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Preliminaries

▶ Cyclotomic numerical semigroups ... did not exist (!) until August 2013

▶ Term coined during a research internship at MPIM Bonn

⇒ P. Moree, 2014: Numerical semigroups, cyclotomic polynomials, and
Bernoulli numbers, Amer. Math. Monthly

⇒ 2014: arXiv preprint ⇒ ... (very!) long referee review ...

⇒ 2016: published in SIAM J. Discrete Math.

▶ Conjecture (still unsolved!) ⇒ lots of interest in the community
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Preliminaries

So what are cyclotomic numerical semigroups?

▶ A numerical semigroup S is a submonoid of N with finite complement

▶ Less abstract (but equivalent): given a1, . . . , ae ∈ N∗, the set

S = ⟨a1, . . . , ae⟩ = {n1a1 + · · ·+ neae : ni ∈ N}

is a semigroup

▶ S numerical ⇔ (a1, . . . , ae) = 1

▶ S contains all positive integers > F (S) = the Frobenius number

▶ S = ⟨3, 5⟩ = {0, 3, 5, 6, 8, 9, 10, . . .}, F (S) = 7

▶ S = ⟨3, 6⟩ = {0, 3, 6, 9, 12, . . .} is not a numerical semigroup
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Historical background

▶ 19th century: Frobenius and Sylvester

▶ Coin problem: largest amount that cannot be paid with given coins

Example: 7 = largest amount that cannot be paid in coins of 3 and 5

In other words: S = ⟨3, 5⟩ = {0, 3, 5, 6, 8, 9, 10, . . .}, F (S) = 7

Sylvester (1884): If S = ⟨a, b⟩, then F (S) = (a− 1)(b − 1)− 1

▶ Postage stamp problem

▶ Chicken McNuggets: largest non-McNugget number is 11
(nugget boxes come in sizes of 4, 6, 9 and 20)
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Numerical semigroups

S = ⟨4, 7⟩ = ⟨4, 7, 8⟩
= {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21 →}

▶ gaps of S : 1, 2, 3, 5, 6, 9, 10, 13, 17

▶ number of gaps = genus of S = 9

▶ largest gap = Frobenius number F (S) = 17

▶ gapblocks: {1,2,3}, {5,6}, {9,10}, {13}, {17}

▶ elementblocks: {0}, {4}, {7,8}, {11,12}, {14,15,16}

▶ S admits a unique minimal generating system ⟨4, 7⟩

▶ embedding dimension = number of minimal generators, e(S) = 2

▶ multiplicity = smallest nonzero s ∈ S , m(S) = 4
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Numerical semigroups

▶ Hilbert series of S : HS(x) =
∑
s∈S

x s

▶ Semigroup polynomial of S : PS(x) = (1− x)HS(x)

▶ degPS = F (S) + 1

▶ The non-zero coefficients of PS(x) alternate between 1 and −1

▶ If PS(x) = a0 + a1x + · · ·+ akx
k , then, for s ∈ {0, . . . , k},

as =


1 if s ∈ S and s − 1 ̸∈ S ,

−1 if s ̸∈ S and s − 1 ∈ S ,

0 otherwise.

▶ PS(1) = 1, P ′
S(1) = g(s)
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Cyclotomic polynomials

If ζ = e2πi/n, the n-th cyclotomic polynomial is given by

Φn(x) =
∏

(j ,n)=1

(x − ζ j).

Φn ∈ Z[x ] is monic, irreducible and self-reciprocal for n > 1, degΦn = φ(n).

Over Q[x ] we have

xn − 1 =
∏
d |n

Φd(x).

By Möbius inversion,

Φn(x) =
∏
d |n

(xd − 1)µ(n/d).

The n-th inverse cyclotomic polynomial is defined by

Ψn(x) =
∏

(j ,n)>1

(x − ζ j) = (xn − 1)/Φn(x).
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Cyclotomic polynomials

▶ If p | n, then
Φpn(x) = Φn(x

p).

▶ If p ∤ n, then
Φpn(x) = Φn(x

p)/Φn(x).

▶ If n > 1 is odd, then
Φ2n(x) = Φn(−x).

▶ It is well-known that

Φn(1) =


0 if n = 1,

p if n = pm,

1 otherwise.
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Cyclotomic numerical semigroups

Setting n = pq, we obtain

Φn(x) =
(1− x)(1− xpq)

(1− xp)(1− xq)
.

Carlitz (1966), Moree (2014): If S = ⟨a, b⟩, then

PS(x) =
(1− x)(1− xab)

(1− xa)(1− xb)
.

Thus, if S = ⟨p, q⟩, then

PS(x) = Φpq(x).
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Cyclotomic numerical semigroups

Definition 1

A numerical semigroup S is cyclotomic if all the roots of PS lie on the unit
circle. Alternatively but equivalently, S is cyclotomic if

PS(x) =
∏
d∈D

Φhd
d ,

with D a finite set and hd positive integers.
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Cyclotomic coefficients

Φ1(x) = x − 1, Φ2(x) = x + 1, Φ3(x) = x2 + x + 1,

Φ4(x) = x2 + 1, Φ5(x) = x4 + x3 + x2 + x + 1, Φ6(x) = x2 − x + 1,

Φ7(x) = x6 + x5 + x4 + x3 + x2 + x + 1,

...

Φ30(x) = x8 + x7 − x5 − x4 − x3 + x + 1
...

▶ 19th century mathematicians thought coefficients are always 0 or ±1.

Φ105(x) = x48 + x47 + x46 − x43 − x42 − 2x41 − · · · − x5 + x2 + x + 1

▶ Schur in a letter to Landau sketched an argument showing that the
coefficients are unbounded. His proof shows that every integer is assumed
as a cyclotomic coefficient.
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Motivation

▶ Connections between numerical semigroups and cyclotomic polynomials:
from Φpq(x) = P⟨p,q⟩(x), one can study Φpq using numerical semigroups.

▶ Bachman, Bzdȩga, Carlitz, Kaplan, Moree etc. studied the coefficients
of cyclotomic polynomials and divisors of xn − 1.

▶ In general, given a (product of) cyclotomic polynomial(s), it is hard to
conclude anything about the coefficients.

▶ However, if a polynomial were of the form PS(x), then its non-zero co-
efficients would alternate between 1 and −1.
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Motivation

Applications to:

▶ Algebraic Geometry: study of planar irreducible curves, Gorenstein rings;
Diophantine modular inequalities ⇒ proportionally modular semigroups

▶ Coding Theory: Feng-Rao distance, elliptic curve cryptography

▶ Topology: simplicial complexes, Euler characteristic, etc.

▶ Linear Integer Programming used to find factorizations

Goals:

▶ Bring Number Theory to an area treated from an algebraic point of view

▶ Find an intrinsic characterization of cyclotomic numerical semigroups
(e.g., one that does not involve the roots of PS)
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Symmetric numerical semigroups

Definition 2

A numerical semigroup S is symmetric if S ∪ (F (S)− S) = Z.

▶ This does not involve the roots of PS in any way.

▶ S symmetric ⇔ F (S) is odd ⇔ PS is self-reciprocal.

Example 1

S = ⟨3, 7⟩ = {0, 3, 6, 7, 9, 10, 12, 13, 14, . . .} is symmetric: F (S) = 11

S ∪ (F (S)−S) = {. . . ,−1, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, . . .}

Example 2

S = ⟨3, 4, 5⟩ = {0, 3, 4, 5, 6, 7, 8, . . .} is not symmetric: F (S) = 2

S ∪ (F (S)− S) = {. . . ,−1, 0, 2, 3, 4, 5, 6, 7, . . .}
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Symmetric numerical semigroups

Theorem 1 (C.–Garćıa-Sánchez–Moree, 2016)

If S is cyclotomic, then S is symmetric.

Proof. Φn is self-reciprocal for n > 1.

We have PS(x) = 1 + (x − 1)
∑

s /∈S x
s .

Thus, PS(1) = 1 and so Φ1(x) = x − 1 is not a factor of PS .
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Non-cyclotomic symmetric numerical semigroups

The converse is false!

Example 3 ([4, 6])

If k ≥ 3 then Sk = ⟨k, k + 1, . . . , 2k − 2⟩ = {0, k , k + 1, . . .} \ {2k − 1} is
symmetric, but not cyclotomic.

F (Sk) = 2k − 1, e(Sk) = k − 1, PSk (x) = 1− x + xk − x2k−1 + x2k

Theorem 2 ([6])

a) For every e ≥ 4 there is a symmetric numerical semigroup with embedding
dimension e that is not cyclotomic.

b) For every F ≥ 9 there is a symmetric numerical semigroup with Frobenius
number F that is not cyclotomic.
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A simple criterion

Criterion

If a numerical semigroup S satisfies∑
s /∈S, 2∤S

1 <
∑

s /∈S , 2|S

1, (⋆)

then S is not cyclotomic.

Proof. Claim (⋆) is equivalent to PS(−1) < 0, since we have

PS(−1) = 1 + 2g(S)− 4
∑

s /∈S , 2|s

1.

We know that Φ1(−1) = −2, Φ2(−1) = 0 and, for n > 2,

Φn(−1) =

{
p if n = 2pm,

1 otherwise.

If S were cyclotomic, then PS(−1) ≥ 0, a contradiction.
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An application to cryptography: Maximal gaps

The maximal gap of a polynomial

f (x) = a1x
n1 + · · ·+ akx

nk ∈ Z[x ]

with ai ̸= 0 and n1 < . . . < nk is defined by

g(f ) = max
1≤i<k

(ni+1 − ni ).

Hong, Lee, Lee & Park (2012) initiated the study of g(Φn) and g(Ψn) in
an attempt to provide a simple and exact formula for the minimum Miller
loop length arising in the Atei pairing from elliptic curve cryptography.

They reduced the problem to the case where n is square-free and odd.

Easy: g(Φp) = 1, g(Ψp) = 1, g(Ψpq) = q − p + 1.

Simplest non-trivial case: g(Φpq) = p − 1, with 2 < p < q.
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Gaps in Φpq

Theorem 3 (C., 2016)

If p < q, then

a) g(Φpq) = p − 1 and the number of maximal gaps equals 2⌊q/p⌋.
b) Φpq contains the sequence of consecutive coefficients ±1, 0, . . . , 0︸ ︷︷ ︸

m

,∓1

for all m = 0, 1, . . . , p − 2 ⇔ q ≡ ±1 (mod p).

Remark: The number of Φn with n = pq ≤ x , q ≡ ±1 (mod p), equals

C
x

log x
+ O

(
x

log2 x

)
,

with C =
1

2
+
∑
p≥3

2

p(p − 1)
= 1.043133380995902 . . .

Ingredients: Siegel-Walfisz, Brun-Titchmarsh etc.
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Gaps in Φpq

Proof. b) Recall that if PS(x) = a0 + a1x + · · ·+ akx
k , then

as =


1 if s ∈ S and s − 1 ̸∈ S ,

−1 if s ̸∈ S and s − 1 ∈ S ,

0 otherwise.

If S = ⟨p, q⟩, then S is symmetric and PS = Φpq is self-reciprocal.

±1, 0, . . . , 0︸ ︷︷ ︸
m

,∓1 in PS ⇐⇒ (m + 1)-gapblock/elementblock in S .

Equivalent claim: S has gapblocks of sizes 1, 2, . . . , p−1 ⇔ q ≡ ±1 (mod p).
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Gaps in Φpq

“⇒”Assume q ≡ 1 (mod p) and write q = pk + 1, k ≥ 1.

The intervals Im = [mpk , . . . ,mpk + p) are disjoint for 1 ≤ m ≤ p − 1.

If a, b ∈ N are so that mpk ≤ ap+bq < mpk +p, then b ≤ m. Conversely,
for any 0 ≤ b ≤ m, there is a unique a ∈ N with mpk ≤ ap+bq < mpk+p,
since exactly one number from {ap + bq : a ∈ N} lands in Im.

We can write any number mpk + h = (m− h)kp + hq, for h = 0, 1, . . . ,m,
in the form ap + bq, with 0 ≤ b ≤ m, but no other element of Im.

Thus Im ∩ S = [mpk , . . . ,mpk +m] and {mpk +m+ 1, . . . ,mpk + p − 1}
is a (p −m)-gapblock of S , for m = 1, 2, . . . , p − 1.

“⇐”If q ̸≡ ±1 (mod p), then S has no (p−2)-gapblock, contradiction!
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Complete intersections

Another example of an intrinsic characterization: complete intersection.

If S = ⟨n1, . . . , ne⟩, then φ : Ne → S , defined by φ(a1, . . . , ae) =
∑e

i=1 aini ,
is an epimorphism, and kerφ = {(a, b) ∈ Ne × Ne : φ(a) = φ(b)} is a
congruence (an equivalence compatible with +).

As monoids, S ∼= Ne/ kerφ.

A presentation of S is a system of generators of kerφ as a congruence.

A presentation is minimal if none of its proper subsets generates kerφ.

All minimal presentations have the same cardinality ≥ e(S)− 1.

If equality holds, S is called a complete intersection.
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A conjecture

Conjecture 1 (C.–Garćıa-Sánchez–Moree, 2016)

A numerical semigroup S is a complete intersection ⇔ S is cyclotomic.

Remark: The statement was checked in GAP for all numerical semigroups
S up to F (S) = 69 using the package numericalsgps.
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Apéry sets

▶ If m ∈ Z, then Ap(S ;m) = {s ∈ S : s −m ̸∈ S} is the Apéry set of m.

▶ If m ∈ S , then |Ap(S ;m)| = m and S = Ap(S ;m) +mN.

▶ Useful in computing HS(x) :

HS(x) =
∑

w∈Ap(S ;m)

xw
∞∑
i=0

xmi =
1

1− xm

∑
w∈Ap(S;m)

xw .
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Betti elements

For s ∈ S let φ−1(s) be the set of factorizations of s in S .

|φ−1(s)| = denumerant of s ∈ S .

∇s = the graph with vertices in φ−1(s) and edges that join factorizations
having minimal generators in common.

s ∈ S is a Betti element if ∇s is not connected.

The cardinality of any minimal presentation equals
∑

s∈Betti(S)(nc(∇s)−1).
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Gluings and Complete intersections

If S1, S2 are numerical semigroups and a1 ∈ S2, a2 ∈ S1 are coprime integers
that are not minimal generators, then S = a1S1 + a2S2 is a numerical
semigroup, called the gluing of S1 and S2. We write S = a1S1 +a1a2 a2S2.

Delorme (1976): A complete intersection equals either N or the gluing of
two complete intersections.

Assi et al. (2015): If S = a1S1 +a1a2 a2S2, then

Betti(S) = {a1a2} ∪ {a1b1 : b1 ∈ Betti(S1)} ∪ {a2b2 : b2 ∈ Betti(S2)},

HS(x) = (1− xa1a2)HS1(x
a1)HS2(x

a2),

and

PS(x) =
(1− x)(1− xa1a2)

(1− xa1)(1− xa2)
PS1(x

a1)PS2(x
a2).
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Gluings and Complete intersections

If S = ⟨n1, . . . , ne⟩ is a complete intersection and

S = n1N+b1 n2N+ · · ·+be−1 neN,

then

HS(x) =

∏e−1
i=1 (1− xbi )∏e
i=1(1− xni )

.

S is a complete intersection ⇔ HS satisfies

HS(x) =

∏
b∈Betti(S)(1− xb)nc(∇b)−1∏e

i=1(1− xni )
.
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Depths and heights

Definition 3

A cyclotomic numerical semigroup S has depth d and height h if

PS(x) | (xd − 1)h,

where both d and h are minimal; that is,

PS(x) ∤ (xn − 1)h−1 for any n, PS(x) ∤ (xd1 − 1)h for any d1 < d .
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Depths and heights

Remark: If PS =
n∏

i=1

Φhi
di
, then d = lcm(d1, . . . , dn) and h = max{h1, . . . , hn}.

Example 4 (Binomial semigroups)

Bn(p, q) = ⟨pn, pn−1q, . . . , pqn−1, qn⟩, PBn =
n+1∏
ℓ=2

∏
i+j=ℓ
1≤i ,j≤ℓ

Φpiqj .

Depth d = pn+1qn+1, height h = 1.
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Depths and heights

Problem 1

Classify all cyclotomic numerical semigroups of a given depth and height.

Theorem 4 (C.–Garćıa-Sánchez–Moree, 2016)

If S is cyclotomic of depth d = pqr and height h = 1, then S = ⟨pq, r⟩.

Theorem 5 (C.–Garćıa-Sánchez–Moree, 2016)

If S is cyclotomic of depth d = pnq and height h = 1, then S = ⟨pn, q⟩.
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Cyclotomic exponent sequences

Moree (2004):

Let f (x) = 1 + a1x + · · ·+ adx
d ∈ Z[x ] have roots α1, . . . , αd .

If sf (k) = α−k
1 + · · ·+ α−k

d ∈ Z, then

sf (k) + a1sf (k − 1) + · · ·+ ak−1sf (1) + kak = 0,

with am = 0 for m > d .

Defining

ef (k) =
1

k

∑
j |k

sf (j)µ

(
k

j

)
∈ Z,

we have

f (x) =
∞∏
k=1

(1− xk)ef (k).
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Cyclotomic exponent sequences

There exist unique integers ej such that

PS(x) =
∞∏
j=1

(1− x j)ej .

e = {ej}j≥1 is the cyclotomic exponent sequence of S .

Definition 4

A numerical semigroup S is cyclotomic if e = {ej}j≥1 has finite support.
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Cyclotomic exponent sequences

Problem 2

Relate the properties of S to its cyclotomic exponent sequence.

Theorem 6 (C.–Garćıa-Sánchez–Herrera-Poyatos–Moree, 2021)

If S ̸= N is a numerical semigroup, then

a) e1 = 1;

b) ej = 0 for every j ≥ 2 not in S ;

c) ej = −1 for every minimal generator j of S ;

d) ej = 0 for every j ∈ S that has only one factorization and is not a
minimal generator.
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The conjecture revisited

Recall that if S = ⟨n1, . . . , ne⟩ is a complete intersection, then

PS(x) = (1− x)HS(x) =
(1− x)

∏
b∈Betti(S)(1− xb)nc(∇b)−1∏e

i=1(1− xni )
.

Theorem 7 (C.–Garćıa-Sánchez–Moree, 2016)

Every complete intersection numerical semigroup is cyclotomic.

If e ≤ 3, every symmetric numerical semigroup is a complete intersection.

Theorem 8 (C.–Garćıa-Sánchez–Moree, 2016)

If e ≤ 3, we have: complete intersection ⇔ cyclotomic ⇔ symmetric.

In general: {complete intersection} ⊆ {cyclotomic} ⊊ {symmetric}
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Some progress

length ℓ(S) = # irreducible factors of PS (with multiplicity)

Theorem 9 ([5])

Conjecture 1 is true if ℓ(S) ≤ 2.

If ℓ(S) = 1, then S = ⟨p, q⟩ and PS = Φpq.

If ℓ(S) = 2, then

a) S = ⟨p, q2⟩ and PS = ΦpqΦpq2 .

b) S = ⟨p, q2, qr⟩ with p ∈ ⟨q, r⟩ and PS = ΦpqΦq2r .
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Some progress

Theorem 10 (C.–Garćıa-Sánchez–Herrera-Poyatos–Moree, 2021)

For a, b ∈ S , write a ≤S b if b − a ∈ S . If the Hasse diagram of the set

E(S) = {d ≥ 2 : ed ̸= 0, d is not a minimal generator of S}

with respect to ≤S is a forest, then S is cyclotomic. If, in addition, the
Hasse diagram of Betti(S) is also a forest, then Conjecture 1 is true for S .

Remark: Computations suggest that such forests arise very frequently; for
instance, there are 197 complete intersection numerical semigroups S with
F (S) = 101, and for 170 of them the Hasse diagram of Betti(S) is a forest.
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Further questions

Conjecture 2

Let S be a cyclotomic numerical semigroup and let e be its cyclotomic
exponent sequence. Then n ∈ N is a minimal generator of S ⇔ en < 0.

Conjecture 3

Let S be a cyclotomic numerical semigroup and let e be its cyclotomic
exponent sequence. Then eb = nc(∇b)− 1 for all b ∈ Betti(S).

Conjecture 1 is true ⇔ Conjectures 2 and 3 are true.
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Thank you for your attention!
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