further argument showing v/% is an injectively immersed

submanifold: namely, each (F;”)_l(ﬁgm(x)) is contained in (Fio)_l(ﬁzlo(x))

for some Iy > m, in fact, for all [ > ly. Now v/ is an increasing union of C?
submanifolds which are topological disks, tangent at 0 to V; the remaining
conclusions follow.

Remark 2.3. In several key places below, reference will be made to the
smaller submanifolds ) in the foregoing proof, and the functions o and j3
in their definitions. In a few places, we will have to recall and tinker with
some details of their construction.

Remark 2.4. By part b) of [16, Thm 5.1], the derivatives of F¥ become arbi-
trarily small for sufficiently large k, uniformly on compact subsets of US. For
i < q—1, consider the cocycle FO(k, z) € Dif(R™ x R™,0) mapping (u,v)
to (Ff(u),S(Dg)Ff)(v)), where S converts an i-symmetric tensor to the
corresponding homogeneous polynomial of degree i. Then FO satisfies the
finite first moment condition of theorem 2.1 with respect to the C1*-norm.
(See section 3.3 for a similar but somewhat more demanding verification.)
Then [16, Thm 5.1 b)] implies that D, (S(DW EF)) becomes arbitrarily small
uniformly in u € U5, and it follows that D(i+1)Ff grows arbitrarily small for
sufficiently large k, uniformly on compact subsets of US.

The following proposition asserts that a bundle automorphism centralizing
the initial cocycle preserves its Lyapunov-Ruelle submanifolds. We first
define the centralizer.

Definition 2.5. Let {FF} satisfy the discrete-time version of the stand-
ing assumptions of this section. The centralizer of {FF}, denoted Z(FF),
comprises all ({G%} 1)), where

(1) v is a measurable automorphism of (M, 1) commuting with ¢
(2) G(k,z) = G € Diff(R™,0) is a measurable cocycle over 1 satisfy-
ing for all k,l € Z,

Gk, ¢'(2)) o F(l,2) = F(I,¢"(x)) o G(k, z)
(3) n* |G g € LN (M, ).
The centralizer of {F!}, t € R, is defined similarly, and denoted Z(FL).

Proposition 2.6. Let p, My, and {v.} be as in proposition 2.2, and let
({GFY, ) € Z(FF). Let Mg C M comprise the points for which the
conclusion of the ergodic theorem holds for both functions In™ ||GEY|, un-
der the flow {¢'}. Then G preserves Uyt for all i = 1,...,s, for all
T € ﬁi€Z¢Z(MO N Mg).
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Proof: For z € My, and 1 <i < s, take u € v/, and let u' = GL(u). By
the centralizing assumption,

(1) hmsupklnHFw(x( o) = hmsup—ln||G Fk( |

z

From proposition 2.2,
1 .
limsup — In || FF(u)|| < A@;
k—o0 k

in particular, for sufficiently large k, the image Fk( ) € B( ). For such
k, the norm ||G1 k(z) F¥(u)|| is bounded by the C'-norm HG )Hl, times

|EF(w)|. Then we can also bound

1G o (ay X ()l S NGk llg - I1EZ ()
Now (1) is bounded above by

(2) timsup 1 (Gl o~ | FE )]

k—o0
For x € Mg,
: 1 1 N S
llzris;ip %ln ||G(pk(z)||q < kl;r{:@ %ln HG@k(x)Hq =0
Therefore (2) is bounded by A as is (1), for any o € GL(v.). Thus
Gl )CU () for @ € Mo Mg Ny~ L(My).
i) C Vw_l(x) for x € My N Mg N Y(My).

Then for = € Nz (My N Mg), we conclude GX () = I/é)(x) for all k € Z.
¢

Now we can finish the

A similar argument gives G 1(v/}

Proof: (of Theorem 2.1) Take the submanifolds v/ associated to {FF}, as
in proposition 2.2. The F!-invariance for all ¢+ € R follows from proposition
2.6; note that My is p’-invariant.

To complete the proof, it suffices to show that for u € V¢,

1 .
limsup - In || Ff (u)]] < A®)
t—o00 t

Any t can be written n; + ¢ with n; € N and 0 < ¢ < 1. For sufficiently
large ¢, the image F)'*(u) € B(1). Then

IE ()l = 1 E 5k oy Fat @)l < N E g iy llg - 12 (W)l

Mg (CL’

Now ) )
P IEE O < - sup I (1l 15 )]

Nt 0<e<
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As in the centralizer proposition, the ergodic theorem gives

1
L + € _
klggo osglilg)l [ Fo gy llg = 0

SO

1 1 ,
limsup — In || Ff ()] < limsup — In || F™ (u)]| < A®
t—oo b t—oo Tt

o

Remark 2.7. On regularity: If F! acts by C* diffeomorphisms of R" and
satisfies the finiteness condition that

sup In' ||FE|, € L' (M, p) for all ¢ > 1,
0<t<1

then the submanifolds v}, in theorem 2.1 are C*°. Section 5.3 of [16] verifies
the smoothness of the 7). (Note that the conull set My can vary between the
C? and C* cases). The arguments in the proof of proposition 2.2 are also
valid in the C*° setting. The hypothesis of proposition 2.6 should then be
replaced with G¥ € Diff*(R"™,0), and In* |GEY|, € LY (M, ) for all ¢ > 1.
We note that there is also a C* version of these submanifolds (see [16, Sec.

5.4]).

Ruelle’s reqularity assumption is actually that the Fgf are of class C? with
q > 1 and@ € (0,1]—that is, the derivatives of order q are Hélder continuous
of exponent 0. The submanifolds V.. are then also C? reqular. The results
of this section can be verified in this greater genmerality. See also [10]. We
will, however, use q > 2 for theorems 3.18 and 3.15 below.

Remark 2.8. One need not assume that p is p'-ergodic. An arbitrary
invariant probability measure can be decomposed into ergodic components.
We make this assumption mostly to simplify statements and proofs.

2.2. Foliations by filtered stable manifolds. We now let M be a com-
pact CY manifold and {¢*} a C” flow. We will assume that the fibers of £ are
plaques of a C? foliation L of M by n-dimensional submanifolds, admitting
a l-invariant C? smooth structure. Thus M admits a C° foliated atlas in
which the transitions are also C¢ along the leaves of L. Fix a C° norm on
TL — M; we will assume {¢'} is nonuniformly contracting along L.

We will call a C? atlas along L a family of C? smooth charts 6, : (£;,0) —
(Lg, ), varying measurably in z, and with C? norms of 6, on B(1) and of
(0x|m)_1 bounded in x. The cocycle {F!} is the local action of {¢'} on

L, in these charts:
F; = (egot(z))il o Sot 0 0y.
Each F! is defined on a neighborhood of the origin in &£, = R™.
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A C1 atlas along L will be called uniformly biLipschitz if there is k > 1 such
that for some continuous metric d on M, for almost all z,

1
~u— ol < d(0(u), 0:(v)) < llu— o] Vu,v e B

It is not hard to find a uniformly biLipschitz atlas along L: take a finite
collection of C? foliated charts ¢; : V; — U;,i = 1,..., N, for which V; are
open balls of radius 2 and um(%ﬁ) form a finite cover of M. Then make
a piecewise continuous assignment x +— ¢ with x € goi(%vi) and set 0, = g;
restricted to the leaf in V; through ¢, Y(z) and recentered at .

Here is the main result of this section, which is very close to [16, Thm 6.3].

Theorem 2.9 (Ruelle 1979). Let {¢!} be a C°, measure-preserving flow on a
compact manifold (M, i), preserving a C° foliation L and a C? structure on

the leaves. Assume SUp_j<;<q J;,S«Q)(got‘L) is bounded in x and that D(got‘L)
has all negative Lyapunov exponents in a uniformly biLipschitz C? atlas
{(Ex,0z)} along L. Then the corresponding cocycle satisfies the hypotheses
of theorem 2.1; the resulting submanifolds V}: C -+ C vy =&, satisfy, for
x € My:

(1) Suppose Ly = L, and y € My N 0. (V) for some 1 < i < s. Then
0, (V) N 0,(v%) is relatively open in each term.

(2) The resulting foliations L' C --- C L® = L are ¢'-invariant, and
can be defined at all points of L3, for all x € My.

(3) The distributions Vi = T,(L.) vary C%'-smoothly within LS for
1 <3 <s.

Proof: The assumption of negative Lyapunov exponents along L implies
{¢'} is nonuniformly contracting along L, so {F!} is defined on B(1) for
sufficiently large t. The boundedness assumption on g-jets of ¢! along L
implies {FL} satisfies the finite first moment assumption of theorem 2.1.

Now recall that v/} is the increasing union UkZO(ij)*lﬁ:D\k(x) for A(®) < X < 0.

For any compact D C v2, there is kg such that F is guaranteed to be defined
on D for all k > k.

Let x be the biLipschitz constant relating {6} with a distance d on M. Let
u € v}, with 0,70, (u) = v. Then

IFE@ = 10,4, 0 @atw)]
= 1,2, © Or © FE()]
(A @), ¢ (@) + dOpr ) © FE (), () )

& (120 ) + |1 FE )

IN

IN
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SO

1 1 .
limsup 7 In || F¥(v)[| < limsup - In &% max{ || (05 ()], | FE ()]} < AO
k—o00 k v k—00 k

From the characterization in theorem 2.1 /proposition 2.2, we conclude v €
v,. Thus

63;(1/;) Noy(&y) = ex(V:ic) N Gy(’/é)

which, similarly, equals 6, (v}) N 0,(E;). Now (1) is proved.

The ¢t-invariance of the foliations L!, i = 1,...,s, follows immediately
from their definition in terms of the atlas (&;,60,) and the F!-invariant
submanifolds v¢. Given x € My and y € L%, the trajectories ¢(x) and
©'(y) come arbitrarily close as ¢ — co: one can choose a path between
them in L7 and cover this path with finitely many open sets of the form
0., (75,). Each such open interval is uniformly exponentially contracted un-
der ¢! as t — oo. Let ty be a time at which the images of x and y are
contained in the image of 6 ;). All foliations are defined on this set, so

L;to @y S C Lsgpt()(y) can be defined on a neighborhood of ! (y). Then to
prove (2)7 let L; = (p_to (L;to(y)) foreach 1 <i < s.

Given z € My and AV < A\ < A® < ... < X = )\, <0, let a be the
minimum over ¢ = 1,..., s of the radii a(z) in the definition of /. We will
show that the distribution V} varies smoothly over y € 6,(B(a)) N L§, for
any 1 <i < s. Let u=60,'(y). Note that

0,1 (L}) € {v €& : limsup % In[|FL(v) — Fi(u)]| < A®}
t—o0

and 6 1(L;) contains a neighborhood of u in the right-hand set. Remark
5.2 (b) of [16] shows that the tangent space at u of the latter set varies
C%l-smoothly in u € ). Mapping forward by 6, gives (3). ¢

Remark 2.10. Let {¢k} be a continuous transformation commuting with
{¢t}, preserving the foliation L, acting C? differentiably along leaves, with
J§;Q)(w\L) bounded in x. It follows from proposition 2.6 that the foliations
L' c .- c L* C L are y*-invariant. We will denote the collection of such
¥ by Z(4).

2.3. Stability of invariant tensors. The aim of this section is to estab-
lish restrictions on values of F!-invariant tensors on the Lyapunov-Ruelle
manifolds %, for 1 <i < s. Sequences of the form {D,F¥}ien, for u € vi,
have the same spectrum as {T}en, by Ruelle’s perturbation theorem. We
will show that in fact the push-forward by {F¥} of a tensor at v € v/ has
the same asymptotic expansion rates as the push-forward at 0 by {T*}.
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2.3.1. Digression on Ruelle’s proof: constants in the construction. Here we
must expose some internal constants in Ruelle’s construction of the & (see
remark 2.3), in order to introduce the proof of proposition 2.13.

Ruelle’s perturbation theorem [16, Thm 4.1] says that given a linear sequence
{T}} satistying

o limsup,_, In||7%|| <0;
o limy_, oo (T**T*)1/2k = A where TF =T}, - - - Ty;

and given 1 > 0, there exists § > 0, such that for any linear sequence {7} }
with
IT = T')| = sup | Ti — T ¥ < 5,
k

{T'%} has a well-defined spectrum, equal to that of {T%}. For A(®) in
this spectrum, and P the projection to the corresponding asymptotic
eigenspace for {T'%}, equation (4.5) of [16] additionally says that given € > 0,
there is B, > 1 such that ||T% o P®)| < B! k(A +e)

This theorem is applied several times in the construction of 27}, with con-
stants defined as follows. First, A = A\ + ¢, with A < XD (if § = s,
take A("t1) = 0). Then 7 is such that 0 < 45 < —\. Now § is given by
the perturbation theorem applied to the sequence {1}, = T'(1,¢*"1(x))} (He
further requires § < 1/v/2A, where A is another constant given by [16, Thm
4.1]). Next, 0 < f(z) < min{1,6/G}, where

(3) Gla) = sup |l g+ e
Note G(¢'(z)) < eG(x). Last, a(x) = B(z)/B.. End of digression.

Before proceeding, we state some basic facts about behavior of Lyapunov
exponents under restriction to invariant subspaces and quotients.

Proposition 2.11. Let {T!} be a linear cocycle over an ergodic, measure-
preserving flow ({pt}, M, 1), satisfying (MET). Let S be the Lyapunov spec-
trum of {TL}, with Lyapunov decomposition Wt @ --- @ W™. Suppose that
{Us}wens form a measurable TE-invariant subbundle. Then

(1) The spectrum of {T}} restricted to U is a subset of ¥, and U, =
@i(Ux N W:IZ:)

(2) The spectrum of {Ti}, the cocycle on the quotient by U, is a subset
of ¥, and each W* maps surjectively to the corresponding Lyapunov
distribution in the quotient.

Item (1) follows quickly from the definition of the Lyapunov decomposition
for an invertible system. For (2), the Oseledec-Pesin reduction theorem
[2, Thm 6.10] is helpful. It gives tempered equivalences (see [2, p 103])
between {T!} and block e-approximately conformal matrices. The blocks
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correspond to the Lyapunov decomposition. If W:NU, = 0, then the
angle Z(W;t(x),U t(z)) decreases subexponentially as ¢ — oco. Thus for

©
tA(®) " F

v € WL, the projection of Tlv to U, j;t(x) has norm shrinking like e or

0 # W:NU, # W., the restriction of T to W} is tempered equivalent
to an e-approximately scalar matrix, for any €, which again implies that
Z(W, @) VUpt (@), Wy N TL(U;)) decreases subexponentially.

Now let 7 — M be a tensor bundle derived from To€ — M via T!-invariant
subbundles, quotients, and tensor operations. Write {T%,} for the linear
cocycle induced from {T!} on 7. Note that as {1} satisfies (MET), so
does {TL,}. Let X be the spectrum of {T%,} on T, and denote by 7.7 the
Lyapunov distribution corresponding to o € X.

Proposition 2.12. If 7 : M — T is a measurable, TL,-invariant section,
then 7(x) € T for almost-every x € Mp.

Proof: Suppose that 7(z) has a nontrivial component on 7.7 for some
o > 0. Then ||(T)«(7(2))]| = ||I7(¢*(z))|| — oo as t — oco. On the other
hand, ||| agrees with a continuous and bounded function on a set of measure
1 — € by Lusin’s theorem. By ergodicity, for almost every x, the trajectory
©!(x) visits this set infinitely many times. We conclude that for almost every
x, the component of 7(x) on T, is zero.

If 7(x) has a nontrivial component on 7, with ¢ < 0, then the same argu-
ment with ¢ — —oo leads to the same contradiction. <>

Proposition 2.13. Let S — Uzen Vi be a tensor bundle constructed from
@, TV via Ff-im)am'ant subbundles, quotients, and tensor operations, smooth
in each V. and measurable in x. Denote {Ts(k,z)} the linear cocycle for
{Tﬁ*} on So. Fizu € Vi, and consider the following sequence mapping S,

T:;‘(k) = (F:f)*u = (F;k—l(g;))*Fa’f—l(u) T (F;)*u
Then {T5(k)} has a well-defined spectrum, equal to that of {Ts(k,x)}.

Remark 2.14. In the proof below, we will modify G in Ruelle’s proof (see
[16, (5.5)]). The functions f(x) and a(x) will be modified accordingly; see
subsection 2.3.1. The bound on shrinkage along orbits e = O(a(e*(x)),
for A®) < ¢ <0, will remain intact, and the {vi} will be unchanged.

Proof: It suffices to prove the statement when u € 13%, for X as in subsection
2.3.1 above, because the spectrum of T (k) is not changed by precomposition
with an invertible linear map. By definition, |[F¥(u)|| < B(z)e** for all
k>0. Asq>2,

HDFQI:—l(u)F;k—l(x) - T;k—l(m)H < ||F;k—1(x)Hq5(x)e(k*1)/\
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Similarly,
(D gy Fi1 ) ™ = (Tka () Tl < (F 1 () llgB) e

Because x € My,

.1
1

)ﬂHq =0

Let S be a tensor bundle of type (a,b). Let € and 7 be as in subsection 2.3.1.
Let ¢ be given by the perturbation theorem applied to the linear sequence
{T}, = T(1, 0" (x))+}, acting on Sp. Instead of the function in (3), set

G(z) = Sl}ip (”F;k—l(x)Hq)b : (H(F;k—l(x))_luq)a ceThnA < oo

Then choose f(z) < min{d/((a +b)G(x)),1}. Now

NES s )1y — (Tl

< b 1D Farsey = Toror ol s llg™ - (s )G,

+a- [[(Dprr i Forew) ™ = Toermy) - IE Syl 1 (Fpea ) Mg
< (a+0) - (Flaig) e I1F gl - Bla)elE DA
Then (see [16, (5.5)]),
IF s o)1y — Tpema o) ll€¥ < (a4 b) - B(2)G < 8

Now by [16, Thm 4.1}, {Ts(k,z)} and {T(k)} have the same spectrum.
As in (3), G(¢!(x)) < €"G(x). Then a and S decrease along @-orbits as
n [16, Rmk 5.2 ¢)] (see also [16, Sec 4.7, p 43]). Referring to the proof of
proposition 2.2, one can now see that our modifications of o and 8 do not
ultimately alter the manifolds {vi}. ¢

Proposition 2.15. Let .7, be a family of smooth tensors belonging to
a bundle S — Uzen, Vi, varying measurably in x. Assume that S is FF-
invariant, as in proposition 2.13, and that T is Fl-invariant—that is,

(Fa)w(7a(w)) = Tyt (a) (Fpu)-

Let X be the spectrum of Ts on Sg, and denote X=" the subset of nonpositive
Lyapunov exponents. Then, for all x in a p'-invariant, p-conull subset,

Jim T hn [(FE). (ra())| € 550V ue s

Proof: By proposition 2.13 above, {T5(k)} and {Ts(k,z)} have the same
spectrum, so

1
lim - In|(F, ) eu(To(w))]] € 2

k—o0

To extend the limit to ¢t — oo in R, the argument is the same as in the proof
of theorem 2.1.



NONSTATIONARY GEOMETRIC STRUCTURES 15

For A < XA < A0+ consider the measurable function

S(x) = sup || (u)]|
uew)
By Lusin’s theorem, S(x) agrees with a continuous and bounded function

on a set of measure 1 — ¢, visited by ¢'(z) for infinitely many ¢. On the
other hand, if

.1 ¢
tlgélozlnH(Fz)*(Tx(U))H >0,

then ||7,¢(,) (Fiu)|| = 0o as t = oo. This would be a contradiction. ¢

3. GEOMETRIC STRUCTURES ON FIBERS FOR CONTRACTIONS

Here ({'}, M, ) and € — M are as in the previous section. Also as above,
F(t,z) = F! € Diff!(R",0) and T} = DoF(t, ) are the cocyles associated
to the {p'}-action on €. In this section the Lyapunov exponents %0 of {T!}
are assumed to all be negative:

—00 < A\ < ... A6 <,

so {F!} is asymptotically infinitesimally contracting on the fibers of £ as
t — oo. We will use Ruelle’s dynamical foliations to construct a family of
F!-invariant geometric structures on the fibers of £.

3.1. Prolongation of F'. Denote the general linear group of R™ by GL(n).
The group GL") (n) comprises the r-jets at 0 of local diffeomorphisms of
R" fixing 0. It can be identified with truncated Taylor series, or polyno-
mials of degree r, with zero constant term and invertible linear component.
The Lie algebra g[(r) (n) comprises the r-jets at 0 of local vector fields van-
ishing at 0, and can be identified with the polynomials of degree r with
zero constant term. The bracket of X,Y € gl (n) can be computed as
(X,Y] = éT) [)Z' ,17], where X and Y are corresponding representative lo-
cal vector fields. We will denote p”. the projection GL() (n) — GL()(n), for
r > s, and also the projection gl™ (n) — gl*)(n). We set S(")(n) = ker p/._;;
it is isomorphic to the abelian group Sym”"(R™) @ R".

We will make use below of a norm on g[(T) (n). View an element X as an
ordered n-tuple of polynomials of degree at most r, and define ||| X ||| to be
the maximum norm of the monomial coefficients in X. Note that when X
is viewed as a smooth map of R", then this norm is bounded above by the
C" norm || X||,. For X € gl(n), it is also bounded above by the usual linear
operator norm (and below by || X||/n). We will need a bound on the growth
of ||| - ||| under composition (followed by truncation above degree r).

Proposition 3.1. Let X,Y € gl (n). Then
1Yo X < [[IY{Il - moax{ L XN, X7} - e(r,m)

where c¢(r,n) is a combinatorial constant depending on r and n.
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Observe that for a monomial Y (uq,...,u,) of degree j and a polynomial
X = (Xy,...,X,), the maximum coefficient of Y o X is bounded by ¢/(j,n)-
Y Il Il X|II”, where ¢/(j, n) is a combinatorial constant. The claimed bound
for arbitrary Y, X € gl (n) follows by a similar estimate.

In a manifold M™, the order-r frame bundle F() (M) is a principal GL™ (n)-
bundle, comprising r-jets at 0 of coordinate parametrizations of M. The
order-r frame bundle of R™ can be trivialized ) (R") = R™ x GL(") (n) by
identifying (u, g) with the r-jet at 0 of g composed with translation by w.

Define the rth prolongation of € by Eg(f) = .F(T)(Sw). Denote by = the
projection £ — £6) for r > s; this map of principal bundles is ph-
equivariant. We have a measurable trivialization £ 2 M x (R"xGL" (n)).
The fibers of 7(), each equivariantly diffeomorphic to GL™ (n), come equipped
with a gl (n)-valued 1-form, which we will denote w. For g € GL("(n),

this form satisfies Rjw = Ad g ' ow, where R, is the right translation, and
Ad is the adjoint representation.

The rth prolongation of F reflects the {F!}-action on £() but is defined so
that it leaves invariant the section (0, 1d):

FU' o Rx M — Difff "(R" x GL") (n))
FO(@t,) + (ug) — (Fi(w), JFD g (JFH™

Here qur)f denotes the r-jet of f at u, identified with an element of GL™ (n)
via pre- and post-composition with appropriate translations; thus the prod-
uct in the second coordinate takes place in GL(") (n). It is easy to verify
that F(") is a cocycle.

There is a corresponding rth prolongation of T

TO)(t,2) = Dio.1a)(F") (¢, ) = DoF! & Ad(JSFY)

x
In terms of w, the derivative of the F(")(t,x)-action on fibers of 7, is by
Ad J(()T)F;: Ifv e T(u,g)é’a(;r) N ker(n().« with w(v) = X, then we can write

v = (0,9X). Under the derivative of F(")(t, z), the first coordinate remains
0, and the second coordinate becomes

(I g X (Jg B~ = (10 FDg (g  FD) ™ (g FD X (7 ED ™

T T T

which evaluates under w to (Ad J(()T)Ft)(X).

xT

3.2. Subresonance Polynomials. Subresonance polynomials arise natu-
rally in our context. We will refer to [4, Sec 3]; see also [8, Prop 1.1].
An important role will be played by a nilpotent proper subgroup of the
subresonance polynomials, to be defined below as the strict subresonance
polynomials.
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Recall that \®) < 0 denotes the greatest element of the Lyapunov spec-
trum X9 of the cocycle {T}. Let d;,i = 1,...,s, be the dimensions of the
Lyapunov distributions corresponding to AV, ... A\() respectively; these
dimensions are constant on Mt by ergodicity of {p'}. Let W' @--- @ W?* be
a decomposition of R™ into subspaces of dimension d, ..., ds, respectively.

We first establish some notation. Given [, > 1 and o € R,

l
Z{(Wpl* ® - @ WP ® we o A@ — Z AP — o}

W(T @VVI 7 ‘720 — @/W\l)\; r),cf _ @Va

<o

Let
A=y, @ - @ 1dy, € GL(n).

Definition 3.2. The subresonance polynomials in GL")(n) are
H(A) = VOO GLO) (n)

The corresponding strict subresonance polynomials and resonance polyno-
mials are, respectively,

XOA) = d+VOXN and HOOA) = W0 A GLO) (n)

Often H((A) will simply be written #(") when X° and A are clear, and
similarly for X and ()0,

Note that subresonance polynomials have bounded degree: for r > [\ /()]
the groups H(") = H D Note also that all derivatives at any u € R™ of
a subresonance polynomial are strictly subresonance. Similarly, the transla-
tion by u € R" of a subresonance polynomial, 7_,,)0hoTy, is subresonance.

Proposition 3.3. The polynomial germs in HO X0 and H)O form sub-
groups of GL™) (n), with Lie algebras

) = PO ) Z POAY .0 _ (.0

The group X" is a nilpotent normal subgroup of H"). Whenr > [AX1/AG)],
then polynomials in 1" are global diffeomorphisms of R™.

Proof: It suffices to prove the statements for r > [ /AX®)|  as the
homomorphism pj, I < r, preserves all group-theoretic properties and maps

W to WDo and Vo to VO
The A*-stable polynomials in gl (n) are those X for which [[AFXAF|

is bounded as k — oco. The AF-stable polynomials with invertible first
derivative at 0 form a subgroup of Diff(R", 0) by [4, Prop 8]; by [4, Lemma
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7 (6)], this group equals (). The Lie algebra h(") comprises all A*-stable
polynomials in gI(") (n), which are V{0,

We can express X c H(") ag

X0 = fgen : lim o In[[AFgA~ — 1d]| < A€}
k—oo k

By bilinearity of the bracket,
(1) For X,Y € 3,y W = AT
lim o [JARLX YIAH < lim g (In[ASXAR ]+ ARy A4
k—oo k k—oo k
Using proposition 3.1, one can check the following inequalities:
(2) For g,h € H",
1 1
lim = In [[A¥ghA=*—1d|| < lim = sup{ln||A¥gA=F—Id||, In [||A¥AA~*—1d]||}
(3) For X € VXN and g € HO,
1 1
lim —In||[A*¢X g 'A7F|| < lim = In [|AFXAF|
Item (2) with g,h € X(") shows this subset is closed under multiplication.
Similarly,
A*R=IATF —1d|| = [I|(1d — A*RATF) (AR T AT
and [|[AFA=1A~|| is bounded, so X(") is closed under inversion. Now X(")
is a subgroup, and it is clear that the Lie algebra (") is as claimed.
One deduces from item (1) that (") is nilpotent.
Finally, from (3), 1" is a Lie algebra ideal, so X < H ().
We will prove inductively on 7 that H("):? forms a subgroup (dropping the
assumption 7 > |A() /AW ]). Tt is easy to see that (truncations of) compo-

sitions of polynomials in W0 are again in W(’”)’O, so we will just check
closure under inverse.

For r =1, we have
HOO = GLWH @ --- & GL(W?)
with Lie algebra
H0 = End(W") @ - - - @ End(W*) = W0
Assume that H(j_l)’o is closed under inversion. Let g,h € HU) with § =
pg_l(g),ﬁ = pg-_l(h) € HUDO Write g = G+ v and h = h + § with
7,0 € SU)(n). Then the composition in HY) can be written

(4) goh = gGoh+ (Dog)od+vyo(Doh)+ R
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where g o he MU0, and R is a sum of degree-j compositions of terms of
g and h. Assume g € HW0 andlet h =g 1 =g ! +4. Then

(5) §=—-Dog 'oyoDog ' —Dog 'oR€ W\]Q

We conclude that H():0 < H(") with Lie algebra h(")0 = Wm0, &
Proposition 3.4. (compare [4, Prop 7]) Let {F},} be a sequence in GL") (n),
r > 2, with p}(F},) = Ty. Let F¥ = Fpo---0Fy and T = Tyo---oT}. Suppose
that (Tk*Tk)l/% — A, with spectrum X° and eigenspace decomposition W@
- B W3, Then:

(1) Denote by AF the restriction of Ad(F*) to SU)(n). The limit limy,_,o,
(AR ARN/2K epists, and has spectrum comprising all

exp(A() — 3 " AP where A \Pi) ¢ 320
7j=1

(2) For X € SM(n), the limit limy_,oc + In ||| F* 0 X o F7*||| ewists, and
equals o if and only if X € W,ﬁ’

Proof: For X € SU)(n)and F € GL")(n) with o/} (F) = T, the conjugation
is
FoXoF '=ToXoT '  (see [4, Eqn. 27])

Then
(A*kAk:)l/Zkz(X) _ ((Ad Tk)*(Ad Tk:))l/Qk(X)

The symmetrization of Ad T* on S)(n) is simply Ad(T**T*)'/2. Then the
above expression is

(Tk*Tk)l/2k OX o (Tk*Tk)fl/Zk N AOX OAil

The remaining claims of (1) and (2) now follow. <

3.3. T") spectrum, Lyapunov decomposition, and algebraic hull.
Let TU)(t,z) = D(()’Id)F(r) (t,z) as in section 3.1 above. We have assumed
that ¢ > 2 and

sup It | FE € L (M, ).

0<e<1
We will deduce that, for r < ¢, the linear cocycle T") satisfies (MET). The
two components of T(") (¢, z) are DoF and Ad J(()T)F;é. As | Do EL|| < || FElq,
we can focus on the second factor. Fix x € M and e between —1 and 1, and
let X € gl (n) with || X||| = 1. By proposition 3.1,

T x

A S EICON <t (1677 I -mallX 0 (89 I clrim))

IN

T

T) e T) e — r2 r
In* ([ ES ||+t (| (I F) T A+ Ine(r, n)
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Let Cy = (r+ 1)Inc(r,n). As the above expression is independent of the
unit vector X, we obtain with respect to the linear norm on GL(gl™ (n)),

/ I+ [[(Ad JFS)|de

IN

/ S F || de + / 2 It (I F | de + Co

IN

/1n+ 17 Fe || da + /7"2 In* |JSFe || da + Co
< /ln+ HF;HTda:—i—/rz In* ||F, ||, dx + Co

Inserting sup, in the integrands in the above chain of inequalities leads to

sup Int ||Ad J((,T)F;&H € LY (M, ),
0<e<1

as desired. The Multiplicative Ergodic Theorem thus applies to {7 (t, z)}.

Denote by My C M the set on which the conclusions of the MET hold
for {T(")(t,z)}. For o € Spec T("), denote by Vi and W the cor-
responding terms in the Lyapunov filtration and Lyapunov decomposition,
respectively. We can assume, after a tempered linear cocycle equivalence,
that the Lyapunov decomposition for {71} is constant W? = W, where W*
is as in section 3.2 (see [2, Thm 6.1]). The following proposition implies that
now the Lyapunov decomposition for {T")(t,z)} is also constant.

Proposition 3.5. Let 1 <r <gq.

(1) The Lyapunov exponents of {T")(t,z)} are U}”:OZI, where,
1
S = A0 =3 "AE) - AD AP e 20} for1>1
j=1

(2) Foro € Ur_ X!, for z in a ¢'-invariant p-conull set, the {T")(t, 2)}
Lyapunov space at x comprises W C R™, direct sum

Whe Z e o i) ()

Proof: For r > 2, proposition 3.4 says that ©" C Spec T and that, for
each o € X",
wire ST (n) =we.

Thus for almost all x € M, by proposition 2.11 (1) and proposition 3.4 (1),

Sn) = P Wy

oex”

The quotient vector bundle is
T(O,Id)g(r_l) = T(o,Id)g(T)/S(T) (n)
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The spectrum of T ~1 is a subset of Spec T, and Wé*)"’ projects onto

gﬁ’"_l)’”, by proposition 2.11 (2). Projecting £0) — £U=1 for j =1r,...,2,
yields Spec T(") = U}":2El U Spec TM. Tt is easy to see that Spec T() =
Y1 U XY as the action here only involves T ! and Ad T!; moreover, the
Lyapunov space

W = W g Wwye.

We conclude Spec T(") = Ur_ %, as claimed in (1).
With respect to the ﬁltratlon induced by ker(pj)*, j=r—1,...,0, the

space ng N g[(r)( ) has the same associated graded space as W(r)"’
particular, Wél)’g Nglin) = Wl. Suppose that ngj Do gllu- 1)(n)
W17 for some j > 2. Form the tensor bundle
i—1),0 j—1 * j
To = (WO Aker(pf).)" @ (er(p]_y)o/ (W7 Nker(p]_,).))
= (WD) @ (8D (n)/Wy)
Let {TW(t,z),} be the linear cocycle on T induced from {TU)(¢,z)}, and
define an invariant tensor {7, € T} by
W9 = graph(r,) + W\J‘-’
Proposition 2.12 says that 7, belongs, for almost every z, to the {TU) (¢, z),}
Lyapunov space ’7;0 But this space is trivial, so 7, = 0, and ngj A
gl (n) = WU for almost every . Induction on j yields (2). ¢
Henceforth denote W) = W7 @& W™ and similarly for V(")
Proposition 3.6. For all x € Mt and allt € R,
TV F e 1O,
If ({Gk}, ) € Z(FY) then also for all k and almost all x,
TGk e 1o,

Remark 3.7. In fact, the conclusion holds for any {G*} satisfying (1) and
(8) of definition 2.5, for which the prolonged linear cocycle

U (k,x) = DoGE @ Ad(J{" GF)
preserves the Lyapunov decomposition of T(")

Remark 3.8. Viewing J((]T)Fjj as a polynomial map in GL")(n), we see
from remark 2.4 that it tends to 0 as k — 0.

Proof: The proof only makes use of the Lyapunov decomposition of
{T")(t, 2)}; recall from proposition 3.5 (2),

w0 gl (n) = p")
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The proof will apply essentially verbatim to {GX}.

First, T! = DoF! preserves the Lyapunov decomposition W' @ --- @ W,
which implies that, for all x € My,

(6) JVFL € DO = GLW?) x -+ x GL(W?*)

For j > 2, let g = JSJ)Fé, and g = pg:_l(g). Write g = g + v, with v €
S(j)(n), and suppose g € HU-DO Let A be as in section 3.2, and note that
A e HDO c 00, By (6), A commutes with DoF! for all t € R, z € M.
By similar computations to equations (4) and (5),

goAhogt=v0AoDog ' —Ao~yoDog ' mod f(9):0

On the other hand, this conjugate belongs to 50 and both A and Dgg™?
preserve all the Lyapunov spaces W*, so

AoyoA™t =~ mod b?,

which implies v € h?. Proceeding inductively gives JéT)Fmt e HO for all ¢
and all x € Mp. &

3.4. Dynamical submanifolds as reductions of £("). In this section we
apply theorem 2.1 to {F(")(t,z)} and interpret the resulting submanifolds as
invariant X(-reductions of £(. Combining this information with propo-
sition 3.6 gives an H("-reduction of £ invariant by the natural action of

{F2}-
First we must recall an aspect of the construction of the ﬁ;‘ that will play a
role in our upcoming proof.

3.4.1. Digression on Ruelle’s proof: expressing as graphs. For () < X <
A+ - the submanifold &) is defined on [16, p 47] as the image under a
certain map ® of the graph of a C' function

v : VN Bla(x)) = (V) N B(a(z))
Write av = a(z). The equation [16, (5.15)] gives the bound
Ady/1 — (Ad)?
1—2(A5)2

where A and ¢ are the constants given by the perturbation theorem as
described in subsection 2.3.1. In equation (5.9) of [16], the additional bound
§ < 1/v/2A was imposed. There is no problem in assuming § < 1/2A, which
makes || Dyl < 1.

The map @ : (Vi N B(a)) & ((V)* N B(a)) = B(a) is

|IDyell < Y u e ViNB(a)

B(u,v) = —+/a? — o] + v
(0]
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For a differentiable path ~v(t) = (u(t),v(t)) in Ly = o 1({u =1b}),
(v,0)

a? — [lv||?

If v is contained in B(a/v/2), then ||o(t)| > ||a(t)| along v and |jv(1) —

v(0)|| > ||u(l) — u(0)|. Now graph ¢ intersects L; N B(a/+/2) in at most
one point, and

72 N B(a/2) € ®(graph ¢ N B(a/v2)) € & N B(a/V?2)

is also the graph of a C! function. End of digression.

U= U

A fiber £ = R" x GL(n) can be viewed as an open subset of RY with
origin at (0,1d). Pulling back the norm || - ||| on gl (n) by w yields a
Finsler metric on GL")(n), and thus a product Finsler metric on each &,
This metric is comparable to the Euclidean metric on RY on a compact
neighborhood of the origin.

The verification that, for r < g,
sup In* |F") (+e, z)||,—r € LY(M, )
0<e<1

is left to the reader, with the indication that it resembles the verification at
the beginning of section 3.3 that {T")(t,z)} satisfies (MET). Let Mp be
the set where the conclusion of the Ergodic Theorem holds for this function
under {¢'}. Let ¢ < 0 in X!, I < r. Theorem 2.1 gives C? "-smooth
submanifolds l/g(cr)’g - E;J(CT) for all x € My = Mr N Mp. Denote by Vg(f)’s the
submanifolds associated to o = A(®). The following key result is a nonlinear
analogue of proposition 3.5 (2).

Proposition 3.9. For all x in a ¢'-invariant, p-conull subset of My and
1<r<q, Vg(cr)’s is a C9"-smooth reduction of FE, to X, projecting
onto vy under (.

Proof:
Step 1: Fibers under m._, tangent to 1), For (w,v) € T(u’g)&ﬁ’“) the effect
of the action of F(")(t,z) in the Finsler metric ||| - Il (u,g) 18

1D g F 7 (¢ 2) - (w, )2 = [ DuFE(w)? + [[[(Ad J§” FL) (w(w))

T

If (u,g) € 8%, then F)(k,z) - (u,g) is in the Euclidean ball B(1) for
all sufficiently large k. The characterization of V;Sf)’s in theorem 2.1 can

equivalently be expressed in terms of our Finsler distance d.

Let r >2and v € T(wg)yy)’s Nker(m)_;)«. Then

x

1 1 r
lim - In [FO(k, 2),0]] = lim —In[[[(Ad J§VEF) - (w(©)]] < A
k—oo k k—o0 k
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which implies, by proposition 3.4 (2),
w(v) € ‘Z?‘m =1 g (n)
We denote this last space by ‘A/TS below. The above implication is also clear

when r = 1, with the conclusion w(v) € V.

Conversely, if X € V* with || X|| = 1, then, by proposition 3.4 (2),
.1 r) ok r) ki — s
lim = In|(JG7ER) 0 X o (JOED T < A,

Again, the same bound holds in the case r = 1. For ¢’ = g - €™, n € R,
d(F (k) (u.g"), F (k) - (u.9)) < [l |1 D E T (k) - (0,0 (X)) ||
= Inl-lad I ER (X

where h is some point in {ge/X}1_,. As (u, g) belongs to s

lim %md (F“)(k,x) (u, ¢), (O,Id)) <A

k—o00

and (u,g’) € U for 1 € R (see proposition 2.2). Thus for all r,

~

VP =w(T|

T

w1 Nker(nl_y)4).

Moreover, Vg(f)’s is saturated by the principal action of X (") N ker A

Step 2: Projection under m._; is onto.
The image 7,_, (Vg)’s) is clearly contained in . The image of T(O,Id)ué”’s
under (m]_, )« is, by proposition 3.5 (2) and theorem 2.1,

-1
l/;gr ),s

V(?"),S/‘/}TS — =1 _ T(OJd)Vg(Cr—l),s
(T‘),S (T71)7

Thus for z in a !-invariant, conull set, 77_;(vz °) and v, ”° coincide in
a neighborhood of (0,1d).

Choose A between A(®) and the next greater element of Spec T"); choose
A/3 < ¢ < 0. We claim that for all £ > 0, there exists m > 0 such that

FUD(m, oM (@) - 20" € ma v

The intersection of these contains a neighborhood in each of (0,1d). From
the proof of proposition 2.2, the radii of the left-hand terms are bounded
above by B(¢*(x))e™*. Also, ng);il(x) contains a ball of radius a (" (z)) >
Celk+m)C. a5 the restriction of m,_, is the quotient by the proper action of
X N ker pr_q, the projections contain balls of comparable radius. The
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claim follows. Finally,

a0 = ay | POk 2) 7t 50

r—1 T ok (x)
k>0
= m_ - PO k)0
k>0
_ (r—1) -1 _r  (r)s
= UF (k,x)™" -m_y Yok ()
k>0
r— — o(r—1 ,)\
> JFU D) B
k>0
— V(rfl),s

xT

Step 3: Fibers under m, tangent to (.

Now 75 = mjo---on’_; maps {7 onto v,. The vertical tangent subspaces

(r),

of vy " evaluate under w to subspaces
O (u,9) = w(Tugi”® Nker(mg).) < gl (n)
with the same associated graded algebra as (™). Note that

0y (FO(t,2) - (. 9)) = (Ad J§FL) 0¥ (1, 9)

for 1 < j < r, and they vary smoothly in (u, g) and measurably in x.

Suppose that l);gj_l)(u, g) = U~ for almost all z, for all u, g. As U:(,;j)(u, g)N

S6)(n) = XA/jS from step 1, we can define linear functions

To(u, g) 1197V = S (n)/VE by 99 (u,g) = graph(r,(u, g)) + V;
Note that 7 corresponds to a tensor on sz/;gf)’s, smooth in (u, g) and FU).-
invariant—that is,

Tt (FV (1) - (u,9)) = (Ad Jg F}) 0 7(u,g) o (Ad Jg VD)™
Under this action, 7,(u,g) is stable as ¢ — oo by proposition 2.15. The
stable subspace is trivial, so 7,(u,g) = 0 for almost-every = € M, for all

(u,g) € v*  Induction on j yields t)gf)(u,g) =,

Step 4: Fibers of m(, are connected, equal X -orbits.

For z € My, write B, = B(a(z)/2) C £, From subsection 3.4.1, AN B,
is the graph of a function from a neighborhood of 0 in er)’s to (Vx(r)’s)L.
From proposition 3.5 (2), (15 _ Rn gy V()5 Then (7))~ (u) N 2A A B,

is the graph of a function on 17(’")75, so is connected.
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Given k > 0, there exists m > 0 such that
CelbtmC q(phtm (7))

Be"(x))e™ < 5 < 5
SO N
FO(m, () - O;?(’x) C Bgtm(z)
Then
r),8 r\— r - r\— o (1),A
v 0 () M) = | FO G 2) ™ ()™ (R 09500 0 By )

k>0

This is an increasing union of connected sets (see the proof of proposition

2.2), so it is connected. Now the fibers of l/a(f)’s are connected X (’”)—orbits,

so U&7 is a reduction to X", invariant by FO(t,z). &

The prolongation F()(t, x) is defined so that it preserves the section (0,1d).
The natural action of F on £ is by (u,g) — (Fgﬁ(u),Jy)Fj - g). Now

)

we can interpret the F(") (¢, z)-invariant submanifolds U™ in terms of this

natural action.

Corollary 3.10. For any r with 1 < r < q, the natural action of {F!} on
EW and of any ({GE},4) € Z(FL), preserves a reduction R(") to H).

Proof: Let R(") be the saturation of nyg)’s by the right H("-action.
Recall from proposition 3.3 that X(") < (). By propositions 3.9 and 3.6,
R(") is the desired F!-invariant reduction.

For ({G},+) € Z(F!), the prolongation ({G™)(k,z)},v) € Z(F")(t,x)).

Thus by proposition 2.6, the family Umuy)’s, restricted to an appropriate
w-invariant, full measure subset, are invariant by G(T)(k:, x). By proposition

3.6, Jér)Gf; € HO so R is also GE-invariant. ¢

Fix r = |[AM/A®)|. We will next interpret the submanifolds Ui as a

o'-invariant family of rigid geometric structures on the fibers of &.

3.5. Dynamical submanifolds as geometric structures. The reduc-
tions obtained in proposition 3.9 and corollary 3.10 above are not generally
geometric structures of finite type in the sense of Cartan, because X" con-
tains rank-one elements (see [14, Prop I.1.4]). In this section, we implement
a measurable version of Feres’ approach in [4] to construct invariant gener-
alized connections on the fibers &, and coordinate atlases in which F! acts
by resonance polynomials. The automorphism group of each atlas on &, is
a finite-dimensional Lie group. We further interpret these structures as an
invariant family of flat connections on vector bundles over &,.

Before stating the main theorem in general, we describe two important cases
in detail. Let Mz be the o!-invariant p-conull subset on which the conclu-
sions of proposition 3.9 hold.
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Example: r = 1. This case arises when X0 = {\}, or when A\(®) < X(1) /2,
In the latter case the spectrum is said to be 1/2-pinched. Then Vg(cl)’s is a
C9~! reduction of F((&,) to {Id}. It determines a framing g, : 5 — GL(n)

for all z € Mg. Invariance by F(1 (¢, 2) means

1 _
o) (FL(w) = (JOVFY) - go(u) - (JSV L)
in other words,

The tangent spaces Tg(l/g(cl)’s) project isomorphically to Tﬂé (g)é’x. The union
of right translates of these spaces by GL(n) is a C9~2 horizontal distribution
D, on F (1)(5’35). The @,D, are principal connections, equivalent to C'92
affine connections ®,V, on U,&,, invariant by FL.

The torsion @,7, of &V, is an F,}i—invariant tensor. The spectrum of Ts
on So = @y N2 TE(E) ® To(E) is bounded below by A1) — 2X(6) > 0.
Propositions 2.13 and 2.15 then imply that the connections V, are torsion-
free for all x in a ’-invariant, p-conull subset of Mrg.

One could make a similar argument to show vanishing of the curvature
of V, assuming ¢ > 2. However, it is clear in any case that they are
flat: the sections 1/9(61)’8 Cc F (1)(533) are parallel by construction. Thus uil)’s
correspond to coordinate charts 6, on &, for which 6}V, equals the flat
connection on R”. The resulting flat affine structures on U,E&, are Fé-
invariant; in fact, from the Fl-invariant framings above, we obtain a family
of R"-structures—framings by commuting vector fields—invariant by F up

to the linear action of the algebraic hull of {7} in H M.

If ({Gk}, ¥) € Z(F}), then GO (k, z) preserves UtV and @, D, (as usual,
over Nz (MzrNMg)), so the natural action of {G%} preserves the flat con-
nections @,V,. By proposition 3.6, {G*} also preserves the R™-structures

on U,&,, up to the algebraic hull of JéI)Gﬁ, which is contained in H1:0.

Remark 3.11. We sketch how Ruelle’s perturbation theorem implies that

according to the frames in Vg(gl)’s, the Lyapunov filtration is V1 C --- C V*

at every point of vi: given & € ug(cl)’s(u), consider the sequences {T}} =

{T;k,l(m)} and {T,;} = {DF'@_l(u)F;k,l(x)}. For X\ and n as in section 2.5.1
[T}, — Ty| |7 < Ae*¢

for some constant A and A < { < 0, for all k > 0. Now [16, (4.4)] implies
that the ith Lyapunov projections P* for {T*} = {Ty o---oT1} and Pt for
(7%} = (DL ) satisfy

|DuFf o P o (D FY)™ — Pl|| < AleC
for some constant A', for all £ >0. For Q" =¢ 1o Pliog,

IDoFy 0 Q" o (DoFy) " — P'|| < Ble”
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for some B', where we have used that F(l)(ﬁ,:r) - & tends to Id at least as
fast as e, It Jollows that the ith Lyapunov space at u in the frame & is
congruent to W* modulo V* for all i, so the filtrations are equal.

Finally, we remark that Dy is tangent to the HWO-saturation of Vg(cl)’s. As
HWDO preserves the Lyapunov filtration V' C --- C V¥, the Lyapunov filtra-

tion of Tug(;l)’s 18 Vg -parallel for all x € Mp.

Example: r = 2. In this case 3\ < X(1) < 2)(),

3.5.1. Conglomeration of Lyapunov filtration to length 2. Let i, be the min-
imal element of {1,...,s} such that A1) — X\(=) < X(), Whenever j,1 < i,
or j,1 > iy, then A\®) — X0 > X(5) The first case is clear from the definition
of i,. For the second, note

AD A0 > A6 () > A1) _93(5) 5 \(9)
If we write W1 = EB;‘-*:_IIWj and W2 = ®i_, W, then
XM c1d+ (W2 wh

3.5.2. Framings of subquotients. The X-reductions l/g(gl)’s C Eg(gl) induce

distributions V! on &, corresponding to W1, For ¢ = (u,g) € yg(gl)’s

’_ 1 (1),s
§= F )(t,x) £ € Vot (z)

and

¢ TL=F.-¢
(the right-hand side is the natural action of F* on £€1)). Since T! preserves
W1 and W2, the distributions @©,V} are F!-invariant.
Under restriction to W or projection modulo Wl,

Res (X)) = {Id}  Projp,. g (¥Y1) = {1d}

Therefore, vaél)’s also induces F(M(t, x)-invariant framings of @,V} and
®©,(TE,)/ VL. If we denote g, the framing of V!, then

(Frt)*gu’v = Gyt (x) © Tmt
A similar identity holds for the framing of Tv3/V1.

3.5.3. Flat connections on UzEy. As X2 = X(l), the restriction 7['% : 1/502)’5 —

1/3(;1)’5 is a diffeomorphism. The inverse induces a C9~2 horizontal distribu-

tion D, on V:S;l),s as follows. Suppose that éz (u, J(()2)<,0) c Vg(cz),
£ e V;S;l)’s. Define a map R"™ — gggl)

(ru o0, V) s v = (p(v) +u, IV )

s projects to

The subspace

S(€) = im Do(ry 0 @, JVp) C TeEW
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depends only on &. Now set D.(&) = S(f) Note that this space projects
under (7)), onto T,&, = R". Because D, () comes from a diffeomorphism
p, it is called holonomic (see [3, p 29]).

For h € GL(n), write Ry, for the derivative of the right action on £,

Proposition 3.12. The distribution D, defines a C1~2 principal connection
(1),s

Vg on vy 7" varying measurably in x; more precisely, for almost all x € M,

(1) Da(¢) C TetD*
(2) (Rn)+Du(€) = Dy(€ - h) for all h e XV

The resulting connections V, on &, are flat.

Proof: Write &€ = (u,g) and £ = (u,§) = (u, J(()2) ); set & = FM(t,x) - ¢
and & = F@(t,z) - . First we compare Dyi(z)(&') = S(€) with FO (¢, z), -
D,(£). Write (F!), for the derivative of the natural action on £ as in
subsection 3.5.2 (although it’s ambiguous). Set h = (J(()Q)F”t)_1 and h =

x
p3(h). For the natural action, one can check

S(Fy-€) = (F).S()
For the principal right action, on the other hand, S (é . iL) is given by
) Do(ruo@oh, JW(poh)) = (Ru).o Do(ru o ¢, J Vo)
+w o Do(JWh)

(see [4, eqn (54)]). Because h € H®O by proposition 3.6, the image of
Do(J (l)h) must be strict subresonance—that is, in zY). In conclusion,

S(') = (F)s 0 Rpw - S(€) mod w™'(xV)

and thus

(8) Dgot(ac) (5/) = F(l)(t7 x)*(Dx(g)) mod Wﬁl(?(l))-

Now define an F'M (¢, )-invariant family of sections 7, of (T&,)*® (End(TE,) /w™ (z1)),
restricted to 1/9(61)’8, by

D, (&) mod w_l(;(l)) = graph(7,(§))

The stability of 7 given by proposition 2.15 (together with proposition 2.13)
(1)

implies that 7, vanishes for almost every z. Thus D, is tangent to v, *° for
almost every x € M and (1) is verified.

Point (2) follows from the fact that U2 and vV are diffeomorphic reduc-
tions to X1 ¢ GL(l)(n). If € € 1/3(62)’5 projects to £ € l/f(nl)’s, and h € X,
then by equation (7),

Do(€-h) = S(€- h) = (Rp)Da(8).
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Now that we have D, tangent to VS)’S for almost every z, and given that

V;2),s
Vg(62),s

is at least C'', we can argue as in [4, sec 5.1], [3] that the reductions
define a complete and consistent partial differential relation, and there-
fore, the distributions D, are integrable. It follows that the corresponding
connections V, on &, are flat. The integral leaves of D, give a family of
affine charts on &, with transitions in the group XM, ¢

3.5.4. Flat connections on ®,V} and ®,(TE,)/VL invariant by Z(FL). The
connections @,V are not invariant by the natural action of F% on U,&,. By
proposition 3.10, the natural action preserves an H(?)-reduction R C £3),
containing the saturation of nyf)’s by the right action of J(()2)F£. We can

extend D to a connection on R(Y) = 7?(R(?)) using the right action of H1)
(it is still not F!-invariant).

We remark that there is an Fl-invariant horizontal distribution on R(). It
does not give a connection, but it is integrable. See the general statements
in theorem 3.13 (1) below.

From section 3.5.2, the distributions ©,V} are Fl-invariant. There are
thus Fl-equivariant maps Resyn : R() — FVY! and Projrg - RO —
F(TE/VY). Note that w=(x(M) is in the kernel of both (Res)n), and
(Projpe 1)

Let £ € RW, with F! - ¢ = ¢'. Writing h = J((JI)F;, we have

(F3)+Da(€) = (Rn)x 0 FU(t, ). Dy (€)
From equation (8) and the fact that k normalizes X1,

(F;)*Dx(f) mod wil(?(l)) = (Rh)*Dapt(x) (gl : hil) = Dapt(z) (5/)

Pushing forward D by (Redy1)« or (Projpg 1)« thus gives Fl-invariant, flat
connections on the vector bundles @®,V! and @©,T&,/V,!. Remark that by
corollary 3.10, proposition 2.6, and proposition 3.6, the distributions @, V}
and these flat connections are moreover invariant by all of Z(F!). Because
D, is tangent to Rg) for almost all 2 and H®) preserves 5 the filtrations of/@/1
and R"/W! determined by V! C --- C V¥ and V& /Wl C ... C V/W1
respectively, the Lyapunov filtrations of V} and T&,/V! are parallel for these
connections, for almost all = (see remark 3.11).

Main Theorem: Let r = [\ /()| and ¢ > r + 1.

Theorem 3.13. There exist the following differential-geometric structures
on &, for all x in a p'-invariant, p-conull subset:

(1) A family A, of C? charts, with transitions in H"O (restricted to a
neighborhood of 0). The collection U, A, is Z(FL)-invariant.
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(2) A C! filtration V. C --- C Vi,': TEy, with I < r, equipped with
C%2_smooth flat connections Vi on Vi/Vi-t i = 1,...,1. The
filtrations and connections are invariant by Z(FL).

Proof: Denote R(") = (Uxug(cr)’s) “H") the Z(F!)-invariant H(")-reduction
of £ given by corollary 3.10. We similarly have an invariant RU+D ¢
ErtY | which is C7 " lsmooth. As H") = HT*D | the restriction artl
R+D 5 R is a diffeomorphism.

We first construct a Z(FL)-invariant family of holonomic distributions D, (§) =
S(é) on le/;gr)’s as in subsection 3.5.3; here ¢ is the unique lift of & €
Uggug)’s c RM to ROV, If h = JSTH)F;; € HUHDO viewed as a local
diffeomorphism fixing 0, then Dg(J(h) has image in . We follow the
proof of proposition 3.12 (1), and equation (8) becomes

Dtpt(x) (gl) = F(r) (t, .%')*(’Dx(é)) mod wil(x(r»
Then we can construct an invariant tensor o with values in the restriction
(r),s
to Ugry 77 of

T = (T€:)" @ (&) /0™ ")
Here gl (E,) denotes the tensor bundle over £ with fiber

o) (€)= (ruog) - g (n) - (ryog)""

Vanishing of ¢ is implied by proposition 2.15, and we conclude that the
(r), (r)

restriction to vy ° of D, is tangent to v, * for all x in a cpt—invariant,
p-conull set.

The distributions ¢,D, are integrable, again by Gromov’s Frobenius theo-

rem, because Uxu,,(f)’s is a complete and consistent partial differential rela-

tion; moreover, because they are holonomic, each leaf represents the r-jets
of (the germ of) a diffeomorphism (R",0) — (&,,0).

Now we extend these distributions to R(") by the same formula: D, () =
S(€). Any € € R equals ¢ - h for & € U and hoe HO. Equation (7)
gives that S(€'-h) = D,(€) is tangent to R{". Note that @, D, are invariant
by the natural Z(F})-action. Given ¢ = (0,g) € Rg;r)(O), denote o the germ

of a coordinate parametrization of &, with a¢(0) =0, Jér)ag =g and
im Dy, /" ag) = Dol (u), I o)

for all v in the domain of . Note that this exists for all £ € Vg(cr)’s(O).

Given ag¢ as above for £ € Ry (0), for n = (ce(u), ff)ozg), the lift 7 to

R+ equals (ce(u), 75’"“)045): let ¢ be a representative of 7. Then n =
(p(0), (()T)cp); in particular, J(()l)go = J&l)ag. Also, S(#) equals im D, (ce, JMae).
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The two equalities together imply J(()Hl)(p = J&Hl)ag, which proves the
claim.

Now given h € H) =
(g (h(u)), J,Sa)ag) € §;’"). We can write

((ag o h)(u), Jz(f)(aﬁ oh))=mn- (Tfh(u) ohor,)
Note that 7_p,) 0o hoT, € H+1D) | The lift of our point to R+ is

(g (h(w)), T o) - (g © o ) = (o © ) (), J¢ D (ag o 1)

The 7-jets of a¢ o h thus lie in the integral leaf of D, through £ - h. We

conclude agp = agoh for all { € ng")(o) and h € (). In particular, given

H+D) and w in the domain of agoh, let n =

ag for £ € VY)’S(O), we can define ag.p, = ag o h.

Now Z(F!) preserves Uz A,, and each A, is parametrized by R (0) =
{0} x H"), so the action of F! on &, is determined by J(()T)Fé (the same is
true for any {G¥} in Z(F!)). By proposition 3.6, the subatlas

A% ={ae : £ {0} xHMO}

is Z(F!)-invariant. The transitions between the charts in AY belong to
H)0. Point (1) is proved.

The first step to prove part (2) is to conglomerate the Lyapunov filtration
as in subsection 3.5.1. Recall that (r+1)A®) < A1) < 7#AG), Set ig = 1, and
recursively define iy to be the minimal i > ij_1 with A#=1) — X&) < \(5),
It is a simple induction argument to see that A% — (r — k + 1)A(®) > 0.
It follows that the process terminates with ¢,,_; where r, — 1 < r. Set

ir« =S+ 1, and
i—1

W= w

J=t-1

Then W& @ W is an HO  invariant decomposition, of length at most
r, with respect to which X is block upper-triangular. Then, as in section
3.5.2, we obtain C97! filtrations

0CViC---CVir=TE,
invariant by Z(F!). For 1 <1 < r, define a map on R(")
Q1 = Projyu i1 0 Resyu oy
Note that D, is not projectible under (7). because it is not right H)-
invariant; however, it does descend under (Q;). to a horizontal distribu-
tion on F(V!/V!=1): The degree r analogue of equation (7) says that D,

is right-#H("-invariant modulo w=!(x("). But w='(x™") is in the kernel of
(Projvz/vzq o Resyi).. By the same reasoning, the projection of D, to a
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horizontal distribution on F(V!/V!~1) gives a C9~2 principal connection v
The principal group here is GL(W?), which can be obtained as a quotient of
H("). Because D, is integrable, so is the projection by (Q;)s; thus V' is flat.

As D, is tangent to R, the Lyapunov filtration of V/Vi~! is ﬁg—parallel
for all £, for almost all z, as in remark 3.11 and subsection 3.5.3. <

3.6. Foliated case: Smooth geometric structures on leaves. We re-
turn to the important special case that M is a compact C° manifold and the
fibers &, are plaques of a (’-invariant foliation; we assume that the action on
this foliation is contracting. More precisely, let L, as in section 2.2, be a C?
foliation of M by n-dimensional submanifolds admitting a (’-invariant C4
smooth structure, and assume supg<;<; |||/ ( it‘L Il is bounded in x (for
example, it is continuous in ). Let {(&;,0;)} be a uniformly biLipschitz C?
atlas along L. Define the cocycle {F!} as in section 2.2, and assume that
the Lyapunov exponents for {T = DgF!} are all negative.

Before interpreting the results of the previous section in this setting, we must

assemble the manifolds Vg(f)’s associated to the prolongation of {F} into an

invariant submanifold of the r-frame bundle U, F(" L, = U, L ( ) along L.

Proposition 3.14. Let r < g — 1. For all = in a ¢'-invariant, p-conull
subset of M,

(1) there exists a neighborhood x € Uy C Ly, and a C97"-smooth reduc-
tion by (r).s of L(T) to X such that

(2) UyeLxu?(f)’s - HT) is a CIT-smooth H") -reduction P(T) C L(J), and
UPY) s invariant by Z(h).

Proof: Step 1: Bounded atlas along L(").

Some extension of the uniformly biLipschitz property is required, although
the fibers of L") are not compact. We choose a C9 atlas {(&,,60,)} along L
with the properties:

e The prolongations 00 . &) - LI are such that Ugﬁm( B(1)) lies
in a compact subset K of Ung(cr);

o {(& gl G(T))} is uniformly biLipschitz with respect to the Finsler met-
ric d on £) and some continuous metric dx on K.

(As in section 2.2, such an atlas can be obtained from an appropriately
chosen finite cover of M by foliated charts.) Note that the resulting C?7"
atlas along L(") is GL(") (n)-equivariant. Let {F!} be the cocycle determined
by {(£,60,)}. The prolonged cocycle satisfies (compare sections 2.2, 3.4)

sup In* [|F0) (e, 2) |, € L}(M, ).
0<e<1
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The set {g : KgN K # 0} lies in a compact C € GL")(n). Let m be a
Lipschitz constant valid for the atlas and for all g € C restricted to K.

Step 2: Construction of [Lg(f)’s from bounded atlas.

Let I/(r) * be the submanifolds given by theorem 2.1 applied to {ﬁ ") (t, x)}.
Write B = B(1). Let (u,g) € 7" N B with 0.(u) =y € Ly, and

00 (u,9) =n=057(0,1d) -k heCcGL"(n)

We wish to show that
9) éy) (ﬂg(cr),s N B) N éér) (B-h) C é@(}r) ~z(/r)78 ) h)

Let ¢ = 0 (u/, ¢') = 05 (v, W) with («, ¢) € i N B and (v, A1) € B.

By the biLipschitz property of éfoi)(y),

(10) d((Fi(w), (SO F) - W=t (I F) ™), (0,10))
< mdge (@€ n D) I 0 )

The following points are both in K (for sufficiently large ¢t > 0):
e b IS )T = 300 5 ¢ U FD T =09 (FO (4 2) (s 9))
Now right translate by (Joﬁt) -h- (JoF!)~! € C to obtain the bound

(10) < mdic (' - (IO F) o'+ (I DT,
and apply (é( )( ))_1 to obtain

<md (FO @), g), FO(t,2)(u.g))

Thus finally

lim sup % Ind (ﬁ“’) (t,y) (v, 'Y, (0, Id)) < A®

t—o00

and (v, /h™1) € 55")’3. A similar argument shows
(11) 09 (77 0 B) b 80 (B) C 8D (50)

Y
In conclusion, the manifolds ﬁg)’s N B map forward under 0}(;") to submani-

folds ﬂg)’s C L§§") which smoothly fit together with [Lg)’s, for y € L,, after
a vertical translation, according to (9) and (11).

Step 3: Tempered cocycle equivalence, construction of ,ug(cr)’s

The Oseledec-Pesin reduction theorem [2, Thm 6.10] gives a linear tempered
equivalence {g,} of {T%} with a cocycle {T%} having constant Lyapunov
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decomposition (as we assumed in section 3.3). By proposition 3.5, the Lya-
punov decomposition of {T")(t,z)} is also constant, for z € My, defined as
in section 3.3. Recall that tempered means

: 1 +1 _
A 7 19wl =0

Now set 0, = 0, o g,. The new cocycles are F! = g;tl(m) o Flog, and

F(T) (t7 x)(uv h) = (g;tl(m) © ﬁv(r) (t7 $) (gxua gxhg;1)> ’ g%’t(m)
By proposition 3.1 and the tempered property,

1 -
limsup 7 nd (FO(1,2) (g0, 9:hg; ), (0,10)) <40 &

t—o00

1
limsup - Ind (F“) (t,2)(u, h), (0, Id)) < AB)

t—o00

Then
S = (g Ad g B0 and ) () = i,

T

By proposition 3.9, the submanifolds MS”)’S = /153’)73 - g are C'77"-smooth

X(")_reductions of Lgf) over U, = 0,(&;), for all x in a l-invariant, u-
conull set Mz. They smoothly fit together when appropriately vertically
translated. Point (1) is proved.

)

Step 4: H) saturation, construction of Pér

Let y € 0,(&,). From above, there exists g € GL")(n) such that ,u;(,;r)’s N
MZE,T)’S -g is open in each term. A point & € u(xr)’s determines a frame of u(xrfl)’s
at & = m._1(§) in which, as in remark 3.11, the Lyapunov filtration comprises
the subspaces V=17 for ¢ < A(®). On the other hand, the arguments of
step 2 above show that the derivative of right translation by g = pl._,(g)
carries the Lyapunov filtration of ug*l)’s at € to that of ugﬂ*l)’s at £-g. It

follows (see formula (7) and its higher-order analogues) that g € H("). For
T € Mg, set Py) = Uyngug)’s . 7—[(’"), a C17" reduction of L;(,f) to H).

Invariance of Uypi™)"* by F)(t,z) gives

Sotﬂg:r)78 = Mgt)(j) ) (J(()T)F;)
By proposition 3.6, J(()T)Fé e HMO g0 Ung(f) are pl-invariant. Any ¢ €
Z(¢") (see remark 2.10) enjoys a similar invariance of the ;Lgf)’s, and by
proposition 3.6, preserves UmPg(gT) where x € Nz (Mg N Mg). &
Our first theorem for contracted foliations concerns the atlas from theorem
3.13 (1): it gives rise to a homogeneous structure on leaves.
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Theorem 3.15. Assume q > |[ANV/A&)| 4 1. For all x € Mg, for all
y € Ly, there is a family B°(y) of C charts on Ly, varying measurably
between leaves and with the following additional properties:

(1) Global diffeomorphisms: For all x in a p'-invariant, p-conull set,
each B € B(y) is a diffeomorphism 3 : (R™,0) — (L, y).

(2) Homogeneity: Given z € Ly, 3 € B%(y), and v € B°(z), we have
(yoB™1) - B(y) = B%(2).

(3) Invariance: Let BS = Uyer,B%(y). The collection UyBY is Z(o!)-
invariant, and in these coordinates, Z(¢?) acts by resonance polynomials—
that is, elements of H(M-0.

(4) Structure group: For B,y € BY, the transition v~ o 8 acts on R™
by a translation composed with the an element of H) ; in particular,

BY forms a C? atlas on L.

If the spectrum X° is 1/2-pinched, then L carries an invariant family of
C9 ! flat affine structures, measurable in x.

As usual, the Z(p!)-invariance in (3) holds for a given centralizing 1 on an
appropriate conull, ¥-invariant subset of Mp.

Proof: Setr = L)\(l)//\(S)J, and let ugﬂzﬁ” = Uz,ug)’s-?-l(r) be the reduction
of L) to H(") 2= H(+1) given by proposition 3.14 (2). Let {(E;,6.)} be the
foliated atlas along L from the proof.

As in the proof of theorem 3.13 (1), define integrable horizontal distributions

on uy)’s and extent to integrable, Z(¢')-invariant, horizontal distributions

on ngr). Given £ € Pér), denote Zg the integral leaf through &. For £ =
93(]") (0,9), let B¢ = 0, 0 g 4), Where (g gy is as in the proof of theorem 3.13
(1). Note that the image of J(") 5 is in Eg. Set

BO(y) = {Be : € €6 ({0} x 1)}

For x € My, write & = J(()T)Gw. The C?7" leaves Eg C L;(J) vary measurably
in z, and therefore so does the maximum domain of definition of 5;. Lusin’s
theorem gives € > 0 and a compact C' C M, visited infinitely many times by
{¢"(z)} for almost all z, and such that 8y is defined on B(e) for all y € C.

Let J(()T)F t = h, € HO, which are diffeomorphisms by proposition 3.3. By

x
remark 3.8, hy — 0 uniformly on compact sets as k — oo in N. Next,

—k
P =@ " 0B 570 hn
Let x € Mg and k,, — oo be such that " (x) € C for all m > 1. The
domain of f; contains Umh,;rlb(B(e)) = R". Given y € L,, there is m such

that ¢*(y) € im 6%% . Thus y € im B;. Now f; is a diffeomorphism as

)
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claimed in (1). As in the proof of theorem 3.13 (1), Be.p, = Be o h, so f¢ is a
diffeomorphism for all £ in P;T), for all x € Mp.

Let 8 = B¢ € BY(y),7 = Buw € BY(2). Let B¢(u) = z, so Jqsr)ﬁg =n€E Eg(z)
Now compare J() (B¢ o Tu) and J(r)ﬁn: both map the origin to n and have
image in Eg C Pg). Then B¢or, = B,. Next, n = w-h for a unique h € H),
Thus vy~ 18 = ;! fe = hoT_y. Now (4) is proved. The same argument also

shows that B%(y) can be defined for all y € L,, assuming x € Mg. This
completes the proof of (1).

Given (3,7 as in point (2), one can write

Byly) = 8-HT Bi(z) = - HOY
and the conclusion follows immediately.
Point (3) is just as in the proof of theorem 3.13 (1).

If the spectrum is 1/2 pinched, then r = 1, and H® comprises linear trans-
formations, so the atlas BY is a flat affine structure on L. <

Theorem 3.16. The foliation U, L, contains a Z(')-invariant filtered fam-
ily of C1~1 subfoliations

Lhic...Li=L [<r,
a subfamily of the filtered family in theorem 2.9, equipped with flat connec-
tions V3 on the normal bundles of L'i=* C L% for all1 < j < 1. The ®,V3

are Z (') -invariant, measurable in x, and C1=2 inside almost every Ly; in
particular, almost every leaf L2 carries a C1~2 invariant flat connection.

Proof: Extract the components of the Lyapunov filtration corresponding
to the conglomerated distributions:

vi=Ywm=> wm
m<j m<ij;
where i1, - - ,4,, = 7; and the subspaces W™ are as in the proof of theorem
3.13 (2). The Z(F!)-invariant distributions V4, 1 < j <[, on &, are tangent
at 0 to V%, and thus to the submanifolds Vfcj given by theorem 2.1. Then
for almost all z € M, the images (,),VJ are tangent to L7, where L¥ is

the foliation given by theorem 2.9.

The Z(F!)-invariant flat connections V4 on V4 /Vi~! given by theorem 3.13
(2) push forward under 6, to flat connections on T, L% /T, L'~ which are
Z(p')-invariant and C9-2 inside &,. ¢
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