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AssTrACT. In this article, we develop a martingale approach to localized Bismut-type Hessian formulas for heat
semigroups on Riemannian manifolds. Our approach extends the Hessian formulas established by Stroock (1996)
and removes in particular the compact manifold restriction. To demonstrate the potential of these formulas, we give
as application explicit quantitative local estimates for the Hessian of the heat semigroup, as well as for harmonic
functions on regular domains in Riemannian manifolds.

1. INTRODUCTION

Let M be a complete Riemannian manifold of dimension n with Levi-Civita connection V. We consider the
operator L = %A where A := tr Vd is the Laplace-Beltrami operator on M and d the exterior differential (note
that we use a bold letter for the exterior differential to distinguish it from the It6 differential d appearing later).
Denote by X.(x) a Brownian motion on M starting at x € M with generator L and explosion time {(x). The
explosion time is the random time at which the process leaves all compact subsets of M. Furthermore, let B; be
the stochastic anti-development of X.(x) which is a Brownian motion on T, M, stopped at the lifetime {(x) of
X.(x), and denote by P, f the associated minimal heat semigroup, acting on bounded measurable functions f,
which is represented in probabilistic terms by the formula

(P.f)(x) = E[f(X,(x0) D<oy ]-

Recall that for any T > 0 fixed, (¢, x) — (P, f)(x) is smooth and bounded on (0, 7] x M with Pyf = f.
Let Q;: TxM — Tx,M be defined by

1
DO, =~ RichQ)dr, Qo =id,

where D = //,d //,’1 and //; = //os : T«M — Tx,M denotes parallel transport along X(x). The following
formula is taken from [16] and gives a typical probabilistic derivative formula for the semigroup P, f’ it extends
earlier formulas of Elworthy-Li [8]. Results in this direction are centered around Bismut’s integration by parts
formula [3]. To be precise, let D be a fixed regular domain in M and 7p be the first exit time of X.(x) from D
when started at x € D. A regular domain is by definition an open, relatively compact connected domain in M
with non-empty boundary. Then forv € T, M,

VP, f(x) =E[f (0.€€9)) PR j(; (Q(k(s)v), /] s dBy) |,
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2 BISMUT-STROOCK HESSIAN FORMULAS

where the function k € L"2(R™, [0, 1]) satisfies the property that £(0) = O and k(s) = 1 forall s > 7p A t.
An explicit choice of the random function & in the above Bismut formula can be used to derive sharp gradient
estimates in various situations, e.g. for heat semigroups, as well as for harmonic functions on regular domains
in Riemannian manifolds, see [17, 20] for explicit results. Recently, such formulas have also been applied to
quantitative estimates for the derivative of a C 2 function u in terms of local bounds on u and Au [6].

A similar approach has been used by Arnaudon, Driver and Thalmaier [1] to approach Cheng-Yau type
inequalities for the harmonic functions. Actually, the effect of curvature on the behavior of harmonic functions
on a Riemannian manifold M is a classical problem (see e.g. [21, 13]), see also [7] for characterizations of
gradient estimates in the context of metric measure spaces. In this paper, we aim to clarify in particular the
effect of curvature on the Hessian of harmonic functions on regular domains in Riemannian manifolds. To
this end, we establish a local version of a Bismut type formula for HessP, f which is consistent with Stroock’s
formula in [14] while here we follow a martingale approach and allow the manifold to be non-compact.

We start by giving some background on Bismut type formulas for second order derivatives of heat semi-
groups. A first such formula appeared in Elworthy and Li [8, 9] for a non-compact manifold, however under
strong curvature restrictions. An intrinsic formula for HessP,f was given by Stroock [14] for a compact
Riemannian manifold, while a localized intrinsic formula was obtained by Arnaudon, Planck and Thalmaier
[2] adopting a martingale approach. A localized version of the Hessian formula (still with doubly stochastic
damped parallel translations) for the Feynman-Kac semigroup was derived by Thompson [19]. The study of
the Hessian of a Feynman-Kac semigroup generated by a Schrédinger operator of the type A + V where V is a
potential, has been pushed forward by Li [11, 10]. Very recently, Bismut-type Hessian formulas have been used
for new applications, see for instance Cao-Cheng-Thalmaier [4] where L Calderén-Zygmund inequalities on
Riemannian manifolds have been established under natural geometric assumptions for indices p > 1.

The following formula is taken from [2] and gives a localized intrinsic Bismut type formula for the Hessian
of the heat semigroup. For v, w € T, M define an operator-valued process W; : T.M ® T+M — Tx,M as solution
to the covariant It6 equation

DW,(v, w) = R(//1dB;, Q:(0)) Qr(w) — %(d*R + VRic)(Q,(v), Qy(w)) dr - %RiC”(Wf(v, w)) dt

with initial condition Wy(v, w) = 0. Here R denotes the Riemann curvature tensor. It is easy to check that

! 1
Wi, w) = O fo o' (R(// rdBy, 0r(v))Qr(w) — S@R+ VRic)!(Q,(v), Q(w)) dr)~

The operator d*R is defined by d*R(v;)v; := —tr V.R(-, v)v, and satisfies
(d"R(v1)v2, v3) = (Vo Rich)(01), 02) = (Yo, Rich)(v3), v1)

forall vy, 05,03 € TxMand x € M. Letv,w € T\M with x € D, f € B,(M) and fix 0 < § < T. Suppose that D,
and D, are regular domains such that x € D; and D; ¢ D, C D. Let o and 7 be two stopping times satisfying
0 <o <7p, <7< 7p,. Assume k, ¢ are bounded adapted processes with paths in the Cameron-Martin space
L"2([0, T1; [0, 1]) such that

e k(0)=1andk(s)=0fors>c A S;

e f{(s)y=1fors<oASandf(s)=0fors>7AT.
Let Hess = Vd. Then for f € 8,(M), we have

TAT
(Hess Prf)(v,v) =—E" [f(XT) Lz <oy f(; (W(k(s)v, v), //sst>:|

T S
(L.1) FE| £ gy fs (O, ()0, //dBs) fo <Qs(k(s>v>,//sst>].

This formula has the advantage to be concise with only two terms on the right-hand side to characterize the
Hessian of semigroup; the martingale approach to this formula is direct and does not need advanced path
perturbation theory on Riemannian manifold. However, it depends on the choice of two random test functions k
and ¢. For local estimates the construction of two different random times 7 and o is required, which complicates
the calculation of the coefficients in the estimates, see [2].

Let us compare formula (1.1) with the Hessian formula from [14] where the manifold is supposed to be com-
pact. Stroock proved that in this case one deterministic function test function k € C'([0, T], [0, 1]) satisfying
k(0) = 1 and k(¢) = O is sufficient in a Bismut-type formula for the Hessian of the semigroup (see [15, Eq. (1.6)]
and formula (2.17) below). In what follows, we call it the Bismut-Stroock Hessian formula. Although its proof
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relies on perturbation theory of Brownian paths and more terms are involved in the formula, the fact that only
one test function k enters makes it attractive for applications to the short-time behavior of the heat kernel, see
[15]. Recently, Chen, Li and Wu [5] adopted a perturbation of the driving force B; with a second order term
for a new approach to this formula. The formula is derived with localized vector fields and extends to a general
(non-compact) complete Riemannian manifold by introducing a family of cut-off processes.

The described works motivate the following two questions:

(i) Can one extend the Stroock-Bismut Hessian formula [14] to a local Bismut-type formula for the Hes-
sian heat semigroup by a direct construction of suitable martingales, and achieve from it explicit local
estimates of HessP,f by a proper choice of k?

(ii) Can the localized Bismut-Stroock Hessian formula be transformed into a formula for the Hessian of
harmonic functions on regular domains in Riemannian manifolds from where quantitative estimates can
be derived?

In the sequel we answer both questions positively. Note that for the first question, it has been explained in
[5, Section 4] that it seems difficult to adopt the perturbation theory of M-valued Brownian motions in order
to replace the non-random vector field on path space by a random one; the time reversed field will not be
adapted anymore and the It0 integral no longer be well defined. This reason motivates our search for a different
stochastic approach to the problem in the form of a direct martingale argument. Actually, establishing localized
Bismut-Stroock Hessian formula of semigroup relies on the proper construction of martingales which turns out
to be the main difficulty for the first question. As an application of our formula, we can give explicit local
Hessian estimates for the heat semigroup: for any regular domain D ¢ M and x € D,

) t{ K2 2 _ 0 ”\j(n_l)Ka (n+3
(1.2) |HessP,f|(x)S}SI:(f) 3 K12+72+? exp t(K0+§+ + ( )) [1f1lp,

26, 462

where 6, = p(x,dD) is the Riemannian distance of x to the boundary of D and constants Ky, K; and K, are
defined as in (2.10)—(2.12) below. Compared with known estimates, e.g. [2], the constants in (1.2) are explicit
and concise. The estimate is not essentially more complicated, compared to the local gradient estimate [17].

The second problem is then to extract Hessian estimates for harmonic functions from the Bismut-Stroock
Hessian formula which requires a careful estimate of the terms involving W.(v, w) and Q.(v), along with a proper
choice of the process k. Let D C M be a regular domain. In Section 3, we obtain that for a bounded positive
harmonic function « on D,

. 02
[Hess u|(x) < 0<;,n<fl/2 { \/(1 + 21'{1(5;&0}) ((61 + I)Kf + ?Kg)
6,>0

7L f(n— DK 2 -1
0 T ror) )} N

1
V6| — + 3K,
T V25, TN T TS, 452

see also Theorem 3.5.

The paper is organized as follows. In Section 2 we construct several local martingales to achieve local
Hessian formulas for the heat semigroup which are consistent with Stroock’s construction [15] on compact
manifolds with a deterministic function k. In Section 3 we give explicit local Hessian estimates for harmonic
functions. For reader’s convenience, Section 3.1 provides the method to construct k£ which follows [17]. Finally,
in Section 4, we apply our method to estimate the second derivative of heat semigroups and heat kernels.

2. BISMUT-TYPE FORMULAS FOR THE HESSIAN OF P; f

We start by constructing our fundamental martingale which will be the basis for our approach. To this end,
forv,w e T M let

s l 8
Wi, w) = O f 0;'R(//,dB,, Q,(k(r)v)) 0, (w) — 1 f 0,1 (d"R + VRic) (Q,(k(r)v), O (w)) dr.
0 0
It is easy to see that W* solves the following equation:
DWF (v, w) = R(//, dBy, Q,(k(t)v)) Q,(w) — %(d*R + VRic) (Q:(k(t)v), Q,(w)) dr — %Ric%W,k(v, w)) dt,

and Wé‘(v, w) = 0.
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Theorem 2.1. Let x € M and D be a relatively compact open domain in M such that x € D. Let T be a stopping
time such that 0 < T < Tp where Tp denotes the first exit time of X(x) with starting point x € D. Fix T > 0
and suppose that k is a bounded, non-negative and adapted process with paths in the Cameron-Martin space
LY2([0, T1;R) such that k(s) = O for s > T AT, k(0) = 1. Then for f € B,(M) and v, w € T M,

(HessPr_, f)(Qu(k(t)), Qi(k(1)v)) + (dPr_, /)W (v, k(t)v))
= 2dPr_ f(Qi(k(1)v)) fo (Qs(k(s)v), // dBy)

- Pr_ f(X) fo (W, k(s)v), /] sdBs)

t 2 t
+Pr-tf(Xr)((f0(Qs(k(S)v), //sst>) —fo |Qs(/'c(s)v)|2ds]

is a local martingale on [0,7 A T).

Proof. First of all, by an approximation argument we may assume that f € C*(M) and is constant outside a
compact set so that [df]| and Af are bounded.
Let

N;(v,v) = HessPr_ f(Q:(v), Q:(v)) + (dPr_ [)(W;(v,0)).

Then N,(v, v) is a local martingale, see for instance the proof of [19, Lemma 2.7] with potential V = 0. Further-
more, define

Ny (v, v) = HessPr_, f(Qu(k(t)v), Q,(v)) + (dPr_, f)(Wf (v, 0)).
According to the definition of Wtk(v, v), resp. Wy(v,v), and in view of the fact that N,(v,v) is a local martingale,
it is easy to see that

2.1 Nf(w,v) - fo (HessPr— f)(Q;(k(s)v), Q,(v)) ds

is a local martingale as well. Replacing in N*(v, v) the second argument v by k(t)v, we further see that also
!
Ny (v, k(t)o) — f (HessPr_s /)(Qs(k(s)v), Qs(k(1)v)) ds
0
! !
- f HessPr_; f(Qs(k(s)v), Qs(k(s)v)) ds — f APr_ YW, k(s)v)) ds
0 0

22) . f f (HessPr, £XQ,(k(rw), 0, (k(s)) dr ds
0 0

is a local martingale. Note that N¥(v, k(t)v) = N¥(v, v) k(¢). Exchanging the order of integration in the last term
shows that

Ni (v, k()o) = fo (HessPr— f)(Q;(k(5)v), Qs(k(1)v)) ds
- j; HessPr—, f(Q,(k(5)v), Qs(k(s)v)) ds — fo (AP7_ )W (0, k(s)v)) ds
+ fo (HessPr—, f)(Q,(k(r)v), Q,((k(r) = k(r))v)) dr

(2.3) = Nf (v, k(t)v) - f (AP7_s YW (v, k(s)v) ds - 2 f HessPr_ f(Qs(k(s)v), Qs(k(s)v)) ds
0 0
is a local martingale. Moreover, by the formula
2.4) Pro ) = Prf(o + [ dPr_if(dB
0

and integration by parts,

(2.5) fo (APr—s )W, k(s)v)) ds — Pr_, f(X,) fo (W, k(s)v), // s dBy)
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is a local martingale. Similarly, from the formula
dPr_ f(Qi(k(1)v)) = dPr f(v) + fo t(HeSSPT—sf )/ sdBs, Qs(k(s)v)) + fo l dPr_ f(Qs(k(s)v)) ds
it follows that

j(; (HessPr— )(Qs(k(5)v), Qs(k(5)v)) ds — dPr— f(Q,(k(1)v)) fo (Qs(k(s)v), // dBy)

(2.6) + fo dPr_ f(Q,(k(s)v)) ds j; (Qs(k(s)v)// sdBy)

is also a local martingale. Concerning the last term in (2.6), we note that

fo dPr_ f(Qs(k(s)v)) ds fo (Qs(k(s)v), /] dBs) ~ fo dPr_s f(Qs(k(5)v) fo (Q,(k(r)v), /| dB,)ds

is a local martingale. Combining this with (2.6) we conclude that
fo (HessPr_ /)(Qy(k(s)v), Qs(k(s)v)) ds — dPr—, f(Q:(k(1)v)) fo (Q,(k(s)v), /] «dBy)

@7 . fo dPr_, (0, (k(s))) fo (. (k). /l,dB,) ds

is a local martingale. Using the local martingales (2.5) and (2.7) to replace the last two terms in (2.3), we
conclude that

(HessPr—, f)(Q:(k(t)v), Qu(k(t)v)) + (dPr_ f) (W (v, k(t)v))
- Pr_ f(X) fo (WE(v, k(s)v), // sdBy)

= 2dPr_ f(Qi(k(1)v)) j; (Qs(k(s)v), /] dBy)

(2.8) +2 fo dPr— f(Qs(k(5)v)) fo (O (kr), //,dB,) ds

is a local martingale as well. On the other hand, by the product rule for martingales, we have

t 2 t t s
2.9 ( fo <Qs(i<(s>v>,//sst>) - fo 10, ()P ds = 2 fo ( fo (0,(rv), //rdBr>)<Qs(ic(s>v>,//sst>

f 2 f
( fo <Qs<i<(s>v>,//sst>) - fo IQs(fc(S)v)I2dS]

-2 fo dPr_ f(Qs(k(5)v) fo (Qs(k(s)v), // dBy)ds

which along with (2.4) implies that

Pr- f(X;)

is a local martingale. Applying this observation to Eq. (2.8), we finally see that

(HessPr—, [)(Q:(k(t)v), Q:(k(t)v))
+ (dPr_ )W (v, k()v))

= 2dPr_ f(Qi(k(1)v)) fo (Qs(k(s)v), // sdBy)
— Pr_ f(Xp) fo (Wi, k(s)v), // dBy)

t 2 t
+Pth(Xt)[(j(:<Qx(i€(s)U), //sde>) —j(: |Qs(i<(s)v)|2ds)

is local martingale. This completes the proof. O
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In order to formulate explicit Hessian estimates we need to introduce some geometric bounds. Let D ¢ M
be a regular domain and 7p be the first exit time of X(x) from D. We consider the following constants:

(2.10) Ky := inf {Ric(u,v): y € D, v € TyM, |o| = 1};
(2.11) Ky :=sup{|R|(y): y € D};
(2.12) Ky = sup{|(d"R + VRic)* (v, 0)I(y): y € D, v,w € T,M, o] = |w| = 1}.

For x € M and v,w € T, M, we remark that
IR (0, )lus () < [RI(x) o] [0

where

IR (v, w)lys = J D Reeiv,w,e))

ij=1
and {¢;}!_, denotes an orthonormal base of T, M.

We shall need the following lemma.

Lemma 2.2. Keep the assumptions and the definition of k as in Theorem 2.1, and assume that k is bounded
by 1. IffOT lk(£)]>? dt € L' for some q € (1, +0c0], then

I/p 1/
T . Qp-1PK?» KX § T a
k 2 1 2 QK;+0)T l/p 2q
E[fo W, (v, k(H)v)| dt] s[ Y5 + g e'“%o T (E U; |k(1)] dz]) < o0

or 6 >0and 1/p + 1/q = 1. In particular, if K» = 0 and k € C([0,T1, [0, 1]) a deterministic function, then
p q p

T T
E [ f \WE (v, k(tv)l* dt} < KT KT f k() dt < co.
0 0

Proof. From the definition of the operator Q; and the constant K, we know that |Q,| < e Kos/Z,

1t6’s formula and the definition of K, K>, we have forv,w € T,D and s < 7 < 7p,
dIWS (0,0 = p (W@, oY [2(R(/dBy, Qs(k(5)0) Qs (0), Wy (0,0)) + IRH(Q,(K(5)v), Os(0))[fs s
— (@R + VRicH)(Q(k(s)0), Qs(v), WE(v,0)) ds = Ric(WE (v, v), WE(v,v)) ds]
+2p(p = D (W, )P IRM(Q,(k(5)v), Q,(v)Iis ds
< p (W@, )Py~ [2(R(//dB,. Q,(k()0)) Q,(0), WE(v.v)) +
+ Ky ™5 o? Wi, v)l ds = Ko IWE(v, ) ds]
+p2p — 1) K e 25 o* (Wi, 0))"~ ds
< 2p (IWh @, )P (R(/ sdBy, Oy (K()0)Q5(0), Wi(v, 1))
+pQ2p — D K} e (Wi v, o))~ l* ds
(2.13) + Kyp e 255 P (W, )P~ ds — Kop IW* (v, v)*? ds.

According to

Taking into account that for ¢ > 0,

ks i 5 Qp—1P ..
p(2p — DK e (W, v))y* " ol* < TPIW,k(U, ) + %e 2pko Kfp|v|4p;

- 1 _op I 2
2Kos | 2|k 2p-1 ke 2 2pKos 2P|, 4
Kope ™™ I (IWs (v, )™ < 7|Wt 0,07 + 25251 © PROT K0l

we thus have
d e®or=r W, )PP = 2p 0P~ [W(w, 0)P~D (R(// sdB,, Qs(k(5)0))Qs(0), WE(v,v))

_ 1P K2 2p

+ o~ Kop+op)s 2p - 1YK, + K *? ds

2671 262r-1 '
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Integrating this inequality from O to ¢ A T and taking expectation yields

—_ 1P K2 2p (AT
E[C(Kn—a)p(mr) WG, v)|2p] < ((2[? 1PK; . K ]E[f o~ (Kotops | 4p ds}.
0

2601 26701

If [v] = 1, we then arrive at

2p-1PK* K AT :
E e(Ko—(s)p(t/\T) |Wk T(v’ U)|2p < 1 + 2 E f e—(K()+b)pS dS ,
[ A ] 26p-1 252r-1 0

from where we conclude that

Qp-1PK?  K¥F § ‘
k 2p 1 2 (K +6)pt —(Ko+0)ps
E[|W,(u,u)|1]s[ = m -y foe ORI

Qp- 1KY K (e
(2.14) < + eort eKort f eKoPs gg.
26r-1 26201 0

Thus we have

T T
E[ f [WE (v, k(H)l* dt] = E[ f k(| Wk, v)]? d:]
0 0

T l/q T l/p
( f k(r)* dt) ( f [WE (v, 0)[P dt) ]
0 0
T 1/q T 1/p
(E [ f k(r)* dt]) (E [ f |WE (v, v)?P dzD
0 0

T 1/q (2 1 2p 2p 1/p
. p— 1)PK K
f o dt]) ( = 2522171] e
0
T ' l/p
X (f ekopt | eKops dsdt)
0 0

1/ 2 2 I/p
! (0% dr “(2p- 1)pK1p + sz QOT+2K5T 1 /p
0 226p—1 22§2p—1

E

IA

IA

<|E

<(e

which completes the proof of first inequality.
In particular, if k € C'([0, T]), then

T T

(2.15) E [ f [WE (v, k(t)v)? d;] = [ f k(@ E(W @, v)l?) dt} )
0 0

Moreover, from the calculation in (2.13) with K, = 0 we see that

dIW¥ @, v)* = 2(R(// By, Qs(k(5)0)) Qs(v), WE (v, 1))
+ K2 e K05 |yl ds — Ko|WE(v, 0)* ds

which implies
(2.16) E|Wi @, 0)* < K7 KT T,
Combining (2.15) and (2.16) we obtain

T T
E [ f Wk, k(tv)* dt} <k}e?KTT [ f k(1) dt}
0 0
which gives the additional claim. ]

By means of Theorem 2.1 and Lemma 2.2 we are now in position to formulate the localized Bismut-Stroock
Hessian formula as follows.
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Theorem 2.3. Let x € M and D be a relatively compact open domain such that x € D. Let T be a stopping
time such that 0 < T < tp. Suppose that k is a bounded, non-negative and adapted process with paths in the

Cameron-Martin space L'29([0, T1;R) such that k(t) = 0 fort > T A T, k(0) = 1 and OTM lk()]* dt € L' for

some constant q > 1. Then for f € B,(M) and v,w € T M, we have

TAT s
(HessPrf)(v,0) = — BY [f(xmwx)} fo <Qs fo O R/, dB,, 0, (k(r)0) 0, ()0, //sstﬂ

TAT s
i [f(xmm(m fo <Qs fo 07 (d'R + VRIOHQ, (k(rw), 0, ((s))) dr, //sstH

2 TAT
- fo 10, ()P dsﬂ .

Proof. For € > 0 small, let k°(7) be a bounded, non-negative and adapted process with path in the Cameron-
Martin space L'?([0, T]; R) such that k°(¢) = O for t > (T — &) A 7, k(0) = 1. We know that

(2.17) +E

TAT
FOXD i <cion (( fo (0s(k(s)0), //sst>)

T
|Ounel < € 2K0AD apg E[ f Wk (v,kg(t)v)|2dt]<oo.
0

By the boundedness of P, f on [0, T] X D and the boundedness of |[dP, f| and |HessP, f| on [g, T] X D since P.f
is smooth on (0, 7] x M, it follows first that the local martingale in Theorem 2.1 is a true martingale for the
chosen k°. By taking expectations, along with the strong Markov property, we get the formula

T AT
(HessPrf)(v,v) = — E* [f(XT)llmx)] fo (WE (v, K (s)v), //sst>]

2
+E*

TAT
- fo 10, ()0)P dsﬂ .

Finally, through approximating the given k by an appropriate sequence of k° as above and letting £ | 0, we
finish the proof. O

TAT
FOXD ey (( fo (0K ()0, //sst>)

Remark 2.4. (i) In view of Eq. (2.9), formula (2.17) also can be written as

T AT
(HessPr f)(v,v) = —E* [f(Xr)1:T<g<x)} fo (Wi (0, k(s)v), //sst>]

TAT S
2.18) 4 2B [f(XT)qu)} fo ( fo (0, P, //rdBr>)<Qs<i<<s>v>, //dBY|.

(i) Since (HessP7 f) is a symmetric form, it is straightforward from Theorem 2.3 that

1 TAT .

(HessPr f)(v,w) = - EEX [f(XT)“[Tq(x)}fO (W@, k(s)w), //sst>:|
1 TAT .

- EEX [f(XT)]I[Tq“(x)}L (WEw, k(s)v), //sst>}

TAT TAT
FE | PO Vet ( fo <Qs(ic<s)v>,//sst>)( fo <Qs(i<(s>w>,//sst>)}

T AT
(2.19) -E [f (X1) Vir<g) fo (Qs(k(s)), Qs(k(s)w)) dS]
forv,w € T,M and x € D.

Denoting by p,(x,y) the transition density of the diffusion with generator L, using Theorem 2.3, we obtain
the following Bismut-type Hessian formula for the logarithmic density.

Corollary 2.5. We keep the assumptions of Theorem 2.3. Then
(Hess, log pr(x,)) (v,0)

+E*

Xr=y

TAL() . TA 2
= —E* [ fo (W, k(s)v), // sdBs) ( fo (Qs(k(s)), //sst>) ’XT = y}
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fre - TN >
- E* [fo |0 (k(s)v)? ds'XT = y} - (]EX [fo (Q,(k(s)), /| dBs) | X7 = y]) _

Remark 2.6. Corollary 2.5 is well adapted to determine the short-time behavior of the Hessian of the heat
kernel on a non-compact manifold (see the procedure in [5, Section 5]).

3. HESSIAN ESTIMATES FOR HARMONIC FUNCTIONS

We now adjust Theorem 2.3 to the case of harmonic functions on regular domains. Recall that by a regular
domain we mean a connected relatively compact open subset of M with non-empty boundary. For D ¢ M a
regular domain and f € C2(D), let

[Hess f|(x) = sup {|Hessf)(v, w)|: o] < 1,|lw| <1, v,we T M}, x€D.
Since Hessf is symmetric, it is easy to see that
[Hessf1(x) = sup {|(Hessf)(v,v)|: |v| < 1, ve TyM}, x€ D.

Theorem 3.1. Let D C M be a regular domain, u € C*(D) be harmonic on D, further x € D and v,w € T M.
Then for any bounded adapted process k with sample paths in L'*4(R*; R) for some q > 1 such that

f k()P ds e L',
0

and the property that k(0) = 0 and k(s) = 1 for all s > tp, the following formula holds:
(Hess u) (v, v)

= -F* [u(XTD(x)) fTD(Wf(U, k(s)v), //sst>]
0

TD 2 TD
+E* [M(Xm(x)){(fo (Qs(k(s)v), //sst>) —fo |Qs(k(s)u)|2ds}]~

Proof. Let (P,Du)(x) := E[u(X;pr,(x))]. Since u is harmonic, we have P,D u = u for t > 0, and then analogously
to Theorem 2.3,

(Hess u) (v, v) = (Hess PPu) (v, v)

= — E" |u(Xinr, (X)) f TD<Wf(v,7€(S)v), //sst>]
L 0

2

£ B UKoy () ( fo (0s(k(s)), //sst>)

r IATD
—E* | u(Xine, () f 10, (k(s)0) ds] :

] 0
By letting ¢ tend to infinity, we obtain the claim. O

Remark 3.2. Taking Eq. (2.9) into account, the above formula can be rewritten as follows:

(Hess u)(v,v) = — E* [M(XTD(X)) f TD(W’E(U, k(s)), // sst>]
0

(3.1 + 2B [M(XTH(X)) fo ( fo (Q,(k(ryv), //rdBr>)<Qs(i{(S)U)’//sst> .

3.1. Construction of the random function k. We are now going to briefly sketch the method from [17, 18]
to construct the function k. We restrict ourselves to Brownian motion on D with lifetime 7p (exit time from D).
Let f be a continuous function defined on D which is strictly positive on D. For x € D, we consider the strictly
increasing process

(3.2) UK f (X (x)ds, t<Tp,
0

and let

3.3) () =inf{s > 0: T(s) > 1}.
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Obviously T'((¢)) = ¢ since Tp < oo, and 7(7'(f)) = t for t < 7. Note that since X is a diffusion with generator
%A, the time-changed diffusion X] := X, has generator L’ = % f?A. In particular, the lifetime T'(7p) of X’ is
infinite, see [17].

Fix r > 0 and let

ho(s) = f FAX ) ey dr, s> 0.
0

Then for s > 7(¢),

(1)
ho(s) = ho((1)) = ) FAX(x) dr = 1.

Next, let #; € C'([0,7],R) with &;(0) = 0 and h;(f) = 1. We consider k(s) = 1 — (4 o hg)(s). Then k is an
adapted bounded process with £(0) = 1 and k(s) = O for s > 7(¢).

Lemma 3.3. Suppose f € CX(D)with0 < f < 1on D, f(x) = 1 and flop = 0. For 6,6, > 0 and g > 1 set

(3.4 e1(f) = sup (262! + K5) 2 + G+ 67V - FAS);
(3.5) ex(f) 1= sup {K5 2+ 5IV A = FAf):
(3.6) es(f) i= sup (K5 f* + VST = FAS}s
3.7) &(f) = sup (g + DIVSP - fAf)
where K is defined as in (2.10). Then,
- 1 P m(n = DKy m+3+ 61’1)
— + + + =
al <55+ K 26, 452 -
ﬂ,'(l’l— l)Ka 7T2(I’l+5)
a(f) < KO + 25, + 4(5)26 = (o,
ﬂd(l’l— 1)Ka 7r2(n+3)
C3(f) < KO + 25, + 46}% =3,
i TNO=DKy 2gii2g41)
C(f) < + = Co
26, 462
where 8, := p(x,0D) denotes the Riemannian distance of x to the boundary 0D.
Proof. Take
. [mp(y,0D)
fy) = sm(%), y € B(x,6,).
This choice of f clearly satisfies the conditions and furthermore,
T
(3.8) V£l < 2%
By the Laplacian comparison theorem, we have
g n’n
“Af < — -DK; + —
S < a5 N DR+ 55
which together with (3.8) gives the claimed estimates on ¢,(f), c1(f), c2(f) and c3(f). O

The following lemma is taken from [6, Lemma 2.2] or [17] with a trivial modification.

Lemma 3.4. Suppose f € C2(D) with f>0and f <1onD, f(x) =1, flap = 0 and set &,(f) as in (3.7) for
q > 1. Then there exists a bounded adapted process k with paths in the Cameron-Martin space L'*([0,];R)
for some g € [1, 00) such that k(0) = 1, k(s) = 0 for s > t A tp and

8 [f ’ lk(s)** ds () ecd!
0

<1 <

= b}

1 —_ e_Eq(f)t t
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where ¢, is defined in Lemma 3.3.

3.2. Estimate for the Hessian of a harmonic function. In this subsection we focus on explicit Hessian
estimates for harmonic functions defined on regular domains in Riemannian manifolds.

Theorem 3.5. Let D C M be a regular domain. For x € D, let 6, = p(x,dD) be the Riemannian distance of x
to the boundary of D. For a bounded positive harmonic function u on D, one has

) 02
[Hessul(x) < inf { \/(1 + 21k 40) ((51 + DK? + —Kg)

2

6,>0
20 Vel L L a TN -DKy 2434670 _
(3.9) + 2, 3K+ 2. + 152 llullp 2e(x);

. 02
[Hess u|(x) < 61111>1; { \/(l + ZI‘K(#O,) ((61 + l)K12 + ?Kg)
5,>0

=DK1 34670 )} l
+ uflp,

1
3.10 +|— + 6K, +
.10) (52 0 Sy 262

where Ky, K| and K, are defined as in (2.10)—(2.12).

Proof of Theorem 3.5 (Part I). We fix x € D and denote by B = B(x, ¢,) the open ball about x of radius 9,.
Then Theorem 3.1 applies with B now playing the role of D. First, by formula (3.1) and the Cauchy inequality,
we get

|(Hess u).(v,0)| = lim |(Hess PPu).(v, )|

< B [u(xm(x)) f TD<W§(v, k(s)v), //sst>}
0

+2

E* [u(xm<x>> fo ’ ( fo (0,(rv), //rdBr>)<Qs<i<(s>v>,//;dB»]

(1)
< llullp u(x) \/tlim Ex [f [WE(v, v)|2k(s5)? ds]

T(t)

(3.11) + 2 \|lullp u(x) \/hmE‘

where the stopping time 7(¢) is defined by (3.3). For the first term I, according to the relation between 7()
and f, we can estimate as

(1) (1)
E* [ f [WE(, v)|*(s)? ds} < F* [ f [WE (v, 0)Pk(s)? ds]
0 0

T(1)
<E* [f IWE (@, 0) PRy (ho(5))* f4(X,) ds]
0

f(Q (k(r)o), //, dBr>) IQs(k(s)v)Ist] =1+11,

= E* [ f WX (@, v)|2h1(s>2f‘4<xf<s>)dr(s)]

(3.12) f i (PEIWE (0, ) f2(Xogy)] ds.

For the second term II, we find

7(1)
E* [ f ( f (0, ), //,dBr>) IQs(k(S)v)lzdS}

t 7(s) 2
<EF [ f I (922X €K ( f (0, (ko). //rdBr>) ds}.
0 0
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Substituting these estimates back into (3.11) yields

|(Hess u),(v,0)] < Vilullp u(x) \/grg fo I () BA[IWE | (0, 0) 2 f 2 (Xeo))] ds

f () 2
(3.13) + 2 +llullp u(X)Jlim f hi(s)? B [f‘z(Xm))e"‘“T(” ( f (Qr(k(r)v), //rdBr>) } ds.
= Jo 0

Let

D(s) := Eh[l T(s)(v v)| f (XT(S))]
2

7(s)
Dy (s) := E* [fz(xﬂs)) e Kot ( fo (Q,(k(r)v), //rdB»)

1td’s formula gives
d (2 Xeo)IWE (0, 0))
= =22 (Xe()IWh ) (0, )PV f (Xe(o)s /] (5) dBs)
+ GIVSP = FANF 2 Xe(s)IWE (0, 0) ds
+ [ X)) dIWi ) (0, 0)
+ 217 Xe(9) RV S, Qi) (K(T(5))0)) Qi) (1), Wiy (0, 0)) .
According to the definition of W¥, we thus obtain
d(f 2 Xeo)IWE 0. 0)P)
= =21 (Xeo)| Wi o) 0 )PV f Xe(o): [/ (5)dBs)
+ 2 (X)) (R(J] (5 dBss Qs (k(T(5))0)) Q) (1), T(Y)(U v))
+ GBIV = AN Xeo)f 7 Keo) Wy 0, 0) ds
+ 21 Xe( RV £, Qe (k(T())0)) Q) (v), Wi (0, 0)) s
+ IRH(Qr( (K(T(5))0), Qe o0l s
—(@R+ VRlC”)(QT(s)(k(T(S))U) Q-5 (), W, (Y)(v v))ds
- RIC(W (S)(v v), W (S)(U v))ds.
Since all geometric quantities are bounded on D and |Q(,)| < exp ( — %Kor(s)), we have
d (2 Xe)IWE (0, 0)P)
< GIVAP = FAN)Xei)f 2 Xeo)IWE @, 0) ds
+ 2|R|(X(y)) €07 [ T(V)(U v)| |Vf|(XT(A))f 'Xo(s) ds + IR (Xos) e 2K079) s
—Kot(s) |y T(s)(v v)lds — Ko|Wr (v, V) ds.
For any 6; > 0 and &, > 0, it thus follows that
d(f 2 Xe)IWE @, 0)1P)
< (3IVIP = FAf) Xeo)f~ Z(XT@)» WE @0 ds

+ (6 + DK} e 207 ds + —|W @O VP X)) f > X)) ds

+K>e

‘r(s

6 2 —ZKT(V) 1 k 2
2K o ds + E—Ko IW(V)(U v)|“ds

(2%32_[(0)]( +(3+ )'Vﬂz fAf]f (X)W, (Y)(v V) ds

5
+ (((51 + DK + 521(3)52’%7@ ds
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- 6 - T(s
< c1(N)f 7 Keo) Wiy (0, 0) ds + ((61 + K7 + §K§)e 2hor) gs,

where

a(f) = Sgp{(z—;z +Ko)f2 +(3+ é)lVflz—(fAf)}-

This implies
d(e D F2 (X IWE 0, 0))
m )
< ((51 + DK + §K§)e—fl<f>s e 2K g
) _
< (61 + DK? + ZK3) ki gy,
By integrating from O to s and taking expectations, we then arrive at
1) RN
. 108) = B | 7 (Xp(s v, V)7 < (07 + + = € et r.
G4 i) = B [F KWy 0.0 < (@1 + DK + T K3 Jea D [ eCRimatrg
0

On the other hand, concerning ®@,, we first observe
2 K ) i :
d| [ Xy e T ( f (Qu(k(uyv), //MdBu>)
0

s 2
=d[f*2(xf(s>>e*’<°f<” ( fo hmu)f1<Xf<u>><QT<u)<u),//T<,,>dBu>) ]
2 e 57 oy ()2 (X)) ( Qi) (V), Qi) (V) s

s 2
— Ko e Ko ( fo h(w)f _I(X‘r(u)xQ‘r(u)(v)’//T(u)dBu>) ds

—4e757 £3(X ) fo Iy () £ (X)) { Q)5 /2 dBu) i (SKV f (X)) Qi) (0))l's

s 2
+ GBIV = FAS) X)) f 2 (X)) €K™ ( fo By () £~ Xru) ) Qe (1), //T(wdm) ds

< e 2T oy (5)2 7 (X)) ds

s 2
- KO eiKOT(S) (Af()‘ hl(u)f71 (Xr(u))<Q‘r(u)(U)a //T(u)dBu>) ds

. 2
+ 21 X () IV [P (X)) €507 ( fo I ) f ™! (X)) Q) // T(u)dB,)) ds
+ 2 e 2Kot) hl(s)zf_4(XT(S))ds
! 2
n (3|Vf|2 _ fAf)(XT(S))fiz(Xr(s)) e Kot (fo hy (”)fil(X‘r(u)XQr(u)(U)’ //T(u)dBU>) ds
and conclude
! 2
d (fz(X-r(s)) e Kot (j()‘ hl (“)fil(X‘r(u)XQT(u)(v)’ //T(u)dB“>) )
< 372K iy ()2 FH (X)) dis
. 2
+ (=Ko f* + SIVFP = FAF) Xe)f > (X)) ( fo I 0f™ Kew)(ran©): B “>) ds
< 37T oy ()2 (X)) ds

s 2
+ () f H(Xsy) €507 ( fo i) ! (X e ) Qi V), //T(deu)) ds,
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where c,(f) is defined in (3.5). Integrating the above inequality from O to s then yields

EX

s 2
fﬁz(XT(s)) eiKOT(S) (j()‘ hl(u)f71 (XT(M))<QT(M)(U)’ //T(u)dBu>)

S
(315) < 3 ec‘z(f)s f e—cz(f)u hl(u)zEx [e—ZK(JT(u) f_4(XT(u))] dl/t
0
Hence it remains to estimate the term E* [e’zKoT(“) f ’4(XT(M))]. By Itd’s formula, we have
d (e—zKoT(u) f_4(XT(u)))
= —2Ko e (X)) du + (<2 Af + 101V fP)(Xewy) € 2507 f74(Xq) du
< 262(f) e X y) du
which implies
B* [e—ZKnT(u) f_4(XT(u))] < f_4(x) ee2(Nu

Substituting this estimate into (3.15) leads to

(DQ(S) =E*

X 2
2 (X)) e Ko ( jo‘ Iy () 1 X o) Q) (0), /] T(u)dBu>)

S
< 3fH(x) e f Iy (u)? e e gy
0

<3f*(x)es f Ty (u)? e du.
0

By means of this inequality we can estimate the second integral on the right-hand side of (3.13) to obtain
t s 2
f hl(s>2E"[f‘2(XT(s)> e for ( f I ) f 7 (Ko ) et ), //T(u>d3u>) ] ds
0 0
! N
<3 %) f Iy (5)? s f hy(u)? e duds
0 0

3 ' NS
=4 ( f hy(s)? e2Ds ds) .
2 0

Combining this estimate and inequality (3.14) with inequality (3.13) yields
|(Hess u) (v, v)|

5 3 s
< Vil 10 \/((61+1)K12+?2K§) lim f iy (s)2 ec1 s f K=" g dis
—00 0

0

! S
+ 27720 Vllullp u(x) \/3 tlim f hy(5)2 ec2(Ns f Ay (u)? e2Du duds

) ' s
< Vllullp u(x) \/((61 +1)K12+32K§) lim f Iy (s)2 ecrNs f K= gr ds
—00 0 0
!
+ V657200 Viullp u(x) }im(f oy ()% €28 ds).
—00 0

It now suffices to choose a suitable function /#;. By Lemma 3.3, we have

X} ~ S B - S e(c1+2K5)s
ecl(f)sf e(ZKO —ci1(fr dr < eclsf e(ZKO —c)r dr < e(c1+2ko )sf e~ dr < )
0 0 0 C1

We define

j(;s e—(chKg)r dr

h =
I(S) j(;t e‘(“l*'z’(ﬂ)’ d}"
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If6; < 1, thenitis easy to see that co(f) < c; < cjand ¢ > K,

2’
1)
\(Hess u)x(v, )| < llullp u(x) \/((51 + K2 + 521(;)
+ £ Vellullp uCx(er +2K;)
< lullp u() \/a #2000 (01 + DE? + 2K3)

. /(n— 1K ) 1
+ Ollullp u(x) (262)_1+3K5+ ‘/70 n(n+3+067)

+
26, 462

c1 + 2K6

€1

for0 < ¢0; < % and 6, > 0. We complete the proof of inequality (3.9) by taking the infimum with respect to J;
and 6. ]

Proof of Theorem 3.5 (Part II). Theorem 3.1 allows to control [Hess u(v, v)| directly in terms of ||u||p as follows:

|(Hess u)+(v,0)] = lim |(Hess PPu)(v,0)]

7(0)
< IIMIID\/ * [tlimf IW{ (v, 0 k(s)? dS]
—00 0

T(t)
2o im [ 10,k as
- Jo

(1)
< luellp \/Ex [tlim f WS (v, 0)l? k(s)? dS}
— Jo

(1)
(3.16) + 2|lullp B [}im f e Ko k() ds
—00 0

=I+1IL

For the second term II we observe

(1) ¢
E* [ f e—KOSk(sfds]: f Iy () B [ e80T 172X dis:
0

0
the first term has been dealt with in (3.12) above. We conclude from (3.16) that

|(Hess u).(v, v)| < llullp \/grg fo I () B [IWE (0, 0)P f2(Xe(s)] ds

!
# 2l lim [ (s e 2000 ds
= Jo
Recall that by Lemma 3.3,
es(f) = sup (K f* + 31V = (FAD)

w0 DEs ey

<K+
=00 26, 462

Thus
E'f 7 Xes) e 0™ < [0 e < e,

and hence

1) ’, § _
|(HCSS u),(v, l))| < \/((5] + I)Klz + Eng) (f hl(S)z ecle e(Ky—cnr drds)||u||D
0 0

(3.17) +2(f hi(s)* e dS)IIMIID-
0
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Define
j(‘)s e—(cﬁZKg)r dr
hi(s) = < ————,
Jy e r2kor ar
so that
. e—(61+2K6)S
hi(s) =

fot e—(C1+2Kr g7,

The estimate
e(cl +2Ka)s

S S
eCls f eC@K—eDr g < e(c1+21<5)sf e 7 dr <
0 0 C1
is immediate. Since c3(f) < ¢3 < ¢y, we have
t e—2(01+2K5)S ec3s t e—(cl+2Ka)x
- 5 ds < - 5 ds

0 —(c1+2Ky)r 0 —(c1+2K;)r

( fo e 0 dr) ( fo e 0 dr)

1 c+ 2K6

- fot e~ 2K g 1 — e~ (@ 2K

Using these estimates to bound (3.17) from above and letting ¢ tend to oo, we deduce

) c1 +2K; B
|(Hess u),(v, )] < ((5l + K2 + _21(;) ——2 ) llullp + 2 (1 + 2K ) llullp
2 C1

o
< \/<1 + 210 (01 + DK} + 2Kl

T =DKy 2434670

+
26, 462

+2[(262)7" + 3K, + lludllp

for 61 > 0 and 8, > 0. This completes the proof of inequality (3.10). O

4. ESTIMATE OF THE HESSIAN OF THE SEMIGROUP

We are now going to apply our results to give explicit local Hessian estimates for the heat semigroup on a
Riemannian manifold.

Remark 4.1. Local Hessian estimates for the semigroup have been derived in [12, Section 4.2] by using the
Hessian formula in [2]. We can improve these results significantly by clarifying the coefficients.

Theorem 4.2. Let x € M and D be a relatively compact open domain such that x € D. Then for f € B,(M),

ST K2 2 m\ = DKy 20, 4 3)
[HessPr f1(x) < inf 3| > K? + ?2 + 7]exp T|Ky+ 5+ %5, + 1 £l
Proof. By Theorem 2.3 and Cauchy’s inequality, we have
T . I/z T .
|(HessPr /(0. 0)] < IIfllp (E [ f W0, k(s ds ) + 20l (E f 10,k ds)
0 0
) , (T) ,
4.1) <Ifllp 4|E* [f IWi (v, 0) k(5)? ds| + 2||fllp E* [f 1Q,I* k(s)*ds| =T+1L
0 0

Using a similar argument as in the proof of Theorem 3.5 (Part II) and Lemma 2.2, we obtain

|(HessPrf)(v, v)|

1/2p) 1/2g)
2p-PK K iy T g
< “f”D[( b ) L + 2 e(Ko"'%b)T Tl/P [Exf |k(l)|2th]
0

26pr-1 262p-1
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T
+ 20 lp B [ f &Kot k()2 ds]
0

2p 2p \1/2P) )
(Zp - DPK; K, (K3 +46+ )T 3/2p)-172
g1 T g1 ¢ r

< “f”D[

+lfllp e 2

Qp-1PK? K
2251}—1 + 2262])—1

1/2p) . 5
) e(K(?*%f”%‘)T TP 4 |f||p eKate)T =

< Ifllp [
for any 6 > 0. We complete the proof by substituting ¢; defined in Lemma 2.2 into the above inequality and

letting p — 1. O

For global results (i.e. the case D = M), if M is compact, Theorem 2.3 holds with 7 = co and the Cameron-
Martin valued process k can be chosen deterministic and linear, which leads immediately to straightforward
estimates. If the manifold is non-compact, Ric > Ky, ||R|l := sup,c, IR|(x) < oo and

Ky = sup{|(d"R + VRic)* (v, v)|: v,w € T,M, x € M, Jo| = 1, [u] = 1} < o0,

then Theorem 4.2 still holds when replacing D by M and letting §, — oo. In the following, we use a different
argument by choosing k € C'([0, T]) such that k(0) = 0 and k(T') = 1 and estimating E*|W*(v, v)|*.

Corollary 4.3. Let M be a non-compact manifold. Assume Ric > Ky and K| := ||R|| < oo,
Ky = sup {|@"R + VRic)k (v, 0)|: v,w € T, M, Jol = 1, [u] = 1} < co.

Then,
K K2\ 1

) <=L +=2 = p g .
“4.2) [HessPr f| < [[ 5 + 26) + T]exp((Ko + 26) T)IIfII
for & > 0. Moreover, if the manifold M is Ricci parallel, i.e. VRic = 0, then
(43) [HessPr /] < (K‘z 2) 57 1f]

. essPrfl<|— + = |e™o co-

V2 T

Proof. From (4.1), we know that for k € C'([0, T]) such that k(0) = 0 and k&(T) = 1,

T 172 T
|(HessPr )0, v)| < lIflo ( f EX WS (v, 0l k(s)® ds) + 2| flleo B* [ f 10,1 k(s)* ds] :
0 0
If we choose k(s) = (T — s)/T, then it follows from (2.14) that

K K\ 2 T
(HessPr f)x(v,0)| < (— + —) eS| flle + 75 B [f 10, dS] 11l
| ’ | 2 26 T2 0

1/2
AL B, 2) ol + Lo) )i
2 " 25 T 072

If the manifold is Ricci parallel, then d*R + VRic = 0 and ¢ is not needed in the estimate of E*|W,(v, V)%, see
inequality (2.13). Thus, in this case, estimate (4.2) reduces to (4.3). m]
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