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1. Let (G,-) be a group. Show the following
(a) For a,b,c € G the relation a - b= a - ¢ implies b = c.
(b) For a,b € G we habe (a-b)"' =b"1-al.

2. a) Let Mat(2 x 2,R) be the set of 2 x 2 matrices with real entries.
Take as operation the multiplication of matrices. Show by exhibiting
a counter example that in this case A- B = A - C does not necessarily
imply B = C (even if A # 0).

b) Consider the subset of matrices A with det A # 0. Show that this
subset is a group. Hence for such matrices A-B = A-C implies B = C.

3. Let S3 be the group of bijective maps from {1,2,3} to {1,2,3}.
Give all elements of this group. Calculate the order of the elements
and find all subgroups of S3. Is this group abelian?

4. Let (G1,+1) and (Gao,-2) be two groups. Define for the Cartesian
product G x Gy the multiplication: aq,b; € Gy, as,bs € Go

(ab CL2) : (51752) = (@1 by, a - b2)~

Show that this defines a group structure.

5. Determine up to isomorphy all groups of order less or equal 5. Are
these groups abelian?

6. Let GG be a group and U, V subgroups of G.

a) Show that U NV is also a subgroup of G.

b) Assume that U and V are finite groups such that ged(#U, #V) =1
(ged = greatest common divisor). Show that then U NV = {e}, the
trivial group.

7. Let G; and G5 be cyclic groups, #G1 = ny, #Gs = neo.
a) Assume that ged(ng,ny) = 1. Show that G; x G5 is also a cyclic
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group and that its order is nj - ns.
b) Is the same also true if ged(ny, ng) # 1?7 (Look at Cy x Csy. Is this
a cyclic group? What are the orders of its elements?)

8. Let G be a cyclic group and H a subgroup of G. Show that H is
also a cyclic group.

9. (a) Let a = ana,_1 . ..ajag be the presentation of a natural number
a by a decimal expansion. Show (using residue calculus) that 3|a if and
only if 3|(3;, a:).

(b) Find a corresponding rule for the divisibility by 9, resp. by 11.

10. Let ¢(n) be Euler’s phi-function which is defined as the number
of elements in Z;, the group of units in the ring Z,. Show that for p
and ¢ prime, one has

op)=@—-1), ¢p-q=pEP-1(¢-1).

11. Let Fy3 be the finite field with 23 elements. For 5 = 5 mod
23 calculate its inverse element with respect to the multiplication by
using Euclid’s algorithm (e.g. via expressing the ged(n,m) as integer
combination of n and m).

12. Calculate the inverse elements of the following elements, if they
exist.
5mod3, 5mod9, 5modll,

27 mod 11, 27 mod 64, 27 mod 81, 27 mod 101.

13.

a) As it is known from the lecture, F% is a cyclic group. Determine all
generators.

b) An element a of a field K is called a square if there exists b in K
such that b = a. Determine all squares in F%.
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