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Abstract

We address some fundamental questions about geometric analysis on Riemannian manifolds. The
LP-Calderén-Zygmund inequality is one of the cornerstones in the regularity theory of elliptic
equations, and it has been asked under which geometric conditions it holds for a reasonable
class of non-compact Riemannian manifolds, and to what extent assumptions on the derivative
of curvature and on the injectivity radius of the manifold are necessary. In the present paper, for
1 < p < 2, we give a positive answer for the validity of the LP-Calder6n-Zygmund inequality on
a Riemannian manifold assuming only a lower bound on the Ricci curvature. It is well known
that this alone is not sufficient for p > 2. In this case we complement the study of Giineysu-
Pigola (2015) and derive sufficient geometric criteria for the validity of the Calderén-Zygmund
inequality under additional Kato class bounds on the Riemann curvature tensor and the covariant
derivative of Ricci curvature. Bounds in the Kato class are integral conditions and much weaker
than pointwise bounds. Throughout the proofs, probabilistic tools, like Hessian formulas and
Bismut type representations for heat semigroups, play a significant role.
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1 Introduction

The Hessian operator Hess, which contains all information of the second order derivatives, is a
fundamental object in the second order smooth analysis. To study the Hessian operator, one usually
needs the Calderén-Zygmund inequality that controls Hess by the simpler Laplacian operator A (see
[6, 20L 351 126l 36] and the references therein for its wide applications particularly in the regularity
theory of elliptic equations).

In the Euclidean space R?, the Calderén-Zygmund inequality says that for any p € (1, c0) and
u € C(R"), it holds

[ Hess ullLpgay < CllAUllLrga), (1.1)

where C = C(d, p) > 0 is a constant depending only on d and p. The inequality (I.1)) is first proved
by Calderén and Zygmund via their seminal theory of singular integral operators based on the explicit
representation of the Green kernel of the Laplacian. A remarkable consequence of inequality (I.1) is
the fact that, in the Euclidean space, the Sobolev norms

||M||W2,p(Rd) = ||M||Lp(1Rd) + ”Vu”LP(Rd) + || Hess M||u7(Rd),

lullgepgay = lullpp@ey + [1AUllLpga)

are equivalent on C;”(R") (see [36]).

The Calderén-Zygmund inequality (I.I) extends to second order uniformly elliptic operators
L = —divAV with variable coefficients A on domains Q c R? without any boundary conditions
(see e.g. [20]). In this setting, we have the following local Calderén-Zygmund inequality that given
any domains Q; € Q, p € (1,00) and u € C°(Q), it holds

I Hess ullrqy) < C(llullr@) + ILullr). (1.2)

where C = C(Q,Q,d, p,A) > 0 is a constant depending on Q, Q, p,d and the elliptic coefficients
of A. The proof of (I.2)) is based on (I.1I)) and a perturbation argument of A. In particular, if A is a
constant matrix, then one can get rid of the term |ul|zr(q) in (I.2).

A further step was taken by Giineysu and Pigola in [26] where they considered the following
global Calderén-Zygmund inequality on Riemannian manifolds M of the form that for any p € (1, 00)
and u € C°(M), it holds

[[Hess ullzramy < Cillullzrany + CallAullrr s CZ(p)

where A is the Laplace-Beltrami operator on M and Cy, C; are two positive constants. It is known
that such an inequality CZ(p) can hold or fail depending on p and the geometry of M. We give a brief
summary of the state of the art on this subject (see [36] for a more detailed survey, as well as [27]).
For an example of a Riemannian manifold of positive sectional curvature where CZ(p) fails for large
values of p, see [33], as well as [30] for a general result in this direction.
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To begin with, we make some conventions on the notation. Throughout this paper, let (M, g) be
a complete non-compact connected d-dimensional Riemannian manifold, V the Levi-Civita covariant
derivative, Hess = Vd the Hessian operator on functions, and u the Riemannian volume measure
on M. We denote by |-| the norm in the tangent space, and by ||-||,, the norm in LP(M, u) for 1 < p < co.
The Laplace-Beltrami operator A acting on functions and forms, is understood as self-adjoint positive
operator on L>().

If p = 2 and there is a bound Ric > —K of the Ricci curvature of M for some constant K > 0,
then it is well-known that CZ(2) is a straightforward consequence of Bochner’s identity, see the
Appendix. The extension of CZ(p) from p = 2 to an arbitrary p € (1, 00) is much more involved
and an intriguing problem. Inspired by the proof of (I.I), a possible way to establish CZ(p) is a
similar potential theoretical approach that represents u via the Green kernel of the Laplace-Beltrami
operator A (see [35) 41} [34]]). Although the method works pretty well for many related questions
of the associated Poisson equation, it has the drawback that it applies only under some restrictive
conditions such as compactness of M or nonnegative Ricci curvature.

To overcome this drawback, Giineysu and Pigola [26] 36] introduced two methods of proof for
CZ(p) avoiding the use of Green kernel. The first method is based on a gluing procedure that connects
the local consideration to the global result. To be precise, if M has bounded Ricci curvature and a
strictly positive injectivity radius, then it is proved in [26] that the Calder6n-Zygmund inequality
CZ(p) holds for any p € (1, c0) with implicit constants depending on p, ||Ric||z~, the dimension d
and the injectivity radius. Moreover, if p > max{2, d/2} and M has bounded sectional curvature,
then CZ(p) also holds (see [36, Theorem 5.18]). The second method, called the functional analytic
method, uses boundedness results for the covariant Riesz transform for 1 < p < 2 from [40].

Let us sketch the main idea of the second method in [26]]. Inequality CZ(p) is usually reduced to
the existence of positive constants C and o such that

-1
[ Hess(A + o)l ||, < C ludl,,
which is equivalent to
[IVAL + )2 0 d(Ag + o)™ ||p < C llull - (1.3)

Here and hereafter, we write || - ||, := || - [lL»(m) for simplicity. The problem is thus reduced to the
study of conditions for boundedness of the classical Riesz transform d(Ag + o)~1/? on functions and
boundedness of the covariant Riesz transform V(A; + 0)~'/2 on one-forms. This approach in [26]
however is restricted to p € (1,2); the constants Cy, C, in CZ(p) depend on dimension d, p, ||R||c,
IIVR|| and on the constants D, ¢ from the following local volume doubling assumption: there are
constants C > 0, 0 < § < 2 such that

V(x,tr) < Ct%€“"V(x,r) (LD)

forallx e M, r > 0and ¢ > 1, where V(x, r) := u(B(x, r)).

Very recently, Baumgarth, Devyver and Giineysu [4] studied the covariant Riesz transform on
j-forms. Their results can be applied to CZ(p) when 1 < p < 2 requiring the same curvature
conditions as in [26] but without the local volume doubling assumption made in [26]]. This comes
from the fact that (LD) already holds if Ric > —K for some K > 0, as can be seen by the Bishop-
Gromov comparison theorem and the well-known formula for the volume of balls in hyperbolic space.
However, it seems difficult to establish CZ(p) for p > 2 in this way, as when trying to extend the
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machinery of [3] to L”-boundedness of covariant Riesz transform for p > 2, the local Poincaré
inequality, used explicitly in [3]], does not make sense on differential forms.

The observations above raise the following questions:

1. In the case 1 < p < 2, is it possible to weaken the assumptions on the Riemann curvature tensor
IRl and ||VR||co, €.&., replacing them by Ricci curvature bounds?

2. Without a lower control on the injectivity radius, under which conditions on the manifold M, the
inequality CZ(p) holds on M for p > 2?

In order to answer the above two questions affirmatively, we develop a new functional analytic
method of proof for CZ(p) that works for all p € (1, o). Unlike the second method used in [26] 36]
that reduces CZ(p) to the boundedness (I.3), our method makes use of the observation that CZ(p) is
equivalent to the L”-boundedness of the following operator:

Hess(A + o)~ = f e 7" Hess P, dt,
0

where P, denotes the heat semigroup generated by —A. Based on this observation, our strategy to solve
the above two questions is first establishing some Hessian heat kernel estimates and then bridging
from Hessian heat kernel estimates to CZ(p).

However, references on Hessian heat kernel estimates are sparsely to find in the literature, es-
pecially when compared to the situation of heat kernel estimates and gradient estimates for the heat
kernel. Therefore, in the following section, we invest some effort in deriving sharp Hessian heat kernel
estimates first. It turns out that there is a big difference between the treatment of the cases p < 2 and
p > 2. In particular, if p € (1,2), we only assume that M satisfies the following curvature condition:

Ric > -K (Ric)

for some K > 0. The curvature condition then give rise to the local Gaussian upper bounds of
the heat kernel and the local volume doubling condition (LD) which enable us to deduce a series of L?
weighted off-diagonal estimates of the Hessian heat kernel (see Section [2.1|below). These estimates
together with the classical argument of Calderén-Zygmund decomposition (see [[12]) allow to derive
our first main result.

Theorem 1.1. Let (M, g) be a complete Riemannian manifold satisfying (Ric)). Let 1 < p < 2 be
fixed. Then there exists a constant o > 0 such that the operator Hess(A + o)™ is bounded in L?,
i.e. CZ(p) holds.

Theorem [I.1] answers question 1 affirmatively. Comparing Theorem [I.T| with existing results on
CZ(p), it should be pointed out first that the result is valid without any injectivity radius assumptions
and secondly, instead of boundedness of ||R||. and ||VR||«, only a lower bound of Ric is needed. In
view of the argument for p = 2, the assumption seems close to sharp.

For the case p > 2, it is well known [36, 33| [30]] that the curvature condition alone is not
enough for CZ(p) to hold. Hence more geometric information about the manifold is required in this
case for the validity of CZ(p).

To formulate appropriate geometric conditions, we introduce some probabilistic quantities. De-
note by X, the diffusion process generated by —A, which is assumed to be non-explosive (M is stochas-
tically complete). Then, for f € By(M),

E*[f(X)] = Pif(x) = (€™ f)(x).
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A Borel function K: M — R is said to be in the Kato class K(M) of M, if

lim supf E*[|K(X,)|]ds = 0. (K)
0

t—0+ xeM

Obviously, K (M) is a linear space and K(M) C LIIOC(M). The Kato class has been introduced in [31]]
on Euclidean space and then applied to investigate singular potentials, see for instance [[1} 38} 22| 37]].
Concerning criteria for functions to be in the Kato class the reader may consult [24, 23| [28]. Note
that for dimension d > 2, if holds, then the heat kernel has a local on-diagonal estimate which
implies LP(M) + L*(M) c K (M) for p > d/2 by [28, Proposition 3.2].

To deal with the case p > 2, our conditions are given in terms of Kato bounds on the geometric
quantities.

Condition (H) Ric > —K for some K > 0 and there exist Ky, K, € K(M) such that

IRP(0) < Ki(x) and |VRick+d"R[ (x) < Ka(x), x€ M, (H)

where for x € M and vy, v,,v3 € T, )M,
IRICx) = sup {R*(v1, va)lus(x): vi,va € TeM, il < 1, [va] < 1),
and
(d*R(v1,v2),v3) = (Vs RicH)(01), v2) = ((V, Rich)(v3), v1),

with R**(vi,v2) = R(-,v1, v2, ), the curvature tensor R and Ricﬁ(v) = Ric(., v)ﬁ forveT.M.

Under the condition (H), we are able to prove the following key pointwise inequalities for the
Hessian of the semigroup that for any ¢ > 0, f € C2°(M) and x € M, it holds

|Hess P, f|(x) < e*X"P,| Hess f|(x) + Ce®X+01(p,|V 1152 (x), (1.4)
and
(| Hess P,fI(x) < C(1 + Vi) e (P1fP)” (v) (1.5)

for some constants C, 6 > 0 (see Propositions and below). Both of them are proved by using
some probabilistic tools established in [18] 19} 32} [39] 2]]. More precisely, inequality (I.4) is proved
by a stochastic approach based on a second order derivative formula for the heat semigroup (see
(2.21)) below); inequality is established by means of Bismut-type representation formulas for
the Hessian of heat semigroups which were first proved by Elworthy and Li (see [[18] [19]).

The inequalities (I.4)) and enable us to establish a series of pointwise Hessian heat kernel
estimates. Based on these results, we can give an affirmative answer to the question 2 above.

Theorem 1.2. Let M be a complete Riemannian manifold satisfying (H). Let p > 2 be fixed. Then
there exists a constant o > 0 such that the operator Hess (A+0)~! is bounded in L?, i.e. CZ(p) holds.

Theorem[I.2] gives in particular an answer to the open question in [26] about sufficient conditions
for CZ(p) when p > 2 in the absence of control of the injectivity radius. It is worth mentioning
that compared with the sufficient conditions even in the case 1 < p < 2 ([26, Theorem D], [4,
Corollary 1.8]), in Theorem the geometric quantities |R| and |V Ric| do not need to be uniformly
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bounded on M; it is sufficient to have bounds in the Kato class which is a kind of integral condition.
It should be mentioned that for p > d/2 in conjunction with p > 2 the validity of CZ(p) has been
obtained under strong curvature assumption, namely uniform boundedness of the sectional curvature
tensor, but without conditions involving the derivative of curvature, see Theorem 5.18 in the survey
of Pigola [36].

As indicated above, the pointwise inequalities (I.4) and (1.3) play a key role in the proof of
Theorem|1.2} which also reflects the difference between our approach and that of classical local Riesz
transform (see [[13,[14}[3]). In the latter case, the following domination property that for some positive
constants ¢y, ¢» and C

VP f1 < Ce"Pey|V f] (1.6)

is indispensable for boundedness of the Riesz transform in case p > 2 (see [13}[14]). Unfortunately,
the machinery of [13]] cannot work well in our situation since a Hessian estimate of the type

|Hess P, f| < Ce“V'P.;|Hess f]

would be required which however only holds in very specific cases (like flat manifolds). On the other
hand, if we aim at using the techniques from [3]] directly, the main difficulty to deal with is that there
is no suitable Hessian replacement of the local Poincaré inequality which is heavily used throughout
their proof.

To overcome these two obstacles, we take advantage of the techniques from [3]], in particular, the
sharp maximal function and good-A inequalities. By means of these tools and inequality (1.4), we
observe that if the additional term involving (P;|Vf [>)!/2 is treated and controlled as an error term,
then boundedness of Hess(A + o) in L? can be established also for p > 2 with the help of pointwise
Hessian estimates of the heat kernel. In conclusion, the crucial observation is that the pointwise
inequality (1.4) may serve as a Hessian replacement of (I.6) circumventing the non-availability of the
local Poincaré inequality.

The rest of the paper is organized as follows. In Section 2, we give various forms of estimates
on the Hessian of the heat kernel and on the corresponding semigroups, which are used throughout
the proof of CZ(p). In Sections 3 finally, we present proofs for Theorem [I.1]and [I.2] respectively. A
suitable version of the localization techniques of [[17] is included.

Acknowledgements The authors are indebted to Batu Giineysu, Stefano Pigola and Giona Veronelli
for very helpful comments on the first draft of this paper.

2 Hessian heat kernel estimates

This section is divided into two parts: the first part is on L?-estimates of the Hessian of heat
kernels under the assumption of a lower Ricci curvature bound; the second part is on the estimates
derived under condition (H) from the Hessian formula and Bismut type formulas for the Hessian of
semigroups, which are established by means of the techniques from stochastic analysis.

2.1 [’-estimates for the Hessian of heat kernel

In this section, we assume Ricci curvature to be bounded below, i.e. validity of condition (Ric).
Then, in particular, the local doubling assumption (LD) with respect to u holds. Then for xand y € M,
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we obviously have B(y, V1) € B(x, ¥t + p(x,y)). Thus if (LD} holds, then

V(. Vi) < V(x, Vi +p(x.y) < C(1+ p(x—\’fty))d exp (C(Vi + p(x,y)) V(x, V). 2.1)

It is well-known that, under a lower Ricci curvature bound, the heat kernel allows an off-diagonal
estimate [[15]]. The following lemma gives a pointwise off-diagonal estimate for the heat kernel and
its time derivative.

Lemma 2.1. Assume that holds. Then for any a € (0, 1), there exist constants C and Cy > 0
depending on the dimension d and « such that for all x,y € M and t > 0,

c
V(y, Vo)

Proof. The estimate of p,(x,y) is an easy consequence of (2.1)) and [15| Theorem 2] or [42] Theorem
2.4.4], where it is proved that for all x,y € M and ¢ > 0,

p*(x,y)

0
pi(x,y) + ‘%(x, y)‘ < exp (—a/ + Cth). 2.2)

p*(x,y)

pi(x,y) < + Cth). (2.3)

V(y, Vt) P (_a

The estimate for I%(x, y)| follows from that of p;(x,y) and the analytic property of the semigroup
(see [16, Theorem 4] or [21, Corollary 3.3]). O

The following lemma gives weighted L*-integral estimates for the heat kernel, its gradient and its
Laplacian.

Lemma 2.2. Assume that (Ric) holds. Let a € (0, %) be as in Lemma Forall y € (0,2a), s > 0
andy e M,

P2,

2 2, 2 2] Ly ey G 2Cs
X, + 8|V, ps(x, + 57| A ps(x, e¥ s dx) < e ™’
fM[ms( WP + 51V ps (6 I + S1Aps(x, )P pdx) £

where C,, > 0 depends ony and C' > 0 on a and K.

Proof. By (LD), it is easy to see that for all y > 0, s,7 > 0 and y € M, there exist two positive
constants Cy (depending on y and the constants in (CD)) and C such that

0% (x) 2 (xy)
f e u(dx) < e_”t/sf e’ u(dx)
p(xy)= Vi M

<es Z V(y, (i + 1) Vs)e "
i=0

< Ce"V(y, Vs) Y (i + 1)le 7 DN
i=0

< Ce_yl/SeC \/Ev(y, \/E) Z(l + 1)de—7izeyi2/2+czs/2

i=0

< CeM Ny (y, 5) 3 (i + 1)le 2
i=0
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< CyV(y, Vs) e %, 2.4)

where the second inequality comes from condition (LD). The remainder of the proof follows from
[12, Lemmas 2.1-2.3]. O

We now turn to the estimates for the Hessian of heat kernel. The following lemma shows that
the Hessian of heat semigroup also satisfies an L>-Gaffney off-diagonal estimate. Note that in the
following discussion the constant C will be different in different lines without confusion.

Lemma 2.3. Assume that holds. There exist constants C,Cy > 0 such that for all t € (0, o), all
Borel subsets E, F ¢ M with compact closure, and all f € L*>(M) with supp f C E,

(_ C2 X (E, F))
t

||]lFt|Hess P,fl“2 < C(1+ Vi) exp [1£1l2.

Proof. Recall the following L?-Gaffney off-diagonal estimate on one-forms [4]]. If (Ric) holds, then
for @ € I'j2(T* M) with support supp(e) C E and any s € (0, 1), it holds

XE,F
|1eVsIve o], < € (1 + V5) exp (—%) Izl

2(E,F
<2Cexp (—M) ILzalh
S

for some positive constants C and c¢;. On the other hand, we have Gaffney’s off-diagonal estimate for
VP, fl (see [3L (3.1)]), i.e. for all f € L*(M) with support in E and u > 0,

HIIF\/ENP,,fIH2 < Cexp( L) I1Ef1l2

for some positive constants C and ¢,. For ¢ > 0, denoting by A" the Laplacian on one-forms, we

may write
(1= A D) Ve—(f—%M))A(“( [t A ldP%Alf)
\/(t— GAD)G AT

so that using the composition rule of Gaffney’s oft-diagonal estimate (see [29, Lemma 2.3]), we obtain

Hess P, f =

2
t cp°(E,F)
||]lEt|Hess P,fl“2 <C exp (— p p ]HﬂEsz,
\/(l‘—(%/\l))(%/\l) max{ ANLt=(5A 1)}
for some positive constants C and c. Note that for 0 < ¢/2 < 1,
t t t t t t
max{z/\l,t—(i/\l)}zmax{i,t—i}:5; =2,
\/(t— GAD)EAD
and that for /2 > 1,
t t t
max{z/\l,t (= /\1)} max{l,r—1}=r-1<1, = < V2.

Je-Gan)gan Vil

Therefore, we conclude that there exist positive constants C and C; such that

( Cop*(E, F))

|| Lrt | Hess Pyfl||, < € (1 + Vi) exp 11Ef]l. O
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The following proposition gives L2-weighted estimates for the Hessian of the heat kernel.

Proposition 2.4. Assume that (Ric) holds. Fix a € (0, i) as in Lemma Then for all v € (0,2a),
s> 0andy e M, there exists a constant C > 0 such that

C(1 + Ks)eC's

2
2 M)
fM | Hess, ps(x, )" exp (’y . u(dx) < s2V(y, V5)

where C’ > 0 is the same constant as in Lemma[2.2]

Proof. We begin by integrating Bochner’s identity (4.1 to obtain
5 [ p P A ) = 3 fM (BIV p2) PGS (i)
- fM (~IHess pyl2; + 8(VAp,. Vpy) = Ric(Vpy, Vpy)) e D05 (),
which then implies
fM | Hess p,|2, 7" C9/5 1y(dxx) 2.5)
= —% fM IV, PAS OIS () + fM 8(VAD, Vpy) e IS 1(dx)
- fM Ric(Vps, Vps) €S ()
=-1 fM 1V psP? div (7" p(x, V(. 1)(0)) pldx) + f Ap, div(@” YV p) u(dx)
- f Ric(Vps, V) e 0 y(dx) = 1) + T + 13
(with the sign convention A = div V for the divergence). Now for any 8 € (0, 2a), let
EG8) 1= [ [IpaP + i9pe ) + 18, Pl M0

Then by condition and Lemma[2.2] we have

K K C ’
<K \Y Zeypz(x’y)/s dx) < —E(s,y,y) £ — Y 20, 2.6
. fM|ps| ) < CE ) < e 2.6)

For I,, using the fact [Vp| < 1, we deduce from Lemma[2.2] again that
2
L= f (Ap)? " () - = f (Ap) € Y3p(x, y)(Vp, Vp,) ()
M S JIm

2
<2 f (Aps)* € I () + Z—z f I3 2(x, )|V py P ()
M M

’

Y

V(y,Vs)

where y <y’ < 2a with y’ — y sufficiently small.

e2C's, .7

C 1
< S_;IE(S,)’J’/) < ?
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To bound I, we write
2
511 — f |Vps|2 e /s u(dx) + zf |Vps|2 eypz(x,y)/sw u(dx)
Y M M s

- fM IV psl? 7" O (x, y)Ap(-, y)(x) (). (2.8)

By the Laplacian comparison theorem (see e.g. [8, p185]), we have

p(x,y)

—Ap(, y)(x) < + Kp(x,y)

outside of the cut-locus. This yields in particular
20xy
- % fM Vpsl? € D p(x, y)Ap(-, y)(x) ()

d-1 2(x,
< ( - )7 f |Vp_y|2 e»ypz(x’y)/s /l(d.x) + Kf |VpS|2 eYPZ(x,y)/S w#(dx)
M M

d _ 1 , ) Xy
<= )yf [V, NS ) + K f Ve ™5™ u(dx)
M M

C,(1+Ks) ,
< ys—zE(s,y,y)

withy <y’ < 2a as in (2.7). Combining this estimate with (2.8)), it follows

1+K 1+K ,
I < C,,(—ZS)E(s,y, ) < A+ Ks) e2C's, (2.9)
’ SAVO.VS)
Altogether (2.5)) through (2.9), we conclude that
1+K ,
f | Hess pslfIS P s udx) =1+ +15 < c¥ e2C’s,
M s2 VO, V)
which completes the proof of Proposition [2.4] by using the fact
| Hess psl2 < |Hessps|is. O

Using Proposition we obtain the following L*-integral estimates for Hessian of heat kernel.

Corollary 2.5. Assume (Ric) holds. Fix a € (0, le) as in Lemma There exist 0 < B < « and
C"” > C' > 0 with C’ as in Lemmal2.2 such that

f 12 | Hess, py(x, y)| p(dx) < C(1 + Vs)e " eP/og!
pxy)=t

forally e M and s,t > 0.

Proof. Let 0 < 8 < a. By Cauchy’s inequality we obtain

f st | Hessx ps(x, y)| u(dx)
plx,y)=t
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1/2 1/2
200/« _p 2 )
SUWm%mmM%W“WMMJ(f e PN p(dx)
M plxy)=1!/?

< Ces(1 + +s) /V(y, V5)eFils Cs
sV, Vs)

_ C(1+ +s) oCsBt/s oCs < C( + +s) oCs=Btls

N N

where the second inequality follows from Proposition [2.4] and inequality (2:4). This finishes the
proof. O
2.2 Stochastic Hessian formulas and pointwise estimates for Hessian of heat kernel

In this subsection, we establish some pointwise and LP-integral estimates for the Hessian of the
heat kernel when p > 2. To this end, let us first introduce some necessary notations. For fixed
x € M, let B; be the stochastic anti-development of X.(x) which is a Brownian motion in 7M. Let
/li: TxM — Tx,(xyM be the parallel transport and Q;: TyM — Tx, M be the damped parallel transport
defined as the solution to the following pathwise ordinary covariant differential equation along the
trajectories of X,

DQ, = -Ric* Q,dt, Q= idr.y (2.10)

with DQ; = //;d //,‘IQ,. For each w € T M define an operator-valued process W,(-,w) : T.M —
Tx,M by

t !
Wi w) = O f 0;'R(// dBy, Q:())0r(w) - O, f O; ' (VRick +d"R)(Q:(), Qr(w)) dr.
0 0
This means that the process W;(-, w) is the solution to the following covariant Itd equation

DW,(-,w) = R(//1dB:, Qi())Qi(w) = (d"R + V Ric*)(Q,(-), Q,(w)) dt — Rick (W, (-, w)) d,
Wo(-,w) = 0.

First, we collect some easy curvature estimates for Riemannian manifolds M satisfying condition (H).

Lemma 2.6. Assume that (H) holds. There exist constants C > 0, 6 > 0 such that for any t > 0,

! !
sup E* [ f IRI>(X,)ds + f IV Ric* +d*R|2(Xs)ds]sCeze’. (2.11)
xeM 0 0

Proof. By means of the trivial inequality s < e for s > 0, we see that

! !
sup B [ f IR(X,)ds + f IV Ric* +d*R|2(XS)ds]
xeM 0 0

! !
< supE" [f Ki(Xy)ds +f Kz(Xs)ds]
xeM 0 0

! !
< supE* [exp (f Ki(Xs) ds) + sup E* [exp (f K>(Xs) ds)] .
xeM 0 xeM 0
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Recall in [25] Lemma 3.9] that for any K € K (M), there exist positive constants ¢ and C such

t
sup E* [exp (f IK(X;)| ds)
xeM 0

This immediately completes the proof by substituting K; and K as K. O

< Ce“.

By this lemma and Bismut-type Hessian formula, we obtain the following Hessian estimates for
heat semigroup.

Proposition 2.7. Assume that (H) holds. Then, for any p > 2, there exist positive constants C and 0
as in Lemma 2.6 such that, for every f € B,(M), t > 0,

t[Hess P, fI(x) < C(1+ Ve (P f17)!/7 (), (2.12)
t]|IHess PA1, < €L+ Vo2 £, (2.13)
Proof. We start by recalling the following Bismut type formula for Hess P; (see [2, [19, 9]). Let
x € Dwithv,w e T:M, f € Bp(M) and 0 < s < t. Suppose that D; and D, are regular domains
such that x € Dy and D; € D, C D, and denote by o, t the exit times of X.(x) from D; and D,
respectively. Assume that k,{ are bounded adapted processes with paths in the Cameron-Martin

spaceLz([O,t];[O,l]) suchthatk, =0forr >0 As,kg=1,¢(, =1forr<oAs,{,=0forr>1At.
Then, for f € B,(M), we have

(Hess P, ))(v,w) = -E* [f (X1 fo (Wikgv, w), //sst>}

+E

f(Xt)f<Qr(€rW), //rdBr>f0<Qr(7<rV), //rdBr>]- (2.14)

Note that under condition (H) one has |Q,|* < e*X" and according to the Itd formula, then for t < 7 <
Tpand 0 < 6 < 2K,

AW, (v, W) = 2 (R(J] sdBy, Os(v)Q5(w), W(v, w)) + 2IRM(Q(v), Qs(w))Iys ds
— 2((d*R + VRicH)(Q,s(v), Qs(w)), Wy(v, w)) ds
—2Ric(W(v,w), Wi(v,w))ds

< 2(R(// sdBs, Qs(m)Qs(w), W(v, w)) + 2e*55 K (X,) ds
+ 2 VK (X)) K5 \W (v, w)l ds + 2K|W,(v, w)|* ds

< 2(R(/] sdBs, Qs(V) Qs(w), Wy (v, w)) + 26" K1 (X,) dss
+ (26)7 'Ky (X,) ds + (2K + 8)|W(v, w)|* ds.

From this and Lemma [2.6] there exist constants C > 0 and € > 0 such that

!
ElWirr, (v, w)|* < 2eK+0X (E[ f KK (X)) ds
0

+(45)—1E[ f e<2K—5>SK2(XS)dsD (2.15)
0

szmax{l,(45)—1}e4’<fE[ f Ki(X,)ds + f Kz(Xs)ds]
0 0

< C e@K+20)1
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Since the upper of E|W;xr, (v, w)? is independent of the domain D, taking a sequence of domains D,
increasing to M, we conclude that E|W,(v, w)|? < Ce@K+201  Al] these estimates allow to verify that
formula (2.14) holds for the deterministic functions k; = == 2‘ vVOand s = 1A 20 2 as well. Then,
by estimate (2.13) and |Q;| < eX*, we get for any p > 2,

1/2

2 /2
| Hess P, f] < —(Pt|f|P>”f’ [ f E|W,(v, w)|* ds}
0

1/2
—(Plflp)””E[ f (Quw). /sdBy)) E f (0, //sdBy) |</,/2]]

) £/2 1/2
< ;(Pt|f|p)l/p (f e(4K+29)S ds)
0

4 t/2 1/2 f 1/2
+ —=(P)| f|p)”1’]E[ f e?Ks ds} ( f e2Ks ds)
t 0 t/2

C c
<7 CRI PP+ — 2E(PfIN)P

< C(l;r Vi) 2K+ p | FP)1IP (2.16)

which proves (2.12)). Moreover, integration with respect to the measure u yields

C(1 + i)
—(t G177

p(|Hess P, f17)'77 <
This proves (2.13)) and finishes the proof. |
The following proposition gives a pointwise estimate for the Hessian of heat semigroup.
Proposition 2.8. Assume that (H) holds. Then there exist constants C, 6 > 0 such that
|Hess P, f] < & (P Hess 1) ” + Ce®*0" (pyasp)"” 2.17)
fort>0and f € Cy(M).
Proof. Recall the following relation
dAf = trHess(df) — df(Ric%) (2.18)
where Hess(df) = V2df. Moreover, using the differential Bianchi identity [10, p. 185], we have
Hess(Af) = tr Hess(Hess f) — 2(Hess f)(Ric ®id — R**) — d f(d*R + V Ricb). (2.19)
Now, for s > 0and v,w € T, M, let
Ny(v,w) := (Hess Pr_s )(Qs(v), Qs(W)(Xy) + (P [)(Ws(v, w))(Xy).

We claim that Ny is a local martingale. Combining (2.18), (2.19) and applying It6’s formula, we
obtain

dNy(v,w) = (V) ap, Hess Pi_s f)(Qs(v), Qs(w)) + (Hess P, sf)( L Qs(1), Qs(w)) ds
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D
+ (Hess P, f)(Qs(v), %QS(W)) ds + ds(Hess P f)(Qs(v), Os(w)) ds

+ trHess(Hess P f)(Qs(v), Qs(W)) ds + (V ap, dP—s f)(Wi(v, w))
+ (dPi—s fYDW(v, w)) +(d(dP;—_s f), DWs(v,w)) + O5(d P f)(W(v, w)) ds

+ trHess(dP,—s f)(Ws(v, w)) ds = 0,

where = denotes equality modulo the differential of a local martingale, and here we used for the
quadratic covariation the formula

[d(dP—sf), DWy(v,w)]; = (Hess Pr—s IR (Q5(v), Qs(w))) ds.
Therefore, N; is a local martingale. Recall that condition (H) implies
10, <e®' and E|W,(v, w)P* < Ce#K+201
for some positive constants. In view of estimate (2.16)), | Hess P,_ f| is bounded on [0, # — ] X M, and
VP f1 < XV £ o
as a consequence of the derivative formula (see e.g. [42, Theorem 2.2.3]): forallv € TyM and x € M,
(VP f)(x), vy = E* (VXD O)] . (2.20)

Thus N; is a martingale on the time interval [0, f — €], and by taking expectation at time 0 and ¢ — &,
we arrive at

(Hess P f)(v,w) = E[(HGSS Pof)(Qr-s(V), Qi-eW)(Xy) + dPe f(W;—s(v, W))(Xt—s)]- (221

Letting £ tend to 0, it then follows that

| Hess P, f(v, w)] < [E[ Hess £(Quv), (X[ + [E[dr(Wiv, wp(x,)]

< P[|Hess f11Q:1Q:w)I] + (Pild 1) /2E[ [ Wi(v, w)l?
S (P,lHeSSf|2)1/2 eZKt + Ce(2K+0)t (Pt|df|2)1/2 O

]1/2

Remark 2.9. Let

IRl := sup |RI(x) and |VRic* +d*R|le := sup |V Ric? +d*R|(x).
xeM xeM

If assumption (H] is replaced by with K > 0, ||R|l < oo and ||V Ric +d*R|jes < oo, then it is
straightforward to see from (2.15) that for 0 < ¢ < 2K,

! !
E|W,(v, w)]> < e<2K+‘”fE[ f KO3 ||R|2 ds + f e@K=93| |\ Ric! +d*R|%, ds| < Ce*¥'¢
0 0

for some explicit constant C > 0. Proceeding as in the proof of Proposition [2.8] above, we obtain in
this case

|Hess P f] < X(P| Hess 1)) + C Ve (Pl fP)"2.
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Proposition [2.8]is used to establish pointwise Gaussian upper bounds for the Hessian of the heat
kernel via inequality (2.17). Note that Carron [[7] applied pointwise Gaussian upper bounds for the
gradient of the heat kernel to the Riesz transform on complete manifolds whose Ricci curvature
satisfies a quadratic decay control. Here, we shall use the following Hessian heat kernel estimate in
the next section to establish the Calderén-Zygmund inequality.

Proposition 2.10. Assume that (H) holds. Fix a € (0,1/4) as in Lemma 2.1 and let 6 > 0 be as in
(2.T0). Then there exist 0 < < 2a and C3 > 0 such that

p*(x,y)
t

C(1+ V)
1V (y, V1)

1
|Hess, pi(x,y)] < exp (—ﬂ + E(C3 + H)t).

foranyt>0andx, y € M.

Proof. Fort > 0and x,y € M, write

Hess, pa/(x,y) = Hess Pi(p(-, ¥))(x)

Applying Proposition 2.8]and taking y € (0, 2a), we have
. , 1/2
| Hess Pi(pi(-, )(x)| < e ( f | Hess, pi(z, y)* 7 G0/ e GO/ | (x, ) u(dz))

1/2
+ CeK+01 ( f V. pi(z, y)|2 e)’/ﬂ(z,y)/t e—)’pl(z,y)/l |p(x, 2)| ,u(dz)) .

Moreover, by Lemma 2.2] and Proposition [2.4] we know that there exists C’ > 0 such that

2 2 CA+KD ¢y
IV.pi(z, )P €@ 1 | Hess, py(z, y)IF € @) p(dz) < ——— &>
L( P2y iz y ) u VoD

This further implies that there exists a constant C3 > 0 such that

C(I+ vt / 1/2
[Hess P 30| < SV (€280 g feom e 1, )

(VO Vi) M

< ca+ \/;) o(C3+0)t e—ﬁpz(x,y)/t
TtV VD

for B small enough, where in the last inequality we have used the estimate

C 1Kt )
TS eRN

su e"pz(z’y)/tl (x, 2|t <
sup| pix 2] V(. VD)

which can be deduced from Lemma [2.1] Thus, we conclude

’

€+ Vo e(C3+01 o=Bp* (et
tV(y, V)

which finishes the proof of Proposition |2.10)] O

| Hessy pa(x,y)| <
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By interpolating the L”-Hessian inequality with the L?-Gaffney off-diagonal estimates, one ob-
tains L”-Gaffney off-diagonal estimates for any p > 2 as follows.

Proposition 2.11. Assume that (H) hold. Then for p > 2 there exists constants C, C4 > 0 such that for
all t € (0, 00), all Borel subsets E, F C M with compact closure, and all f € LP(M) with suppf C E,

_ 2
[LrtiHess Pof|, < C(1+ Vi e@Erore G BRI £,

Proof. Let p > 2 and t > 0. For E,F and f as above, by inequality (2.12), there exist positive
constants C and C, such that

f 1P| Hess P, f1P(x) u(dx) < Ce@K+OPI(1 4 ryP f (P fIP2)*(x) p(dx)
F F

< Ce—ZCZPZ(E,F)/t e(2K+9)pt(1 + \/;)pf|f|l7#(dx)
E

where the last inequality follows from the L2-Gaffney off-diagonal estimates for P, f (Lemma ,
i.e. the existence of positive constants C and C, such that

i, < o g2

for all f € LP(M) with suppf C E. O

3 Calderon-Zygmund inequality for p # 2

In this section, we prove the main results of this paper. We first prove Theorem|[I.1]in Section[3.1]
namely CZ(p) for p € (1,2) under the condition (Ric); then in Section [3.2] we prove Theorem [1.2]
namely, CZ(p) for p > 2 under the condition (H). Recall that CZ(2) always holds under condition

(Ric).

3.1 Thecase pe(1,2)

Let M be a complete Riemannian manifold satisfying (Ric). In this subsection, we prove Theorem
and show that the Calderén-Zygmund inequality holds for p € (1, 2). To be precise, let

T =Hess(A+ o) = f e 7" Hess P, dt. (3.1)
0

We show that T is bounded on L?(M) for any p € (1,2), provided o > 0 is large enough. Since T is
already bounded on L*(M), using interpolation, it suffices to prove that T is of weak type (1, 1), that
is for some constant C,

A1l

ullxr e M: Tl > ) < C= (3.2)

forall4A > 0and f € LY (M). To this end, we need the following technical lemma from [3| Section 4]
on the finite overlap property of M.

Lemma 3.1. [3]] Assume that (LD)) holds. There exists a countable subset C = {x;}jen C M such that
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(i) M =UjepB(xj, 1);
(i1) {B(x;j,1/2)}jen are disjoint;
(iii) there exists Ny € N such that for any x € M, there are at most Ng balls B(x;,4) containing x;

(iv) for any co > 1, there exists C > 0 such that for any j € A, x € B(x;, co) and r € (0, 00),

p(BCx,2r) N B(xj,c0)) < Cp(B(x, ) N B(xj, o))

and

H(B(x.r)) < Cpu(B(x,1) N Blx;j, co))
for any x € B(xj, co) and r € (0, 2¢o].
The following lemma provides the localization argument to prove (3.2)).

Lemma 3.2. Assume that (Ric) holds. Let C = {xj}jen be a countable subset of M having finite
overlap property as in Lemma[3.1] Let o > C”" where C" is as in Corollary 2.5 Suppose that there
exists a positive constant C such that

C
# (1 Lo oI > A1) < <7l (3.3)

forany j€ A, A €(0,00)and f € C7(B(x;, 1)). Then (3.2)) holds for any f € Cy’(M).
Proof. For j € A, let B; := B(x;, 1) and let {¢;} jea be a C*-partition of unity such that 0 < ¢; < 1
and is supported in B;. Then, for any f € C’(M) and x € M, write

Tf() = ) Tag T(Fe)®) + > (1= Lag)T(F)(0),

JEA JEA
which yields that for any 4 > 0,
A A
s [T > ) < u({x: ,ZA 1os IT(fe) ()] > 5}) +u({x: ;(1 — Lop T (Fep) ()] > 5})
=1+ 1.

For I;, by Lemma [3.1{iii) and (3:3), we have

A 1
I < jEZAy({x: L2g T ()01 > 3} < 71 (3.4)

as desired, where the notation a < b means a < Cb for some constant C.
To bound I, again by Lemma [3.1{iii), since ¢; is supported in B, it is easy to see that

Z I(1 = 128,)(x¥)@;(MI < NoLip(xy)=13-
JEA

Hence, according to the definition of T in (3.1]) and Corollary we get

I < %jeZA’||(1_HZBj)T(f¢j)”’1
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1 (o)
< = L[L e_UtL|HeSSth(X,Y)|Z|(1 - HZBj)(x)SDj(Y)||f(y)I/1(dy)dt u(dx)

A JjeA

1 00
< 71 f f e_o'f (f |HeSSx p;(x, y)I,u(dx)) dt |f(y)|’u(dy)
M JO p(x,y)=1
< l\fmlf(yﬂﬁddW)”f‘ e (1 + Vet e P ar,

where 8 € (0, @). Thus, since o > C”, we obtain

L™ (14 VD) ]
st f o€ =owpnLEND G < Ly,
0 ‘ 1

which combined with the estimate about /; in (3.4) finishes the proof of Lemma|[3.2] o

To prove property (3.3), we remove the subscript j and simply write B for each B; := B(x;j, 1).
Let co > 1. By Lemma [3.1iv), we have that (coB, i, p) is a metric measure subspace satisfying the
volume doubling property that there exists Cp > 1 such that

U (B(x,2r)NcoB) < Cp u(B(x,7) N coB) D)

forall x € coB and r > 0.
We also need the following Calderén-Zygmund decomposition from [[11]].

Lemma 3.3 ([L1]]). Let (X,v,p) be a metric measure space satisfying (D) with coB replaced by X.
Let f € LY(X) and A € (0, ). Assume || fllpr < A(X). Then f has a decomposition of the form

f=g+b=g+2;bi
such that
(a) g(x) < CAforalmostall x € M;

(b) there exists a sequence of balls B; = B(x;, r;) so that the support of each b; is contained in B;:

f |bi(x)| v(dx) < CAv(B;) and f bi(x)v(dx) = 0;
X X

© Zv(B»s < fx FCOI )

(d) there exists kg € N* such that each point of M is contained in at most kg balls B;.

Lemma 3.4. Assume that holds. Let A € (0,0) and f € L'(B) be as in Lemma Assume
that {b;} is the sequence of bad functions as in Lemma and {P{ }i>0 the heat semigroup associated
to —(A + o) with o > 0. Then there exist o > 0 and C > 0 independent of f such that

| > poo[, < caim
i

where t; = rl.2 with r; denoting the radius of the ball B; as in Lemma b ).



CALDERON-ZYGMUND INEQUALITIES ON COMPLETE RIEMANNIAN MANIFOLDS 19

Proof. Recall that supp b; C B(x;, V/t;). Using the upper bound of the heat kernel in Lemma and
Lemma[3.3] we have for x € M,

e_ o'ti— apz(t;r,y)
P7Di(x Sf —b; d
|P7; bi(x)] T |bi(¥)| u(dy)
C —(J'/l'—(l,pz(xxi)f
< — ’ l bi d
VD) Bil Ol u(dy)
_O_It. a///P (’f\)

(&}
< (ChA d
<0 fM oy L)

where 0/ =0 — C1K > 0and 0 < @ < @ < a. It is therefore sufficient to verify that

e_o_lti_a// PZ;I:VY)
%, S
i m VG, \/t_l)

since from this and Lemma [3.3| we obtain as consequence, as desired,

2 2
|22 Pl = 31l

In order to prove (3.3)), we write by duality

, (3.5)
2

<) (B s Alflh.

HZ f _; \/—) B()’),U(dy)H (3.6)

11 PZ(X.y) (XV)

—(Tt -
= e T . )
||u||2 I fM[Zf Vix, Vi) 1g,(y) pu( y)] u(x) pu(dx)

—o‘t, ,,p(xx)
< dx)|1p, dy).
< sup f Z{ fM Ty ok x)] 5,0 H(dy)

By (2.1)), we have for any x € M and y € B;,

d
Ve Vi) < € (‘ s )) DY (V)

i

with ¢ € [0, 2). From this, we obtain that there exist 0 < @ < @’ < @” such that

—O"t-—a"p 2(x,y)
e 1
lue(x)| pu(dx)
fM V(x, Vi)
e 20—1’ 111 P (X\)| ( )l (d )
S — T lu(x)| u(dx
V(y, V1)

< ( f o]t Z f @) )
S oo — u(x)| udx) + e i |u(x)| p(dx
V(y, ‘/t_i) p(x )<Vt 2k <p(x,y) <2kt
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1 = 11192k
<1 d a2 f d
TR [ | @ £ 3 ol x)]

> 2k+1 t; 1
=1+ Z Vo327 Vi) Vi) g2
4 V()

1+ C Z 2(k+1)deC2k+l \/Ee—&22k] (%u)(y)
k=0

](Agqu)

IA

IA

1+Cy z<'<+1>de6‘2"“e—&2”‘] (A0O) $ (Au)),
k=0

where

M =S
( u)(y) rlig V(y’ i‘) B(@y,r)

|ue(0)| (dx)

denotes the Hardy-Littlewood maximal function of u. This together with (3.6)) and the L>-boundedness
of ./ gives

_g e

e’

—1p d 1g
HZ |, S L omtay Xt

which shows that (3.5)) holds true and finishes the proof of Lemma 3.4 O

>

< sup fM (AWG) Y g0 udy)

2 =t 2
With the help of Lemmas [3.2] through [3.4] we are now in position to the proof of Theorem [I.1]

Proof of Theorem|[I1] Recall that T = Hess(A + o)"'. We choose o big enough such that o= >
max{C”, C;K}, where & is as in proof of Lemma 3.4] By Lemma[3.2] it suffices to prove

(e € 2B: 7o) > A1) 5 L 37
for all f € C°(B). By means of Lemmawith X = B, we deduce that f has a decomposition
[=g+b=g+2,;b
which implies
u(ix € 2B - [Tl > A)) < p ({x €2B: Te()| > ’%}) +u({x €2B: |Th(x)| > %}) (3.8)
=1+ 1.
Using the facts that T' is bounded on L*(M) and that lg(x)| < CA, we obtain as desired
i s A72Tgll5 < A7Mgl3 < A7 Mgl < A7 MA - (3.9)

We now turn to the estimate of I. Recall that {P{ };>¢ is the heat semigroup generated by —(A+0),
that is P{ = ™" P;. We write

Tb,' = TPtal-bl + T(I - Pg-)bi,
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where t; = rl.z with r; the radius of B;. By Lemma we have

S
i

This combined with the L?>-boundedness of T yields

u {{x €2B: |T (Z Pgbi] )

as desired. Consider now the term T };,(I — P{)b;. We write

U ({x €2B: |T (2(1 - Pg)b,-] )| > g}] (3.11)

2
< Al
2

A 1
> 5}] < 7k (3.10)

< > QB+ ({x € 2B\ U2B;: T(Z(I - Pg)bl-] (x) > %})
From Lemma [3.3] it follows that
Z,u(ZB,-) < @ (3.12)

1

as desired. To estimate the second term, let k;_’(x, y) denote the integral kernel of the operator 7'(/ —Pg).
Note that

—+00 1
A+0) ' I-P)) = f (P - P{,)ds = f P ds
0 0
and
1
T(I-P])=Hess(A+0)'(I-P]) = f Hess P ds.
0
Therefore,
li
ki (x,y) = f Hess, p§ (x,y)ds, (3.13)
0

where pJ = e 7" p; is the kernel of PJ with respect to u. Since b; is supported in B;, we have
[ r@-epm)@luans [ ([ kool w61
2B\(2Bi) 2B\(2B;) \V B;

Sf (f 12 |k5,-r(x,y)lu(dx))Ibi(y)lu(dy).
B \Jp(x.y)=t

i

Now by means of (3.13) and Corollary 2.5 we get

1
f Iy, (x, y)l pu(dx) < f f | Hess, ps(x, )| u(dx) |e 7 ds
P(XJ)ZI,-I/Z 0 p(x,y)Ztil/z
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1
< Cf e—ﬁt,—/ss—l eC s e—s(r(l + \/E) ds
0

1 efﬂ/u
< Cf du < oo,
0 u

where for the last inequality we use the fact that

D1 4+ f5) <00, s€(0,c0).

The estimate above together with (3.14) and Lemma|3.3]implies that

(Z(z P”)b](x) > —}]s Ak, (3.15)

A
Altogether, combining (3:8)) through (3.10), (3:12) and (3.13)), we conclude that (3.7) holds which
completes the proof of Theorem [I.1] o

i ({x € 2B\ U;2B;:

3.2 The case p € (2,)

Let M be a complete Riemannian manifold satisfying (H). In this subsection, we prove Theorem
and show that the Calderén-Zygmund inequality CZ(p) holds for all p € (2, ), that is,

WTf1l, < A (3.16)
holds for any f € LP(M) with T as in (3.1)) and o € (2K + 6, o0) where K, 6 are respectively in (Ric)

and (2.11).

To this end, let w be a C* function on [0, o) satisfying 0 < w < 1 and

Wt = {1 on [0, 3/4],
0 on/[l,c0),

and let T be an operator defined by
Tf :=f v(r)Hess P, f dt (3.17)
0

with v() := w(f)e””". We need the following lemma, which reduces (3.16)) to a time and spatial
localized version.

Lemma 3.5. Assume that (H) holds. Let p € (2,0) and {x;}jen be a countable subset of M having
the finite overlap property as in Lemma If there exists a positive constant C such that

T s, 4y < € W lriaces.in (3.18)

holds for any j € A and f € Cy(B(x;, 1)) with T defined as in (3.17), then (3.16) holds.

Proof. By the fact that w = 1 on [0, 3/4], we obtain from Propositionthat if o > 2K + 0, then for
any g € LP(M),

_ 1+ \f
[ f (1 = w(0) e ""| Hess Pigldi| f eCKH= —di gll, < lgll,-
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This and (3.17)) imply that to prove (3.16), it suffices to show that
[T, < lsll, (3.19)

for any g € C°(M).

Let (x;) jen be a countable subset of M having the finite overlap property as in Lemma@ Let{¢};
be a corresponding C* partition of unity such that 0 < ¢; < 1 and ¢; is supported in B; := B(xj, 1).
Let x; be the characteristic function of the ball 4B;. For any g € C°(M) and x € M, write

Te) < ) xT(e)®) + Y (1= x)T(gp)(x) = 1(x) + (). (3.20)
JjeA JjeA

By Lemma[3.1] we know

Z |(1 —Xj)(x)‘ﬁj(Y)| < Nolip(xy)=3)-
JEA

Hence, by Holder’s inequality, we have
1
1 < [ [ essepixyl| Y10 =)0, sty d
JEA

1
< No f f [Hess pi(x, »llg)| p(dy) dr
0 Jp(xy)=3

/p —c/t

1
xy 4
<), (f [t Hessy puCx )" &0 (Vi VD)™ |g(y)|”u(dy)) d,
0 M

where ¢ = yp’/p and 7y is a positive constant small enough so that in view of Proposition and an
argument similar to the proof of (2.4)), it implies that for any ¢ € (0, 1),

2 Xy
f [t Hess. piCx I &7 pld) § —————.
M (V. VD)

This immediately implies
| meor ua (321)
M

1
< f { f ( f [t Hess, pyCr y)I? @7 G0y, «/E)P/P’v(y)v’u(dy))
M 0 M

P
u(dx)

1/p —c/t
dt

t

1
< f f (f |t Hess, p:(x, y)IP IRZREN Vy, NOPIP' | f ()P ,u(dy)) dt u(dx)
M JO M

1 a—cp'/t \PIP
€
X f — dt
o

1
< f [ f [v<y,«ﬁ)]f’/1’/|fcy>|f’( f |rHessxp,<x,y>|"eypz(x’y')/’u(dx)) ﬂ(dy)] dr
0 M M

< f FOIPu(dy)
M
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as desired.
Now we estimate I(x). Using Lemma we know that the balls {4B;} jes are of uniform overlap
and hence

D il < Nl
J
for all i € Cj’(M). Since gg; € C°(B(x), 1)) and using (3.18), we conclude that

] f BT ()
M

< [ ool Y Teeneo]uan
J

S Z g llplliy il < lgllpliAlly,
J

which together with (3.20) and (3.21]) implies (3.16)), and hence finishes the proof of Lemma[3.5] O

From Iiemma it is easy to see that to prove T is of strong type (p, p) for p > 2, it suffices to
show that 7' is bounded from L”(B;, ) to L(4Bj, u) for each j € A as in (3.18)). To this end, we need
an L? local bounded criterion from [3]] via maximal functions. Recall that the local maximal function
by

(Mhocf)i= sup o [ Ifldu e m (322
B>x (B)
r(B)<32
for any locally integrable function f on M. From (LD), it follows that .. is bounded on L”(M) for
all 1 < p < co. For a measurable subset £ C M, the maximal function relative to E is defined by

1
(AEef)(x) = su —_— |fldu, x€E, (3.23)
£ B ball 1n€l)/1 Bax M(BNE) JpnE

for any locally integrable function f on M. If in particular E is a ball with radius r, it is enough to
consider balls B with radii not exceeding 2r. It is also easy to see .#f is of weak type (1, 1) and
LP(M)-bounded for 1 < p < oo if E satisfies the relative doubling property, namely, if there exists a
constant Cg such that for all x € £ and r > 0,

U(B(x,2r)NE) < CEu(B(x,r) N E). (3.24)

Note that in Lemma [3.1] (iv), for any j € A, the subsets 4B; satisfy the relative doubling property
(3.24) with a constant independent of .
The following theorem is essential to the proof of Theorem[I.2]

Lemma 3.6. Let p € (2, 00) and assume that (LD)) holds. For any ball B of M centered in 4B; with
radius less than 8, assume that

(i) there exists an integer n depending only on condition (LD)) such that the map f — //lfB Fm fis

bounded from LF(Bj, u) to L (4B, u) with operator norm independent of j, where

1/2
1 ~ 2
f(x):=  sup (— TUI-PR)"fO)| wudy)|
4B Ton Bballin M, Bax \H(B N 4B}) Jpnap; | ' |
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(i) forallk € {1,2,...,n}, and all f € L>(M, 1) supported in B » there exists a sublinear operator
S j bounded from LP(Bj,u) to LP(4B;, u) with operator norm independent of j such that for
x€BN 4Bj,

—1 T i =) n1/2
(M(BMBj) BraB; TP f 'pd“) < C(Map,(TP) + (S ;%) (0 (3.25)

where Myp; is as in (3.23).

Then T is bounded from LP(B j» 1) to LP(4Bj, ), that is (3.18) holds with a constant depending on p,
the doubling constant Cp in (D), the operator norm of T on L*(M, 1), the operator norms of ///fB. Fn
jod s

and S j on LP, and the constant in (3.25)).

Proof. We use the following result [3, Theorem 2.4]:

Let py € (2,00] and (M, u,p) be a measured metric space. Suppose that T is a bounded sublinear
operator which is bounded on L*(M, ), and let {A,},>0, be a family of linear operators acting on
L*(M, 1i). Let Ey and E, be two subsets of M such that E» has the relative doubling property, u(E») <
oo and E| C E,. Assume that

(i) the sharp maximal functional M gz,T, 4 s bounded from LP(Ey,p) into LP(E,u) for all p €
(2, po), where

1
AE ) = sup R A I = Av)fF* du
ExT.A B ball in M, Box H(B N E2) Jpng, i

for x € Eyp;

(ii) for some sublinear operator S bounded from LP(E1, ) into LP(E,, u) for all p € (2, po),

1 1/po
( BT o TA® du) < (TP +S(P) " (0, (3.26)
NE>

forall f € LZ(M,,u) supported in E1, all balls B in M and all x € B N E;, where r(B) is the
radius of B.

If2 < p < poand Tf € LP(E,, i) whenever f € LP(Ey,u), then T is bounded from LP(Ey,u) into

LP(E,, n) and its operator norm is bounded by a constant depending only on the operator norm of T

on L*(M, ), Cg, (see in (3.24) for E,), p and py, the operator norms of ///fB. 7, and S on LP, and
jod s

the constant in (3.206)).

Here we may take E; and E, as B; and 4B; respectively, as the sets B; and 4B; have the rela-
tively volume doubling property as in (3.24)) with the constant C independent of j (see Lemma [3.1]).
Moreover, taking the operators {A,},~o such that

I-A, =-Pp)
for some integer n sufficiently large, then the result follows directly. O

Now it suffices to check (i) and (ii) of Lemma We establish two technical lemmas which
verify (i) and (ii) respectively. To this end, observe that (LD)) implies: for all ry > 0 there exists Cy,
such that for all x € M, r € (0, ry),

V(x,2r) < Cp, V(x, 7).
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An easy consequence of the definition is that for all y € M, 0 < r < 8 and s > 1 satisfying sr < 32,
V(y, sr) < CsPLv(y, r), (3.27)

for some constants C and Dy > 0. The following lemma plays an important role, when checking (i)
of Lemma

Lemma 3.7. Assume that (H) hold. Then there exists an integer n such that the inequality

1

12
sup (— /
Bball in M, Bsx \H(B N 4Bj) Jprap,

1/2
~ 2
[T - P2) f()| u(dy)] < C(Moe(l D)) (3.28)
holds for any x € 4B}, f € L*(4B,) satisfying supp f C 4B;, where Mo is defined by (3.22).

Proof. Viewing the left-hand side of (3.28) as the maximal function relative to 4B}, since the radius
of 4B; is 4, it is enough to consider balls B of radii not exceeding 8. Let B = B(xo, r) be an arbitrary
ball containing x and satisfying xo € 4B; and r € (0, 8). By Lemma we know that

u(B) s u(BN4B)) (3.29)

with an implicit constant independent of B and j. Hence, it is easy to see

1

—_ 2 1 ~ 2
S T -Pp)'f dus—f T - Pp)"f| du.
W(BN4Bj) Jpnas; | ki B | |

u(B)

Thus, we only need to show that

12
1 ~ 2 1/2
sup (— f [T - Pp)"f(y)| u(dy)) < (Ao FP)) (3.30)
B ballin M, Bsx \H(B) Jp
for any x € 4B;. Since r < 8, we choose i, € Z, satisfying
2rr <8 <2y, (3.31)
Denote by
C; the annulus 2*'B\ (2'B) ifi > 2 andC; = 4B. (3.32)
Using the fact supp f C 4B; C 2!B when i > i,, we find that
i i
F=2 fle= ) f
i=1 i=1
which then implies
—_— ir —_—
|| |T(I - Prz)nfl ||L2(B) S Z || |T(I - Prz)nf” ||L2(B) . (333)
i=1

For i = 1 we use the L2-boundedness of T(I — P,2)" to obtain

17U = Po)' fil]] 205 < Ifli2am) < @B A (Moe(If (D) (3.34)
(B)
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as desired. For i > 2, we infer from (3.17) that

T(I-P.)'f = f ) V() Hess(P(I — P2)'f;) dt
0

= f " oy (Z)(—l)k Hess P,,;,2(f) dt
0 k=0

f ) [Z (Z)(—l)kl{,>k,z}v(t - krz)) Hess P,(f;)dt
0

k=0
= f g,(t) Hess P, f; dt.
0
For g,, according to the definition v(r) = w()e"?" and an elementary calculation, we observe that
lg (D) < 1 for 0 <1< (1+nr?) Al +n)r?,
lg-Ol < for (1+n) A+ <t<1+nr?,
g (=0 for t > 1 + nr?,
where the second estimate comes from w(r) < 1 forzr € [0, 1]and i € {1,...,n}, along with
n
Z (Z)(—l)kw(t - krz) < C, sup ‘(w(u) e_‘”)(”) < P2
k=0 U2

=n+l

for all # > (1 + n)r* and some constant C,. Combined with Lemma this gives

— 0 ai2g d
1T = Py ||z < (fo g OI(1 + VD4 ITI)“ﬁ”wc,-)

where using the fact that 0 < r < 8, we know
o’ 41,2

fo 1+ VDlg (e &

t

(1+nr)A(1+n)r? w42 dt L+nr? 42 dt

sf 1+ Ve 7+f 1+ Vore —~
0 (1

+nr2) A(1+n)r?

(n+1)r? wai2 dt L+nr? tn—l
<Gy (f e —+ f 1+ Vor""—— dt)
0 (1

t +nr2)A(1+m)r2 4iny2n
< Cp (47" 4+ 4721+ V) < AT
Now an easy consequence of the local doubling (3.27), since 7(2'B) < 8 when 1 < i < i, is that
12+ B) < 20Dy (B),
with constants C and D; independent of B and i. Therefore, as C; c 2*!B,
1fllz2cy < @™ B2 (Mo )N < C2PH2U(BY P (Moc | f)(00) 2.

Using the definition of i,, r < 8, and by choosing 2n > Dy /2, we finally obtain
iy
1T = P2)" f1]| oy < € [Z 2’<DL/2‘2">]ﬂ<B>‘/2<//zloc<|f|2>(x>>”2,

i=1
which proves Proposition
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The following lemma is essential to the proof of part (ii) of Lemma|[3.6]

Lemma 3.8. Let p € (2, 00). Assume that (H)) holds. For a ball B with radius r € (0,8), let i = i, be
an integer such that (3.31) holds. Then the following estimate hold: For any C*-function f supported
in C; as in (3.32)), and each k € {1,...,n}, where n € N is chosen according to Lemma one has

1 1/p
(@‘ngesst,zflpd,u) (3.35)

1/2 1/2
< Ce ¥ ! i / oL |Hess 12 d /
: w28 Jo, ) e e Je, g

and

1 U cea4 1 ) 1/2
(ﬂ—(B)fB|Hesstr2f|pd/J) < 3 (u(2"+1B) j; If] dﬂ) (3.36)

for some positive constants C and ay, a; depending on K,0, p and the constants in (LD).

Proof. We first observe that Lemma[2.8]yields

1/p 2 1/p
( | IHessPth”d#) <& ( | (Patess ) (x)y(dx))
B B

1/p

+ QK ( f (Pias?)™ (x)ﬂ(dX)) . (3.37)
B

We substitute ¢ = k72 in estimate (3.37). By Lemma one has the upper bound of p,(x,y),

Co o (_apZ(x, y)
V(. Vo)

for all x,y € M. Since r < 8, it follows from the above estimate that for all x € B,

pi(x,y) < +C1Kt)

2
P2l fP))| < € fc V. Vi exp (—ap ,ﬁf;y ) clKkrz) ldfP0) u(dy)

< Cemodlk fc Vey, Ve fR0) u(dy).

i

Moreover, since y € C;, we have 27! B c B(y, 27*2r), and then by (LD}, we know that
1 d(i+2) eczi+2 d(i+2) ec2"+2

< - < - .
V(y, Vkr) — V(,2%27) u(2+1B)

It then follows that

i . i+ 1
P.old 12 SC*C42d(1+2) C2i+2 . fv 24
IPyaldfP(x)] < Ce i eyl AL

for all x € B, and there exists a; < ¢ such that

1 2\p/2 1p 4i 1 5 172
(m L(Pkrzwﬂ )p/ d,u) < Ce™ (ﬂ(ziHB)L V£ dlu) . (3.38)
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With similar arguments, we obtain

1/p
1 i 1
(@ f (Py,2|Hess f1*)*/? d,u) < Cev? (m f | Hess flzd,u)
B C;
Altogether these yields
1 » 1/p
m 5 | Hess Pkr2f| d,u

. 1 1/2 1 1/2
< Cem! ((#(21413) f |Vf|2du) +(m f |Hessf|2du) ]
C,‘ Ci

which completes the proof of (3.35).
Next we observe from Proposition [2.7] that

1/2

1/p I/p
I+ vt 2
( f | Hess P, f” d,u) < (—t‘[)e@’“"” ( f (ParR)" 0 u(dx)) : (3.39)
B B
Substituting 7 = kr? in (3:39), as r € (0, 8), there exists a constant C such that
1/p 1/p
C p/2
([ tesspiosra) < S [ (Pt o)
B B
With similar arguments as for (3.38), we then complete the proof of (3.36). O

With the help of the Lemmas [3.6] and [3.8] we are now in position to turn to the proof of
Theorem .21

Proof of Theorem[I.2] By Lemma [3.6] we only need to show (i) and (ii) of Lemma [3.6] hold true
under our condition (H)). We first verify (i) of Lemma Observe from Lemma [3.7] that there is an
integer n depending only on Dy, as in (3.27) such that for all f € L”(B;) and x € 4B,

1

sup —————— IT(I - Pp)'f1? du < Ctlioe(If1P)(x).
Bball in M.Bax H(B N 4B;) Jprup; ’ *

Recall that ., is bounded on LP(M) for 1 < p < oo; thus for all p > 2, the operator ///fB_ 7o 18
Jod s
bounded from LP(Bj, u) to LP(4Bj, u) uniformly in j, i.e. assertion (i) is proved.
Next, we prove (ii) of Lemma Assume that f € L*(B ;) and let h = fooo v(t)P,f dt with v

defined as in (3.17). Since T f = Hess h and the inequality (3.29) for B N 4B j» we have

1 _ 1/p 1 1/p
S TP, fIP d,u] - (— | Hess Py 2hl” d,u)
(,u(B N4B)) Jpras, k H(BN4B;) Jprap; .

1 » 1/p
/E . | Hess P2 h|P du .

A

We write

Hess Py,2h = Z Hess Py,2(hlc,) = Z Hess Py,2gi,
i=1 i=1
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where g; = hl, and C; is as in (3.32). Next, we distinguish the two regimes i < i, and i > i, where i,
is defined as in (3:31)). In the regime i < i,, by the inequality (3.35) in Lemma[3.8] we have

1/p
(M(B)leesst,zgll d,u)
. 1/2 1 1/2
< Ce™ , f \VhP du| +|——— f | Hess hl* du
u(zlﬂB) G u(2+1B) Je,

4i 1/2 1 5 1z
<Ce™ ((m&wm () ( 5 fc | Hess K d,u) ]

On the other hand, since C; c 2! B, we know

1 2
mfc'Hess h| du

< 1; |Hess APdp + ———
H2HEB N 4Bj) Joi+i pynas; H2HEB) Joivipg

< My,(|Hess h*)(x) + Mioc(| Hess hI* Lynap,)(x),

Lanag,| Hess Al* du

for any x € BN 4B;. Hence in this case

/p

{# B f |ZHesst,zg,| du} (3.40)

< Z Ce™(MiocVAP) + s, (| Hess hP) + Mioe(| Hess WP Lanan,) ().

i=1

For the second regime i > i,, we proceed with inequality (3.35) in Lemma [3.8]that there exist positive
constants ¢; and ¢ such that

1/p cle‘624i 1 ) 1/2
fIHesst,zg,I d,u) < 2 (u(Z”lB) . || a’,u) . (3.41)

(u(B)

On the other hand, since i > i,, it is easy to see 4B; C 2418 thus

1/2
2 2
21+1 B) f A" d, ( 2"1B) f V(1) f Pilf] dudt) (3.42)
1/2
<C 2d =C f Zd)
< (M@Bj) | w u) (#(4Bj) P

< C(Map,(fP)0)"2.

The contribution of the terms in the second regime i > i, is bounded by combining (3.41)) and (3.42)),

1/p
Z(ﬂ(B)leesstrzg,l du) <

>0, >0,

12 (3.43)

and it remains to recall that 1/r> < 4//8 and 1/r < 2//(2 \/5) when i > i,.
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We then conclude from (3.40) and (3.43) that for any p > 2 and k € {1,2,...,n}, there exists a
constant C independent of j such that

1/p
; T T 12 A2\1/2
(,u(B 1 B)) Jyas, I dﬂ) < C(Map, (TSP + (S 1H)' @)

all f e L*(M, ) supported in B}, all balls B in M and all x € B N 4B}, where the radius r of B is less
than 8, and where

(S i) = Mioc(T P Lapas,) + Ao (VR + Map (). (3.44)

Our last step is to show that the operator S ; defined in (3.44)) is bounded from L”(B;) to L (4B;)
for any p € (2, 00) with operator norm independent of j. By (3.44)), we only need to show that the
operators

(Moc(T [P Lanap)'?, (Mioc(VEP))'? and (s, (f)'

are respectively bounded from LP(B;) to LP(4B;). Indeed, for any f € LP(4B;), by Lemma
we know that 4B; satisfies the doubling property (D), which combined with p > 2 implies that
(A (If |2))1/ 2 is bounded from L” (Bj) to LP(4B;) by a constant depending only on the doubling
property (D). On the other hand, using the fact from Bismut’s formula [5]] that

IVEVPA], < e il

we deduce from p > 2 and o > 2K + 6 that

| (ioct9R) || < 19, < ( fo

Finally, the LP-boundedness of

() eX!

Vi

dl) WA llrs) < Cllfllres))-

(Moe(T fPLanaz)"?

follows from the LP/?-boundedness of (//lloc(lf f |2)1/ 2 and an argument similar to (3.21). This implies
that the operator S ; is bounded from LP(B;) to LP(4B;) with an upper bound independent of j.

We conclude that the requirements (i) and (ii) in Lemma [3.6] both hold under the condition (H].
Thus, the operator T is bounded from LP(Bj,p) to LP(4Bj, ) for p > 2 with a constant indepen-
dent of j. Therefore, by Lemma [3.5] the operator 7T is strong type (p, p) for p > 2. This proves
Theorem[I.2] m|

4 Appendix

In this appendix, we include the proof of (CZ)(2) in the case that the underlying manifold M
has a lower bound Ricci curvature for reader’s convenience (see [26, 36]). To be precise, let M
be a complete Riemannian manifold satisfying the curvature condition (Ric). For any u € C;’(M),
Bochner’s formula gives

1
—§A|Vu|2 = |Hess ul?, — g(VAu, V) + Ric(Vu, Vu). (4.1)
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Integration by parts, together with the lower Ricci bound, leads to

1

0=—= f AlVul?
2 Jm

= f | Hess ul> — f g(VAu, Vu) + f Ric(Vu, Vi)
M M

> f | Hess ul f (Au)y* — K f |Vul?
f | Hess ul> — f (Au)* - f uhu.

Then, by estimating the last integral via Young’s inequality, we obtain for any o > 0,

Ko? K
I Hess u I}, < 11| Hessulus I, < =5l (1 + ﬁ) Al 4.2)
which establishes CZ(2).

Remark 4.1. Inequality (#.2) extends from u € C;(M) to u € H?>*(M). Thus, in particular, if
u € L>(M) is a distributional solution to the Poisson equation

Au=f onM (4.3)
for some f € L*(M), then ([@.2)) provides an L?>-Hessian estimate of the solution u.

Remark 4.2. Recall that for L?-gradient estimates of « in (#.3)), the lower bound on the Ricci tensor
is not needed. Indeed, integrating (4.3)) by parts and using Young inequality, one obtains directly for

every o > 0,
o2 1
wie [ usZ [t [ 1
Ll | Mf 2 Mu 20 Mf

which is the L2-gradient estimate

2 o’ 2 1 2
190l < Sl + 55111 4.4)
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