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Solution

The market is arbitrage free and complete. We denote by P* the unique probability measure on 2
under which discounted prices of assets are martingales. Under these conditions,

1
W (h) = ——————— E*[h|.%,,].
Pulh) = s B A
For k > 0, consider
h=SyVk.
1. We find
1 1
Pp(h) = ———FE*[Sy Vk|.F,| > ———— E*[SN|-Z,
(h) TESLaD (SN V k|F] YD [Sn|F4]

= (14 7)"E* S| F] = (1+1)"8, = S,

On the other hand,

1 k
(1+4+7r) (1+7)
The last expression gives the discounted guaranteed minimum value of the option.
2. We have
(I+r)" .
> (1+7)" |[E*[Sy — k | Z]
=1 +7)"S0 — k| =|Sn — k(1 +7)"],

where k = k/(1+r)VN.

3. Let Sy = s9. We show that a necessary and sufficient condition for P, (h) = S, Vn is given
by k < so(1+ a)N. Since S,, = s0&1&2 -+ ... - &N, we first remark that Sy > so(1 + a)N where
independence of the random variables &; under P* implies that

]P)*{SN:'SO(1+Q)N}:]P)*{€1:1+aa 62:1+aa7£N:1+a}:pN>0 (1)

i) Suppose now that k < so(1+a)”; then Sy > so(1+a)” > k. Therefore we have

1 1

Pu(h) = ————E*[Sny V k| Fo] = ——— E*[Sx | Fu

(h) EESLa [Sn V| Fn] TETSLas [Swv [ Fn]
= Sh.

= (1+7)"E*[Sy|Fn] =1 +1)"S,

i) Conversely, suppose that P, (h) = S, Vn; this means in particular that h = Py (h) = Sy
and hence Sy > k. Since by (1), {w| Sy (w) = so(1+a)"} # @, we have so(1+a)" > k.

4. We write

(1+7) (1+7 E*[(Sn&nsr - &n) V K[ Fn] = uln, Sn)

)an

where u(n,s) = (1+7)"" " E* [(s&nu41-----En) VE]. From the fact that s — sV k is increasing,
we read off immediately the monotonicity of the functions u(n, -).



One may calculate u explicitly by means of conditioning (see course): we have

N—n

u(n, s) = e :)N_n ; (Nj ”>pf(1 —p)N [3(1 +a) 1+ v k} :
and hence
Po(h) = (1+:)N‘” sz_:_: (NJ_ ”)pfu )N [Su (14N v ]

5. Let ® = (¢°, ¢) denote a replicating portfolio for h.

(a)

Using the definition of the price of an option, we have in terms of the replicating strategy @,
Vi (®) = Pp(h) = u(n, Sn) = ¢ (1+7)" + ¢ Sn,
which can also be written as
(L4 7)) + dnSn-16n = u(n, Sp—18,). (2)

Since the random variables &, only take the two values 1+a and 1+b, Eq. (2) is equivalent
to the system

[(1 + T)nd)g + ¢n Sn—1(1+ a)] Lig,=1+4a} = u(n, (1 + a)sn71)1{£n=1+a}
[(1T+7)"00 + ¢n Sn1(1+b)] 1ge, —145y = uln, (1+5)Sn—1)1(e, —145} -

Passing to conditional expectations with respect to %, _; and taking into account that the
sequence (®,,) is predictable, whereas &, is independent of .%,,_1, we get

(L+7)"3° + ¢p Sn—1(1 +a) = u(n, (1 +a)Su—1)
{ (1+7)"0% + ¢y Sp—1(14+b) =u(n, (1 +b)Sn_1) .
From here we conclude that
by = w(n, (1 +5)Sp—1) —u(n,(1+a)S,_1) .
(b—a)Sn—1

(3)

The wanted necessary and sufficient condition is the same as in part 3, i.e. k < so(1+ a)N.
Indeed:
o If k < so(1+a)" holds, we know that Sy = Py (h), and hence ® = (0,1) is a hedging
portfolio for A.

e Let ¢ = 0. On one hand, we have ¢,,115, = ¢,S, (® is self-financing), and hence
ON =ON-_1=...= ¢y

where ¢¢ is deterministic (and thus a constant). On the other hand, we have ¢Sy =
Vn(®) = Sy V k, and hence Sy > k. We have already seen in question 3 that this
implies the inequality k < so(1 + a)N.
Since the functions wu(n, -) are increasing, we see from formula (3) that ¢, > 0 Vn as
claimed.

We obtain a European call ho(Sy) of strike K by taking for hg the function z — (z — K) ..
The function hyg is increasing, hence u(n, -) as well for each n. As in the preceding question
this shows that ¢,, > 0 Vn.

Suppose that N =1, Sy = 1 and let ho(x) = (K — x)+. To replicate the option ho(S1) the
portfolio has to satisfy
(1+7)¢) + ¢1 (1 +a) = ho(1 + a)
{(1+r)¢?+¢1 (1+b) =ho(1+b).
(note that ¢y is deterministic). Thus we have

by = (K-QA1+0b)y —(K—(1+a))
1 b—a '

If we suppose K > 1+ a then ¢ < 0. This shows that hedging of a put of strike > 1+ a
requires short-selling of |¢1| unities of the risky asset at time 1.




