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Abstract. Let M be a complete connected Riemannian manifold with
boundary ∂M , and let Pt be the Neumann semigroup generated by 1

2
L

where L = ∆+Z for a C1-vector field Z on M . We establish Bismut type
formulae for LPtf and HessPtf and present estimates of these quantities
under suitable curvature conditions. When Pt is symmetric in L2(µ) for
some probability measure µ, a new type of log-Sobolev inequality is
established which links the relative entropy H, the Stein discrepancy S,
and relative Fisher information I, generalizing the corresponding result
of [9] in the case without boundary.

1. Introduction

Consider a d-dimensional complete Riemannian manifold M , possibly
with non-empty boundary ∂M , and let Xt be the reflecting diffusion process
on M generated by 1

2L where L = ∆ + Z; here ∆ is the Laplace-Beltrami
operator and Z a smooth vector field on M . According to [12, 13, 27], the
reflecting diffusion process Xx

t starting at x can be constructed as solution
to the following SDE on M with reflection:

(1.1) dXx
t = //t ◦ dBt +

1

2
Z(Xx

t ) dt+
1

2
N(Xx

t ) dlxt , Xx
0 = x,

where Bt is a standard Brownian motion on the tangent space TxM ≡
Rd, //t : TxM → TXx

t
M the stochastic parallel transport along Xx

t , N the
inward normal unit vector field on ∂M , and lxt the local time of Xx

t on ∂M .
Throughout this paper, we assume that SDE (1.1) is non-explosive. Then
the Neumann semigroup Pt generated by 1

2L is given by

Ptf(x) = E [f(Xx
t )] , t ≥ 0, x ∈M, f ∈ Bb(M)

where Bb(M) denotes the set of bounded measurable functions on M .
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To study the regularity of diffusion semigroups using tools from stochastic
analysis, Bismut [4] introduced his famous probabilistic formula for the gra-
dient of heat semigroups on Riemannian manifolds without boundary. This
type of formulae has been studied in [10, 11, 21] using martingale arguments,
and been extended to second order derivatives in [1, 11, 15, 16, 18, 19, 21, 24].

In the case the boundary of M is non-empty, Bismut type formulae have
been derived in [27, 8] for the gradient of the Neumann semigroup Pt, see
also [17, 12, 29] for gradient estimates. In this paper, we aim at estab-
lishing Bismut type formulae for second order derivatives of the Neumann
semigroup, along with some geometric applications.

Let RicZ := Ric−∇Z where Ric is the Ricci curvature tensor, and let II
be the second fundamental form of the boundary:

II(X,Y ) = −〈∇XN,Y 〉 , X, Y ∈ Tx∂M, x ∈ ∂M.

A derivative formula for Ptf is given in [12, 27] by constructing an appro-
priate multiplicative functional. Throughout the paper, we assume that the
reflecting diffusion process generated by L is non-explosive, and that there
exist functions K ∈ C(M) and σ ∈ C(∂M) such that

(1.2) RicZ := Ric−∇Z ≥ K, II ≥ σ,

i.e. RicZ(X,X) ≥ K(x)|X|2 for x ∈ M, X ∈ TxM , and II(X,X) ≥
σ(x)|X|2 for x ∈ ∂M, X ∈ Tx∂M. Under the assumption that

(A) the functions K and σ in (1.2) are constant, E[eσ
−lt ] <∞ for any

t ≥ 0,

a Bismut type formula for ∇Ptf has been established in [27] for f ∈ Bb(M)
such that ∇P.f is bounded on [0, t]×M . More precisely, there exists a family
of random homomorphisms Qt : TxM → TXx

t
M with the property that

|Qt| ≤ e−Kt/2−σlt/2 and 〈N(Xx
t ), Qt(v)〉1{Xx

t ∈∂M} = 0, v ∈ TxM,

such that for f ∈ C1
b (M) satisfying the boundedness condition of ∇P.f on

[0, t]×M , one has

∇Ptf(v) = E [〈∇f(Xx
t ), Qt(v)〉] , v ∈ TxM,(1.3)

and

∇Ptf(v) = E
[
f(Xx

t )

∫ t

0
〈h′(s)Qs(v), //sdBs〉

]
, v ∈ TxM(1.4)

for any choice of a non-negative h ∈ C1
b ([0, t]) such that h(0) = 0, h(t) = 1.

When RicZ and II are bounded from below, the second part of condition (A)
holds if the following condition (B) holds, see [27, Section 3.2]. Moreover, it
also implies that |∇P.f | is bounded on [0, t]×M for f ∈ Bb(M), see Remark
2.5 in the next section for explanation.



SECOND ORDER BISMUT FORMULAE FOR NEUMANN SEMIGROUPS 3

(B) The boundary ∂M is convex or there exists a non-negative constant
θ such that II ≤ θ and a positive constant r0 such that on ∂r0D :=
{x ∈ D : ρ∂D(x) ≤ r0} the distance function ρ∂D to the boundary ∂D
is smooth, the sectional curvature of M being bounded above and |Z|
bounded.

Therefore, the first part of condition (A) and the condition (B) imply the
Bismut type formula (1.4) for any f ∈ Bb(M).

The aim of this paper is to extend (1.3) and (1.4) to second order deriva-
tives and to establish Bismut type formulae for LPtf and HessPtf := ∇dPtf ,
along with some applications. When compared to the case without bound-
ary as in [1], the present study faces an essential new difficulty. Indeed,
by formal calculations, the Bismut formula for second derivatives of Ptf
includes a stochastic integral of Q−1t , the inverse of the above mentioned
multiplicative functional Qt. However, in the present setting Qt is singular
near the boundary so that existence of the desired stochastic integral pos-
es a problem. To avoid the discussion concerning well-definedness of Q−1t ,

we introduce a sequence of martingales M
(h,n)
t in the following section and

using the limit of these martingales in Lp sense, we derive a Bismut type
formula for LPtf in terms of the multiplicative functional Qt, which pro-
vides as consequence an upper estimate depending on the lower bounds of
RicZ and II, more precisely, condition (A) and ‖Z‖∞ <∞. Let x ∈M and
T > 0. For f ∈ Bb(M) such that |∇P.f | is bounded on [0, T ]×M ,

|L(PT f)|(x) ≤ 2‖f‖∞

(√
3‖Z‖∞
3
√
T

+
(3 +

√
10)
(
Ex[eσ

−lT ]
)1/2

eK
−T/2

T

)
.

If the boundary is convex, i.e. σ ≥ 0, we have the following corollary,

|L(PT f)|(x) ≤ (PT f
2)1/2(x)

(
2
√

3‖Z‖∞
3
√
T

+

√
2 eK

−T/2

T

)
for f ∈ Bb(M), here |∇P.f | is bounded on [0, t] ×M since the local time
can be estimated when the boundary is convex. Compared with the formula
for L(PT f) in [24], our Bismut type formula for LPtf contains only one test
function h (see Theorem 2.2 below), as consequence, the estimate of |L(PT f)|
are new even in the case without boundary where the existing estimate in
[24] depends on the uniform norm of RicZ . It is worthy to mention that

under condition (B) with Sect ≤ k for some k ∈ R, the term E[eσ
−lt ] can be

further estimated and the upper bound of |LPT f | can be written explicitly:

|L(PT f)|(x) ≤ 2‖f‖∞

√3‖Z‖∞
3
√
T

+
(3 +

√
10) e

dσ−r1
2

+ dσ−
r1

+2(σ−)2+K−T
2

T

 ,

for some r1 = r0 ∧ `−1(0) where ` is given in (5.5) below.
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In Section 3, we establish a Bismut type formula for HessPtf and use it
for Hessian estimates of Ptf . Establishing formulas for the Hessian natu-
rally requires more knowledge on the curvature of the manifold. Note that
in [1, 24, 16, 19], the authors used information related to curvature and its
derivative to establish a Hessian formula and deduced estimates in terms
of these curvature conditions. When it comes to manifolds with bound-
ary, it seems unavoidable to exploit geometric information concerning the
boundary as well. Before going into the details, let us remark that the
multiplicative functional Qt in the derivative formula (1.3) satisfies

〈N(Xt), Qt(v)〉1{Xt∈∂M} = 0

which is reasonable since

〈∇PT−tf(Xt), N(Xt)〉1{Xt∈∂M} = 0.

It follows that to express ∇Ptf on the boundary, information on the second
fundamental form

II](P∂(v)) = −(∇P∂(v)N)]

is sufficient. However, when it comes to the second order derivative of Ptf
on the boundary, no condition like

HessPT−tf (N(Xt), ·)1{Xt∈∂M} = 0

is satisfied, which naturally demands for full information on ∇N . This
indicates that one needs to control the negative part of the lower bound of II.
For this reason, in Section 3, two new functional Q̃t and Wt are introduced
in (3.3) and (3.12) respectively, which our Bismut formula for HessPtf will be
based on and which then allow to derive upper bounds under the following
condition: assume that the functions K and σ in (1.2) are constant, and
there exist three non-negative constants α, β and γ, such that for x ∈M ,

|R|HS(x) ≤ α, |d∗R+∇Ric]Z −R(Z)|(x) < β, |∇(∇N)] +R(N)|(x) < γ,

where for v1, v2 ∈ TxM ,

|R|HS(x) = sup
{
|R],](v1, v2)|HS(x) : v1, v2 ∈ TxM, |v1| ≤ 1, |v2| ≤ 1

}
.

If |∇P.f | and |HessP.f | are bounded on [δ, T ] ×M for f ∈ Bb(M) and any

δ > 0, and Ex[e(σ
−+ε)lt ] <∞ for any t ≥ 0 and some ε > 0, then

|HessPT f |(x) ≤
(
α+

β

2

√
T +

2

T

)
eK
−T Ex[eσ

−lT ](PT f
2)1/2

+
γ

2
√
T

eK
−T Ex

[
eσ
−lT
]1/2 [

Ex
(∫ T

0
e

1
2
σ−ls dls

)2
]1/2

(PT f
2)1/2

for f ∈ Bb(M). On the other hand, if condition (B) also holds, one can con-
struct a function φ satisfying the condition (C) (see Remark 5.3 in Appen-
dix), which is shown up in Subsection 3.2. This further implies that |∇P.f |
and |HessP.f | are bounded on [δ, T ] × M for any δ > 0 and f ∈ Bb(M),
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and Ex[e(σ
−+ε)lt ] < ∞ for any t ≥ 0 and some ε > 0 as well. Note that

Ex[e(σ
−+ε)lt ] < ∞ can be further estimated (see Remark 5.2 in Appendix)

and the upper bound of |HessPT f | can be specified explicitly.
We also present a Hessian formula for Pt with gradient terms under con-

dition (C) in Subsection 3.2, see Theorem 3.7 and Corollary 3.8. As an
application, in Section 4, we apply this Hessian estimates of Ptf to prove
inequalities connecting the relative entropy H, the Stein discrepancy S and
the relative Fisher information I, which extend the corresponding results
derived in our recent work [9] for ∂M = ∅ to the case with boundary; see
Ledoux, Nourdin and Peccati [14] for the earlier study in the Euclidean case
M = Rd.

2. Bismut formula and estimate for LPtf

To state the main result, we first recall the construction of the multiplica-
tive functional Qt appearing in the Bismut formula, see [24] for the case
without boundary.

For t ≥ 0, let //0→t : TX0M → TXtM denote stochastic parallel transport
along the paths of the reflecting diffusion process X. The covariant differ-
ential D in t ≥ 0 is defined as D := //0→t d //t→0 where d is the usual Itô
stochastic differential in t ≥ 0. For a process vt ∈ TXtM we then have

Dvt = //0→t d //t→0 vt, t ≥ 0.

For n ∈ N and t ≥ 0, let Q
(n)
t : TX0M → TXtM solve the covariant differen-

tial equation: for t ≥ 0,
(2.1)

DQ
(n)
t = −1

2

{
Ric]Z(Q

(n)
t ) dt+ II](Q

(n)
t ) dlt + nPN (Q

(n)
t ) dlt

}
, Q

(n)
0 = id,

where id is the identity map on TX0M and PN the projection operator onto
the normal direction N of ∂M such that when Xt ∈ ∂D,

PN (Q
(n)
t v) = 〈Q(n)

t v,N(Xt)〉N(Xt), v ∈ TX0M.

Furthermore for P∂ : TxM → Tx∂M being the projection operator for x ∈
∂M , let

〈II](Q(n)
t )v1, v2〉 := II(P∂Q

(n)
t v1, P∂v2), v1, v2 ∈ TXtM, Xt ∈ ∂M.

By the curvature conditions (1.2), we then have

(2.2) sup
n≥1
|Q(n)

t | ≤ e−
1
2

∫ t
0 K(Xs) ds− 1

2

∫ t
0 σ(Xs) dls , t ≥ 0,

and

(2.3)

∫ t

0
|PN (Q(n)

s )|2 dls ≤
1

n

∫ t

0
|Q(n)

s |2
{
K−(Xs) ds+ σ−(Xs) dls

}
→ 0

as n→∞. Define

(2.4) {Q(n)
t }−1 := //t→0{Q(n)

t //t→0}−1 : TXtM → TxM
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where {Q(n)
t //t→0}−1 is the inverse of the operator

Q
(n)
t //t→0 : TXtM → TXtM.

To show that {Q(n)
t }−1 exists, let

τk := inf
{
t ≥ 0 : ρo(Xt) ≥ k

}
, k ≥ 1,

where ρo is the Riemannian distance to a reference point o ∈M . Fix T > 0.
By [27, Lemma 3.1.2], we have

(2.5) E[eλlT∧τk ] <∞, λ > 0.

Since RicZ and II are locally bounded, (2.1) and (2.5) imply that Q
(n)
t //t→0

is invertible with

E
[

sup
t∈[0,T∧τk]

∣∣{Q(n)
t }−1

∣∣p ] = E
[

sup
t∈[0,T∧τk]

∣∣{Q(n)
t //t→0}−1

∣∣p] <∞, p, k ≥ 1.

To derive a Bismut formula for LPtf , we need to estimate the martingales

(2.6) M
(h,n)
t :=

∫ t

0

〈
hsQ

(n)
s

∫ s

0
hr{Q(n)

r }−1//rdBr, //sdBs
〉
, n ≥ 1,

for a reference adapted real process h. When M is compact, [12, Theorem

3.4] implies that as n→∞ the processQ
(n)
t converges in L2(P) to an adapted

right-continuous process Qt with left-limits such that PNQt = 0 if Xt ∈ ∂M .
This construction has been extended in [27, Proof of Theorem 3.2.1] to non-

compact manifolds. However, although {Q(n)
t }−1 exists for every n ≥ 1, Qt

is not invertible on the boundary since PNQt = 0. Hence a priori, existence
of the stochastic integral∫ t

0

〈
hsQs

∫ s

0
hrQ

−1
r //rdBr, //sdBs

〉
is not obvious.

Lemma 2.1. Let K ∈ C(M) and σ ∈ C(∂M) such that (1.2) holds. Then
for any adapted real process (ht)t∈[0,T ] with

C(h) := E
[∫ T

0
h2s e

∫ s
0 K

−(Xr)dr+
∫ s
0 σ
−(Xr)dlr ds

]
<∞,(2.7)

the martingales M
(h,n)
t in (2.6) satisfy

sup
n≥1

E

[
sup
t∈[0,T ]

∣∣M (h,n)
t

∣∣] ≤ 3
(

3 +
√

10
) (

C(h)E
∫ T

0
h2s ds

)1/2

<∞.(2.8)

In addition, if there is a constant α > 1 such that

(2.9) E
[(∫ T

0
h2sds

)α]
<∞,



SECOND ORDER BISMUT FORMULAE FOR NEUMANN SEMIGROUPS 7

then there exists a real random variable Mh
T with E

[
|Mh

T |
2α
1+α
]
< ∞, and a

subsequence nm →∞ as m→∞, such that

lim
m→∞

E
[
ηM

(h,nm)
T

]
= E

[
ηMh

T

]
, η ∈ L

2α
α−1 (P).

In case (2.9) holds for α = 1 as well, one has

E
[
|Mh

T |
]
≤ 3
(

3 +
√

10
) (

C(h)E
[ ∫ T

0
h2s ds

])1/2

.

Proof. (a) We first prove (2.8). By Fatou’s lemma, it suffices to show

Ik,n := E

[
sup

t∈[0,T∧τk]

∣∣∣∣ ∫ t

0

〈
hsQ

(n)
s

∫ s

0
hr{Q(n)

r }−1//rdBr, //sdBs
〉∣∣∣∣
]

≤ 3
(

3 +
√

10
) √

C(h)

(
E
∫ T

0
h2s ds

)1/2

, k, n ≥ 1.

(2.10)

For fixed n ≥ 1 let

ξs := Q(n)
s

∫ s

0
hr{Q(n)

r }−1//rdBr, s ≥ 0.

By Lenglart’s inequality (see [3, Proposition 5.69]) and Schwarz’s inequality,
it follows that

Ik,n ≤ 3E
[(∫ T∧τk

0
|ξs|2h2sds

)1/2]
≤ 3E

[
sup

s∈[0,T∧τk]
|ξs| e−

1
2

∫ s
0 K

−(Xr)dr− 1
2

∫ s
0 σ
−(Xr)dlr

×
(∫ T∧τk

0
h2s e

∫ s
0 K

−(Xr)dr+
∫ s
0 σ
−(Xr)dlr ds

)1/2
]

≤ 3

{
E

[
sup

s∈[0,T∧τk]
|ξs|2 e−

∫ s
0 K

−(Xr)dr−
∫ s
0 σ
−(Xr)dlr

]
C(h)

}1/2

.

(2.11)

Furthermore, by Itô’s formula we have

d|ξs|2 = 2〈ξs, hs//sdBs〉 −
{

RicZ(ξs, ξs)ds+ II(ξs, ξs)dls
}

− n|PNξs|2dls + d[ξ, ξ]s

≤ 2〈ξs, hs//sdBs〉 −K(Xs)|ξs|2ds− σ(Xs)|ξs|2dls + h2sds, 0 ≤ s < τk,

which implies

d
{
|ξs|2 e−

∫ s
0 K

−(Xr)dr−
∫ s
0 σ
−(Xr)dlr

}
≤ e−

∫ s
0 K

−(Xr)dr−
∫ s
0 σ
−(Xr)dlr

{
2〈ξs, hs//sdBs〉+ h2sds

}
,(2.12)
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for 0 ≤ s < τk. By the condition ξ0 = 0 and Lenglart’s inequality, we have

E

[
sup

s∈[0,T∧τk]
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]

≤ E

[∫ T

0
h2s ds+ 6

(∫ T∧τk

0
|ξs|2h2s e−2

∫ s
0 K

−(Xr) dr−2
∫ s
0 σ
−(Xr) dlr ds

)1/2
]

≤ E

[∫ T

0
h2s ds+ 6

(
sup

s∈[0,T∧τk]
|ξs| e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)

×
(∫ T∧τk

0
h2s ds

)1/2
]

≤ 1

2δ
E
[

sup
s∈[0,T∧τk]

|ξs|2 e−
∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]
+ (18δ + 1)E

[ ∫ T

0
h2s ds

]
,

for any δ > 0. Taking the optimal choice δ = 1
6

(
3 +
√

10
)
, we obtain

E

[
sup

s∈[0,T∧τk]
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]
≤
(

3 +
√

10
)2

E
[ ∫ T

0
h2s ds

]
.

Combining this with (2.11), estimate (2.10) follows by letting k tend to∞.

(b) Assume that (2.9) holds for some α > 1. By estimate (2.12) and the
Burkholder-Davis-Gundy inequality, we can find constants c1, c2 > 0 such
that

E

[
sup

s∈[0,T∧τk]

(
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)α]

≤ c1E

[(∫ T∧τk

0
|ξs|2h2s e−2

∫ s
0 K

−(Xr) dr−2
∫ s
0 σ
−(Xr) dlr ds

)α/2
+

(∫ T

0
h2s ds

)α]

≤ c1E

( sup
s∈[0,T∧τk]

|ξs|2 e−
∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)α/2(∫ T∧τk

0
h2s ds

)α/2
+ c1E

[(∫ T

0
h2s ds

)α]
≤ 1

2
E

[
sup

s∈[0,T∧τk]

(
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)α]
+ c2E

(∫ T

0
h2s ds

)α
.

Together with (2.9) this implies

G := E

[
sup
s∈[0,T ]

(
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)α]
<∞.
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On the other hand, by Burkholder-Davis-Gundy’s inequality, there exists a
constant c3 > 0 such that

E
[∣∣M (h,n)

T

∣∣ 2α
1+α

]
≤ c3 E

[(∫ T

0
|ξs|2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

× h2s e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr ds

) α
1+α

]

≤ c3G
1

1+α

(
E
∫ T

0
h2s e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr ds

) α
1+α

<∞, n ≥ 1.

Thus {M (h,n)
T }n≥1 is bounded in L

2α
1+α (P), and hence has a subsequence

converging weakly to a random variable Mh
T in L

2α
α−1 (P). �

Theorem 2.2. Let K ∈ C(M) and σ ∈ C(∂M) such that (1.2) holds. For
T > 0 and f ∈ Bb(M), let |∇P.f | be bounded on [0, T ]×M and let ht be an

adapted real process such that
∫ T
0 hs ds = −1 and

(2.13) E
[∫ T

0
h2s

(
e
∫ s
0 K

−(Xx
r ) dr+

∫ s
0 σ
−(Xx

r ) dlr +|Z(Xx
s )|2

)
ds

]
<∞.

Then for any f ∈ Bb(M),

(2.14) L(PT f)(x) = 2E
[
f(Xx

T )

(
Mh
T +

∫ T

0

〈
h̃shsZ(Xx

s ), //sdBs

〉)]
,

where h̃t := 1 +
∫ t
0 hs ds. Consequently,

|L(PT f)(x)| ≤ 6 ‖f‖∞

{
E
[(∫ T

0
|h̃shsZ(Xx

s )|2 ds

)1/2]

+
(

3 +
√

10
)(

C(h)E
∫ T

0
h2s ds

)1/2
}
.(2.15)

Proof. (1) We first assume f ∈ C∞N (L), the class of functions f ∈ C∞(M)
such thatNf |∂M = 0 and ‖Lf‖∞ <∞. In this case, we have the Kolmogorov
equations (see [27, Theorem 3.1.3]),

(2.16) ∂tPT−tf = −LPT−tf = −PT−tLf, NPtf |∂M = 0, t ∈ [0, T ].

In the sequel, we write for simplicity

Xt = Xx
t , Nt = N(Xt), Zt = Z(Xt), Mt := LPT−tf(Xt), t ∈ [0, T ].

Furthermore, we write At
m
= Bt for two processes At and Bt if the difference

At −Bt is a local martingale. By Itô’s formula and (2.16), we obtain

dMt = 〈∇(LPT−tf)(Xt), //t dBt〉+ ∂t(LPT−tf)(Xt) dt
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+
1

2
L(LPT−tf)(Xt) dt+

1

2
N(LPT−tf)(Xt) dlt

= 〈∇(LPT−tf)(Xt), //t dBt〉+
1

2
N(PT−tLf)(Xt) dlt

= 〈∇(LPT−tf)(Xt), //t dBt〉, t ∈ [0, T ].

Then

d(Mth̃
2
t ) = h̃2t dMt + 2h̃t(h̃t)

′Mt dt = h̃2t dMt + 2h̃thtMt dt,

which together with h̃0 = 1 implies

(LPT−tf)(Xt) h̃
2
t − LPT f(x)

m
= 2

∫ t

0
LPT−sf(Xs)h̃shsds.(2.17)

With ∆ = −d∗d and L = ∆ + Z, we have

−(LPT−tf)(Xt) = {d∗(dPT−tf)− (dPT−tf)(Z)} (Xt).(2.18)

Combined with (2.17) this further yields

(LPT−tf)(Xt)h̃
2
t − LPT f(x)

m
= 2

∫ t

0
LPT−sf(Xs)h̃shs ds

= −2

∫ t

0
d∗(dPT−sf)h̃shs ds+ 2

∫ t

0
(dPT−sf)(Z)h̃shs ds.(2.19)

Let Q
(n)∗
t : TXtM → TxM be the adjoint operator to Q

(n)
t . By Itô’s

formula and the Weitzenböck formula, we obtain

d
{

(dPT−tf)(Xt)Q
(n)
t

}
=
(
∇//tdBtdPT−tf(Xt)

)
(Q

(n)
t )

+
{

HessPT−tf (Nt, Nt)Q
(n)∗
t Nt

}
(Xt) dlt.

Combining this with

d∗(dPT−tf)h̃tht dt = −
{

(∇//t dBtdPT−tf)(Q
(n)
t h̃tht(Q

(n)
t )−1//t dBt)

}
(Xt),

and using Itô’s formula, we derive∫ t

0
d∗(dPT−sf)h̃shs ds

m
= −

(
dPT−tf

)(
Q

(n)
t h̃t

∫ t

0
hs(Q

(n)
s )−1//s dBs

)
+

∫ t

0
HessPT−sf (Ns, Ns)

〈
Ns, h̃sQ

(n)
s

∫ s

0
hr(Q

(n)
r )−1//r dBr

〉
dls

+

∫ t

0
(dPT−sf)

(
hsQ

(n)
s

∫ s

0
hr(Q

(n)
r )−1//r dBr

)
ds.(2.20)
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To deal with the last term of the above equation and the second term on
the right-hand side of (2.19), we observe that by Itô’s formula

dPT−sf(Xs) = 〈∇PT−sf(Xs), //s dBs〉 = (dPT−sf)(//s dBs),

so that ∫ t

0

(
dPT−sf

)
(Zs)h̃shs ds

m
= PT−tf(Xt)

∫ t

0
〈h̃shsZs, //sdBs〉,∫ t

0
(dPT−sf)

(
Q(n)
s hs

∫ s

0
hr{Q(n)

r }−1//r dBr

)
ds

m
= PT−tf(Xt)

∫ t

0

〈
hsQ

(n)
s

∫ s

0
hr{Q(n)

r }−1//r dBr, //sdBs

〉
.

Combining these equations with (2.20) and (2.18), we obtain∫ t

0
(LPT−sf)(Xs)h̃shs ds− dPT−tf

(
Q

(n)
t h̃t

∫ t

0
hs(Q

(n)
s )−1//sdBs

)
(Xt)

+

∫ t

0
HessPT−sf (Ns, Ns)

〈
Ns, Q

(n)
s h̃s

∫ s

0
hr(Q

(n)
r )−1//rdBr

〉
dls

+ PT−tf(Xt)

∫ t

0
h̃s〈hsZs, //sdBs〉

+ PT−tf(Xt)

∫ t

0

〈
Q(n)
s

∫ s

0
hr(Q

(n)
r )−1//r dBr, hs//sdBs

〉
m
= 0.

The last equation and Eq. (2.17) yield

(LPT−tf)(Xt)h̃
2
t − LPT f(x)− 2dPT−tf

(
Q

(n)
t h̃t

∫ t

0
hs(Q

(n)
s )−1//sdBs

)
+ 2

∫ t

0
HessPT−sf (Ns, Ns)

〈
Ns, Q

(n)
s h̃s

∫ s

0
hr(Q

(n)
r )−1//rdBr

〉
dls

+ 2PT−tf(Xt)

∫ t

0
h̃s〈hsZs, //sdBs〉

+ 2PT−tf(Xt)

∫ t

0

〈
Q(n)
s

∫ s

0
hr(Q

(n)
r )−1//r dBr, hs//sdBs

〉
m
= 0.

(2.21)

To get rid of the local martingales in the above calculations, we consider
the diffusion process up to exit times from bounded balls. Since HessP.f is
locally bounded, for any k ≥ 1 we find a constant ck > 0 such that∣∣∣∣∣E
[∫ T∧τk

0
HessPT−sf (Ns, Ns)

〈
Ns, Q

(n)
s h̃s

∫ s

0
hr(Q

(n)
r )−1//rdBr

〉
dls

] ∣∣∣∣∣
≤ ck

(
E
∫ T∧τk

0
|(Q(n)

s )∗Ns|2 dls

)1/2(
E
∫ T∧τk

0

∣∣∣∣∫ s

0
hr(Q

(n)
r )−1//rdBr

∣∣∣∣2 dls

)1/2

.

(2.22)



12 L.-J. CHENG, A. THALMAIER, AND F.-Y. WANG

Next we observe from (2.2), (2.3) and (2.5) that

lim
n→∞

E
[∫ T∧τk

0
|(Q(n)

s )∗N |2 dls

]
= lim

n→∞
E
∫ T∧τk

0

∣∣PNQ(n)
s (Q(n)

s )∗N
∣∣2 dls

≤ lim
n→∞

E
[

sup
t∈[0,T∧τk]

|Q(n)
t |2

∫ T∧τk

0

∣∣PNQ(n)
s

∣∣2 ds

]
= 0,

and by Burkholder-Davis-Gundy’s inequality,

E

[∫ T∧τk

0

∣∣∣∣∫ s

0
hr(Q

(n)
r )−1//rdBr

∣∣∣∣2 dls

]

≤ E
[
lT∧τk sup

s∈[0,T∧τk]

∣∣∣∣∫ s

0
hr(Q

(n)
r )−1//rdBr

∣∣∣∣2 ] <∞.
Using these estimates and taking the upper bound of (2.22), we arrive at
(2.23)

lim
n→∞

E
[∫ T∧τk

0
HessPT−sf (Ns, Ns)

〈
Ns, Q

(n)
s h̃s

∫ s

0
hr(Q

(n)
r )−1//rdBr

〉
dls

]
= 0.

On the other hand, since the process in (2.21) is a martingale up to time
T ∧ τk, its expectation at time T ∧ τk vanishes, so that

L(PT f)(x)− E
[
h̃2T∧τkLPT−T∧τkf(XT∧τk)

− 2dPT−T∧τkf
(
Q

(n)
t h̃T∧τk

∫ T∧τk

0
hs(Q

(n)
s )−1//sdBs

)]
= 2E

[
f(XT )

∫ T∧τk

0

〈
Q(n)
s

∫ s

0
hr(Q

(n)
r )−1//rdBr, hs//sdBs

〉]
+ 2E

[
f(XT )

∫ T∧τk

0
〈h̃shsZs, //sdBs〉

]
+ 2E

[∫ T∧τk

0
HessPT−sf (Ns, Ns)

〈
Ns, h̃sQ

(n)
s

∫ s

0
hr(Q

(n)
r )−1//r dBr

〉
dls

]
.

By h̃T = 0, Lemma 2.1, (2.23), (2.13) and the boundedness of |dP.f | on
[0, T ] ×M , we may first choose a subsequence nm → ∞ and then take the
limit as k →∞ to derive (2.14) for f ∈ C∞N (L).

(2) To extend the formula to f ∈ Bb(M), we let ht = 0 for t ≥ T and
define finite signed measures µε on M as

µε(A) := 2E
[
1A(Xx

T+ε)

(
Mh
T +

∫ T

0

〈
h̃shsZ(Xx

s ), //sdBs

〉)]
, ε ≥ 0,

for measurable subsets A ⊂M . By step (1) and (2.16), we have

PT+εf(x)− PT f(x)

ε
=

1

ε

∫ ε

0
LPr+T f(x) dr
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=
1

ε

∫ ε

0
dr

∫
M
f dµr =

∫
M
f dµ(ε),

for f ∈ C∞N (L), ε > 0, where µ(ε) := 1
ε

∫ ε
0 µr dr is a finite signed measure

on M . Since functions in C∞N (L) determine finite measures, according to
Lemma 2.1 and condition (2.16), µε is a finite measure, and this implies (we
have in particular Mh

T+r = Mh
T since ht = 0 for t ≥ T ),

PT+εf(x)− PT f(x)

ε
=

∫
M
f dµ(ε)

=
1

ε

∫ ε

0
2E
[
f(XT+r)

(
Mh
T +

∫ T

0

〈
h̃shsZs, //sdBs

〉)]
dr, f ∈ Bb(M), ε > 0.

Since the law of XT is absolutely continuous and Prf → f a.e. as r ↓ 0,
we get by the strong Markov property EFT f(XT+r) = Prf(XT ) → f(XT )
a.s. as r ↓ 0. By the dominated convergence theorem we may let ε ↓ 0 to
arrive at
(2.24)
dPtf(x)

dt

∣∣∣
t=T

= 2E
[
f(XT )

(
Mh
T +

∫ T

0

〈
h̃shsZs, //sdBs

〉)]
, f ∈ Bb(M).

On the other hand, for any f ∈ Bb(M) and ε > 0, Pt+εf(x) is C1 in t ≥ 0
and C2 in x with NPt+εf |∂M = 0. Hence, by Itô’s formula applied to the
process (φPT f)(Xt) for some cut-off function φ at x, the proof of (3.1.5) in
[27] gives

(2.25) LPtf(x) =
d

dt
Ptf(x), t > 0, f ∈ Bb(M).

Combining (2.24) and (2.25), we prove (2.14) for all f ∈ Bb(M). �

Remark 2.3. When reduced to the case without boundary, our estimate
still improves the result in [24]. Moreover, compared to the estimate in [24],
Theorem 2.2 only uses the lower bound of RicZ instead of boundedness of
RicZ .

Under curvature condition (A), with the particular choice hs := −1/T
for s ∈ [0, T ], we obtain

Corollary 2.4. Assume that condition (A) holds, ‖Z‖∞ < ∞ and |∇P.f |
is bounded on [0, T ]×M for f ∈ Bb(M). Let x ∈M and T > 0. Then

|L(PT f)|(x) ≤ 2‖f‖∞

(√
3‖Z‖∞
3
√
T

+
(3 +

√
10)
(
Ex[eσ

−lT ]
)1/2

eK
−T/2

T

)
,

for f ∈ Bb(M). If σ ≥ 0, then for f ∈ Bb(M),

|L(PT f)|(x) ≤ (PT f
2)1/2(x)

(
2
√

3‖Z‖∞
3
√
T

+

√
2 eK

−T/2

T

)
.(2.26)
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Proof. The first assertion is a direct consequence of inequality (2.15). It
hence suffices to show inequality (2.26). Note that∣∣∣Ex [f(Xx

T )M
(h,n)
T

]∣∣∣ ≤ (PT f
2)1/2(x)

[
E
∣∣M (h,n)

T

∣∣2]1/2 ,(2.27)

where M (h,n) is defined as in (2.6). Let hs = −1/T . Then,[
E
∣∣M (h,n)

T∧τk

∣∣2]1/2 ≤ 1

T 2

[∫ T

0
E
∣∣∣∣Q(n)

s∧τk

∫ s∧τk

0
{Q(n)

r }−1//rdBr
∣∣∣∣2 ds

]1/2
.

By Itô’s formula, we see that

d

(
e−K

−s
∣∣∣Q(n)

s

∫ s

0
(Q(n)

r )−1//rdBr

∣∣∣2)
≤ 2 e−K

−s
〈
Q(n)
s

∫ s

0
{Q(n)

r }−1//rdBr, //sdBs
〉

+ ds.(2.28)

For 0 < s ≤ τk, this implies that

E
[
e−K

−s∧τk
∣∣∣Q(n)

s∧τk

∫ s∧τk

0
{Q(n)

r }−1//rdBr
∣∣∣2] ≤ s.

Letting k tend to ∞ yields

E
[∣∣∣Q(n)

s∧τk

∫ s∧τk

0
{Q(n)

r }−1//rdBr
∣∣∣2] ≤ s eK

−s .

Combining this with (2.28) and (2.27), we see that {M (h,n)
T }n≥1 is bounded

in L2(P), and thus obtain a subsequence converging weakly to a random
variable Mh

T in L2(P) and satisfying

E
[
|Mh

T |2
]
≤ eK

−T

2T 2
.

By this and the Bismut formula (2.14), the second assertion (2.26) holds. �

Remark 2.5. Let

D := {φ ∈ C2
b (M) : inf φ = 1, N log φ ≥ σ}.

(A’) The functions K,σ in (3.1) are constant, and there exists φ ∈ D
such that

Kφ = sup
x∈M

{
− L log φ+ 2|∇ log φ|2

}
<∞.

By [27, Section 3.2], such φ can be constructed if ∂M has strictly positive
injectivity radius, the sectional curvature of M being bounded above and Z
bounded. In particular, if the manifold is compact, these conditions are met
automatically. By [6, Theorem 2.2], if

RicZ + L log φ− 2|∇ log φ|2 ≥ K −Kφ,
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we then obtain

‖∇Ptf‖∞ ≤ ‖φ‖∞‖∇f‖∞ e−(K−Kφ)t, t > 0,(2.29)

which implies that |∇P.f | is bounded on [0, T ]×M for f ∈ C1
b (M).

Corollary 2.6. Assume that condition (A′) holds. Let x ∈ M and T > 0.
Then

|L(PT f)|(x) ≤ 2‖f‖∞

(√
3‖Z‖∞
3
√
T

+
(3 +

√
10)‖φ‖∞ e

1
2
(Kφ+K

−)T

T

)
,

for f ∈ Bb(M).

Remark 2.7. In the Appendix, we recall the method from [27] to construct
φ under condition (B). From this condition, ‖φ‖∞ and Kφ can be estimated
as presented in Remark 5.3.

3. Bismut type Hessian formula for Neumann semigroup

To state the main result of this section, we first introduce some curvature

conditions. For x ∈M and v1 ∈ TxM , let Ric]Z(v1) ∈ TxM be given by

〈Ric]Z(v1), v2〉 := RicZ(v1, v2) = Ric(v1, v2)− 〈∇v1Z, v2〉, v2 ∈ TxM.

Let R denote the Riemann curvature tensor. Then d∗R(v1) is the linear
operator on TxM determined by

〈d∗R(v1, v2), v3〉 = 〈(∇v3Ric])(v1), v2〉 − 〈(∇v2Ric])(v3), v1〉, v3 ∈ TxM,

where we write d∗R(v1, v2) ≡ d∗R(v1)v2. Moreover, let R(v1) : TxM ⊗
TxM → TxM be given by

〈R(v1)(v2, v3), v4〉 := 〈R(v1, v2)v3, v4〉, v2, v3, v4 ∈ TxM.

Finally, let | · | be the operator norm on tensors, and ‖ · ‖∞ be the uniform
norm of | · | over M .

Assume that there exist two functions K ∈ C(M) and σ ∈ C(∂M) such
that

RicZ := Ric−∇Z ≥ K, II ≥ σ,(3.1)

where the second condition means −〈∇XN,X〉 ≥ −σ(x)−|X|2 for x ∈ ∂M
and X ∈ TxM . Moreover, assume that there exist three non-negative func-
tions α, β and γ, such that

|R|HS(x) ≤ α(x), |d∗R+∇Ric]Z −R(Z)|(x) < β(x),

|∇(∇N)] +R(N)|(x) < γ(x),
(3.2)

where for x ∈M and v1, v2 ∈ TxM ,

|R|HS(x) = sup
{
|R],](v1, v2)|HS(x) : v1, v2 ∈ TxM, |v1| ≤ 1, |v2| ≤ 1

}
.
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To establish a Hessian formula for Ptf , we first introduce an operator
Q̃t : TxM → TXtM defined by

DQ̃t = −1

2
Ric]Z(Q̃t) dt+

1

2
(∇N)](Q̃t) dlt, Q̃0 = id.(3.3)

Then let the operator-valued process W h̃
t : TxM ⊗ TxM → TXt(x)M be de-

fined as solutions to the following covariant Itô equation

DW h̃
t (v, v) = R(//tdBt, Q̃t(h̃tv))Q̃t(v)

− 1

2
(d∗R−R(Z) +∇RicZ)](Q̃t(h̃tv), Q̃t(v)) dt

− 1

2
(∇2N −R(N))](Q̃t(h̃tv), Q̃t(v)) dlt

− 1

2
Ric]Z(W h̃

t (v, v)) dt+
1

2
(∇N)](W h̃

t (v, v)) dlt

with initial condition W h̃
0 (v, v) = 0.

In this section, we first introduce the local version of the Bismut type
Hessian formula for Pt and then introduce some proper global curvature
conditions to establish the global version of it.

3.1. Local Bismut type Hessian formula for Neumann semigroup.
The following is our main result in this subsection.

Theorem 3.1. Let D be an open relatively compact subset of M , T > 0
and x ∈ D. Suppose that (3.1) and (3.2) hold. Let h(·) be an adapted and

bounded real process such that
∫ t
0 hs ds = −1 for t ≥ T ∧ τD, and such that

E

[∫ T∧τD

0

(
h2s + h̃2s(α

2(Xs) + β2(Xs))
)

e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr ds

+

∫ T∧τD

0
h̃2sγ

2(Xs) e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr dls

]
<∞

(3.4)

where h̃t = 1 +
∫ t
0 hs ds. Then for f ∈ Bb(M) and v ∈ TxM ,

HessPT f (v, v)(x)

= −Ex
[
f(XT∧τD)

∫ T

0
〈W h̃

s (v, hsv), //sdBs〉
]

+ Ex
[
f(XT∧τD)

((∫ T

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ T

0
|Q̃s(hsv)|2 ds

)]
.

Moreover,

|HessPT f | ≤ 3‖f‖DC(h)1/2
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×

{
1

2

[
E
(∫ T∧τD

0
β2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

)]1/2

+ (3 +
√

10)

[
E
(∫ T∧τD

0
α2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

)] 1
2

+
1

2

[
E
(∫ T∧τD

0
γ2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s dls

)] 1
2

+
2

3
C(h)

1
2

}
,

(3.5)

where C(h) is defined as in (2.7).

Remarks 3.2. 1) The original idea of the proof for the Hessian formula
comes from Elworthy-Li [11] and Thalmaier [1]. Our form of the formula
is consistent with [5] with the choice of one random test function h only.
The main difficulty here is to deal with the impact of the boundary and
to weaken the conditions on the curvature and the process h. Theorem 3.1
also improves the results in [1, 5] and gives a new estimate even when the
boundary is empty.

2) Let D be an open relatively compact subset of M . Assume that h
is an adapted and non-positive process with hs = 0 for s ≥ T ∧ τD and∫ T
0 hs ds = −1, which imply h̃s = 0 for s ≥ T ∧ τD. Then the functions K,

σ, α, β and γ are all bounded on D and |h̃s| ≤ 1. Moreover, condition (3.4)
can be simplified to

E
[∫ T

0
h2s e

∫ s
0 σ
−(Xr) dlr ds

]
<∞.

The corresponding result is then the local version of the Hessian formula for
the heat semigroup.

3) As −〈∇NN,N〉 = 0, we know that −∇N ≥ σ implies σ ≤ 0.
4) Assume II ≥ σ. Then for X ∈ TxM and x ∈ ∂M , X = X1 +X2 such

that X1 ∈ Tx∂M and X2 = 〈X,N〉N ,

−〈∇XN,X〉 = −〈∇X1N,X1〉 − 〈X,N〉2〈∇NN,N〉
− 〈X,N〉〈∇X1N,N〉 − 〈X,N〉〈∇NN,X1〉

= −〈∇X1N,X1〉 − 〈X,N〉〈∇NN,X1〉
≥ σ|X1|2 ≥ −σ−|X|2.

5) One might naturally try to work with Qt instead of Q̃t to define
Mt(v, v), in order to avoid the term ∇N . But we have already seen that Qt

is the limit of Q
(n)
t , see the proof of [27, Theorem 3.2.1], which satisfy the

covariant Itô equation (2.1). We have

d
(
∇dPT−tf(Q

(n)
t (v), Q

(n)
t (v))(Xt)

)
=
(
∇//t dBt∇dPT−tf

) (
Q

(n)
t (v), Q

(n)
t (v)

)
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− (∇dPT−tf)
(

Ric]Z(Q
(n)
t (v)), Q

(n)
t (v)

)
dt

− (∇dPT−tf)
(
Q

(n)
t (v), II](Q

(n)
t (v))

)
dlt

+ ∂t(∇dPT−tf)(Q
(n)
t (v), Q

(n)
t (v)) dt

+
1

2
∇N (∇dPT−tf)(Q

(n)
t (v), Q

(n)
t (v)) dlt

+
1

2
(tr∇2 +∇Z)(∇dPT−tf)(Q

(n)
t (v), Q

(n)
t (v)) dt

− n〈Q(n)
t (v)), N(Xt)〉∇dPT−tf(N(Xt), Q

(n)
t (v)) dlt

m
= −n〈Q(n)

t (v)), N(Xt)〉∇dPT−tf(Q
(n)
t (v), N(Xt)) dlt

+
1

2
(dPT−tf)((∇(∇N)] +R(N))(Q

(n)
t (v), Q

(n)
t (v))) dlt

+
1

2
(dPT−tf)

(
(d∗R−R(Z) +∇Ric]Z)(Q

(n)
t (v), Q

(n)
t (v))

)
dt

−∇dPT−tf(R],](Q
(n)
t (v), Q

(n)
t (v))) dt.(3.6)

The main difficulty is to clarify the limit of

n〈Q(n)
t (v)), N(Xt)〉∇dPT−tf(Q

(n)
t (v), N),

as n tends to ∞. To this end, we even need information concerning ∇N
on the full vector bundle of the boundary if we use Qt in the definition
of Mt(v, v) in the above proof, and then it is still non-trivial to check the

martingale property. In this respect, working with the functional Q̃t instead
of Qt not only simplifies the calculation, it also doesn’t require additional
conditions.

To prove Theorem 3.1, we need the following two lemmata.

Lemma 3.3. Keeping the assumptions as in Theorem 3.1, we have

E

[
sup
t∈[0,T ]

∣∣∣ ∫ t

0
hs〈W h̃

s (v, v), //sdBs〉
∣∣∣]

≤ 3C(h)1/2

{
(3 +

√
10)

(
E
∫ T

0
α2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

)1/2

+
1

2

(
E
∫ T

0
β2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dr h̃2s ds

)1/2

+
1

2

(
E
∫ T

0
γ2(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s dls

)1/2
}
.

Proof. By the Lenglart inequality and the Minkowski inequality, we have

E

[
sup
t∈[0,T ]

∣∣∣ ∫ t∧τk

0
hs〈W h̃

s (v, v), //sdBs〉
∣∣∣]



SECOND ORDER BISMUT FORMULAE FOR NEUMANN SEMIGROUPS 19

≤ 3E
[∫ T∧τk

0
h2s|W h̃

s (v, v)|2 ds

]1/2
≤ 3E

[(∫ T∧τk

0
h2s
∣∣ξ(1)s

∣∣2 ds

)1/2
]

+
3

2
E

[(∫ T∧τk

0
h2s
∣∣ξ(2)s

∣∣2 ds

)1/2
]

+
3

2
E

[(∫ T∧τk

0
h2s
∣∣ξ(3)s

∣∣2 ds

)1/2
]
,(3.7)

where

ξ(1)s = Q̃s

∫ s

0
Q̃−1r R(//rdBr, Q̃r(h̃(r)v))Q̃r(v);

ξ(2)s = Q̃s

∫ s

0
Q̃−1r (d∗R−R(Z) +∇RicZ)](Q̃r(h̃(r)v), Q̃r(v)) dr;

ξ(3)s = Q̃s

∫ s

0
Q̃−1r (∇2N −R(N))](Q̃r(h̃(r)v), Q̃r(v)) dlr.

Then we have

E

[(∫ T∧τk

0
h2s|ξ(1)s |2 ds

)1/2
]

≤ E

[
sup

s∈[0,T∧τk]
|ξ(1)s |2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]1/2

× E
[∫ T∧τk

0
h2s e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr ds

]1/2
,(3.8)

and

d
∣∣∣ e− 1

2

∫ s
0 K

−(Xr) dr− 1
2

∫ s
0 σ
−(Xr) dlr ξ(1)s

∣∣∣2
≤ 2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

〈
R(//sdBs, Q̃s(h̃sv))Q̃s(v), ξ(1)s

〉
+ e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

∣∣R],](Q̃s(h̃sv), Q̃s(v))
∣∣2
HS

ds

≤ 2 e−
∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

〈
R(//sdBs, Q̃s(h̃sv))Q̃s(v), ξ(1)s

〉
+ α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds, s < τk,(3.9)

which implies

E

[
sup

s∈[0,T∧τk]
|ξ(1)s |2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]

≤ 6E

[(∫ T∧τk

0
|ξ(1)s |2α(Xs)

2h̃2s ds

)1/2
]

+ E
[∫ T∧τk

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

]
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≤ 6E

[(
sup

s∈[0,T∧τk]
|ξ(1)s |2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

)1/2

×
(∫ T∧τk

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

)1/2
]

+ E
[∫ T∧τk

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

]
≤ 1

2δ
E

[
sup

s∈[0,T∧τk]
|ξ(1)s |2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]

+ (1 + 18δ)E
[∫ T∧τk

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

]
, δ > 0.

Substituting the optimal choice δ = 1
6

(
3 +
√

10
)
, we get

E

[
sup

s∈[0,T∧τk]
|ξ(1)s |2 e−

∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]

≤ (3 +
√

10)2E
[∫ T∧τk

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

]
.

Combining this with (3.8) and letting k tend to ∞ yields

E

([∫ T

0
h2s|ξ(1)s |2 ds

]1/2)

≤ E

[
sup
s∈[0,T ]

|ξ(1)s |2 e−
∫ s
0 K

−(Xr) dr−
∫ s
0 σ
−(Xr) dlr

]1/2

× E
[∫ T

0
h2s e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr ds

]1/2
≤
(

3 +
√

10
)
E
[∫ T

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

]1/2
C(h)1/2.

Moreover, for any ε > 0,

d

(∣∣∣ e− 1
2

∫ t
0 K
−(Xs) dt− 1

2

∫ t
0 σ
−(Xs) dls ξ

(2)
t

∣∣∣2 + ε

)1/2

=
d
∣∣∣ e− 1

2

∫ t
0 K
−(Xs) dt− 1

2

∫ t
0 σ
−(Xs) dls ξ

(2)
t

∣∣∣2
2

(∣∣∣ e− 1
2

∫ t
0 K
−(Xs) dt− 1

2

∫ t
0 σ
−(Xs) dls ξ

(2)
t

∣∣∣2 + ε

)1/2

= e−
∫ t
0 K
−(Xs) dt−

∫ t
0 σ
−(Xs) dls

(∣∣∣ e− 1
2

∫ t
0 K
−(Xs) dt− 1

2

∫ t
0 σ
−(Xs) dls ξ

(2)
t

∣∣∣2 + ε

)−1/2
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×

[
− (RicZ +K−(Xt)g)

(
ξ
(2)
t , ξ

(2)
t

)
dt+ (∇N − σ−(Xt)g)

(
ξ
(2)
t , ξ

(2)
t

)
dlt

+
〈

(d∗R−R(Z) +∇RicZ)](Q̃t(h̃tv), Q̃t(v)), ξ
(2)
t

〉
dt

]

≤ e−
∫ t
0 K
−(Xs) dt−

∫ t
0 σ
−(Xs) dls

(∣∣∣ e− 1
2

∫ t
0 K
−(Xs) ds− 1

2

∫ t
0 σ
−(Xs) dls ξ

(2)
t

∣∣∣2 + ε

)−1/2
×
〈

(d∗R−R(Z) +∇RicZ)](Q̃t(h̃tv), Q̃t(v)), ξ
(2)
t

〉
dt

≤ β(Xt) e
1
2

∫ t
0 K
−(Xs) dt+

1
2

∫ t
0 σ
−(Xs) dls h̃t dt, t < τk.

Taking the integral on both sides, and letting ε tend to 0 and k tend to ∞,
we then conclude that∣∣∣ξ(2)t

∣∣∣ ≤ e
1
2

∫ t
0 K
−(Xs) ds+

1
2

∫ t
0 σ
−(Xs) dls

×
∫ t

0
β(Xs) e

1
2

∫ s
0 K

−(Xr) dr+
1
2

∫ s
0 σ
−(Xr) dlr h̃s ds.

With a similar argument, we have∣∣∣ξ(3)t

∣∣∣ ≤ e
1
2

∫ t
0 K
−(Xs) dt+

1
2

∫ t
0 σ
−(Xs) dls

∫ t

0
γ(Xs) e

∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃s dls.

These estimates together imply

E

[
sup
t∈[0,T ]

∣∣∣ ∫ t

0
hs〈W h̃

s (v, v), //sdBs〉
∣∣∣]

≤ 3C(h)1/2

{(
3 +
√

10
)(

E
∫ T

0
α(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s ds

)1/2

+
1

2

(
E
∫ T

0
β(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dr h̃2s ds

)1/2

+
1

2

(
E
∫ T

0
γ(Xs)

2 e
∫ s
0 K

−(Xr) dr+
∫ s
0 σ
−(Xr) dlr h̃2s dls

)1/2
}
. �

Lemma 3.4. Let D be an open relatively compact domain in M and x ∈ D.
Fix T > 0 and suppose that h is a bounded, non-negative and adapted process
with paths in the Cameron-Martin space L1,2([0, T ];R). Then for f ∈ Bb(M)
and v ∈ TxM ,

(∇dPT−tf)(Q̃t(h̃tv), Q̃t(h̃tv)) + (dPT−tf)
(
W h̃
t (v, h̃tv)

)
− 2dPT−tf(Q̃t(h̃tv))

∫ t

0
〈Q̃s(hsv), //sdBs〉

− PT−tf(Xt)

∫ t

0
〈W h̃

s (v, hsv), //sdBs〉
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+ PT−tf(Xt)

((∫ t

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ t

0
|Q̃s(hsv)|2 ds

)
(3.10)

is a local martingale, and in particular a true martingale on [0, T ∧ τD).

Proof. We first prove that for f ∈ Bb(M) and v ∈ TxM ,

Mt(v, v) = ∇dPT−tf(Q̃t(v), Q̃t(v)) + (dPT−tf)(Wt(v, v))(3.11)

is a local martingale where

Wt(v, v) =Q̃t

∫ t

0
Q̃−1s R(//sdBs, Q̃s(v))Q̃s(v)

− 1

2
Q̃t

∫ t

0
Q̃−1s (d∗R−R(Z) +∇Ric]Z)(Q̃s(v), Q̃s(v)) ds

− 1

2
Q̃t

∫ t

0
Q̃−1s (∇(∇N)] −R(N))(Q̃s(v), Q̃s(v)) dls.(3.12)

Let us recall some commutation rules which will be helpful in the subsequent
calculations:

dL = (tr∇2 +∇Z)df − df(Ric] − (∇Z)]);

∇d(∆f) = tr∇2(∇df)− (∇df)(Ric] � id + id� Ric] − 2R],])

− df(d∗R+∇Ric]);

∇d(Z(f)) = ∇Z(∇df) + (∇df)((∇Z)] � id + id� (∇Z)])

+ df(∇(∇Z)] +R(Z));

∇d(Nf) = ∇N (∇df) + (∇df)((∇N)] � id + id� (∇N)])

+ df(∇(∇N)] +R(N))

(3.13)

where ∇df(∇N � id(v, v)) = ∇df(∇vN, v). Then by Itô’s formula we have

dMt(v, v) = (∇//t dBt∇dPT−tf)(Q̃t(v), Q̃t(v)) + (∇//tdBtdPT−tf)(Wt(v, v))

+ (∇dPT−tf)
(

DQ̃t(v), Q̃t(v)
)

+ (∇dPT−tf)
(
Q̃t(v),DQ̃t(v)

)
+ ∂t(∇dPT−tf)(Q̃t(v), Q̃t(v)) dt

+
1

2
(tr∇2 +∇Z)(∇dPT−tf)(Q̃t(v), Q̃t(v)) dt

+
1

2
∇N (∇dPT−tf)(Q̃t(v), Q̃t(v)) dlt +

1

2
∇N (dPT−tf)(Wt(v, v)) dlt

+ (dPT−tf)(DWt(v, v)) + 〈D(dPT−tf),DWt(v, v)〉

+ ∂t(dPT−tf)(Wt(v, v)) dt+
1

2
(tr∇2 +∇Z)(dPT−tf)(Wt(v, v)) dt.(3.14)

Taking into account the commutation properties (3.13) and according to the

definition of Q̃t, for the terms on the right side of (3.14), we observe that

∂t(∇dPT−tf)(Q̃t(v), Q̃t(v)) dt+ (∇dPT−tf)
(

DQ̃t(v), Q̃t(v)
)
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+ (∇dPT−tf)
(
Q̃t(v),DQ̃t(v)

)
= −1

2

(
(tr∇2 +∇Z)∇dPT−tf

)
(Q̃t(v), Q̃t(v)) dt

+ (∇dPT−tf)(Ric]Z(Q̃t(v)), Q̃t(v)) dt− (∇dPT−tf)(R],](Q̃t(v), Q̃t(v))) dt

+
1

2
dPT−tf

(
(d∗R−R(Z) +∇RicZ)](Q̃t(v), Q̃t(v))

)
dt

+ (∇dPT−tf)
(
−Ric]Z(Q̃t(v)) dt+ (∇N)](Q̃t(v)) dlt, Q̃t(v)

)
= −1

2

(
(tr∇2 +∇Z)∇dPT−tf

)
(Q̃t(v), Q̃t(v)) dt

−∇dPT−tf(R],](Q̃t(v), Q̃t(v))) dt

+
1

2
dPT−tf

(
(d∗R−R(Z) +∇RicZ)](Q̃t(v), Q̃t(v))

)
dt

+∇dPT−tf
(

(∇N)](Q̃t(v)), Q̃t(v)
)

dlt.

Then using the definition of Wt, we calculate the quadratic covariation of
dPT−tf and Wt(v, v) as[

D(dPT−tf),DWt(v, v)
]

=
[
∇//tdBtdPT−tf,R(//tdBt, Q̃t(v))Q̃t(v)

]
= tr 〈∇.dPT−tf,R(·, Q̃t(v))Q̃t(v)〉dt

= ∇dPT−tf(R],](Q̃t(v), Q̃t(v))) dt.

According to the definition of Wt(v, v), we have

(dPT−tf)(DWt(v, v)) + (∂tdPT−tf)(Wt(v, v)) dt

= (dPT−tf)
(
R(//tdBt, Q̃t(v))Q̃t(v)

− 1

2
(d∗R−R(Z) +∇RicZ)](Q̃t(v), Q̃t(v)) dt

− 1

2
(∇2N −R(N))](Q̃t(v), Q̃t(v)) dlt +

1

2
(∇N)](Wt(v, v)) dlt

)
− 1

2
(tr∇2 +∇Z)dPT−tf(Wt(v, v)) dt.

We conclude that

(∇dPT−tf)
(

DQ̃t(v), Q̃t(v)
)

+ (∇dPT−tf)
(
Q̃t(v),DQ̃t(v)

)
+ ∂t(∇dPT−tf)(Q̃t(v), Q̃t(v)) dt

+
1

2
(tr∇2 +∇Z)(∇dPT−tf)(Q̃t(v), Q̃t(v)) dt

+ (dPT−tf)(DWt(v, v)) + [D(dPT−tf),DWt(v, v)]

+ ∂t(dPT−tf)(Wt(v, v)) dt+
1

2
(tr∇2 +∇Z)(dPT−tf)(Wt(v, v)) dt
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= −1

2
(dPT−tf)(∇2N −R(N))](Q̃t(v), Q̃t(v)) dlt

+
1

2
(dPT−tf)((∇N)](Wt(v, v))) dlt

+
1

2
∇dPT−tf((∇N)](Q̃t(v)), Q̃t(v)) dlt

+
1

2
∇dPT−tf(Q̃t(v), (∇N)](Q̃t(v)) dlt.

(3.15)

On the other hand, for the terms in (3.14) related to the normal vector on
the boundary, we have

∇N (∇dPT−tf)(Q̃t(v), Q̃t(v)) dlt +∇N (dPT−tf)(Wt(v, v)) dlt

= −∇dPT−tf
(
(∇N)](Q̃t(v)), Q̃t(v)

)
dlt −∇dPT−tf(Q̃t(v), (∇N)](Q̃t(v))) dlt

− dPT−tf((∇2N +R(N))(Q̃t(v), Q̃t(v))) dlt

− dPT−tf((∇N)](Wt(v, v))) dlt.

Combining this with (3.14) and (3.15), we obtain

dMt(v, v)

m
=

1

2
(dPT−tf)

(
(∇2N +R(N))(Q̃t(v), Q̃t(v))(Xt) dlt−(∇N)](Wt(v, v))(Xt) dlt

)
− 1

2
(dPT−tf)

(
(∇2N +R(N))(Q̃t(v), Q̃t(v))

)
(Xt) dlt

+
1

2
(dPT−tf)

(
(∇N)](Wt(v, v))

)
(Xt) dlt = 0.

In other words, Mt(v, v) is a local martingale.
Let

M h̃
t (v, v) = ∇dPT−tf(Q̃t(h̃tv), Q̃t(v)) + (dPT−tf)(W h̃

t (v, v)).

From the definition of W h̃
t (v, v), resp. Wt(v, v), and in view of the fact that

Mt(v, v) is a local martingale, we see that

M h̃
t (v, v)−

∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(v)) ds(3.16)

is a local martingale as well. Replacing in M h̃
t (v, v) the second argument v

by h̃tv, we further get that also

M h̃
t (v, h̃(t)v)−

∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(h̃tv)) ds

−
∫ t

0
∇dPT−sf(Q̃s(hsv), Q̃s(h̃sv)) ds−

∫ t

0
(dPT−sf)(W h̃

s (v, hsv)) ds

+

∫ t

0

∫ s

0
(∇dPT−rf)(Q̃r(hrv), Q̃r(hsv)) dr ds
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(3.17)

is a local martingale. Note that M h̃
t (v, h̃tv) = M h̃

t (v, v) h̃t. Exchanging the
order of integration in the last term shows that

M h̃
t (v, h̃tv)−

∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(h̃tv)) ds

−
∫ t

0
∇dPT−sf(Q̃s(h̃sv), Q̃s(hsv)) ds

−
∫ t

0
(dPT−sf)(W h̃

s (v, hsv)) ds

+

∫ t

0
(∇dPT−rf)(Q̃r(hrv), Q̃r((h̃t − h̃r)v)) dr

= M h̃
t (v, h̃tv)−

∫ t

0
(dPT−sf)(W h̃

s (v, hsv)) ds

− 2

∫ t

0
∇dPT−sf(Q̃s(hsv), Q̃s(h̃sv)) ds(3.18)

is a local martingale. Moreover, since NPT−tf(Xt)1{Xt∈∂M} = 0 and by the
Itô formula, we have

PT−tf(Xt) = PT f(x) +

∫ t

0
dPT−sf(//s dBs).(3.19)

The usual integration by parts yields∫ t

0
(dPT−sf)(W h̃

s (v, hsv)) ds− PT−tf(Xt)

∫ t

0
〈W h̃

s (v, hsv), //s dBs〉(3.20)

is a local martingale.
On the other hand, from the Itô formula and the commutation rule (3.13),

we obtain

d(dPT−tf(Q̃t(v)))

= ∇dPT−tf(//t dBt, Q̃t(v))− 1

2
d(∆PT−tf)(Q̃t(v)) dt

+
1

2
(tr∇2dPT−tf)(Q̃t(v)) dt+

1

2
∇N (dPT−tf)(Q̃t(v)) dlt

− 1

2
dPT−tf(Ric](Q̃t(v))) dt− 1

2
dPT−tf((∇N)](Q̃t(v))) dlt

= ∇dPT−tf(//t dBt, Q̃t(v)) +
1

2
∇N (dPT−tf)(Q̃t(v)) dlt

− 1

2
dPT−tf((∇N)](Q̃t(v))) dlt

= ∇dPT−tf(//t dBt, Q̃t(v)) +
1

2
d(N(PT−tf))(Q̃t(v)) dlt

= ∇dPT−tf(//t dBt, Q̃t(v)).
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It thus follows that

dPT−tf(Q̃t(h̃tv)) = dPT f(v) +

∫ t

0
(∇dPT−sf)(//s dBs, Q̃s(h̃sv))

+

∫ t

0
dPT−sf(Q̃s(hsv)) ds.

Integration by parts yields that∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(h̃sv)) ds

− dPT−tf(Q̃t(h̃tv))

∫ t

0
〈Q̃s(hsv), //s dBs〉

+

∫ t

0
dPT−sf(Q̃s(hsv)) ds

∫ t

0
〈Q̃s(hsv)//s dBs〉(3.21)

is also a local martingale. Concerning the last term in (3.21), we note that∫ t

0
dPT−sf(Q̃s(hsv)) ds

∫ t

0
〈Q̃s(hsv), //s dBs〉

−
∫ t

0
dPT−sf(Q̃s(hsv))

(∫ s

0
〈Q̃r(hrv), //r dBr〉

)
ds

is a local martingale. Combining this with (3.21) we conclude that∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(h̃sv)) ds

− dPT−tf(Q̃t(h̃tv))

∫ t

0
〈Q̃s(hsv), //s dBs〉

+

∫ t

0
dPT−sf(Q̃s(hsv))

∫ s

0
〈Q̃r(hrv), //r dBr〉 ds(3.22)

is a local martingale. Using the local martingales (3.20) and (3.22) to replace
the last two terms in (3.18), we conclude that

(∇dPT−tf)(Q̃t(h̃tv), Q̃t(h̃tv)) + (dPT−tf)(W h̃
t (v, h̃tv))

− PT−tf(Xt)

∫ t

0
〈W h̃

s (v, hsv), //s dBs〉

− 2dPT−tf(Q̃t(h̃tv))

∫ t

0
〈Q̃s(hsv), //s dBs〉

+ 2

∫ t

0
dPT−sf(Q̃s(hsv))

∫ s

0
〈Q̃r(hrv), //r dBr〉ds(3.23)

is a local martingale as well. On the other hand, by the product rule for
martingales, we have(∫ t

0
〈Q̃s(hsv), //s dBs〉

)2

−
∫ t

0
|Q̃s(hsv)|2 ds
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= 2

∫ t

0

(∫ s

0
〈Q̃r(hrv), //r dBr〉

)
〈Q̃s(hsv), //s dBs〉(3.24)

which along with (3.19) implies that

PT−tf(Xt)

((∫ t

0
〈Q̃s(hsv), //s dBs〉

)2

−
∫ t

0
|Q̃s(hsv)|2 ds

)

− 2

∫ t

0
dPT−sf(Q̃s(hsv))

∫ s

0
〈Q̃r(hrv), //r dBr〉 ds

is a local martingale. Applying this observation to (3.23), we finally see that

(∇dPT−tf)
(
Q̃t(h̃tv), Q̃t(h̃tv)

)
+ (dPT−tf)(W h̃

t (v, h̃tv))

− 2dPT−tf(Q̃t(h̃tv))

∫ t

0
〈Q̃s(hsv), //s dBs〉

− PT−tf(Xt)

∫ t

0
〈W h̃

s (v, hsv), //s dBs〉

+ PT−tf(Xt)

((∫ t

0
〈Q̃s(hsv), //s dBs〉

)2

−
∫ t

0
|Q̃s(hsv)|2 ds

)
is a local martingale. This completes the proof. �

With the help of Lemma 3.3 and 3.4, we are now in position to prove
Theorem 3.1.

Proof of Theorem 3.1. Let hεs = 0 for s ≥ (T − ε) ∧ τk. Let Bk := {x :
ρo(x) ≤ k} for k ≥ 1. By the strong Markov property, the boundedness of
P.f on [ε, T ]×Bk and the boundedness of |dP.f | and |HessP.f | on [ε, T ]×Bk
for f ∈ Bb(M), it follows from Lemma 3.4 that

(∇dPT f)(v, v) = −E

[
f(Xx

T )

∫ (T−ε)∧τk

0
〈W h̃ε

s (hεsv, v), //sdBs〉

]

+ E

f(Xx
T )

(∫ (T−ε)∧τk

0
〈Q̃s(hεsv), //sdBs〉

)2

−
∫ (T−ε)∧τk

0
|Q̃s(hεsv)|2 ds

 .
Letting ε ↓ 0, we have

(∇dPT f)(v, v)

= −E
[
f(Xx

T )

∫ T∧τk

0
〈W h̃s

s (hsv, v), //sdBs〉
]

+ E

[
f(Xx

T )

((∫ T∧τk

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ T∧τk

0
|Q̃s(hsv)|2 ds

)]
.
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By Lemma 3.3 and the observation that there exists a constant c > 0 such
that

E

[
sup
t∈[0,T ]

∣∣∣((∫ t∧τk

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ t∧τk

0
|Q̃s(hsv)|2 ds

)∣∣∣]

≤ cE
[∫ T

0
e
∫ s
0 K

−(Xs) ds+
∫ s
0 σ
−(Xs) dls h2s ds

]
,

we complete the proof by Fatou’s lemma. �

3.2. Global Bismut type Hessian estimates of Neumann semigroup.
In this subsection, we continue the discussion on explicit global estimates
for HessPtf under suitable conditions.

For ε > 0 and γ ≥ 0, let

Dγε := {φ ∈ C2
b (M) : inf φ = 1, N log φ ≥ σ− + γε},

and consider the following condition:

(C) The functions K,σ in (3.1) and α, β, γ in (3.2) are constant, and
there exists φ ∈ Dγε for some ε > 0 such that

Kφ,q = sup
x∈M

{
− L log φ+ 2q|∇ log φ|2

}
<∞

for some positive constant q > 1.

By [27, Section 3.2], such φ can be constructed if ∂M has strictly positive
injectivity radius, the sectional curvature of M being bounded above and
Z bounded. In particular, if the manifold is compact, this condition are
met automatically. Under the global bounds of condition (C), it has been
explained above that |∇P.f | is bounded on [0, T ]×M for f ∈ C1

b (M). Next
local Bismut formulae, as the one in Theorem 3.1 for HessPtf , permit us to
show that for any ε > 0,

(3.25) |HessP.f | is bounded on [ε, T ]×M.

This requires for x ∈M and a given relatively compact open neighborhood
D of x, the construction of an adapted real process ht such that ht = 0 for

t ≥ T ∧ τD and
∫ T∧τD
0 ht dt = −1 with the property that

sup
x∈M

Ex
[ ∫ T

0
h2pt dt

]
<∞, and sup

x∈M
Ex[eq(σ

−+ε)lt ] <∞

for 1/p + 1/q = 1 and p, q > 1, where τD := inf{t ≥ 0: Xx
t 6∈ D} denotes

the first exit time of D, see estimate (3.5). In Appendix below we briefly
sketch the construction of processes h satisfying the required properties. To
this end, we also introduce the conformal change of the metric such that the
boundary under the new metric is convex in Remark 5.1 below as well.
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Theorem 3.5. Assume that condition (C) holds. Let h be a non-positive

and adapted process satisfying
∫ T
0 hs ds = −1 and

Ex
[∫ T

0
(h2s + h̃2s) eσ

−ls ds+

∫ T

0
h̃2s eσ

−ls dls

]
<∞,

where h̃t = 1 +
∫ t
0 hs ds. Then for f ∈ Bb(M) and v ∈ TxM ,

HessPT f (v, v)(x)

= −Ex
[
f(XT )

∫ T

0
〈W h̃

s (v, hsv), //sdBs〉
]

+ Ex
[
f(XT )

((∫ T

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ T

0
|Q̃s(hsv)|2 ds

)]
.

Moreover for T > 0 and f ∈ Bb(M),

|HessPT f |(x) ≤
(
α+

β

2

√
T +

2

T

)
eK
−T Ex[eσlT ](PT f

2)1/2(x)

+
γ

2
√
T

eK
−T Ex

[
eσlT

]1/2 [
Ex
(∫ T

0
e

1
2
σls dls

)2
]1/2

(PT f
2)1/2(x).

Proof. For the adapted process h, we see from Lemma 3.3 that

Ex
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0
hs〈W h̃

s (v, v), //sdBs〉
∣∣∣]

≤ 3 eK
−T

(
Ex
∫ T

0
eσ
−ls h2s ds

)1/2

×

{[
α(3 +

√
10) +

β

2

](
Ex
∫ T

0
eσ
− ls h̃2s ds

)1/2

+
γ

2

(
Ex
∫ T

0
eσ
− ls h̃2s dls

)1/2
}

<∞,

and

Ex
[∣∣∣∣∣
(∫ T

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ T

0
|Q̃s(hsv)|2 ds

∣∣∣∣∣
]

≤ 2 eK
−T Ex

(∫ T

0
eσ
− ls h̃2s ds

)
<∞.

Moreover, by (3.25) both |∇P.f | and |HessP.f | are bounded on [ε, T ] ×M .
We complete the proof by following the steps as in the proof of Theorem 3.1
to obtain from (3.10),

HessPT f (v, v)(x) = −Ex
[
f(XT )

∫ T

0
〈W h̃

s (v, hsv), //sdBs〉
]
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+ Ex
[
f(XT )

((∫ T

0
〈Q̃s(hsv), //sdBs〉

)2

−
∫ T

0
|Q̃s(hsv)|2 ds

)]
.(3.26)

Indeed, using the mentioned boundedness on [ε, T ]×M , we get (3.26) first
for f replaced by Pεf and from this (3.26) is obtained by letting ε tend to

zero. In particular, letting hs = − 1
T when s ∈ [0, T ] and h̃(s) = T−s

T for
s ∈ [0, T ], then

|HessPT f |(x)

≤ (PT |f |2)1/2
[
Ex
(∫ T

0
〈W h̃

s (v, hsv), //sdBs〉
)2
]1/2

+ 2(PT |f |2)1/2
∫ T

0
Ex[eσls−Ks]h2(s) ds

≤ 1

T
(PT |f |2)1/2

[(
Ex
[∫ T

0

∣∣∣Q̃s ∫ s

0
Q̃−1r R(//rdBr, Q̃r(h̃(r)v))Q̃r(v)

∣∣∣2ds])1/2

+
1

2

(
Ex
[∫ T

0

∣∣∣Q̃s∫ s

0
Q̃−1r (d∗R−R(Z) +∇RicZ)](Q̃r(h̃(r)v), Q̃r(v)) dr

∣∣∣2ds])1/2

+
1

2

(
Ex
[∫ T

0

∣∣∣Q̃s ∫ s

0
Q̃−1r (∇2N −R(N))](Q̃r(h̃(r)v), Q̃r(v)) dlr

∣∣∣2ds])1/2
]

+
2

T 2
(PT |f |2)1/2(x) eK

−T

∫ T

0
Ex[eσls ] ds

≤
(
α+

β

2

√
T +

2

T

)
eK
−T Ex[eσlT ](PT |f |2)1/2

+
γ

2
√
T

eK
−T Ex

[
eσlT

]1/2 [
Ex
(∫ T

0
e

1
2
σls dls

)2
]1/2

(PT |f |2)1/2. �

The following is a direct consequence of the estimate in Theorem 3.5 by
letting φ ≡ 1 in the condition (C).

Corollary 3.6. Assume that condition (C) holds with σ = γ = 0. Then

|HessPT f | ≤

(
α+

√
T

2
β +

2

T

)
eK
−T (PT |f |2)1/2

for T > 0 and f ∈ Bb(M).

3.3. Hessian formula with gradient terms for Neumann semigroup.
The main theorem in this section relies on the fact that under (B), along
with suitable conditions, the local martingale Mt defined in (3.11) is a true
martingale. This fact will be exploited for further applications.
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Theorem 3.7. Assume that condition (C) holds. For T > 0 let h ∈
C([0, T ]) such that

∫ T
0 ht dt = −1. Then for v ∈ TxM and f ∈ C1

b (M),
(3.27)

HessPT f (v, v) = E
[
−df(Q̃T (v))

∫ T

0
〈Q̃s(hsv), //sdBs〉+ df(W h̃

T (v, v))

]
where h̃t = 1 +

∫ t
0 hs ds. Moreover, for T > 0,

|HessPT f | ≤
(
α
√
T +

β

2
T +

1√
T

)
E
[
eσ
−lT
]

eK
−T ‖∇f‖∞

+
γ

2
E
[
e

1
2
σ−lT

∫ T

0
e

1
2
σ−ls dls

]
eK
−T ‖∇f‖∞.

Proof. Recall that by (3.16)

∇dPT−tf(Q̃t(h̃tv), Q̃t(v)) + (dPT−tf)(W h̃
t (v, v))

−
∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(v)) ds

is a local martingale. On the other hand, we know from the proof of Lemma
3.4 that∫ t

0
(∇dPT−sf)(Q̃s(hsv), Q̃s(v)) ds− dPT−tf(Q̃t(v))

∫ t

0
〈Q̃s(hsv), //sdBs〉

is a local martingale as well. We conclude that

∇dPT−tf(Q̃t(h̃tv), Q̃t(v)) + (dPT−tf)(W h̃
t (v, v))

− dPT−tf(Q̃t(v))

∫ t

0
〈Q̃s(hsv), //sdBs〉

is a local martingale. As ‖R‖∞ < ∞, Ric ≥ K for some constant K, and
II ≥ σ for some non-positive constant σ,∥∥d∗R+∇Ric]Z −R(Z)

∥∥
∞ <∞ and

∥∥∇2N +R(N)
∥∥
∞ <∞,

we first get

sup
s∈[0,T ]

E|Q̃s(v)|2 ≤ sup
s∈[0,T ]

e−Ks E[eσ
−lT ] <∞,

and then

E
[
|W h̃

t∧τk(v, v)|
]
≤ E

[
eK
−t∧τk+σ−lt∧τk

]1/2
E
[
e−K

−t∧τk−σ−lt∧τk |ξ(1)t∧τk |
2
]1/2

+
1

2
E
[
|ξ(2)t∧τk |

]
+

1

2
E
[
|ξ(3)t∧τk |

]
≤ αE

[
eK
−t+σ−lt

]1/2 [∫ t

0
E[e−K

−s−σ−ls ]h̃2s ds

]1/2
+

1

2
E
[
e
K−
2
t+σ−

2
lt

∫ t

0
e
K−s

2
+σ−ls

2 h̃s (βds+ γdls)

]
,(3.28)
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where ξ(1), ξ(2) and ξ(3) are defined as above. Letting k tend to ∞ then
yields

E
[
|W h̃

t (v, v)|
]
<∞.

Recall that |∇P.f | is bounded on [0, T ] × M and |∇dP.f | is bounded on
[ε, T ] × M for 0 < ε < T for f ∈ C1

b (M), see Remark 5.4. Hence we
may again the claimed formulas show first for f replaced by fε := Pεf and
then take the limit as ε ↓ 0 in the final formulas. Hence we may assume
that |∇P.f | and |∇dP.f | are bounded on [0, T ] × M , so that (3.16) is a
true martingale. By taking expectations and passing to the limit as ε ↓ 0,
inequality (3.27) is obtained.

Let now h̃s = (T − s)/T for s ∈ [0, T ]. It is straightforward to deduce
from (3.27) and (3.28) that

|HessPT f | ≤ ‖∇f‖∞ e−KT/2 E[eσlT /2]E
[∫ T

0
|Q̃s|2h2s ds

]1/2
+ ‖∇f‖∞E

[
|W h̃

T (v, v)|
]

≤ ‖∇f‖∞
(
α
√
T +

β

2
T +

1√
T

)
E
[
eσlT

]
eK
−T

+
γ

2
‖∇f‖∞E

(
e

1
2
σlT

∫ T

0
e

1
2
σls dls

)
eK
−T

which shows the second claim. �

For manifolds with specific boundary properties, more refined results can
be derived.

Corollary 3.8. Assume that the boundary ∂M is empty or II ≥ 0 and
∇2N +R(N) = 0. Moreover, suppose that RicV ≥ K > 0, α := ‖R‖∞ <∞
and β := ‖∇Ric]V + d∗R+R(∇V )‖∞ <∞.

(i) If RicV ≥ K, II ≥ 0, then for f ∈ C1
b (M),

|HessPtf | ≤

 1√∫ t
0 eKr dr

+
α√
K

+
β

K

 e−Kt/2(Pt|∇f |2)1/2.

(ii) If RicV = K, II = 0, then for f ∈ C1
b (M),

|HessPtf |HS ≤

 1√∫ t
0 eKr dr

+
dα√
K

+
dβ

K

 e−Kt/2(Pt|∇f |2)1/2.

Proof. If II ≥ 0, and RicZ ≥ K, then by [27, Corollary 3.2.6] we know that

|∇P.f | is bounded on [0, t]×M . Moreover, ∇2N + R(N) = 0, we choose h̃
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such that |h̃| ≤ 1 and(
E|W h̃

t (v, v)|2
)1/2

≤ α e−Kt/2
(∫ t

0
e−Ks ds

)1/2

+
β

2
e−Kt/2

∫ t

0
e−Ks/2 ds

≤ α√
K

e−Kt/2 +
β

K
e−Kt/2 .

Combining this with Theorem 3.7, we conclude that

|HessPtf | ≤ (Pt|∇f |2)1/2 e−Kt/2
(∫ t

0
e−Ks h2(s) ds

)1/2

+ (Pt|∇f |2)1/2
(

α√
K

+
β

K

)
e−Kt/2 .

The following choice of h:

(3.29) hs = − eKs∫ t
0 eKr dr

, s ∈ [0, t],

then leads to the first inequality.

If II = 0 and RicV = K, then Q̃t = e−Kt/2 //t and from the conditions,
the local martingale in (3.11) is a true martingale, we then obtain

HessPtf (v, w) = E

[
e−Kt Hessf (//tv, //tw)

+ e−Kt/2 df

(
//t

∫ t

0
//−1s e−Ks/2R(//sdBs, //sv)(//sw)

)
− 1

2
e−Kt/2 df

(
//t

∫ t

0
e−Ks/2 //−1s (d∗R−R(∇V ) +∇RicV )](//sv, //sw) ds

)]
.

This implies

|HessPtf |HS ≤ e−Kt Pt|Hessf |HS +

(
dα e−Kt/2

(∫ t

0
e−Ks ds

)1/2

+
dβ

2
e−Kt/2

∫ t

0
e−Ks/2 ds

)
(Pt|∇f |2)1/2.(3.30)

On the other hand, by Itô’s formula and the condition II = 0 we have

d|∇Pt−sf |2(Xs) =
1

2

(
L|∇Pt−sf |2(Xs)− 〈∇Pt−sf,∇LPt−sf〉(Xs)

)
ds

+ 〈∇|∇Pt−sf |2(Xs), //sdBs〉, s ∈ [0, t].

Using the Bochner-Weitzenböck formula and the assumption RicV = K, we
obtain

d|∇Pt−sf |2(Xs) ≥
(
RicV (∇Pt−sf,∇Pt−sf) + |HessPt−sf |2HS

)
(Xs) ds

+ 〈∇|∇Pt−sf |2(Xs), //sdBs〉
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= K|∇Pt−sf |2(Xs) ds+ |HessPt−sf |2HS(Xs) ds

+ 〈∇|∇Pt−sf |2(Xs), //sdBs〉.

From this, we conclude that

Pt|∇f |2 − eKt |∇Ptf |2 ≥
∫ t

0
eK(t−s) Ps|HessPt−sf |2HS ds.

By the inequality of Cauchy-Schwarz, this yields

e−Kt/2(Pt|∇f |2)1/2

≥
(∫ t

0
e−Ks(Ps|HessPt−sf |HS)2 ds

)1/2

≥
(

K

eKt−1

)1/2 ∫ t

0
Ps|HessPt−sf |HS ds.

Using inequality (3.30) obtained before, we have

e−Kt/2(Pt|∇f |2)1/2 ≥
(∫ t

0
eKs ds

)1/2

|HessPtf |HS

−

dα ∫ t0 e
1
2
Ks
( ∫ s

0 e−Kr dr
)1/2

ds√∫ t
0 eKr dr

+
dβ
∫ t
0 e

1
2
Ks
∫ s
0 e−Kr/2 drds

2
√∫ t

0 eKr dr


× (Pt|∇f |2)1/2,

which implies

|HessPtf |HS ≤ (Pt|∇f |2)1/2
[

e−Kt/2√∫ t
0 eKr dr

+
dα
∫ t
0 e

1
2
Ks
( ∫ s

0 e−Kr dr
)1/2

ds∫ t
0 eKr dr

+
dβ
∫ t
0 e

1
2
Ks
( ∫ s

0 e−Kr/2 dr
)
ds

2
∫ t
0 eKr dr

]

≤ (Pt|∇f |2)1/2 e−Kt/2
( 1√∫ t

0 eKr dr
+

dα√
K

+
dβ

K

)
. �

4. Stein method and log-Sobolev inequality

In this section, we consider L = ∆−∇V for V ∈ C2(M) such that

µ(dx) = e−V (x) vol(dx)

is a probability measure where vol(dx) denotes the volume measure on M .

Let Pt = e
1
2
Lt be the contraction semigroup generated by L on L2(µ) with

Neumann boundary conditions. In [9], we used the Hessian formula to es-
tablish an HSI inequality on manifolds without boundary, which contains
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the new quantity called Stein discrepancy and in a certain sense improves
the classical log-Sobolev inequality.

To establish such log-Sobolev inequalities on manifolds with boundary, we
first adapt the definition of Stein kernel and Stein discrepancy to manifolds
with boundary. A symmetric 2-tensor τν : M → T ∗M × T ∗M on M is said
to be a Stein kernel for a probability measure ν on M if τν(v, w) ∈ L1(ν)
for every v, w ∈ TxM , x ∈M , and∫

〈∇V,∇f〉 dν =

∫
〈τν ,Hessf〉HS dν, f ∈ C∞N (L),

where ∇V is the first order part of the operator L and where

C∞N (L) =
{
f ∈ C∞(M) : Nf |∂M = 0, Lf ∈ Bb(M)

}
.

Since ∫
Lf dµ =

∫
∂M

N(f) dµ = 0

for f ∈ C∞N (L), it is easy to see that the identity map id is a Stein kernel for
µ.

Definition 4.1. Let τν be a Stein kernel for ν. The Stein discrepancy is
defined as

S(ν |µ)2 = inf

∫
M
|τν − id|2HS dν,

where the infimum is taken over all Stein kernels of ν, and takes the value
+∞ if no Stein kernel exists.

Let us first recall the classical log-Sobolev inequality on Riemannian man-
ifolds when the boundary is convex. Assume that

RicV := Ric + HessV ≥ K, II ≥ 0

holds for some positive constant K. Then the classical logarithmic Sobolev
inequality with respect to the measure µ indicates that for every probability
measure dν = hdµ with smooth density h : M → R+,

H(ν |µ) ≤ 1

2K
I(ν |µ),

where

H(ν |µ) =

∫
h log hdµ = Entµ(h)

is the relative entropy of dν = hdµ with respect to µ and

I(ν |µ) =

∫
|∇h|2

h
dµ = Iµ(h)

the Fisher information of ν (or h) with respect to µ. This result is known as

the Bakry-Émery criterion due to [2] for the logarithmic Sobolev inequality.
Let us recall the following observations.
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Lemma 4.2. Assume that

RicV ≥ K and II ≥ 0

for some positive constant K, and let τν be a Stein kernel for dν = hdµ
where h ∈ C∞0 (M). For t > 0 let dνt = Pthdµ. Then

(i) (Integrated de Bruijn’s formula)

H(ν |µ) = Entµ(h) =
1

2

∫ ∞
0

Iµ(Pth) dt;

(ii) (Exponential decay of Fisher information)

Iµ(Pth) = I(νt |µ) ≤ e−Kt I(ν |µ) = e−Kt Iµ(h), t ≥ 0.

Proof. Since N(Ptf logPtf) = 0 and
(
1
2L−

∂
∂t

)
(Pth logPth) = |∇Pth|2

2Pth
, we

have

H(ν |µ) =

∫
M
h log hdµ = −

∫
M

∫ ∞
0

d (Pth logPth)

dt
dtdµ

=

∫ ∞
0

(∫
M

(1

2
L− ∂

∂t

)
(Pth logPth) dµ

)
dt

=
1

2

∫ ∞
0

∫
M

|∇Pth|2

Pth
dµdt.

The second assertion can be checked by observing first from the derivative
formula that

|∇Pth|2 ≤ e−Kt
(
Pt
∣∣∇(
√
h )2
∣∣)2 ≤ 4 e−Kt(Pth)Pt

∣∣∇√h∣∣2
which implies

Iµ(Pth) =

∫
M

|∇Pth|2

Pth
dµ ≤ 4

∫
M

e−Kt
(Pth)Pt|∇

√
h|2

Pth
dµ

= 4

∫
M

e−Kt Pt|∇
√
h|2 dµ = 4 e−Kt

∫
M
|∇
√
h|2 dµ

= e−Kt I(ν |µ) = e−Kt Iµ(h). �

All expressions should be considered for h+ ε as ε ↓ 0. We continue our
discussion under the condition that ∇2N + R(N) = 0 and −∇N ≥ 0. The
following assertions describe the relationship between the relative entropy
and Stein discrepancy.

Lemma 4.3. Assume that α := ‖R‖∞ < ∞, β := ‖∇Ric]V + d∗R +
R(∇V )‖∞ <∞ and

∇2N +R(N) = 0.

Let dν = hdµ for h ∈ C∞0 (M).
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(i) If RicV ≥ K, II ≥ 0, then

Iµ(Pth) ≤ d2
 1√∫ t

0 eKr dr
+

α√
K

+
β

K

2

e−Kt S2(ν |µ).

(ii) If RicV = K, II = 0, then

Iµ(Pth) ≤

 1√∫ t
0 eKr dr

+
dα√
K

+
dβ

K

2

e−Kt S2(ν |µ).

Proof. Let gt = logPth. By the symmetry of (Pt)t≥0 in L2(µ),

Iµ(Pth) = −
∫

(Lgt)Pthdµ = −
∫

(LPtgt)hdµ = −
∫
LPtgt dν.

Hence according to the definition of Stein kernel and since Ptgt ∈ C∞N (L),
we have

Iµ(Pth) = −
∫
〈id,HessPtgt〉HS dν −

∫
〈∇V,∇Ptgt〉 dν

=

∫
〈τν − id,HessPtgt〉HS dν.

This argument is due to [14] and connects the Fisher information to the
Stein discrepancy. We first prove assertion (i). By the Cauchy-Schwarz
inequality,

Iµ(Pth) =

∫
〈τν − id,HessPtgt〉HS dν

≤
(∫
|τν − id|2HS dν

)1/2(∫
|HessPtgt |2HS dν

)1/2

≤ d
(∫
|τν − id|2HS dν

)1/2(∫
|HessPtgt |2 dν

)1/2

≤ d

 1√∫ t
0 eKr dr

+
α√
K

+
β

K

 e−
K
2
t

(∫
|τν − id|2HS dν

) 1
2
(∫

Pt|∇gt|2 dν

) 1
2

where Corollary 3.8 is used for the function gt = logPth. Since∫
Pt|∇gt|2 dν =

∫
Pt|∇gt|2hdµ =

∫
|∇gt|2Pthdµ

=

∫
|∇Pth|2

Pth
dµ = Iµ(Pth),

it then follows that

Iµ(Pth) ≤ d2
 1√∫ t

0 eKr dr
+

α√
K

+
β

K

2

e−Kt
∫
|τν − id|2HS dν.
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Taking the infimum over all Stein kernels of ν, we finish the proof of (i).
Along the same steps, item (ii) can be proved by means of Corollary 3.8 as
well. �

Using the lemmata above, we are now in position to establish the following
result.

Theorem 4.4. Assume that α := ‖R‖∞ < ∞, β := ‖∇Ric]V + d∗R +
R(∇V )‖∞ <∞ and

∇2N +R(N) = 0.

Let dν = hdµ with h ∈ C∞0 (M).

(i) If RicV ≥ K, II ≥ 0, then

H(ν |µ) ≤ 1

2K

(
d2(1 + ε)

( α√
K

+
β

K

)2
S2(ν |µ)

)
∧ I(ν |µ)− d2(1 + ε)

2ε
S2(ν |µ)

× ln

 d2(1 + 1
ε )KS2(ν |µ)(

I(ν |µ)− d2(1 + ε)
(

α√
K

+ β
K

)2
S2(ν |µ)

)+
+ d2(1 + 1

ε )KS2(ν |µ)


for every ε > 0. Moreover, if α = 0 and β = 0, then

H(ν |µ) ≤ d2

2
S2(ν |µ) ln

(
1 +

I

d2KS2(ν |µ)

)
.

(ii) If RicV = K, II = 0, then

H(ν |µ) ≤ 1

2K

(
d2(1 + ε)

(
α√
K

+
β

K

)2

S2(ν |µ)
)
∧ I(ν |µ)

− 1

2

(
1 +

1

ε

)
S2(ν |µ)

× ln

(
(1 + 1

ε )KS2(ν |µ)(
I(ν |µ)− d2(1 + ε)

(
α√
K

+ β
K

)2
S2(ν |µ)

)
∨ 0 + (1 + 1

ε )KS2(ν |µ)

)

for every ε > 0. Moreover, if α = β = 0, then

H(ν |µ) ≤ 1

2
S2(ν |µ) ln

(
1 +

I

KS2(ν |µ)

)
.

Proof. We only need to prove the first estimate. To this end, we write
I = I(ν |µ) and S = S(ν |µ) for simplicity. By Theorem 4.3 and Lemma
4.2, we have that for every ε > 0,

H(ν |µ) =
1

2

∫ u

0
Iµ(Pth) dt+

1

2

∫ ∞
u

Iµ(Pth) dt

≤ 1

2
inf
u>0

{
A

∫ u

0
e−Kt dt+B

∫ ∞
u

K

eKt(eKt−1)
dt+ C

∫ ∞
u

e−Kt dt

}
=

1

2
inf
u>0

{
A(1− e−Ku) + C e−Ku

K
+B

∫ e−αu

0

r

1− r
dr

}
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where

A = I(ν |µ); B = d2
(

1 +
1

ε

)
S2(ν |µ);

C = d2(1 + ε)

(
α√
K

+
β

K

)2

S2(ν |µ).

It is easy to see that if A ≤ C, then inf is reached when u tends to ∞; if
A > C, then inf is reached for eαu = A−C+BK

A−C so that

H(ν |µ) ≤ C

2K
+

1

2
B ln

(
1 +

A− C
BK

)
.

We conclude that

H(ν |µ) ≤ C ∧A
2K

+
1

2
B ln

(
1 +

(A− C) ∨ 0

BK

)
.

The rest of the proof is the same replacing B by(
1 +

1

ε

)
S2(ν |µ).

The details are omitted here. �

Let (M, g) be a connected complete Riemannian manifoldM . Considering
the specific case that HessV = K > 0, then by Obata’s Rigidity Theorem
(see [20, Theorem 2] or [30, Theorem 3.4]), M is isometric to Rn. The
following corollary shows that the result is consistent with Ledoux-Nourdin-
Peccati [14] for the Gaussian measure on the Euclidean space Rn.

Corollary 4.5. Let (M, g) be a connected complete Riemannian manifold
with boundary. Assume that HessV = K > 0, II = 0, and ∇2N = 0. Let
dν = hdµ with h ∈ C∞0 (M). Then,

I(ν |µ) ≤ 1

2
S2(ν |µ) log

(
1 +

I(ν |µ)

KS2(ν |µ)

)
.

Proof. From the condition HessV = K > 0, we know that the manifold M is
isometric to Rn, i.e. ‖R‖∞ = 0, ∇RicZ = 0 and d∗R = 0. Then by Theorem
4.3 (ii),

Iµ(Pth) ≤ K

e2Kt− eKt
S2(ν |µ).

The assertion can be obtained by a same arguments as in the proof of The-
orem 4.4. �

5. Appendix

In this section, we introduce the ways to construct a sequence of hk such
that when k tends to ∞, the limit of hk is a deterministic function which
belongs to C1([0, T ]). Before this, let us first introduce the way to make
conformal change of the metric such that the boundary is convex under the
new metric and estimate the local time as well(see [27]).
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Remark 5.1 (Conformal change of the metric). We start with a conformal
change of the metric g. Since φ ∈ Dε, we have II ≥ σ ≥ −(σ− + ε) ≥
−N log φ and the boundary ∂M is convex under the metric g′ := φ−2g. Let
∆′ and ∇′ be the Laplacian and gradient operator associated to the metric
g′. Then

L = φ−2(∆′ + φ2(Z + (d− 2)∇ log φ)) = φ−2(∆′ + Z ′)

where Z ′ := φ2(Z + (d − 2)∇ log φ). Let ρ′(x, y) be the geodesic distance
from x to y with respect to the metric g′ on M .

Furthermore, let

Ui = φ−1(γ(s))P ′γ(0),γ(s)Vi, Ji(s) = f(s)Ui, 1 ≤ i ≤ d,

where {Vi}di=1 is a g′-orthonormal basis of TxM , P ′γ(0),γ(s) denotes parallel

displacement from x to y with respect to the metric g′ and f(s) = 1∧ s
ρ(x,y)∧1 .

Then Ji(0) = 0 and Ji(ρ
′) = φ−1(y)P ′x,yVi, 1 ≤ i ≤ d,

φ−2(∆′ + Z ′)ρ′(x, ·)(y)

≤
d∑
i=1

∫ ρ′

0

{
(|∇′γ̇Ji|′)2 − 〈R′(γ̇, Ji)Ji, γ̇〉′

}
(s) ds+ φ−2(y)Z ′ρ′(x, ·)(y)

≤
d∑
i=1

∫ ρ′

0

{
f ′(s)2φ−2(γ(s)) + f(s)2(|∇′γ̇Ui|′)2 − f(s)2〈R′(γ̇, Ui)Ui, γ̇〉′

}
(s) ds

+ φ−2(y)Z ′ρ′(x, ·)(y).

(5.1)

On the other hand,

φ−2(y)Z ′ρ′(x, ·)(y)

=

∫ ρ′

0

d

ds

{
f(s)2φ−2(γ(s))〈Z ′(γ(s)), γ̇(s)〉′

}
ds

= 2

∫ ρ′

0
f ′(s)f(s)φ−2(γ(s))〈Z ′(γ), γ̇〉′(s)

+ f(s)2
d

ds

{
φ−2(γ)〈Z ′(γ), γ̇〉′

}
(s) ds

= 2

∫ ρ′

0
f ′(s)f(s)φ−2(γ(s))〈Z ′(γ), γ̇〉′(s) ds

+

∫ ρ′

0
f(s)2φ−2(γ(s))〈(∇′γ̇Z ′) ◦ γ, γ̇〉′(s) ds

− 2

∫ ρ′

0
f(s)2φ−2(γ(s))〈∇ log φ(γ(s)), γ̇(s)〉〈Z ′(γ(s)), γ̇(s)〉′ ds.(5.2)

Note that |γ̇| = φ.
We then conclude from (5.1) and (5.2) that
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φ−2(y)(∆′ + Z ′)ρ′(x, ·)(y)

≤ −
∫ ρ′

0
f(s)2φ−2(γ(s))

{
(RicZ)′(γ̇(s), γ̇(s)) + (d− 4)〈∇ log φ, γ̇(s)〉2

+ 2〈Z, γ̇(s)〉〈∇ log φ, γ̇(s)〉
}

ds

+ 2

∫ ρ′

0
f ′(s)f(s)φ−2(γ(s))〈Z ′(γ), γ̇〉′(s) ds

+ d

∫ ρ′

0
f ′(s)2φ−2(γ(s)) ds

≤ −(K −Kφ)ρ′(x, y) + d

∫ ρ′(x,y)∧1

0

1

(ρ′(x, y) ∧ 1)2
φ−2(γ(s)) ds

+
2

ρ′(x, y) ∧ 1

∫ ρ′(x,y)∧1

0
φ−2(γ(s))

×
∣∣〈Z(γ(s)), γ̇(s)〉+ (d− 2)〈∇ log φ, γ̇(s)〉

∣∣ ds
≤ −(K −Kφ)ρ′(x, y) + 2 sup

z∈B′(x,1)
(|Z|+ (d− 2)|∇φ|)(z) +

d

ρ′(x, y) ∧ 1
.

Remark 5.2 (Estimate of local time). The next step is to check that for
α > 0,

sup
x∈M

Ex
[

eασ
−lt
]
< ‖φ‖2α∞ exp

(
αKφ,αt

)
<∞,(5.3)

sup
x∈M

Ex
[

e(σ
−+ε)lt

]
< ‖φ‖2∞ exp

(
Kφt

)
<∞,(5.4)

for φ ∈ D, where

Kφ,α = sup
M

{
−L log φ+ 2α|∇ log φ|2

}
and Kφ := Kφ,1 for simplicity. By Itô’s formula,

dφ−2α(Xt) = 〈∇φ−2α(Xt), //tdBt〉+
1

2
Lφ−2α(Xt) dt+

1

2
Nφ−2α(Xt) dlt

≤ 〈∇φ−2α(Xt), //tdBt〉 − αφ−2α(Xt) (−Kφ,α dt+N log φ(Xt) dlt)

≤ 〈∇φ−2α(Xt), //tdBt〉 − αφ−2α(Xt)
(
−Kφ,α dt+ σ− dlt

)
,

then

φ−2α(Xt) exp
(
−αKφ,αt+ ασ− lt

)
is a local submartingale. Therefore, by Fatou’s lemma and taking into ac-
count that φ ≥ 1, we get

E
[
φ−2α(Xt) exp

(
−αKφ,αt+ ασ− lt

)]
≤ 1,

which proves (5.3) and (5.4).
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Remark 5.3 (Construction of φ). We fist introduce the following condition
from [26] and give the estimate of ‖φ‖∞ and Kφ,α. Using Condition (B),
F.-Y. Wang constructed a function φ ∈ D (see [26, p.1436] or [28, Theorem
3.2.9] for the notation and result). Modifying his construction one defines

log φ(x) =
σ−

Λ0

∫ ρ∂(x)

0
(`(s)− `(r1))1−d ds

∫ r1

s∧r1
(`(u)− `(r1))d−1 du

where

`(t) :=


cos
√
kt− θ√

k
sin
√
kt, k > 0,

1− θt, k = 0,

cosh
√
−kt− θ√

−k sinh
√
−kt, k < 0,

(5.5)

and r1 := r0 ∧ `−1(0) and

Λ0 := (1− `(r1))1−d
∫ r1

0
(`(s)− `(r1))d−1 ds.

Then from the proof of [25, Theorem 1.1], we get:

Kφ,α ≤ Kα :=
dσ−

r1
+ 2(σ−)2α and ‖φ‖∞ ≤ e

σ−
2
dr1 .(5.6)

Remark 5.4 (Construction of h and applications to bound |HessP.f |). Let
D = B′(x, k) where B′(x, k) :=

{
y ∈ M : ρ′(x, y) ≤ k

}
for some k > 0. We

search for an adapted real process h = hk satisfying
∫ t
0 (hk)s ds = −1 for

t ≥ T ∧ τk and

Ex
[∫ T

0
(h2pk )s ds

]
<∞

where τk is the first exit time from B(x, k). To hk we then consider

(h̃k)t = 1 +

∫ t

0
(hk)s ds

so that (h̃k)0 = 1 and (h̃k)t = 0 for t ≥ T ∧ τk. For k > 0 let

θk(p) = cos

(
πρ′(x, p)

2k

)
, p ∈ B(x, k).

Then set (h̃k)s = (h̃ ◦ `k)s where a function h̃ ∈ C1([0, T ]) is chosen so that

h̃0 = 1, h̃t = 0 with (h̃)′ = h and

`k(s) =

∫ s

0
θ−2k (Xr(x))1{r<σk(T )} dr,

σk(s) = inf

{
r ≥ 0 :

∫ r

0
θ−2k (Xu(x)) du ≥ s

}
.
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This construction is due to [22], the claim follows from [23, 22], see the proof

of [7, Lemma 2.1] for the details. For this h̃k, we have

E
[∫ t∧τk

0
h2pk (s) ds

]
= E

[∫ σ(t)

0
(h ◦ `k)2p(s)θ−4pk (Xs(x)) ds

]

=

∫ t

0
h2p(s)E

[
θ−4p+2
k (X ′s(x))

]
ds

where X ′(x) denotes the diffusion starting at x with generator 1
2θ

2
kL which

almost surely doesn’t not exit B′(x, k) by [22, Proposition 2.3.]. To estimate
the integration we use

1

2
θ2kLθ

−4p+2
k = (2p− 1)θ−4p+2

k

[
4p− 1

2
|∇θk|2 − θkLθk

]
to obtain, via Ito’s formula, Gronwall’s lemma and the fact Nρ′(x, ·) ≤ 0,
that

E[θ−4p+2
k (X ′s(x))] ≤ θk(x)−4p+2 ec(θk)s,

where

c(θk) = (2p− 1) sup
B′(x,k)

{
(4p− 1)

2
|∇θk|2 − θkLθk

}
.

Using θk(x) = 1 and taking

h̃t = 1− c(θk)

p(1− e−c(θk)T/p)

∫ t

0
e−c(θk)r/p dr

we obtain

E
[∫ T∧τ

0
h2pk (s) ds

]
≤
∫ T

0

(
c(θk)

p

)2p e−c(θk)s

(1− e−c(θk)T/p)2p
ds

≤
(
c(θk)

p

)2p T

(1− e−c(θk)T/p)2p
≤ e2c(θk)T

T 2p−1 .

Indeed, according to the definition of θk, we have

|∇θk| ≤
π

2k
,

and by the Laplacian comparison theorem

− (θkLθk)(p)

≤ cos

(
πρ′(x, p)

2k

)
sin

(
πρ′(x, p)

2k

)
π

2k
Lρ′(x, ·)(p) + cos

(
πρ′(x, p)

2k

)2 π2

4k2

≤ π2ρ′(x, p)

4k2

(
(d− 1)

ρ′(x, p) ∧ 1
+ (K −Kφ)ρ′(x, p)

)
+

π2

4k2

≤ π2

4k
+

(d+ 1)π2

4k2
+

(K −Kφ)π2

4
, ρ′(x, p) ≤ k,
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where

RicZ + L log φ− 2|∇ log φ|2 ≥ K −Kφ.

We then conclude that

c(θk) ≤ (2p− 1)

(
π2

2k
+

(2d+ 4p+ 1)π2

4k2
+

(K −Kφ)π2

2

)
.

Then by the local version of the Bismut type Hessian formula, we have

|HessPT f |(x)

≤ 3 eK
−T ‖f‖∞

[
Ex
∫ T

0
h2k(s) eσ

−ls ds

]1/2
×

{[
(3 +

√
10)α+

β

2

](
Ex
∫ T

0
eσ
−ls ds

)1/2

+
γ

2

(
Ex
∫ T

0
eσ
−ls dls

)1/2

+
2

3

(
Ex
∫ T

0
h2k(s) eσ

−ls ds

)1/2
}

≤ 3 eK
−T ‖f‖∞‖φ‖∞

eKφ,qT T 1/q

(
e2c(θk)T

T 2p−1

)1/p
1/2

×

{(
(3 +

√
10)α+

β

2

)(
eKφT T

)1/2
+

√
γ

2

(
eKφT

σ− + γε

)1/2

+
2

3

eKφ,qT T 1/q

(
e2c(θk)T

T 2p−1

)1/p
1/2}

,

where φ ∈ Dγε for small ε > 0. When the manifold is non-compact, letting
k tend to ∞ yields

|HessPT f |(x) ≤ 3 eK
−T ‖φ‖∞‖f‖∞

(
e
Kφ,qT+

2p−1
p

(K−Kφ)π2

T−1
)1/2

×

{(
(3 +

√
10)α+

β

2

)(
eKφT T

) 1
2 +

1

2

(
γ eKφT

σ− + γε

)1/2

+
2

3

(
e
Kφ,qT+

2p−1
p

(K−Kφ)π2

T−1
)1/2}

<∞

for T > 0. We can use the same strategy to construct φ ∈ Dγε by replacing
σ− with σ− + γε in Remark 5.3, where the estimates of ‖φ‖∞ and Kφ then
are modified as follows

Kφ ≤
d(σ− + γε)

r1
+ 2(σ− + γε)2, and ‖φ‖∞ ≤ e

1
2
(σ−+γε)dr1 .
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