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Preface

The purpose of these notes is to develop fundamental tools of Stochastic Analysis
on differentiable manifolds, and to provide a unified and comprehensive introduction to
stochastic methods in Riemannian geometry. Right from the beginning, these objectives
demand to carry over classical notions from Stochastic Analysis on Euclidean space to
general manifolds and to develop the necessary concepts in a coordinate-free manner.

One of the immediate obstacles of Stochastic Analysis on manifolds is related to the
fact that, in general, it is not feasible to transfer processes via charts from R" to curved
spaces, and to deal appropriately with certain classes of manifold-valued processes in terms
of local coordinates. Itd’s formula for R”-valued semimartingales shows that concepts like
Brownian motions or local martingales are not invariant under coordinate transformations.

It is an elementary observation based on Itd6’s formula which leads to an intrinsic
notion of manifold-valued semimartingales. However it turns out that martingale theory,
traditionally based on the linear concept of conditional expectations, requires on manifolds
an additional geometric structure such as a linear connection in the tangent bundle.

In the situation of Riemannian manifolds there is a canonical linear connection linked
to the Riemannian geometry of the manifold, the so-called Levi-Civita connection, but for
various purposes it is desirable to work also with more general linear connections. We
develop martingale theory on general manifolds endowed with a linear connection.

Brownian motion on a Riemannian manifold is the special case of a martingale related
to the Levi-Civita connection. Brownian motions are associated to the Riemannian metric
via the Laplace-Beltrami operator and generalize the class of standard R"-valued Brownian
motions. By definition, Brownian motions are local objects in the sense that for small times
their behaviour is controlled by local geometry. However, their large-scale probabilistic
behaviour reflects global aspects of topology and geometry of the manifold. Brownian
motion picks up global invariants of the manifold, in their behaviour as time goes to infinity,
and allows to interpolate between local and global geometry.






CHAPTER 1

Stochastic Analysis on Manifolds

In this chapter we deal with the theory of continuous manifold-valued semimartingales
and develop fundamental tools about diffusions, martingales and Brownian motions on
differentiable manifolds.

We start with a brief review of basic concepts from differential topology, mainly to fix
the notions for further reference. For more details and additional information the reader is
referred to standard textbooks (e.g., [14] or [44]).

DEFINITION 1.0.1 (Topological manifold). A Hausdorff topological space M endo-
wed with a countable basis for the topology is called n-dimensional topological manifold,
if for every point x € M there is an open neighbourhood U of z in M and a homeo-
morphism i : U — U’ onto an open subset U’ C R™.

DEFRINITION 1.0.2 (Chart). A homeomorphism h: U — U’ from some open subset
U C M onto an open subset U’ C R" is called a (n-dimensional) chart for M. Charts are
denoted by (h,U). A chart for M is said to be a chart about x € M if v € U.

DEFINITION 1.0.3 (Transition map). Let (h,U) and (k, V') be charts for M. The
homeomorphism
koh ™ 'h(UNV): H(UNV) = kUNV)
is called transition map from (h,U) to (k, V).

U

koh=Y|n(UNV)
h(U) CR™ E(V)CcR"

Figure 1.0.1. Transition map from (h,U) to (k, V)

DEFINITION 1.0.4 (Atlas, differentiable structure). A family (h;, U;);cr of n-dimen-
sional charts for M is called atlas for M if the U; cover M. An atlas is said to be differen-
tiable if all its transition maps are differentiable (i.e., C*°). A maximal differentiable atlas
for M is called a n-dimensional differentiable structure for M.

1



2 1. STOCHASTIC ANALYSIS ON MANIFOLDS

If 2 denotes a differentiable atlas for M and if (h,U), (k, V) are two additional n-
dimensional charts with smooth transition maps to all charts of 2, then they also change
smoothly between each other. In particular,

2(A) := {(h,U) n-dimensional chart for M | (h,U) changes smoothly with A}
defines an n-dimensional differentiable structure for M.

DEFINITION 1.0.5 (Differentiable manifold). A n-dimensional differentiable mani-
fold is a pair (M, 2) where M is a topological Hausdorff space with a countable basis for
the topology and & an n-dimensional differentiable structure for M.

In the sequel we deal with differentiable manifolds only; the addition “differentiable”
or “smooth” is mostly omitted. Furthermore, the differentiable structure & of a manifold
(M, 9) is suppressed in the notation; one writes simply M and refers to the charts of
2 also as charts of M. By convention, the empty topological space is assumed to be
a manifold of arbitrary (also negative) dimension; the (well-defined) dimension of non-
empty manifolds is denoted dim M.

EXAMPLE 1.0.6. The direct product M x N of two manifolds M and NN is canonically
a manifold of dimension dim M + dim NN (products of charts define a suitable atlas and
the required differentiable structure).

DEFINITION 1.0.7 (Submanifold). Let M be an n-dimensional manifold and 0 <
k < n. A subspace My C M is said to be a k-dimensional (or (n— k)-codimensional)
submanifold of M, if about every point in M, there exists a chart (h,U) for M such that
h(UNMy) = h(U)N(RF x {0}). The subspace M then itself is a k-dimensional manifold
in the obvious way.

U ~—_ —

M,
M
h
| — h(UNMo)C R* x {0}
A
h(U) C R™

Figure 1.0.2. Submanifold of M

DEFINITION 1.0.8 (Differentiable map). Let f: M — N be a continuous map be-
tween manifolds and = € M. The map f is said to be differentiable at x, if for one (and
then every) chart (h, U) at = and for one (and then every) chart (k, V') at f(z), the “pushed
down” mapping k o f o h=! (defined on h(f (V) N U)) is differentiable at h(x).

Analogously, f is said to be k-times differentiable at © (where k € N), resp., infinitely
often differentiable at x, if the same property holds true for the pushed down mapping
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at h(zx). In the case when f is k-times, resp. infinitely often differentiable at any point
x € M, we write f € C*(M;N) and f € C°°(M; N), respectively. The expression
“f is differentiable” or “smooth” always means f € C°°(M;N), i.e. “infinitely often
differentiable”.

f
—_——
U
M
h k
fo)ycv
ko foh™!
wU) | @ k(V)

Figure 1.0.3. Maps in local coordinates

Finally, f is said to be a diffeomorphism, if f is bijective and both f as well as f 1
are differentiable.

The space of real-valued differentiable functions on M is denoted C'>°(M). Differen-
tiable functions on M of compact support are called test functions on M the space of test
functions on M is denoted C2°(M).

Note that the derivative of the pushed down map at h(x), expressed in terms of the
Jacobian Jj, (g (ko f o h~1), depends on the specific choice of charts, whereas the rank of
the derivative at h(x), denoted rank, f, is independent of coordinates.

A useful fact (inverse function theorem) is that a differentiable map f: M — N
between manifolds of equal dimension n is a local diffeomorphism at x (i.e., a diffeomor-
phism of an open neighbourhood of z: onto some open neighbourhood of f(x)) if and only
if rank, f = n.

For the construction of a chart independent version of the differential (as a canonical
linearization of the differentiable map f: M — N locally at x) it is suitable to approximate
the manifold M at x itself by a linear object, i.e. the tangent space T, M.

DEFINITION 1.0.9 (Tangent space; geometric definition). Let M be a manifold and
x € M. Let

KoM := {a:]—e,e[ — M differentiable | & > 0, a(0) = z}

denote the set of differentiable curves « through . Two curves «, 8 € K, M are called
tangentially equivalent, written o ~ (3, if (h o )" (0) = (h o ) (0) for one (and then any)
chart (h,U) at z. The quotient (T, M )geom := KoM/~ is called the (geometric) tangent
space of M in x, and the classes [a] € (T M)geom are called the (geometric) tangent
vectors of M in the point z.

Note that by definition o ~ «, for @« € K, M and (h,U) a chart about x, where
an(t) == h=t (h(z) + t (h o a)(0)) for ¢ sufficiently small.
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The fact that (7, M) geom is a finite-dimensional real vector space is not obvious from
the given definition. It becomes however evident by adopting a slightly different point
of view. First of all, two real differentiable functions defined locally about z are called
equivalent, if they coincide on some neighbourhood of z. The resulting equivalence classes
are called germs of differentiable functions at x. The set £, M of these germs inherits the
structure of a real algebra in a natural way. In the notation it is usually not distinguished
between a germ ¢ € £, M and its representative (a differentiable function defined locally
about x).

The scalar multiplication wa = ¢(z)a for ¢ € E, M, a € R, gives R the structure
of an £, M-module. An R-derivation of £, M in R is an R-linear map v: E,M — R
satisfying the product rule

v(pd) = pu(¥) +Pulp) forp,i € EM.
The set Derg (€, M, R) of R-derivations of £, M in R forms naturally an £, M-module,
and in particular a real vector space.

DEFINITION 1.0.10 (Tangent space; algebraic definition). Let M be a manifold and
x € M. The real vector space

(Tp M )q1g := Derg(E,M,R)

is called the (algebraic) tangent space of M at x, and R-derivations v € (T, M), are
called (algebraic) tangential vectors of M at the point x.

REMARK 1.0.11. Let M be manifold. For any € M the spaces (T, M )geom and
(T M) a1g are canonically identified; more precisely the following maps are inverse to each
other:

(To M) geom = (TuM)arg, [0] = (EoM =R, o — (poa)(0)),
(ToM)atg = (ToM)geom s []—g,g[ — M, te b (h(z) + m(h))}
where (h, U) is a chart for M at 2 and v(h) := (v(h'),...,v(h")) € R".

DEFINITION 1.0.12 (Tangent space). Let M be a manifold and x € M. The real
vector space T, M = (T, M )a1g = (T3 M )geom is called the tangent space of M at x, its
elements (considered either as derivations or represented by curves) are the tangent vectors
of M at the point z.

EXAMPLE 1.0.13. Any n-dimensional real vector space V' is a n-dimensional mani-
fold in a canonical way. Furthermore, for x € V, we have T,V = V canonically (as real
vector spaces). Indeed, if 2: V =% R™ is an isomorphism of vector spaces (and hence a
global chart), then the homomorphisms

(TeV)arg =V, v b7 H(o(h'),...,0(h™))
V= (ToV)ag, v (EV 2R, o %cp(a: + tv)|t:O)
are inverse to each other and independent of the particular choice of h.

DEFINITION 1.0.14 (Differential). Let f: M — N be a differentiable map between
manifolds and x € M. The differential of f at x

dfJL = f*z T.M — Tf(w)N
is respectively geometrically or algebraically explained as
(dfw)geom: (TzM)geom — (Tf(m)N)geom P [Oé] — [f © a]
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(df:c)alg: (T;cM)alg — (Tf(g;)N)alg7 V= (gf(m)N — R, © = U((p o f))

Both mappings are well-defined and consistent with respect to the canonical identification
of geometric and algebraic tangent space.

REMARK 1.0.15 (Functorality of the differential). We have d(idys), = idg, ps for
x € M. Further, for any differentiable maps f: M — N and g: N — L between
manifolds, the chain rule d(g o f), = dgs(s) © df, holds. In particular, if f is a local
diffeomorphism at x, then df, : T, M — T'pz) N is a linear isomorphism.

The definitions of tangent spaces and differentials are obviously of local nature; for
instance, let U C M be open and z € U, then T, M = T, U in a canonical (and trivial)
way, namely via (dt), where .: U — M denotes the inclusion, and one identifies the
tangent spaces T, M and T, U.

EXAMPLE 1.0.16 (Basis for T,,M). Let M be an n-dimensional manifold and (h, U)
be a chart about x € M. Then

dhy: Ty M % Ty R* =2 R™, v (v(h'),...,v(h")),
is an isomorphism of real vector spaces, in particular, dimy T, M = n. Thus, by means of

(), = (dhe) " M(e:) = d(h™ pyles), i=1,....n,

o)
Oht

an R-basis for T, M is given; note that here 9; , = (

tion ¢ 52 (p o h=1) (h(x)).

)m € T, M represents the deriva-

THEOREM 1.0.17 (Differentials in coordinates). Let M be an n-dimensional mani-
fold, N an n-dimensional manifold, f: M — N a differentiable map and x € M. Choos-
ing charts (h,U) for M about x and (k,V') for N about f(x), the following diagram
commutes:

9 if ) )
(am) .M > Ty N (W)f(x)

I l(dml (dk)fm)l I

“ it K

where Jyz)(ko fo h=1) € M(n x n;R) is the Jacobian of k o f o h™! at h(x).

PROOF. Any v € T, M can be written as v = Y, v' (52 ), where v* = v(h"). Upon

Definition 1.0.14, the differential (df),v € Ty, N is represented by the derivation ¢
v(po f),sothat (df),v =3, v(k? o f) (%)ﬂx). Thus, if v = Y, v* (557 ), then
v(k o f) = 220 (577), (W o f) = 32 2R ((a)) o

(2

which shows the claim. O

The examples above show that rank, f = rank(df, ) for a differentiable map f: M —
N between manifolds and x € M. In particular, if df, is an isomorphism, then necessarily
dim M = dim N and f is a local diffeomorphism at x by the local inverse theorem.

DEFINITION 1.0.18 (Immersion, embedding). A map f: M — N between manifolds
is called an immersion, if f is differentiable and the linear map df,: T, M — T, N is
injective for any x € M. A map f: M — N is called an embedding, if f(M) C N is a
submanifold and f: M — f(M) a diffeomorphism.
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Any embedding is obviously an immersion. Immersions however are not injective in
general; even an injective immersion is not necessarily an embedding.

DEFINITION 1.0.19 (Velocity of a curve). Let o: I — M be a curve in M, defined
on an open real interval I = ]a, b[, and let dag: R =2 Ty 1 — T, ;) M be the differential of
aatt € I. The vector &(t) := day(1) € Ty M is called velocity of « at t; algebraically
it is the derivation ¢ — (p o «) (t), geometrically () is represented by s — «(t + s).
Obviously any equivalence class [@] € (T M) geom can be written as ¢(0).

DEFINITION 1.0.20 (Locally trivial fibration, fiber bundle). Let £, M and F' be mani-
folds. A differentiable map w: E — M is called a locally trivial fibration with typical fiber
F (or a fiber bundle), if about any point of M there exists an open neighborhood U and
a diffeomorphism o: 7= 1(U) =% U x F above U, i.e. such that the following diagram

commutes:
Y (U) —2— Ux F

R

The pair (p, U) is said to be a bundle chart (or local trivialization) of the fibration, a family
(@i, Ui)ier of bundle charts with M = | J;; U; is said to be a bundle atlas for E. In this
situation, M is called the basis, E the total space, m the projection, I the typical fiber and
E, = n'({z}) the fiber at x € M.

One commonly writes F/M or just F instead of 7: E — M or E — M. Further-
more, if My C M, we use occasionally the notation E /M := m~(Mp).

It is an immediate consequence of the definition that each fiber E, is a submanifold
of E diffeomorphic to the typical fiber F. For any two bundle charts (¢;, U;), (¢;,U;)
the composition ¢, o <pi_1 defines a diffeomorphism on (U; N U;) x F'; the corresponding
maps ¢;;: U; NU; — Diff(F') into the group of diffeomorphisms of the typical fiber F'
are called transition functions.

A bundle atlas provides automatically a differentiable atlas for the manifold £ and
determines in that way the differentiable structure of F2. Moreover in a canonical way, for
U C M open, n|U: E/U — U is a fiber bundle as well.

DEFINITION 1.0.21 (Trivial fiber bundle). A fiber bundle 7: £ — M is said to be
trivial, if there exists a trivialization, i.e. a global bundle chart (¢, M).

DEFINITION 1.0.22 (Vector bundle). A locally trivial fibration 7: £ — M with an
m-dimensional real vector space F' as typical fiber is said to be an m-dimensional vector
bundle over M, if there exists a bundle atlas (y;, U;);ecr for E such that the diffeomor-
phisms

pjop; i {z} x F = {x}x F, 2cU;NUj,
are linear isomorphisms of F'.

Each fiber E, then carries the structure of a real vector space such that the bundle
charts above are fiberwise linear: for x € U the restriction ¢|E,, maps the fiber E,, linearly
to {x} x F. Without restriction of generality one can take F' = R™ as the typical fiber.

DEFINITION 1.0.23 (Subbundle). Let 7: E — M an m-dimensional vector bundle
and £ < m. A subset E; C FE is said to be an k-dimensional subbundle of F, if about each
point x € M there exists a fiberwise linear bundle chart p: E/U — U x R™ for E such
that p(Eo/U) = U x (R¥ x {0}). Then nr|Ey: Ey — M itself is a k-dimensional vector
bundle over M.
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DEFINITION 1.0.24 (Bundle homomorphism). Let E and E’ be vector bundles over
the same base manifold M. A differentiable map ¢: E — E’ is called bundle homomor-
phism or homomorphism of vector bundles, if ¢ is a map over M and linear in each fiber,
i.e., if ¢ maps each F, to E. and each ¢, = ¢|E,: E, — E! is given by a linear map.
This constitutes the category #3; of vector bundles over M.

DEFINITION 1.0.25 (Section). Let m: E — M be a vector bundle. A section of E is
a differentiable map A: M — FE such that m o A = idp; (i.e. a right inverse to 7). The
set I'(E) of sections of F constitutes a C°° (M )-module in a natural way via (pA)(x) =
o(xz) A(z), ¢ € C°(M). The value of a section A at z € M is also denoted A, instead
of A(x).

REMARK 1.0.26 (Local frame). Let £ — M be an m-dimensional vector bundle
and zg € M. A local frame for E at x( consists of an open neighbourhood U of
xo, together with sections ey,...,e, € I'(E/U) such that for any x € U the family
(el (@), .. em (:c)) provides an R-basis of F,. By means of appropriate bundle charts it
is possible to construct local frames for E at any z:p € M. Then to each section A € T'(E)
there exist uniquely determined functions a’ € C°°(U) such that A|U = Y"7" | a'e;.

When constructing fibrations one often starts with a basis M, a typical fiber F' and a
family (E;)e v of manifolds E,, diffeomorphic to F'. Then E := |, e Be (= U {2} x
Ey)andm: E — M, E, > e — x gives the total space E, at first just as a set with the
corresponding projection. The still missing topology and differentiable structure on FE,
as well as appropriate bundle charts, are then typically provided by canonical pre-bundle
charts: A pre-bundle chart of E is a pair (p, U), consisting of an open subset U C M and
a fiberwise diffeomorphic bijection ¢: E/U = UIEU E, — U x F over U. A family
(@i, Ui)ier of pre-bundle charts such that | J;; U; = M is called a pre-bundle atlas for I,

if all transition maps
E/(UiNU;)

y X

(UiﬂUj) X F — (UZOUJ) x F
are differentiable, and thus diffeomorphisms.

LEMMA 1.0.27. To each pre-bundle atlas for E there exists precisely one topology
and differentiable structure on E which make w: EE — M a locally trivial fibration with
typical fiber F' and the pre-bundle atlas to a bundle atlas.

PROOF. Lete € F and z := 7(e) € M. Via a pre-bundle chart (¢, U) withz € U
we have ¢: E/U -~ U x F where e is mapped to some point (z,v) € U x F. A basis
of neighbourhoods at e € E for the wanted topology on E is found by pulling back via ¢
a basis of open sets at (x,v) in U x F. The remaining claimed properties are then easily
checked. (]

EXAMPLE 1.0.28 (Tangent bundle). Let M be an n-dimensional manifold. The tan-
gent spaces T, M, p € M are isomorphic to R™ as vector spaces (and hence as manifolds)
and thus as described above they form a locally trivial fibration M := |, em IeM —
M: Each chart (h, U) for M induces a pre-bundle chart for T'M via

ey TM/U = U xR", v (w(v),v(RY),...,0(h")).
For any further chart (k, V') for M the transition between the pre-bundle charts is given by
(UNV)xR" - UNV)xR", (z,w) = (z,Jpe)(koh™Hw),
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and hence is differentiable. Thus 7'M — M constitutes a fiber bundle. Moreover, since
the bundle charts ¢} ;) are linear in each fiber, ’M — M defines an n-dimensional
vector bundle, the tangent bundle of M.

DEFINITION 1.0.29 (Induced fibration). Let f: M — N be a differentiable map
between manifolds and 7: E — N a locally trivial fibration with typical fiber F'. Then
also f*E :=J, em ) — M with the canonical projection is a locally trivial fibration
with typical fiber F'. To this end bundle charts (¢, U) for E provide fiberwise “induced”
pre-bundle charts (f*¢, f~H(U)) for f*E = {(z,e) € M x E : f(x) =7(e)} via

fro: [FE/fTHU) = 1 U)X Fy [ ol(f*E)s = 0| Efe) forz € f7H(U).
These induced charts change in a differentiable way, and by Lemma 1.0.27, f*F is a lo-
cally trivial fibration with base M, called the fibration induced from E by f or the pullback
fibration under f.

EXAMPLE 1.0.30 (Induced vector bundle). Let f: M — N be a differentiable map
between manifolds, and £ — N be a vector bundle. Then f*E — M is a vector bundle as
well, the so-called pullback of E under f. For a bundle homomorphism ¢: E — E’ over
N there is again fiberwise a bundle homomorphism f*¢: f*E — f*E’ over M, defined
via f*¢|(f*E)z = ¢|E (). This constitutes a covariant functor f*: ¥ — #j.

EXAMPLE 1.0.31. Let f: M — N be a differentiable map between manifolds. There
is a canonical bundle homomorphism df : TM — f*T'N over M fiberwise explained by
the differential df,: T, M — Ty, N.

DEFINITION 1.0.32 (Section, vector field along a map). Let f: M — N be a dif-
ferentiable map between manifolds, and E a vector bundle over V. The elements of the
C°°(M)-module

I'(f*E)={A: M — E | A differentiable with m 0 A = f}

are called the sections along f, or in the special case of the C°° (M )-module I'( f*T'N), the
vector fields along f. In particular, if I C R is an interval and a.: I — N a differentiable
curve, then

['(a"E) = {o: I — E | o differentiable with o(t) € E, ) foreacht € I},
and the vector field along « given by
a €T(a*TN), & = a(t),

is called the rangential vector field along o.

o €N(a*TN)

[ i ITCR

Figure 1.0.4. Vector field o along the curve «
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THEOREM 1.0.33 (Linear algebra for vector bundles). Let ¥ be the category of finite-
dimensional real vector spaces and ¥y the category of vector bundles over a manifold M.
Further let

F:V*"x ¥v* ¢
be an r-times covariant and s-times contravariant functor which is differentiable in the
sense that the maps induced by F

Hom(Vy, VY) x -+ x Hom(V,., V;)) x Hom(W7, W7) X - -- x Hom(W,, W)
— Hom (F(Va, ..., Vi, Wi, W), F(VL,. . VLW, W)

are differentiable. Then, by fiberwise application, F induces canonically an r-times co-
variant and s-times contravariant functor

Fur: qf/ﬁr X ”7]\;;5 — "f/M

In a sloppy form Theorem 1.0.33 means the following: One decomposes vector bun-
dle, bundle charts, resp. bundle homomorphisms, into its fiber parts, applies fiberwise the
construction rule F in ¥/, and glues the result again together to new bundles, bundle charts
and morphisms. The differentiability condition on F guarantees automatically the condi-
tions of Lemma 1.0.27, necessary to give the still missing differentiable structures. Canon-
ical examples for suitable functors are:

FV,y oo, Vo, Why oo, W)

ie-—-aV.
ViV,
W
Hom(W,V)

Mult(Wr, ..., W,; V)

Bil(W1, Way; R)

AltE (W, V) 11
In the case Wy = --- = Wy = W one writes Mult(W?*; V') for Mult(Wy, ..., W; V).
Usually one also writes furthermore F instead of Fj;, e.g. 1 & F> instead of Ey &y Eo
for vector bundle F, Es over M.

Canonical isomorphisms in ¥ carry over to canonical isomorphisms in #js. Typical
examples are among others:

FVi,.. Ve, Wh, ... W) = F'(Vi,... V, Wh, .. W)

= = e
N v == O O®

Hom(W,V) W eV

Wi e Wy (W1 @ Wa)*

Bil(W, W;R) W* @ W
Mult(Wr,. .., Ws; V) W@ - QWreV

DEFINITION 1.0.34 (Vector field). Let M be a manifold and 7: TM — M the tan-
gent bundle of M. The elements of the C'°°(M)-module T'(T'M) are called vector fields
on M.

Vector fields can be read as derivations by means of the canonical C'*° (M )-isomorphism

I(TM) — Derg C*°(M), Aw (f— Af);
here for f € C°(M) the function Af: M — R is explained by Af(z) := A.(f).
This gives the product rule A(fg) = fAg + g Af for f,g € C*°(M). For an arbitrary
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map A: M — TM with 7 o A = idy, one verifies that A € T'(T'M) if and only if
Af € C°°(M) for each function f € C>°(M).

EXAMPLE 1.0.35 (Vector fields in coordinates). Let A € I'(T'M) be a vector field on
M and (h,U) be a chart for M. There exist uniquely determined functions a; € C*°(U)
such that A|[U = > a; 0;; here 0; = % denotes for 7 = 1,...,n the derivation defined
by

(0 () = g (Fo ™) (h(2)), z €U,

(see Example 1.0.16). In the special case M = U C R", according to the canonical
trivialization TU = U x R™ (via the global chart idy;), each vector field A € T'(T'U) is of
the form A = (idy, a) where a € C*°(U;R"™), and the map

C*(U;R") = T(TU), aw (idy,a)

is a C*°(U)-isomorphism. In this situation the canonical vector fields to the constant maps
(x — e;) € C°(U;R™) are denoted by D; (or D if n = 1); as derivations the D; operate
via D; f = %fforf € C>(U) (and forn = 1 againby D f = %f).

DEFINITION 1.0.36 (Cotangent bundle, differential form). Let M be a manifold. The
vector bundle T*M = (T'M)* over M is called the cotangent bundle of M, the elements
of AY(M) :=I'(T*M) are denoted differential forms on M.

For f € C>°(M) letdf € A*(M) be the differential form defined by
(df)e = Tof € T*M.

Given o € A'(M) and (h,U) a chart for M, there are unique functions o; € C°(U)

such that o|U = > «; dh®. Note that dh"(%) =¢;fori,j=1,...,n.

REMARK 1.0.37 (Integral curve). Vector fields can be integrated to integral curves.
Let A € T'(T M) be a vector field on M and x € M. A differentiable curve p: I — M
(where I C R is an open interval about 0) is said to be an integral curve to the vector field
A with starting point x, if

e(0) ==z and @(t) = A(p(t)) forte I.

DEFINITION 1.0.38 (Local flow). A local flow on a manifold M is a differentiable
map ¢: D — M, where D C R x M is an open neighbourhood of {0} x M and each
I, :={t € R: (t,x) € D} aninterval, such that the following two conditions are satisfied:

@ ¢(0,z) ==
(i1) gb(s, o(t, :z:)) = ¢(s + t, x) whenever the left-hand side is explained.
For any x € M the curve ,: I, — M, t — ¢(t, ) is called flow line with starting

point x. (As a consequence of condition (ii) along with the fact that D is open, flow lines
are automatically maximal).

REMARK 1.0.39. Via reduction to the Existence and Uniqueness Theorem for solu-
tions of first order ordinary differential equations, we conclude that to any vector field A on
amanifold M there exists a local flow ¢ on M whose flow lines coincide with the maximal
integral curves to A, i.e. such that for ¢, (t) = ¢(t, x) the following flow equation holds:

(1.0.1) Gu(t) = Apz(t),  92(0) =z
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1.1. Stochastic Flows

In the same way as a vector field on a differentiable manifold induces a flow, second order
differential operators induce stochastic flows with similar properties. In this sense, Brow-
nian motion on a Riemannian manifold M appears as the stochastic flow associated to the
canonical Laplacian on M, the so-called Laplace-Beltrami operator. The new feature of
stochastic flows is that the flow curves depend on a random parameter and behave irregu-
larly as functions of time [28]. This irregularity reveals an irreversibility of time which is
inherent to stochastic phenomena.
Let M be a differentiable manifold of dimension n and denote by

™™ = M
its tangent bundle. In particular, we have
TM = Upepy Ty M, w|T,M = x.
The space of smooth sections of 7'M is denoted by
N(TM)={A: M — TM smooth | 7o A =idp}
={A: M — TM smooth | A(x) € T,,M forall z € M}

and constitutes the vector fields on M. As usual, we identify vector fields on M and
R-derivations on C*° (M) as follows:

D(TM) = {A: C>(M) — C°(M) R-linear | A(fg) = fA(9)+gA(f) Vf,g € C*(M)}
where a vector field A € I'(T'M) is considered as R-derivation via
(L.1.1) A(f)(z) :==dfy A(x) e R, z € M,

using the differential df,.: T, M — R of f at x.
There is a dynamical point of view to vector fields on manifolds: it associates to each
vector field a dynamical system given by the flow of the vector field.

1.1.1. Flow of a vector field. Given a vector field A € T'(T'M). For each z € M we
consider the smooth curve ¢ — x(t) in M with the properties

2(0) =z and #(t) = A(z(t)).
We write ¢ (x) := x(t). In this way, for A € T'(T'M), the flow to A is given by
dy
(112) dtd)t . A(¢t)7
¢0 S ldM .

System (1.1.2) is understood in the sense that for any f € C2°(M) (space of compactly
supported smooth functions on M) the following conditions hold:

%(fo¢t):A(f)o¢ta
fopo=f.

Indeed, by the chain rule along with definition (1.1.1), we have for each f € C2°(M),

ST 0 90) = (@)o, 560 = (s, AlG) = AU ).

In integrated form, for each f € C2°(M), the conditions (1.1.3) write as:

(1.1.3)

(1.14) fooa) = fla) = [ A(@.(@)ds =0, t20.0€M,
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As usual, the curve
d.(z): t— di(w)

is called flow curve (or integral curve) to A starting at x.

REMARK 1.1.1. Defining P,f := f o ¢;, we observe that %Ptf = P(A(f)), in
particular

d
(1.1.5) 2| Lol = A

In other words, from the knowledge of the flow ¢,, the underlying vector field A can be
recovered by taking the derivative at zero as in Eq. (1.1.5).

1.1.2. Flow to a second order differential operator. Now let L be a second order
partial differential operator (PDO) on M, e.g. of the form

(1.1.6) L=Ao+) A7

i=1

where Ag, A1, ..., A, € T(TM) for some r € N. Note that A? = A; o A; is understood
as composition of derivations, i.e.

AZ(f) = Ai(Ai(f), feC®(M).

EXAMPLE 1.1.2. Let M = R"™ and consider

Ap=0and A; = 88 fore=1,...,n.

3

Then L = A is the classical Laplace operator on R".

Alternatively, we may consider partial differentiable operators L on M which locally
in a chart (h, U) can be written as

n n
(1.1.7) LIU =) b0+ Y ai;0:0;,
i=1 i,j=1

where b € C*°(U,R"™) and a € C*°(U,R™ ® R") such that a;; = a,; for all i, j (a sym-
metric). Here we use the notation 9; = 3%7,

Motivated by the example of a flow to a vector field (vector fields can be seen as
first order differential operators) we want to investigate the question whether an analogous
concept of flow exists for second order PDOs.

QUESTION. Is there a notion of a flow to L if L is a second order PDO given by
(1.1.6) or (1.1.7)?

DEFINITION 1.1.3. Let (2, .%,P; (%,):>0) be a filtered probability space, i.e. a prob-
ability space equipped with increasing sequence of sub-o-algebras .%; of .#. An adapted
continuous process

X.(2) = (Xi(2))iz0
on (Q, Z,P; (#,)>0) taking values in M, is called flow process to L (or L-diffusion) with
starting point x if Xo(z) = x and if, for all test functions f € C$° (M), the process

t
0

(18 N @) = @) - 1) - [ ds, 2o
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is a martingale, i.e.

EZ | f(X.(z)) — f(Xs(x)) _/ (Lf)(Xr(x))dr} =0, foralls<t.

= N/ (2) = N ()

Note that, by definition, flow processes to a second order PDO depend on an additional
random parameter w € Q). Foreach t > 0, X;(z) = (X¢(z,w))weq is an F;-measurable
random variable. The defining equation (1.1.4) for flow curves translates to the martingale
property of (1.1.8), i.e. the flow curve condition (1.1.4) only holds under conditional ex-
pectations. The theory of martingales gives a rigorous meaning to the idea of a process
without systematic drift [45].

Flow processes will be constructed as solutions to certain stochastic differential equa-
tions on M, which degenerate to the flow equation (1.0.1) in the particular case of vector
fields. The second order part of the differential operator causes the “flow lines” to depend
now on random in an intriguing way. The paths of flow processes are still continuous, but
are in general nowhere differentiable anymore.

REMARK 1.1.4. Since N({(x) = 0, we get from the martingale property of N (x)
that
E[N/ (2)] = E[N{(2)] = 0.
Hence, defining P; f(z) := E [f(X:(z))], we observe that

Puf(@) = fa)+ [ E(LHX. ()] ds

and thus
%Ptf(x) =E[(Lf)(X¢(2))] = P (Lf)(x),
in particular
U Bpx@) =L P =1
dtli—o [f(Xi(2))] = Tt im0 f(x) = Lf(x).

The last formula shows that as for deterministic flows we can recover the operator L from
its stochastic flow process. To this end however, we have to average over all possible
trajectories starting from x.

For background on stochastic flows we refer to the monograph of Kunita [28].

EXAMPLE 1.1.5 (Brownian motion). Let M = R™ and L = %A where A is the
Laplacian on R™. Let X = (X;) be a Brownian motion on R" starting at the origin. By
1t6’s formula [37], for f € C°°(R™), we have

A(f 0 X0) = Y OF(X) X+ 3 D 03 F(X,) dXjaX]

i=1 i,j=1
= ((V)(Xy),dXy) + %(Af)(Xt) dt.

Thus, for each f € C°(R™),

1

F00) = 10X0) = [ AN )5, t>0,
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is a martingale. This means that the process
Xt(CC) =+ Xt
is an L-diffusion to %A in the sense of Definition 1.1.3.

REMARKS 1.1.6. As for deterministic flows, we have to deal with the problem that
stochastic flows may explode in finite times.

1. We allow X () to be defined only up to some stopping time {(z), i.e.
X.(@)[0, ¢(2)]

where

(1.1.9) {{(z) < 0} C { %iCI(n)Xt(w) =ocoinM:=MU {oo}} P-a.s.
t x

Here M denotes the one-point compactification of M. A stopping time ¢(x) with prop-

erty (1.1.9) is called (maximal) /ifetime for the process X, () starting at . In equivalent

terms, let U,, C M be open, relatively compact subsets exhausting M in the sense that

U,cU,CcUps1C..., U,compact, and U, U, = M.

Then we have ((x) = sup,, 7, () for the maximal lifetime of X (x) where 7,,(x) is the
family of stopping times (first exit times of U,,) defined by

To(x) :=inf{t > 0: Xy(x) ¢ Uy,}.

2. For f € C*(M) (not necessarily compactly supported), the process N7 (x) will in
general only be a local martingale [37], i.e. there exist stopping times 7,, T {(x) such
that

Vn € N, (NthTn (x))t>0 is a (true) martingale.
3. The following two statements are equivalent (the proof will be given later):
(a) The process
fF(X.(2) = (f(Xe(2)))i=0
is of locally bounded variation for all f € C°(M).
(b) The operator L is of first order, i.e. L is a vector field (in which case the flow is
deterministic).

In other words, flow processes have “nice paths” (for instance, paths of bounded variation)

if and only if the corresponding operator is first order (i.e. a vector field).

1.1.3. What are L-diffusions good for? Before discussing the problem of how to
construct L-diffusions, we want to study some implications to indicate the usefulness and
power of this concept. In the following two examples we only assume existence of an
L-diffusion to a given operator L.

A. (Dirichlet problem) Let @ # D C M be an open, connected, relatively compact do-
main, ¢ € C'(0D) and let L be a second order PDO on M. The Dirichlet problem (DP) is
the problem to find a function u € C(D) N C?(D) such that
Lu=0onD
(DP) u on
ulop = ¢

Suppose that there is an L-diffusion (X¢(z))¢>0. We choose a sequence of open domains
D,, T D such that D,, C D, and for each n, we consider the first exit time of D,,,

To(x) = inf{t > 0, X;(x) ¢ D,}.
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Then 7,,(x) T 7(x) where
7(z) = sup Tn(z) = inf{t > 0, X;(x) ¢ D}.

Now assume that u is a solution to (DP). We may choose test functions u,, € C2°(M)
such that w,,|D,, = u|D,, and supp u,, C D. Then, by the property of an L-diffusion,

Ny() = un (X() — wn () - / (L) (X, (2)) dr

is a martingale. We suppose that € D,,. Then

tATH ()
(L110)  Nipr o) (@) = tn(Xinm, (o) (7)) — un () — / (Lup) (X,(x)) dr
0 =0
= wW( Xitnr, (2)(2)) — u(z)
is also a martingale (here we used that the integral in (1.1.10) is zero since Lu,, = Lu = 0
on D,,). Thus we get

E [Nt/\'rn(m)(x)] =E[No(z)] =0
which shows that for each n € N,
(1.1.11) u(x) = E [u(Xinr, @)(2))] -

From Egq. (1.1.11) we may conclude by dominated convergence and since 7, (z) 1 7 that

u(z) = lim E[u(Xinr, @) (7)) =E { lim u(Xnr, (z) (90))} =E [u(Xinr(x) (2))] -

n—oo n—r oo

We now make the hypothesis that 7(x) < oo a.s. (the process exits the domain D in finite
time). Then

w(@) = lim B [u(Xinr)(2))] = E [ lim a(Xorrio)(2))]

=FE [u(X.,-(I) (-’L‘))] =E [‘P(X‘r@) (x))]

where for the last equality we used the boundary condition u|0D = ¢. Note that by
passing to the image measure p, :=Po X, (x)~! on the boundary we get

B [p(Xr(0)] = [ 0() mald).
aD
NOTATION 1.1.7. The measure i, defined on Borel sets A C 9D,
Ha(A) =P {X‘r(z)(x) € A} )

is called exit measure from the domain D of the diffusion X, (x). It represents the proba-
bility that the process X;, when started at x in D, exits the domain D through the boundary
set A.

Conclusions. From the discussion of the Dirichlet problem above we can make the
following two observations.

(a) (Uniqueness) Under the hypothesis

’T(m) < ooas. forallaz € D

we have uniqueness of the solutions to the Dirichlet problem (DP). It will be shown
later that this hypothesis concerns non-degeneracy of the operator L.
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(b) (Existence) Under the hypothesis

’T(x)%OifDSx%aeaD

we have
E [¢(X; ) (2))] = ¢(a), ifD>z—acdD.

Thus one may define u(z) := E [p(X,(,)(x))]. It can be shown then that u is L-
harmonic on D if it is twice differentiable; thus under the hypothesis in (b), u will
then satisfy the boundary condition and hence solve (DP). The hypothesis in (b) is
obviously a regularity condition on the boundary 0D.

Note that in the arguments above we nowhere used the explicit form of the operator L
nor of the domain D. We only used the general properties of a stochastic flow process
associated to the given operator L. For a more complete discussion of the Dirichlet problem
see [42, 2].

EXAMPLES 1.1.8.

(1) Let M = R*\{0} and D = {x eER?:ry < x| < 7‘2} with 0 < r; < ro. Consider
the operator
102
-2 902
where 1) denotes the angle when passing to polar coordinates on M. If u is a solution of

(DP), then u+v(r) is a solution of (DP) as well, for any radial function v(r) satisfying
v(r1) = v(ry) = 0. Hence, uniqueness of solutions fails.

Note: For x € D with |z| = 7, let S, = {z € R? : |z| = r}. Then, the flow pro-
cess X, (z) to L is easily seen to be a (one-dimensional) Brownian motion on S,.. In
particular,

7(x) = o0 as.

(2) Let M = R? and consider the operator

on a domain D in R? of the following shape:
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D

<
z z/ ST
/ &

|
v

Then, forz = (z1,22) € D, the flow process X, (z) starting at x is a (one-dimensional)
Brownian motion on R x {x2}. In other words, flow processes move on horizontal
lines. In particular, when started at z € D, the process can only exit at two points
(e.g. x¢ and z, in the picture). Letting = vertically approach a, by symmetry of the
one-dimensional Brownian motion, we see that there exists a solution of (DP) if and
only if
WANEURLC)
B. (Heat equation) Let L be a second order PDO on M and fix f € C'(M). The heat equa-
tion on M with initial condition f concerns the problem of finding a real-valued function
u = u(t, z) defined on Ry x M such that

ou
(HE) Fri Lu on]0,00[ x M,
uli=o = f.

Suppose now that there is an L-diffusion X (). It is straightforward to see that the “time-
space process” (t, X (z)) will then be a L-diffusion for the parabolic operator

.0
L=z +L

with starting point (0, z). By definition, this means that for all ¢ € C?(Ry x M),
dip(t, Xo(2)) = (L) (t, X (x)) dt 2 0
where = denotes equality modulo differentials of local martingales.

From now on we assume non-explosion of the L-diffusion. In other words, we adopt
the hypothesis that {(x) = +oo a.s. forall z € M, i.e.

P{Xi(z) e M,Vt >0} =1, Vze M.

Suppose now that w is a bounded solution of (HE). We fix ¢ > 0 and consider the restriction
u|[0,¢] x M. Then

u(t — s, X,(2)) — ult, z) — /O K;i + L) u(t —r, .)] (X, (x))dr, 0<s<t,

is a local martingale. In other words, fixing ¢ > 0, we have for 0 < s < ¢,

u(t — s, Xs(x)) = u(t,x) + /S (({i + L) u(t —r, - )(X(x))dr
(1.1.12) 0

=0, since u solves (HE)

+ (local martingale).
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Since the integral in (1.1.12) vanishes, we see that the local martingale term in (1.1.12)
is actually a bounded local martingale (since u(t — s, Xs(z)) — u(t, ) is bounded) and
hence a true martingale (equal to zero at time 0). Using the martingale property we first
take expectations and then pass to the limit as s 1 ¢ to obtain

(1.1.13) u(t,z) = Efu(t — s, Xs(2))] = E[u(0, X¢(2))] = E[f(Xe(z))], asstt,
where for the limit in (1.1.13) we used dominated convergence (recall that u is bounded).

Conclusion. Under the hypothesis ((z) = +oo for all z € M, we have uniqueness of
bounded solutions to the heat equation (HE). Solutions are necessarily of the form

u(t, x) = E[f(Xi(x))]

Interpretation. The solution (¢, x) at time ¢ and at point  can be constructed as follows:
run an L-diffusion process starting from z up time ¢, apply the initial condition f to the
obtained random position X (z) at time ¢ and average over all possible paths.

REMARK 1.1.9. If we drop the hypothesis of infinite lifetime ((z) = oo for all
x € M, then uniqueness of bounded solutions to the heat equation can no longer be ex-
pected. There exists always a minimal solution « to the heat equation (HE) in the sense
that u(t, ) — 0 as & — oo in the one-point compactification M = M U {oc} of M. Let
on T ¢(x) be an increasing sequence of stopping times. Then the argument above shows

u(t,z) =Eu(t — t A on, Xino, (2))]
[nlingou (t—=tAon, Xino, (I))}

E [1{t<c(ayyu(0, Xi(2))]
E [1icc@yf(Xe(@))] -
This gives for the minimal solution the representation

u(t,z) =E [Tyec@n f(Xe(2))]

1.1.4. T'-operators and quadratic variation.

DEFINITION 1.1.10. Let L: C°°(M) — C°°(M) be a linear mapping (for instance a
second order PDO). The I"-operator associated to L (““l’operateur carré du champ”) is the
bilinear map

I: C®(M) x C®(M) — C*(M) given as

0(f,9) = 5 (L(f9) ~ FL(9) ~ 9L())

EXAMPLE 1.1.11. Let L be a second order PDO on M without constant term (i.e.
L1 = 0). Suppose that in a local chart (h, U) for M the operator L writes as

LICE (M ZaU@@ +Zba

i,5=1
where C3* (M) = {f € C°(M) : supp f C U} and 0; = 6—}”. Then

n

I(f.g) = Z aij(9:f)(9;9), Vf.g€ Cg(M).

,5=1
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For instance, in the special case that M = R™ and L = A, we find
L(f.f)=IVfP
REMARK 1.1.12. Let L be a second order PDO. Then the following equivalence holds:
I'(f,g) =0 Vf,g € C°(M) if and only if L is of first order, i.e. L € T'(TM).
For instance, if L = Ag + >_._, A?, then

i=1

and in particular
I'=0 ifandonlyif A=A, =...=A,=0.

REMARK 1.1.13. A continuous real-valued stochastic process (X;);>¢ is called a
semimartingale if it can be decomposed as

(1.1.14) Xy = Xo+ My + Ay

where M is a local martingale and A an adapted process of locally bounded variation (with
My = Ay = 0). The representation of a semimartingale X as in (1.1.14) (Doob-Meyer
decomposition) is unique: if .#; denotes the class of local martingales starting from 0 and

o7 is the class of adapted process with paths of locally bounded variation starting from 0,
then .#Zy N <y = 0.

DEFINITION 1.1.14. Let X be a continuous adapted process taking values in a mani-
fold M. Then X is called semimartingale on M if

F(X) = (f(Xe))e>0

is a real-valued semimartingale for all f € C*°(M).

REMARK 1.1.15 (Semimartingale with lifetime). As already noted, semimartingales
are often defined only up to some predictable stopping time £ > 0. By a transformation
of time, if required, infinite lifetime can always be achieved. For instance, let X be semi-
martingale defined on [0, £[ and let (7,,),en be an increasing sequence of finite stopping
times such that 7o = 0, 7, < £ and 7, T &, then

Tntr 1= (Tn + 1—;) ANTpt1, 0 r <1,

defines a continuous time-change (Tt)t>0 with 79 = 0 and 7., = &, and the time-changed
process X: Xt = X,

, 1s a semimartingale (with respect to the time-changed filtration) of
infinite lifetime.

Obviously the semimartingale property is a local property.

REMARK 1.1.16. Let ¢ be a predictable stopping time and X be an M -valued process
defined on [0,&[. Let (7,,)nen be a sequence of finite stopping times such that 79 = 0,
Tn < Tpya for n € N and sup,, 7, = &. The following conditions are equivalent:

(i) X is an M-valued semimartingale.
(i1) For any n € N the stopped process X" is a semimartingale.

(iii) For any n € N the restriction X|[7;,, 7,11 is a semimartingale, i.e., the process
(Y")ier, with Y;" := X(;, 41)ar.,, 1S @ semimartingale with respect to the
filtration (F#*)icr, shifted by 7,,,i.e. #* := F, L.
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REMARK 1.1.17. If X has maximal lifetime (, i.e.,
{{ <0} C {ltiTI?Xt =ocoin M = MU{oo}} as.,
then f(X) is well-defined as a process globally on R for all f € C2°(M) (with the
convention f(co) = 0). For f € C°°(M), in general,
J(X) = (f(Xe))e<c
is only a semimartingale with lifetime (.

PROPOSITION 1.1.18. Let L: C*°(M) — C°°(M) be an R-linear map and X be a
semimartingale on M such that for all f € C*° (M),

N = F(X) — £(Xo) — / LF(X,) dr

is a continuous local martingale (of same lifetime as X) (i.e. d(f(X)) — Lf(X)dt 20
where = denotes equality modulo differentials of local martingales). Then, for all f,g €
C>*(M), the quadratic variation [f(X), g(X)] of f(X) and g(X) is given by

d[f(X),g(X)] = d[N*,N°] = 2T(f,9)(X) dt.
In particular, T(f, f)(X) > 0 a.s.
PROOF. Let f € C°(M,R") and ¢ € C°°(R"). Writing as above = for equality
modulo differentials of local martingales, we have

(1.1.15) d(¢o f)(X) 2 L(go f)(X)dt.

Developing the left-hand side in Eq. (1.1.15) by 1t6’s formula, the function ¢ being applied
to the semimartingale f(X), we get

d((f(X)))
= SDIEO) A 0) + 5 3 (DiD6) (X)) dif (), (X

T

= Z(Dmﬁ) (f(X)) (LX) dt + % Y (DiD;o) (f(X)) dIf*(X), f(X)]

i,j=1
where D; = 0/0x;. By equating the drift parts we find
(200~ £ (D)o (L) 01t =4 T (DD (FX)) dlf (X). F(X]
1= 1,)=
Taking now r = 2 and considering the special case ¢(x,y) = xy, we get with f =
(fH 12),
(L2 = FALOP) = FPLOPY) (X) dt = d [fH(X), fA(X)] -
This completes the proof since (L(f*f?) — f1L(f?) — f2L(f")) (X) = 2T(f1, f2)(X).
|

LEMMA 1.1.19. For an R-linear map L: C*°(M) — C*(M) the following state-
ments are equivalent:

(i) L is a second order PDO (without constant term,)
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(ii) L satisfies the second order chain rule, i.e. for all f € C*®(M,R") and ¢ €
C>(R"),
L(go f) = (Dipo )LL)+ Y (DiDjdo fHT(f, ).

i=1 ij=1

PROOF. (i) = (ii): Write L in local coordinates as

LICF(M) = ) ai; 0,0, + > bi0;
i,j=1 i=1
and use that T'(f, g) = >°7';_, aij 9, fD;9.
(ii) = (i): Determine the action of L on functions ¢ written in local coordinates (h, U)
via
L(p)|U = L(poh™ " oh) = L(¢o f)
where ¢ = @ o h~! and f = h. Details are left as an exercise to the reader. (I

COROLLARY 1.1.20. Let L: C*°(M) — C°°(M) be an R-linear mapping. Suppose
that for each x € M there exists a semimartingale X on M such that Xo = x and such
that for each f € C*(M),

F(X0) — f() - / LI(X)dr

0
is a local martingale. Then L is necessarily a PDO of order at most 2.

In addition, X has “nice” trajectories (e.g. in the sense that [f(X), f(X)] = 0 for
all f € C>(M)) if and only if L is first order.

PROOF. As in the proof of Proposition 1.1.18, for all f € C*°(M,R") and ¢ €
C*(R"), we have

(Lo =3 (Dio DL + X (DiDsoo HT(F 1)) (X) =0,

so that L is a second order PDO by Lemma 1.1.19. The second claim uses

dlf(X),9(X)] = 2L(f,9)(X) dt,  f,g € C=(M). .

1.2. Construction of Stochastic Flows

Flows to vector fields are classically constructed as solutions of ordinary differential
equations on manifolds. In the same way, stochastic flows can be constructed as solutions
to stochastic differential equations (SDE) on manifolds. We start by recalling same basic
facts about stochastic differential equations on R".

1.2.1. Stochastic differential equations on Euclidean space.
EXAMPLE 1.2.1 (SDE on R™). Given 5: Ry x R” — R™ and in addition a function
o: Ry x R" — Hom(R",R") = Matr(n x r;R).

Let B be a Brownian motion on R”. Now one wants to find a continuous semimartingale
Y on R" such that

dY; = B(t, Y:) dt + o(t, Y;)dB,
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in the sense of It6, i.e.

t t
(1.2.1) Yt:YO+/ 5(5,Y9)d5+/ o(s,Y,) dB,.
0 0

In Eq. (1.2.1) the first term describes the “systematic part” (drift term) in the evolution
of Y, whereas the second integral represents the “fluctuating part” (diffusion term).

DEFINITION 1.2.2. An R™-valued stochastic process (Y;):>o is called Ité process if
it has a representation as

t t
Yt:YO—&-/ sts—i—/ H,dB,
0 0

where

e Yj is .%y-measurable;
e K and H, are adapted processes taking values in R”, resp. Hom(R", R");
o E[ [} |Ks|ds] < coand E[ [ H? ds] < oo foreach t > 0.

PROPOSITION 1.2.3. Ler : Ry x R" — R" and 0: Ry x R” — Hom(R",R")
be continuous functions. For a continuous semimartingale Y on R"™, defined up to some
predictable stopping time T (i.e. there exists a sequence of stopping times T, < T with
Tn T T), the following conditions are equivalent:

(a) Y is a solution of the SDE
(1.2.2) dY; = B(t,Y:)dt + o(t,Y:)dB:  on [0, 7]

Le.,
¢ ¢
Y,;:Yo—ﬁ-/ﬁ(s,Ys)ds—i—/ o(s,Ys)dBs, VO <t <Ta.s.
0 0

(b) Forall f € C*(R™),

d(f(Y)) = (LHEY)dt+ D D owi(t,Y) Dpf(Y)dB' on (0,7
k=1 i=1
where
n 1 n .
L=> BDi+ 3 > (00™)keDi Dy,
k=1 ke=1
where o* is the transpose of o, and (60* )y = E;Zl 0kioe;. In particular, every
solution of (1.2.2) is an L-diffusion on [0, T in the sense that
d(f(Y)) — Lf(t,Y)dt = d(local martingale) on [0, 7.

PROOF. (a) = (b) Let Y be a solution of SDE (1.2.2). Then

dy*ay*t = d[Y*, Y] = (600" )re(t,Y) dt

where [Y* Y] represents the quadratic covariation of Y* and Y*. By Ito’s formula we
get

d(f(V) = > Dif V) (Bult V) dt + Y oalt, V) ')
k=1

=1

+% > DiDif(Y) (00" )ke(t,Y) dt

k=1
’ =d[Y'*,Y?]
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n T

=Lf(t,Y)dt+Y > orilt,Y) D f(t,Y) dB'
k=1 i=1
= Lf(t,Y)dt + d(local martingale).

(b) = (a) Take f(x) = x4. Then Dy f = 0g¢ and Lf = Sy, thus

dY"' = B,(t,Y)dt + > 04i(t,Y)dB' foreach{=1,...,n.
i=1
This shows that Y solves SDE (1.2.2) on [0, 7. O

PROPOSITION 1.2.4 (Itd SDE on R"; case of global Lipschitz conditions). Let Z be

a continuous semimartingale on R" and
a: R" — Hom(R",R") (= Matr(n x r;R))

such that

L >0, |a(y) —a(z)| < Lly — z| Yy,z € R" (global Lipschitz conditions).
Then, for each Fo-measurable R™-valued random variable x, there exists a unique con-
tinuous semimartingale (X);>o on R™ such that
(1.2.3) dX = a(X)dZ and Xy = xo.

Uniqueness holds in the following sense: suppose that Y is another continuous semi-
martingale such that Y = «(Y) dZ and Yy = xg, then X, =Y, forall t a.s.

PROOF. The proof is standard in Stochastic Analysis, see for instance [36] or [21].
O

PROPOSITION 1.2.5 (Itd SDEs on R™: case of the local Lipschitz coefficients). Let Z
be a continuous semimartingale on R" and let

a:R"™ —» Hom(R",R"),
be locally Lipschitz, i.e. for each compact K C R"™ there exists a constant Ly > 0 such
that
Vy,z € K, la(y) —a(z)| < Lily — =
Then, for any xo Fy-measurable, there exists a unique maximal solution X |[0, ([ of the
SDE
dX:Oé(X)dZ, XO = Z9-

Uniqueness holds in the sense that if Y ||0, £[ is another solution and yo = xo, then £ < (
a.s. and X|[0,£[ =Y.

PROOF. The proof is reduced to Proposition 1.2.4 by a standard truncation method.
We briefly sketch the argument, since it will be used several times in the sequel. Let
B(0,R) = {x € R™: |z| < R} where R = 1,2,... and choose test functions ¢ €
C2°(R™) such that ¢r|B(0, R) = 1. For R > 0 consider the “truncated SDE”

(1.2.4) dXP = o®(X®dz, X[ =z,

where af' := ¢ « is now global Lipschitz. By Proposition 1.2.4 there is a unique solution
X" to (1.2.4). Then

X0, [ := X B|[0, 7]
is well-defined by uniqueness, where

Tr = inf{t > 0: X' ¢ B(0,R)}.



24 1. STOCHASTIC ANALYSIS ON MANIFOLDS

This finally defines X on the stochastic interval [0, ([ where ( = supp 7r. Uniqueness of
X is deduced from the uniqueness of X|[0, Tr]. O

EXAMPLE 1.2.6. Consider the following It6 SDE on R™:

(1.2.5) dX = B(X) dt +o(X) dB
—— ——
nx1 nxr rxl1l

where B is Brownian motion on R". Then the space-time process Z; = (t, B;) is a semi-
martingale on R™*! and SDE (1.2.5) can be written as

X = (582) (j;) — o(X)dZ

where a(X) = (f g;) Thus, under a local Lipschitz condition on the coefficients [
and o, the SDE
(1.2.6) dX =p(X)dt+o(X)dB

has a unique strong solution for every given initial condition zy. By Proposition 1.2.3,
maximal solutions of Eq. (1.2.6) are L-diffusions to the operator

n 1 n .
L = Zﬁlal + 5 Z ((TO' )ijai(f?j,
i=1 i,5=1
where 0; = 0/0z; is the derivative in direction :.
DEFINITION 1.2.7 (PDO in Hoérmander form). For a vector field A € T'(T'M) on
M (read as a derivation) let A%(f) := A(A(f)), f € C>°(M). Amap L: C*®(M) —
C>°(M) is called a partial differential operator (PDO) in Hormander form, if there exist

vector fields Ag, Ay, ..., A, on M such that L can be written as
L=Ay+ Z A2,
i=1
In the special case M = R™ and A; = D; = % (¢ = 1,...,n) for instance,

A =3"" | A? is the Euclidean Laplacian.
1.2.2. Stratonovich differentials.

DEFINITION 1.2.8. For continuous real-valued semimartingales X and Y let
X odY := XdY + %d[X,Y]
be the Stratonovich differential. Here XdY is the usual It differential and d[X,Y] =
dXdY the differential of the quadratic covariation of X and Y. The integral
(1.2.7) /OthdY:/OthY+;[X,Y}t
is called Stratonovich integral of X with respectto Y.

Formula (1.2.7) gives the relation between the Stratonovich integral and the usual It6
integral. Since Stratonovich integrals can always be converted back to It6 integrals, their
use in our context will be only formal and for the sake of convenient notations.

REMARK 1.2.9. We have the following properties of Stratonovich differential, respec-
tively Stratonovich integrals.
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L. (Associativity) Xo(YodZ)=(XY)odZ, ie.,

Xod(/O.YodZ> = (XY)odZ.

Indeed, we have

Xo(YodZ)Xod(/O.YodZ)

:Xd(/'yodz> +1dXd(/'YodZ>
0 2 0

1 1 1

= X(YdZ) + 5 X dYdZ + ;dX (YdZ +5 dez)
1

= (XY)dZ + 5 (XdY +YdX + dXdY)dZ

1
= (XY)dZ + 3 d(XY)dZ
— (XY)odZ.
2. (Product rule) d(XY)=XodY 4+ YodX

PROOF. By It6’s formula we have

d(XY)=XdY +YdX +dXdY = X odY +YodX. O

PROPOSITION 1.2.10 (Itd-Stratonovich formula). Let X be a continuous R™-valued
semimartingale and f € C3(R™). Then

(1.2.8) d((X)) = > _(Dif)(X) 0 dX' = (Vf(X),0dX).

PROOF. By It6’s formula, we have

d(D;f(X)) =

k

_1(Dkaf)(X) dX* + 3 k;1(DkaD€f)(X) dx*dx*.
Hence we get

n n

S (Dif)(X)0dXi = 3 (Dif)(X)dX' + L 3 d(Di f(X))dX'

= Y (D)(X)dXT + 1 Y (DD f(X)) dX X’
i=1 i k=1
— d(f(x)). 0

Formula (1.2.8) shows the main advantage of the Stratonovich differential: it converts
Itd’s formula into the usual chain rule of classical analysis. Hence, at least formally, classi-
cal differential calculus can be applied in calculations involving Stratonovich differentials.

PROPOSITION 1.2.11. Let f: Ry x R™ — R" be continuous, o: Ry x R" —
Hom(R",R™) be C. Furthermore, let B be a Brownian motion on R". For a semimartin-

gale Y on R"™ (defined up to some predictable stopping time T) the following conditions
are equivalent:
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(i) The semimartingale Y is a solution of the Stratonovich SDE
(1.2.9) dY =pB(t,Y)dt +o(t,Y) odB,

ie.
t t
}Q:Yo—s—/ﬁ(s,Ys)ds—i—/ o(s,Ys)odBs, for0<t<ra.s.
0 0

(il) Forall f € C>(R"™),

d(f(V)) = (LHEY)dt+ > (Acf)(t,Y)dB* on [0, 7|

k=1
where
1 T
L=A+3 > A7
k=1
with the vector fields A; € T(TR") defined as
(1210) A() = ZB’LD’M Ak = ZgikDi7 k= 17...,7’.
i=1 i=1
PROOF. (i) = (ii) By the It6-Stratonovich formula (Proposition 1.2.10) we have

n

d(f(V)) =D (Dif)(Y)odY'

= (Dif)(Y)Bi(t,Y) dt + > (Dif)(Y) (Z oi(t,Y) o dBk>
i=1 =1 k=1

= (Ao f)(t,Y) dt + s (Arf)(t,Y) o dB*
k=1

= (Aof)(&,Y)dt + Y (Apf)(t,Y)dB* + % > d((Acf)(t,Y))dBE.
k=1

k=1 =

Since

A(Af(t,Y) = 0u(Arf)(t,Y) dt + (AgArf) (£, Y) dt + Y (A¢Arf)(t,Y) 0 dB",
=1

we observe that
d(ALf(t,Y))dB* = (ALf)(L,Y) dt.

and hence

a0 = ((on .3+ § k07 ) s 3 v)ast

k=1 k=1

= (LNH(Y)

(ii) = (i) It is sufficient to take f(x) = xy.

COROLLARY 1.2.12. Solutions to the Stratonovich SDE

dY = B(t,Y)dt + o(t,Y) o dB
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define L-diffusions for the operator
L=A0+ %Y A? with Ay, Ay, ..., A, as in Eq. (1.2.10),
i=1

in the sense that
d(foY)— (L) Y)dt 20
forall f € C(R"™).

1.2.3. Stochastic differential equations on manifolds. In this section we describe
the construction of L-diffusions as solutions of stochastic differential equations on mani-
folds [10, 16].

DEFINITION 1.2.13 (Stochastic differential equation on M). Let M be a differen-
tiable manifold, 7: TM — M its tangent bundle and F a finite dimensional vector space
(without restrictions E = R"). A stochastic differential equation on M is a pair (A, Z)
where
1. Z is a semimartingale taking values in E;

2. A: M x E — TM is a smooth homomorphism of vector bundles over M, i.e.

(z,e) — A(z)e:= A(x,e)

MxE ™M
A
M M

id

REMARK 1.2.14. Formally the homomorphism A may be considered as section A €
I'(E* ® TM). In particular, we have
Vee M, A(x)e€ Hom(E,T,M),
VYee E, A(-)eeI(TM).

NOTATION 1.2.15. For the SDE (A, Z) we also write

dX = A(X)odZ

or

dX = 3 Ay(X) 0 dZ
=1

where A; = A(-)e; e T(TM) and e, . .., e, is a basis of E.

DEFINITION 1.2.16 (Solution of a stochastic differential equation). Let (A, Z) be
an SDE on M and let zo: Q@ — M be %y-measurable. An adapted continuous process
X|[0,¢[ = (X¢)t<c taking values in M, defined up to the stopping time ¢, is called solution
to the SDE

(1.2.11) dX = A(X)odZ

with initial condition X = wo, if for all f € C2°(M) the following conditions are satis-
fied:

(1) f o X is a semimartingale;
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(ii) for any stopping time 7 such that 0 < 7 < (, we have

(12.12) FOX) = £0%) + [ (d)x, AX.) 0 dZ..
0
We call X maximal solution of the SDE (1.2.11) if
{¢ <0} C {ltiTngXt =ocoin M = MU{oo}} a.s.

Note: The integral in (1.2.12) is defined using

E Az) (df)z

.M R, z€ M.

REMARK 1.2.17. We adopt the convention X;(w) := oo for ((w) < ¢t < oo and
f(o0) =0for f € C(M). Then we may write, for all t > 0,

F(X0) = F(Xo) + /0 (df)x, A(X,) o dZ,
= 1050+ X [ @xAiX) o 2

EXAMPLE 1.2.18. Let E = R™*!and Z = (t,Z',...,Z") where (Z',...,Z") isa
Brownian motion on R”. Denote the standard basis of R"*! by (eq, €1, ..., e,). Letting

A:Mx E—TM
be a homomorphism of vector bundles over M, we consider the vector fields
A =A()e, eT(TM), i=0,1,...,r
Then the SDE

(1.2.13) dX = A(X) 0 dZ|

may be written as

dX = Ag(X)dt + 3. Ai(X) 0 dZ
=1

K3

and for each f € C2°(M) we have
A(F(X)) = (d)x A(X) 0 dZ

= (df)xA(X)e; 0 dZ'
=0

= (df)x Ai(X) o dZ’
=0

=Y (Aif)(X)odZ'
=0

= (Aof)(X)dt + Y (Aif)(X) 0 dZ'

i=1
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— (o)X dt+ 3 (A 42+ (A D)) a2 ).

i=1
Taking into account that

Z (A;A 1) (X dZJ + d(terms of bounded variation),

we see that
d((Aif)(X)) dZ" = (A f)(X) L,

where we used that dZdZ7 = §;; dt for 1 <i,j < r. Hence we get

d(f(X)) = (Ao f)(X) dt+%Z(A,2f dt+z (Aif)(X)dZ

Jj=1
= (LF)(X dt+z A f)(X)dZ".
COROLLARY 1.2.19. Let L = Ao+§ Zi:l A? and let X be a solution to Eq. (1.2.13).
Then, for all f € C°(M),
A(f(X)) — (LX) dt = 0

where 2 denotes equality modulo differentials of martingales. In other words, maximal
solutions to the SDE

[ dX = A(X) 0 dZ]

,
are L-diffusions to the operator L = Ag + 5 Y AZ.
i=1

THEOREM 1.2.20 (SDE: Existence and uniqueness of solutions; M = R™). Let
(A, Z) be an SDE on M = R™ and x¢ an Fy-measurable random variable taking values
in R™. Then there exists a unique maximal solution X (with maximal lifetime ¢ > 0 a.s.)

of the SDE
(1.2.14) dX = A(X)odZ

with initial condition Xo = xo. Uniqueness holds in the following sense: if Y|[0,£] is
another solution of (1.2.14) to the same initial condition, then { <  a.s. and X|[0,¢[ =Y
a.s.

PROOF. As in the proof of Proposition 1.2.5 let B(0,R) = {z € R": |z| < R}
where R = 1,2, ... and choose test functions ¢z € C°(R"™) such that ¢r|B(0, R) = 1.
Since

A € T'(Hom(R",TM)),
we have for each z € R” the linear map
A(z): R" — T, M.

In this way A gives rise to a smooth map R — Matr(n x r;R).
Consider now the “truncated SDE”
(1.2.15) dX® = AR(X®)odz

where A% = ¢ A. By Proposition 1.2.4, the truncated SDE (1.2.15) has a unique global
solution X% with initial condition Xé2 = xg, i.e., for each R there exists a continuous
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R™-valued semimartingale (XtR)tzo satisfying X£* = z such that (1.2.15) holds in the
[t6-Stratonovich sense. In terms of the stopping times
Tri=inf{t >0: X' ¢ B(O,R)},
we have for R < R,
X0, 7r[ = XF|[0, 75 as.
Hence a stochastic process X (with lifetime ( = limpgyoo 7r) is well-defined via
X‘[Ov TR[ = XRHOa TR['

such that supp(f) C B(0, R) (with R sufficiently large), we have
FXT)
(Drf(XT)) o d(X®)*  (using Itd-Stratonovich formula)

For each f € C°(R™
d(f(X))=d

~—

M3/\

—~
<L

F(XE), odX T
VAX™), or(XT)AXT) 0 dZ)
f(X), A(X) 0 dZ)

I
HH

I
R
<
~

(X), Ai(X) 0 dZ7)

N
Il
-

(df)XA (X)odZ

l
“M*

(df)xA( )odZ.

Hence, X is the unique solution to Eq. (1.2.14) with initial condition Xy = xg. Note that

X is a solution of dX = A(X) o dZ in the Itd-Stratonovich sense (in R™) if and only if
Vf e CERY),

d(f(X)) = (df)xA(X) o dZ. O

THEOREM 1.2.21 (SDE: Existence and uniqueness of solutions; general case). Let

(A, Z) be an SDE on a differentiable manifold M and let xo: Q0 — M be Fy-measurable.
There exists a unique maximal solution X |[0, ([ (where ¢ > 0 a.s.) of the SDE

dX = A(X)odZ

with initial condition Xo = xo. Uniqueness holds in the sense that if Y|[0,&[ is another
solution with Yy = xq, then § < ( a.s. and X|[0,£] =Y a.s.

We shall reduce Theorem 1.2.21 to Theorem 1.2.20 via embedding the manifold M
into a high-dimensional Euclidean space.

WHITNEY’S EMBEDDING THEOREM. Each manifold M of dimension n can be em-
bedded into R™"* as a closed submanifold (for k sufficiently large, e.g. k = n + 1),
Le.,

M < (M) C Rtk

where 1 : M — (M) is a diffeomorphism and 1(M) C R™"** a closed submanifold.

PROOF (OF THEOREM 1.2.21). We choose a Whitney embedding (in general not in-
trinsic)

M < (M) c R

diffeom.
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and identify M and ¢(M); in particular for each © € M the tangent space T, M is then a
linear subspace of R"** according to

T,M &2 TR = R+,
Vector fields Ay, ..., A, € T'(T'M) can be extended to vector fields
Ay, A, € D(TR™F) = C°(R"TF, R"F)  with 4;|M = A;,
i.e. A; o1 = dio A;. Hence a given bundle map

A:M xR —=TM, (z,2)— A(x)z= > A;(x)2"
1

has a continuation

IS
I
]~
2
PN
S
S—
NS

A:RYE X RT 5 RYTE S RTF (2, 2) = A(x)

The idea is to consider in place of the original SDE

() dX = A(X)odZ on M
the SDE
) dX = A(X)odZ onR"*,

First of all it is clear that any solution of () in M provides a solution of (¥) in R"*¥,
More precisely: If X is a solution to () with starting value Xy = zg, then X := 10 X
solves equation (%) with starting value Xy = ¢ o xy. Indeed if f € C®° (R”““) then
f:=fIM = foure C*(M),and we have:

d(f(X)) = d(f(X)) = Z(df) Ai(X) 0 dZ’

= D_(@f)x (di)x Ai(X) 0 dZ’

= Z(df) Ai(toX)odZ!

=> (df)x Ai(X) 0 dZ'.
i=1
This implies in particular uniqueness of solutions to (), since equation (%) has a unique
solution to a given initial condition.

To establish existence of solutions to (x) we first remark that any test function f €
C2°(M) has a continuation f € C2°(R"**) such that f|]M = fo. = f. We make the
following important observation.

Each solution X|[0,¢[ of (%) in R"** with Xq = x¢ which stays on M fort < ¢
(where xq is an M -valued Fy-measurable random variable) gives a solution of (x).

Hence, to complete the proof it is sufficient to show the following lemma. ([
LEMMA 1.2.22. If X|[0,¢] is the maximal solution of (¥) in R"F with X = =,

then
{t< ¢t Cc{X: e M}, forallt as.

Observe that it is enough to verify Lemma 1.2.22 for one specific continuation A of A.
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PROOF (OF LEMMA 1.2.22). Let
1L M= {(z,0) € M xR"™ | v e (T, M)},
be the normal bundle of M and consider M embedded into L. M as zero section:

M— 1M, zw—(z,0)

T.M T | M c RvtR

T,RWF2RtF =T M@ 1 ,M

Figure 1.2.1. Normal bundle L M

Fact: There is a smooth function e: M — ]0, oo[ such that the map

(M) = {(z,v) € LM: |v| < e(z)} = U {y e R"™* . |y — 2| < e(x)},
zeM
(z,v) — x + v,

is a diffeomorphism from the tubular neighbourhood 7.(M) of M of radius ¢ onto the
indicated part in R"*. This follows from the local inversion theorem since the given map
has full rank along the zero section of L M.

Note that both

m:1e(M) - M, (x,v)—z
dist?(-, M): .(M) = R, (z,v) — |v]%

are smooth maps.
Now letting R > 0 be sufficiently large such that

MnNB(O,R+1)# 0o,

then
er =inf{e(zx) |z €e MNBO,R+ 1)} > 0.

We choose a decreasing smooth function A : [0, co[— [0, 1] of the form

Figure 1.2.2. Cut-off function A
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and a test function 0 < ¢ € O (R"**) such that ¢|B(0,R) = 1 and supp(p) C
B(0, R + 1). Consider the map

AR . pn+tk +k +k
AT R X R — R x R™F,

AR(y.) = {«a(y) A(dist®(y, M) Alr(y) = if y € (M),

0 ify¢Ts(M)'

Figure 1.2.3. Extended coefficients of the SDE

Let X be the solution of
dX = ARB(X)odz, Xo=ux.
Consider the test function f € C2°(R"**) given as
f(y) = p(y) Adist* (y, M)).
Then
d(f(X)) = (df)x A(X) o dZ
— (VF(X), AR(X) 0 dZ)
=0 onl0,7g],

where 7 := inf{t > 0: X; ¢ B(0,R)}. Indeed, f is constant on each submanifold of
the form

{dist(-,M) = s} N B(0,R), s<eg,
whereas A%(y, 2) is tangent to such submanifolds. Thus, for all y € B(0, R) and z € R",
Viy) L A% (y)=.
Hence, for any solution X of (%), we obtain that
f(X) = constant on [0, Tg[ a.s.
Since R is arbitrary, this completes the proof of the Lemma. O
Solutions to an SDE on M of the type (1.2.11) are by definition semimartingales on M

as defined above: A continuous adapted process X with values in M is a semimartingale
on M if, for each f € C2°(M), the composition f o X provides a continuous real-valued
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semimartingale. It is easy to see that each M -valued semimartingale can be obtained as
solution of an SDE on M.

THEOREM 1.2.23 (Manifold-valued semimartingales as solutions of an SDE). Every
semimartingale on a manifold M is given as solution of an SDE of the type (1.2.11).

PROOF. Let X be an arbitrary semimartingale on M. Without loss of generality (after
an eventual change of time), we may assume that X has infinite lifetime. Choosing a
Whitney embedding ¢: M «—— R"** we may consider the semimartingale Z := 10 X
taking values in £ := R"** Let A: M x E — TM be the bundle homomorphism
which is fiberwise the orthogonal projection A(x): R"** — T, M of R"** onto T, M C
T,R"tF = R"T* We show that X solves the equation

dX = A(X) o dZ.
Let f € C2°(M) be given. We choose a continuation f € C2°(R"**) where f ot = f
such that f is constant locally about M on the normal subspaces L, M (thisis f(y) = f(z)

for y € 1,M sufficiently small). Now let z € M and z € R"**. By decomposing
2 = 2y + 2z where zy € T, M and 2+ € 1, M, we obtain:

(df)mA('T)Z = (df)b(z) (db)w A(x)z = (df)b(z)zo = (df)b(z)z'

But then
n+k
A(f(X)) = d(F() = d_(Dif) (X)) o dZ'
n+k -
=Y (df)xA(X)e; 0dZ" = (df)x A(X) 0 dZ
which gives the claim. - (]

REMARK 1.2.24. Let M and N be differentiable manifolds. For semimartingales X
on M, respectively X "on N, both adapted to the same filtration, consider the product
semimartingale X := (X, X’) taking values in M x N. Suppose that

(1.2.16) dX = A(X)odZ, resp. dX'=A'(X")odZ

with bundle maps A: M X R¥ — T'M over M, respectively A’: N x R¥ — TN over N.
Then X solves the “composed” SDE

(1.2.17) dX = A(X)odZ

driven by the RF x R¥ -valued semimartingale Z := (Z, Z') where
A(z,2')(2,7') = (A(w)z, A'(2')2') € TuM & Ty N = Ty oy (M x N)

defines a bundle map A: (M x N) x (R* x R¥) — T(M x N) over M x N.

PROOF. Let ¢: M < Rfand /: N < RY be Whitney embeddings. Any function
f € C®(M x N) factorizes as f = fo(,:') for some f € C° (R x R[); Let X = ((X)
and X’ = //(X’). Then for f € C®°(M x N), the semimartingale f(X) = f(X, X’)
satisfies

X)odZ, /[ A (X" odZ') = (fu(1,0).)A(X) 0 dZ
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= fLAX)odZ =Y fAi(X)o0dZ!
i
which proves the claim. (]

1.3. Quadratic Variation and Integration of one-forms

In this section we give canonical constructions related to continuous semimartingales
on a manifold M, including the quadratic variation of continuous semimartingales with re-
spect to bilinear forms on 7'M and the integral of one-forms on M along semimartingales,
see [11] for more details. In the particular case M = R™ endowed with the Euclidean
metric this notion of the quadratic variation reduces to the usual quadratic variation of a
semimartingale.

Both notions (quadratic variation and integration of one-forms) can be deduced from a
unified construction principle within the framework of second order differential geometry.
We postpone this point of view and develop the theory first only as far as needed for
martingale theory on manifolds.

We start with an elementary technical lemma on continuous processes, which is quite
useful as it allows a spatial localization of continuous adapted processes, besides the usual
localization in time through a localizing sequence of stopping times. The lemma basically
reduces to properties of continuous paths.

LEMMA 1.3.1. Let (Vi)ren be a countable covering of M by open sets Vi, and X
be a continuous adapted M -valued process. Then there exists a non-decreasing sequence
(Tn)n>0 Of stopping times with 7o = 0 and sup,, 7, = oo, such that on each of the intervals
[Tn, Tnt1] N (]R+ x {rm, < 7'n+1}) the process X takes values only in one of the V.

PROOF OF THE LEMMA. First of all, we choose a refinement (Wy)ren to (Vi)gen
such that for each k € N the closure W, of W}, is still contained in one of the Vo) We
construct a sequence (7,%)o<k<n. n>0 of stopping times which after a suitable renumbering
will satisfy the claimed assertions. Let 7’ := 0. Suppose that 7,* is already constructed up
to a certain n, then let

and 7,F, | = inf{t > 7'5111: X ¢ Wi} fork=1,...,n+1.

0
Tpt1 = Tnnv
It remains to verify that sup,,>o supy<,, 7.8 = 0o. Let’s suppose that there exists w € {2
such that to := sup,,>qsup,<,, 7,7 (w) < co. Then we know X;,(w) € W, for some £,
and by continuity even X;(w) € Wy forall ¢t € [ty — €, to + €] with some sufficiently small
€ > 0. By definition of ¢y there exists ng € N, ng > ¢ such that T,?O (w) > to — &, with the

consequence that then T,fo (w) > to + € which gives a contradiction. ]

Given a filtered probability space (€2, .7, P; (%, )cr. ) satisfying the usual conditions,
we denote by . be the vector space of real-valued continuous semimartingales:

S =MD A

where .# denotes the space of continuous local martingales and .27 the space of continu-
ous adapted processes, starting at 0 almost surely, which are pathwise locally of bounded
variation.

We start by stating an elementary but useful representation lemma.

LEMMA 1.3.2. Let M be an arbitrary differentiable manifold. There exist finitely
many functions h', ..., h' € C°°(M) such that the following properties hold:
(i) Each function [ € C*(M) factorizes through (h',... h*) as f = fo (h',... k")
for some f € C>=(R").
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(ii) Each sectionb € T'(T*M & T*M) can be written as b = Zij:l bij dh* @ dh? with
functions b;; € C*°(M).

(iii) Each differential form a € T'(T*M) can be written as o = Zle ; dh® with func-
tions c;; € C°(M).

(v) If X is a semimartingale on M, then every continuous adapted T*M & T*M -valued
process B above X (i.e., By € Ty, MRT%, M fort € Ry ) which is a semimartingale
in the sense that B,(V,U) is a real semimartingale for any vector fields V,U €
[(TM), has a representation of the form B = Zf,j:l B;j (dh' @ dh7) o X with
continuous adapted real-valued processes B;;.

(V) If X is a semimartingale on M, then every continuous adapted T*M -valued process
J above X (ie., Ji € T, M fort € Ry ) which is a semimartingale in the sense
that Jy(V') is a real semimdrtingale for any vector fields V € T'(T M), has a repre-

sentation of the form J = Zle J; (dh* o X)) with continuous adapted real-valued
processes J;.

PROOF. We represent M via a Whitney embedding h: M —— R’ as a closed sub-
manifold of some R. Then there exists a differentiable partition (¢y)xea of the unity on
M and a family (I))xea of subsets I C {1,...,¢} with the following property: for each
A € A the family (h?);c;, define a chart for M on some open neighbourhood of supp(y ).

Part (i) is evident: One defines f|h(M) through f = f o h and extends f constantly
along the normal subspaces L, M to an open neighbourhood of M = h(M), and finally
smoothens f by multiplication with a function identical to 1 locally about k(M) and van-
ishing outside a suitable larger tubular neighbourhood.

To part (ii): Note that )b = Zij:l by dh' @ dh? with b, € C°°(M) such that
supp(b7;) C supp(ipx) and by := 0 for {i,j} ¢ I, but then

¢
b= Z bijdh' @ dh?  where b;; := Zbgj.
i,j=1 A
The proof of part (iii) is analogous to (ii).
: - . ¢ i j

To (iv): Analogously to (ii) we first write p\(X)B = >, ., Bi)‘j (dh* @ dh?) o X
with appropriate continuous R-valued processes Bf} namely Bi)‘j = pa(X)B (%, %)
for {i, j} C I and B} := 0 for {i,j} ¢ I\. Summation over X then gives the claim.

The proof of (v) is again carried out analogously. (]

THEOREM 1.3.3. Let X be an M -valued semimartingale. There exists a unique linear
mapping T(T*M @ T*M) — o, b~ [b(dX,dX), such that for all f,g € C>(M),

(1.3.1) df ®dg — [f(X),g(X)]
(1.3.2) fb /(f(X)) b(dX,dX).

Here, by definition, b(dX,dX) :=d [ b(dX,dX) and [f(X), g(X)] in item (1.3.1) is the
quadratic covariation process of f(X) and g(X).

DEFINITION 1.3.4 (b-quadratic variation). The process [ b(dX,dX) is called integral
of b along X or b-quadratic variation of X. The random variable ( Jb(dX,dX ))t giving

its value at time ¢ is written as fot b(dX,dX).
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PROOF (OF THEOREM 1.3.3). By Lemma 1.3.2 (ii) each section b € T'(T*MQT*M)
can be represented as b = > b;; dh' @ dh7. We define

(1.3.3) / (dX,dX) Z/ i hH(X), W (X)].

Then uniqueness is obvious; to prove existence it remains to show that (1.3.3) is well-
defined. To this end assume that

b= u,df* @dg" =

finite

‘We need to check that

> u(X)d[f*(X),g"(X)] =0
as well. Without loss of generality, by means of Lemma 1.3.1, we may assume that h
is already a global chart for M. According to Lemma 1.3.2 (i) we write u,, = @, o h,

fY = fYohand g” Y o h in terms of appropriate extensions i, f,g” € C®(R").
Defining X = ho X, the claim then follows from the following calculation:

S X dlf (X5 (0] = 3 () (0,5 ()
=23 w ) (K
= Z(Zuu df* ® dg” ) ( ahl 6}” )d[Xi,Xj] —0. 0

COROLLARY 1.3.5. The b-quadratic variation [ b(dX,dX) depends only on the sym-
metric part of b. In particular, [ b(dX,dX) = 0ifb is antisymmetric.

) (D;g")(X) d[X", X7]

PROOF. Defining b(v, w) := b(w, v), the assignment b — [ b(dX, dX) has the defin-
ing properties (1.3.1) and (1.3.2) as well. (Il

The next remark is again an immediate consequence of the defining properties (1.3.1)
and (1.3.2) of the b-quadratic variation.

REMARK 1.3.6. The b-quadratic variation of a semimartingale commutes with time-
change. More precisely, the following holds: Let X be an M-valued semimartingale, let
(7¢)¢>0 be a continuous finite time-change, and consider the time-changed semimartingale

X defined by X, = X, (w.r.t. the time-changed filtration (ﬁt)tzo = (Z+,)t>0). Then

/Ot b(dX,dX) = /:t b(dX,dX).

0

In particular, for an arbitrary stopping time 7, if we denote by X = X, the semimartin-
gale stopped at the random time 7, then the formula [ b(dX™,dX™) = ([ b(dX,dX))"
where on the right-hand side the process [ b(dX7™,dXT) is stopped at time 7.

REMARK 1.3.7. (i) (Induced form) Let ¢: M — N be a differentiable map between
manifolds, E be a vector bundle over N and s € N U {0}. Each multilinear form L €
['(T*N®* ® F) taking values in E induces via

(@"L)p(w1, ..., ws) := Ly (dopwr, ..., dopws), w; € T,M,pe M,
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a multilinear form ¢*L € T'(T*M®* @ ¢*E) with values in ¢*E, called pullback of L
via ¢. In particular, to each X € I'(F) there is the induced section ¢*X € I'(¢* E) with
(6X)p = Xojyy.p € M.

(ii) (Induced frame) Letey,...,e,, € I'(E/U) be a local frame for E. Then

de1,...,¢%m ET(G*E/d™(U))
is a local frame for ¢*E. Hence, to each section Y € I'(¢*E), there exist uniquely
determined functions b,...,b™ € C>°(¢~1(U)) such that Y|¢~1(U) = 3" b* ¢’;.

THEOREM 1.3.8 (Pullback formula for the b -quadratic variation). Let ¢: M — N be
a differentiable map and b € T'(T*N ® T*N). Then, for any semimartingale X on M,

(1.3.4) J(¢7b) (dX,dX) fb( (¢ o X), (qSoX)).
PROOF. The left-hand side of (1.3.4) satisfies the defining properties for the b-quadratic
variation of ¢(X). O

We now turn to the problem of integrating one-forms on M along M -valued semi-
martingales, see [20].

THEOREM 1.3.9. Let X be a semimartingale taking values in M. There is a unique
linear mapping

0(T*M) = AY(M) - .7, om—)/a(OdX)E/ a,
b's
such that for all f € C*(M),
(1.3.5) df = f(X) = [(Xo)
(1.3.6) fa — /f(X)oa(OdX).

On the right-hand side of (1.3.6) we have the Stratonovich integral of the process f(X)
with respect to the semimartingale [ «( o dX), thus

f(X) oa(edX)=f(X) o d(/a(odX)).

DEFINITION 1.3.10 (Stratonovich integral of one-forms along semimartingales). The
process [ a(odX) is called the Stratonovich integral of o along X. We also use the
notation [, o for [ a0 dX).

PROOF (OF THEOREM 1.3.9). By Lemma 1.3.2 (iii) differential forms o € I'(T* M)
can be represented as v = >, a; dh’ with functions a;; € C°°(M). We define

(13.7) /a —Z/az ) o d(h'(X)).

Uniqueness is again obvious; it is thus sufficient to show that formula (1.3.7) is well-
defined. To this end, we have to verify that if « = Zﬁnite Uy, df¥ = 0 then

Zuy yod(f¥(X))=0

holds as well. Proceeding as in the proof of Theorem 1.3.3, without loss of generality, we
assume again that h is already a global chart for M. But then we have

Zuy Yod(fY(X Zuu (X))
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= Z Zﬂ,,(j() o (Dif"(X) o Xm)
=3 ((Zwar) Gy) o ax =0,

which gives the claim. (]

EXAMPLE 1.3.11. In the special case of a deterministic C! curve X in M, say X; =
x(t), which is trivially a semimartingale, we obtain

(1.3.8) / o= /a(:ic(t)) dt, ael(T*M).
X
Indeed, the right-hand side of (1.3.8) obviously has the defining properties of fX a.

REMARK 1.3.12. Stratonovich integration of differential forms « along semimartin-
gales commutes with time-change. More precisely, the following holds: Let X be a semi-
martingale taking values in M, (7;);>0 a continuous finite time-change, and consider the
time-changed semimartingale X defined by X, = X, (with respect to the time-changed
filtration (jt)tzo = (Z+,)e>0). Then

lfa(odX)::/:}a(odX)

In particular, for an arbitrary stopping time 7, if we denote by X; = Xy, the semimartin-
gale stopped at the random time 7, then the formula

foo=Ue)

holds where on the right-hand side the semimartingale | @ is stopped at time 7.

THEOREM 1.3.13 (Pullback formula for the Stratonovich integral of a one-form). Let
¢: M — N be a differentiable map and oo € A*(N) = T'(T*N). Then, for any semi-
martingale X on M,

(13.9) / 6o = / .
X doX

PROOF. The left-hand side of Eq. (1.3.9) satisfies the defining properties for the Strato-
novich integral of a along ¢ o X. (]

REMARK 1.3.14. Leta, 8 € I'(T*M). Thena ® 8 € I'(T*M ® T*M) and for the
quadratic covariation process of [, aand [, 3 we have the formula:

(1.3.10) [/Xa/xﬁ] :/(a®6) (dX,dX).

We continue with the observation that Theorems 1.3.3 and 1.3.9 can be slightly ex-
tended in an obvious way. In Egs. (1.3.2) and (1.3.6), instead of f(X) where f € C*>°(M),
more generally, continuous adapted R-valued processes K may serve as multipliers.

THEOREM 1.3.15. Let X be an M -valued semimartingale and let B be the real vector
space of continuous adapted T*M & T*M -valued processes B over X such that By(V,U)
are real semimartingales for any vector fields V,U € T'(TM). There exists exactly one
linear mapping

B — o, BH/B(dX,dX),



40 1. STOCHASTIC ANALYSIS ON MANIFOLDS

with the following properties:

boX /b(dX,dX) foranyb e I'(T"M @ T*M),
KB w— / K B(dX,dX) for any continuous adapted real-valued processes K.

Here [ KB(dX,dX) := [ Kd([ B(dX,dX)).

PROOF. According to Lemma 1.3.2 (iv) each continuous adapted T*M ®T*M -valued
process B over X has a representation as a finite sum of the form

B =Y B,(df*®dg") o X.
We set
[ Blax.ax) = ¥ B di (x4
Well-definedness is verified as in the proof of Theorem 1.3.3. ]

THEOREM 1.3.16. Let X be an M -valued semimartingale and let D be the real vector
space of continuous adapted T*M -valued processes J over X such that J,(V) are real

semimartingales for any vector field V € T'(T M). There exists exactly one linear mapping
D— ., Jw [J(odX)= [y J, withthe following properties:

aoX — /a(OdX) = / a forany o € T'(T*M),
X
KJw— / KoJ(odX) forany continuous adapted R-valued process K.

Here [ KoJ(0dX):= [Kod([J(odX)).

PROOF. According to Lemma 1.3.2 (v) each continuous adapted T*M -valued process
J over X has a representation as a finite sum of the form

J =Y "J,(df" o X).
We set
/J( 0dX):=>_J,0d(f"(X)).
Well-definedness is verified with the same calculation as in the proof of Theorem 1.3.9. [J

The pullback formulas (1.3.4) and (1.3.9) carry over in an obvious way.

REMARK 1.3.17 (Pullback formulas). Let ¢: M — N be a differentiable map and X
be a semimartingale on M.

(i) For a continuous adapted 7* N ® T N-valued process B over ¢ o X we have:

/ (6" B) (dX.dX) = / Bd(6(X)), d(6(X)).

(ii) For a continuous adapted 7 IV-valued process J over ¢ o X we have:

/qu*J:/d)(X) J.
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REMARK 1.3.18. Under a complex differential form o on a differentiable manifold M
we understand a section « € I'(T*M ® C). Decomposing « into its real and imaginary
part, i.e., &« = a1 + iag where a;; € I'(T*M ) are real differential forms on M, we extend
the Stratonovich integral of differential forms along M -valued semimartingales via

/a::/a1+i/ a9
X X X

to complex differential forms.

As an example for Stratonovich integration of one-forms we consider the winding
of semimartingales in the plane. This notion generalizes the classical winding number
of a (closed) differentiable curve in C \ {0}, as defined in elementary function theory,
to semimartingales in the plane. We identify the complex plane C with the Euclidean
space R2.

REMARK 1.3.19 (Winding of a semimartingale in the plane). Let Z be a continuous
C-valued semimartingale such that Z; # 0 and Z does not hit the origin almost surely.
Integration of the complex differential form o = dz/z on C \ {0} along Z,

/a:/lOdZ€y+i<7,
Z Z

gives a continuous version of a logarithm along the paths of Z via

log,, (Zi(w)) —log,, (Zo(w)) := (/ dz

) (w), t>0, P-almostallw € (.
z =2/t

In other words, writing
Zy = |Z,]e®, t>0,
with a (pathwise) continuous version O; of the argument of Z;, then

0, = O, +Im(/Z %)t.

The process Im |, P d—zz is called winding of the semimartingale Z about the origin.

PROOF. It is sufficient to verify that, modulo indistinguishability,

exp(/oéodZ) = Zio'

But using the abbreviation L := [, dz/z = [ Z~' 0dZ, then
del = el odL = (e/Z)0dZ,

and hence .

e I 1 1 ek
In the sequel let .# (C) denote the class of C-valued local martingales. A local mar-
tingale Z = X +14Y € .#(C) is said to be conformal if [X, X] = [Y,Y] and [X,Y] =0,
or equivalently, if dZdZ = 0.
REMARK 1.3.20. Stratonovich integrals of holomorphic differential forms along con-
formal martingales give local martingales. More precisely: Let Z be a conformal local

martingale and D C C be a domain not left by Z a.s. For any complex differential form
o = f(z)dzon D (where f: D — C is a holomorphic function) the process

/Zaz/f(Z)odZ:/f(Z)dZE%(C)
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is a conformal local martingale. On the other hand, a local martingale Z in C is already a
conformal local martingale if [, a € .#(C) for a = z dz.

PROOF. Indeed we have
(1.3.11) f(Z)odZ = f(2)dZ + (f'(2)) dZdZ = f(Z)dZ

where the first equality in (1.3.11) results from the Itd formula for complex semimartin-
gales (e.g. [15] Corollary to Theorem 4.46"), whereas the second equality is a consequence
of the conformity of Z. In addition local martingales of the type N = [ f(Z)dZ are
automatically conformal, since AINdN = f(Z)?dZdZ = 0. The last statement follows
with f = id. O

In particular, if in the situation of Remark 1.3.20 the conformal local martingale Z is
a Brownian motion on C, then for each holomorphic function f the process |. , f(2)dzis
a conformal local martingale, and thus there exist independent one-dimensional Brownian
motions B and 3 such that

Re [, f(z2)dz = Br,, Im [, f(z)dz = Br,,

where the time-change is given by T} := f5(|f\2 0 Zs)ds,t > 0.1f f # 0 then T, = o0
P-a.s., as is easily verified by using recurrence and the strong Markov property of the
2-dimensional Brownian motion:

LEMMA 1.3.21. Let Z be a Brownian motion on R? and f : R?> — R be a continuous,
not identically vanishing function. Then [ |f|*(Z) ds = oo, P-a.s.

We are going to summarize the results above in the case f(z) dz = dz/z.

COROLLARY 1.3.22. Let Z = X +iY be a BM in C starting from some point zy # 0.
Then Z; = |Z;| €'t where

tdz tXdX +YdY
1og\Zt|—10g|Zo|:Re/ o _ [ 2 rdt
0

Z Jo |1Z|?
t t
az XdY -YdX
O; —O¢ =1Im / — = _—.
' o Z Jo |1Z|?
In addition there exist independent one-dimensional Brownian motions B and [ such that
t
dz
~“ _B ;
7 T, +ifr,

with the time-change T, given by Ty := fot |Zs|72 ds.

Since T, = oo P-a.s., one concludes from ©, — ©¢ = Sz, that BM(C) winds with
probability 1 arbitrary often clockwise and anti-clockwise about any given point, but un-
winds again almost surely. On the other hand, |Z| and B generate the same c-algebra,
hence

PBoo = 0{|Zs|: se Ry} =0{Bs: s € Ri} modulo P-nullsets;
indeed first of all o{|Z;|: s < t} = o{log|Zs|: s < t} = o{Br,: s < t}; on the other
hand, the time-change (T});>o may be described in terms of B, as is seen from the formula

(1.3.12) T, = inf{s >0: |20|2/ exp(2B;) dr > t},
0

which is easily verified with the substitution » = 7T,,. As a consequence, the BM S describ-
ing the angular process is independent of the whole radial process, and hence independent
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of Boo = 0{|Z;s|: s € Ry} and in particular of the time-change (T});>o. Thus for any
e

E#e [exp (i£(0; — ©y))] = exp(—£2/2T;) P-as.

This formula allows to calculate the distribution of ©; for fixed ¢, and is moreover a useful
tool for many explicit calculations related to the stochastic behaviour of BM in the plane
(e.g. [47], [48]).

1.4. Linear Connections and Martingales on Manifolds

The aim of this section is to introduce martingales on manifolds. This task requires on
the manifold a linear connection as additional geometric structure. We start the discussion
by recalling basic notions from differential geometry; for more background on these topics
the reader may consult [12, 24, 25, 26].

From a geometrical point of view we want to deal with the following situation. Let
m: IZ — M be a vector bundle over a manifold M, for instance the tangent bundle 7'M of
M, and let a: [0,1] — M be a differentiable curve such that «(0) = p and o(1) = q. We
look for a canonical procedure to translate vectors v € F), to E, along the curve .

If in addition E is endowed with a metric, in the sense that each fiber F, carries
a scalar product depending smoothly on z, then it is natural to demand in addition that
angles are preserved by the translation along curves.

E=TM

T,M

q

0 1
Figure 1.4.1. Parallel transport

The fibers of a vector bundle are all isomorphic to a fixed finite-dimensional vector
space which however does not mean that there is a canonical way to identify them. The
additional structure needed to relate fibers among each other in an intrinsic way is a “linear
connection” in F. Such a structure encodes the information necessary to transport elements
of one fiber of F along some curve to another fiber.

There are different (but equivalent) ways to introduce linear connections in a vector
bundle E, for instance, as parallel transport, as covariant derivative, or horizontal splitting
of TE. The most intuitive way is the concept of a parallel transport.

DEFINITION 1.4.1 (Parallel transport). Let w: F — M be a vector bundle over a
differentiable manifold M. A parallel transport L in E is an assignment of a linear iso-
morphism L : E, — E, to each differentiable path o from p to ¢ in M such that the
following properties hold:
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(i) (Invariance under reparametrization) If «: [a,b] — M is a differentiable curve then
Laop, = L, for any differentiable reparametrization ¢: [a’, '] — [a,b] such that
p(a’) =aand p(t') =b.

(ii) (Transitivity) If a: [a,b] — M and a < ¢ < bthen Ly = Lqjic] © La[a,q-

(iii) (Behaviour under back-transport) L, = L' fora™: [a,b] — M, t +— a(a+b—t).

(iv) (Dependence on parameters) If « depends differentiably on parameters (e.g. if o is a
differentiable family of curves), then L, depends differentiably on these parameters
as well.

(v) (First-Order-Axiom) For any X € I'(E) and v € T,M the covariant derivative
V, X of X in direction v,

V,X =Vp(Xoa)0)eE, fora:[-ee]— MC>®-curve
with a(0) = p and &(0) = v,
is well-defined and independent of the choice of the curve a.
In (v) we use the following notion: for a differentiable curve «: [a,b] — M and a C*®
section o € I'(a*E), the covariant derivative Vo € T'(a*E) of o along o with respect
to L is defined as
d —1
(VDO')(t) = dig EZOLal[t7t+€]0—(t + 5) S Ea(t)

if well-defined.

Before introducing the abstract notion of a covariant derivative on a vector bundle, we
state the following Lemma.

LEMMA 1.4.2. Let E, F be vector bundles over M, further K: I'(E) — T'(F) a
C>°(M)-linear map and p € M. Then K(A), = K(B), for all sections A,B € I'(E
with A, = By,. Thus K provides a section of the bundle Hom(E, F') = E* ® F.

PROOF. It is sufficient to show that A, = 0 already implies K(A), = 0. Fix-
ing a local frame ey,...,e, € I'(E/U) at p there exist uniquely determined functions
al,...,a™ € C>=(U) such that A|U = Y, a’e;. In particular, we have a'(p) = --- =
a™(p) = 0. Now let p € C°°(M) such that ¢)(p) = 1 and supp) C U. In particu-
lar, &; := te; € T(E/U) and @' := a’ € C*°(U) extend smoothly to global sections,
resp. functions on M (being equal to 0 outside of U). Then 1)2A = Do a‘e;, and thus
K(A), =¢(p)*K(A), = K(Y*A), = 32, a'(p) K(&)p = 0. 0

DEFINITION 1.4.3 (Covariant derivative). Let E be a vector bundle over a mani-
fold M. A covariant derivative on E is an R-linear mapping

V:T'(E) > T(T"M ® E)
satisfying the product rule
VifX)=df e X+ fVX, Xel(E), feC®M).
Sections X € I'(E) with the property that VX = 0 are called parallel.
REMARK 1.4.4. Since according to Lemma 1.4.2,
D(T™M ® E) = Homgeo () (F(TM), I'(E)),
a covariant derivative V on E can equally be seen as R-bilinear mapping

I(TM)xT(E) 5> T(E), (A,X)— VaX = (VX)A.
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In this notation a covariant derivative is C°°(M)-linear in the first argument and (as a
consequence of the product rule) derivative in the second argument, i.e.,

1) Vi X =[V,X;
forall Ae T'(TM), X € T'(E) and f € C>(M).

REMARK 1.4.5. (i) Given A € T(TM), X € I'(E) and p € M, by Lemma 1.4.2,
(VaX), depends only on A, € T,M. Hence, for v € T,M choosing A € T'(TM)
such that A, = v, then V, X := (V,X), € E, is well-defined and is called covariant
derivative of X in direction v.

(i) Forv € T,M, X € I'(E) the covariant derivative V, X depends only on the
germ of X at p.

PROOF. Forp € U C M open and X|U = 0 we have to show that V, X = 0. To this
end let ¢ € C°°(M) such that suppy C U and ¥(p) = 1. But then »X = 0, and thus
O = Vv(wX) = U(QZJ)XP + QZJ(p)VUX = V'UX D

NOTATION 1.4.6 (Christoffel symbols). Let E' be a vector bundle of rank m over an n-
dimensional manifold M. Let V be a covariant derivative on F and eq, . .., e, € I'(E/U)
alocal frame for E. If in addition (h, U) is a local chart for M and 0; = % e I(TM/U)
the corresponding local coordinate vector fields, then (01, . . . , 9, ) defines a local frame for
T'M, and the sections V, e; € I'(E/U) are well-defined by Remark 1.4.5. The uniquely
determined functions Ffj € C*(U) such that

m

_ k
Vo, €5 = g I'Fex
k=1

are called the Christoffel symbols of V with respect to (h,U) and ey, ..., e, € T'(E/U).
They determine the covariant derivative V on E/U.

A covariant derivative on a vector bundle £ in the sense of Definition 1.4.3 induces
canonically a notion of covariant derivative of sections along maps. For a precise statement
we come back to the notion of induced forms and frames as introduced in Remark 1.3.7.

DEFINITION 1.4.7 (Induced covariant derivative). Let f: M — N be a differentiable
map between manifolds and V a covariant derivative on a vector bundle E over N. There
exists exactly one covariant derivative on the induced bundle f*E over M (called the
covariant derivative on f*E induced by f and denoted again by V) such that

(1.4.1) Vo(f*X) =V X € By, X €D(E), weT,M, pe M.

Indeed, let ey, ..., e, € T'(E/U) be alocal frame for £ and Y € I'(f*FE) a global
section. By Remark 1.3.7 (ii), Y has a unique representation on f~!(U) of the form
Y[f~H(U) = 3, b f*e; where b' € C®(f~1(U)). Forw € T,M, p € f~1(U) we
deduce from the product rule and property (1.4.1) of V that

m
(142) Vv, Y =) (w(bl) (€i)fp) + b’(p)Vdfpwez) € Ef(p)-

i=1
This shows uniqueness of the induced covariant derivative. On the other hand, Eq. (1.4.2)
defines a covariant derivative on f*FE which establishes existence.

If X is a section of E along a curve v on M, then Definition 1.4.7 gives in particular
a notion of a covariant derivative X along «.
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DEFINITION 1.4.8. Let V be a covariant derivative on a vector bundle £ over M and
«: I — M a differentiable curve defined on some real interval.
(i) (Covariant derivative for sections along curves) For sections X € I'(a*F) along «
the vector field VX € T'(a*E) is called the covariant derivative of X along «;
here D denotes the canonical vector field on 1.
(ii) (Parallel sections along curves) A section X € I'(a* E') along « is said to be parallel
along o (with respect to V) if V, X = 0. The linear subspace of I'(a* E) of parallel
sections along « is denoted I',o, (0 E).

DEFINITION 1.4.9 (Geodesics). Let M be a manifold and V a covariant derivative
on TM. A differentiable curve v: I — M is said to be a geodesic if v € T'(v*TM) is
parallel along « with respect to V, in other words, if V7 = 0.

REMARK 1.4.10 (Covariant derivative in coordinates). Let V be a covariant derivative
on a vector bundle F over M and ey, ..., e, € I'(E/U) be alocal frame for E. Let (h,U)
be a local chart for M and 9; = i,; fori=1,...,n. Then

Vy,ej = ZF e, locally on U.

We consider a section X € I'(a*E) along a differentiable curve o: I — M. Fixing to € I
such that a(to) € U, then X = 377", X7 a’e; locally about to. By Definition 1.4.7 we

get for ¢ locally about to (since c(t) = Y1 & (t) (0;)a):

(VDX)( ) = Z(Xj( )(ej)a(t) + Xj(t)va(t)ej)

Jj=1

Z(Xj (€5)an +ZXJ v(?3 Jarn € j)'

.
—

Thus locally about #y:
(1.4.3) VpX =3 (D (X*) + 3 X7 D(a') (T o )) e

k .3
THEOREM 1.4.11. Let V be a covariant derivative on a vector bundle E over M,
further let a: I — M be a differentiable curve, to € I and e € FEq(y,). There exists
exactly one section X € T, (a* E) along o such that X (to) = e.

PROOF. The claim is reduced to the existence and uniqueness theorem for linear dif-
ferential equations. Since it is sufficient to consider the local situation, we may assume the
existence of a global chart (h, M) for M and a global frame ey, ..., e, € I'(E) for E.
Then there are uniquely determined coefficients b* € R such thate = Y. | b’e;. Defining

Chj = — 2iq & (IF; 0 ) € C>(I), by Eq. (1.4.3) the requirement V, X = 0 together
with X;, = e is seen to be equivalent to the system of linear differential equations
1.4.4 Xk =_ i X, XF(te)=0b*, k=1,....m
(1.4.4) Zj kj (to)
It remains to recall that the unique solution to Eq. (1.4.4) is defined on all of 1. O

DEFINITION 1.4.12 (Parallel transport; induced by V). Let V be a covariant derivative
on a vector bundle E over a manifold M and a: I — M a differentiable curve. For s,t € 1
there is an isomorphism

Msi' Ba(s) = Eat)
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explained by //; ;e := X(t) where X € Ty, (o E) is the unique parallel section along
a such that X (s) = e. The isomorphism //; , is called the parallel transport of E,s) to
Eq ) along a.

REMARK 1.4.13. We have //jt1 = //s,s and //,, = idg, . Eachbasis 1, ..., ey, of

Eq(s) can be extended to a global frame €1, ..., &, € I'(a*E) for a* E via €; s := //, ;.

REMARK 1.4.14. The parallel transport associated to a covariant derivative V accord-
ing to Definition 1.4.12 defines a parallel transport in £ in the sense of Definition 1.4.1. On
the other hand the parallel transport determines again the underlying covariant derivative:
If X eT'(E),veT,Manda: I — M adifferentiable curve such that &(0) = v, then

V, X = %|t:0 (//ojtha(t)) € Ep.

PROOF. Letey,...,e,, be abasis of E, and é1,...,&, € I'(a*E), & = //07te¢,
an extension to a global frame for o* E. Furthermore let a’ € C*°(I) be such that a*X =
> a'e;. Then //;} (a*X)¢ = 3 a'(t)e;, and hence V, X = Vj(a*X)o = > (a*(0)e; +

@ (0)(Vpes)o) = |,y (Uit Xatw)- -

Thus a parallel transport in E' and a covariant derivation on E provide identical struc-
tures on E. We continue with a third equivalent point of view.

DEFINITION 1.4.15 (Horizontal splitting of TE). Let m: &2 — M be a vector bundle
over a manifold M. A subbundle H C T'F is said to be a horizontal splitting of TE if the
following two conditions hold:

(i) TE=H®n"E (thisisTeE = H, ® Er () fore € E)
(ii) Fors € R* = R\ {0} the subbundle H is compatible with the operation p;: £ — E,
e — se, in the sense that (ps)«H. = Hg. fore € E'and s € R*.

REMARK 1.4.16. Let 7: ' — M be a vector bundle over M and e € E such that
p = w(e). The projection w: E — M is submersive at e, i.e. (dm)e: TeE — T,M is
surjective, with ker (dr). = T.(7"'p) = T.(E,) & E, C T.E. Thus there is an exact
sequence of vector bundles over E

0 ™E TE -4 m*TM — 0,
(1.4.5) R
\5];,/

and the decomposition TE = H @ 7*E induces a splitting of (1.4.5): dm o h = id
where h = (dr|H)~!. The differentiable splitting h: 7*TM =~ H C TE of the
sequence (1.4.5) of vector bundles over M is called horizontal lift. Fiberwise, we have
linear isomorphisms (dr).|H.: He = T,M and h.: T,M -~ H..

NOTATION 1.4.17. LetTE = H®V with V := 7* E be a horizontal splitting of T'E;
further let w € T, F where e € E and p = w(e) € M. We call w horizontal if w € H.,
and vertical (in the sense “tangential to the submanifold E, of E”) if w € V, = L.

In each fiber T, F of T'E the vertical space V, is canonically given, however in gen-
eral there is no canonical choice of a horizontal space H,: a horizontal splitting provides
exactly a selection of a horizontal complement H, to V, at each e € F in an R*-invariant
way (differentiable depending on €).
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Figure 1.4.2. Horizontal splitting

THEOREM 1.4.18. Horizontal splittings of T'E and covariant derivatives on E are
equivalent structures. For any vector bundle w: 2 — M over M, the following holds:
(1) A covariant derivative V on E defines canonically a horizontal splitting H of TE,
namely for each e € E with p := 7(e) via

H.:={X.w:veT,M, X €eT(E)withX(p) =eand V,X =0} C T.E.

(i1) Inversely to (i) a horizontal splitting H of T'E gives rise to a covariant derivation V
on E as follows:
(a) For X € T(FE) the covariant derivative VX € T'(T*M ® E) is explained
through the following homomorphism of vector bundles over M
T™M X5 X*TE=X*Ha X*V ™% X*V = X*r*E = E,
where pry, denotes the projection onto the vertical subspace.
(b) Foro € T'(a*E) where « is a differentiable curve in M the covariant derivative
Vpo € T'(a*E) is given as follows: (Vo)(to) is the image of(%)to under
R=TR 25 ¢*TE = oc*H © 0*V Ve o*V = o* " E = E;

here ( %) o is first mapped to 7 (ty) and then projected on the vertical compo-
nent.

The constructions in (i) and (ii) are inverse to each other.

PROOF. (i) Firstof all, H, as defined in (i) is a vector space. Indeed, to eachv € T, M
there exists exactly one w € H, such that m,w = v, in other words, if v € T}, M and
X, X € I'(E) such that X(p) = X(p) = eand V,X = V,X = 0, then X,v = X,v.
Since this is a local statement at p, it is sufficient to consider the situation £ = U x R™
with p € U C R”, where then X: U — R™, X:U — R™and X = A X for some
differentiable map A: U — GL(m;R), A(p) = identity matrix. For v € T,M, one
obtains from V, X = 0 together with V, X = 0 the equation v(A) X, = 0 where v in v(A)
is applied as derivation componentwise to the matrix function A. This shows, as claimed,
d(AX),v =v(A) X, + Alp) v(X) = A(p) v(X) = v(X) = (dX),v. In particular, this
shows

(1.4.6) H. = X.T,M = (dX),T,M
in terms of a fixed section X € I'(E) such that
(1.4.7) Xp,=e and (VX),=0

from where the vector space structure of H, is obvious. Existence of a section X with
property (1.4.7) is immediate: it is sufficient to construct X locally about p and to extend it
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then to a smooth global section but locally in coordinates about p condition (1.4.7) reduces
to find a function with prescribed 1-jet at the single point p.

Injectivity of (dX), follows from m.(dX), = id|T,M and implies in particular
dim H, = dim M. Also H, NV, = {0} is obvious since w € H,, say w = X,uv,
implies m,w = (w0 X),v = v whereas w € V, just means that m,w = 0. This proves
T.E=H. V..

It remains to check that H defines a subbundle of T'E, i.e., that H. depends differ-
entiably on e € E. To this end, we fix a local chart (h,U) for M and assume without
restriction of generality that £ = U x R™. If 0; = % is one of the basis vector fields
over U and X € I'(E) a non-vanishing section on U, i.e., X : U — R™ differentiable and
X (p) # 0 forall p € U, then there exists a C>° function A: U — GL(m;R) such that

(1.4.8) Vy,(AX) =0 onU.
Note that condition (1.4.8) is equivalent to
(1.4.9) 0i(A)X +AVy, X =0

which gives a differential equation for A. For fixed p € U and g € GL(m;R) let now
A=A4,,,: U — GL(m;R) denote the solution to (1.4.9) satisfying A(p) = gX(p).
Furthermore, choose for each e € E a matrix g(e) € GL(m;R) depending differentiably
on e such that e = g(e) X (c). This construction gives to each e € E vector fields

X = Ay ne) g0 X €T(TU), 1<i<n,
and induced vector fields on E, namely
gi € F(E)a (gi)e = d(Xi(e))Tr(e) (ai)ﬂ(e)v 1<i<n,

such that ((O1)e, - .., (On)e) gives a basis for H, for each e € E.

Finally it is easy to see that H is compatible with the operation R* which completes
the proof of part (i) of Theorem 1.4.18.

(i) The second part can be checked in an elementary way; verification of the product
rule requires the R*-invariance of H (condition (ii) in Definition 1.4.15). (I

According to Theorem 1.4.18 (ii) a section X € I'(E) is parallel (i.e., V,, X=0 for all
v € TM) if and only if X, v is horizontal for any v € T'M. In the same way, a section
o € I'(a*E) along a: I — M is parallel (i.e., Vo = 0) if and only if 6(t) € H, ) for
all ¢t € I. Hence, as consequence of Theorem 1.4.11, we have the following result.

THEOREM 1.4.19. Let w: E — M be a vector bundle over a differentiable manifold
M and H a horizontal splitting of TE. Furthermore let o: I — M be a differentiable
curve and e € Eq ) for some to € 1. Then there exists exactly one lift of o to a “hori-
zontal curve” w: I — E above « with u(ty) = e, i.e. such that o u = o, u(ty) = e and
U(t) S Hu(t)fO}’t el

DEFINITION 1.4.20 (Linear connection). Let m: & — M be a vector bundle over a
differentiable manifold M. A linear connection in E is a covariant derivative on F (or
equivalently, a parallel transport in E' or a horizontal splitting of T'F). Linear connections
in T'M are simply called linear connections on M.

Let M be an n-dimensional manifold equipped with a linear connection V in T'M.
By Definition 1.4.9, geodesics are curves with the property that their velocity field along
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the curve is parallel. According to Remark 1.4.10, in local coordinates (h, U), for a differ-
entiable curve v: I — M the condition V7 = 0 means that

(1.4.10) LY Thoyd4 =0, k=1,...,n,
,J

with 4% = h* o and Ffj the Christoffel symbols determined by V, 0; = >~ I‘fj Ok
According to Theorem 1.4.18, condition V¥ = 0 is equivalent to 5(t) € H(y) for each
t € I. The horizontal lift h: 7*TM -~ H C TTM induced by V according to diagram
(1.4.5), defines a canonical (horizontal) vector field £ on T'M, namely for v € T'M via

TpyM 22 H, —s T,TM, v —s £(v).

Obviously, ¢ is not only a second order differential equation (i.e., a vector field on T'M
such that (dr), {(v) = v for v € T'M), it is even a spray which means that in addition
£(sv) = (dos)(s€(v)) holds for all s € R* and the multiplication o,: TM — TM,
v — sv. The vector field & on T'M is called the geodesic spray to the linear connection
V on T'M. In general, for a second order differential equation &, curves y: I — M such
that 5 (t) = £(7(t)) are called integral curves of €. Since T o = ~, the relation 7,5 = 7
holds trivially, so that in the case of the geodesic spray &:

Vpy =0 < 5(t) =&(7(t)) foranyte 1.

Thus, a curve v in M is a geodesic if and only if v is an integral curve of the corresponding
geodesic spray.

COROLLARY 1.4.21. Let M be a manifold and V a linear connection in T M. Given
p € M and v € T,M, there exists a unique geodesic v = +y, such that v(0) = p and
v(0) = v. In addition, v, (t) = v, (st) for s,t € R, if one of the two sides is defined.

PROOF. In general, given a second order differential equation &, there exists to each
v € T, M a unique maximal integral curve y such that ¥(0) = v (in particular then (0) =
p); this is an immediate consequence of the existence and uniqueness result for integral
curves to vector fields. The condition that £ is even a spray guarantees the addition: the
integral curve to s-times the initial velocity corresponds to the original integral curve run
through s-times as fast. U

DEFINITION 1.4.22. Let M be a smooth manifold. A linear connection V in T'M is
called metrically complete if every maximal geodesic is defined on all of R.

DEFINITION 1.4.23 (Tensor field). Let 7'M and T*M be the tangent bundle, resp.,
cotangent bundle of a differentiable manifold M. For r,s € NU {0} the elements of
T(T*M®s @ TM®") are called tensor fields of type (r, s) or (r, s)-tensors in short. For
s € N, in terms of the canonical C'>° (M )- linear isomorphism

D(T*M®* @ TM) = T (Multg (TM*; TM)) = Multco (ar) (D(TM)*; T(TM)),
tensor fields of type (1, s) correspond to C'*°(M )-multilinear maps I'(TM)* — T'(T'M).

DEFINITION 1.4.24 (Torsion, curvature). Let M be a differentiable manifold and V a

linear connection on M.
(i) The map

T:T(TM)? - T(TM), (X,Y) VyY —VyX —[X,Y]
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is C'°°(M)-bilinear and represents a (1,2)-tensor 7' € T'(T*M®? @ T M), the so-called
torsion tensor of V. Recall that for two vector fields X,Y € I'(TM) the Lie product
[X,Y] € I'(T'M) is defined as derivation via

(X, Yf = XY [)=Y(X[f), [feC?(M).

The connection V is said to be forsion-free or symmetric if T' = 0.
(i) The map

R:D(TM)* 5 T(TM), (X,Y,Z)— VyxVyZ—VyVxZ - Vix 1%

is C°°(M)-trilinear and represents a (1,3)-tensor R € I'(T*M®3 @ TM), the curvature
tensor of the connection V. The tensor R may be written as C°° (M )-bilinear map

R: T(TM)? = Endcoo (3 I(TM) = T'(EndT M)

and gives then a section R € T'(T*M®? @ EndT'M). This leads to the common notation
R(X,Y)Z =R(X,Y, Z).

REMARK 1.4.25. A linear connection V in T'M is torsion-free if and only if I'}; = T,
for all Christoffel symbols. In particular, a linear connection V in T'M can be “sym-
metrized” to a torsion-free connection by passing from V to V with the new Christoffel
symbols f‘fj = %(Ff} + Ffz)

PROOF. If (h,U) is a local chart for M and 04, .. ., 0, the corresponding coordinate
vector fields, then on U the Christoffel symbols are determined by V, 9; = >, rfjak.
By the C*°-bilinearity of T, the condition T'(9;, ;) = 0 for all coordinate vector fields
0;,0; implies already T'(X,Y)|U = 0 for any X,Y € I'(T'M). Since [0;,0;] = 0 we
have T'(9;,0;) = Vy,0; — V,,0; which proves the claim. |

~ REMARK 1.4.26. Let V be a linear connection in 7'M. The symmetrized connection
V defined in Remark 1.4.25 is given by

_ 1 1

VxY = V¥ = ST(X,Y) = o (VY + WX +[X,Y]), XY €(TM).

Let f: M — N be a differentiable map between manifolds. Reading the curvature
tensor R of a linear connection in TN as an element of I'(T* N®? @ EndT'N) and taking
into account that f*EndT'N = End(f*TN), we obtain

f*R e T(T"M®* @ f*EndTN) = Bilgeo (3 (T(TM), T(TM); End e (a1) f*TN).
In explicit terms, for A, B € I'(TM),Y e I'(f*TN) andp € M,
((fR)(A, B)Y)p = Ry (dfpAp, dfp By, o) € Ty N.

THEOREM 1.4.27 (Cartan’s structural equations). Let f: M — N be a differentiable
map between manifolds and ¥ a linear connection in TN. Then, for A,B € T'(TM),
Y e T(f*TN),

(f*T)(A,B) = V4 (df B) = V(df A) — df[A, B] € I(f*"TN)

(On the right-hand sides N corresponds to the induced covariant derivative on f*T'M;
see Definition 1.4.7).
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PROOF. It is sufficient to verify the two equations locally. To this end, let (h, U) be a
chart for N and 9y, ...,0,4 € T'(T'N/U) the corresponding local frame for T N. Then also
f¥01,...,f*0q € F(f*TN/ffl(U)) is a local frame for f*T'N over M and on f~1(U)
we have

df A=Y A(h'o f) f*®;, dfB=) B(h'of)[*d;
df[A, Bl = 3 (A(B(h' o f)) = B(A(h' o [))) [*0;.
From this one obtains furthermore (always on f~1(U))
ValdfB) = 3 (A(B(h' o f)) f*8i + B(h' o [)Va[*0;)
Vi(dfA) = X (B(A(R' o f)) f*0i + A(h' o [)Vp [*8;) .
On the other hand, we have T(0;, 0;) = V,0; — V, 0; and hence
(f*T)(A,B) =3, ; A(h' o f) Bl o f) f*(T(9:,0))
=2, (B(h' o f)V4f*80; — A(h' o [)Vp[*0;) .

This shows the first structural equation. The verification of the second equation is similar.
O

DEFINITION 1.4.28 (Covariant derivative of a differential form). Let M be a manifold
and V a linear connection in T'M. For a differential form o € A*(M) = I'(T*M) and a
vector field A € T'(TM) let Vo € AL (M) be defined as

(1.4.11) (V,0)(B) := A(aB) — a(V4B), B eTD(TM).

Note that V,« is well-defined by Lemma 1.4.2, as the right-hand side of (1.4.11) is
C*°(M)-linear in B. We may write

Vael'(T"M @ T"M) =T'(Bil(TM,TM);R), Va(A,B) :=(V, a)(B).
DEFINITION 1.4.29 (Hessian). For f € C°°(M) the covariant derivative of « = df,
Hess(f) :=Vdf e I'(T"M @ T*M), (Vdf)(A,B)=AB f — (V4B) f,
is called second fundamental form (Hessian) of f.
REMARK 1.4.30. Let M be a manifold and V a linear connection in 7'M . Then
Vdf € Bilgee (ar) (D(TM),T(TM); C(M)), (A, B) — (Vdf)(A, B),
is symmetric for each f € C°°(M) if and only if V is forsion-free, i.e.,
T(A,B)=V,B—-VgA—[A,B]=0
forall A, B € I'(TM).

EXAMPLE 1.431. If M = R"™ and V the canonical connection on R" defined by
VDl_Dj =0, then (Vdf)(D“ D]) = Dlef

We now turn to a central concept of the stochastic calculus on manifolds, the notion
of manifold-valued martingales.

DEFINITION 1.4.32 (V-martingale). Let M be a manifold and V be a linear con-
nection in T'M. Further let X be an M -valued semimartingale defined on some filtered
probability space (Q; F ;P (ﬁt)tzo). Then X is called V-martingale (or simply martin-
gale) if for any f € C>*(M):

(1.4.12) d(f(X)) 2 £ (Vdf)(dX,dX)

where = means equality modulo differentials of local martingales.
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REMARK 1.4.33. Since (Vdf)(dX,dX) in Eq. (1.4.12) only depends on the sym-
metric part of Vdf, we may always assume that the linear connection V is torsion-free.
Symmetrization of the connection does not change the class of V-martingales.

A priori, martingales on M may be defined only up to some predictable stopping time.
Since the concept of a martingale is invariant under time transformation (see Remark 1.3.6)
and since by an appropriate time transformation infinite (or deterministic finite) lifetime
can be achieved, we neglect this point in the notation.

EXAMPLE 1.4.34. In the special case of M = R" equipped with the canonical linear
connection V, we have (Vdf)(D;,D;) = D;D, f, and hence V-martingales in the sense
of Definition 1.4.32 coincide with the usual class of continuous local martingales on R".
Indeed, according to Itd’s formula, a continuous R™-valued semimartingale X is a local
martingale if and only if

d(f(X)) = 5 D_(DiD; ))(X)dIX", X] € dtt
4,J
for all f € C'*°(R™) which is exactly condition (1.4.12) of Definition 1.4.32.
REMARK 1.4.35 (V-martingales as solutions of SDEs). Let V be a linear connection

on T'M which without loss of generality is torsion-free. Let Ay, Ay,..., A, € T'(TM)
and suppose that X solves the SDE

(1.4.13) dX = Ag(X)dt + > A(X) 0 dZ".
i=1

Here Z may be an arbitrary continuous R"-valued semimartingale. Then for f € C'*°(M)
we have
T . 1 T . )
d(f(X)) = (Aof)(X)dt + > (Aif)(X)dzZ' + 3 S (AiA;f)(X)dZ, Z7).
i=1 i,j=1
Since (Vdf)(A;, Aj) = A;Aj f — (Va,A;)f and since on the other hand

(Vdf)(dX,dX) = > (Vdf)(Ai, A;)(X)d[Z", 27],

we obtain
A(F(X)) — 5 (V) (X, dX)
= (AD(X)dt + S (A)(X)dZ 4+ 5 3 (Va A ) (X) dl2", 2]

i=1 i,j=1

Denoting the drift of the semimartingale Z by Z9', we obtain that X is a V-martingale if
and only if for any f € C°(M),

T

(A0f) ()t + 32 (Af)(X) dZT) 45 37 (Y, A3 )(X) (2", 2] = 0.

ij=1
In the special case when Z is a Brownian motion on R” we find that solutions X to the
SDE (1.4.13) are V-martingales if

1 «
Ay = —§;VAiAi.
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1.5. Riemannian Metrics and Brownian Motions

The measurement of the distance between points and the length of curves on a mani-
fold requires as additional structure a metric on the tangent bundle. Manifolds equipped
with a metric are called Riemannian manifolds. Such a structure is also needed for the
notion of Brownian motions on manifolds.

DEFINITION 1.5.1 (Riemannian metric). Let F be a vector bundle over M. A Rie-
mannian metric on I is a section
g €T(E*® E*) 2T (Bil(E, E;R)) = Bilow(ar) (T(E),T(E); C*(M))
such that g,, € Bil(E,, E,;R) is symmetric and positive definite for any = € M.

We often write (-, -) instead of ¢ and then (-, - ), for the scalar product g, on the fiber
E, (depending differentiably on x in bundle charts). For a section A € I'(E) we use the

notation |A| for \/g(A, A) (and write |e|,, instead of \/g, (e, e) for e € E,).

DEFINITION 1.5.2 (Riemannian manifold). A Riemannian manifold is a pair (M, g)
consisting of a differentiable manifold M and a Riemannian metric g on the tangent bundle
TM.

DEFINITION 1.5.3 (Length of curves). Let a: [a,b] — M be a piecewise differen-
tiable curve on a Riemannian manifold (M, g) such that «|[t;_1, ;] is differentiable for
some partition a = tg < t; < --- < t, = b of the interval [a, b]. Then

r ti
L) =Y / 16(0) ey dt
i=1/ti-1

is well-defined and called the length of a.

DEFINITION 1.5.4 (Isometry; local isometry). Let (M, g) and (NN, h) be Riemannian
manifolds. A differentiable map f: M — N is called local isometry if g = f*h, i.e., if
gp(u,v) = (f*h)p(u,v) = hy ) ((df)pu, (df)pv) forall u,v € T, M. If in addition f is a
diffeomorphisms, then f is called an isometry.

The condition g = f*h means that, for any p € M, the map (df),: (T,M,g,) —

(TN, hg(py) is an isometry of Euclidean vector spaces. In particular, local isometries
let the length of curves invariant.

DEFINITION 1.5.5 (Riemannian connection). Let (M, g) be a Riemannian manifold
and V a linear connection in 7'M . Then V is called a Riemannian connection if all parallel
transports

st Tasy M, gas)) = (TawyM, ga))
along differentiable curves « are isometries.

THEOREM 1.5.6 (Characterization of Riemannian connections). Let (M, g) be a Rie-
mannian manifold and ¥V a linear connection in T'M. The following items equivalent:

(i) V is a Riemannian connection.
(ii) (Ricci identity) Forall X,Y,Z € I'(T' M),

Z(X,)Y)=(V, X, Y)+ (X, V,Y).
(iii) If f+ N — M is a differentiable map, then for X, Y € T'(f*TM), A € T'(TN),
A(X)Y) =(V, X, V) + (X,V,Y).
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PROOF. (i)=(ii) Letp € M and «: I — M a differentiable curve such that &(0) =
Zp. In terms of the parallel transport //, , along o we calculate

Zy(X,Y) = 4|, o (Xag): Ya)aw

1 —1
= % lio (004 Xa(): 90, Ya(n))p

= (Gtli=0 (004 Xa®): Yo), + (Xp, G110 (90 Yarr)),

= <(VZX)177 Yp>p + <XP’ (VZY)P>p'
(i) = (iii) Let X,Y e I'(f*TM) and A € I'(T'N). Since for ¢ € C*(N),

A(¢X,Y) = (A9) (X,Y) + ¢ A(X,Y) and
it is sufficient to verify the statement for X = f*U,Y = f*V where U,V € T'(TM). But
with ¢ € N and w := A,, we obtain

AfX,Y) =w((U,V)o f) = (dfyw) (U, V)
= <VdquU7 Vf(‘])) + <Uf(¢1)7 Vdquv> = <vwX’ Y:1> + <Xq7 wa>

(iii))=- (i) Let X,Y be parallel vector fields along a differentiable curve o in M. Then
D(X,Y)=(VpX,Y)+ (X, VpY) = 0 which shows that (X,Y") is constant. O

Geodesics with respect to Riemannian connections are parameterized proportionally
to arc length. Indeed, we have D (%, ) = 2(Vp¥,v) = 0, and hence || is constant.

THEOREM 1.5.7 (of Levi-Civita). On a Riemannian manifold (M, g) there exists a
unique torsion-free Riemannian connection V in T M.

PROOF. For uniqueness it is sufficient to show that (Vy Y, Z) is uniquely determined
for X, Y, Z € T'(TM). Indeed, from the Ricci identity we obtain

X(Y, Z) = (VY. Z) + (Y, Vy Z)
Y{X,Z)=(VWX,Z)+(X,VyZ)
Z(X,)Y)=(V,X,Y)+(X,V,Y).
Adding the first two equations and subtracting the last one, along with the torsion-freeness
of V, gives
2V Y, Z2) = XY, Z)+Y(X,Z) - Z(X,Y)
+ <[X7 Y]’ Z> - <[X7 Z]’ Y> - <[K Z]vX>'
The right-hand side of this equation is C°°(M)-linear in Z and determines the vector field

VY € T'(TM). 1t is straightforward to check that it defines a torsion-free Riemannian
connection in T'M. g

(1.5.1)

DEFINITION 1.5.8. The unique torsion-free Riemannian connection in 7'M for a Rie-
mannian manifold (M, g) according to Theorem 1.5.7 is called Levi-Civita connection in
T'M and the associated parallel transport the Levi-Civita parallelism.

REMARK 1.5.9. Eq. (1.5.1) can be used to express the Levi-Civita connection of a
Riemannian manifold (M, g) directly via the metric g. To this end, let (h, U) be a local
chart for M and 8; = -2 € T(TM/U) fori = 1,...,n. Consider

Phi
9ij = (g% 377) € C=(U),
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and g% € C*°(U) with pOF 97 gjx = 8. Then, by means of Eq. (1.5.1)
2(Vp,0;,0k) = 0i (0;, 0k) + 0;(Ok, 0i) — Ok (0:,0;),

ie,2) L gmek = 0igjk + Ojgki — Ok gij from where the wanted relation follows:

(15.2) T =3 6" (Digjk + 0igki — Ongis) -
k

EXAMPLE 1.5.10 (Levi-Civita connection on R™). Let (M, g) = (R", eucl) with the
canonical Riemannian metric

eucl(4,B) = (A,B)= > A'B’
i=1

for vector fields A, B on R™. Vector fields on R"™ are interpreted equally as functions in
C*°(R™,R™) and as derivations on C*°(R"): the constant maps (z — e;) € C*°(R",R"),
1 =1,...,n, correspond to the derivations D1, ..., D, where D; = %.

(i) According to Eq. (1.5.2), the Levi-Civita connection V on (R", eucl) is determined
by Vp,, D; = 0 which for vector fields A, B on R™ means that

(1.5.3) VaB =Y AB)Di=> A(B')e; = (A(B"),... ,A(B")).

This connection is also denoted by D, i.e. V,B = D4B, since according to (1.5.3),
V,B = D, B coincides with the directional derivative of B € C°°(R"™,R") in direction
v e R™

(ii) Linear connections induced by the Levi-Civita connection on (R™, eucl) are easy
to determine. For instance, let M be a manifold and f: M — R"™ a differentiable map.
To describe the induced covariant derivative on f*TR"™, we note that each section A €
D(f*TR™) writes as Y ., A'f*D; with A® € C°°(M). Then, for X € I'(TM), the
covariant derivative Vy A = 31" | (V A) f*D; € T'(f*TR™) with respect to the induced
linear connection in f*TR"™ is given by

(VA = XA', i=1,...,n.
Indeed, by the product rule, we have
VxA= Z(XAi)f*Di + A'Vx f*D;
where Vx f*D; = Dgrx D; = 0.

PROPOSITION 1.5.11 (Levi-Civita connections on Riemannian submanifolds). Let
(M, g) be a Riemannian submanifold of a Riemannian manifold (M ,§) in the sense that
there is an embedding M M such that g = 1*g. The homomorphism dv,: T, M —
T, M then is an isometry for each x € M. For x € M let pr] : T, M — T, M denote the
orthogonal projection onto the linear subspace T,M = di,T, M C TTM . This gives a
homomorphism of vector bundles pr' : *T M — T M over M with pr' o d. = idpy,:

pr’

N )
TM-4 *TM  TM

NG

M ‘s M
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Let now V, respectively V, denote the Levi-Civita connection in T M, respectively TM.
Then, for A,B € T'(TM),

(1.5.4) VB =pr' V,(d.B).
In particular, V is uniquely determined by V.

PROOF. First of all, we remark that the right-hand side of (1.5.4) defines a linear
connection V' in TM. By the uniqueness part of Theorem 1.5.7 it is hence enough to
show that V'’ is a torsion-free Riemannian connection. Denoting by 7", respectively T, the
torsion tensor of V', respectively V, then we have by Theorem 1.4.27 for A, B € T'(T'M):

T'(A,B) =V)B —V;A— A, B]
=pr’ (@A(db B) — Vg(dt A) — du[A, B] )
=pr' (*T)(A, B) = 0.
Here we used that 7' = 0 since V is torsion-free, and hence V' is also torsion-free. Fur-
thermore, by Theorem 1.5.6, we obtain for A, B,C € T'(TM),
(VoA B) + (A, ViB) = (Ve(de A),di B) + (de A, Ve (deB))
=C(dtA,d. By = C(A, B).

Thus V' satisfies the Ricci identity and is therefore a Riemannian connection according to
Theorem 1.5.6. U

EXAMPLE 1.5.12 (Riemannian submanifolds of (R”, eucl)). We specialize Proposi-
tion 1.5.11 to the case of a Riemannian submanifold of R™. Then (M, g) <%+ (R™, eucl)
with ¢ = ¢*eucl. By means of the fiberwise isometric bundle embedding dv: TM —
#TR™ we have TM C *TR™ = M x R™ as a vector subbundle and then I'(T'M) C
T(*TR™) = C°°(M;R"): vector fields on M are hereby R™-valued C*°-maps on M. In
terms of the orthogonal projection pr' : M x R® — T'M, (z,v) > pr.. v, we then have
according to (1.5.3) and (1.5.4),

(1.5.5) V,B=pr (AB',...,AB"), A,BeT(TM).

REMARK 1.5.13. Let (M, g) be a Riemannian manifold and V a Riemannian con-
nection in TM. For f € C°°(M) consider grad f € T'(T M), the gradient of f, defined
by

(grad f,A) = Af, AeT(TM).
Note that
Indeed, according to Theorem 1.5.6 (ii) (Ricci identity) we have
A <gradf, B> = <VAgradfaB> + <gradfv VAB>,
and hence (V,grad f,B) = AB f — (V4B) f.

THEOREM 1.5.14 (Martingales on submanifolds of (R™, eucl)). Let M «*+ R™ be a
submanifold of R™ endowed with the induced metric g = " eucl and let V be the Levi-
Civita connection on M. Suppose that X is an M -valued semimartingale and X = 1(X)
its embedding into R™. Let

X=Xo+N+C
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be the Doob-Meyer decomposition of X in R™, where N € #y(R") and C € o/y(R™).
We consider T'x, M as a linear subspace of R"™. Then X is a V-martingale if and only if

(1.5.6) dCy L Tx M forallt € Ry, a.s.,

where the last condition is understood in the sense that (Hy,dC) = 0 for each piecewise
continuous process H such that H, € Tx, M a.s. In particular, each continuous local
martingale on R"™ taking values in M is a V-martingale on M.

PROOF. For f € C°°(M) we denote by f € C°°(R™) a continuation of f to R", i.e.
f = four Fora vector field A € T(TM) let A = 1, A € T(.*TR™) = C°(M;R").
Calculating the Hessian with respect to the Levi-Civita connection V on (M, .* eucl), we
then get for A, B € I'(T' M),

(1.5.7) (Vdf)(A, B) = (Hessg. f)(A, B).
Indeed, for f € C°°(M), we note that

tegrad f = (D1f,..., Do f)|M € C™(M;R™).
Identifying A € T'(TM) and 1. A € T(*TR™) = C°°(M;R") then gives according to
Eq. (1.5.5),

(Vdf)(A7 B) = <vAgrad f7 B>TM = <prT (A(le)7 e 7A(an))’ B>TM
- <(A(D1f)7 s 7A(an))7B>Rn
= ZAiBj D;D;f = (Hessg. f)(4, B),
1,3
For h € C*°(M) with h € C°°(R™), we thus obtain by Itd’s formula along with pullback
formula (1.3.4),
d(h(X)) = d(h(X)) Z X)dX'+ 3 Y D;D;h(X)dX'dX’
i= ij=1

5 (Hessgn h)(dX,dX)
L(Vdh)(dX, dX).

= ((gradga h)(X),dX) +
2 ((gradgn h)(X),dC) +
Hence X is a V-martingale if and only if ((gradg. h)(X),dC) = 0 for all continuations
h € C>(R™) of functions h € C*°(M). Applied to the coordinate functions h',. .., A"
of the embedding M %+ R" this gives the claim. (I

For the rest of this section let (M, g) be a Riemannian manifold equipped with the
Levi-Civita connection V.

DEFINITION 1.5.15 (Riemannian quadratic variation). Let X be a semimartingale
taking values in a Riemannian manifold (M, g) = (M, (-, -)). The process

(X, X] = [¢(dX,dX) = [(dX,dX)
is called Riemannian quadratic variation of X.

DEFINITION 1.5.16 (Laplace-Beltrami operator). Let (M, g) be a Riemannian mani-
fold and V the Levi-Civita connection on M. For f € C*°(M) let

Af = trace Vdf € C*(M)
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where Vdf € T'(T*M ® T*M) denotes the Hessian of f. In other words, (Af)(z) =
> (Vdf)(es, e;) where ey, . . ., e, is some orthonormal basis for T, M. The operator A is
called Laplace-Beltrami operator on M.

In local coordinates (h, U) for M,

(1.5.8) Vdf|U = Z(aiaj F-yrk 8kf) dhi @ dh?,
= k
and thus
(1.59) ASIU =" g (0:0; f Y T 0nf)
i.j k

where g;; = (9;,0;) and (¢") = (gi;)~'; here we used that g(9;, -) = > 9ij dh? or
equivalently Y, ¢?"g(9;, -) = dh?. In particular, we see that A is a second order differen-
tial operator on M (without constant term).

DEFINITION 1.5.17 (Brownian motion on a Riemannian manifold). Let (M, g) be
a Riemannian manifold and X an adapted M -valued process with maximal lifetime (,
defined on a filtered probability space (Q; TPy (F)ter +) satisfying the usual conditions.
The process X is called a Brownian motion on (M, g) if, for any f € C°°(M), the real-

valued process
1
£ -5 fana
is a local martingale (with lifetime ¢). The class of Brownian motions on (M, g) is denoted

by BM(M, g).

THEOREM 1.5.18 (Lévy’s characterization of M-valued Brownian motions). Let X
be a semimartingale with maximal lifetime taking values in a Riemannian manifold (M, g).
The following conditions are equivalent:
(i) X is BM(M, g).
(i) X is a V-martingale with the property that [f(X), f(X)] = [ |grad f|*(X) dt for
every f € C(M).
(i) X is a V-martingale with the property that [ b(dX,dX) = [(traceb)(X)dt for
everyb € I'(T*"M @ T*M).
In particular, for the Riemannian quadratic variation [X,X) = [g¢(dX,dX) =
J{dX,dX) of a Brownian motion X on M, we get

t
/ g(dX,dX) =nt
0
where n = dim M.

PROOF. A. We verify that for an arbitrary M -valued semimartingale X the following
two conditions are equivalent:
@) [f(X), f(X)] = [|grad f|*(X)dt
(b) [b(dX,dX) = [(traceb)(X)dt for every b € T'(T*M ® T*M).
In particular, this shows (ii) <= (iii). Indeed, for f, h € C'*° (M) we have

trace(df ® dh) = Z(df ® dh)(e;, ;) = Z(df)(ei) (dh)(e;)

7 (3

= (grad f,e;) (grad h, e;) = (grad f, grad h).

K3
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Thus (b) = (a) is just the special case for b = df ® df. To show the converse direction
(a) = (b), first note that (a) implies by polarization

[f(X),h(X)] = [(grad f,grad h)(X) dt, f,h € C®(M).

Thus [f(X),h(X)] = [(df ® dh) (dX,dX) = [ trace(df @ dh)(X) dt. By means of the
uniqueness part of Theorem 1.3.3, we get

Jb(dX,dX) = [(traceb)(X)dt

for any bilinear form b € T'(T*M & T*M).
B. (iii) = (i): Part A applied to the given V-martingale X shows b(dX,dX) = (traceb)(X) dt
for bilinear forms b € I'(T*M ® T*M ), in particular for b = Vdf,

A(J(X)) B SVdf(dX, dX) = L(Af)(X) dr,

1
2
thus X is BM(M, g).

C. (i) = (ii): Now let X be BM(M,g) and f € C°°(M). According to Vdf? =
2 (fVdf + df @ df) we first note A(f2) = 2fAf + 2| grad f|?, thus

A(2(X0) ™ S(A 2)(X) dt = (FA)(X)di + |grad f*(X) dt.
On the other hand, by means of Itd’s formula,
d(f3(X)) =2 f(X) d(£(X)) + d[f(X), f(X)]
= f(X) (Af)(X) dt + d[f(X), f(X)].

Uniqueness in the Doob-Meyer decomposition implies

£, 00 = [ grad £2(X) .
Finally, once again by means of part A, the last formula gives
Vdf(dX,dX) = (trace Vdf )(X) dt = (Af)(X) dt

from where we conclude that X is a V-martingale. ]

EXAMPLE 1.5.19. According to Lévy’s characterization of flat Brownian motions,
Brownian motions on (R, eucl) in the sense of Definition 1.5.17 coincide with the usual
class of R"-valued Brownian motions.

THEOREM 1.5.20 (M -valued Brownian motions as solutions of an SDE). Let (M, g)
be a Riemannian manifold and V the Levi-Civita connection on M. We consider the SDE

(1.5.10) dX = Ag(X)dt + A(X) 0 dZ

with Ag € T(TM), A € T(Hom(M x R",TM)), and Z a BM on R". Then maximal
solutions to (1.5.10) are Brownian motions on (M, g) if the two subsequent conditions are
satisfied:
1) Ag = —% >V, Aiwith Ay = A(-)eifori=1,...,r.
(ii) The map A(x)*: T,M — R" is an isometric embedding for every x € M, i.e.,
A(z)A(z)* = idp, ; where A(x)* is the adjoint to A(x) € Hom(R", T, M).
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PROOF. Let X be a solution to Eq. (1.5.10) and assume that conditions (i) and (ii) are
satisfied. According to Remark 1.4.35 condition (i) guarantees that X is a V-martingale.
In addition, we have for f € C*°(M),

m 1y
d(f(X)) 2 5 D (Vf)(As, Ai) (X) dt.
i=1
It is thus sufficient to verify that
-

> (Vdf)(Ai, A;) = Af.

i=1
Letting x € M and (ay, ..., a,) an orthonormal basis of T, M, we obtain

(Af)(x) = trace(Vdf)o = > _(Vdf)a(ai, a;)

=1

Z Vdf)a (A(x) A(x)*ai, A(x) A(z)*as).
Completing (A(z)*ay, ..., A(x)*an) to an orthonormal basis (€1, ..., é,) of R", taking
into account that (im A(x)*)* = ker A(x) and denoting by (ey, ..., e,) the standard basis

of R", we obtain

r

(Af) (@) =D (Vdf). (Alx)é;, A(x)é;)

i=1
= Z Vdf 617 ( )6,’) = Z(Vdf)ar (Az(x)v A,(;E))
i=1
which completes the proof. (]

REMARK 1.5.21. Conditions (i) and (ii) of Theorem 1.5.20 can always be satisfied for
r sufficiently large. For instance, let M/ — R" be a Whitney embedding. Then 7, M can
be seen as a subspace R” for each z € M. Defining A € I'(Hom(M xR", T M)) fiberwise
as orthogonal projection A(z): R” — T, M onto T, M and setting Ag = —3 >, Va, A;,
then every solution to the SDE (1.5.10) (with a given initial condition) is a Brownian mo-
tion on (M, g). The drawback of this construction is that to a given Riemannian manifold
(M, g) there is no canonical choice of the coefficients Ay and A; there is however a canon-
ical SDE on the orthonormal frame bundle O(T'M) over M such that its solutions project
to Brownian motions on (M, g). We develop this construction in the next Section.

We conclude this Section with a specification of Theorem 1.5.20 in the case of sub-
manifolds of R”™.

THEOREM 1.5.22 (Brownian motions on submanifolds of R™). Let M «*+ R" be a
submanifold of R" endowed with the induced Riemannian metric g = (* eucl. Consider
the SDE

(1.5.11) dX = A(X)odZ
where Z is a Brownian motion on R™ and
A eTl(Hom(M x R", TM)), (x,v)+— A(x)v,

such that A(x): R™ — T, M is the orthogonal projection onto T, M. Then every solution
to (1.5.11) gives a Brownian motion on (M, g).
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PROOF. For each z € M, the map di,.: T, M — R" is an isometric embedding and
we consider T, M as a linear subspace of R™. Note that A(x)* = di, and A(x)A(x)* =
idp, ps. In terms of the vector fields A; = A(-)e; € T'(T'M), i = 1,...,n, by Theorem
1.5.20, it is sufficient to verify that 3. | V4, A; = 0 where V denotes the Levi-Civita
connection on M. For e € R™ let A® := A(-)e € T'(T'M). We show that

V,A° =0 foralle € imA(z)* = (ker A(z))*, v € T, M.
To this end, let Q(z) := A(x)*A(x): R — R™. We note that Q(z)?> = Q(z) and
Q(z)e = e for e € im A(z)*. Thus, using QQ = @, we have

(dQ)ze = (dQ)=Q(x)e + Q(2)(dQ) e = (dQ)ze + Q(2)(dQ)e

from where we conclude that Q(x)(dQ),e = 0 for all e € im A(x)*. In explicit terms this
shows that

0=A(x)"A(x)d(A(-)" A )e), = A(x)" A(z)d(A%),
where A¢ = 1, A°. Since by Eq. (1.5.4), VA® = Ad(A®), we finally obtain
(VA®), =V, A° =0, veTl,M,
which completes the proof. (]

REMARK 1.5.23. On a differentiable manifold M consider an SDE of the type
(1.5.12) dX = Ag(X)dt + A(X) o dZ

with Ag € T(TM), A € I'(Hom(M x R",TM)), and Z a BM on R". We assume that
the SDE (1.5.12) is elliptic in the sense that

A(z): R" — T, M is surjective for each x € M.

Then there exists a Riemannian metric g on M such that A(x)*: T,,M — R" is an isomet-
ric embedding for each z € M. Indeed, let Q € I'(T*M ® R") be a right-inverse to A,
i.e. foreach x € M,

Q(z): T,M — R" is linear and A(z)Q(z) = idr, ps -

We define

g9(u,v) == (Q(z)u, Q(z)v)gr, u,v e TM.
It’s easy to see that Q(z) = A(x)*. Now let V be the Levi-Civita connection on (M, g).
As in the proof of Theorem 1.5.20 we have

T

> (Vdf)(Ai, A) = Af

i=1
where A; = A(-)e; fori = 1,...,r. Since A2 f = (Vdf)(A;, A;) + Va, A, we observe
that solutions to (1.5.12) define L-diffusions for

1< 1 g 1
L==-) A2+ A;==-A+(A A)==A+V
2 Zzzl i + Ao 5 + (Ao + ; Va, As) 5 +
where V := Ag+>_._, Va,A; € T(T'M). In other words, with respect to an appropriately

chosen Riemannian metric g on M, maximal solutions to (1.5.12) are Brownian motions
on (M, g) with drift V.
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1.6. Parallel Transport and Stochastically Moving Frames

In the last Section we have shown that Brownian motion on a Riemannian manifold
M can be constructed as solution to an appropriate stochastic differential equation on M
(driven by a standard Euclidean Wiener process). These constructions are however not
canonical which is due to the fact that in general, unless the tangent bundle of M is trivial
(i.e. for M parallelizable), the Laplace-Beltrami operator does not have a natural represen-
tation in Hormander form as a sum of squares of vector fields.

The fundamental observation that Brownian motions on Riemannian manifolds can
be horizontally lifted via a Riemannian connection to semimartingales on the orthonormal
frame bundle O(T M) — M over M and satisfy there globally defined canonical stochastic
differential equations (SDEs) goes back to the pioneering work of Malliavin, Eells and
Elworthy. Conversely, solving SDEs on the frame bundle and projecting the solutions down
to the manifold M allows canonical constructions of diffusion processes on M (see [6, 7,
8,9, 30, 31, 32, 41]).

Intuitively the procedure of constructing M -valued processes X from continuous R"-
valued semimartingales Z corresponds to a “rolling without slipping” of the manifold M
along the trajectories of Z in R™. It allows to construct to each continuous semimartingale
Z in T,M = R" a stochastic development X on M, together with a notion of parallel
transport along the paths of X on M. Brownian motion X on M starting at z € M can
be thought as the trace printed on M by the paths of an Euclidean Brownian motion Z in
T, M = R™ when “M is rolled along the trajectories of the flat process”. The obvious dif-
ficulty that paths of Brownian motion are non-differentiable almost surely requires to work
with stochastic differential equations instead of pathwise ordinary differential equations.

We begin the discussion with necessary prerequisites on principal bundles and con-
nection forms. Apart from the already studied vector bundles (with a finite-dimensional
vector space V' =2 R™ as typical fiber) a further type of fiber bundles is needed, that is prin-
cipal bundles with a Lie group G as typical fiber. The most important examples will be the
frame bundle L(T'M) with G = GL(n;R) and, in the Riemannian case, the orthonormal
frame bundle O(T' M) with the orthogonal group G = O(n). Vector bundles and principal
bundles belong both to the common category of fiber bundles with structure group.

NOTATION 1.6.1. Let G be a Lie group and F' a manifold. A left action of G on F’
(“G operates on F' from the left”) is a differentiable map

GxF—F, (g,v)—gv=:Lyv
with the properties:

(a) ev = v for v € I where e is the neutral element in G,
(®) g2(g1v) = (g291)v forall g1, g2 € Gandv € F.

A left action of G on F is hence a group homomorphism G — Diff (F') with the property
that the operation G x F' — F'is differentiable. A left action of G on F' is called effective
if G — Diff(F'), g — Ly is injective, and free if gv = v for some v € F implies g = e.

If ' = V is a finite dimensional real vector space, then left actions of G on V' given
by a differentiable group homomorphism G — Aut(V) are called linear, respectively
representations of G, if they are in addition effective.

These concepts carry over correspondingly to right actions of G (“G operates on F'
from the right”). Note that if F' x G — F, (v, g) + vg is a right action of G on F, then
G x F — F,(g,v) — vg~! defines a left action of G on F.
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DEFINITION 1.6.2 (Fibre bundle with structure group). Let m: £ — M be a fiber
bundle with typical fiber F' and G a Lie group with an effective left action of G on F.
A bundle atlas for 7: £ — M is called G-atlas if all transition functions are given by
differentiable maps taking values in G C Diff (F'). The change of two charts (¢;, U;),
(¢4, U;) is thus given by a differentiable map ¢;,: U; N U; — G such that

E/(U;NU;)

VN

(UiNU;) x F —-> (U;NU;) x
(:c,v) _ (£3¢’L]( ) )

The bundle 7: E — M equipped with a G-Atlas is called fiber bundle with typical fiber F
and structure group G.

As usual, differentiable right inverses of 7: 2 — M are called sections of E. Global
resp. local sections of E are denoted by I'(E) resp. T'(E/U).

REMARK 1.6.3. The m-dimensional vector bundles over a manifold M are the fiber
bundles over M with typical fiber R™ and GL(m;R) as structure group; see Definition
1.0.22. In particular, the tangent bundle TM — M of a differentiable n-dimensional
manifold is a fiber bundle with typical fiber R™ and structure group GL(n;R) where the
transition functions of the canonical GL(n; R)-atlas take the form x — J,.(k o h=1).

DEFINITION 1.6.4 (Principal bundle). Let G be a Lie group. A principal G-bundle is
a fiber bundle w: P — M with typical fiber G and structure group G which operates on GG
(effectively) from the left by the group multiplication.

Let m: P — M be a principal G-bundle. Then G operates in a natural way from the
right on P. At first, G operates on G itself on the right by group multiplication, and via
charts this action extends to a differentiable free right action on P: an element v € P/U
reads in a chart P/U — U x G as («, g), so that u a for a € G corresponds to (z, ga),

P/U — UxG, u<+— (z,9)
uwa <« (x,ga)
and since this assignment is independent of charts, it gives a well-defined global right

action of G on P. The orbits of this action are the fibers of P. Bundle charts (¢, U) from

a G-atlas
7 (U) <= Ux@

N

are automatically G-compatible (or equzvarzant) in the sense of
p(ua) = (x(u), (prgop)(ua)), wen U, acd.

DEFINITION 1.6.5 (Reduction of the structure group). If the G-Atlas of a fiber bundle
m: E — M with structure group G contains a G’-Atlas for E where G’ C G is a Lie
subgroup, then w: E — M can also be considered as fiber bundle with structure group G”.
This procedure is called reduction of the structure group G to G'.

REMARK 1.6.6. Reductions of the structure group appear naturally in case of an addi-
tional structure on the fibers of E corresponding in suitable charts to a G’-invariant struc-
ture on the typical fiber. For example, if a vector bundle 7: E — M of rank m carries
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a Riemannian metric, then the fiberwise isometric linear bundle charts provide an O(m)-
atlas and hence a reduction of the structure group GL(m;R) to O(n). Such bundle charts
can be constructed from a GL(m; R)-atlas for 7: £ — M via Gram-Schmidt orthogo-
nalization. In this sense the tangent bundle of an n-dimensional Riemannian manifold
becomes a vector bundle with structure group O(n).

REMARK 1.6.7. (a) (Associated fiber bundles) Let w: P — M be a principal G-
bundle and F' a manifold with an effective left action of G on F'. We may consider the
right action of G (diagonal action) on P x F' given by

(PxF)xG—PxF, (pv)g:=(pg.g 'v).

The projection P x ' — P — M is invariant under the diagonal action, and E =
P xg F := (P x F)/G — M defines a fiber bundle with typical fiber F' and structure
group G. Each chart (o, U) for P gives a chart for E via

E/U=(P/U)xgF — (UxG)xgF = UxF,
[wo] = fp(u), ]
where the second bijection is given through

(UxG)xgF — UxF, |[(x,9),v] — (z,gv)
[(z,1),w] «— (z,w).
The charts for £ then have the same transition functions as the G-atlas for P. We call
P xq F — M a fiber bundle associated to P.

(b) (Associated principal bundles) Let 7: E — M be a fiber bundle with typical
fiber F' and structure group G. For x € M let

Py =Tsog(F; Ey) = { (¢|E;) ' oLy: F > E, | g€ G}

denote the entity of maps F' — E, induced with respect to one (and then every) bundle
chart (¢, U) of E at x by group elements in G. Then P = Isoq(F; E) := U,cp P is
naturally a principal G-bundle. Bundle charts for P are obtained by assigning to each chart
(p,U) for E the bijection

PlU=r"U +— UxG
(¢lEa)™ o Ly «— (x,9).

We call P — M the principal G-bundle associated to E.

REMARK 1.6.8. The two procedures described in Remark 1.6.7 are functorial con-
structions inverting each other. More precisely, for a principal G-bundle P — M and a
fiber bundle £ — M with typical fiber F' and structure group G, functorial bundle isomor-
phisms are given as follows:

P —s Isog(F; P xg F), u — (v [u,v])
E «— Isog(F; E) xg F, u(v) «— [u,v].

Remark 1.6.7 allows to construct from a principal G-bundle P and a representation
G — Aut(V) of G the vector bundle associated to P with fiber V, respectively to pass
from a vector bundle 7: E — M of rank m to the principal GL(m; R)-bundle associated
to E (or from a Riemannian vector bundle of rank m to the associated principal O(m)-
bundle).
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EXAMPLE 1.6.9. Let M be a differentiable manifold of dimension n and T'M — M
its tangent bundle considered as fiber bundle with typical fiber R™ and structure group
GL(n; R). The associated principal GL(n; R)-bundle

L(TM) = ISOGL(n;]R) (Rn, TM) - M

is called frame bundle over M. If T'M carries a Riemannian metric g then T'M is a vector
bundle with structure group O(n). The associated principal O(n)-bundle

O(TM) :=Tsoo(n)(R"; TM) — M
is called orthonormal frame bundle over M.

1. The frame bundle P = L(T'M) over M is the principal GL(n; R)-bundle associated to
the vector bundle 7'M . By construction v € P, is a linear isomorphism u: R" — T, M
which may be identified with the R-basis

(Ury ... up) = (ue, ..., uey,)

for T, M where e; denotes the ¢th standard coordinate vector of R™. The general linear
group G = GL(n; R) operates on L(T'M) from the right via

wg: R* 4 R™ % T, M.

Thus ug € L(T'M) for g = (g;5) € G is given by (ug); = ), gi;u;. Bundle charts
for L(T'M) are obtained from charts (h, U) for M. Indeed, (%, e 8%) defines a
local section L(T'M) over U so that each u € L(T'M) with 7(u) = « € U writes as
Uj =y, (u)(a%)a where a(u) := (a;;(u)) € GL(n; R). Then

77U 5 U x GL(;R),  u v ((w), a(w)),

is a bundle chart for P = L(T'M).

2. The orthonormal frame bundle O(7'M ) over a Riemannian manifold (M, g) is the prin-
cipal O(n)-bundle associated to T'M (now T'M considered as vector bundle with struc-
ture group O(n)). To each chart (h,U) for M, Gram-Schmidt orthogonalization of

507, - -+ 5o ) gives a local section of O(T'M ) over U. Bundle charts for O(T'M ) are
constructed as above.

Bundle charts (local trivializations) allow to identify neighbouring fibers of principal
bundles, but not in a canonical way. As for vector bundles, to relate fibers intrinsically to
each others, a connection as additional structure is required. We will see that for principal
GL(n; R)-bundles connections correspond canonically to linear connections in associated
vector bundles.

DEFINITION 1.6.10 (Connection in a principal bundle). Let7: P — M be a principal
bundle over M with structure group G. A G-connection in P is a differentiable G-invariant
splitting h of the following exact sequence of vector bundles over P:

d
0 — kerdm —> TP—ﬂ> ™ TM —> 0
\a e

S~

h
where dm o h = id. This splitting induces a decomposition of 7' P:

TP =V @& H :=kerdr ® h(r*TM).
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The G-invariance of the splitting means that H,, = (dR,)H,, for each u € P, where
Rgu := u g denotes the right action of g € G. For u € P, we call H, the horizontal space
atvwand V,, = {v € T, P: (dm)v = 0} the vertical space at u. The bundle isomorphism

(1.6.1) h: "TM =~ H— TP
is called horizontal lift of the G-connection; fiberwise it reads as hy, 1 Tr)M =5 H,.

REMARK 1.6.11. For each u € P the vertical space V,, is canonically given and G-
invariant. However there is no canonical choice of a complement H,,: A G-connection in
P corresponds exactly to a G-invariant choice of a horizontal space H,, for eachu € P. By
means of the G-connection in P each vector field X € I'(TP) decomposes in a horizontal
and a vertical part:

X =hor X + vert X.

DEFINITION 1.6.12 (Standard-vertical vector field). Let 7: P — M be a principal
G-bundle over M. Each u € P defines an embedding

I,: G— P, g~ ug.
Its differential at the unit element e € G,
(1.6.2) by = (dI,)e: T.G — T, P, A— A(u),

gives an identification k,: g == V,, of the Lie algebra g = TG of G with the vertical
fiber V,, at u. The vertical vector field A € I'(T'P) on P defined by (1.6.2) is called
standard-vertical vector field to A € g.

DEFINITION 1.6.13 (Connection form). Let w: P — M be a principal G-bundle over
M equipped with a G-connection. The g-valued one-form w € T'(T*P ® g) on P,

(1.6.3) wu(Xy) ==k (vert X),, X e€T(TP),

is called connection form of the G-connection.

u’

By definition, the connection form w of a G-connection is horizontal, i.e., w(X) = 0
for a vector field X on P if and only if X is horizontal.

REMARK 1.6.14. Let m: P — M be a principal G-bundle over M and let w €

I'(T*P ® g) be the connection form of a G-connection in P. Then:

(i) w(A) = Afor A e g;

(i1) w is equivariant, i.e.,

* —1
Ryw=Ad(g )w, g€G,

where Ad is the adjoint representation of G in g. Recall that Ad(g): g — gforg € G is
defined as the differential of the automorphism I(g): G — G, h — Ry-1Lgh := ghg™*

at e € (. Identifying g and left-invariant vector fields on GG, and taking into account that
(dLg)A = A,ie., (dLy)pAp = Agpn, we get Ad(g) = dR 1.

PROOF. Item (i) is a direct consequence of Definition 1.6.12 and 1.6.13. We want to
verify item (ii) which reads as
(1.6.4) w((dRy)X) = Ad(g " w(X), X €eT,P geq.
It is obviously sufficient to consider the following two cases:

(1) X is horizontal, i.e. X € H,. Since (dRy)H, = H,g4, however also (dR4)X is
horizontal, so that both sides of (1.6.4) vanish.
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(2) X is vertical, i.e. X € V,, and hence X = fl(u) for some A € g. But then
(dRy)u A(u) = (Ad(g~")A)" (ug) with (Ad(g~')A)" € T(TP) the standard-vertical
vector field to Ad(g~1)A € g, and one obtains

((Rq)*w)u(X) = wug((ng)uX) = wug((ng)uA(u))
= wuy((Ad(g™)A) (u-g)) = Ad(g™") A
= Ad(g ") wu(A(u)) = Ad(g™") wu(X)

which shows the claim. O

REMARKS 1.6.15. (i) A G-connection in P is uniquely determined by its connection
form w: the map w,, : T, P — g is linear for each u € P with kerw, = H,. Conversely,
every equivariant differential form

wel(T*P®g) withw(A)= AforAeg
defines a G-connection in P whose connection form is given by w.
(i) G-invariant splittings of the exact sequence (1.6.10), and hence connections in
principal bundles, can thus be described in different ways, for instance,

« as horizontal lifts h, dm o h = id, with the property that (ng)h = h foreach g € G;

« as g-valued differential forms w € I'(T*P ® g), @ o ¢ = id, where @&, = (u,w,) for
u € P, satisfying the condition Rjw = Ad(g Yw for g € G;

« as horizontal subbundles H, V' & H = TP, such that (dRy)H, = H,4 for eachu € P.

Pxg VoH
[ I
(1.6.5) 0 — kerdr —+— TP —% 5 o*TM — 0.
R I

Fiberwise diagram (1.6.5) reads as
V.® Hy,

[
(1.6.6) 00— g LTI T,P

IS S
S s N /
S _-7 Seo -

Way hu

m) Tﬂ(u)M — 0.

As already mentioned, there is a one-to-one correspondence between connections in
principal bundles and linear connections in associated vector bundles. More precisely we
have the following situation.

REMARK 1.6.16. (a) Let7: P — M be a principal G-bundle, V' a real vector space,
G — Aut(V) a representation of G and E = P X V the associated vector bundle with
fiber V. Each G-connection in P induces a linear connection in FE as follows. Denote by

PxV —E=(PxV)/G, (u,¢§— (u,8G,
the canonical projection and consider elements £ € V' as

& P—E, ur—ué:=(ufG.
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By definition we have (ug)§ = u(g§). We fix e € E and choose an arbitrary u € Py (c)-
Then there exists exactly one £ € V' such that u£ = e, and one obtains:

3

u P———F e

[ =]

r M —Y 5 M x

The differential (d€), of : P — E at u gives a map T,,P — T.E such that

0 — ker(dr), TP 0 T M —— 0
(d€).
0 — ker(drp)e nE Y M —— 0

By assumption we have a decomposition T,,P = V,,(P) @ H,(P) which induces a de-
composition T, E = V.(F) & H.(E) with V.(E) = ker(drg). and H.(E) the image
of H,(P) under (d§),,. One verifies that H.(E) is well-defined, i.e., independent of the
choice of u. Indeed taking ug instead of v leads to (u-g) (g~*&) = e, but by assumption
(dRy)H,(P) = H,4(P) and consequently

d(g™"€)ug Hug(P) = d((97€) © Rg)u Hu(P) = (d&) Hu(P).
Hence H(FE) defines a subbundle of T'E which determines a linear connection in E.

(b) Conversely let F be a vector bundle over M with structure group G and Isog (V; E)
the associated principal G-bundle over M'; without restrictions we may assume V' = R™.
Then each linear connection in E induces a G-connection in P as follows. According to
Remark 1.4.18 (i) the horizontal space at e € E (with mg(e) = x) induced by the connec-
tion in £ writes as

He(E) = {(dX),v: v € T,M, X € I'(E) with X(z) = eand V,X = 0}.

Note that each section X € T'(P) is of the form X = (X1,...,X,,) with X; := Xe; €
I'(E) and e; the i-th standard coordinate vector of R™. For u € P with 7w(u) = x let now

H,(P) = {(dX)v:v € T,M, X € (P/U) with X (2) = u
and V, X := (V,X1,...,V,X,) = 0}.

This determines horizontal subbundle H (P) of T'P which satisfies (dRy)H, = H,g4 for
u € P. Hence it defines a G-connection in P.

One verifies that (a) and (b) are inverse to each other when passing from frame bundles
to associated vector bundles, resp., from vector bundles to the associated frame bundles
(see Remark 1.6.7). In particular, we have one-to-one correspondences:

linear connections in 7'M <+— GL(n; R)-connections in L(7T'M);
Riemannian connections in TM +— O(n)-connections in O(T'M ).

In the sequel we call GL(n;RR)-connections in the frame bundle L(7T'M) briefly linear
connections on M, and O(n)-connections in the orthonormal frame bundle O(T'M) Rie-
mannian connections on M.

THEOREM 1.6.17 (Horizontal lifts in principal bundles). Let 7: P — M be a prin-
cipal G-bundle over M equipped with a G-connection. Furthermore, let x: I — M,
t — x(t), be a differentiable curve and ty € I. Then, to each ug € P with w(ug) = z(to),
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there exists exactly one horizontal curve w: I — P with u(ty) = wug which is above
t = x(t), i.e., such that (m o u)(t) = x(t) and u(t) € Hy ) for eacht € I.

PROOF. It is obviously sufficient to verify existence and uniqueness of the horizontal
lift locally about ¢y. By means of the G-invariance, along with ¢ — wu(¢) and g € G also
t — u(t)g is a horizontal curve above ¢ — x(t). Hence pieces of local horizontal lifts can
be patched together to obtain the horizontal lift defined on all of .

Let &: P x G — P, (u,g) — ug, denote the right action of G on P. For fixed
g € Gthen Ry = ®(-,g): P — P is right multiplication by g, and for v € P we have the
already considered embedding I,, = ®(u, -): G — P. Recall that we used its differential
ty = (dly)e: g = TyP at e € G to identify g and the vertical fiber V,,, in particular
w o, =idg. Let now ¢t — x(t) =: x; be the curve in M where without restrictions we
may assume that z(-) takes values in the domain U of a bundle chart (¢, U). By means
of : 7 1(U) =% U x G we first procure some differentiable curve ¢ +— v; in P which
lies above ¢ +— x, for instance v; := <p‘1(xt, e) with e the unit element in G. Next we
search a curve ¢ — §; in G such that ¢t — u; := v; §; becomes horizontal, i.e. w(w) = 0).
Writing v, = u; g; with g, :== §; ', we get 0, = (Rg, )+t + (I, )+ By means of the
equivariance of w (Remark 1.6.14) along with the relation I,,, = I,,q4, © Lg;l, we then
have

(1.6.7) w(0r) = Ad(gy ) wive) + (Ly1), e

To make ¢ — wu; horizontal the condition g, = (L, ).w(?;) is required. This is a differen-
tial equation for ¢t — g, which we write as

(1.6.8) ge = A(t, g¢)

where A(t, -) € T'(TG) defined as A(t,h) = (Lp).«w(0:) is just the left-invariant vector
field on G associated to w(v;) € g. The proof is completed by the fact that Eq. (1.6.8) has
a unique local solution to each given initial condition. O

REMARK 1.6.18. Note that uniqueness in Theorem 1.6.17 comes from the unique
solvability of differential equation (1.6.8) for a given initial condition. Uniqueness can also
be seen directly: If t — wu; and ¢t — v, are two horizontal lifts, we may write vy = uy g¢.
However, since w(0) = w(u) = 0 we conclude from (1.6.7) that g; = constant. Thus if
ut, = U, for one ¢y, then necessarily g; = e.

REMARK 1.6.19. If in the situation of Theorem 1.6.17 there is a representation G —
Aut(V) of G and E = P x¢ V the vector bundle associated to P, then P = Isog(V; E),
and Theorem 1.6.17 be reduced to the already established existence and uniqueness of hor-
izontal lifts in vector bundles. Indeed, by Remark 1.6.16 (a) one obtains a linear connection
in E, and by Theorem 1.4.19 to ¢ € V there exists exactly one horizontal curve I — E,
t — e¢(t) over t — x(t) such that e¢ (to) = up & = (uo, §)-G. Then the curve

t=u(t) € Isog(V; Eyry), u(t) := (f — eg(t)),
in P is horizontal and has the wanted properties.

COROLLARY 1.6.20. Let P be a principal G-bundle over a manifold M.

(1) Every G-connection in P defines canonically a parallel transport in P along differen-
tiable curves t — x(t) in M, namely for to,t1 € I as

oty Putto) = Pugr), o —> u(ty),

where t — u(t) is the according to Theorem 1.6.17 uniquely determined horizontal lift
of t = x(t) to P such that u(to) = uo.
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(2) If E a vector bundle associated to P with fiber V, then this parallel transport induces
a parallel transport in E, namely as

Mo Ertto) =2 Earr), €0 —> u(t1) €,
where as above t — u(t) with u(ty) = ug is horizontal lift of t — xz(t) to P, and
& € V is chosen such that u(to) & = up & = eo.

For the remainder of this section we restrict ourselves to the principal bundle P =
L(T'M) over a differentiable manifold M with structure group G = GL(n;R), respec-
tively, P = O(T'M) over a Riemannian manifold M with G = O(n). The corresponding
Lie algebras are then the matrix algebras

g=M(n xn;R), resp., g={A € M(n xn;R): Askew symmetric}.
Fixing a G-connection in P, we have the g-valued connection form (see Definition 1.6.13)

(1.69)  wel(T*P®g), wu(X,) =k, (vertX),, u€ Pand X € T(TP).

In addition to the connection form w we have the canonical one-form of the principal
bundle 7: P — M,
(1.6.10) 9 cT(T*PRR"), 9,(X,):=u *(drX,), u€ Pand X € T(TP),

where as usual u € P is read as linear isomorphism, resp. isometry, u: R"™ =5 T,y M.
Note that contrary to the connection form the canonical one-form ¥J does not depend on the
chosen G-connection.

THEOREM 1.6.21. The frame bundles P = L(T'M ) (M manifold), resp. P = O(T'M)
(M Riemannian manifold), considered as manifolds, are parallelizable, i.e., the tangent
bundles TL(TM) — L(TM) and TO(T M) — O(TM) are trivial.

PROOF. Indeed a G-connection in P decomposes TP =V @& H. A canonical trivial-
ization for T'P is given as follows: the vertical subbundle V' is trivialized by the standard-
vertical vector fields A to A, where A runs through a basis of g; the horizontal subbundle
H is trivialized by the standard-horizontal vector fields L1, ..., Ly, in T'(T P) defined by

L;(u) := hy(ue;).
For every u € P,
(A(u), Li(u) : A€ basisforg, i=1,...,n)

is abasis of T,, P = V,,® H,,. This is obvious from the isomorphisms g =~ V,,, A fl(u)
and hu: Tﬂ.(u)M l}Hu (I

REMARK 1.6.22. The standard-vertical, respectively standard-horizontal vector fields
are determined by the relations

W(A) =0 and I(L;) = e,

w(4) =A and w(L;) =0.

The canonical second order partial differential operator

APer .— Y L?

is called horizontal Laplacian on L(T'M), resp. O(T'M).
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NOTATION 1.6.23. Let 7: P — M be a principal G-bundle over M equipped with a
G-connection. For a vector field X € I'(T'M) we denote by

Xe F(TP)7 Xu = hu(Xﬂ.(u)), u € P,
the corresponding horizontal lift to P.

LEMMA 1.6.24. Let M be a differentiable manifold with a linear connection in T'M.
IfX,)Y e I(TM) and o € T(T*M), then

- MoeYoie) — Yoo
(VXY)QZ - lelﬁ’)l € ?
//oislaw(s) — Qy(0)
pr— 1. ?
(Vxa), = lim E :

where [y . Ty0yM — Ty )M is the parallel transport along a curve v on M with the
properties that v(0) = x and ¥(0) = X,.

(Note that for Y € T'(T'M) by definition (//5 1 cvy(2)) (Y4(0)) = (o) (/o2 Yo (0))-

PROOF. The first formula has been shown in Remark 1.4.14, to verify the second one
first note that

//0_,51 Ay () — Qy(0) (Y ) . 04'\/(6)(//0,5 Y‘Y(O)) — Qy(0) Y’Y(O)
- 7(0)) = c
_ 20 Ve Y0 =Y50) | 0o ~ mo Yo
S 9

Taking the limit as ¢ | 0, the right-hand side converges to

—1
e Mo UoeYa0) = Yaco) +1im @Y ~ B Y0
el0 7(0) g el0 g

Yo~ e,
&

Oy (e) Yr(e) — Qy(0) Y-
= a0 (lim lim &) v(e) T ¥ (0) 1(0)
el0 <10 €

= —0,(Vx,Y) + Xo(aY) = (Vx),(Va),

which gives the claim. (I

NOTATION 1.6.25. Let M be a differentiable manifold and P = L(7T'M ) be the frame
bundle over M, respectively, M a Riemannian manifold and P = O(7T' M) the orthonormal
frame bundle over M. It is convenient to write vector fields Y € I'(T'M) and differential
forms o € T'(T* M) as equivariant functions on the frame bundle P,

fY: P— Rna fY(u) = uilyﬂ(u)
F,: P R", Fl(u):=apu(ue), i=1,...,n
Equivariance means that for ¢ € G = GL(n;R), respectively O(n),
fY(Ug) = g_lfy(u),
Fo(ug) = g"Fo(u),

Land g* are the inverse, resp. dual linear map to g.

where g~
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THEOREM 1.6.26. Let M be a differentiable manifold and P = L(T M) be the frame
bundle over M endowed with a GL(n; R)-connection, respectively, M a Riemannian ma-
nifold and P = O(T'M) the associated orthonormal frame bundle over M endowed with
a O(n)-connection. Then, for vector fields X,Y € T'(I'M), the covariant derivative
VY € T'(T M) with respect to the induced linear connection in T M is given by
(1.6.11) (VxY), =u(X,0()) forue Pwithr(u) =z.

Writing Y € T(T'M) as equivariant function fy on P, this formula reads as
(VxY), = u(Xufy),
or equivalently:

(1.6.12) (w N (VY e) = Xu(fY), i=1,...,n.

PROOF. We choose a curve v on M such that v(0) = x and 7(0) = X,. Let ¢t — u(t)
be a horizontal lift of ¢ — ~(¢) to P. Then, by Corollary 1.6.20, the parallel transport
Noe: TyoyM — Ty)M along 7 is given by //, . = u(e)u(0)~'. By Lemma 1.6.24 we
get

w(0)u(e) ™ Ya(u(e)) = Yr(u(0))

(VXY)’IT(U) = 1611{)1 -
— lim & (u(6) ™ Va(u(e)) = u(0) " Ya(u(o)
el0 e
(e fule) = Fu@)y
iu(lsl?& . ) =u(Xy(f)).

In the last equality we used @(t) = hy,()§(t) which implies @(0) = hy(X,) = X,. O

We can give formulas analogous to Eq. (1.6.12) also for the covariant derivative of
differential forms can be described. We note the result for later reference.

THEOREM 1.6.27. Let M be a differentiable manifold and P = L(T M) be the frame
bundle over M endowed with a GL(n; R)-connection, respectively, M a Riemannian ma-
nifold and P = O(T'M) the associated orthonormal frame bundle over M endowed with
a O(n)-connection. Furthermore, let o € T'(T* M) be a differential form on M, accord-
ing to Notation 1.6.25, read as equivariant function on P. Then, for X € T'(T M) with
horizontal lift X € T'(TP) and u € P, the following formula holds:

(1.6.13) (Vx@)py(ues) = Xy F', i=1,...,d.
PROOF. We may proceed as in the proof of Theorem 1.6.26. Let u € P and t — (t)

be a curve on M such that y(0) = m(u) and 7(0) = Xr(y). Furthermore, lett — u(t) € P
be the horizontal lift of v with 4(0) = u. By Lemma 1.6.24 we obtain:

(/fo.e o)) (wei) — a0y (ues)

(Vx@), (0 (ue;) = lim

m(u) <10

= lim
el0

3
Ay (e) (//O,a(uei)) — vy (0 (ue;)
3
— lim Arou(e) (u(a)et) — Qrou(0) (u(O)et)
£l0 £
Fi(u(e)) = Fi(u(0))

= lim = X,F". O
el0 19
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DEFINITION 1.6.28 (Horizontal lift of an M -valued semimartingale). Let P a princi-
pal G-bundle over a differentiable manifold M and w € I'(T*P ® g) be the connection
form of a G-connection in P. For a P-valued semimartingale U, the process fU w takes
values by definition in the Lie algebra g and is defined with respect to a basis of g as

/Uwz (/le/Uw> w= (W W),

(a) The process U is called horizontal if fU w=0as.
(b) For an M -valued semimartingale X, a semimartingale U taking values in P is called
horizontal lift of X if m o U = X a.s. and if in addition U is horizontal.

Definition 1.6.28 generalizes the classical notion of horizontal lift for differentiable
curves in M (see Theorem 1.6.17): a curve t — u(t) over t — x(t) is called horizon-
tal if 7 o w = x and w(w) = 0 (see Example 1.3.11). Existence of horizontal lifts for
semimartingales will be proved in Theorem 1.6.35 below.

For the remainder of this Section we deal with the following situation: Let M be
an n-dimensional manifold equipped with a torsion-free linear connection, respectively, a
Riemannian manifold with the Levi-Civita connection. Above M we consider the frame
bundle P = L(T'M) with structure group GL(n; R), respectively, the orthonormal frame
bundle P = O(T'M) with structure group O(n), each with the induced G-connection on
P. In addition to the connection form w € I'(T*P ® g) we have the canonical one-form
¥ € I(T*P @ R™), see (1.6.10). The induced decomposition TP = V & H is then given
by V,, = ker ¢, and H,, = ker w,, foru € P.

DEFINITION 1.6.29 (Anti-development of an M -valued semimartingale). Let X be
an M-valued semimartingale and U a horizontal lift of X taking values in P = L(T'M),
resp. O(T'M). The R™-valued semimartingale

:/Uﬁz/ﬁ(odU)

is called anti-development of X into R™ (with respect to the initial frame Up). In terms of
the standard basis of R™ we have Z = (Z',...,Z") where Z' = [, 9". We call

UO/ /ﬁodU

anti-development of X into T'x, M, or briefly anti-development of X. Note that o7 (X) is
independent of the choice of Uj.

THEOREM 1.6.30. Let X be an M-valued semimartingale, U a horizontal lift of X
to P = L(TM) resp. O(TM), and Z an anti-development of X into R™. The following
statements hold:

1) / o= Z/ ) o dZ" for each differential form o € T'(T*P);

(i) / a= Z/ YUe; o dZ" for each differential form o € T'(T* M).

Ms

In particular, d(f(U)) = > (L; f)(U)odZ® for each function f € C*°(P), in short-terms

=1

(1.6.14) ZL U)odZ,
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M:

aswellas d(f(X)) = 3 (Ue;)(f)odZ' for each function f € C°°(M), or in short-terms

=1

(1.6.15) dX =UodZ.

PROOF. The additional claims follow from (i) and (ii) with o = df for f € C°°(P),
resp. a = df for f € C°(M).

To (i): According to Theorem 1.3.9 it is sufficient that the right-hand side of (i) has
the defining properties of [,; 0. For f € C°°(P) we have to show that

d(f(U)) = D _(dh)(U) Li(U) 0 dZ" = 3 (Lif)(U) o dZ'
which is equivalent to l l
(1.6.16) f(U)ff(Ug):/Ua where o € T(T*P), 0, := Z(Lif)(u)ﬂ;
However observe that 3, (L; f) (1) 0%, = (df )., o pryy, indeed for AZe T, P we have
Z(Lif)(u)ﬁi( )=Z(df) Li(u) 9,,(A)

= Z df ) by (ue;) 1(d7r)uA)i

= (df )y hu(uu™(dm), A)
= (df)u hu((dﬂ')uA)
= ((df)u o eru)(A)'

On the other side, we have (df opry, )y, = (df )y £y Wy = d(f oIy, )e wy. But U is horizontal
and hence [;; df o pry, = 0 which shows that

f(U)_f(UO):/(de:/zjdfoer+/erfOprV:/UdfOer:/UU'

The second defining property of the Stratonovich integral is obvious.
To (ii): It is sufficient to show that
d(f(X)) =D (d)(X)Ue;0dZ' =Y (Ue;)(f) 0 dZ'
holds for each function f € C°°(M). With part (i) using that (dm), L;(u) = ue;, we
obtain

d((fom)(U deow ) Li(U) 0 dZ°
= Z df) (7 (U)) (dr)(U) Li(U) 0 dZ"
= Z df)(X)Ue; o dZ1,
which shows the claim. ([l

THEOREM 1.6.31. Let X be an M-valued semimartingale, U a horizontal lift of X
to P =L(TM) resp. O(TM), and Z an anti-development of X into R". Then

Q) /a(dU, iUy = ”i_l/a(U) (Lo(U), L;(U)) d[Z", Z9) fora € T(T*P & T*P);
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(ii) /b(dX, dX)= Y [b(X)(Ue;,Uej)dZ%, ZI] forbe I(T*M @ T*M).
ij=1

PROOF. It is again sufficient to consider the special case a = dy1 ® dys where

V1,2 € C®(P), resp. b = df1 ® dfy where f1, fo € C°°(M). The statements then

follow directly from the properties of the quadratic variation or from Theorem 1.6.30 with

formula (1.3.10). [l

PROPOSITION 1.6.32 (Left-invariant SDE on a Lie group). Let G be a Lie group and
g the corresponding Lie algebra. We identify

g = {left-invariant vector fields on G}, A+— A(-),
where A(g) = (Lg)+A(e) = (Lg)«A and (Lg)s: g == T4G is the differential of the left
multiplication Lg. Let Ay, ..., A, € gand Ay(-), ..., A, () € I(TG) the corresponding

left-invariant vector fields. Let v be a continuous R"-valued semimartingale. Then each
maximal solution of the Stratonovich SDE

(1.6.17) dg = Ai(g)ody'
i=1

has infinite lifetime. If (g¢)¢>0 is a solution to SDE (1.6.17), then §; = g7 ! satisfies the
SDE

r

(1.6.18) dj=— (Ad(GA) (@) odv', Go=g5"
=1
PROOF. (a) Note that SDE (1.6.18) is equivalent to
(1.6.19) dg=—31_(Rg)«Ai(e) ody'.

Let now (g¢):>0 be a semimartingale satisfying (1.6.19) and (g:);>0 be a solution to
(1.6.17). Then we have:

(1.6.20) d(f(99)) = fo(Ly)x 0 dj + fu(Rg). 0dg =0, f€C=(G).

Indeed letting Q: G x G — G, (g,9) — gg = L,g = Rzg denote multiplication on G,

by Remark 1.2.24, to verify the first equality in (1.6.20), it is sufficient to show that
(foQ)w: T(y5(GxG)=T,GxT;G—R

satisfies the formula:

(1.6.21) (fo@Q)s(v,w) = fu(Lg)sw + fo(Rz)sv.

This is however easy to see by curve transport. Let v be represented by the curve a:
a(0) = g, &@(0) = v, and analogously w by 3: 5(0) = g, (0) = w, then (f o Q). (v, w)
is represented by the ¢ — f(a(t) B(t)) at 0. For this we have

L f(aB) = fi (La)sB + fo(Rp).ct,

and hence

% ‘t:of(a B) = fi(Lg)sw + fu(Rg)wv.
The second equality in (1.6.20) is then immediate from (1.6.17) and (1.6.19). From (1.6.20)
we then conclude that (§:),~, = (g; ');>, modulo indistinguishability.
(b) Note that if (g¢)¢>0 solves SDE (1.6.17) with initial condition gy = e and if
&o is an Fy-measurable G-valued random variable, then (g;),~, where g; := g, is the
solution with initial condition g{, = &. N
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(c) It remains to verify that the maximal solution to
(1.6.22) dg=>"Ai(g)ody', go=e,
i=1

has infinite lifetime. To this end, we fix a relatively compact open coordinate neighbour-
hood V of the unit element e in G and construct inductively an increasing sequence (7,,) >0
of stopping times:

70=0,and 7,41 =inf{t > 7,: g ¢ V}IA(n+1), n>0,

where g™ denotes the solution to (1.6.17) on [7,, 7, 1] satisfying g” = e. A global
solution g = (g¢):>0 to (1.6.22) is then inductively put together by g|[7,, Tn+1] := gr, 9"
It remains to show that it has infinite lifetime which means that P{sup 7,, < co} = 0. Let
v = u + B be the Doob-Meyer decomposition of . Possibly after a time transformation,
we may assume without restrictions that [11, ] + >, fg |d3?| < const x t. We want to
show that P{sup7, < N} = 0 for each N € N. To this end, we first note that for any
fel=(G),
T s

(1.6.23) / TS gy oy = / TS g Ay o dy = (L) — fe).
n i=1 Tn i=1

On the other hand, since the functions A;(f) € C°(G) are bounded on V and since
Tnt1 AN — 7, AN — 0 for n — oo, we get that a.s.
N T
(1.6.24) /O 1]7'7“Tn+1] Z(Azf)(g") ody" =0, n— oo.
i=1
Since the left-hand sides of (1.6.23) and (1.6.24) agree on {sup 7, < N}, we conclude
that P{sup7, < N} = 0. O

DEFINITION 1.6.33 (Canonical one-form of a Lie group). Let G be a Lie group with
Lie algebra g. The one-form 6 € I'(T*G ® g) taking values in g and defined by 8,(A,) :=
(Lg);y 1Ay is called the canonical one-form on G.

REMARK 1.6.34. Let g = (g¢):>0 be a continuous semimartingale taking values in
a Lie group G, then v := fg 0 defines a g-valued semimartingale which writes as v =
>y 7' A; after fixing a basis Ay, ..., A, for g. Note that the semimartingale (g;) can be
recovered from +y as solution to the SDE

(1.6.25) dX =) A(X)ody', Xo=go.
i=1

This shows that each continuous semimartingale (g;) on G is solution to an SDE of the
form (1.6.25) driven by g-valued semimartingale (-y;). In particular, according to Proposi-
tion 1.6.32, the inverse process (g; ')+>o satisfies the SDE
dX = — Z(RX)* Ajody', Xo=g5"
i=1

THEOREM 1.6.35 (Horizontal lifts of M -valued semimartingales). Let P be principal
G-bundle over a differentiable manifold M endowed with a G-connection. Furthermore,
let x¢ be an M -valued random variable and uy a P-valued random variable above x, i.e.
m(ug) = xg a.s. Then, to each M -valued semimartingale X with Xy = xq, there exists a
unique horizontal lift U of X onto P such that Uy = ug a.s.
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PROOF. We follow the proof in the deterministic case of differentiable curves (The-
orem 1.6.17). Without restrictions we may assume that X has infinite lifetime. Choos-
ing a countable covering (Vi )r>0 of M by bundle chart domains, Lemma 1.3.1 allows
inductively by means of the bundle charts p: 7=1(V}) =% Vi x G to lift X first in
some way to P, that is to find a P-valued semimartingale U such that 7(U) = X and
(70 = ug. The problem is now reduced to determine a G-valued semimartingale (g;):>o0
in such a way that U := U g satisfies the wanted properties. First the connection form
w € I(T*P @ g) provides a g-valued semimartingale v := [;w = [w(o dU) which we
write as v = Y _;_, A;v* with respect to a fixed basis basis A1,..., A, of g. With it we
define (g¢):>0 as the maximal solution of the SDE

dg =Y Ai(g)ody', go=e,
=1

for which Remark 1.6.32 guarantees that (g;) has infinite lifetime. Letting g, := g; * we
want to verify that U; = Uy g; is horizontal. According to Remark 1.6.32, the inverted
process (Gi)i>0 = (gt_l)tzo solves the SDE

T

dj=— (Ad(GHA) (@ e dv', Go=re.
i=1
Letting again ®: P x G — P, (u,g) — u-g, furthermore R, = ®(-,g) and I,, =
®(u, -), then
(P*W)(u,g) = (Rgw)u + ([gw)g = (Rgw)u + by

where § € T'(T*G ® g) is the canonical one-form on G given in Definition 1.6.33. By
means of the pullback formula (1.3.9) for Stratonovich integrals of differential forms along
semimartingales and Remark 1.6.14 (ii) one then obtains

/UW B L»(fag) o /am T /m,g)(R*w 0
= /(ng)(o av) + /9(0 dg)

— [Adguledd) + [(L;).(0dg) =0,

since w(odU) = Y. Ajody' and dg = — S Ad(§71)Ai(§) o dy' = — Y2 (Ry). A; o dy'.
This shows that U is indeed a horizontal process.

Uniqueness of U is immediate, since given two lifts U and U with the wanted proper-
ties, then U = Ug where g = (g¢):>0 is a G-valued semimartingale with gy = e, almost
surely. By the calculation above we obtain

w(odU) = Ad(g7 ) w(o dU) + 0(o dg).
But U and U are horizontal by assumption, hence (o dg) = (Lg-1),(odg) = 0 which
implies dg = 0 and thus g; = gy = e, almost surely. (]

The proof of Theorem 1.6.35 provides a structural statement for semimartingales in P
which we state in the case of frame bundles in explicit form.

COROLLARY 1.6.36. Let M be a differentiable manifold and P = L(TM) with a
G-connection where G = GL(n; R), respectively, let M be a Riemannian manifold and
P = O(T'M) with a G-connection where G = O(n). Assume that U is an arbitrary
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semimartingale taking values in P. Denote its starting value by Uy = uo. Integration of
the connection form w € T'(T*P ® g) and the canonical one-form 9 € T'(T*P @ R™)
along U gives the semimartingales ~y = fU w with values in g, respectively Z = |, o U with
values in R". Fixing a basis (A1, ..., A,) for g and writing v = v* A1 + ... + 4" A,, we
define semimartingales g; taking values in G and U, taking values in P as solutions to the
following SDEs:

dg =Y Ai(g)ody’, go=e, resp.
=1

dU =Y " Li(U)odZ", Uy = uo,
i=1

where we read A1, . . ., A, as left-invariant vector fields on G and where Ly, . .., Ly denote
the standard-horizontal vector fields on P. Then, by definition, U is horizontal and U =
U g holds, modulo indistinguishability.

PROOF. Along with U also Ug~! is a horizontal lift of 7(U); since both coincide for
t = 0 they must be equal. d

REMARK 1.6.37. There is an alternative proof of Theorem 1.6.35 (see [40]) which
uses the fact that according to Theorem 1.2.23, each semimartingale X on M can be real-
ized as solution to a Stratonovich SDE of the form

£
(1.6.26) dX =" Ai(X)odZ', Xo= o,
i=1

where Z is an R-valued semimartingale for some /. Let A; € T(TP) be the horizontal
lift of A; € T(TM), i.e. A;(u) = hy(A;(mw)) for u € P, and consider the “horizontally
lifted SDE” on P:

14
(1.6.27) dU =" A(U)odZ', Uy = uo.
i=1

It is clear that solutions to (1.6.27) are canonical candidates for the wanted horizontal
lift. Indeed, we have d(7(U)) = >_,(dm)uA;(U) 0 dZ' = 3, Ai(n(U)) o dZ' with
m(Uy) = xo, and hence 7(U) = X by uniqueness of solutions to (1.6.26). On the other
hand, we have [, w =3, [w(U)A;(U) o dZ* = 0. It thus remains to verify that U and
X have identical lifetimes which is however not immediately clear from the construction.

We want to summarize the theory developed so far. Let M be a differentiable ma-
nifold equipped with a torsion-free connection, or a Riemannian manifold with the Levi-
Civita connection. Over M we then have the frame bundle P = L(7TM) with the induced
GL(n;R)-connection, respectively the orthonormal frame bundle P = O(T'M) with the
induced O(n)-connection.

REMARK 1.6.38. Let ug be a P-valued random variable and zg = m(ug). If X
is a semimartingale on M with starting value Xy = zg, then by Theorem 1.6.35 there
is a unique horizontal lift U of X such that Uy = wug. By Definition 1.6.29 the anti-
development Z of X into R" (with initial frame u) is given as Z = f U 1. Modulo choice
of initial conditions Xy = z, Uy = u, each of the three processes X, U, Z determines the
two others. Indeed, we have:
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(a) Z determines U as solution to the SDE
dU = ZLi(U) odZ', Uy=u,
i=1

(b) U determines X via
X =(U),

Z:/ﬁ
U

where U is the unique horizontal lift of X to P with Uy = u.

(c) X determines Z as

Typically, one starts with Z on R™ (without restrictions Zy = 0) to determine X on M.
We call X the stochastic development of Z. Stochastic development provides at the same
time the horizontal lift U to P with Uy = wug. The frame U moves then along X by parallel
transport. The process Z is recovered via Z = |, u U

REMARKS 1.6.39. (1) The described procedure depends in an obvious way on the
choice ug above . Choosing instead of ug another .%#j-measurable P-valued random
variable g such that 7 o @ig = xg a.s. leads to &g = uggo for an #y-measurable random
variable g taking values in the Lie group G of invertible, respectively orthogonal n x n-
matrices, so that U changes to U = Ugo. Since Ry = g 1 for ¢ € G, the anti-
development Z transforms to

(1.6.28) Z:/ﬁ:/RZOﬁ:/galﬂ:galZ.
U U U

(2) Writing

dU =Y "Li(U)odZ" =Y hy(Ue;)odZ' and dX = Ue;odZ’,
i=1 i=1 i=1

we arrive at the intrinsic formulas

(1.6.29) dU = hy(odX) and dX =UodZ.

~

(3) Fixing u € P, read as isomorphism (isometry) u: R™ -~ T, M where x = m(u),
we may identify Z with the T}, M -valued semimartingale Z = uZ. Stochastic development
then provides a one-to-one correspondence between continuous semimartingales Z in the
tangent space 1, M with Zy = 0 and semimartingales X on the manifold M with X, = =,
where Z — X = 7(U) and U defined as solution to the SDE

dU = LiU)u""odZ', Uy=u.
i=1

We want to give a geometric illustration of stochastic development. For instance, let
P = O(TM) the orthonormal frame bundle over a Riemannian manifold M. We fix
u € O(TM) as isometry u: R" =% Ty (,)M and let x := 7(u).
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U on O(TM)

Figure 1.6.1. Stochastic development

One should think of X as the trace which the paths of Z print on the manifold M,
under the identification U : R" =~ Tx M, when M is “rolled” along ¢t — Z, (rolling
without slipping). In the probabilistic case however this interpretation requires further
explication as in general the trajectories of Z are not differentiable and thus a pathwise
procedure does not make immediate sense. Let us thus first have a look at the deterministic
case of a differentiable curve Z: ¢t +— z(t). We will show that in this case “stochastic
development” reduces to the classical Cartan development of the curve ¢ — 2(t).

EXAMPLE 1.6.40 (Cartan development). The Cartan development of an R™-valued
curve t — z(t) is the construction of curves z: ¢ +— z(t) € M and u: ¢t — u(t) € P
(where P = L(T M), resp. P = O(T'M) in the Riemannian case) such that u(-) lies above
z(-) and such that

() T=uz
(i1) w is parallel along x.
Condition (i) can be rewritten as

dz(t) = u(t) dz(t)

and “u is parallel along " is understood in the sense that V pu = (Vpul, ..., Vpu™) =0
where D = 9/0t. Condition (ii) means then that u(-) is a horizontal curve; thus & € H, =
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ho(Tr(uyM), and since & = (7 o u)* = m. U = uz we obtain & = hy () = hy(uz) by
using (i). On the other hand, since h, (uz) = >, hy(ue;)2* = 3, L;(u)2", conditions (i)
and (ii) are seen to be equivalent to

du = Z Li(u) dz*,
i=1

z(-) = (mou)(-).

REMARK 1.6.41. (a) Note that Eq. (1.6.30) is the equation introduced above for
the procedure of “rolling without slipping” in the special case of a deterministic driving
process z(t). In this case stochastic development reduces to classical Cartan development.
In the general case of a non-trivial semimartingale Z the ordinary differential equation
(1.6.30) for Cartan development needs to be rewritten as a Stratonovich type SDE.

(b) The term L;(up) can be interpreted as infinitesimal direction of the parallel trans-
port of ug € P along a curve in M with initial velocity uge; at 7(up), i.e.,

(1.6.30)

die e=0 //O,EUO = L;(UQ)

As already explained, we are mainly interested in the case of frame bundles over M.
We distinguished so far the two cases of the frame bundle L(7'M) and the orthonormal
frame bundle P = O(TM) if M carries in addition a Riemannian metric. We want to
check quickly that the two points of view are compatible for the procedure of stochastic
development.

REMARK 1.6.42. Let M be a Riemannian manifold equipped with the Levi-Civita
connection. The inclusion (O(T'M),0(n)) <L (L(T'M),GL(n;R)) defines a homo-
morphism of principal bundles with g = o(d) <% § := gl(d;R) the inclusion of the
corresponding Lie algebras. This gives the following situation:

O(TM)xg Ve H
[ |
0 g TO(TM) —> 7*TM — 0
e I lid
0 g TL(TM) — 7mTM — 0
| e
L(TM)xg VaeH

Let X be an M-valued semimartingale and ug an .%y-measurable O(T'M )-valued random
variable. In addition, let U be the horizontal lift of X to O(TM) and U the horizontal lift
of X to L(T'M) such that Uy = Uy = ug a.s. Let Z = [, and Z = [ 7). Then, modulo
indistinguishability, Z = Z and j(U) = U hold.

PROOF. It is straightforward to see that j.H = H, j*& = jow and j*9 = 9
where w, ¥ (respectively @, ) denote the connection form and canonical one-form on
P = O(T'M), respectively on P = L(T'M). This gives

Siwy@=Jpire=jofJyw=0
which by uniqueness of the horizontal lift implies j(U') = U. On the other hand we have
fj(U) V= ij*ﬁ = fUﬁ
which shows Z = Z. O
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DEFINITION 1.6.43 (Parallel transport along a semimartingale). Let A be a differ-
entiable manifold equipped with a torsion-free connection, or a Riemannian manifold
equipped with the Levi-Civita connection. Let X be a semimartingale on M and U an
arbitrary horizontal lift of X to L(T'M ) resp. O(T'M). For 0 < s < tlet //, , := Uy o U;*
be given by

Tx, M ——————> Tx,M

N A

The isomorphisms (resp. isometries in the Riemannian case)
//O,t: TXOM — TXtM
are called stochastic parallel transport along X .

REMARK 1.6.44. The parallel transports //07t extend canonically from the tangent
bundle T'M to tensors of type (p, q), i.e., to TM®P @ (T*M)®4, and then to

N
P TME @ (T*M)®, N eN.
p,q20
Note that, for « € I'(T*M ) and A € T'(T'M), by definition

(//o,taxo) (AX,,) = 0x, (//t,OAXt)'

THEOREM 1.6.45 (Geometric It6 formula). Let M be a differentiable manifold en-
dowed with a linear connection NV (without restriction V torsion-free). Let X be an
M -valued semimartingale, U a horizontal lift of X to L(TM) and Z = fU 9 the cor-
responding anti-development of X into R™. For each f € C°° (M) the following formula
holds:

n

(1.6.31) d(f(X)) = Z(df)(X) (Ue;)dZ! +% Z (Vdf)(X) (Ue;,Ue;) d[Z", Z7],

i=1 i,j=1

or in abbreviated form (see Theorem 1.6.31),
(1.6.32) d(f(X)) = (df)(UdZ) + %Valf(dX7 dX).
PROOF. From dU =", L;(U) o dZ* we first see that
d(f(X)) = d((f om)(U ZL (fom)(U) 0 dZ!

= Li(fom)(U)dZ' + 3 ZLiLj(f om)(U)d[Z!, 7%
i i
where L;(f o m)(u) = d(f o 7)uLi(u) = (df )r(u) (d7)uhu(ue;) = (df ) x(u)(ue;). Hence
we have L;(fom)(u) = F'(u) where F = Fyp: L(T'M) — R™ is the equivariant function
F'(u) = (df ) r(u) (ue;) associated to df (see Notation 1.6.25). Denoting ue; := hy(ue;),
then by means of Eq. (1.6.13),
LiLj(fom)(u) = (LiF7)(u) = ue; F7 = (Vueidf)ﬂ(u) (uej) = Vdf (ue;, ue;),

from where formula (1.6.31) results. [l
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REMARK 1.6.46. Let M be a Riemannian manifold with its Levi-Civita connection.
Denoting by A™" = Y~ L? the horizontal Laplacian on O(T'M) and by A the Laplace-
Beltrami operator on M, then for each f € C'°°(M) the following relation holds:

A (f o) = (Af)or.
PROOF. Indeed, for u € O(T'M), we have
ZLiQ(f om)(u) = Z Vdf (ue;, ue;) = (trace Vdf)m(u) = (Af) om(u). O

NOTATION 1.6.47. In terms of the It6 integral of the one-form df along X, defined as

(1.6.33) (V)/X df :z/df(UalZ)7
Eq. (1.6.32) writes as
1
(1.6.34) /de = (V)/X af + §/Vdf(dX7 dX).

Note that (1.6.33) extends naturally to differential forms o € I'(T* M) as

(V)/X o /a(UdZ).

Stochastic development of R™-valued semimartingales (along with the anti-develop-
ment of M-valued semimartingales into R™ as inverse operation) allows to construct to
each class of R™-valued semimartingales a corresponding class of M -valued semimartin-
gales. We want to verify next that under the procedure of stochastic development local
martingales on R™ correspond to V-martingales on M, as well as on Riemannian mani-
folds BM(R™) and BM(M, g) correspond to each other via stochastic development.

THEOREM 1.6.48. Let M be a differentiable manifold equipped with a torsion-free
linear connection V. Let X be an M -valued semimartingale and Uy an L(T M)-valued
Fo-measurable random variable such that m(Uy) = X¢ a.s. Furthermore let Z = fU 9
be the anti-development of X into R™ with respect to the initial frame Uy. Then

(1) X is a V-martingale on M if and only if Z is a local martingale on R".

(i1) If V is the Levi-Civita connection to some Riemannian metric g on M and if Uy takes
its values in O(T M), then X is a Brownian motion on (M, g) if and only if Z is a
Brownian motion on R"™ (more precisely, a Brownian motion on R" stopped at the
lifetime ¢ of X).

PROOF. (i) According to Definition 1.4.32 X is a V-martingale, if
d(f(X)) = 3(Vdf)(dX,dX) 2 0.
for functions f € C'°°(M). By means of the Geometric It6 formula 1.6.45 this means that

> @) (X)(Ue;)dz' 20

?
for any f € C°°(M) which is easily seen (with the help of Lemma 1.3.1) to be equivalent
to the condition that Z is a local martingale.

(i1) According to Definition 1.5.17, the semimartingale X is a Brownian motion on
(M, g) if

A(7(X)) ~ S (ANX)dt 20
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for all f € C*°(M). By formula (1.6.31), clearly if Z is a Brownian motion R", then X
will be Brownian motion on (M, g). Conversely, if X is Brownian motion on (M, g)
then by Lévy’s characterization of M -valued Brownian motions (Theorem 1.5.18) X is
a V-martingale, and thus Z a local martingale by part (i). On the other hand, we have
Z' = [, 0" where ¥} = (dr(-),ue;) = 7*(-,ue;). We may calculate the quadratic
variation of Z using Remark 1.3.14 as follows:

dZ', 27 = d[[ ;0" [,¥] = (9" @ ¥) (dU, dU)

=7"((-,Ue;) ® (-, Ue;)) (dU,dU)

(<'v Uei> ® <'7U€j>) (dXv dX)
= trace((-,Ue;) @ (-,Ue;))(X) dt = 6;; dt.

By means of Lévy’s characterization for Brownian motions on R™ we see that Z is a
Brownian motion. (I

REMARK 1.6.49. 1) Theorem 1.6.48 provides a canonical way to construct Brownian
motions on Riemannian manifolds. One obtains Brownian motions on (M, g) with starting
point z € M as stochastic development of a Euclidean Brownian motion B on R™. To this
end we choose u € O(T'M) such that 7(u) = x and solve the SDE

(1.6.35) dU =Y " Li(U)odB', Us=u.
i=1

According to Theorem 1.6.48, then X = = (U) is a Brownian motion on (M, g) starting
from X = z. Note that choosing a different initial frame u € 7~ {x} in (1.6.35) only
changes the underlying Euclidean Brownian motion, in particular, the law of X will be
independent of these choices. Indeed, for any g € O(T M), along with B also gB is a
BM(R"), and hence X constructed by means of ug and B coincides with X constructed
by means of v and gB5.

2) More generally we have the following observation: For an arbitrary .#,-measurable
O(n)-valued random variable g along with B also g B is an R™-valued Brownian motion.
Hence if U is the solution to dU = ). L;(U) o d(goB)* with Uy = wuy, then U= Ugo
solves the SDE dU = > Li(U ) o dB* with initial value Us = ug go- Indeed, as a conse-
quence of (Ry).hy = hygy for g € O(n), we have

d(Ugo) = d(Rg,U) = (dRgy)y 0 dU = 3,(Ry, ). Li(U) 0 d(goB)'
= (Ryy) hu (U 0 d(goB)) = hurg,(Ugo 0 dB) = 3=, Li(Ugo) o dB';

see also the argumentation related to formula (1.6.28).

REMARK 1.6.50. Let X be an M -valued semimartingale with starting point x € M.
The anti-development Z of X into R™ (see Definition 1.6.29) requires the choice of a frame

u above x,
Z = / 19, U() = U.
U

Considering the anti-development of X into T, M, i.e.

o (X) = UO/U&
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makes the notion intrinsic. Note that d(«7 (X)) = UpgU; * o dX. Our formulas then read
as

d( (X)) = //o_,tl odX, respectively dX = //,0d((X)).

In the same way we have

(1.6.36) dU = hy(Jfo 0 de/ (X)) = hy (o dX).
The intrinsic version of the Geometric Itd6 formula (Theorem 1.6.45) takes the form
1
(1.6.37) d(f(X)) = (df) (/fo.d( (X)) + 5 Vdf (dX, dX),
or in integrated form
(1.6.38) / df:(V)/ clf—i—l/Vdf(d)QdX)7
X X 2
where now
(1639) ) [ dr = [ Uit ().

see Eq. (1.6.33) for the definition of the It0 integral of df along X.

We want to come back briefly to the deterministic case of development of differen-
tiable curves by pointing out that via development and anti-development geodesics on M
correspond to straight lines passing through the origin in R”.

REMARK 1.6.51. Let M be a differentiable manifold, V a linear connection on M
and ug € L(T'M) fixed. To each curve ¢ — z(t) in R™ with z(0) = 0 we consider its
development ¢ — ~y(¢) on M with 7(0) = uo2(0). (Or conversely: to a curve ¢ — () in
M with v(0) = 7(uo) we consider its “anti-development” z(-) = [ o where ¢ — u(t)
is the horizontal lift of v to L(T"M) with initial value u(0) = ug). Then ¢ — ~(t) is a
geodesic on M if and only if z(t) = £(0)¢ for each t.

PROOF. Suppose first that ¢ — ~(t) is a geodesic on M. Then both v and u(-)2(0)
are parallel sections along ~y satisfying ¥(0) = «(0)2(0). By Theorem 1.4.11 hence (s) =
u(s)2(0), and we have

w®<:ﬁwx>w:ﬁ *1«@@

—fo s) dS—fO Yds = 2(0) t.
Conversely, if z(t) = 2(0)¢ then w(t) = hy)(u ( ) = Ry (u(t)(0)) and hence
() = (mou) (t) = mhaq) (ult ) u(t)2(0) = //5+7(0). This shows that 7 is

parallel along ~. (]

DEFINITION 1.6.52. Let M be a differentiable manifold, V a torsion-free linear con-
nectionon M and x € M apointin M. Furthermore let X be an M -valued semimartingale
with Xo = z and U be a horizontal lift of X to L(T'M) such that Uy = ug € 7~ {z}. The
semimartingale X is called one-dimensional if there exists a real-valued semimartingale
Z' and a vector a € R™ such that the anti-development Z = [, ¢ of X into R™ takes the
form Z = Z'a. In addition, X is called one-dimensional martingale, respectively one-
dimensional Brownian motion, if Z! is even a real local martingale, respectively BM(R).

The properties above obviously do not depend on the choice of u € 7~ 1{xz}.
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THEOREM 1.6.53 (One-dimensional semimartingales move along geodesics). Let M
be a differentiable manifold, V a torsion-free linear connection on M and X a semimartin-
gale taking values in M with Xg = x € M. Then:

(1) X is a one-dimensional semimartingale if and only if there exist a geodesic v: I —
M (defined on some open interval I C R) and a real semimartingale X' taking
values in I such that X, = const and X = vy(X").

(ii) X is a one-dimensional martingale (one-dimensional Brownian motion) if and only if
X =~(X') asin (i) and X' is in addition a continuous local martingale (Brownian
motion).

PROOF. Let X be an M -valued semimartingale with Xy = x and U a horizontal lift
of X to L(T'M) with Uy = ug for some ug € 7~ *{z}. Furthermore let Z = [, 9 be the
anti-development of X in R".

(1) First assume Z = Z'a (where Z{, = 0). Then U satisfies the SDE
(1.6.40) dU =" Li(U)odZ' = Ly(U) 0 dZ', Uy = up,
i=1

where the horizontal vector field L, on L(T'M) is given by L, (u) = hy (ua). Lett — u(t)
be the maximal flow curve to L, with initial value u(0) = ug, i.e., @(t) = L, (u(t)) with
u(0) = ug. Then the projection y := 7(u) defines a geodesic on M: indeed ¥ = (dm), 4 =
(dm)yhy(ua) = ua shows that - is parallel along «y. On the other hand, we have

d(w(Z") =iw(Z") o dZ" = Lo(u(Z")) 0 dZ',  (u(Z'))y = u(0) = uo,

so that by uniqueness of solutions to Eq. (1.6.40) we get U = w(Z’) modulo indistin-
guishability. This implies X = (7 o u)(Z’) = v(Z’). With X' := Z’ we get the claim.

(2) Conversely, suppose that X = v(X") for some geodesic  and a real semimartin-
gale X’ where by assumption X|; = const. Without restrictions we may assume X/ = 0.
Letting ¢ +— wu(t) be the horizontal lift of v to L(T'M) with u(0) = wug, we get by
U := u(X') a semimartingale on L(T'M) which projects to X and satisfies Jow =0
by the pullback formula (1.3.9) since trivially w(%) = 0. Hence U is a horizontal lift of
X with Uy = Uy a.s. and thus by uniqueness U = U modulo indistinguishability. On the
other hand, - is parallel along  and hence ¥(-) = u(-)a for some a € R™ from where we
get 7(X’) = Ua. The last equality implies

dX =§(X')odX' =UaodX' =Uod(X'a) =Y (Ue;)od(X'a)’
and hence dU = >, L;(U) o d(X'a)* from where Z = X'a follows. Hence X is a
one-dimensional semimartingale.

(3) Part (ii) of the Theorem is obvious since according to (1) and (2) we may choose
g y
X' =27\ O

1.7. Morphisms of Martingales and Brownian Motions

In Section 1.6 we have seen in great generality how to construct martingales and Brow-
nian motions on manifolds. In this Section we are going to give functional characterizations
of martingales and Brownian motions, in terms of their behaviour under transformations by
maps between manifolds. It will turn out that only very specific maps, so-called harmonic
morphisms, map Brownian motions to Brownian motions. Harmonic morphisms in higher
dimensions are difficult to find. If however it is only required that Brownian motions are
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transformed to martingales, then there is the larger class of harmonic maps. Conversely,
harmonic maps are completely characterized by this property. This point of view leads to
the general goal in this Section of studying maps between manifolds by analyzing how they
change the stochastic behaviour of certain classes of manifold-valued stochastic processes.

Before introducing the necessary vocabulary, we want to briefly summarize how lin-
ear connections in vector bundles canonically induce connections in new vector bundles
obtained by vector bundle operations.

REMARK 1.7.1. Let m: E — M be a vector bundle over a differentiable manifold M
and
IN(TM) xT(E) - T(E), (V,A)— VyA,
a linear connection in E. Then, according to Leibniz rule, V extends to a linear linear

connection on
N

PE. . EQE®...0E).

r,5=0

More specifically, if V¥, V" are linear connections in E, respectively F (both vector
bundles over M), then we have

« the direct sum of the connections V in E @ F defined by
Vi(A®B)=VFAeVIB, VeIl (TM), AcT(E), BET(F);
« the product connection V in E @ F' defined by
Vy(A®B)= (VFA) @ B+ A® (V[B), VeIl(TM), AcT(E), BeI(F);
« the dual connection VE" in E* (see Definition 1.4.28) defined by
(Vy/ a) (A) =V(aA) —a(VyA), Vel(TM), acT'(E"), AcT(E)

o the pullback connection V = VIE in f*E (see Definition 1.4.7) for a differentiable
map f: M — N and E a vector bundle over IV, determined by

V,[fA=Vf,A, veTM, AcT(E),
where f*A = Ao f e T(f*E).

It is easy to see that pullback of connections is compatible with the other operations for
vector bundles.

LEMMA 1.7.2. Let E, F be vector bundle over a differentiable manifold M and
VE VT linear connections in E respectively F. Furthermore let ¢ € T(E* @ F), i.e., a
homomorphism of vector bundles ¢: E — F over M. For B € T'(E), let B € T'(F)
where (¢B), := ¢, By,. Then:

Vi (9B) = (Vi ®F9)B+¢VEB, AeT(TM).

PROOEF. By linearity we can restrict ourselves to the case ¢ = e ® ¢ where e € T'(E*)
and ¢ € T'(F), but then

Vi((e®¢)B) = Vf(( B)p) = A(eB)p + (eB)Vi ¢
(% B+ev£B)<p+( B)Vip
= ((VF 0)B)¢ + (eB)VEw) + e(VEB)
S\ e®g0))B+(e®<,0)<VfB). O
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DEFINITION 1.7.3 (Affine and convex mappings). Let M and N be differentiable
manifolds, endowed with a torsion-free linear connection in 7'M, respectively TN, and
f: M — N be a differentiable map. For each z € M the differential (df),: T, M —
Tf(x)N of f atxis alinear map. The covariant derivative of the section

df eT(T*M ® f*TN)
gives the Hessian or second fundamental form of f,
Vdf eT(T*"M @T*M ® f*T'N), (Vdf)(A,B)= (VAdf)B e D(f*TN).

For each 2 € M this gives a bilinear form (Vdf),: T, M x TyM — Ty N. The map f
is called affine or totally geodesic if Vdf = 0.

In the special case N = R, the map f is called convex at x if (Vdf), > 0 (ie.,
positively semidefinite), and strictly convex at x if (Vdf), > 0 (i.e., positively definite).
Finally, f is called convex, respectively strictly convex, if f is convex, respectively strictly
convex ateach z € M.

REMARK 1.7.4. Let m: L(TM) — M be the frame bundle over a differentiable
manifold M. Then L;L;(f o w)(u) = Vdf (ue;, ue;) (see the proof of Theorem 1.6.45),
and hence f is convex at z if and only if (LiLj (fo 7r)) is positively semidefinite

along the fiber 7= 1{x}.

1<ij<n

DEFINITION 1.7.5 (Energy density, tension field, harmonic map). Let (M, g) and
(N, h) be Riemannian manifolds, endowed with the Levi-Civita connection. To a differen-
tiable map f: M — N we have the two fundamental forms, namely

(i) the first fundamental form of f defined as pullback f*h of the metric h under f, i.e.,
[*h e T(T*M @ T* M) where (f*h).(u,v) = hy) (feu, fev) for u,v € T M;

(i) the second fundamental form Vdf € T'(T*M @ T*M ® f*TN) of f defined as
covariant derivative of df € T'(T*M ® f*TN).

Taking trace with respect to the given metrics gives
trace f*h = |df|? € C°°(M) (the energy density of f),
trace Vdf = 7(f) € T(f*T'N) (the tension field of f).

Mappings f € C°°(M, N) with vanishing tension field 7(f) = 0 are called harmonic. In
the special case N = R, the map f is called subharmonic if 7(f) = Af > 0.

LEMMA 1.7.6. Let M and N be differentiable manifolds, endowed with a torsion-
free linear connection in T M, respectively TN, and f: M — N a differentiable map.
For B e I'(TM) let df B € T'(f*TN) be defined by (df B), = (df ) By € Tf(z)N. Then
for A,B e T(TM):

(1.7.1) Vi TN(dfB) = (V4df)B + df V4 B,
or equivalently: (Vdf)(A, B) = j;*TN(de) —df V,B.

PROOF. The claim is a direct consequence of Lemma 1.7.2 with £ = TM, F' =
f*T'N and ¢ = df. (]

COROLLARY 1.7.7. In the situation of Lemma 1.7.6 the bilinear form Vdf is symmet-
ric, iL.e.,

Vdf(A, B) = Vdf(B,A) for A, B € T(TM).
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PROOF. Since the connection on N is torsion-free, we get from the first of Cartan’s
structural equations (see Theorem 1.4.27) the relation

VTN B) — v TN (df A) = df [A, B).

Since also the connection on M is torsion-free, i.e., V,B — VzA = [A, B], the claim
follows from Eq. (1.7.1):

Vdf (A, B) — Vdf (B, A) = Vi ™ (df B) — VL "N (df A) — df (V4B — V5 A)
= df [A, B] — df [A, B] = 0. O
THEOREM 1.7.8 (Composition formula). Let M —'5 N 25 N’ be smooth maps

between differentiable manifolds, each manifold endowed with a torsion-free connection.
For the Hessian of ¢ o f it holds:

(1.7.2) Vd(po f) = p.Vdf + f*Vde.
In the case of Riemannian manifolds this gives
(1.7.3) T(po f) = pu7(f) + trace(f*Vdp).

PROOF. For the verification of Eq. (1.7.2) we use Lemma 1.7.2 with £ = f*TN,
F = (pof))TN = f*(¢*T'N') and ¢ = f*dp (then ¢, = (dy)y(y) for x € M; see
Example 1.0.30). For vector fields A, B € I'(T'M) this gives the formula
Vi (d(g o /)B) = VA ((f*dp)df B)
= (VX ®F(f*de)) (df B) + (f*dp) VE (df B)
= (/"Vde)(A, B) + (f*dp) Vi (df B),
where the last equality comes from the definition of the pullback connection on E* @ F' =
f*(T*N ® ¢*T'N'). Altogether this gives
Vd(po f)(A,B) = (Vad(po f)) B =Va(d(go f)B) —d(¢o f)VaB
= (/"Vdp)(A, B) + (f*dp) VA (df B) - (f*dg)df V4B
= (f*Vdyp)(A, B) + (f*dp)Vdf (A, B).
Eq. (1.7.3) follows from Eq. (1.7.2) by taking trace. (I
REMARK 1.7.9. Theorem 1.7.8 shows in particular that also the composition ¢ o f is

affine if f and ¢ are affine. In case of f harmonic and ¢ affine, also ¢ o f is harmonic.
However, in general, the composition of harmonic maps is not again harmonic.

COROLLARY 1.7.10. Let M be a manifold endowed with a torsion-free linear con-

nection and f: M — R be a differentiable function. The following characterizations hold:

(i) f is affine if and only if the composition f o~y is affine, i.e., (f ov)" = 0 for any
geodesicy: I — M (I C R interval).

(i1) f is convex (resp. strictly convex) if and only if for each geodesic curve v: I — M

the composition f o 7y is convex (resp. strictly convex), i.e., (f ov)"” > 0 (resp. > 0).

PROOF. First observe that for a smooth curve v on M by Eq. (1.7.2)
(foy)" = fiVdy +~"Vdf.
Since (Vdv)(D, D) = V7, acurve v is a geodesic if and only if v is affine. On the other

hand, (vy Vdf)( D)= (Vdf) (7, ) so that for geodesic curves y: I — M the equation
(foy)'(t) = f )(7(t),7(t)) holds from where all claims are immediate. O
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COROLLARY 1.7.11. Let M, N be differentiable manifolds endowed with torsion-free
linear connections. A differentiable map f: M — N is affine if and only if f transfers
geodesics on M to geodesics on N.

PROOF. As already noted, for curves v on M, “affine” has the same meaning “geo-
desic” so that the claim follows from Vd(f o v) = f.Vdy + y*Vdf. O

We now return to random motions on manifolds with the goal to investigate maps
between manifolds under the aspect of how they transform classes of processes such as
Brownian motions or V-martingales. To motivate this procedure we consider first the
example of Brownian motions on (), g).

Let (M, g) and (N, h) be Riemannian manifolds, each endowed with the Levi-Civita
connection, and f: M — N adifferentiable map. Let X be a BM(M, ¢g) starting inz € M
and fix u € O(T'M) over x. There is a unique horizontal lift U of X to O(T'M) such that
Uy = u. The lifted Brownian motion U is a flow process to 3 A" where

Aher = Z L?

is the horizontal Laplacian on O(T'M), and U is called horizontal Brownian motion on
the orthonormal frame bundle O(T'M). On the other hand, X comes by stochastic de-
velopment from the Euclidean Brownian motion Z = [, in R”. Recall that the anti-
development <7 (X) = u [, y U of X takes values in T, M and is independent of the choice
of Uy = u.

BM(M, g) semimartingale on NV
BM(T, M) < (X) /(X)) semimartingale on T’y () N
The process X:=7f (X) on the target manifold NV is in general no longer a Brownian

motion. By definition, it is however a semimartingale on N (with f(z) as starting point).
We may take a horizontal lift U of X to O(T'N) where Uy = i for some @& € O(TN)
above f(z). In addition , we have the anti-development <7 (X) of X which by definition
is a semimartingale taking values in T'f(,) V.
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Figure 1.7.1. Anti-development of the target process

The idea is now to use the Doob-Meyer decomposition dZ = dZMart 4 Z4ift of 7 to gain
information about f. In particular, we shall see that the energy density |df|? and the tension
field 7(f) of f can be recovered from the knowledge of Z, respectively <7 (X). Before
treating the case of a Brownian motion X we want first consider the general situation.

THEOREM 1.7.12. Let M and N be differentiable manifolds, each endowed with a
torsion-free linear connection, and f: M — N be a differentiable map. Furthermore, let
X be a semimartingale on M and </ (X) its anti-development to Tx, M ; correspondingly
let .52{()2') be the anti-development of X = [(X) taking values in Ty (x,)M. Finally, let

U be a horizontal lift of X to L(TM), respectively U a horizontal lift of X to L(TN).
Then it holds

- ~ 1~
(1.7.4) Aot (X) = [fo, (df)x Jfo.. A (X) + 5 /fo. Vif (dX, dX),
where /[y, = U, o Uy ! denotes parallel transport along X, respectively /707,5 =U,oU; "
along X. Here df = f. is the tangent map to f, i.e., dfy: Ty M — TN forz € M.

REMARK 1.7.13. In terms of the processes Z = fU 9 in RY™ M - respectively Z =
Jz 0 in RE™ N formula (1.7.4) writes as

(1.7.5) dZ =UY(df)x UdZ + LU-'Vdf(dX,dX)
where U1 (df)x UdZ =Y, U~"(df)x Ue; dZ" and
U~'Vdf(dX,dX) = U~'Vdf(Ue;,Ue;) dZ'dZ’.

2%
PROOF OF THEOREM 1.7.12. Let ¢ € C°°(N). On one hand, we have by the geo-
metric Itd formula (1.6.32)

A(e(X)) = o o 4t (X) + 57V dp(aX, dX)

where VN dp(dX,dX) = (f*VMdy)(dX,dX) by the pullback formula (Theorem 1.3.8).
On the other hand, we can equally write

A(o(X) = d((p 0 £)(X) = (9 f)o fo de/ (X) + 5T d(0 0 (X, dX),
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where VM d(po f)(dX,dX) = (p.Vdf+ f*Vdp)(dX,dX) according to the composition
formula (Theorem 1.7.8). Comparing the two formulae shows that for each p € C*°(N)
it holds

~ 5 1
Pullo A (X) = @i fi/fon A (X) + S Vdf(dX, dX),
and thus
~ 5 1
Mo 4 (X) = fu/fo,p dot (X) + S Vdf(dX, dX)
which gives the claim. O

COROLLARY 1.7.14. Let (M, g) and (N, h) be Riemannian manifolds, endowed with
the Levi-Civita connection, and f: M — N a differentiable map. Let now X be a Brow-
nian motion on (M, g) starting at Xg = © € M. Then </ (X) is a Brownian motion in
T, M, and for X = f(X) on N it holds

(176) 457 (X) = [Jo @) x fo. 4 (X) + 3 [l () .
In addition, we have
(1.7.7) h(dX,dX) = |df)?(X) dt.

PROOF. We now work with the orthonormal frame bundles O(T'M), respectively
O(TN). Let U and U be horizontal lifts of X to L(T'M), respectively of X to L(T'N).
We shall show that

h(dX,dX) =d[Z,Z) = |df|*(X) dt
where Z = f o 9. Note that, by assumption, Z = f U 1 is a Brownian motion on R" where
n = dim M. Furthermore, we have dX = 3", Ue; 0 dZ’ and dX = 3,(df)xUe; o dZ".
Hence we obtain

h(dX,dX) = (f*h)(dX,dX)
=> (f*h)x(Ue;,Ue;) dZ'dZ’

- Z(f*h)X(Ueu Ue;)dt
= 2_ Iy (@) xUes, (&) xUei) di = |df[*(X) dr,

aswell as d[Z, Z] = (U~ 'dX,U~'dX) = h(dX,dX). O

THEOREM 1.7.15 (Stochastic characterization of affine and harmonic maps). Let M
and N be smooth manifolds and f: M — N be a differentiable map.
(i) Let VM on M, respectively VY on N, be torsion-free linear connections. Then f is
affine if and only if [ maps VM -martingales on M to V™~ -martingales on N.
(ii) Let (M, g) and (N,h) be Riemannian manifolds and V™, respectively V" the
corresponding Levi-Civita connections. Then [ is harmonic if and only if f maps
BM(M, g) to the class Mart(N, h) of V" -martingales on N.

PROOF. (i) By Theorem 1.6.48, X is a V* -martingale on M if and only if .7 (X)
is a local martingale. Hence, by Theorem 1.7.12, X = f(X) is a V" -martingale on

N (equivalently o7 (X ) a local martingale) for each V*-martingale X if and only if
Vdf(dX,dX) = 0 for each VM -martingale X which in turn is equivalent to Vdf = 0.
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Indeed, by stochastic development, V* -martingales X on M are of the form dX =
>, Ue;0dZ" for some local martingale Z in R™ (n = dim M). Taking Z = (B, 0,...,0)
where B a real Brownian motion thus gives Vdf(dX,dX) = Vdf(Ue1,Uey, )dt = 0.
For a constant starting point Xo = = € M, the frame Uy = v € L(TM) with 7(u) = z
can be chosen arbitrarily, so that necessarily Vdf = 0 must hold.

(ii) According to formula (1.7.6), f maps BM(M, g) to Mart(N, h) if and only if
7(f)(X) = 0 along each Brownian motion X on M. Since the starting point of X can be
chosen arbitrarily, this however means 7(f) = 0. O

The proof of Theorem 1.7.15 shows that a map f is already affine if it transfers one-
dimensional martingales on M to one-dimensional martingales on V.

COROLLARY 1.7.16. Let M, N be two differentiable manifolds, endowed with torsion-
free linear connections, and f: M — N a differentiable map. The following items are
equivalent:

1) f is affine;
(ii) f maps one-dimensional martingales to one-dimensional martingales;
(iii) f maps one-dimensional Brownian motions to one-dimensional Brownian motions.

PROOF. By Corollary 1.7.10, f is affine if and only if f maps geodesics to geodesics.
On the other hand, by Theorem 1.6.53, one-dimensional martingales and one-dimensional
Brownian motions move on geodesics. Affine maps f hence transfer one-dimensional
martingales (resp. one-dimensional Brownian motions) to one-dimensional martingales
(resp. one-dimensional Brownian motions). Conversely, if f is a differentiable map with
this property, then for each geodesic curve v on M, the composition f o 7y maps continu-
ous real local martingales (resp. real Brownian motions) to Mart(N, h); for each geodesic
curve v on M, by Theorem 1.7.15, the composition f o -y is thus affine (= harmonic), and
hence f itself affine. O

DEFINITION 1.7.17 (Horizontally conformal map, harmonic morphism). Let (M, g)
and (N, h) be Riemannian manifolds and f: M — N a differentiable map. Then f is said
to be horizontally conformal, if

(a) at each point 2 € M at which (df), # 0 the linear map (df ),: T, M — Ty N is
surjective;
(b) there exists a function A: M — R, such that, for all v, w € (ker(df )x)l,

hf(gg) (f*'U, f*U}) = )\2(.%) gx(v7 U})

The function A\: M — Ry is called dilatation of f where A\(x) := 0 if (df), = 0. A
map f: M — N is called harmonic morphism (with dilatation X\) if f is harmonic and
horizontally conformal (with dilatation \).

LEMMA 1.7.18. Let f: (M, g) — (N, h) be a differentiable map between Riemann-
ian manifolds and \: M — R a function. The following items are equivalent:

(i) f is horizontally conformal with dilatation \;
(i) df o (df)® = X2 id |f*TN where (df)*d: f*TN — TM is the homomorphism of
vector bundles fiberwise adjoint to df ;
(iii) g(grad(po f),grad(¢ o f)) = A* h(grad ¢, grad ) o f for all p,1 € C**(N).

Then necessarily \* = |df |2, where |df |op is the operator norm of df . Note that k|df |2, =
|df|? where k = dim N.
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PROOF. (i) < (ii) The adjoint (df)2d: Tt(zyN — T M to (df ), is determined by
hypw) ((df)zv,u) = g (v, (df)i'u), v € ToM, u € Ty N,
and f is hence horizontally conformal if and only if for all x € M,
(df )z © (df)5! = N*(2) id | Ty (o) N.
(i) < (iii) Since g(A, (df)*(f* gradg)) = A(p o f) for A € T'(TM), we have

(df)2d(f* grad ) = grad(yp o f) for ¢ € C°°(N) from where the equivalence follows.
The additional claim is obvious. |

THEOREM 1.7.19 (Analytic characterization of harmonic morphisms). Let f: (M, g) —
(N, h) be a differentiable map between Riemannian manifolds and let \: M — R, be a
function. The following conditions are equivalent:

(1) f is a harmonic morphism (with dilatation \);
(i) Ap(pof) =N (Anypo f)forpe CP(N).

PROOF. (i)=-(ii) Since f is harmonic, by composition formula (1.7.3) it holds
Apr(po f) = et (f) + trace(f*Vdy) = trace(f*Vdy).

We have to show that Ay (¢ o f)(z) = A2(2) (Ang o f)(z) for z € M. To this end,
without restrictions, we may assume that (df),, # 0. If then (aq, . .., ay) is an orthonormal
basis of (ker(df), )", then by the horizontal conformality of f

(55 (d)eai: 1<i <)

defines an orthonormal basis of Tf(I)N , and hence

1
An =2 _(Vdp)(feai, foa) = N(2) (Ang o f)(@).

[

(ii) = (i) For ¢, 1/1 € C"X’(N) we have on one hand
Aur () 0 f) = (po f) An(o )+ (o f) Au(po f)
+ 29(grad(<P o f),grad(y o f)),

on the other hands it holds An (o)) = p A+ Anp+2 h(grad ¢, grad ¢). Compos-
ing the last equation with f and multiplying by A2, then subtraction from the first equation
gives

g(grad(p o f),grad (¢ o f)) = A* h(grad ¢, grad ) o f
which shows that f is horizontally conformal. It remains to verify 7(f) = 0. To this end,
we conclude again as above from horizontal conformality of f that for ¢ € C*°(N)

trace(f*Vdp) = A2 (Anp o f).
But since . 7(f) + trace(f*Vdy) = Ay (po f) = A2 - (Anpo f), we have p.7(f) =0
for any ¢ € C*°(N), and thus 7(f) = 0. O

THEOREM 1.7.20. Let f: (M,g) — (N, h) be a differentiable map between Rie-
mannian manifolds. The following conditions are equivalent:
(1) f is a harmonic morphism (with dilatation \);
(i) f maps BM(M, g) to BM(N, h) modulo time change, more precisely: to each Brow-
nian motion X on (M, g) there exists a Brownian motion X on (N, h) such that
f(Xy) = X7, a.s. where T, = fo
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REMARK 1.7.21. Note that the N-valued Brownian motion X in (i1) is determined
through the condition f(X;) = XT,, only up to time 7,,; it may however always be ex-
tended to maximal lifetime by “piecing on” an independent Brownian motion: the anti-
development fU ¥ of X gives first a stopped Brownian motion on R4™ N which can be
extended to all of R,. Stochastic development of this Brownian motion then gives the
wanted prolongation of X . In this case the equality f(X;) = XTt then holds on an en-
larged probability space.

PROOF OF THEOREM 1.7.20. By Theorem 1.7.15 (ii) the map f is harmonic if and
only if for each Brownian motion X on M, the target process f(X) is a V-martingale on N
(with respect to the Levi-Civita connection V) which according to Theorem 1.6.48 means
that all anti-developments Z of f (X) in RY™ N are local martingales. Since, modulo time
change, f(X) isa BM(N, h) if and only if Z is a BM(RY™ N) it remains to show that if f
is in addition horizontally conformal then all anti-developments Z of f (X) are Brownian
motions on R4™ N modulo time change. Using the notations of Remark 1.7.13, we have

dz¥dz" = (U (df)xUei,ex) (U (df ) xUei, ) dt
= Zg(Uei, (df)*Uey) g(Ues, (df)* Uey) dt

= g((df)* Uey, (df)* Uey) dt.

Hence it remains to observe that g((df)* Uey, (df)*Ue;) dt = N\?(X) d¢ dt holds for

all k, ¢ and all horizontal lifts U of semimartingales of the form X = f(X) with X in
BM(M, g) if and only if f is horizontally conformal with dilatation \. d

Theorem 1.7.15 (i) says in particular that the composition ¢ (X) of an M-valued mar-
tingale X with an affine function ¢ € C°°(M) gives a real local martingale. However, to
use affine functions as “martingale testers” and to characterize M -valued martingales by
this property usually fails due to the lacking richness of affine functions: in general, non-
constant real-valued affine functions may even not exist locally. A suitable substitute for
affine functions are convex functions. There are typically also obstructions of topological
and geometric nature for existence of globally defined non-trivial convex functions, but
locally convex functions provide a rich class of functions.

LEMMA 1.7.22. Let M be a manifold endowed with a torsion-free linear connection.
To each x € M there exists an open neighbourhood U and a strictly convex function
w € C°(U) with prescribed 2-jet, i.e., givena € R, b € T)M and C € T)M @ T M
positive definite, there is an open neighbourhood U of x and a function ¢ € C*(U) such
that o(z) = a, (dp)y = b, (Vdp), = C and Vdyp > 0on U.

PROOF. We choose normal coordinates h about x as follows. The exponential map
exp,: (T.M,0) —» (M,z), v~ (1),
where 7, is the geodesic curve determined by v, (0) = x and +,(0) = v, is well-defined
locally about 0 and has full rank at 0, as can be seen from
(dexp,)ov = Gl,_o exP, (tv) = &, 1e0(1) = F|,_o () = .

Fixing a linear isomorphism ¢: R™ =% T, M, then by the local inverse theorem, exp, o ¢
maps an open e-ball V; in R™ about 0 diffeomorphically onto an open neighbourhood of
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in M and h := (exp, o¢|V.) "' defines a local chart at z. Now let b = >, b; (dh'), and
C=3%,Cy (dh @ dh?),, and define

p=a+Y bihi+Y Cih'hl,
i i,j

then |U has the wanted properties for some sufficiently small open neighbourhood U

of z. Indeed, letting 9; = =% and (Vdy);; = (Vdy)(9;, 0;), we have
VdplU = Vd<p ;i dh' @ dhi = Z (0:0;¢ — Z Onyp) dh' @ dh.
i

Note that, by construction of the chart, Fl’z(x) = 0 which can be seen as follows: letting
v (t) = exp,,(tv) be again the geodesic curve defined locally about ¢ = 0 and determined
by the properties «,(0) = x and +,,(0) = v, we have for any v € T,, M,

d2
= O = LT
which implies T () = 0 as V is torsion-free. O

As aresult of the richness of germs of convex functions guaranteed by Lemma 1.7.22,
affine and harmonic maps can be characterized through their functional behaviour under
pullback.

THEOREM 1.7.23 (Pullback properties of affine/harmonic maps).

(i) Let f: M — N be a differentiable map between manifolds equipped with torsion-
free linear connections. The following items are equivalent:
(@) f is affine;
(b) pullbacks f*¢ of germs of convex functions on N are convex, i.e., for each
convex function p € C* (V') defined on an open subset V of N, the composition
o fisconvexon f~1V.
(i) Let f: (M,g) — (N,h) be a differentiable map between Riemannian manifolds.
The following items are equivalent:
(a) f is harmonic;
(b) pullbacks f*p of germs of convex functions on N are subharmonic, i.e., for each
convex function p € C* (V') defined on an open subset V of N, the composition
@ o f is subharmonic on f~1V.

PROOF. The implications (a) = (b) are each direct consequences of the composition
formulas (1.7.2) and (1.7.3)

Vd(po f) =« Vdf + [*Vdp resp. Apo f) = @.7(f) + trace(f*Vdyp).
The implications (b) = (a) rely on the richness of germs of convex functions as formulated
in Lemma 1.7.22. For instance, as in part (i), whenever Vd(y o f) > 0 holds if Vdp > 0,
then already Vdf = 0 must be satisfied, otherwise there would exist t € M and v €
T, M such that w := (Vdf),(v,v) # 0in Ty)N. By Lemma 1.7.22, there is then
an open neighbourhood V' of f(z) in N and a convex function ¢ € C*°(V) such that
(d) p(oyw < —|(df )zv]* and (Vdp) f(z) = hy(s). But this would imply

(Vd(po f)),(v,0) = (dp) payw + |(df)v]* <0,
in contradiction to Vd(p o f) > 0. The implication (b) = (a) in (ii) can be shown
analogously. g
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In the stochastic context the richness of germs of convex functions allows a charac-
terization of martingales, which has first been used by Darling [5] for the definition of
V-martingales.

THEOREM 1.7.24 (Darling’s characterization of V-martingales). Let M be a differ-
entiable manifold, ¥V a torsion-free linear connection on M and X an M -valued semi-
martingale. Then X is a V-martingale if and only if for each ¢ € C>°(M) and each open
V' C M such that |V is convex, the following holds true: If

P(X) = p(Xo) + N+ A

is the Doob-Meyer decomposition of the real semimartingale (X ) and if o, T are stopping
times such that o < 7 and X |[o, 7| takes values in V, then the process A is monotonically
increasing on [o, T a.s.

PROOF. By the Geometric Itd formula (Theorem 1.6.45) and the notations there, we
have for each ¢ € C°°(M) the formula

A(p(0) = Y (@A) (X) (Ue)) dZ' + (Vo) (dX. dX).

K2

Denoting by Z = ZMart 1 7diift the Doob-Meyer decomposition of the R”-valued semi-
martingale Z, we obtain for the “drift part” A of p(X) the representation

(1.7.8) dA = "(de)(X) (Ue;) d(Z2M")" + %(Vd@)(dX, dx).

According to Theorem 1.6.48 (i), the process X is a V-martingale on M if and only if
Z4rft = (0 modulo indistinguishability. Hence necessity of the given condition is obvious.
Recall that 1;, [ (Vdp)(dX,dX) is the differential of an increasing process. This is an
immediate consequence of the definition of the b-quadratic variation, e.g. formula (1.3.3),
since X|[o, [ takes values in V and (Vdyp),, is positive semidefinite for z € V.

Conversely, suppose now that for each ¢ € C°°(M) and each open subset V' C
M the following condition holds: If |V is convex and X |[o, 7] takes values in V' then
Al[o, 7[ is almost surely monotonically increasing. We have to show that Z4ift = 0
under this condition. By means of Lemma 1.3.1 the claim can be localized in space, and
without restriction we may assume that X takes its values in a fixed relatively compact
open subset V' whose closure V lies completely in the domain of a chart h for M. We fix
a positive definite section g of T*M ® T M over V, for instance, g = 27 dht @ dh*, and
are going to show that for each f € C°°(M) and ¢ > 0, the process

(17.9) / S(df)x (Ues) d(Z90) + %s / g(dX, dX)

is almost surely isotone. This then gives immediately the claim, since with € | 0 in (1.7.9)
one obtains that

/(df)X (UdZdrift) = /Z(df)x (Ue;) d(zdrift)i

is almost surely isotone. Passing from f to —f thus shows that [ (df)(X) (U dZ¥%) is
almost surely constant, and since this holds for all f € C°°(M), we conclude Z9"f* = 0
modulo indistinguishability.
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In the sequel let f € C°°(M) and g be a positively definite section of T*M ® T*M
over V; it remains to show that the process

(1.7.10) N := /(df)X (UdZd“ft)—l—%/g(dX, dx)

is almost surely isotone. To this end, we construct a family (N%)s-( of isotone processes
with the property that N° — N almost surely as § | 0, uniformly on compact time
intervals of the form [0, t]. At this place the local richness of convex functions comes into
effect, as by Lemma 1.7.22, to each point a € V there exists an open neighbourhood V,, of
a and a strictly convex function ¢ on V,, such that

L)Orlr(a) =0, (d(Pa>a = (df)aa (Vd()oa>a = Ya;
and such that in addition, for fixed § > 0, possibly after shrinking of V,, it holds that

sup [d(p® o ™) —d(f o h™Y)|(h(2)) <6,

(1.7.11) vEVa .
sup |(Vdp™)2(9:,05) — 92(05, 95)| < 6
r€Vq
where 0; = % with respect to a fixed chart (h, V). For a given § > 0 then V is already

covered by finitely many V,’s, and according to Lemma 1.3.1 we can find a sequence
(Tn)n>0 of stopping times such that

O=1<n<n <.

and supT, = o0,
n

and such that on each interval [7,,, 7,,41[ the process X takes values only in one (of the
finitely many) V;,(,,). Therewith we finally define the process

ri 1 a(n
Né = /Z 1[7'",Tn+1[ (dwa(n))(X) (UdZd ft) + §/Z 1[Tn,7'n+1[ (Vd(p ( ))(dX7 dX)

which is almost surely isotone, since by construction N4 satisfies monotonicity on each
subinterval [7,,, T,,+1[. We want to verify the convergence § — 0 almost surely and uni-
formly [0, ¢] as ¢ | 0. But now we have

t
Ny = Ni = / D L (™™ = df)(X) (UdZ™)
0
(1.7.12) o
+§/O ;1[m,7n+1[(Vd<p“(") — 9)(dX,dX)

and (1.7.11) can be used to estimate. For the first term we have the estimate

t
‘/(; Z 1[Tn,'rn+1[ (d(pa(”) _ df‘)(X) (Udzdrlft)

= ‘/(; Z 1[T7L77—7L+1[ [d((pa(n) o h*l) - d(f o h*l)] (dh)(X)(Udzdrlft)

n

<46 sup |(dh)(X)(Ue;)| /O |d(ZM)i.

3 [Oat]
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In a similar way, letting X = h*(X), again with (1.7.11), we obtain for the second term
in (1.7.12) the estimate

t
[ St (V") — V)X, dX)
0 n
t
= ‘Z /O D iyl [Vde™™(0:,0;) — Vdf (6:,05)] d[XZ,XJ]‘
1,7 n

t
<6 /\d[Xi,Xf]y
ij 70

which completes the proof. (|

1.8. Convergence and Confluence of Martingales

In this Section we want to elaborate and develop further the theory of martingales on
manifolds. One of the difficulties of the theory relies in the fact that on manifolds there
is no counterpart of the linear concept of taking conditional expectations. This apparent
drawback is due to the nature of the subject and makes martingales on manifolds to an
interesting non-linear instrument. The close connection between the behavior of martin-
gales on manifolds and questions of convex geometry will quickly become apparent, for
instance, questions of approximability of the Riemannian distance function on a manifold
by convex functions. Such questions are known to be closely linked to the curvature of a
Riemannian manifold.

One of basic tools of scalar martingale theory is the martingale convergence theorem
which guarantees, for instance, that bounded martingales on R™ converge, i.e. have an
almost sure limit as £ — oo. In this form the convergence theorem obviously does not carry
over to manifolds, as martingales on M taking values in a relatively compact subset do not
need to converge which can already seen from simple examples, like Brownian motions on
compact Riemannian manifolds or one-dimensional Brownian motions X = ~(B) where
~ is a closed geodesic curve.

As well-known [37], for real-valued continuous local martingale X, the following sets
coincide modulo nullsets:

{ lim X exists in R}, {[X,X]Oo < oo}, {sup X; < oo}7 { inf X; > —oo}.
t—o0 teR, teRy
On the other hand, the concept of quadratic variation of M-valued semimartingales pro-
vides a notion to quantify the “oscillation” of M -valued martingales. Since each M -valued
martingale X comes via stochastic development from an R™-valued local martingale Z and
since for Riemannian manifolds the Riemannian quadratic variation of X coincides with
the quadratic variation of Z,

9(dX,dX) = " g(Ue;,Ue;) dZ'dZ’ = Z d[zt, 72" = d[Z, Z],
i.J
it is not surprising that convergence of martingales on manifold can be expressed in terms
of finiteness of the quadratic variation as ¢t — oo.
Before entering into details we collect some notations.

NOTATION 1.8.1. For an adapted continuous process A which is pathwise locally of
bounded variation, we call V4 = [ |dA] the variation process of A. For an M-valued
continuous semimartingale X and a bilinear form b € I'(T*M ® T*M) let [ b(dX,dX)
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be the b-quadratic variation and | |b(dX, dX)] its variation process. For b,g € I'(T*M ®
T*M), we write b < g if g — b is positive semidefinite which means that the bilinear form
(9 —b)y € THM ® T M is positive semidefinite for each x € M.

REMARK 1.8.2. Let X be an M-valued semimartingale. If S, T are two R -valued
random variables (not necessarily stopping times) with the property that X |[S, 7| takes
its values in an open set U in M, and if b € T'(T*M @ T*M) such that b > 0 on U
(i.e. by positive semidefinite for x € U), then the process [ b(dX,dX) is almost surely
isotone on [S,T'[. If in addition —g < b < g on U where g € I'(T*M ® T*M), then
J1b(dX,dX)| < [g(dX,dX)as.on[S,T].

LEMMA 1.8.3. Let M be a manifold and ¥V a torsion-free linear connection on M.
Every point in M has an open neighbourhood U such that each M -valued V -martingale X
converges almost surely on the set

Qo : = {X; € U eventually}
= {w € Q: Ft(w) € Ry such that X;(w) € U forall s > t(w)}.

PROOF. For x € M we choose a sufficiently small open neighbourhood U of x such
that by Lemma 1.7.22 we can find a bounded function ¢ = (p!,...,¢") € C*°(M;R")
with the following properties:

(@) ©*|U is convex for 1 < i < n = dim M,
(b) (p|U,U) defines a chart for M about x.

Since X is a V-martingale, by the Geometric Itd formula (1.6.32), we get
¢'(X) = ¢'(Xo) = M' + A’

where M' € # and dA" = Vdy'(dX,dX). By construction ¢’|U is convex, and
hence the process A’ is almost surely eventually isotone on €y, and in particular pathwise
bounded from below on €. Since the functions gai are bounded, we observe that for each
index ¢ the local martingale

M' = ¢'(X) = ¢'(Xo) — A’

is almost surely pathwise bounded from above on €2y, and hence convergent on 2. Con-
versely this shows however that each A* is actually almost surely bounded on €2 and (since
eventually isotone on €)) also convergent. [

REMARK 1.8.4. The proof above actually shows that (X)) is even a semimartingale
up to oo on the set g = {X; € U eventually}, i.e., if o' (X) = ¢*(Xo)+M*+ A’ denotes
the Doob-Meyer decomposition of ¢*(X), then M7, and A’ exist almost surely on £,
and for almost all w € Qg, the map [0, co] — R, t — A%(w), is of bounded variation. The
last claim comes from the fact that on €2, for sufficiently large s, it holds:

[ 1dAY | = [§|dAY| + AL, — AL

We want to explain the notion of a semimartingale up to co also for M -valued semi-
martingales.

DEFINITION 1.8.5 (M -valued semimartingale up to co). Let 2y C €2 be a measurable
subset. An M-valued semimartingale X is called a semimartingale up to co on £ if for
any ¢ € C°°(M) the composition (X)) is a semimartingale up to co on .
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REMARK 1.8.6. A real-valued semimartingale Y is obviously a semimartingale up
to oo on all of Q if and only if lim;_, ., Y; exists almost surely and the time-changed
process Y,

}~/t — Yrt/(l_t) for0 <t <1,
Yo fort > 1,

is a semimartingale (with respect to the filtration #; = %,y for 0 < ¢ < 1 and
Fi = Ty fort > 1).

LEMMA 1.8.7. Let M be a differentiable manifold and V a torsion-free linear con-
nection on M. Every M-valued V-martingale X is a semimartingale up to oo on the set

{ lim X, exists in M} .
t—o00

PROOF. Let (U, )nen be a covering of M by open subsets U, with the property as in
Lemma 1.8.3. As explained in the proof to Lemma 1.8.3, to each U, there is then a function
on, € C®°(M;R"™) such that (¢, |Uy,, U,) defines a chart for M and such that ¢, (X) is
a semimartingale up to oo on the set 2, := {X existsin U, }. But then X itself is a
semimartingale up to oo on €2,,, and hence also on | J,, 2, = { X exists in M }. O

THEOREM 1.8.8 (Convergence Theorem of Darling-Zheng). Let M be a manifold,
endowed with a torsion-free linear connection V, and X be a V-martingale on M. Let g
be an arbitrary Riemannian metric on M and [X,X| = [ g(dX,dX) the g-quadratic
variation of X. Then (modulo sets of measure 0) the following inclusions hold true:

{ X o existsin M} € {[X, X]oo < 00} C {Xoo existsin M = MU{c0}}.

PROOF. The first inclusion is a direct consequence of Lemma 1.8.7 which assures
that X is a semimartingale up to co on the subset )y := {Xoo exists in M} of Q. This
implies [~ Vdp(dX,dX) < oo almost surely on g for each ¢ € C°°(M), and then
also [ g(dX,dX) < oo almost surely on €.

For the verification of the second inclusion we note that modulo nullsets

{ X exists in M } = {¢(X) converges in R for each p € C2°(M)}
(where C'° (M) denotes again the space of test functions on M). For a fixed test function
p € C°(M), by compactness reasons, there is a constant ¢ > 0 such that
—cg<Vdp<cg and dp®dp <cg.
This allows to estimate:
[ |Vdp(dX,dX)| < ¢ [y g(dX,dX) = c[X, X];, aswellas
t

Let now p(X) = ¢(Xy) + N + A denote the Doob-Meyer decomposition of ¢(X). Then
both [N, N] = [p(X),¢(X)] as well as A = 1 [ Vdp(dX,dX) have an almost-sure
limit on the set {[X  X]oo < oo} as t — oo, and consequently also ¢(X) itself converges
on {[X, X], < oo} almost surely. a

COROLLARY 1.8.9. Let (M, g) be a Riemannian manifold and X a Brownian motion
BM(M, g) of maximal lifetime . For each predictable stopping time & such that & < ¢
almost surely, the following inclusions hold modulo P-nullsets:

(1.8.1) {XE— exists in M} - {5 < oo} C {Xg_ exists in M}
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PROOF. By means of a time change (see Remark 1.1.15) which transforms the sto-
chastic interval [0, [ to [0, co[, the Brownian motion X |[0, {[ transforms to a martingale
X defined on all of R ;. But then we have [X, X, = [X, X]¢ = n & (where n = dim M),
and the Convergence Theorem 1.8.8 of Darling-Zheng gives the claim. (]

DEFINITION 1.8.10. Let (M, g) be a Riemannian manifold and V the Levi-Civita
connection on M.

(i) (M, g) is called stochastically complete if for each M-valued V-martingale X,
{[X, X]oo <00} C {Xoexistsin M}, modulo P-nullsets.

(i) (M, g) is called BM-complete (or complete for Brownian motions) if for each pre-
dictable stopping time & > 0 and every M-valued Brownian motion X defined
on [0,¢],

{€ < oo} C {X¢_existsin M}, modulo P-nullsets.

(iii) (M, g) is said to be metrically complete (or geodesically complete) if for any x € M
and v € T, M the unique geodesic curve v with v(0) = x and 4(0) = v is defined
on all of R.

REMARK 1.8.11. BM-completeness of a Riemannian manifold (M, g) means that
each Brownian motion of maximal lifetime on (M, g) has actually infinite lifetime and
cannot explode in finite time. Stochastic completeness of (M, g) means that martingales
X on (M, g) with finite “intrinsic time” T3 = fo (dX,dX) cannot explode.

Compact Riemannian manifolds (M, g) are always metrlcally complete, and also
stochastically complete by the Martingale convergence Theorem 1.8.8 of Darling-Zheng.
Trivially, stochastic completeness implies BM-completeness, but not vice versa: for in-
stance, M = R?\ {(1,0)} is BM-complete but not stochastically complete, as can be seen
from the example X = (X!, X?) with X! a BM(R) and X? = 0.

REMARK 1.8.12. Stochastically complete Riemannian manifolds are metrically com-
plete.

PROOF. Assuming that (M, g) is metrically incomplete, we find a geodesic y: a, b[ —
M where —oo < a < 0 < b < oo such that its domain ]a, b[ is a proper subset of R which
can not further be extended. Let now Y € .# be a convergent |a, b[-valued local martin-
gale such that Yy = 0 and Y., € {a, b} N R almost surely (constructed for instance from a
stopped BM(R) via time change). In particular, we have then [Y, Y], < oo almost surely.
The composition X := ~(Y) is by Theorem 1.6.53 (i) a (one-dimensional) M-valued
martingale with the property that P{ X, converges for ¢ — oo} = 0. On the other hand, by
means of pullback formula (1.3.4), we obtain

XX = [ gldX,dx) = [T IR YY) = BO)P VY < oc
0 0
which shows that (M, g) not stochastically complete. O

The converse in Remark 1.8.12 is false in general: metrically complete Riemannian
manifolds are not even BM-complete. Brownian motions on metrically complete Rie-
mannian manifolds may explode in finite time, as will be shown in a later section. Also
BM-completeness does not imply metric completeness, as can be seen from Brownian
motion on R™\ {point} for n > 2.
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DEFINITION 1.8.13. An exhaustion function on a differentiable manifold M is a
proper map ¢ € C*°(M;R, ). The map ¢ is called proper if all sublevel sets {p < c} are
compact, or in other words, if p(z) — oo as x — oo in M.

THEOREM 1.8.14. Let (M, g) be a Riemannian manifold which carries an exhaustion
Sunction ¢ € C*(M;R,) with bounded gradient (i.e. | grad | < const). Then:
(1) (M, g) is metrically complete;
(ii) (M,g) BM-complete if in addition Ay is bounded from above;
(iii) (M, g) is stochastically complete if in addition Vdy is bounded from above (i.e.
Vdy < cg for some c > 0).

PROOF. (i) Assume there is a geodesic curve v: [0,b] — M in M which cannot be
extended beyond b. Then we have

[(po)| = [{(grad ), ), 7(t))| < const [§(t)| = const|7(0)| < oo,
so that (¢ 0)|[0, b is bounded, and since by assumption the function ¢ is proper, ([0, b[)
will be relatively compact. However this leads immediately to a contradiction: there is a
sequence (,,) in [0, b[ such that ¢,, T b with the property that 4(t,,) has a limit vg € T'M;
but then there exists a neighbourhood V' of vy in TM and € > 0 such that each geodesic
curve a with a(0) = 7(v) and &(0) = v € V, is well-defined on the interval |—¢, [; thus

choosing t,,, > b — e with ¥(¢,,) € V, we see that -y can be extended beyond b.
(ii) Let Ay be bounded from above and let X be a BM(M, g) of maximal lifetime .

We want to show that P{¢ = oo} = 1. To this end denote by p(X) = p(Xo) + N + A
the Doob-Meyer decomposition of ¢(X ). Then, in particular,

[N, N] = [o( /\grad<p| dt, Az%/A(p(X)dt

from where we conclude that [V, N < const x ¢ and lim supyy At < const x (. Hence,
we have P-a.s. the inclusion

{¢ <00} C {p(X)c- existsinR}.
But ¢ is the maximal lifetime of X and thus X, — oo in M almost surely on {¢ < oo} as

t 1 ¢, and consequently p(X;) — oo from where we conclude that P{¢ < co} = 0.

(iii) Assume now Vdy to be bounded from above and let X be a martingale on (M, g).
By the Convergence Theorem 1.8.8 of Darling-Zheng, it is sufficient to show that almost
surely
{IX, X]oo <00} C {p(X) A }.
However, by assumption, there is a constant ¢ > 0 such that dp®dyp < cgand Vdy < cg.
Hence, denoting by ¢(X) = ¢(Xo) + N + A the Doob-Meyer decomposition of ¢(X),
we conclude

[N,N] = / (dp ® dp) (dX,dX) < ¢[X,X], and

1 1
A= i/Vdgo(d)QdX) < §C[X,X]
from where the claim follows. O

We want to note already at this point how Theorem 1.8.14 is usually applied. On
a connected Riemannian manifold (M, g) one constructs an exhaustion function ¢ via a
suitable smoothing of the distance function vy = das(zo, -) to a given point xg in M.
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Recall that for two points xq, x1 in M the distance dps (o, 1) is defined as the infimum
length of all (piecewise) differentiable curves connecting x( and z; (cf. Definition 1.5.3).
We shall see that | grad ¢o| = 1 at points where ¢ is differentiable, and that there in addi-
tion Ao, respectively Vdyy, can be controlled by curvature bounds (Hessian Comparison
Theorem).

As already explained, the concept of V-martingales covers the class of local martin-
gales on the real line; on manifolds however a distinction of local versus true martingales
is meaningless. In the scalar theory however this point is by no means only of a technical
nature, for instance when it comes to questions of whether the knowledge of the state X,
for a fixed t > 0, together with the filtration (%, )o<s<; up to time ¢, allows to reconstruct
the whole process X|[0,¢]. In scalar martingale theory, the “size” of a (local) martingale
is controlled by the quadratic variational process; this aspect of the theory can be carried
over to manifolds through the notion of quadratic variation of a martingale.

DEFINITION 1.8.15 (HP-martingale). Let (M, g) be a Riemannian manifold, V the
Levi-Civita connection on M and 1 < p < oco. A V-martingale X on M with Riemannian
quadratic variation [X, X] = [ g(dX,dX) is called HP-martingale if [X, X]Cl,é2 € Lr(P),
ie, B[[X, X]%%] < oo

Note that for stochastically complete manifolds, by the Convergence Theorem of
Darling-Zheng, the condition “[X, X]., < oo almost surely” characterizes convergent
martingales X on M. As already noted, each V-martingale X on M comes by stochastic
development from an R™-valued local martingale Z and the Riemannian quadratic varia-
tion [X, X] of X coincides with the quadratic variation [Z, Z] = Y ,[Z%, Z] of Z, hence
in particular E([X, X]’;éz) =E([Z, Z}gf). Definition 1.8.15 thus corresponds to the gen-
eral approach to carry over R™-valued concepts to manifolds via stochastic development.

EXAMPLE 1.8.16. In the special case M = R", a martingale X € .#,(R") is an H>-
martingale (i.e., E[X, X]o < o0o) if and only if X* € L?(P;R™) where X* denotes the
(componentwise) maximal process of X. This condition is equivalent to X; = EZ¢[X ]
for some X, € L*(P;R"). Thus on R", the H?-martingales coincide with the class of
L?-bounded martingales. Consequently, on an n-dimensional Riemannian manifold, the
H?-martingales are exactly those martingales which come from an L2-bounded R™-valued
martingale via stochastic development.

REMARK 1.8.17. Since the class of H”-martingales is invariant under time-change,
Definition 1.8.15 extends in an obvious way to martingales that are only defined on a finite
time interval [0, ] or up to some predictable stopping time .

THEOREM 1.8.18. Let (M, g) be a Riemannian manifold and ¥V the Levi-Civita con-
nection on M. Let U C M be an open subset, \: U — R, a continuous function and
w € C°(U) such that a < ¢ < 8 (for some constants «, § > 0) such that

Vdy +2Xp g < 0.
Then, for each NV-martingale X on M taking values in U, it holds

E [exp(/ooo A(X) d[X, X])] < .

If in addition \ > € > 0 for some constant €, then X is an HP-martingale for any
1 < p < o0, and in particular almost surely convergent.
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PROOF. Let X be V-martingale taking values in U. Then the real process

S = ¢(X)exp </)\(X) d[X, X])
is a local supermartingale, as can be seen directly by Itd’s formula:
dS =exp(...)d(p(X)) + ¢(X) exp(...) A\(X) d[X, X]
=exp(...) (% Vdp(dX,dX) + ¢(X) A(X) g(dX, dX))
= d(decreasing process).

By means of a localizing sequence of stopping times 7,, T oo for .S, we obtain for any
t > 0 the estimate E[S["] < E[S{"] = E[Sy < f], and hence by Fatou’s Lemma

n—oo n— oo

t
B > liminf E[S]"] > E[liminf 5]"| = E[S;] > o E {exp (/ AMX)d[X, X])] .
0
This completes the proof. (]

THEOREM 1.8.19. Let (M, g) be a Riemannian manifold and V be the Levi-Civita
connection on M. Suppose that K is a compact subset of M such that there is a strictly
convex C°-function defined on an open neighbourhood of K. Then each V-martingale
on M taking its values in K is an HP-martingale for 1 < p < oo, and hence almost surely
convergent.

PROOF. By assumption there is an open set U containing K and carrying a strictly
convex function ¢ € C*°(U). Multiplying ¢ by —1 we have Vdp < 0 on U. Without
restrictions we may assume that ¢ is bounded and, if necessary by adding a positive con-
stant, that o < ¢ < B with «, 5 > 0. By compactness reasons, we may assume, possibly
after reducing the size of U, that even Vdyp + 2cp g < 0 holds on U for some sufficiently
small € > 0. The claim then follows from Theorem 1.8.18 with A = ¢. (|

Note that Theorem 1.8.19 covers the well-known fact that bounded R™-valued local
martingales converge almost surely. However, as already mentioned, manifold-valued mar-
tingales taking values in a compact set are not at all convergent in general.

We want to discuss another well-known property of continuous real martingales in
the case of M-valued martingales. For a real martingale X, the knowledge of X, at a
fixed time ¢ > 0, together with the filtration (% )o<s<:, already determines the martingale
(Xs)o<s<t up to time ¢, namely as X, = EZ+[X,] almost surely. An equivalent formu-
lation of this property is that if X and Y are continuous real martingales adapted to the
same filtration and if X, = Y} for some ¢ > 0, then already X|[0,¢] = Y|[0, {] modulo
indistinguishability. We call this property non-confluence of real martingales. This leads
to the question to what extent it is possible to have confluence of non-identical martingales
on manifolds at a certain time.

THEOREM 1.8.20 (Minimum principle). Let (M, g) be a Riemannian manifold and V
the Levi-Civita connection on M. Let ¢ € C(M;R) and U := {¢ > 0}, D := {¢ < 0}.
Furthermore, let \: U — R be a continuous function. Suppose that ¢ is bounded on U
and p|U € C*(U), and in addition Vdp + 2 p g > 0 on U. Extending X to all of M by
d\|D := 0, the following statement holds: If a V-martingale X with the property

(1.8.2) E [exp(/ooo A(X) d[X, X])} < 00

converges to a D-valued random variable, then X lives completely in D.
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PROOF. Let X be a V-martingale with the property (1.8.2) such that X; — X
almost surely for some D-valued random variable X,. As X has continuous paths and U
is open, it is sufficient to show that P{X,, € U} = 0 for each fixed ¢y > 0.

To this end let S := (X)) exp([ A(X)d[X, X]) and 7 = inf{t > to: X; ¢ U}. As
in the proof of Theorem 1.8.18 one verifies that

Yy :=1x, ev} Stot+(tar)s 20,

defines a non-negative local submartingale (with respect to the filtration (? ¢)e>0 Where

Ft = Fy1+). By assumption, setting o := sup(p|U), we have

Y; < a exp (/Ooo A(X)d[X, X]) e LY(P),

so that the process Y is uniformly integrable. From the fact that Yo, = 0 almost surely,
it follows that 0 < E[Yy] < E[Y] = 0. Since Yy|{X;, € U} > 0 we conclude that
P{X;, €U} =0. d

DEFINITION 1.8.21 (Convex geometry). Let M be a manifold equipped with a torsion-
free linear connection. An open subset V' of M is said to have convex geometry if there
exists a non-negative convex smooth function

p: VxV >Ry
which vanishes exactly on the diagonal A = {(z,z): z € V}.

Convexity of ¢ in Definition 1.8.21 is understood with respect to the direct sum con-
nection on M x M, see Remark 1.7.1.

REMARK 1.8.22. Let V,V’ be linear connections on differentiable manifolds M
resp. M'. The direct sum connection on the product M = M x M’ is given as fol-
lows: Each vector field A € I'(@*T'M) along a curve & = («, ) on M decomposes as

A = (A, A") with a vector field A along oo on M and a vector field A’ along o’ on M.
The covariant derivative of A along & is given by

(183) ?Dfl = (VDA, VDA/).

An immediate consequence is that a curve ¥ = (,7): I — M is a geodesic if and only
ify: I — M and~': I — M’ are both geodesic curves. By Corollary 1.7.10, a differen-
tiable function ¢p: M x M’ — R is hence convex if for all geodesics v on M and ~" on M’
the curve ¢ — ¢(7(t),7/(t)) is convex, i.e., a curve with non-negative second derivative.

Combined with Corollary 1.7.11 this shows that both the projections pr: M — M
and pr’: M — M, as well as the canonical embeddings ¢,: M’ — M and v, : M — M
for z € M resp. ' € M’ are affine maps. From the probabilistic perspective, according
to Theorem 1.7.15 (i), a process X = (X, X’) is hence a V-martingale on M if X and X’
are martingales on M, resp. M’ (adapted to the same filtration).

If M and M’ are in addition Riemannian manifolds with Riemannian metrics g,
resp. ¢', then canonically also M = M x M’ is a Riemannian manifold where the metric
g is given by

g&i’(@vw) = gx(v,w) + g;/c’(vl7w/)7 T = (I,Z‘/), v = (’U,’U/), w= (U),’LU/)

and (1.8.3) defines the Levi-Civita connection on M.
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REMARK 1.8.23. We want to give a description of the direct sum connection V via
the corresponding frame bundles. Let P := Isog(R™; E)) — M be the principal G-bundle
associated to the tangent bundle E := TM — M, ie., P = L(TM) with G = GL(n; R),
resp. P = O(TM) with G = O(n) in the case of a Riemannian manifold (M, g). With
the analogous notations we have the principal G’-bundle P’ := Isog (R”,; E) - M
over M’. Induced by the linear connections in F and E’ we have a G-connection H in
P and a G'-connection H' in P’. The product P := P x P’ — M is then a principal
G-bundle with G := G x G and

H:=HxH cTPxTP =TP

gives a G-connection in P. The corresponding connection form and canonical one-form
on P are given by @ = (w,w’) € I'(T™ P ® g), respectively (¢,9') € (TP @ R,
Lettingnow E := F x E' and 7 := n + n/, and G = GL(7; R) resp. G = O(n), there is
a canonical homomorphism of Lie groups
(1.8.4) a:G— G, (A, A) A0

0 A,
On the other hand, to (u,u’) € P we get a linear isomorphism u: R? — Eﬁ(uvu/) in an
obvious way, and the induced map over M,

o: PP, a=(uu)—~a,
is given in bundle charts by a.. Obviously o is equivariant: o(i§) = o(@) o(g) for i € P
and g € G, more precisely,
o(u,u') = (dig)z ouopr+(diy)y ou' opr’  for (u,u') € Py .

The G-connection H in P induced by H is finally given by

Hyi)g = (Rgo0)uHa, ge€G.
For the connection form & € ['(T*P @ g) induced by H and the canonical one-form
9 € I'(T*P ® R™) on P then obviously
(1.8.5) o0 = (da)i o (w,w’) and o*9 = (9,9").
LEMMA 1.8.24. Let V and V' be linear connections on differentiable manifolds M,
resp. M'. Suppose that X and X' are semimartingales taking values in M, resp. M’

(adapted to the same filtration); let U and U’ be the corresponding horizontal lifts in P,
resp. P, as well as 7 = fU Y and 7' = fU, 9 the anti-developments taking values in

R™, resp. R™ . Suppose that M =M x M is equipped with the canonical direct sum
connection. Then U := o(U,U’) taking values in L(M), resp. O(M), is a horizontal lift
of the semimartingale X := (X, X'), and the R™-valued anti-development of X is given
by (Z,2).

PROOF. Since 7oU = (m,n’) o (U,U’) = (X, X'), we calculate by means of (1.8.5)

fo= [, za=wan(] @) =wn(fw@o [ 0w)=o m
/Uﬂ/(U,Uq)*ﬂ/(U’U/)(ﬂ,ﬂ’) - [0+ [00)= (20 +0.2) = (2.2)

which verifies the claim. O
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After these technical remarks we now return to the notion of convex geometry intro-
duced in Definition 1.8.21.

THEOREM 1.8.25 (Non-confluence of V-martingales). Let M be a differentiable ma-
nifold endowed with a torsion-free linear connection and K C M be a compact subset
such that an open neighbourhood V' of K has convex geometry. If then, for a given fil-
tration, X and X' are V-martingales on M taking values in K, which both converge and
such that X o, = X almost surely, then already X = X' modulo indistinguishability.

PROOF. Suppose that ¢: V' x V' — R, describes the convex geometry of V', where
without loss of generality we may assume ¢ to be bounded. For Riemannian manifolds the
claim follows from the minimum principle (Theorem 1.8.20) with A = O (applied on the
product manifold V' x V). In the general case the proof of Theorem 1.8.20 carries over
verbatim with A = 0. Indeed then (X, X’) is a martingale on M x M taking values in
V xVandY := ¢(X,X’) a bounded non-negative submartingale. As by assumption
Yo = 0, almost surely, we conclude that for each ¢ > 0,

0<Y; <E7[Y,] =0 almost surely,
and hence X; = X almost surely, since ¢ vanishes only on the diagonal. O

DEFINITION 1.8.26 (Totally geodesic submanifold). Let M, and M be differentiable
manifolds, equipped with torsion-free linear connections, and let My <+ M be an em-
bedding. The manifold M is called a totally geodesic submanifold of M if the inclusion
map ¢ is affine.

Without loss of generality we may consider M as subspace of M.

REMARK 1.8.27. An embedding My < M is obviously a totally geodesic subman-
ifold My of M if and only if ¢ transfers My-geodesics into M -geodesics, or equivalently:
if zy € My and vg € T, My, as well as y a geodesic curve in M such that v(0) = ¢(z)
and §(0) = t,vg, then v(]—¢,&[) C «(Mp) for some & > 0.

EXAMPLE 1.8.28. Let M be a connected differentiable manifold and ¢: M — R an
affine function. Then My = {¢ = ¢} defines a totally geodesic submanifold of M for each
ceR.

PROOF. At first, for affine functions ¢, we remark that (dy), = 0 for some x € M
already implies dp = 0 locally about x. Indeed, for a geodesic curve v in M with y(0) = x
the composition ¢ o~y defines a straight line with slope (¢ 0+y)’(0) = 0; hence ¢ is constant
locally about z. Thus, since by assumption M is connected, the existence of a critical point
of p means that ¢ = const. Hence assume now (dy), # 0 for each z € M and consider
My = ¢~ {c}. In particular, c is then a regular value for . For xg € My and v € T}, Mo
let 7y be the geodesic in M determined by v(0) = x and 4(0) = v. We conclude that then
(po~)'(0) = 0 and consequently poy = pov(0) = ¢ which shows that 7 lies in My. O

LEMMA 1.8.29. Let M be a differentiable manifold equipped with a torsion-free lin-
ear connection. Let My be a totally geodesic submanifold of M and xo € Mjy. There
exists an open neighbourhood V' of xo in M and a convex function p € C*° (V') such that

{p=0}=VNMy and {p>0}=V\M,.
PROOF. Denoting by codim(My) = dim M — dim My = n — ng the codimension

of My, we may assume without loss of generality that 0 < codim(My) < n. As in the
proof of Lemma 1.7.22 we introduce normal coordinates (h, V') for M about x via the



110 1. STOCHASTIC ANALYSIS ON MANIFOLDS

exponential map. As M, is totally geodesic, h can be chosen such that h = (¢, ) and
V' N My = {¢ = 0}. Then all Christoffel symbols F{; vanish at the point zy. On the other
hand, as M) is totally geodesic, all geodesic curves ¢ +— ~y(t) on M with initial condition
v(0) = 2 € My and 4(0) € T, M, stay in My for small values of ¢, which in addition
implies for x € V' N M,

(1.8.6) IF(z)=0, 1<ij<ng, no+1<k<n,

as can be seen from the description of geodesic curves in coordinates,
() + DT (v(8) 411 47 (1) = 0.
.3

We are going to show that, with an appropriate choice of the constant ¢ > 0, the function

(1.8.7) o =3 (c+ o) [¥)?
satisfies the claim (after possibly shrinking of V'). To this end, we have to verify that ¢ is
convex on a neighbourhood of z.
We start by calculating (Vdy);; = 0;0;¢ — >, I‘i’} Ok in the chart (h,V); see

(1.5.8). Denoting the components of h by (¢!, ..., ¢"0,pmo+tL . 4)™), it holds that

(51'.7' |’L/)|2 for 1 S i,j S no,

9050 = 29" for1 <i<mng, no+1<j<n,
6ij(c+ %) forng+1<i,j<n;

as well as
no

D TS oke=[wl® D To" + (c+ o) Y TEo"

k=1 k=1 k=no+1
Using the abbreviation H;; := (Vdp);;, we have to show that H on V\My = VN{y # 0}
is positive definite for some sufficiently small open neighbourhood V' of the point zy. In
terms of the decomposition of {1,...,n}into I ={1,...,no}and J = {ng+1,...,n},
we see that H is positive definite on V' N {¢ # 0} if and only if

[ @ (Hij)ggerxr iy (Hij)gyerx
ol (Hij)(i)erxt (Hij)ij)erxt

is positive definite on V' N {¢) # 0}. However, as easily seen, it can be achieved that H*
on V N {4 # 0} is arbitrarily close to the matrix

1 0
0 cl
by sufficiently shrinking the neighbourhood V' of zy and choosing the constant ¢ > 0 in

(1.8.7) small enough. To see this for the coefficients of the first quadrant of H*, we use that
on a sufficiently small neighbourhood of z, as a consequence of (1.8.6), one can estimate

T < ClY¥, 1<i,j<no, mo+1<k<n,
with a constant C' > 0. O

COROLLARY 1.8.30. Let the manifold M be equipped with a torsion-free linear con-
nection V and suppose that My is a totally geodesic submanifold of M. Then every point
in My possesses an open neighbourhood V' in M with the property: if X is a V-martingale
on M taking values in V such that for some t > O, the variable X, takes almost surely its
values in My, then X |[0,1] lives entirely in M.
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PROOF. We choose ¢ as in Lemma 1.8.29 where without loss of generality we may
assume that ¢ is bounded. Then the composition ¢(X) defines a bounded non-negative
submartingale with the property that ¢(X;) = 0 almost surely, and thus necessarily already
©(X) = 0 on [0, t] modulo indistinguishability. O

THEOREM 1.8.31. Let M be a differentiable manifold and ¥V be a torsion-free linear
connection on M. Then each point has a neighbourhood V' of convex geometry. In partic-
ular, each point has a neighbourhood V' with the following property: if X and X' are two
V-valued NV -martingales on M (adapted to the same filtration) such that X; = X almost
surely, for some t > 0, then already X = X' on [0, t] modulo indistinguishability.

PROOF. The first part of the claim follows from Lemma 1.8.29, applied to the diagonal
manifold M <t M x M, x — (z,x), considered as totally geodesic submanifold of the
M x M where the product M x M is equipped with the direct sum connection. The second
part follows from Corollary 1.8.30 or also directly from Theorem 1.8.25. d

The results of this section show that the behavior of martingales on manifolds can be
controlled in domains which are “small” in the sense that they support convex functions
with specific properties. Aspects of global martingale theory, however, such as interaction
with global geometry, are unaffected by this.

The local existence of suitable convex functions is ensured by Theorem 1.8.25 and
Theorem 1.8.31, where the question naturally arises as to how large the domains of such
“convexity areas” can be chosen in concrete cases. In the next Chapter, among other things,
we will connect such questions with the concept of the curvature of a Riemannian manifold.

1.9. Stochastic Differentials and Second Order Tangent Spaces

This Section is not intended for the introduction of new concepts; the aim is rather to
regard the methods of Stochastic Analysis as developed so far from a different perspective.

The symbol dX for an M-valued semimartingale X has so far not been considered
as a mathematical object by its own; it has been used as a formal notation which received
a precise meaning only by composition with scalar-valued functions. The object dX is
however interesting as it does not behave as a tangent vector, for instance in the intuitive
sense of “dX; € Tx,M”, as one might think, rather it shares the formal properties of a
second order tangent vector. In this Section we want to investigate how to interpret d.X as
a “section of the second order tangent bundle 72M — M along X, giving a meaning to
dX; € T)Q(tM ; see [11], [35], [34], as well as [38], [39] for more detailed expositions in
this direction.

As differential geometry of second order is not commonly widespread, the use of
concepts of second order concepts in Stochastic Analysis gives sometimes the impression
that Stochastic Differential Geometry requires a revision of standard differential geometry.
We tried so far to counteract this impression by a consequent use of standard geometric
notations. Nevertheless it is interesting to note that the simple concept of a second order
tangent space permits a geometric description of the transformation behaviour given by
1td’s formula.

In this Section, M will always be a differentiable manifold, for z € M, &,(M) will
denote the ring of germs of C'* functions on M at the point =, and m, (M) C &,(M) the
maximal ideal of germs [¢] with the property that ¢ (z) = 0.



112 1. STOCHASTIC ANALYSIS ON MANIFOLDS

DEFINITION 1.9.1 (Tangent space of order k). Let M be a manifold and k¥ € N. The
finite dimensional real vector space
TyM : = (my(M)/mg (M)*+1)"
={ve&(M)*: v(l)=0and v(p") =0, if p(z) = 0}
is called tangent space of order k to M at the point x.

Tangent spaces of first order in the sense of Definition 1.9.1 coincide with the usual
tangent spaces.

REMARK 1.9.2. For any manifold M it holds T} M = T,,M for all z € M.

PROOF. The inclusion T, M C T} M is obvious, since by definition 7} M is the real
vector space of derivations at z, i.e.

TM = {0 € &(M)": o(p) = p(x) o() + () ()}
Conversely, assume that v € T}} M'; we want to show that v(¢v) = @(z) v(¥) + 1 (z) v(p)
for all ¢, v € &,(M). By the equation 2 ptp = (¢ +1)? — p? — 2 it is sufficient to verify
v(p?) = 2¢(z)v(p) for ¢ € &,(M). By assumption we have v(p — ¢(z))? = 0, from
where
0=0v(¢* —2p@)p+p(@)?) = v(¢*) —2p()v(p) +v(p(x)*) = v(¢®) —2¢p(z)v(y)
follows. This shows the inclusion T} M C T, M. O

DEFINITION 1.9.3 (Cotangent space of order k, differential of order k). Let M be a
manifold and £ € N. The finite dimensional real vector space

T = (TEM) = my (M) fm, (M)
is called cotangent space of order k to M at the point . For ¢ € C°°(M) resp.,p €

&:(M), we denote (d*p), := [p — o(z)] € mu(M)/m,(M)*+1 the differential of order
k of ¢ at the point x.

Obviously (d'¢), = dp, € T; M. In addition, it is easy to see that T*M — M and
T**M — M constitute vector bundle over M. Differentiable sections of these bundles,
i.e. elements of I'(T* M) resp. I'(T** M), are called vector fields of order k, resp. differ-
ential forms of order k.

REMARK 1.9.4 (Push-forward and pull-back). Every differentiable map f: M — N
between manifolds induces canonically vector bundle homomorphisms

fo: TPM — f*T*N  resp., f*: f*(T**N) — T**M,
namely (f.)z: TEM — TJ’E(I)N, v —> (fx)zv where (fi),v (@) := v(po f) for p €

Er (V). and ()2 Tf) N = T2EM, 0 Do (£.),.

In the sequel we focus on the case k = 2 and we want first to check that vector fields
of second order correspond to differential operators without constant term of order at most
two. For L € T'(T?M) and ¢ € &,(M) let (Ly)(z) := Ly where L, € T2M, i..
L, € &(M)* with L,1 = 0and L¢3 = 0if ¢(z) = 0. Writing ¢ = @ o h in a chart h
at x with h(z) = 0 and @ € & (R"™), then & can be represented by Taylor’s formula as

?(y) = @(0) + Z(Di@)(()) Y+ Z Yi; (y) y'y’



1.9. STOCHASTIC DIFFERENTIALS AND SECOND ORDER TANGENT SPACES 113
where 7;; € &(R™) is such that v;;(0) = % (D; D;%)(0). Hence it holds
(L) (x) = Lx(Z(D‘f) 0) A’ + Y (vij 0 h) W)
%]

—E:Zw (0) Ll + 5 > (DiD;3)(0) La(h'h)

+ > Lo ([7ij 0 h — $(DiD;@)(0)] hikd).
i,J
But we have L, (fgh) = 0 for functions f, g, h defined locally about = with the property
that f(z) = g(z) = h(z) = 0 which implies L, ([y;; o h — (D;D;%)(0)] h'h7) = 0.
Hence, letting b°(z) = L,h" and a” (z) = 1 L,(h'h7), we obtain, as wanted, a represen-
tation of the form

(1.9.1) L,= Zbl(z ahz + Za” 8h7 %).’I‘

This also shows that TM < T2?M is canonlcally a subbundle of T2 M.

REMARK 1.9.5. Functions ¢, € C°(M) on a manifold M induce canonically
sections of T*2M — M through

d*o € T(T**M), L+ (d*p)L = Lo,

dp-dip € D(T™2M), L T(p,9) = 3 [Lgy) — ¢ L(¥) =9 L(9)],
where L € T'(T?M). In particular for A, B € F(TM), it holds then
(1.9.2) dp(A) = Alp), d*p(A-B) = (so)
(1.9.3) dop-dyp(A) =0, dp-di(A-B) =1 [A(p) B(¥) + A(¥) B(p)],

where d?¢ and dy-di) are already determined by (1.9.1). Recall that A-B € T'(T*M)
denotes the composition of the derivations A, B.

For functions ¢, ¢ € C*° (M) it is easy to see that
(1.9.4) () = pd* + Y d>p + 2dp-dip.
Moreover note that d? |I'(T'M) = dy and dy-dip [T(TM) = 0.
COROLLARY 1.9.6. Let M be a manifold and (h,U) a chart at x. Then
(%, 575 1<i<n; =&_:
ort) dniont - =" =" Bpighi *
(d®h', dh'-dh': 1 <i<n; 2dh*-dh?: 1<i<j<n)

1<i<i < n), respectively,

are frame systems for the second order tangent bundle T? M over U, respectively the sec-
ond order cotangent bundle T*2 M over U, which are dual to each other.

EXAMPLE 1.9.7. Let L € T'(T?M) and T'(p,v) = (dp-dip)L for o, € C°(M).

As noted above, we interpret L as PDO of second order via (Ly)(z) = Lyp, p € C°(M).

(a) If L = Ay + )_; A? is a PDO in Hérmander form with Ay, A; € I'(T'M), then
(g, ) = Z(AM)(AW)-

(b) If (h,U) is a chart such that L|U = Y, b’

a ij 89
ant T 22,5 0" 3y gy then

U = D" a"(900) (0y0)  where 9, = i
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More generally, each section L € T'(T?M) has a representation as L = > .. L”,
where LY = A € I(TM) or L = A-B with A, B € T'(T'M). It holds I'(¢, 1) = 0 for
all p, ¢ € C>°(M) if and only if L € I'(T'M).

NOTATION 1.9.8. For any two vector fields A, B € I'(T'M) wehave A-B € T'(T?M),
defined as composition of the derivation A and B; for two differential forms «, 8 €
['(T*M) we have (slightly more general than Remark 1.9.5) -3 € T'(T*2M) well de-
fined through (- 8), := (dp-dp), if a, = (dp),, and B, = (di)) .

Analogously to Lemma 1.3.2 we have for differential forms of second order the fol-
lowing Lemma.

LEMMA 1.9.9. On any manifold M there exists a finite number of real-valued func-
tions o', ..., o" € C°(M) such that the following properties hold:
() Each 9 € T(T*2M) writes as 9 = Zle 9, 2@ where 9, € C>(M).
(i) If X is a continuous semimartingale on M, then each continuous adapted T*>M -
valued process © over X (i.e., ©; € T)*(fM fort € RY) has a representation of the

form© = Zle 0, (d?¢")(X) with continuous adapted real-valued processes ©,,.
PROOF. The proof proceeds along the usual scheme, as already exploited in the proof
of Lemma 1.3.2. We first realize M via a Whitney embedding h: M —— R’ as closed
submanifold of a suitable R?. There is a partition (¢ )xeca of the unity on M and a family

(In)aen of subsets Iy C {1,...,¢} with the following property: For each A € A the
components (h');cr, define a chart for M on an open neighbourhood of supp(¢, ).

For (i): By Corollary 1.9.6, we have

‘ ‘
a0 =Y O} dhT+ > 0 dh'dlY
i=1 ij=1
where 9}, 9}, € C°° (M) are such that supp(¥;'), supp(¥7;) C supp(¢x) where 9} := 0
f(?ri ¢ I, and ﬁf‘j = 0 for {i,5} ¢ I,. Letting Ui = > 92 and @ij =\ 19%, this
gives the representation

y4 14
9= 0;d’h' + Y Dy dh'-dh’

i=1 ij=1

¢ ¢
=3 0 d’h'+ 5 Y 0y [d*(W'H) — B dPh) — 1 dPh)],
i=1 i,j=1

which shows that 1} has a representation of the claimed form. Part (ii) is shown analogously.
O

We want to come back now to the initial question concerning the status of differentials
of M-valued semimartingales. For an M -valued semimartingale X we first define

(dX)(p) =d(p(X)), ¢ € C>(M).
If (h,U) is a chart for M and o, T stopping times with the property that X |[o, 7 takes only
values in U, then with 0; = % and X = h'(X) it holds
(1.9.5)

1[0,7’[ d((p(X)) = 1[0,7’[ Z(&@) (X) dXZ + 1[077[ % Z(ﬁzaﬁﬁ)(}() d[X’L7 X]]

i 2%
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As the left-hand side of (1.9.5) is coordinate invariant, also the right-hand side does not
depend on the choice of the chart i on U, and for ¢ € C°°(M) one finds

d(p(0) = ORI+ 5 D035 (X) dx )

= 3t (O X + 5 37 (000)(X) dlX, X)),

)

where in the last line we choose to a countable covering of coordinate neighbourhoods the
sequence (7,,),>0 of stopping times according to Lemma 1.3.1.
Formally we may write this as

dx = Z(dxi)ai + % Zd[Xi,X
7 1,7

from where we can already read off that, at least in a formal sense, the differential d.X
behaves as a section of T2M — M along X. The precise meaning of this heuristic
argument is given by the following Theorem.

THEOREM 1.9.10 (Principle of Laurent Schwartz). Let X be an M-valued semi-
martingale. There exists exactly one linear mapping

0 +— [(0,dX)
from the real vector space of continuous adapted T**> M -valued processes © over X (i.e.,
0, € T)*(%M fort € Ry) to & with the following properties:
(196)  d*p(X) =~ o(X) —¢(Xo), @€ C¥(M),
(1.9.7) KO w— [K(0,dX), K continuous, adapted, real-valued process.

where by definition, (©,dX) = d [(©,dX).

NOTATION 1.9.11. We call [(©,dX) the integral of © along X. If in particular
© = Y(X) for some ¥ € T'(T*2M), we write also [ (¢, dX) instead of [(O,dX).

PROOF OF THEOREM 1.9.10. By Lemma 1.9.9 (ii)the process © has a representation
of the form © = Y "¢ .. O, (d?¢")(X); hence necessarily

(1.9.8) [({©,dX) Zf@ d(¢”(X)).

It remains to show that [(©,dX) is well-defined by (1.9.8). Assuming for instance that
> fimite Kv (@%¢¥)(X) = 0, we have to verify that already > K, d(” (X)) = 0. Without
restrictions we may replace here K, by K, 1|, - and assume that X takes on [0, 7[ only
values in the coordinate neighbourhood U of a fixed chart (h,U). In terms of ¢”|U =
@" o h one observes at first that over U

d*p" = d*(g" o h)
_Z :@” o h) d2h1+z 7@ o h)dh'-dh' + Y (D;D;@" o h)2dh'-dh’

1<J
_Z 3" o h) d2hl+ZDD] Yo h)dh'-dh?,

4,J
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and hence for X := h(X) by assumption

0= ZKV (d*p") (X
_ZZK ) (d*h') (X +ZZK D;D;3")(X) (dh? dh?)(X),

from where we get Y K, (D;@")(X) =0and Y, K, (D;D;")(X) = 0 almost surely
for all ¢, j. On the other hand, this implies

D K, d(¢¥ (X)) =Y K, d(@")(X
_ Z <ZK > dX' + Z <ZK X)) X", X’ =0,

which shows the claim. O

THEOREM 1.9.12 (Pullback formula). Let ¢: M — N be a differentiable map be-
tween manifolds and © be a continuous adapted T** N -valued process over ¢(X) (i.e.,
O, € T;gXthort € R,). Then ¢*© is a T*2M-valued process over X and satisfies

(1.9.9) /<¢*@,dX> = /(9,d(¢(X))).
In particular, for 9 € T(T*2N) then [(¢*9,dX) = [(9,d(¢(X))).

PROOF. Because of ¢*d?¢ = d?(¢ o ¢), the left-hand side of (1.9.9) has the defining
properties of the integral of © along ¢ o X. O

Before putting the integral [ (9, dX) of a second order differential form ¥ € I'(T**M)
along X in perspective to the integrals treated in Section 1.3, e.g. [b(dX,dX) for b €
D(T*M ® T*M), respectively [, a for « € T'(T*M), we want to note some further
aspects of second order tangent spaces.

REMARK 1.9.13. Denoting for a manifold M by T'M ® T'M the vector bundle over
M with the symmetric tensor products T, M ® T, M as fiber x, there is a C°° (M) linear

mapping
(1.9.10) AL D(T2M) - T(TM & TM), L~ L,

determined by
A=0, (A~B)A:%(A®B+B®A)EA®B, A,BeT(TM).

Writing L € T'(T?M) inachart (h,U) as L|U = Y, b’ it a' 9;0; where 9; = ahv’
then obviously ﬁ|U = El ; a* (8; ® 9;). Note that the map (1.9.10) is characterized by
the property

(dp ©dy) L = (dp-dp)L =T(p, ), .9 € CF(M).

REMARK 1.9.14. For a manifold M we have the following exact sequence of vector
bundles over M

(1.9.11) 0 — TM — T2M 2 TMoTM —s 0.
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By dualization of (1.9.11) we obtain the exact sequence

0 — T*MoT*M - 720 —£5 T*M — 0,
Oy © By — (aﬁ)ﬂﬁ

where R represents the restriction of 72 M to the subbundle 7M.

(1.9.12)

THEOREM 1.9.15. For a manifold M we have the exact sequence
(19.13) 0 — D(T*M o T*M) L v(T*2M) £ T(T*M) — 0
where H(a ® 3) = a-f3, as well as R(d*¢) = dy and R(dyp-dy) = 0.
The sequence (1.9.13) of C°°(M)-modules possesses an R-linear splitting
0 — D(T*M o T*M) L T(1*2M) L5 T(T*M) — 0;

LS
~

(1.9.14)

7
-
~~=--

More precisely, there exists an R-linear mapping d: T'(T* M) — T'(T*? M) with the prop-
erties d(dy) = d*p and d(pa)) = dp-a + ¢-da such that R o d = id..

PROOF. Foraw =" ¢, dh” € T'(T* M), we want to verify that
da =Y "dp,-dh’ +Y @, d*h
is well-defined. Assume that for instance o = 3 ¢, dh¥ = 0. We then have to show that
9= dp,-dh” +> i, d°h¥ = 0.

To this end, it is sufficient to show that 9(L) = 0 for each section L € T'(T?M) where we
may assume without restrictions that either L = Aor L = A-B with A, B € T'(T'M).
(WIfL = A € T(TM), then 9(A) = > (dp,-dh*) A+ (¢, d*h*) A = 0
where the first term vanishes, since dy, -dh”|I'(T'M) = 0, while the second term equals
a(A) and vanishes since o = 0 by assumption.
(2) Letnow L = A-B where A,B € T'(T'M): At first we have 9(AB — BA) =
Y([A, B]) = 0by (1), and thus

29(A-B) = 9(AB + BA) + 9([A, B))
= (dg,-dh") (A-B + B-A) + > (¢, d*h*) (A-B + B-A)

v

= 3" [(A60) (BI) + (Beu) (AR) + 0, (A B) () + o, (B 4) ()]

= 3" [Alpw (BR) + B(g, (4R"))| = A(a(B)) + B(a(4)) =0,

which gives the claim. (]

LEMMA 1.9.16. Let X be a semimartingale taking values in a manifold M.
(i) Forp,p € C®(M) it holds [(dp-dip,dX) = 5 [p(X),(X)].
(i) For¥,o € T(T**M) we have R, Ro € T'(T*M), and it holds:

[(R0-Ro,dX) = % [[(9,dX), [(0,dX)].

In particular, if 9 € T(T*?>M) such that RY = 0, then [(9,dX) € o.
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PROOF. To (i): By dy-dyp = § [d*(p) — ¢ d*t — o d*p] we have
2 [(dp-dip,dX)
= [(p)(X) = (p¥)(Xo)] = [ @(X) d(¥(X)) — [$(X) d(p(X))
= [p(X), p(X)].
To (ii): According to Lemma 1.9.9, 9 and o have representations of the form 9 = Y~ 9, d*p",

respectively o = > u O d?y*. Hence we have

Ry =Y d,dg”, Ro=Y o,d)", RO-Ro=>Y ,0,dp" dy*,
v n v,
and by means of (i) we obtain

/(Rq‘}-Ra,dX) = % Z/ﬁV(X)oM(X)d[@”(X),w”(X)]
=5 [ [ )l 0). X f o) a(uex))]
_ % [/@9, dx), /(0, ax)].
The additional claim follows from part (ii) with ¥ = o. (I

THEOREM 1.9.17. Let X be an M -valued semimartingale.

(i) ForbeT(T*M ® T*M) it holds that [(Hb,dX) =1 [b(dX,dX).
(i) For oo € T(T*M) it holds that [(do, dX) = [ o

PROOF. It is sufficient to verify the defining properties.

To (i): For b = dp ® dy we have Hb = dp-diy and by Lemma 1.9.16 (i) then
[(Hb,dX) = 1[p(X),%(X)]. On the other hand, we have H(pb) = ¢ H(b) from
where the relation [(H(¢b),dX) = [ ¢(X)b(dX,dX) follows.

To (ii): If v = dep, then d(dp) = d*p and hence [(da,dX) = ¢(X) — p(Xp). On
the other hand we have d(pa) = ¢-da+ dy-a, and hence by means of Lemma 1.9.16 (ii),
applied to dp-a = R(d?*p)- R(da),

J(d(p0).dX) = [ (p-do,dX) + [ {dg-0,dX)
= [ ¢(X) {da,dX) + 5 [ [(d,dX), [(da, dX)

1
= [ ¢(X) d(J {da, dX)) + 5 [p(X), [ (da, dX)]
— [ p(X) 0 d(f{dar,dX)
which shows the defining properties and hence the claim. (]

EXAMPLE 1.9.18. Let X be a M -valued semimartingale of locally bounded variation,
in the sense that all compositions ¢(X) with functions ¢ € C'*°(M) lie in 7. Then we
have

(1.9.15) [(©,dX) = [(dRO,dX) = [(RO)(cdX)

for each continuous adapted 72 M -valued process © over X. Indeed, both [(RO)(odX)
and [(dRO,dX) have the defining properties for [(©,dX). In particular, we then have

[(9,dX) = [ R, 9 eT(T*M),
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a formula which uncovers why in classical Differential Geometry second order forms do
not appear explicitly.

THEOREM 1.9.19. Let M be a manifold. There is a one-to-one correspondence be-
tween the following objects:

(1) Torsion-free linear connections V on M.

(ii) Bundle homomorphisms F: T?M — TM with F o v = id (where ¢ denotes the
canonical inclusion TM — T?M), i.e., splittings of the following exact sequence
of vector bundles over M

. 2
(1.9.16) O—>T]\R4—>T/M—>TM®TM—>O.

So_F 7

(iii) Bundle homomorphisms G: T*M — T*2M with R o G = id (where R denotes the
restriction to T M), i.e., splittings of the following exact sequence of vector bundles
over M

0 — T*MoT*M L 720 L5 M — 0.

N ’
LG T

(1.9.17)

PROOF. Obviously (ii) and (iii) correspond to each other by dualization.

(i) — (ii): Let V be a torsion-free linear connection on M. Recall that by 1.4.30
torsion-freeness means that for any ¢ € C*°(M), (A, B) — Vdp(A, B) is symmetric.
We define F': T(T?M) — I'(TM) by

(1.9.18) (FL)(p) = Lo — (HVdyp,L), LT (T?*M), p € C>(M),
where (-, -) denotes the dual pairing of T*2M and T M. Obviously, it holds that

FL— L for L=AecT(TM),
- |V, B forL=A-Bwith A, B € T(TM).
Indeed for L = A € T'(T'M) we have (HVdp, A) = 0; on the other hand for L = A-B
we have
F(A-B)(p) = (A-B)(¢) — (HVdp, A-B) = (A-B)(p) — Vdp(A, B) = (V4 B)(p),
where we used that
1
i(b(A’ B) +b(B, A)) = b(A, B)
for each b € I'(T*M & T*M). This shows in particular that F': T'(T?M) — T'(T M) is
by Eq. (1.9.18) well-defined and that F'| T'(T'M) = id; moreover F' is C°° (M )-linear and
hence defines a bundle homomorphism F': T2M — T'M with the wanted properties.

(ii) = (i): Now let be given a bundle homomorphism F: T?M — TM such that
F|TM = id, and let F: T'(T?M) — T'(TM) be the induced mapping at the level of
sections. Inversely to (1.9.18), F' induces a linear connection V on M, namely as
(1.9.19) V4B :=F(A-B), A,Bel(TM).

V is obviously C°°(M)-linear in A and derivative in B, since V,(¢B) = F(A-(¢B)) =
F(pA-B+ A(p) B) = ¢ F(A-B) + A(p) F(B) = ¢ V4B + A(p) B. Moreover, we
observe that

V4B —-VpzA=F(AB) - F(BA)=F(AB - BA) = F([A, B]) = [4, B],

which shows that V is torsion-free. O

(Hb,A-B) =
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By symmetrization, the C'°° (M )-linear map
H:T(T*M & T*M) - T(T**M), H(aop)=ap,
can be extended to a C'*°( M )-linear mapping
H:T(T*M @ T*M) - T(T**M), H(a®p):=H(aop)=a-b.

REMARK 1.9.20. Explicitly, the bundle homomorphism G : T*M — T*?M, induced
from a torsion-free linear connection V on M by Theorem 1.9.19 (iii), is given by

(1.9.20) Ga=da— HVa, ael(T"M).
PROOF. By construction, GG is determined by
(Ga, L) = (o, FL) := a(FL), acT(T*M), L € T(T*M),

with F'L being defined by Eq. (1.9.18). Since by V(pa) = dyp ® a + ¢ Va the right-hand
side of (1.9.20) is C°° (M )-linear in a, it is sufficient to show Eq. (1.9.20) for @ = d with
p € C°°(M). We have however

(Gdyp, L) = (dp, FL) = (FL)(¢) = (d®¢ — HVdp,L), LeT(T*M),
from where the relation Gdy = d*> — HVdy follows. ]

REMARK 1.9.21. Theorem 1.9.19 shows explicitly that torsion-free linear connections
on M are exactly the required extra structure to split differential operators L € I'(T?M)
of second order canonically in a first order part (the drift of L), namely F'L, and a part
of purely second order, namely L — FL = L — tFL. We call a PDO L € I'(T?M ) f
purely second order if FL = 0. Writing L in a chart (h,U) as L|U = Y, b'-2

ij 0 9
Zi’ja 507 57,7 > then

Oh?

_ k 7 k o
(FL)|U = Z(b +3 aiTh ) 2
k i,
is the corresponding first order part.

THEOREM 1.9.22. Let M be a manifold, V a torsion-free linear connection on M
and v a differentiable curve taking values in M. The following conditions are equivalent:

(1) ~ is a geodesic curve.
(i) ¥ = 74 (;—;) is purely second order, i.e., F(%) = 0.

PROOF. Letting (h,U) be a chart for M, then we have for t € R such that v(¢t) € U
27 (o 'y(t)’
(t) = ZV ) (e )y + 27 (5w vy (3o oy
and consequently

FE3(0) = 5 (#40)+ STH60) 7070 ) (56), 0y

k

from where we read off the claim with Eq. (1.4.10). [l
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THEOREM 1.9.23. Let M be a manifold and let L: C*° (M) — C°°(M) be a second
order PDO without constant term, i.e. L € T'(T*>M) where (Ly)(z) = Ly (). Further-
more, let X be an M-valued semimartingale which solves the martingale problem for L,
Le.,

(1.9.21) d(p(X)) — (Le)(X)dt 2 0 foreach o € C*(M).
For a torsion-free linear connection NV on M, the following two conditions are equivalent:
(i) X is a V-martingale on M
(ii) L is of purely second order along X, i.e., (FL)(X) = 0 P-almost surely.
PROOF. We want to check first of all that the property (1.9.21) implies
(1.9.22) (9,dX) 2 (9(X),L(X))dt, 9ecT(T*M).

Indeed, any ¥ € I'(T*2 M) has by Lemma 1.9.9 a representation of the form 9 = Y~ o, d?¢”
where ¥, € C°°(M), and hence

(0,dX) = (9, 0 X)d( 219 X)dt = (0, L)(X) dt.

v

Recall that by definition X is a V-martingale if
m 1 oo
A(p(X)) 2 5 (Vdg)(dX,dX), e C=(M).

By Theorem 1.9.17 (i) we have Vdp(dX,dX) = 2(HVdp,dX), and from relation
(1.9.22) we get (HVdp,dX) = (HVde, L(X))dt, so that X is V-martingale if and
only if

d((X)) — {(HVdp)(X), L(X))dt = 0, € C(M).

Using d(¢(X)) 2 (Lg)(X) dt we conclude that X is a V-martingale if and only if for
each v € C’OO(M ):
(L(p — (HVdy, L))(X) dt =0,
which is because of Ly — (HVdyp, L) = FL just the claim. O
We finally want use relation (1.6.34) to define the Itd integral of one-forms along
semimartingales in a more general context.

DEFINITION 1.9.24 (It6 integral along semimartingales). Let M be a manifold, V a
torsion-free linear connection on M and X a semimartingale taking values in M. For a
T* M -valued process J over X, we call

/ (J, FdX) = / (G, dX)

the It0 integral of J along X. If in particular J = «(X) where o € T'(T*M), then
J{a(X), FdX) is also called It6 integral of o along X and the following notations are

used for it:
V)/Xa = /(a,FdX) = /(Ga,dX).

REMARK 1.9.25. By (1.9.20) we have Ga = da— HVa and J — I; := [(GJ,dX)
is hence determined by the following properties:

() Lip(x) = 9(X) = p(Xo) — 5 [ Vdp(dX,dX) forp € C=(M);
@) Iy = f K dI; for each continuous adapted R-valued process K.
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In particular, for each differential form o € T'(T* M) the following relation between
the Itd Integral and Stratonovich integral of v along X holds:

(1.9.23) (V)/on:/onf%/Voz(dX,dX).

THEOREM 1.9.26. Let M be a manifold, V a torsion-free linear connection on M
and X a M-valued semimartingale. The following statements are equivalent:
(i) X is a V-martingale;
(ii) (V)fX a is a local martingale for any differential form o € T'(T*M);
(i) [(J, F dX) is a local martingale for any continuous adapted T* M -valued pro-
cess J above X.

PROOF. For a = dy, respectively J = a(X), the assertions reduce to the definition
of V-martingales. The general case follows with Lemma 1.9.9. O

The following Remark finally justifies the notion Itd integral, respectively Stratonovich
integral of o along X.

THEOREM 1.9.27. Let M be a manifold, V a torsion-free linear connection on M and
X an M-valued semimartingale. Furthermore let U be a horizontal lift of X to L(T M)
and Z = fU 9 the anti-development of X in R™. Then for the Ito integral, respectively
Stratonovich integral of a differential form o € T'(T*M) along X the following formulas
hold:

/Xaz Z/a(X) Ue; o dZ', aswell as (V)/Xa:Z/a(X) Ue; dZ".

PROOF. The first formula is already shown in Theorem 1.6.30 (ii); the second one
reduces for @ = dy with Eq. (1.9.23) to the geometric 1t formula (1.6.32); the general
case follows again with Lemma 1.9.9. [



CHAPTER 2

Geometry of Brownian Motion

In this Chapter we focus on stochastic tools in Riemannian Geometry. We start by
studying some questions concerning the geometry of Riemannian manifolds in connection
with the long-term behaviour of Brownian motion. In particular, using a few selected
problems, we want to illustrate the basic idea of stochastic Riemannian geometry, namely
to relate differential geometric problems to stochastic questions and to deal with them using
stochastic methods (see for instance, [31] and [22, 23]).

2.1. The Curvature Tensor and Jacobi Fields

The notion of curvature of a Riemannian manifold is one of the key concepts to control
the asymptotic behaviour of Brownian motions for large times. Brownian motion is a
sensitive instrument to measure curvature. Negative curvature amplifies the tendency of
Brownian motion to exit compact sets and to drift off to oo if the topology of the manifold
permits. Strongly divergent negative curvature, for instance, can have the effect that even
on metrically complete manifolds BM(M, ¢g) explodes in finite times.

Brownian motion on Riemannian manifolds can have other asymptotic properties not
known from Euclidean Brownian motion. For instance, trajectories of BM (M, g) on cer-
tain negatively curved simply connected manifolds M, when considered in polar coordi-
nates from some fixed point, stay with high probability in the entered angular sector and
have an asymptotic direction.

Before discussing the concept of curvature we want to consider Riemannian manifolds
under the aspect of metric spaces. Recall that the d(x, y) of two points x and y is given by

d(z,y) :=inf{L(a) | a: [0,1] — M piecewise C* with (0) = z and (1) = y }.

One of the most elementary questions about asymptotics of Brownian motions is the dis-
tance behaviour of BM(M, g) with respect to a given point « € M, i.e. properties of “radial
process” d(x, X¢), t > 0.

EXAMPLE 2.1.1 (Bessel process). Let M = R"™ endowed with the Euclidean metric.
The function r(z) := d(0,z) = |z| is C*> on R™ \ {0} with

(gradr)(z) = % and Ar = n; 1.

Consequently, if X is a BM(R™) such that Xy # 0 a.s. (n > 2), then by It6’s formula

n i

d(r(X)) =dN +dA =3 2 axiy 221
=1

1
] X g ey ¢
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Asd[N,N] =Y X'X7|X|72dX"dX’ =Y X'X7|X|~2§,; dt = dt, the process N is
1,7 2%
a one-dimensional Brownian motion W, and one gets

1 ('n-1
r(X) =r(Xo) + W+ 3 /O % ds with W a BM(R).
In other words, r(X) is solution of an SDE of the type

-1
@.1.1) dR = dW + “—— R dt.
Any such process is called n-dimensional Bessel process or Bessel process of indexn/2—1.

Example 2.1.1 rises the question to what extent in general for Brownian motions X
on (M, g) and x € M, radial processes of the form r(X) := d(x, X ) are semimartingales
which can be described by It6’s formula. To this end, first questions concerning differen-
tiability of the distance function r(-) := d(x, -) on M need to be clarified.

DEFINITION 2.1.2 (Variation of a curve). Let (M, g) be a Riemannian manifold and
v: [a,b] — M a non-constant differentiable curve parametrized proportionally to arc
length, i.e. 0 < £ := |§| = const. A (free) variation of ~ is a differentiable map

a: la,b] x]|—e, e[ > M
such that (-, 0) = 7.

In terms of the canonical vector fields £ = D; and = = D, on [a,b] x |—¢, €[, we
consider to a variation « of y the vector fields along a:

T:=a,D = %a elN(a*TM) and V :=oa.Dy= %a e Na*TM).

Let 75 := «a(-,s) for —e < s < &; in particular ¥ = . Furthermore denote by YV :=
V(-,0) € T'(y*TM) the “variational field” of « and by 7 = T'(-, 0) € T'(y*T M) the
tangential vector field along ~.

THEOREM 2.1.3 (First variation of arc length). Ler (M, g) be a Riemannian mani-
fold with the Levi-Civita connection and let «: [a,b] X |—¢,e[ — M be the differen-
tiable variation of a smooth curve v: [a,b] — M such that { = |y| = const > 0. Let
Y = (aD3)(+, 0) € T(y*TM). Then the lengths L(vs) = fab |7s(¢)| dt of the curves
vs = a(-,8): [a,b] = M satisfy the “variational formula”:

% sl rs) = HE - / V) dt}.

PROOF. By Theorem 1.5.6 (iii) (on the characterization of Riemannian connections)
we have 2 (T, T) = Dy(T,T) = 2 (V) T, T), and thus

(2.1.2)

d d [° L b1
@ _° 2gr— | = -1/2 0.
(2.1.3) L) = — /a (T, T)*?dt /a S (T T2 5 (T, T) dt
b b
(2.1.4) = / 7 (Vp,I.T) dt = / 7 (Vp,V. T) dt
b
(2.1.5) :/ 7 [D1(V,T) = (V. Vp, T)] dt.

Here the second to the last equality is a consequence of the first structural equation of
Cartan (Theorem 1.4.27): Vp, (a.D2) — Vp, (auD1) = ax[D1, D2] = 0, whereas the
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last equality comes from D1(V,T) = (Vp, V,T) + (V, V,, T) which is a consequence of
Theorem 1.5.6 (iii).
For s = 0 this gives the wanted equation

1

b
ero | z00={EAeolZ - [ .9 el O

In the particular case of a variation (7ys)_c<s<e of v with fixed initial and end point,
ie. vs(a) = y(a) and ,(b) = ~(b) for all 5, we get V{,.) = 0 and Vj; .y = 0, which
combined with Eq. (2.1.2) gives the following characterization of geodesic curves:

COROLLARY 2.1.4 (Geodesics as critical points of the length functional). Ler (M, g)
be a Riemannian manifold and v: [a,b] — M a differentiable curve. Then v is a geodesic
curve, i.e. Vv = 0, if and only if dis .—o L(vs) = 0 for all variations (vs) of v with fixed
initial and end point.

We discuss first some local properties of geodesic curves. On a Riemannian manifold
(M,g), toeach x € M and v € T, M there exists exactly one geodesic curve v, with
v(0) = x and 7, (0) = v; since |,| = |v| the geodesic 7, is a normal geodesic in the
sense that |y, | = 1, if and only if |v| = 1.

We consider (M) := {v € TM : , is defined for t = 1 } and the exponential map
of (M, g)

exp: O(M) — M x M, v (7(v),7(1)).

As a consequence of the theory of ordinary differential equations, &'(M) is open in T'M,
and contains obviously the zero section in 7'M . By Definition 1.8.10 the Riemannian
manifold (M, g) is metrically complete if and only if &(M) = T M. As already observed
(see the proof to Lemma 1.7.22), the differential of

exp, = exp [(T,M N O(M)): T,M N E(M) - {z} x M =M

at the zero element 0, € T, M is given by the identity. In general, along the zero sec-
tion of a vector bundle E over M, the tangent spaces Ty, E decompose canonically as
To,E = T,M @ E, with E, the part in fiber direction, and (dexp)o, read as map
(dexp)o,: ToyM & T, M — T,,M @ T,,M given by the matrix

id 0
idid/ ~

Hence d exp has full rank at the zero section and by the inverse function theorem exp maps
an open neighbourhood of the zero section in T'M locally diffeomorphically to an open
neighbourhood of the diagonal in M x M. For x € M let V.(0) := {v € T, M : |v| < €},
then

o(z) == sup{e > 0 : exp,, |V.(0) is an embedding } € ]0,c0]
is called injectivity radius at x, and hence for 0 < € < p(z) there are diffeomorphisms

exp, |V(0): V(0) =% exp, (Vz(0)) =: B(z).

Note that the map ¢o: M — R is lower semi-continuous: {o > c} is open in M for any
c>0.
For & < o(x) we may consider besides the normal coordinates (h, B:(z)) at z where

h = (exp, |V-(0)) ! the so-called “geodesic polar coordinates” with center x, which is
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the diffeomorphism
Bo(2)\{a} == V(0)\{0} == J0,¢[ x 5"~

2 —— (ol &)-

2.1.7)

The inverse map to (2.1.7) is given by ¢: (r,v) — exp, (rv) = 7,(r) Note that through
Sp(z) = {exp,(v) v € T, M, |v|=r} =¢({r} x "), 0<r <o),
then hypersurfaces in M (one-codimensional submanifolds) are given.

THEOREM 2.1.5 (Gauss Lemma). Let (M, g) be a Riemannian manifold equipped
with the Levi-Civita connection, x € M and v € T,M N O(M) such that exp, v is
defined. For any w € T,M = T, (T, M) then

(2.1.8) <(dexpx)vv, (deXpI)vw> = (v, w).

In particular, the geodesics through the point x are perpendicular on the hypersurfaces
Sy(x) for 0 < r < o(x).

PROOF. Decomposing w = w’ + w= such that w’ is parallel and w= orthogonal to v,
the formula
((dexp,)yv, (dexp,),w') = (v,w)
is immediate from the Definition of exp,. By means of the linearity of dexp_, to verify
(2.1.8) it is thus sufficient to consider the case (v, w) = 0.
We show the following: If ¢: |—e,e[ — T, M is a curve T, M N &(M) such that
le(s)| = const, ¢(0) = v and ¢(0) = w, then for any 0 < ¢y < 1 it holds that

EXPs (toc(s)) L % ‘t:t exp, (£ c(0)).

0

ds
For ¢ty = 1 this shows (exp, ).w L ¥,(1) = (exp,)«v as claimed.

s=

Figure 2.1.1. Exponential function

Denting o, (t) = exp, (t c(s)) for 0 < ¢ < 1, then on one hand L (c|[0, to]) is indepen-
dent of s and by means of formula (2.1.2) (first variation of length) we have

0= %‘ OL(oz5|[O,t0]) = <d% Szoas(t),do(t)>

s=

t=to
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= <%’S:06sz (toc(s)), ’?v(t0)>-

The second part of the claim is obvious: If s + ¢(s) is a differentiable curve in S~ C
T, M and f3(s) := exp, (rc(s)) die corresponding curve in S, (), then as above 3(s) L
fyc(s) (7‘) . U

THEOREM 2.1.6. Let (M, g) be a Riemannian manifold and v € M. Furthermore

let V.(0) C T, M be an open e-ball such that exp,, |V.(0) is an embedding. Then for any
v € V.(0) the geodesic curve

(2.1.9) Yo [0,1] = M, ¢ exp,(tv),

has length L(7y,) = |v| = d(z,exp, v), and is modulo parametrization the only curve of
length d(x,y) connecting x and y := exp,, v. In addition,

exp, (Vz(0)) = {p e M : d(z,p) < &}.

)
NOTATION 2.1.7. We call B.(z) = {p € M : d(z,p) < r} geodesic ball about x of
radius 7. For & < o(z) we then have B. () = exp,, (Vz(0)) and the hypersurface

Se(x) = {p €M :d(xz,p) = E}
is called geodesic sphere about x of radius €. The geodesics in B.(x) emanating from the

center  are called radial geodesics; by the Gauss Lemma they pass orthogonally through
geodesic spheres about x.

PROOF. (of Theorem 2.1.6): We use “geodesic polar coordinates” centered at = on
B.(z)\{z} = exp, (V-(0)\{0}) and identify

$:10,e[ x St =~ B.(2)\{z}, (r,9) > exp,(rv).
By the Gauss Lemma we then have
0" (g| (Bg(x)\{x})) =dr @dr + h,,

where h,. denotes the Riemannian metric on S™~! defined by pullback under ¢ from the
Riemannian metric on the geodesic r-sphere S, (x) induced by g.

(1) We show first that every piecewise differentiable curve c: [0, 1] — M starting at x
which exits Bz (z) = exp, (Vz(0)), has length > ¢ hat.

To this end denote by ¢; € ]0,1] the first time such that c¢(t1) € 0B.(x) = Sc(z).
Then ¢|]0, t1] has a unique representation of the form

c(t) = exp, (r(t) 9(t)) = o(r(t),9(t)), 0<t<ty,
with piecewise differentiable curves ¢ +— 9¥(t) in S"~1 C T, M and t — r(t) in ]0, oo
(without restriction we may assume that c(tg) # « for ¢ty € ]0,t1]; otherwise we neglect
the interval [0, to[ which only decreases the length of ¢. Then we have (up to a finite
number of points)
() = [0 + hoiry (9(2), 9(1)),
and we may estimate

L(c) 2/01c'(t)|dt:/01[|7’«(t)|2+hr(t)(19(t),19(t))}1/2 dtz/ol|a'~(t)|dt25.

(2) Let now y = v, as in 2.1.9 the geodesic from z to y := exp,, v and let ¢: [0,1] —
M be any piecewise differentiable curve connecting x and y. Then L(c) > L(vy) with
equality if and only if ¢ =  modulo parametrization. Indeed by (1) we assume that c stays
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entirely in B.(z) and hence takes the form c(t) = exp, (r(t)-9(t)) as in (1). This implies
again

1 1/2 1
2e) = [ [FOP + b (900, 59 e / [F(0)ldt = (1) = 7(0) = L(3),

0

with equality if and only if J(¢) = 0 and ¢ — r(t) isotone. O

Geodesic curves, which realize the distance between two points are called minimal
geodesics. Theorem 2.1.6 shows in particular that any curve which realizes the distance
between its end-points, is (after reparametrization) a minimal geodesic.

COROLLARY 2.1.8 (Geodesics as locally shortest curves). Let (M, g) be a Riemann-
ian manifold, I C R an open interval, and let c: I — M be a differentiable curve in M
parametrized proportional to arc length. The curve c is a geodesic if and only if for each
t € I there exists e > 0 such that d(c(t), c(t + €)) = L(c|[t, t + €]).

Altogether, we can already give the following partial answer to the mentioned question
concerning differentiability of the distance function d(z, -): If V.(0) C T, M is an open
e-ball with & < o(z), then

d(w,-)|B.() = | | o (exp, [V-(0)

is differentiable on the punctured geodesic ball B.(z) \ {z} about z of radius €. The
question, how large € can be chosen, requires hence information about the injectivity radius
o(z) at z.

Before turning to such questions we note some facts about the metric structure of
Riemannian manifolds. It is easy to verify that the distance function d: M x M — R,
defines indeed a metric on M and that the topology of M coincides with the metric topol-
ogy of (M, d).

THEOREM 2.1.9 (Hopf-Rinow). For a connected Riemannian manifold (M, g) the
following conditions are equivalent:

(1) (M, d) is a complete metric space (i.e., every Cauchy sequence in M is convergent).
(ii) (M, g) is metrically complete (i.e., the domain of any geodesic can be extended to all
of R).
(iii) The exponential function exp,, is defined on all of T, M for at least one x € M.
All three conditions imply that any two points in M can be connected by a minimal geo-
desic.

PROOF. (i) = (ii): Otherwise there is a maximal geodesic ~y: ]a,b][ — M such that
b < oo; without restrictions let | 7| = 1. We choose a monotonic sequence (t,,)ncn in ]a, b
such that t,, — b. Since d(Y(tm),V(tn)) < |tm — tn] the sequence (¥(t,))nen is then
Cauchy, so that x := lim,,_,, ¥(¢,) exists by assumption.

About the point & we choose a geodesic ball B.(x) of radius € > 0 such that the
injectivity radius p satisfies p| B:(z) > 2¢. For large n we then have (t,,) € B.(z), and
Y| [tns tntx] is the minimal geodesic connecting (t,,) and y(,, 1), in particular then

d(rY(tn-i-k),rY(tn)) =tntk — ln,

and with k& — oo then d(z,7(t,)) = b — t,. Hence 7|[t;,, tn1] is a curve with length
tn+k — tn, which starts on the geodesic sphere S,_;, () of radius b — ¢,, and ends on the
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geodesic sphere S, ,, () of Radius b — ¢, . By Theorem 2.1.6, |[t,,, t,, 4 1] lies on a
radial geodesic starting at x, and it follows that

Y(t) =exp,((b—t)v), b—e<t<b,
for some v € T,, M with |v| = 1. This shows that  can be extended beyond b via
V(t):expx((b_t)v)7 bSt<b+€,

in contradiction to the maximality of .

(ii) = claim of the addition: Let z,y € M such that d(z,y) = r > 0; we want to
show that - and y can be joined by a geodesic of length r. We fix a geodesic ball B.(x)
about = of radius e < p(z) and y ¢ B.(x). As a consequence of the compactness of
S (x), there exists g € S(x) of minimal distance to y; we get o = exp, (¢ v) for some
v € T, M with |v] = 1.

Consider the geodesic curve y(t) = exp,(tv), by assumption defined for ¢ € R..
We want to show that y = exp,(rv). Since r = d(z,y) < d(z,7(t)) + d(v(t),y) <
t+d(~(t),y) we have d(v(t),y) > r — t. We show that for any ¢ with e < ¢ < r even

(2.1.10) d('y(t),y) =r—t,
holds which then gives the claim for ¢ = r. First we verify (2.1.10) for £ = ¢: indeed
d(xg,y) = r — € since

r=d(z,y) = ng% )(d(:v,x’) +d(2',y)) = € + d(zo, y).
z'€Se(z

If (2.1.10) holds for ¢t € [e, 7], then also for all ¢’ with e < ¢’ < ¢, since
d(v(t),y) <d(v({t),v(#) +d(v(t),y) St —t)+(r—t) =r—t.

Let now tg := sup{t € le,r]: d(v(t), y) =r— t}; then (2.1.10) holds in particular also
for ¢y and it remains to show that £, = 7. Supposing ¢y < r, we may choose a sufficiently
small geodesic ball B, (y(to)) about v(t9) and 1 € S, (y(to)) with minimal distance
to y. Since d(z1,y) = d(v(to),y) — 1 = (r — to) — £1, we then have

d(x,z1) > d(z,y) —d(x1,y) =7 — (r —tg —e1) =to +€1.

Since the curve /[0, to] from z to (o), prolongated by the radial geodesic from () to
x1, has length ¢y + &1, the curve realizes the distance d(z, x1); by the Corollary above it
must be geodesic and hence coincide with v|[0, tg+&1]. In particular, then 21 = y(tg+£1)
and

d('Y(tU + 61), y) = d(mlvy) =Tr—= (to + 81)7
in contradiction to the Definition of ¢g.

(ii) = (iii) is a weakening.

(iii)) = (i): Since Cauchy sequences are bounded, it is sufficient to show that each
bounded subset A of M is contained in a compact subset X' C M. Let x € M be such
that exp, : T, M — M is well-defined on all of T,, M. Assume that d(a,x) < r for all
a € A. By Theorem 2.1.9 then ¢ = exp, v for some v € T, M with |[v| < r, so that
A C exp, (V;(0)), where K := exp, (V,.(0)) is compact as image of a compact set under
a continuous map. (]

In the sequel we assume that (M, g) is metrically complete and without restriction
connected. For any x € M then exp,, is defined on all of T, M and defines for r < p(x) a
diffeomorphism of V;.(0) to B,-(z). A point x € M is called pole for (M, g) if o(z) = .
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DEFINITION 2.1.10 (Cut locus). Let (M, g) be a metrically complete Riemannian
manifold. For x € M and v € T,, M with |v| = 1 denote by -, the geodesic curve starting
at z such that ¥, (0) = v, i.e. 7, () = exp,(tv), and let

s(v) : =sup{t > 0:d(z,7,(t)) =t}
= sup{t > 0 : 7,|[0, ¢] is minimal geodesic} € ]0, 0]

Then C, := {s(v)-v: v € T, M, |v| =1, s(v) < oo} is called cut locus of exp,, in x
and die set

cut(z) 1= exp,(Cy) C M
cut locus of M with respect to z.

In case s(v) < oo, the curve 7,|[0,] stops to be the shortest connection between
z = 7,(0) and 7, (t) for t > s(v). The point 7, (s(v)) is then also called cut point of x
along ~,. By the Theorem of Hopf-Rinow, the curve v, is cut at each point -, (s(v) + 5)
(for € > 0) by a shorter geodesic curve emanating from x.

We will show that always o(x) = d(x,cut(z)); by Theorem 2.1.6 it obvious that
exp, |V»-(0) for r > d(z, cut(z)) is no longer an embedding, hence either no longer injec-
tive or it has critical points. We deal first with critical points of the exponential function.

DEFINITION 2.1.11 (Conjugate locus). Let (M, g) be a metrically complete Riemann-
ian manifold and x € M. Critical points v € T, M of exp,.: T, M — M are called vectors
conjugate to x. Then

K, :={v € T, M : vis avector conjugate to z }
is called conjugate locus of exp,, in T, M and the set
Conj(z) := exp, (K,) = {y € M: yis critical value of exp, }

the conjugate locus of x in M. If y € Conj(z) such that y = exp, v with v € K, one
says that “y is conjugate to = along the geodesic v, (t) = exp, (tv) (0 <t < 1)”.

The next theorem gives a basic characterization of the cut locus.

THEOREM 2.1.12. Let (M, g) be a metrically complete Riemannian manifold, v a
normal geodesic curve on M and +(t) a cutting point of x = (0) along ~y. Then either

() (to) is conjugate to v(0) along ~, or
(i) there is a geodesic curve o # ~y from x to ~(to) such that L(c) = L(7|[0, to]).

PROOF. Let 7y(to) be as described and (£, )nen a sequence of real numbers such that
0 < &, — 0. For any n € N let 0,, a normal minimal geodesic connecting = and v(to +
€n). Then 6,(0) € T, M and |5,,(0)| = 1; by compactness of the unit sphere S"~1 C
T, M we may assume (after eventually passing to a subsequence) that &, (0) converges in
S™~1. Hence there is a geodesic curve o starting at = such that &,,(0) — &(0). By the
continuity of the exponential function, ¢ is a minimal geodesic from z to y(¢o) and hence
L(o][0,to]) = L(7|[0,t0]). If now o # +, then part (ii) of the claim is satisfied; it is hence
sufficient to verify assertion (i) if ¢ = ~; thus we have to show that dexp,, is singular at
toy(0) if o = v gilt.

Assume that 6(0) = 7(0) and d exp,, not singular at ¢y 7(0). Then there is an open
neighbourhood V' of ¢y7(0) on which exp,, is an embedding. By Definition of o,, we have
v(to + en) = on(to + €,) with &, < e, since o,, is a minimal geodesic, and &,, — 0 for
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n — oo. For n sufficiently large then (¢y + &,,)5,,(0) und (¢9 + £,,)7(0) lie in V, and we
have

epr((tO +¢n) 7(0)) =(to+€en) = on(to+£&n) = expm((to +£&n) dn(o))§

hence (to +¢&,)7(0) = (to +,)5,(0) and then ¥(0) = &,,(0) for large n, in contradiction
to the Definition of o,,. O

If (M, g) is a metrically complete Riemannian manifold, x € M a given point and
S"~1 = {v € T,M : |v| = 1} the unit sphere in T,, M, one can show (e.g. [26], p. 98) that
the map in Definition 2.1.10

s: 8"V 5 Ry,  s(v) =sup{t >0:7,|[0,t] is a minimal geodesic},
is continuous. Since in addition s is strictly positive, the set
U, = {tv eT,M:ve S 0<t< s(v)}

defines an open star-shaped neighbourhood of 0 in 7, M with OU,, = C,; according to
Definition 2.1.10 then cut(x) = exp, (OU).

THEOREM 2.1.13. If (M, g) is a metrically complete Riemannian manifold and x €
M, then
M = exp,(U,) U cut(x).

PROOF. Lety € M. By Theorem 2.1.9 (Hopf-Rinow) there is a minimal geodesic
Yoi Yo(t) =exp,(tv), Jv]=1, 0<t<b,

connecting « and y; hence b < s(v). It rests to show the disjointness of the union. Suppose
that y € exp,(U,) Ncut(z), then y = exp, (tovy) = exp, (t1v1) with vg,v; € S*~1 C
T, M such thatty < s(vg) and t; = s(v1). Both 74, [0, to] and 7, |[0, ¢1] are then minimal
geodesics connecting = and y, hence to = ¢1. In addition, 7, |[0, tp + £] is still minimal
for € > 0 sufficiently small. By the following Lemma, +,, can however not be minimal
beyond the interval [0, #o]. O

LEMMA 2.1.14. Letv: R — M be a geodesic on a Riemannian manifold (M, g). If
there is a geodesic curve o # ~y connecting v(0) and ~(to) with the same length as v, then
[0, to + €] cannot be minimal for € > 0.

PROOF. Assume that o: [0,tg] — M is a further geodesic connecting v(0) and ~y(¢¢)
of length L(c) = L(7][0,t]); furthermore suppose that 7|0, to + ] is still minimal for
some € > 0. Then also c: [0,to + €] — M defined by ¢|[0,to] = o][0, to] and c|[to, to +
e] = l[to, to + €], is a curve connecting = and y(to + €) with the length as ([0, ¢y + €] as
well. Thus also ¢ is a minimal geodesic curve which must coincide with -y since c|[to, to +
e] = v|[to, to + €]. Consequently also v coincides with o on [0, to]. O

Theorem 2.1.13 combined with Lemma 2.1.14 gives the following result.

COROLLARY 2.1.15. Let (M, g) be a metrically complete Riemannian manifold and
x € M. Then, for each point y € M \ cut(z) there is exactly one minimal geodesic
connecting x and y.

EXAMPLE 2.1.16. If M = S™ denotes the n-dimensional sphere (considered as part
of R™*! with the induced canonical Riemannian metric), then for each point x € S™

Conj(z) = cut(z) = {—=z}.
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For y € Conj(z) such that y = exp,, v, one says that “v lies in the first conjugate locus
in T, M” if exp,, is regular at tv for 0 < ¢ < 1. We will see that each geodesic curve 7y in M
emanating from x meets the cut locus cut(x) along -y not later than the first point conjugate
to z. This then shows that exp,, |U,. is not only injective but a local diffeomorphism, and
hence defines a diffeomorphism of U, to exp, (U, ). Thus M \ cut(x) is diffeomorphic to
an open ball in R™, and cut(z) itself is a strong deformation retract of M \{z}. In this
sense the cut locus cut(x) contains the topology of M and will hence in general have a
complicated structure which indicates that Example 2.1.16 is not typical.

REMARK 2.1.17. M \ cut(z) can be characterized as the maximal open subset of
M with the property that each of its points can be uniquely joined with = by a minimal
geodesic curve.

Before turning to one of the fundamental questions of the theory, i.e. the problem
when along a radial ray ¢ — tv in T,, M the first conjugate vector in in 7, M shows up, we
insert a discussion of the general notion of curvature of a Riemannian manifold. The basic
answer to the question above is then given by the so-called “comparison principle” which
roughly speaking says that the first conjugate vector comes later the smaller curvature is.

REMARK 2.1.18. Let (M, g) be a Riemannian manifold of of dimension at least 2 and
V the Levi-Civita connection on M. By Definition 1.4.24, the Riemann curvature tensor
R e T(T*M®3 ® TM) is given by

R(X,Y,Z) = R(X,Y)Z := VxVWZ — WVxZ ~ Vixy,Z
for X,Y,Z € T(TM). One may read R equally either as C°° (M )-trilinear map
(TM)? — T(TM)
or as

D(TM @ TM) — Homg.. ) (D(TM), D(TM)).

LEMMA 2.1.19 (curvature identities). For X,Y,Z,U € T'(T' M) one has:
() (R(X,Y)Z,U)=—(R(Y,X)Z,U) = —(R(X,Y)U, Z)
(i) (R(X,Y)Z,U) = (R(Z,U)X,Y)
(iii) R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0 (Bianchi identity).

PROOF. (i): Anti-symmetry in the first and second argument is trivial, in the third and
fourth argument it holds because of

(VxYWZ,Z) = %X(Y(Z, Z)) —(YWZ,VyZ)

1
<V[XY]Z7 Z) = §[X7 Y|(Z,Z).
(iii): The Bianchi identity follows from the fact that
[(X,[v, 2] + [¥,[2,X]] + [Z,1X, Y]] =0

for X,Y,Z € T'(T' M) (Jacobi identity for the Lie product of vector fields); on the other
hand by torsion-freeness of V one has

R(X,Y)Z+R(Y,Z2)X + R(Z,X)Y = [X,[Y, Z]] + [V, |2, X]] + [Z,[X, Y]] =0.
(i1): According to the Bianchi identity one has
(RIX,)Y)Z, U+ (R(Y,2)X,U)+ (R(Z,X)Y,U) =0
—(R(X,Y)U,Z)+ (R, U)X, Z)+ (R(U,X)Y,Z) =0
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—(R(Z, U)X, Y)+ (R(U,X)Z,Y)+ (R(X,Z)U,Y) =0
(R(Z,U)Y, X))+ (R(U,Y)Z,X)+ (R(Y,Z2)U, X) =
Addition of the four equations and taking into account i) leads to
2(R(X,Y)Z,U) - 2(R(Z,U)X,Y) =0
which gives the claim. (]

Further curvature identities are obtained from the Riemannian curvature tensor by
contraction.

DEFINITION 2.1.20 (Ricci curvature, scalar curvature). For a Riemannian manifold
(M, g) the tensor Ric™ € I'(T*M ® T*M), defined by
RicM (u,v) = trace(T,M — T, M , w — R(w,u,v)) = Z<R(ei,u)v, €
i=1
where (eq, . .., eq) denotes an orthonormal basis of T, M, is called Ricci tensor of (M, g);
the symmetric bilinear form
Ric: T,M x T,M — R

is called Ricci curvature at . Die real-valued function k™ finally,

k:M(x) := trace Ric ZRIC (ej,e Z Z (e4,€ ej,ez>

i=1 j=1
where (eq,...,eq) is again an orthonormal basis of T, M, is called scalar curvature of
(M, g).

DEFINITION 2.1.21 (Sectional curvature). Let (M, g) be a Riemannian manifold with
dim M > 2. Furthermore let GosT'M — M be the Grassmann 2-bundle, defined as set by
GoTM =, cps G2T. M where

GoT,M :={E C T,M: E two-dimensional real subspace}.

Then the map Riem™ : GoTM — R,
(R(u,v)v, u)
ul[o]* = (u, v)?’
is well-defined (i.e. independent of the choice of u and v) and is called Riemannian sec-

tional curvature of M. Here |u|*|v]? — (u,v)? = |u A v|? is the squared area of the
parallelogram spanned by u and v.

RiemM|G2TxM = Riem?’: F = span{u,v} —

REMARK 2.1.22. The sectional curvature determines the Riemann curvature tensor.

PROOF. Indeed, for X, Y € I'(T'M) at first (X, Y) := (R(X, Y)Y, X) is uniquely
determined by Riem” . By means of the curvature identities it holds however
6(RX,YV)ZU)=k(X+UY+Z)-k(X+UY)-kX+U,2)
— kX, Y+2Z2)-k(UY+Z)+k(X,Z2)+ k(U,Y)
—kY+U,X+2)+ k(Y +UX)+ k(Y +U,2)
+EYV, X+ 2)+ k(U X+ 2)-k(Y,Z2) - k(U, X),
so that R is determined by k. (]
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DEFINITION 2.1.23. A Riemannian manifold (M, g) is said to have constant (resp.,
positive, negative) curvature, if the sectional curvature Riem™ is constant (resp., positive,

negative). The Riemannian manifold (M, g) is said to be flat if Riem™ = 0 (equivalently,
R =0).

We now turn again to the conjugacy behaviour of the exponential map. Let v be a
geodesic curve on M and 7(to) a cut point of x = ~(0) along . Then ~|[0, ¢y + €] is
for e > 0 no longer the shortest connection of x = ~(0) and ~(to + ¢), which can mean
either that a deformation of «y provides shorter curves, or that there exist non-neighbouring
curves of shorter length connecting (0) and v(¢y + €) for ¢ > 0. We shall see that in the
first case 7 (to) will be conjugates to x along v, i.e., ¥(to) € Conj(z). In general it will
turn out that a geodesic curve v emanating from x, which does not hit the conjugate locus
Conj(z) up to time ¢y, is the shortest connection of 2 and (), compared to all (piecewise
differentiable) curves from z to y(to) which are sufficiently close to 7|[0, to].

In Corollary 2.1.8 we characterized geodesics as critical points of the length functional
under smooth variation of curves. This point of view motivates to consider in addition to
the first derivative (first variation) also the second derivative of the length functional.

THEOREM 2.1.24 (Second variation of arc length). Let (M, g) be a Riemannian ma-
nifold with the Levi-Civita connection, ~y: [a,b] — M a normal geodesic and let

a: la,b] x]|—e, e[ > M
be a differentiable variation of v. In terms of vs = «(-,s), along with T = %a =

a.Dy € T(a*TM) and V = %a = a.Dy € T'(a*TM), for the second derivative of
the length functional L(s) := L(vs) = ff |[vs(t)| dt at s = 0 the so-called Synge formula

holds:

b b o
L"(0) = <VD2V,T>(t7O)’ +/ {|vDy\2— (R(V,T)T,V)— (D(V,T)) }(t,@) dt.

t=
t=a a
PROOF. Recall that by (2.1.3) we have L'(s) = LL(y,) = f: Iiilfl (Vp,V.T) dt.
By means of Cartan’s structural equations (Theorem 1.4.27) and the characterization of
Riemannian connections in Theorem 1.5.6 (iii), this gives

b
v~ | {DW@]V’ T) 1% lT; > (. T>} »
_ /” {<VD2VD1v,T>+<VDlv,VD2T> (V1) <VD2T,T>} »
. ] TP
_ /b{ (R(V,T)V,T) 4+ (VpNVp V. T) +(Vp V, V. T) 3 (Vp V. T)? } &
. | TP

Now since V, T'= 0 and |T'| = 1 along +y, we obtain for s = 0 the formula
b
L"(0) :/ {(VDy, Vp,T) = (R(V,T)T,V) + D1(VpV,T) — (D1(V, T>)2}(t, 0)dt

t=b b 9
= (Vo T)(t0) +/ {19, V2= (R, T)T V) = (Dy(V, 1))} (1,0)

which proves the claim. (]



2.1. THE CURVATURE TENSOR AND JACOBI FIELDS 135

NOTATION 2.1.25. Let~: [a,b] — M be a geodesic curve and «: [a, b] x |—¢, e[ —
M a differentiable variation of . The variation of v is called Jacobi variation if all neigh-
bouring curves vs = «(-,s) to v are geodesics. For ¢ € [a,b] we say that « varies
geodesically at t if the induced curve «(t, -) : |—e,e[ = M is a geodesic.

If in the situation of Theorem 2.1.24 «: [a,b] X ]—¢, e[ — M is a variation of : [a,b]
M with fixed initial and end point (i.e., a(a,s) = «(a,0) and a(b,s) = «(b,0) for
—e < 5 <€), or more generally, if o varies geodesically at the end points t = a and ¢ = b,
then the term (V, V', T)(t, O)|ZZ vanishes in the Synge formula for the second variation
of the length, and Theorem 2.1.24 gives the following Corollary.

COROLLARY 2.1.26. Let (M, g) be a Riemannian manifold, v: [a,b] — M a normal
geodesic curve and «: [a,b] x |—e,e] — M a variation of -y which varies geodesically at
a and b. Denoting by Y = . D2(-,0) € T'(yv*T M) the corresponding variational field
along vy and Y* :=Y — (Y,4) 5 € T'(y*TM) its orthogonal part, then for the second
variation of the length the following formula holds:

b
2.1.11) L”(O) _ / {|VDYL‘2 — <R(Yl’fy) 77Yl>} dt.

PROOF. Indeed we have VL, Y+ = VY — (V,Y,5) 7 = (VY )" and hence
IVpY* [ = [VpY | = (VpY,4)*,
from where the claim follows since (R(Y,7)7,Y) = (R(Y*,9) 7, Y™*). O
REMARK 2.1.27. Let a: [a,b] X |—&,e[ — M be a Jacobi variation of the geodesic
v:[a,b] = M and let Y = (. Ds3)(-, 0) € T'(v*TM). Then D(Y, ) is constant along
v

= «(-,0). Hence, if (Y,+) vanishes at the end points a and b, then (Y, ) vanishes
already identically on [a, b].

PROOF. Let again T = o, Dy € I'(@*TM) and V = . Dy € I'(«*TM). From
Vp,V = Vp,T = a.[D1, Do) = 0 and Vp, T' = 0 it follows first that

(2.1.12) VpVpV =VpVp, T =VpVp, T —VpVp T = R(T,V)T'
and then
D1D(V,T) = Dy(Vp V,T) = (VpVp V,T) = (R(T,V)T,T) = 0,
where the last equality comes from Lemma 2.1.19 (i). [l

Hence if 7: [a,b] — M is a normal geodesic curve and « a Jacobi variation of ~
varying geodesically at the end points such that (Y,+)(a) = (Y, 7)(b) = 0 holds for the
variational vector field Y = (a.D32)(+, 0) € I'(y*T' M), than by Remark 2.1.27 the Synge
formula simplifies to

d2 b
(2.1.13) ﬁ’ L(7) :/ {|VDY|2 - <R(Y,T)T,Y>}dt.
S ls= a
The idea is now to bilinearize the Synge formula (2.1.13) for the second variation of
the arc length which leads to the notion of the index form of .

DEFINITION 2.1.28 (Index form). Let (M, g) be a Riemannian manifold, : [a,b] —
M a normal geodesic and T'-(y*T'M) the real vector space of piecewise differentiable
vector fields X along v such that (X, ) = 0. Then

b
(2.1.14) I(X,Y) ;:/ {(VDX,VDY>—<R(X,7')7‘,Y>}dt
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defines a symmetric bilinear form on T't(y*TM), the so-called index form of v. The
nullspace of I is the linear subspace of X € I't(y*T'M) with the property that I(X,Y) =
0forall Y € T+ (y*TM).

The index form I of a normal geodesic curve ~y: [a,b] — M thus assigns to each
differentiable vector field Y € Tt (y*T'M) the second variation L”(0) of the length L
with respect to the following variation of « (induced by Y),

(2.1.15) a:fa,b] x |—e,e[ = M, aft,s) = exp,) (s Yr),

that is L”(0) = I(Y,Y) and (. D2)(-,0) = Y. Note that (2.1.15) is well-defined for
¢ > 0 sufficiently small by the compactness of the interval [a, b].

REMARK 2.1.29. If I(Y,Y) < 0 for a differentiable vector field Y € I'-(y*T M)
with Y, = 0 and Y}, = 0, then there are curves arbitrarily close to « connecting v(a) and
~(b) with a shorter length than ~. If however I is positively definite on the subspace of
differentiable vector fields Y € T'*(*T'M) vanishing at the end points, then the length of
~ is minimal compared to all variational curves sufficiently close to v with the same end
points.

DEFINITION 2.1.30 (Jacobi field). Letv: [a,b] — M be a geodesic on a Riemannian
manifold (M, g). A vector field J € T'(v*T M) along ~ is said to be a Jacobi field along ~y
if it satisfies the “Jacobi equation”

(2.1.16) VpVpd + R(J,v)v =0.
A Jacobi field J along « is called proper, if in addition (J, ) = 0 holds.

It is easy to see that the Jacobi equation (2.1.16) is equivalent to a second order sys-
tem of linear differential equations. Fixing a parallel section e along « in O(7T'M ), then
(e1(t), ..., eq(t)) is an orthonormal basis for T, ;)M and J writes as J = 3_,(J, e;)e;.

For the scalar functions (J, e;) we have then (J,e;)’ = D(J,e;) = (VpJ,e;) and
(J,e;)” = DD(J,e;) = (VpVpJ,e;), and the Jacobi equation (2.1.16) is equivalent to
the system of linear differential equations

n

(2.1.17) (Joe))" =Y (R(,e)V.e5) (Joe), j=1,....d.

i=1

By the theory of ordinary linear differential equations the system (2.1.17) has a 2n-dimen-
sional space of solutions, and to each initial value and first derivative, corresponding to the
data of J|;—¢, and J'|;—¢, := (VpJ)(to) for some t¢, there is exactly one solution.

Since V4 = 0 we observe in addition (J, )" = (V,VJ,7) = (R(7, J)¥,7) = 0.
Each Jacobi field J along « has hence a unique representation as

(2.1.18) J=J +(c1+tea)y
with J* a proper Jacobi field (i.e. (J*,~) = 0) and real constants ¢, cs.

REMARK 2.1.31. Let (M, g) be a Riemannian manifold, v: [0,b] — M a geodesic
and a: [0,b] X |—¢,e[ — M aJacobi variation of . Then the “variational field”

(2.1.19) J = (a.Dy)(-,0) = Z| _ a(-,s) € (y"TM)

is a Jacobi field along -, and all Jacobi fields along y are obtained in this way.
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PROOF. That (2.1.19) defines a Jacobi field along v is a consequence of formula
(2.1.12) for Jacobi variations. Conversely, let J be an arbitrary Jacobi field along v. We
want to show that J results from a variation of geodesic curves (Jacobi variation). To
this end, we fix a curve ¢: |—e,e[ — M with ¢(0) = ~(0) and ¢(0) = Jp. Along ¢
we choose a vector field W such that W(0) = 4(0) and (VpW), = (VpJ), (for in-
stance, Wy := /5 47(0) + 5 /)5 s(VpJ)o € I'(c*T'M) with //, , the parallel transport
along ¢ from T ()M to T,(5yM). Then a(t,s) := exp,)(t W) defines a Jacobi vari-
ation of v and hence J = (., D3)(-,0) a Jacobi field along 7. But we have Jy = Jy

and (YDJ)O = (VpJ), (this follows with T = «a,D; and V' = «a, Dy according to

(_VDJ)O = (VbV)oo = Vo, )90 = (VpW)o = (VpJ)o): hence necessarily
J = J holds. (|

The proof of Remark 2.1.31 provides in particular a method to construct Jacobi fields.
The special case described in the following example is of particular importance.

EXAMPLE 2.1.32. Let (M, g) be a Riemannian manifold, y: [0,b] — M a geodesic
and J € I'(y*T'M) aJacobi field along v with J(0) = 0. Then .J is the variational field to
the variation

a: [0,b] x ]—e,e[ = M, «alt,s) =exp, [t ('&(0) + sJ’(O))],
where v(0) = z and J'(0) := (VJ),; in other words::
J(t) = % -0 alt,s) = (deXPz)w(o) (t J’(O)) € TyM.

Consider now the index form I defined in (2.1.14) on the vector space 'y (y*T M)
of piecewise differentiable vector fields X along a normal geodesic v: [a,b] — M with
(X,7) = 0 satisfying in addition X, = 0 and X;, = 0. For X,Y € 'y (y*TM) and
a =1ty <t <...<t, = basubdivision of the interval [a,b] such that X and YV
are differentiable on the subintervals [¢;,¢;41], one has (Vp, X, VYY) = D(V,X,Y) —
(VpVpX,Y) on [t;, ti+1] and hence for the index form:

I(X,Y) = /ab{WDX, VoY) — (R(X,9)7, Y}} dt

= b b
— ;<VDX,Y> - */a {(VDVDX,Y> + <R(X,W")§’,Y>}dt,

If X|[t;,t;+1] is a Jacobi field, it follows that
ti—
I(X,Y) =3 2(A (VpX), Ye,) = 52 (Vp X Y)

THEOREM 2.1.33 (Jacobi fields as nullspace of the index form). Let (M, g) be a Rie-
mannian manifold, v : [a,b] — M a normal geodesic and I the index form on Tg- (v*TM).
Then the nullspace of I contains exactly the Jacobi fields J along ~y vanishing at the end
points: J(a) = 0and J(b) = 0.

PROOF. It is sufficient to show: From I(X,Y) = O forall Y € I'y- (y*T M) follows
that X is a Jacobi field. Leta = tp < t; < ... < t, = b be a subdivision of [a, b] such
that X is differentiable on [t;,t;11], and : [a,b] — R a differentiable function vanishing
exactly at the places t; fori = 0,...,n. With

Y == ¢ (VpVpX + R(X,4)7) € Ty (v*TM)

one obtains that each X|[t;,¢;+1] is a Jacobi field. Considering then I(X,Y?) for an
arbitrary vector field YO € T (v*TM) with YO(t;) = Ay, (Vp X), gives the claim. O
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The next Theorem finally connects Jacobi fields to the conjugacy behaviour of the
exponential function.

THEOREM 2.1.34. Let (M, g) be a Riemannian manifold and x,y € M furthermore
let v € T,M withy = exp, v and v: [0,1] = M, ¥(t) := exp,(tv) the connecting
geodesic segment. The following statements are equivalent:

(1) y is conjugate to x along -y (i.e., v is a critical point of exp,,).
(ii) There exists a non-identically vanishing Jacobi field J along v with J(0) = 0 and
J(1)=0.
In particular, © € Conj(y) if and only if y € Conj(x).
PROOF. (i) = (ii): Let y = exp, v and v a critical point of exp,; then there exists
w € T,(Ty M) = T, M such that (dexp,, ), w = 0. The variation
a:fa,b] x]—e,e[ =+ M alt,s) = exp, (t (v+ sw)),
of v is a Jacobi variation, and hence J := a,. Ds(-,0) defines a Jacobi field according to
Remark 2.1.31 which satisfies J(0) = 0 and
J1) =2 o0 €XPg (v + sw) = (dexp,),w = 0.

(1) = (i): Conversely, let now 0 # J € I'(v*TM) be a Jacobi field along ~ with
J(0) =0and J(1) = 0. Then, by Example 2.1.32,

J(t) = (dexp,) 5 (tw), w = J'(0) £0.

Since J(1) = (dexp,),w = 0 then v is a critical point of exp,, and thus y = exp, v is
conjugate to x. (]

COROLLARY 2.1.35. Let (M, g) be a Riemannian manifold and ~: [a,b] — M a
geodesic with the property that v(a) and v(b) are conjugate to each other along ~. Then
each Jacobi field J along vy is uniquely determined by the values J(a) and J(b).

PROOF. The difference of two Jacobi fields along « with identical boundary values
defines a Jacobi field which vanishes at a and b, and hence vanishes identically by Theorem
2.1.34. O

The next Theorem, the so-called Index Lemma, will serve as a crucial tool. I shows
that Jacobi fields minimize the index form in a certain sense.
In the proof we use the following elementary observation.

LEMMA 2.1.36. Let I C R be an open real interval containing 0 and h: I — R
a differentiable function. Then there exists a differentiable function ¢: I — R such that
h(t) = h(0) + tp(t) fort € 1.

PROOF. Indeed, the function ¢(t) = fol B (st) ds satisfies the claim. O

We assume the following situation: (M, g) is a Riemannian manifold, y: [0,0] — M
a normal geodesic curve and ' (7*T' M) the real vector space of piecewise differentiable
vector fields X along 7 such that (X, ) = 0. By Definition 2.1.28, on I'*(y*T'M) the
index form of + is given:

I(X,Y) = /Ob{<VDX, VpY) — (R(X, y‘)y’,y>} dt, X,Y e DH(y*TM).



2.1. THE CURVATURE TENSOR AND JACOBI FIELDS 139

THEOREM 2.1.37 (Index Lemma). Let (M, g) be a Riemannian manifold and suppose
that ~: [0,b] — M is a normal geodesic with no points conjugate to v(0) along ~. Let J

be a Jacobi field along v with (J,7) = 0 and X a vector field in T~ (v*TM). Suppose
that J(0) = X(0) = 0 and J(b) = X (b). Then

I(J,J) < I(X, X),
with equality if and only if J = X.

PROOF. (1) The real vector space J of Jacobi fields J along v with J(0) = 0 and
(J,7) = 0is of dimension n — 1 where n = dim M. Let (J1,...,J,—1) be a basis of
so that J = > «;J; with real constants o, ..., a,. Since there is no ¢ such that ~(t)
is conjugate to (0) along -, according to Theorem 2.1.34, (J1(t),...,Jn—1(t)) forms

a basis of the orthogonal complement {5(¢) }* of (t) in T, )M for each t € ]0,b].
Consequently, for any ¢ € ]0, b], the vector field X has a representation as

n—1
(2.1.20) X(t) =Y fi(t) Ji(t)
=1

with f; piecewise differentiable functions on ]0,b]. We want to check first that each f;
can be differentiably extended to ¢ = 0, and hence to a piecewise differentiable function
on [0,b]. Lemma 2.1.36, applied to the components (.J; , e;,) with respect to a parallel or-
thonormal basis e = (ey...,e,) € I'(y*O(T'M)) along v, gives J;(t) = ¢ A;(t) with
vector fields A; € I'(y*T'M). In particular, then (V,J;)(0) = A;(0) which shows the lin-
ear independence of (A1 (0),..., A,—1(0)). Forany ¢ € [0,b] hence (A1 (t), ..., An_1(t))
is a basis for {7(t) }* in T, ;)M and one has X (t) = >°, g;(t) A;(t) for t € [0,b], where
g; are piecewise differentiable functions on [0, b] with g;(0) = 0. Applying Lemma 2.1.36
one more time gives ¢;(t) = th;(t) with h; piecewise differentiable functions on [0, b].
Since f;(t) = h;(t) for t # 0, this shows the wanted continuability.

(2) Next we show that on the interior of each subinterval, on which the f; are differ-
entiable, the following formula holds:

(VpX,VpX) — (R(X,9)7,X)
= <Zz fi Jis D fi Ji> + D<Zz fidiy > fi vDJi>'

To shorting the notation we write (A, A) + D(X, B) for the right-hand side of (2.1.21)
where A :=3". f/ J;and B := ). f; VJ;. Firstly we have

R(X,7)7 =2 fiR(Ji,7)7= =2, /i VpVpJi = =C

with C' = )", f; V, VpJ;, and hence for the left-hand side of (2.1.21):

(VpX,VpX) = (R(X,9)§,X) = (A+ B, A+ B) = (R(X,7)7, X)

=(A,A) + (A,B)+ (B,A) + (B,B) + (C, X).
On the other hand, letting @ := ). f/ V,J;, we get for the right-hand side of (2.1.21):
(A, Ay + D(X,B) = (A,A)+(A+B,B) +(X,Q+ C)
=(A,A)+ (A, B)+ (B,B) +(X,Q) + (X,C).
To verify (2.1.21) it is hence sufficient to show (B, A) = (X, @), or equivalently:
(2.1.22) (i i Vpdi Yo fiJi) = (O fi Jis 204 fi Vip i)
For the verification of (2.1.22) we consider for fixed indices i, j the function
h:[0,b] = R, h:=(Vpdi,J;)—(Ji,VpJ;);

(2.1.21)
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since h(0) = 0 and
W = (VpVpdi Jj) + (Vo di Vpdy) — (Vpdi . Vipdy) — (Js VpVp )
we have h = 0 on [0, b]. This shows Eq. (2.1.22), Using

D B Vpdis i) =D £ £ i Vpdj),

i,j 4,

this shows Eq. (2.1.22), and completes the proof of formula (2.1.21).
(3) Integration of (2.1.21) gives

b
0

(X, X) = (X, fi Jis 325 £ Vip ;) (b) +/ (32 £ 93325 £3 J5) dts
analogously one obtains for the Jacobi field J the equation

I(J, J) = <Zl Q5 Ji, Zj Qi VDJJ>(b)
By assumption, we have J(b) = X (b), and hence «; = f;(b), which implies

b
(2.1.23) I(X,X)=1I(J,J) +/ >, £ JiPdt > 1(J,.).
0

This completes the proof of the first part of the Index Lemma.

(4)Ifnow I(X,X) = I(J,J), then >, f/ J; = 0 by (2.1.23).

By part (1) (Ji(t),...,Ju—1(t)) is linearly independent for each t € ]0,b] which
gives first f/ = 0 on |0, b] and by continuity then also on [0, b]. This shows f; = const for
each i, since f;(b) = «; hence f; = «; for each ¢, and hence J = X. ]

A first consequence from the Index Lemma is that geodesics v minimize the length up
to the first conjugate point compared to sufficiently close neighbouring curves of v with
the same end points. Indeed, considering the case J(b) = 0 in the Index Lemma (without
restrictions assume that -y is normal), we read off the following: If ~(¢o) is the first point
conjugate to y(0) along ~, then I(X, X) > 0 for any vector field X # 0 along 7|[0, t]
with (X, +) = 0, provided ¢t < t; and X vanishes at the end points, i.e., X (0) = 0 and
X (t) = 0. This shows L"”(0) > 0 for all variations of 7|[0, t] with fixed end points.

In addition the following conversion holds:

COROLLARY 2.1.38. Let (M, g) be a Riemannian manifold, ~: [0,00[ — M a geo-
desic curve such that ~y(to) is conjugate to v(0) along ~. Then [0, t] is not minimal for
t > 1.

PROOF. Without restriction let v be normal; denote by ~(to) the first point conjugate
to v(0) on . By Theorem 2.1.34, there is a Jacobi field J # 0 along 7|0, ¢o] with
J(0) = 0 and J(t9) = 0. We choose ¢ > 0 sufficiently small so that no pair of conjugate
points exists on 7| [tg — €, to + €], and extend J to a piecewise differentiable vector field X
along v|[0, tg + €] via

X‘[O,to]:J and X|[t0,t0+€]:0.

Besides X we consider another piecewise differentiable vector field Y along [0, o + €]
given by

Y|[0,to —e]=J and Y|[to —e,to+¢] =J,
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where J is the unique Jacobi field along ~|[to — &, to + €] such that J(tg — ) = J(tg —¢)
and J(tp + €) = 0. Note that (X, ) = (Y,) = 0. Since X and Y agree on [0,%y — €],
but X|[tg — &,to + €] is no Jacobi field, we obtain

IY,Y) < I(X,X)=0

by the Index Lemma 2.1.37. Since Y induces a variation of ([0, ¢y + €] with fixed end
points according to (2.1.15) so that L (0) = I(Y,Y) for the corresponding second varia-
tion of the length, there exists a variation of +|[0, ¢y + €] which keeps the end point fixed
and shortens the length of v|[0, tg + ¢]. O

Absolute values of Jacobi fields can be compared by means of curvature relations.
This is the content of the Comparison Theorem of Rauch.

THEOREM 2.1.39 (Rauch Comparison Theorem). Let (M, g) and (M, §) be Riemann-
ian manifolds with 2 < dim M < dim M and ~: [0,b] — M, respectively v: [0,b] — M
normal geodesic curves. Furthermore let J and J be Jacobi fields along v, resp. v with

J(0), J(0) parallel to v(0), resp. 5(0) such that:

7O =[J©O)], (VpJ(0),7(0)) = (VpJ(0),7(0)), [VpJ(0)| = [VpJ(0)].
Suppose that there are no points along conjugate to 5(0) and that the curvature of M
along ~y does not exceed the curvature of M ~along Y, e, for any t € [0~7 b] and for all
planes E C Ty yM with (t) € E, resp. E C Ty M with §(t) € E the sectional
curvatures of the planes E, E satisfy the inequality Riem™ (E) < Riem™ (E). Then for
allt € [0,b],

|[J(t)] > |J(t)].

PROOE. (1) It is sufficient to prove the statements for Jacobi fields .J,.J such that

J(0) =0, J(0) =0and (J,7) = (J,7) = 0, since by (2.1.18) one has
J=J 4+ (c1+te)y and J=J"+ (G +1té)7;
but by assumption Ji- = 0, Jg- = 0, as well as ¢; = |.J(0)| = |J(0)| = & and
ca = D(J,4) = (VpJ,4) = (VpJ(0),7(0)) = (VpJ(0),7(0)) = (VpJ.F) = é.

Hence if [J(t)] > |J*(t)] is shown, we have because of (.J,5)(t) = (J,9)(t) also
|J(t)] > |J(t)| for t € [0,b]. On the other hand, since V,(J+) = (VjJ)L, resp.
Vp(J1) = (VpJ)1, it is easy to see that with J and J also J» and J= satisfy the
assumptions of the theorem. R

In addition, we may assume that |V,J(0)] = |VpJ(0)] > 0, since in the case

IV, J(0)| = |[VpJ(0)] = 0 we have |J| = |J| = 0, and the claim trivially holds true.

(2) Letting h(t) := |J(t)|?> and h(t) := |J(t)|?, then h(t)/h(t) for t € ]0,b] is well-
defined, since along 7 there are conjugate points to 5(0). An application of 1’Hospital’s
rule then gives

M) B (VL DO L VD) () VR O)F

)
B0R(E)  OR(E) 0 (VN d, DO+ (Vpd, V) () [VpJ(0)2

and for the verification of |.J| < |J| it is sufficient to check % (h(t)/h(t)) > 0 on 0, ], or
equivalently: i'h > hh' on |0, b].

bl
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To this end, we fix to € ]0, b] for the rest of the proof and show that
(2.1.24) I (to) h(to) > h(to) I (to).

Without loss of generality, we may assume h(to) > 0 and h(to) > 0: For instance, if
h(to) = 0, then 7' (to) = 2(VpJ(to), J(to)) = 0 and (2.1.24) holds trivially; analogously
for il(t()) =0.

(3) Considering the vector fields X := m and X := 7 (i o1 along v, resp. along
v, we have:
h/ t to
(fo) _ (X, X) (o) = / (X, X)"dt
h(to) 0

_ 2/0 0{(vDX, VpX) — (R(X, 7’)7’,X>} dt =21, (X, X)

where I, (X, X) = I(X][0, to], X|[0, to]); analogously it holds /' (to) /h(to) = 2 I, (X, X).
To verify (2.1.24) it is hence sufficient to show I, (X, X) < I, (X, X).

(4) We choose parallel orthonormal bases e = (eq,...,e,) and € = (€1,...,€,1%)
(where n + k = dim M) along ~, resp. , such that

e1 =7, exlto) =X(to) and & =7, &lto)=X(to).

To each vector field A € T'(v*T M) we associate a vector field 1A € T'(5*TM) via

n n
Azg a’eiHLA:E a'é;.
i=1 i=1

Denoting by ¢q: T, o)M — Tﬂ—,(O)J\Z/ the isometric embedding defined by e;(0) — €;(0),
we have (¢LA)(t) = (/fo.+ © Lo © //1,0)A(t) =: ¢, A(t) with //, o and //;  the corresponding
parallel transports along ~, resp. along 4. In particular for A, B € T'(y*T'M) it holds
(tA,1B) = (A,B) and Vj(A) =.VpA.
By the curvature assumption and the fact that both geodesics are normal, we hence con-
clude I, (X, 1X) < Iy, (X, X). )
On the other hand, X, ¢ X are both vector fields along -, and X a Jacobi field, hence

the assumptions of the Index Lemma (Theorem 2.1.37) are satisfied. In this situation the
Index Lemma then gives

I, (X, X) < I, (0 X,0X) < I, (X, X)

which completes the proof of the Theorem. (]

COROLLARY 2.1.40 (Comparison Principle). Let (M, g), (M, §) be Riemannian ma-
nifolds such that 2 < dim M < dim M and let ~: [0,b] — M, resp. 5: [0,b] — M be
normal geodesic curves. If

Riem™ (E) < RiemM(E)

for all planes E C T, )M with y(t) € E, resp. E C Tﬁ(t)M with 4(t) € E and all
t € [0,b], then along ~ the first conjugate point to v(0) does not appear before the first
conjugate point to (0) along 7.



2.1. THE CURVATURE TENSOR AND JACOBI FIELDS 143

PROOF. We assume that 4 has no conjugate points §(0) along 5 on [0, to]. Let J be a
Jacobi field along y with J(0) = 0, but J # 0. Then V,J(0) # 0, and we choose a Jacobi
field J along 4 with J(0) = 0 such that

(VpJ(0),7(0)) = (VpJ(0),5(0)), [VpJ(0)| = |VpJ(0)].

Then |.J(t)| > |.J(t)| > 0 for t € ]0,t] where the fist inequality comes from the Compar-
ison Theorem of Rauch, the second inequality holds according to Theorem 2.1.34. Apply-
ing Theorem 2.1.34 one more time then shows that also [0, ¢o] has no points conjugate
to v(0) along ~. O

For a given manifold in general there there are topological obstructions for the exis-
tence of a Riemannian metric satisfying certain curvature conditions. For instance, neg-
atively curved metrically complete Riemannian manifolds, which in addition are simply
connected, are necessarily topologically trivial, as is shown in the next Theorem. We al-
ways assume metrically complete Riemannian manifolds to be connected.

THEOREM 2.1.41 (Theorem of Hadamard-Cartan). Any simply connected, metrically
complete Riemannian manifold (M, g) of curvature Riem™ < 0 is diffeomorphic to R".
More precisely: If (M, g) is a metrically complete Riemannian manifold with Riem™ < 0,
then exp,: To M — M is a covering for each x € M, and hence a diffeomorphism if M
is in addition simply connected.

A differentiable map f: M — M between manifolds is said to be a covering, if to
each point = € M there exists an open neighbourhood U such that f~1U = Uie I U; for
some disjoint family (U;);c; of open sets U; in M with the property that f|U; : U; =% U
is a diffeomorphism for each 7 € 1.

PROOF OF THEOREM 2.1.41. (1) Let (M, g) be metrically complete and € M.
According to the Theorem of Hopf-Rinow, exp, is defined on all of T, M and surjec-
tive. If in addition Riem™ < 0, then Conj (z) = @ by the Comparison Principle with
(R™, eucl) as comparison manifold. Hence exp,: T,,M — M is a local diffeomorphism
und (T, M, exp.g) a metrically complete Riemannian manifold: Metric completeness fol-
lows from the Theorem of Hopf-Rinow; geodesic curves emanating from 0 € T, M corre-
spond to the half-rays starting at the origin.

(2) It is hence sufficient to show: Each local isometry f: (M, §) — (M, g) between
Riemannian manifolds of the same dimension is already a covering in case (M ,§) is met-
rically complete. Let now = € M; we show that there exists a connected open neighbour-
hood U of z in M such that f maps each connected component U; of f~'U diffeomorphi-
cally onto U. To this end, we choose r > 0 sufficiently small such that exp_, maps the r-ball
V,(0,,) about 0, € T, M diffeomorphically onto the geodesic r-ball B,(x) =: U C M
about z. If f~*{z} = {&; : i € I} let U; := B,.(Z;) C M; we claim

U [},‘ = fﬁlU and f|ﬁL : UL‘ = U.

i€l

Firstly, for fixed i € I, we have exp, odfz, = f o exp; : indeed if v € T, M and if  is
the geodesic with 7(0) = v, then f o+ is a geodesic on M, since f maps as local isometry
geodesics to geodesics; thus (f o ) (t) = exp, (tw) with w := dfz,v € T,,M and hence
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(f 0 exps,)(v) = (f 0 7)(1) = exp, (dfs,v). The diagram

expg,

T3, (M) — M
(2.1.25) dfiiJz ft
T,M —ZL= s M

consequently commutes and in particular also (M, ¢) is metrically complete. Restriction
of the maps in (2.1.25) gives

exp;, ~

Vi(0z,) —= B.(7;) =U;

i

(2.1.26) dfs, Jz fl

VT(OI) —ef\p/z > Br(x) = Uv

since exp,, o dfz, maps V,.(0z,) diffeomorphically onto B,.(z) = U, hence exp; maps
V,(0z,) diffeomorphically to B,.(i;) and consequently f|U; : U; =% U is a diffeomor-
phism.

Trivially (J,., U; C f~'U; we want to verify f~*U C (J,c; U;. To this end, let
§ € f~U and y := f(§j). We consider the minimal normal geodesic c: [0,ty] — M
connecting y and «; it holds ¢y = d(x,y) < r. Tow = ¢(0) € T, M there is a unique
tangent vector v € TQM with dfyv = w. By the metric completeness, the geodesic
¢(t) := expy(tv) on M is defined on all of R; by construction foé = ¢. Hence (foé)(tg) =
¢(tp) = x, and thus ¢(tg) = Z; for some ¢ € I. But since d(Z;,79) < to < r, we have
j€ B, (%) =U,.

It remains to show that U; N U; = @ for i # j. Letv: [0,,] — M the minimal
normal geodesic that connects Z; and ;. Then f o~y is a closed geodesic curve on M with
« as initial and end point. Hence f o« does not lie in the geodesic ball U = B, (x) and
must hence have length > 2r. But this shows t; = d(&;,%;) > 2r. O

Let (M, g) be a metrically complete Riemannian manifold, o € M and v: [0,b] —
M a normal geodesic curve such that v(0) = xq. If for ¢ty € |0, b] the point = := (&) is
not conjugate to zo = y(0) along v, then exp,, : T, M — M maps an open neighbour-
hood of ¢yy(0) diffeomorphically to an open neighbourhood of x in M. Hence, if there are
no points conjugate to (0) along -, then exp,, maps an open neighbourhood V' of the ray
{t7(0): 0 < ¢ < b} locally diffeomorphically to an open neighbourhood U of ([0, b]) in
M.

For instance, if v: [0,b] — M is a normal geodesic starting at o which does not hit
the cut locus C'(z¢), then by Corollary 2.1.38 there are no conjugate points to v(0) = z¢
along +; in addition we may choose V' and U such that exp,, maps V' diffeomorphically

to U. In particular, 7 = |-| o (exp,,|V) ™! is well-defined on U, and coincides there with
the distance function d(zy, - ), i.e.
(2.1.27) r=d(zo,) = || o (exp,, V)™

consequently r is differentiable on U\{z}.

Assuming that +: [0,b] — M does not hit the cut locus of y(0), we fix = (to) with
to € ]0,b] and consider for v € T, M the geodesic curve c: |—e,e[ — U C M satisfying
¢(0) = x and ¢(0) = u. Through the induced curve 8 := i(expm0 [V)"locinT,M we
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obtain a Jacobi variation of 7|[0, to], namely
a: [0,tg] x |—e,e[ = M, aft,s) = exp,, (tﬁ(s)).
It holds (0, -) = zp and (¢, -) = ¢; hence X := ., Da(+,0) € T'(v*T'M) is the unique
Jacobi field with X (0) = 0 and X (¢9) = u. Furthermore, we have
L(a(-,5)) = to|B(s)| = || o (expy, V)" (c(s)) = (roc)(s).

By the formulas (2.1.2) and (2.1.11) for the first and second variation of length, we then
have:

(dr)o(u) = (roc)(0) = (X, 9]¢

(2.1.28)
(Vdr),(u,u) = (roe)’(0) = I, (X+ XF)

where X denotes the orthogonal component of the Jacobi fields X along |[0, ¢o].

We want to use (2.1.28) to derive comparison theorems for the Hessian Vdr depending
on curvature relations.

To this end, let (]\Zf ,g) be a further metrically complete Riemannian manifold with
dim M < dim M and 4:[0,0] — M an additional normal geodesic curve. To put M and
M in relation, as in part (4) of the proof to Theorem 2.1.39, we choose an isometric em-
bedding ¢y : Ty 0)M — Ts0)M with 1, (7(0)) = 4(0) and extend it via parallel transport
to isometric embeddings ¢, : Ty M — T;/(t)Z\Z:

T,y M —2— Ts0)M
(2.1.29) //O,th ZVM
TyyM <= T5yM

In this way an isometric bundle embedding ¢: v*T'M — 5*T M over R with the properties
is obtained:

t9=4 and Vp(LA) =:VpA for A€ T(v*TM).
We assume that there is no cut point of zy = ~(0) along v and no cut point of o =
%(0) along 4, and fix for some ¢y € ]0, b] the points z = y(tg) € M, resp. & = §(to) € M.
The functions

(2.1.30) r=|-|o(exp,, |V)™" and 7 =|-|o (expz |V)7"
z

are defined according to (2.1.27). By definition, then r(z) = 7(Z) = to, and for the
differentials of r and 7 at x, resp. ¥ the following result holds:

LEMMA 2.1.42. Keeping the notions from above, it holds
d(for),=u,d(for);=d(foF);ou,
for each C*-function f: [0, 00[ — R.

PROOF. By the chain rule the claim is reduced to the case f(t) = ¢. Let now u €
T, M. Consider along ([0, to] the Jacobi field X with X (0) = 0 and X (¢7) = u, and
along [0, o] the Jacobi field X with X(0) = 0 and X (to) = Ly, u. Since (X,7) =
(LX, 17) = (X, #), we obtain with the first part of (2.1.28) the claim:

(dr),(w) = (X, 3| = (X, 9]¢ = (dF);(1,w).



146 2. GEOMETRY OF BROWNIAN MOTION

The Hessians are however no longer equal in the sense above, but they can be estimated
against each other by means of curvature relations. To this end, we use the following
notation:

NOTATION 2.1.43. For symmetric bilinear forms
be (v (I"M @ T*M)), bel(7(I"M @ T*M))
along 7, resp. along 7, we write
b=0b,

if for each ¢t € [0, b] and each isometric bundle embedding ¢: v*T'M — *TM over R,
which as in (2.1.29) is induced by parallel transport from an isometric embedding

lg: T’y(O)M — T,y(o)M

with 1, (7(0)) = ~(0), the symmetric bilinear form b.,(;) — ¢;bs(;) on Ty M is positive
semidefinite. In other words:

b= b — bv(t) (u,u) > 5,7(,5) (a,a) forte0,b], ue T,y(t)M, u € Tﬁ(t)M :
lul = lal, (u,7(t)) = (@,7(t)).

THEOREM 2.1.44 (Hessian Comparison Theorem). Let (M, g) and (M, §) be Rie-
mannian manifolds with 2 < dim M < dim M, and let v: [0,b] — M, resp., 5: [0,b] —
M be minimal normal geodesic curves. If then the curvature of M along ~ does not exceed
the curvature of M along 7, in the sense that always

Riem™ (E) < Riem™ (E)

fort € [0,b] and all planes E C T M with(t) € E, resp. EcC Tw)M with(t) € E,
then for any isotone C?-function f: [0, 00 — R:

(2.131) Vd(f o 1)y = Va(f o )5y t€]0,b],

where 1 = d(xo, -) and ¥ = d(Zo, -) denote the distance functions from xo = ~(0) in M,
resp. from Ty = 4(0) in M.

REMARK 2.1.45. (1) The assumed minimality of y: [0,b] — M has as consequence
that for ¢ < b no +(¢) is a cut point of «(0); analogously for 4. Obviously (2.1.31) also
holds for ¢t = b, if r and 7 are differentiable at y(b), resp. at §(b).

(2) It would be sufficient to assume that there are no conjugate points to (0) along 7.
By the Comparison Theorem of Rauch, along with Theorem 2.1.34, then also no () is
conjugate to (0) along . However exp, |V and exp; |V may then be no longer invert-
ible; for fixed ¢ then Vd( f o), ;) needs to be replaced by p = (exp,, |Vio.) " with V[ a
sufficiently small neighbourhood of #y(0), which is mapped by exp,, , diffeomorphically to
an open neighbourhood of ~(t); the right-hand side of (2.1.31) should then be interpreted
correspondingly.

PROOF OF THEOREM 2.1.44. Let t; € ]0,b], to this x = ~(to) and & = F(to).
Furthermore, let w € T, M and ¢: v*TM — f?*TM an isometric bundle embedding over
R constructed according to (2.1.29). We then have to show that

Vd(for)e(u,u) > Vd(for)z(ty,u, Ly,u)-
By formula (1.7.2) one obtains at first
Vd(f or)e(u,u) = f(to) (dr)e(u) + f'(to) (Vdr)s(u, u)
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Vd(f 0 )z (b, trgu) = £ (to) (dF)z (v, u) + f'(to) (VdF)z (14w, 1 0).-

The first two summands are equal by Lemma 2.1.42; since by assumption f'(to) > 0, it
remains to show that (Vdr),(u,u) > (VdF)z (¢, u, 1, u), by (2.1.28) hence to verify that

I, (Xla XL) > Iy, (XJ_’ XJ_)?
here X € T'(y*TM) is the Jacobi field with X (0) = 0, X (to) = v and X € T'(*TM)

the Jacobi field with X (0) = 0, X (o) = 1, u. In terms of the vector field Y := 1 X+ €
['(7*T M) however, it holds

Ito (XL7 XL) 2 Ito (K Y) 2 Ito (le XL)
and thus the claim: The first inequality follows directly from the Definition of the index
form, combined with the observations that |V, X*| = |V, Y| and that (R(X™*,7) 7, X*+) <
<R(Y, i) VL, Y> by the assumptions on the sectional curvatures; the second inequality is a
consequence of the Index Lemma (Theorem 2.1.37), since Y equals X1 at 0 and to- (I

COROLLARY 2.1.46 (Comparison Theorem for the Laplacian: basic version). Let
(M, g), (M, g) be Riemannian manifolds with 2 < dim M < dim M and let ~v: [0,b] —
M, resp., ¥: [0,b] — M be minimal normal geodesic curves. If then

Riem" (F) < RiemM(E)

for all planes E C T ;)M with §(t) € E, resp.. E C Tﬁ(t)M with 5(t) € E and all
t € [0,b), then for each isotone C*-function f: [0, 00[ — R the inequality

A(for)(y(t) = A(for)(7(1), te]0,0],

holds, where r = d(zo, -) and T = cZ(i:o, -) denote the distance functions from xo = v(0)
in M, resp. from Ty = 5(0) in M.

PROOF. The claim follows from Theorem 2.1.44 by taking trace. (]

Comparison theorems are typically applied by comparing a given Riemannian mani-
fold to simply structured standard manifolds. This procedure obviously depends on the
explicit knowledge of suitable comparison manifolds. An important type of model mani-
folds are covered by the following definition (see [13]).

DEFINITION 2.1.47 (Model, rotationally symmetric manifold). Let (M, g) be an n-
dimensional (n > 2) Riemannian manifold and 0 € M be a distinguished point. Then
(M, g) is called a model with center O if 0 is a pole for (M, g) with M being rotationally
symmetric about 0 in the sense that each linear isometry ¢ : TyM — T,M is he differential
of an isometry ¢: M — M, i.e., such that ¢(0) = 0 and (d¢)o = ¢.

Before entering the discussion on properties of models, we want to collect some facts
about isometries. By Definition 1.5.4, isometries are local isometries with the additional
property that they are diffeomorphisms.

REMARK 2.1.48 (on local isometries). Let (M, g) be a metrically complete Riemann-
ian manifold and ¢: M — M alocal isometry, i.e., ¢*g = g. Then:

(1) ¢ preserves the length of curves, and hence, if ¢ is even an isometry, then also dis-
tances, i.e., then it holds: d(¢(z), #(y)) = d(x,y) for z,y € M.
(i1) ¢ transfers geodesics in geodesics; hence in particular:

¢ o exp,(tv) = expy(, (tPxv), € M, ve T, M.
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(iii) ¢ preserves the Levi-Civita connection, i.e.,
dpV B =V, (d¢B), A,BeTl(TM).

In particular, for vector fields X along a curve ¢, it holds d¢ VX = V(d¢ X)), and
X is hence parallel along c if and only if d¢ X is parallel along ¢ o c.

(iv) ¢ preserves the Riemannian sectional curvature, i.e., if E = span{v,w} C T, M
and E' = span{¢,v, p,w} C Ty, M, then Riem? (F) = Riemf(l.)(E').

PROOF. (i) is a direct consequence of the definition of the length functional. (ii)
follows from (i) since ¢ is a local diffeomorphism. (iii) follows from formula (1.7.1) and
the observation that ¢ is affine, since ¢ maps geodesics to geodesics. (iv) finally is a
consequence of (iii) and the second Cartan structural equation (see Theorem 1.4.27). [

THEOREM 2.1.49. Let (M, g) be a model and ~y: [0,b] — M a geodesic curve ema-
nating from the distinguished point 0 € M. Then each each proper Jacobi field along ~,
which vanishes at 0, is up to a scalar function a parallel vector field along ~. In partic-
ular, two Jacobi fields along -y, vanishing at 0, are already orthogonal along ~ if they are
orthogonal at one place.

PROOF. Let J be a Jacobi field along v such that (J,¥) = 0 and J(0) = 0; denote
v =7(0) € TyM and w = J'(0). Since .J is a proper Jacobi field, we have v L w in TyM.
With the identifications M = TyM via exp,, and correspondingly Tv(t)M = T, TgM =
ToM, it holds that y(t) = expy(tv) = tv and J(t) = (dexpg)y, (tw) = tw € Ty, M. We
have to show that the vector field W along v given by W (t) := w € T}, M, coincides up
to multiplication by a scalar function with the parallel transport of w € T;;M along . To
this end, we consider the two-dimensional submanifold

M, := expy(Rv + Rw) Z Rv + Rw C M

with the induced Riemannian metric. Now 7 is also a geodesic in M, and it holds W (¢) L
~(t) in TyM,,. By the isometry of the parallel transport with respect to the Levi-Civita
connection, then W := W/|W| must be parallel along v in M. It remains to show that W
is also parallel along « in M. To this end, it is sufficient to show that M, as submanifold
of M is totally geodesic, since the inclusion ¢: M, — M is affine and then

VDL*W == L*VDW - O.

By definition, we have M, = expy(Rv + Rw) with v L w in ToM. We choose a linear
isometry ¢: TyM — TyM with ¢(v) = v and p(w) = w, but p(u) # u for any v €
{Rv + Rw}+. Then there is an isometry ¢: M — M with ¢(0) = 0 and d¢y = .
According to Remark 2.1.48 (ii), M, is the fixed point set of ¢, i.e., M, = {r e M :
¢(x) = x}. This already shows the claim since if ¢ is a geodesic in M with ¢(0) € M,
ie. ¢(t) = expqg)(t¢(0)), then ¢ lies totally in M, if and only if ¢ o ¢ = ¢; because of
(¢ 0 c)(t) = exp,) (t +¢(0)) this is however the case exactly if ¢.¢(0) = ¢(0), or in
other words, if ¢(0) € T,()M.

In general, we have for X € T,M with z € M, that X € T,Mj if and only if
X = 5(0) for a curve 8 in M with 3(0) = z; indeed, by ¢ o 5 = f3 this condition implies
¢.X = X, conversely from ¢, X = X the existence of an My-valued curve S follows
with X = 3(0), e.g. A(t) = exp, (tX) according to Remark (2.1.48) (ii). O

LEMMA 2.1.50. Ler (M, g) be a model and 0 € M its center. Fix x,Z € M such that
r = d(x,0) = d(Z,0), and let v, resp. 4, be the normal geodesic curves emanating from
0 with the property that v(r) = x and §(r) = Z. If then (u1, ..., uq) is an orthonormal
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basis for T,M with uy = (r), and analogously (i1, ..., uq) an orthonormal basis for
T:M with ty = (r), then there is an isometry ¢: Ml — M with ¢(x) = Z, such that

d¢xu1:ﬁl, Z:1,,d

PROOF. Let v := u; = +(r) and ¥ := @; = 4(r). We identify Ml 2 T M, so that
x = expy(r¥(0)) = r+(0) und
T,M = Try'(O)TOM = T,M.
In this sense we understand uy, .. ., u, as elements of T,M; in particular then v = §(0).

By the Gauss Lemma, we have v L w; for i = 2,...,n in T;M, and correspondingly
v 1 u; fori =2,...,nin TyM. On the other hand, the Jacobi fields Js, ..., J, with

Ji(t) = (dexpg)s, (tu;) = tu; € TyyM

are pairwise orthogonal along by Theorem 2.1.49; hence also (us, . . . , uy, ) is orthogonal
in T,M. With the same argument one obtains the orthogonality of (s, ..., 4,) in TyM.
Thus we can find a linear isometry ¢ : TyM — T,M such that p(v) = @ and p(u;) = \; 4;
fori = 2,...,n where A\; > 0. Since M is a model, there is an isometry ¢p: M — M such
that ¢(0) = 0 and d¢y = . Because of

¢ oexpy(tv) = €XDPg(0) (tpuv) = €XPgy(0) (tpv) = €XDPg(0) (to),
we have ¢ o v = 4, in particular then ¢(x) = Z and d¢, v = 0.
It remains to verify that d¢, u; = u; fori = 2,...,n. To this end, we consider for
fixed ¢ the Jacobi field J along ~ with J(0) = 0, J'(0) = w;, and analogously .J the Jacobi
field along 4 with J(0) = 0, J'(0) = ;. According to Example 2.1.32, we have

J(t) = % +—0 XPo (t (v+ sul)) = (dexpg), (tu;) = tu; € Ty, M,
and j(t) = tu; € TizM. But we have
¢ o exp (t (v+ suz)) = exp, (t p(v+ sul)) = exp (t (0+s /\ﬂli)),

from where by differentiating with respect to s at s = 0 the relation

(d)ew J(t) = Ni J (1)

is derived, thus (d¢)s, tu; = A; tit;. This shows in particular that (de), u; = dé, u; =
i U;. By the isometry of do, : T, Ml — TzM, then necessarily \; = 1. O

Let (M, g) be a metrically complete Riemannian manifold and xy € M. The radial
vector field 2- defined on M\ (C/(zo) U {zo}) is given by (£-)_ = 7(to) where ~ denotes
the unique minimal normal geodesic such that v(0) = x¢ and v(tg) = 2. Obviously, it
holds & = gradr on M\ (C(zo) U {zo}) with r := d(o, -), since grad r is determined
by (gradr,Y) = Y(r) for each vector field Y on M\ (C(zo) U {zo}); on the other
hand, one has Y = Y (r) Z + Y with (£, Y") = 0 by the Gauss Lemma, so that also

(Z,Y) = Y(r) holds.

REMARK 2.1.51. Note that for an arbitrary vector field X on M\ (C /(o) U {zo}) it
always holds that

(2.1.32) (Vdr)(X, 2) =0.

Indeed one has (Vdr) (X, %) = X(ar )= (Vy 2 &) 7, and because of gr =1, then

(Vd?")( ’ Br) = —<VX%,gradr> <VX or? 8r> = 77X 57 W> =0.
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Instead of aﬁ we also write occasionally also  or M. In the particular case that

is a pole for (M, g), the corresponding radial vector field 9™ is defined on M\ {zo}.

DEFINITION 2.1.52. Under radial curvature of (M, g) with respect to zy we un-
derstand the restriction of the sectional curvature Riem™ to radial planes, i.e. planes
E C T,M such that 9} = (Z) € E. Planes in T, M are considered as radial by
convention.

REMARK 2.1.53. In a model (M, g) with with center 0, the radial curvature at some
point « depends only on r = ry,(x) where r,,(z) = d(0, x).

PROOF. This is a consequence of Lemma 2.1.50 and Remark (2.1.48) (iv) which says
that isometries preserve the Riemannian sectional curvature. (]

DEFINITION 2.1.54 (Radial curvature function). Let (M, ¢g) be a model. The function

ky: Ry = R, ky(t) := radial curvature at € M with r, (z) = ¢,
is well-defined by Remark 2.1.53 and called radial curvature function of the model (M, g).

The Comparison Theorem for the Laplacian (Theorem 2.1.46) takes a simpler form
in the case of a model as comparison manifold: it is then sufficient to compare the Ricci
curvature along normal geodesics.

THEOREM 2.1.55 (Laplacian Comparison Theorem: special version). Let (M, g) be a
metrically complete Riemannian manifold withn = dim M > 2, and xy € M, as well as
M a model of the same dimension with center 0 € M. Let ry; = d(zo, -) and ryy = d(0, -)
be the distance functions to xq in M, resp. to 0 in M, and OM resp. O™ the corresponding
radial vector fields. Suppose that for some R > 0,

Ric™ (0™, M) (x) > Ric™ (9™, o) () (= (n— Dky(r))

forall z € M\(C(zo) U{zo}) and & € M\{0} withr = ry,(z) = 14(Z) < R. Then for
each isotone C*-function f: [0, R — R and all z, & as above, it holds

A(f o) () < A(f © ry) (2)-

PROOF. We follow the proof of Theorem 2.1.44. At first we remark that it is again
sufficient to consider the case f(r) = r, since from

Vd(f ory),(u,u) = (f“ ory) (drag)y(uw) + (f/ o) (Vdryy), (u,u)

for uw € T,;M one concludes immediately A(f ory,) = f” ory + (f ory) Ary,, and
analogously A(f ory) = f" ory + (f ory) Ary.

Let now z € M\ (C(zo) U {zo}) and & € M\{0} such that r = ), (z) = ry (&) <
R; to this let v: [0,7] — M be the geodesic emanating from zy with y(r) = =, and
correspondingly : [0,7] — M the geodesic emanating from 0 with §(r) = Z. We fix
orthonormal bases (u1,...,u,) for T,M where u; = M and (iy,...,a,) for TzM
where @; = Y. Fori = 2,...,n let X; be unique (proper) Jacobi field along ~y such that
X;(0) = 0, X;(r) = u;, and analogously X; the corresponding Jacobi field along 4, such
that X;(0) = 0, as well as X;(r) = ;. Taking (2.1.32) into account, one obtains

n

Ary(z) = Z(VdTM)(Ui»Ui) = ZI(Xini),
i=2

=2
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respectively,

n n

Ary(#) = Y (Vdry) (@, @) = > 1(X, Xi),
=2 i=2
But M is a model so that for any 0 < ¢ < r the vectors X; (t) pairwise orthogonal and
in addition | X;(t)| = |X;(t)|: indeed, the first by Theorem 2.1.49 and the second claim,

since each X;(t) can be transfered to X (t) by the differential of an isometry which lets 5
invariant. Hence we have

Ary(#) = Y 1(X;, X;) =

NE

/T{WDXZ»F — (R(X,, ") 9" ) )
0

7

I|
3w

_ / {19, % — [ %ol Ric™ (0 0)} .

0 “i=2

If now ¢, : TzM — T, M is the linear isometry such that ¢,.(%;) = u; fori = 1,...,n and
if one extends it canonically via parallel transport according to

T5(yM —— T, M

//MP J//t,,.

TspM <-==> T, M,

then one obtains an isometric bundle embedding ¢: ¥*TM — ~v*T' M over R, which com-
mutes with the covariant derivative V; of vector fields and transfers the radial vector field
along 7 into the radial vector field along +. One applies now again the index lemma (The-
orem 2.1.37):

Aryp(x) =Y I(X;, Xi) <Y T(Xi,0X)
i=2 i=2
=> / {|VDL)~(i|2 —(R(uX;,0M) aM,LXi>} dt
i=2 70

_ / [ 1vp X = 37 X Rie™ (9%, 0M) } dt
0 “i=2 i=2
_ / {19 % — [ %ol Rie™ (9,0 } at
0 “i=2
T n 5 B
< / I3 9 Kif? — [Xof? Ric"(@0") L dt = Ary(2),
0 “i=2
where the last inequality comes from the assumption on the Ricci curvature. (]

An important tool for the explicit description and construction of models are Euclidean
spheres, even if themselves they are not covered by the class of models. For a > 0 let

St = {z e R"™: |z| = a} 5 R™!
be the sphere of radius a, equipped with the Riemannian metric g = +* eucl induced from

(R™+1 eucl) (see Example 1.5.12), where occasionally for historical reasons the metric is
written g = d?.
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For x € S} we identify canonically
T,Sp = {a}- C R*H,

where {x}* is the orthogonal complement of Rz in R"*!. Each orthogonal transformation
A € O(n + 1) defines by restriction

AlSp: Sp — ST
an isometry of S”. In particular, (S”,d¥?) has constant sectional curvature, since for
given z,y € S} and orthonormal vectors u1,up € 1, S}, resp. vi,v2 € T, S}, there is an
orthogonal transformation A € O(n + 1) such that Az = y and A,u; = v; fori = 1,2.
Modulo multiplication by a constant, diJ? is however the only Riemannian metric on S”

invariant under the full orthogonal group O(n + 1). For a = 1 we write simply S™ instead
of ST.

REMARK 2.1.56. As a compact manifold (S?, dv?) is metrically complete and the
maximal geodesics coincide with the great circles on S': For instance, fix z,y € S}, z # y
and r = d(x,y) sufficiently small such that there is exactly one geodesic ~y: [0, 7] — S7
with 4(0) = x and () = y. To the plane E = Rz + Ry consider now an orthogonal
transformation A € O(n + 1) which has E as fixed point set, e.g. the mirror map at F.
Then also A o +y is a minimal geodesic connecting x and ¥, hence A oy = y and ~y lies on
the great circle £ N S},

Let now (M, g) again be a model and 0 € M its center. Then
expg: (ToM, expg g) — (M, g)

defines an isometry of Riemannian manifolds. Without restrictions, we may identify M =
R", where the center 0 € M corresponds to the origin in R™ and where we identify T;M
and R isometically as Euclidean R-vector spaces. The metric exp g restricted to R™\ {0}
takes under pull-back with ]0, oo[ x S*~1 =4 R™\ {0}, (r,v) — rv by the Gauss Lemma
the form dr ® dr + h,. where h,. denotes the metric on the (n — 1)-dimensional unit sphere
S™~! induced by exp g on SPL.

Recall that Ml is a model and that the metric A, is hence invariant under the full n-
dimensional orthogonal group: thus h,. coincides up to a positive constant (depending on
r) with the standard metric d? on S"~1. We write h, = f(r)? d¥?. With the positive
function f: ]0, 00[ — R defined in this way, each n-dimensional model (M, g) takes the
form

(R", dr @ dr + f(r)? d192).

THEOREM 2.1.57 (Elementary properties of models). Ler (M, g) be a model with
M 22 R" and g = dr @ dr + f(r)? dv? on R"\{0}, as well as k = ky the radial curvature
function of M. Then the following items hold:

(i) (Jacobi equation) f”(t) + k(¢) f(¢t) = 0 with f(0) = 0 and f'(0) = 1.
(i) Vdr = ((f'/f)or) (9 —dr ®dr) withr = d(0, -) the radial function of the model.
In particular, it holds that

Ar=(n—=1)(f'/f)or.
The statement f(0) = 0 and f'(0) = 1 are to read as f(0+) = 0 and f'(0+) = 1.
PROOF. (i) At first let v, w € ToM such that |v| = |w| = 1 and v L w. We consider
the Jacobi field J along the geodesic «y where y(t) = tv such that J(0) = 0 and J'(0) = w.

By Theorem 2.1.49 J is up to a scalar function a parallel vector field along -y, hence
J(t) = c(t)W(t) with VW = 0 and without restriction |IW| = 1 as well as ¢(¢t) > 0
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for t > 0; on the other hand J(t) = (
le(®) W(t)|]> = [tw|* = f(t)?, hence J(
addition, it holds (VpJ)(t) = f/(t) W (¢t
proof of Theorem 2.1.49), hence f/(0) =
Now J = f W is a Jacobi field along v, and by (2.1.16) hence

(VpVpd, J) = =(R(J,9)7,J).

This means (f"W, fW) = —(R(fW,4)7, fW) = —f*(R(W,7)+, W), from where
by

dexpg);, (tw) = tw € Ty,,M. Thus c(t)? =
t) = f(t) W(t) and in particular f(0) = 0. In
) because of (V,J)(0) = w = W(0) (see the

(R(W, )7, W) () = k(1) [W (t)]* = k(1)

the relation f”(t) f(t) = —f2(t) k(t) (or equivalently f”(t) + k(t) f(t) = 0) follows.
(ii) According to (2.1.32) we have Vdr (0™, X') = 0 for each vector field X on M\ {0},
so that in particular Vdr(0™ ™) = 0. It is hence sufficient to show that

(Vdr).(u,u) = (f'/f) (r(z)) forue T,M, z2#0, |u|=1andu L 8"

Let ~y: [0,b] — M be the normal geodesic with v(0) = 0 and v(b) = x, and .J the unique
Jacobi field along v with J(0) = 0 and J(b) = u. Then, according to (2.1.28) along with
the Jacobi equation for J, it holds that

(Vdr), (u,u) = /Ob{VDJ|2 —(R(J,9)7, J>} dt

b
= /0 {‘VDJP +(VpVpJ, J>} dt = (VpJ, J)(b) = ((VpJ)(b),u).

On the other hand, by Theorem 2.1.49 and part (i), we have J = fW with W a parallel
vector field along ~y; in particular then V,,J = f' W and f(b) W (b) = w. This shows

(Vdr)a(u,u) = ((VpJ)(b),u) = (f'(b) W(b),u) = (f'(b)/£(b) u,u) = f'(b)/£(b)

and hence the claim. O

On the other hand, Theorem 2.1.57 (i) opens a simple strategy for the construction
of models: Starting with a differentiable function k: [0,00[ — R, one determines f as
solution to the equation

(2.1.33) f1(t) = —k@)ft), f(0)=0, f/(0) =

If then f > 0 on ]0, o], then dr @ dr+ f(r)? d9? defines a Riemannian metric on R™\{0},
and one shows that because of f(0) = 0 and f’(0) = 1 this metric allows a differentiable
continuation to R”, in other words, there exists a Riemannian metric g on R™ which re-
stricted to R\ {0} coincides with dr @ dr + f(r)? d¥? (see [13] p. 60). Obviously (R", g)
is then a model with ky; = k as radial curvature function. The problem which functions
k: Ry — R can serve as radial curvature function of a model thus reduces to the question
whether the corresponding solution f to (2.1.33) stays positive on all of ]0, oo].

LEMMA 2.1.58. Letn > 2 and k: [0, 00 — R be a C*°-function such that either

(a) £ <0, or
(b) k> 0and [;° sk(s)ds < 1.

Then, up to isometry, there exists a unique model (R™, g) with radial curvature function k.
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PROOF. We show that in both cases f’ > 0 on [0, co[ must hold; since f(0) = 0 then
also f > 0 on |0, oo holds. Assume that 7 := inf{¢ > 0 : f’(¢) = 0} is finite. Because of
f/(0) =1 one has r > 0, and then f > 0 and f' > 0 on 0, r[.

(a) Assume that k < 0. Then f” > 0on 0, r[and then f'(r)— f'(0) = [ f"(s)ds >
0, in contradiction to the definition of r.

(b) Assume now that k£ > 0. Then f” < 0 on ]0,7[ and hence f' < 1 on |0, r[. This
implies f(s) < s for s € [0,7] and hence [ f(s)k(s)ds < [ sk(s)ds with equality if
and only if f(s) = s for each s € [0, r], which however would imply f'(r) = 1 and is
excluded by the definition of r. But then we have

1= f'(r) - f(0) = fg " (s)ds = —fg f(8)k(s)ds > —fg sk(s)ds > —1

which is a contradiction. O

The case of constant radial curvature is of particular interest. Let ¢ > 0 be a constant
and suppose that f”/(t) = —k(t) f(t) with f(0) = 0 and f/(0) = 1. Then:
@ f(t)=t fort € [0,00[if k =0on [0, c0].
(i) f(t) = (1/c) sinct fort € [0,7]if k = ¢? on [0, 7] with r < 7/c.
(i) f(t) = (1/c) sinhet fort € [0, 00[if K = —c? on [0, co].
We want to investigate the different cases and to give descriptions of the spaces of
constant curvature.
A. (Euclidean space) Let (M, g) = (R",eucl) be the Euclidean space R™ with the
standard metric. Obviously (R™, eucl) is a model: it holds

expo| (R™\{0}):]0,00[ x S " - R", (t,v) — tv

and hence expl g = dr ® dr + r?dy?. This corresponds to case (i) and gives up to
isometry the unique model with radial curvature £ = 0; in addition the sectional curvature
of (R™, eucl) vanishes as well.

B. (Sphere) Let S” = {x € R"™! : |2| = a} C R"*! be the sphere of radius a > 0,
equipped with Riemannian metric g induced from R" 1. Geodesics stay on great circles;
fixing an arbitrary point on S”, for simplicity the north pole n, and v € T, S = {n}+
with |v| = 1, we have

exp,,(tv) = cos(t/a)n + a sin(t/a) v.

Therefore it holds exp;, g = dr @ dr + a? sin®(r/a) d¥? on |0, am [ x S"~1. Recall that
(S, g) has constant sectional curvature, as already deduced from symmetry arguments.
The representation of the metric in polar coordinates locally about the north pole as dr ®
dr + f(r)? d9¥? with f(r) = a sin(r/a) gives for radial planes E C T,S" as value of the
sectional curvature
k(r) = =f"(r)/f(r) = 1/a®

where r = d(n,z) < am; hence the sectional curvature of (S?, g) is constant and equal to
1/a?. However there is no model with positive radial curvature.

C. (Hyperbolic space) For a > 0 let M = B} = {x eR™: |z| < a} be the open unit
ball endowed with the Riemannian metric g given by

ww) e 4 (u,v)
g (u,v) (17|z|2/a2)2’

The normal geodesics y emanating from 0 with (0) = v € To M obviously take the form
~(t) = k(t)v with k a scalar function such that £(0) = 0 and £(0) = 1; from |§(¢)| = 1

u,v € T, M = R"™.
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we conclude that /4(t) = 1 — k(t)?/(4a?) and hence x(t) = 2a tanh(t/2a). This gives
R™\{0} ToM
I I
expo‘ (R"\{O}): 10, 00[ x S*=1 =10, 00[ x S1(0) — M
(t,v) ——— (2t,v/2) —— k(2t)v/2 = atanh(t/a)v
and expyy g = dr @ dr + f(r)?d9? with f(r) = a sinh(r/a). Hence (BZ,g) with the
origin as distinguished point is the up to isometry unique model with radial curvature
k = —1/a®. From invariance properties of the metric g one deduces that (B", g) has
constant sectional curvature —1/a?. One calls (B?, g) the n-dimensional hyperbolic space
with curvature —1/a?; in the case of constant negative curvature —1 one calls it simply the
(n-dimensional) hyperbolic space and writes B™ instead of BY.
There are other classical realizations of the hyperbolic space; (B!, ¢) is usually called
the ball model of hyperbolic geometry. We sketch two equivalent models, where we restrict

ourselves to the case of curvature —1:

(a) Let (H™, h) be the upper half space H” = {x € R™ : 2™ > 0} with the metric

ho(u,v) = (u,v)/(2™)?,  wu,v € T,H" = R™,

(H™, h) is called Poincaré model of the n-dimensional hyperbolic space.

(b) Let R"*! = R x R" equipped with the “Lorentz metric” (z|y) = —2%° +
> x'y’and

L" = {z € R""": (z]z) = -1, 2° > 0}.

As inverse image of a regular value under a differentiable function, L™ is an n-dimensional

submanifold of R"*!: the sheet determined by the positive sign of x° of the two-sheet
hyperboloid {z € R"*! : (z|z) = —1}. For z € L" one identifies

T,L" = {y ¢ R"™: (z]y) = 0} =: {a} .

Because of (z|z) = —1, for z € " the restriction of (-|-) to {z}* is positive definite,
namely
nilniiznilnininyiQ
(wly) = 2o~ (5 20w 2200~ o o o= ((55) 2 0.
i=1 i=1 i=1 i=1 i=1 i=1

and (-|-) defines canonically a Riemannian metric k on L™. We call (L™, k) hyperboloid
model of the n-dimensional hyperbolic space.

THEOREM 2.1.59. (B",g), (H™, h) and (L™, k) are isometric models of hyperbolic
geometry.

1 n
PROOF. The map f(z) := %7;5) defines an isometry f: L™ — B", ie., fisa

diffeomorphism and it holds:

9f(x) (dfpu, dfv) = ky(u,v), w,v € T,L", z € L™
Likewise, an isometry H" — B" is given by ¢ oo: H" — B"™ where o denotes the
reflection at the plane ™ = 0 and

2(x — eq)
o(z) ==eq + 2= eql?
where eq = (0,...,0,1) € R™. The verification of these properties is left to the reader.

O
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2.2. Brownian Motion and Curvature

After these differential geometric preparations we continue again with probabilistic
questions and start with the description of the distance process d,, (0, X) of an M-valued
Brownian motion X to a given point o € M. To this end, we refer to some elementary
facts about one-dimensional diffusion processes, which are put together in Appendix A.1.

THEOREM 2.2.1. Let (M, g) be a metrically complete Riemannian manifold with n =
dim M > 2 and let o € M be a fixed point. Let v(-) = dy(o, -) denote the distance
Sfunction to o and X be a Brownian motion on (M, g) such that Xo = xg # o a.s. If

T =inf{t > 0: X; € cut(o) }

denotes the first hitting time of X of the cut locus cut(o) of M with respect to o, then there
is a one-dimensional Brownian motion W (on some possibly enlarged filtered probability
space) such that on [0, T[ it holds:

22.1) A(r(X)) = W + 3 (Aro X)dr.

PROOF. Consider first the stopping time 7/ = inf{¢ > 0 : X; € cut(o) U {0} }. Since
r = dy(o, -) is differentiable on M\ (cut(0) U {o0}), the Geometric It6 formula can be
applied and one obtains on [0, 7'[

d(r(X)) = (dr)(X) (UdW) + %(Ar o X)dt.
Letting dW := (dr)(X) (UdW) = 3_,(dr)(X) (Ue;) dW* with W, = 0, we obtain
AW, W] = Z((dr)(X) Uei)2 dt = Z<(gradr)oX, Ue;)? dt = ‘(gradr)(X)P = dt.

Hence W defines a (stopped) Brownian motion which can be extended to all of R with
the usual methods.

It remains to show that 7/ = 7 a.s. To this end, we have to verify that X does not hit
the point 0 a.s. We fix ¢ > 0 with Ba.(0) N cut(o) = @ such that dy, (o, z9) > &, and
consider for R := d,; (0, X) inductively the following stopping times

g =T0 = 0, and
op=if{t >71, 1 : Ry =} AT, To=inf{t >0,: Ry =2} AT, n>1

It is obviously sufficient to show that the process R|[o,, T,[ does not hit 0 a.s. for any n.
Without restrictions let o, < oo a.s. Now the Riemannian sectional curvature on Bs.(0)
is bounded, i.e. Riem™ |By.(0) < ¢? for some ¢ > 0. After possibly diminishing ¢ we
may assume that ¢ < w/2¢. Comparison with the sphere S{‘/C combined with Theorems
2.1.55 and 2.1.57 (ii) gives

(Ar)(xz) > (n—1)ccotct, t=d(x,0) <2, =z €& Ba(o)C M.

Using the abbreviations X; = X (on+t)Ar, and R, = R, +t)rr,» WE get in terms of
the Brownian motion W, = Wgn+t — Wgn starting anew at o,, and the stopping time

7 =inf{t > 0: R, = 2 or Ry = 0} (both with respect to the transformed filtration) on
the interval interval [0, 7| the equation

(2.2.2) dR = dW + % Ar(X)dt, Ry=e.
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We compare R with the solution to the SDE

n—1

(2.2.3) dY = dW +

ccot(cY)dt, Yy=c¢,

on the real interval ]0,2¢[. At first we conclude from Theorem A.1.9 (ii) for the SDE
(2.2.3) that 0 is a non-reachable boundary point of Y. It is hence sufficient to show that
that R > Y on [0, 7[ which implies that also R does not hit the point 0 a.s. To this end
we can conclude as in Comparison Theorem A.1.8: If [ay,, by,] 1 ]0, 2¢[ denotes a compact
exhaustion with a,, < £ < b,,, then one has first for

t <inf{s>0: Ry & [an,bn) or Yy & [an, bn]}
the pathwise inequalities

t
(Y — Ry)4 = /0 1{YS>RS} d(Y — R),

—_

t
= /0 Ly shy 3 [(n— 1) c cot(cYy) — (Aro X,)] ds

t

1 -

< /0 1{YS>RS} A (n—1)c [cot(ch) - cot(cRS)] ds
t B t B

< C"/O 1{YS>RS} Yy = Ryl ds = Cn/o (Ys — Rs)1 ds

with a real constant C),. By the Gronwall lemma it follows (Y; —]:Zt)+ = 0,hence Y; < ]:Zt,
and then the claim as n — oo. t

Theorem 2.2.1 indicates the general procedure: the distance process r(X) = d,,; (0, X)
of an M -valued Brownian motion X to a fixed reference point o is (at least up to the first
entrance in the cut locus cut(o) of M with respect to o) of the form

. 1 [t
(2.2.4) r(Xy) =r(Xo) + Wi + 3 / (Aro X;)ds
0
with a one-dimensional Brownian motion W, where the drift part in (2.2.4) is controlled

by curvature bounds according to Theorem 2.1.55.

THEOREM 2.2.2 (Comparison Theorem for Brownian motion). Let (M, g) be a met-
rically complete Riemannian manifold of dimension n = dim M > 2 and let B,,(0) be an
open geodesic ball of radius p > 0 about a fixed point o € M which does not intersect the
cut locus cut(o) of M with respect to o. To this, suppose that there is a model M of the same
dimension with center 0 and radial curvature function ky; such that for any x € M\{o}
with 0 < dy, (0, x) = r < pit holds:

Ricy (0™, 0M) > (n — 1) kyy(r),
respectively,
Riem™ (E) < ky,(r) for any radial plane E in T, M|

Let X be a Brownian motion on (M, g), starting from a point xy € B,(0), and 1, its
exit time from B,(0). Correspondingly let X be a Brownian motion on M, starting from
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Fo € M with dy(0,70) = dy;(0,%0), and 7, the exit time of X from the open geodesic
p-ball about 0. Then for any antitone function ¢: [0, p[ = R,

(2.2.5) E[(pody(0, X)) Liter,y] [3] E[(p o dy(0, X)) 1<z

In particular, for 0 < p' < p the following inequalities hold:
P{dy;(0,X;) < p'und t < 7,} [E] P{dp(0,X:) < p/ und t < 7, }.
PROOF. Denote by 7,,(-) = dy; (0, -) and () = dp(0, -) the distance processes to
=7

the distinguished points 0 € M, 0 € M and let r¢ := 7y, (x¢) = 7;(Z0). Then, for ¢t < 7,,
respectively ¢t < 7,

. 1/t
(2.2.6) g (Xe) =10 + Wi + 3 / Ary (Xs) ds.
0
- - 1 rt -
(2.2.7) rv(Xe) =ro+ Wi + 3 / Ary(Xy) ds
0

Since M is a model, we have Ary = (n — 1) (f'/f) o ry =: a o ry where f denotes
the radial function of the model. If the curvature of M can be estimated from below in
the way indicated, then as in the proof of Theorem 2.2.1, by Theorem 2.1.55 (Laplacian
Comparison Theorem) the radial process 7, (X ) may be compared to the solution of the
SDE

(2.2.8) dY = dW + %a(Y) dt, Yo=ro

and one obtains 7, (X;) < Y; fort < 7, a.s. Hence if ¢ is antitone, i.e. monotonically
decreasing, then pory; 0 X; > poY; fort < 7, a.s. By the uniqueness in law for solutions
of (2.2.8) we then have, as claimed,

E[(¢ o dy(0, X)) Lit<r,y] = E[(po dy (0, Xy)) Liter,}]-

The case of upper curvature bounds for M can be treated completely analogously by means
of Corollary 2.1.46. ]

COROLLARY 2.2.3. Keeping the assumptions and notation of Theorem 2.2.2, we have
in addition
P{Tp <t} [S] P{%p <t}
>

forany t >0, and since E[r,| = [~ P{r, > t} dt, then in particular

EXAMPLE 2.2.4. Let (M, g) be a simply connected, metrically complete Riemannian
manifold with n = dim M > 2 and o € M be a fixed point. Suppose that Riem™ < 0. If
then X is a Brownian motion on (M, g) with Xy = z¢ € M, we have

P{dM(Or Xf) < p} < ]P{Rt < p}a
for any p > 0 and ¢ > 0 where R denotes a weak solution of the SDE
dR=dW 4+ (n—1)/(2R)dt, Ry = dy(0,x0),

with W representing a one-dimensional Brownian motion.
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PROOF. By Theorem 2.1.41 (Cartan-Hadamard), the cut locus of M with respect

to any point is empty, and the claim follows from Theorem 2.2.2 by comparison with
(R™, eucl). O

Before continuing the discussion of the radial part of M-valued Brownian motions,
we want to note some general properties of Brownian motions on Riemannian manifolds.

REMARK 2.2.5 (Strong Markov property of Brownian motion). Let (M, g) be a Rie-
mannian manifold. For z € M, let X* denote a Brownian motion on (M, g), starting
at z, which we extend to a continuous process defined on R and taking values in the one-
point-compactification M of M. If then H: C(Ry; M) — R is a bounded measurable
function, then for any Brownian motion X on (M, g) and each stopping time 7, it holds

(2.2.9) E77[H(X;4.)] = E[H(XY)]|,=x, as.on{r < oo}.

PROOF. Taking into account the specific construction of Brownian motions as solu-
tions of SDEs on the orthonormal frame bundle, the claim reduces to the strong Markov
property of maximal solutions of SDEs with locally Lipschitz-continuous coefficients. [l

In general, the cut locus cut(x) on a metrically complete Riemannian manifold (M, g)
with respect to a point z is not a polar set; Brownian motions may hit the cut locus with
positive probability, as can be seen from simple examples. However, for almost all paths
of an M -valued Brownian motion, the occupation time on the cut locus equals zero, which
comes from the fact that the cut locus is a nullset of the canonical Riemannian volume
measure. We want briefly discuss this point.

DEFINITION 2.2.6 (Riemannian volume measure). On a Riemannian manifold (M, g)
there is exactly one measure vol on the Borel o-algebra (M) with the property that for
each measurable function f: M — Ry with supp(f) in the domain of a chart (¢, U) for
M, it holds that

(2.2.10) /fdvol = / (FVg)op tda
»(U)

where ¢(¥) = det G¥) > 0 with Gl(f) = ¢(8;,0;) € C>®(U) and §; = 9/d¢". The
measure vol is called Riemannian volume measure on (M, g).

REMARK 2.2.7. Note that if (¢, V') is another chart, then

Vg =/g®) |det J(pop ) op onUNV.

On the other hand, if ¢: D1 — D5 is a diffeomorphism between two domains of R", then
by the transformation formula, for any non-negative measurable function f: R™ — R,

/Dl<fo<z>>|detJ<<z>)|dw=/szdx

with J(¢) the Jacobian of ¢. Both observations together show that (2.2.10) is independent
of the choice of the chart. Indeed, through (2.2.10), vol is first well-defined on Borel sets
contained in the domain of a chart, and then also on all of (M. The Riemannian volume
measure on (R™, eucl) is obviously the n-dimensional Lebesgue measure.

On a complete Riemannian manifold (), g) the Laplacian generates a canonical semi-
group of operators on the space B(M ) of bounded measurable functions on M in the sense
of a family of linear operators

(2.2.11) P,: B(M)— B(M), t>0,
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with the properties:

(a) PsPtf = Ps—i—tf for f € B(M)

(b) P.f >0for0< f e B(M),aswellas P,1 < 1.

© (Pof)(z) — f(z) =3 [o(PsAf)(x) ds for any test function f € C2°(M).

(d) (P;)>0 is minimal, i.e., for any other family (Q;);>o of positive linear operators on
B(M) satisfying (a), (b), (c), it holds

In addition, (P;)¢>o possesses a C>°-kernel p € C'*°(]0, oo x M x M) such that
(22.12) (Pef)(@) = [ p(t,2,y) f(y) vol(dy), f € B(M), t>0,

and u(t, z) := (P.f)(x) defines a classical solution of the heat equation

Dy —L1Au=0

(2.2.13) {m“ 22
U|t:0 =

These are well-known facts from Spectral Theory of the heat kernel (see for instance [3],

p. 187 {f.). We want briefly sketch the relation to Brownian motion.

THEOREM 2.2.8. Let (M,g) be a metrically complete Riemannian manifold and
(Py)i>0 the minimal semigroup (2.2.11) generated by %A. Then

(2.2.14) (Pf)(x) = E[f(X}) Lt<csy],  f € B(M),
where X* denotes a Brownian motion with lifetime (*, starting in x. In particular, (M, g)
is BM-complete if and only if P;21 = 1.

PROOF. Let (Q;f)(x) := E[f(X{) 1{z<c=}]. We fix a non-negative function f €
B(M), as well as t > 0. Since u(t,z) := (P.f)(z) solves the heat equation (2.2.13), it
follows from Itd’s formula that

(Ys)O§s<t/\C””a Y, = (Pt—sf)(Xg)v

defines a non-negative local martingale. Hence there exists a localizing sequence of stop-
ping times (¢¥),en with ¢F 1 ¢* such that

(Pf) (@) = Yo = ElYingg] 2 Efliminf Yineg] > E[Y: Lpcry] = (Quf) ().

Now also (Qy)¢>0 satisfies the conditions (a), (b), (c) from above, where for instance (a)
follows from the strong Markov property (Remark 2.2.5). We then conclude from the
minimality of (P;);>o that P, = Q. O

COROLLARY 2.2.9. For ametrically complete Riemannian manifold (M, g) are equiv-

alent:

(i) Bounded solutions u of the heat equation 2-u — 1 Au = 0 are uniquely determined

ot 2
by the initial condition u(0, -).
(ii) (M, g) is BM-complete.

PROOF. (i)=-(ii): For x € M let X* be again a Brownian motion starting at x with
lifetime ¢*. Then u(t,z) := (P;1)(x) = P{¢® > t} solves the heat equation to the initial
condition «(0, -) = 1. By means of the unique solvability we have P{¢* > t} = 1 for any
t > 0 and hence P{(* = 0o} = 1.

(ii) = (i): Conversely, let u be a bounded solution of the heat equation with initial
condition f = u(0, -). For fixed ¢ > 0 and « € M then

(}/;)0§5<t, sz = u(tfs;XsI)v
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defines a bounded martingale; hence u(t,z) = E[Y;] = E[Y:] = E[f o X[] which gives
the claim. g

THEOREM 2.2.10. On a metrically complete Riemannian manifold (M, g) the cut lo-
cus cut(xz) of M with respect to any point x is a nullset of the Riemannian volume measure.

PROOF. For x € M we have cut(z) = exp,(C,) (according to Definition 2.1.10)

with
Cp={s(w)v:veT,M, |v]|=1, s(v) < o}

and the strictly positive continuous function s: {v € T, M: |v| = 1} — R, defined by
s(v) = sup{t > 0: d(x,exp,(tv)) = t}. Now C; C T, M is a Lebesgue nullset, as
graph in polar coordinates of a (continuous) function. Then also cut(z) C M, as image of
the differentiable map exp,, defined on 7T, M, is a nullset with respect to the Riemannian
volume measure, which is an immediate consequence of the definition of the Riemann-
ian volume measure and the fact that Lebesgue nullsets are preserved under differentiable
transformations of R™. O

COROLLARY 2.2.11. The occupation time of a Brownian motion on the cut locus
cut(z) of a metrically complete Riemannian manifold (M, g) with respect to any point
x € M is zero, i.e., for each Brownian motion X on (M, g) with lifetime ( it holds:

¢
/ Liex, ccu(e)y At =0 as.
0

PROOF. Let X be a Brownian motion on (M, g); by the Markov property 2.2.9 (with
7 = 0) without restriction with deterministic starting point. Then

E

¢ )
/0 1{t:X1,€cut(r)} dt‘| = /0 E[lcut('r)(Xt) 1{t<§}] dt = 07

because of (2.2.12) and (2.2.14) the last equality is a consequence of Theorem 2.2.10. O

We want to investigate now for Brownian motions X on a Riemannian manifold
(M, g) properties of the distance process d,, (0, X) (with respect to a given point o € M)
beyond the first entrance time of the Brownian motion into the cut locus cut(o) of M with
respect to o. The main difficulty hereby, namely the distance function d,; (o, -) being differ-
entiable only on M\ (cut(o) U {o}), with the consequence that it is not even clear whether
dys (0, X) represents a globally defined semimartingale, can be approached in different
ways. On one hand, it is well-known that estimates for Ad, (o, -) on M\ (cut(o) U {0})
extend globally to all of M if interpreted in the distributional sense (see [46], p. 669-70).
We follow in contrast the approach of W.S. Kendall [22] and use the observation above that
in general Brownian motions may in fact hit the cut locus but “spend no time on it” (see
Corollary 2.2.11).

THEOREM 2.2.12. Let (M, g) be a metrically complete Riemannian manifold with
n=dim M > 2 and let r = dy; (o, -) be the distance function to a given point o € M. Let
X be a Brownian motion on (M, g) with starting point xo € M and lifetime ¢, as well as
U a horizontal lift of X to O(T M) and W the R™-valued BMgiven as anti-development
of X (with respect to the initial basis Uy). Then, fort < (,

2.2.15)  r(X,) —r(z0) = / dr(X) (Ue;) dW' + / Ar(X)dt — L\,
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where dr and Ar are set zero on Cut(o) U {o}; here L'°) is an adapted isotone process
which increases only when X hits the cut locus cut(0), ie.,

¢
(2.2.16) / Liex, gen(o)) AL =0 as.
0

Note that the convention dr = 0 and Ar = 0 at places where r is not differentiable, is
inessential by Corollary 2.2.11.

Theorem 2.2.12 generalizes the Geometric [t6 formula (Theorem 1.6.45) for the radial
part of a Brownian motion X to its whole life interval including the hitting times of the cut
locus. The necessary subtraction of a “correction term” in the form of an isotone process
L(°) which grows only when X hits the cut locus, can be interpreted as local time of the
Brownian motion on the cut locus cut(o), see [4] for a detailed analysis of the geometric
and stochastic nature of L(®).

PROOF OF THEOREM 2.2.12. (see [22]) (1) The lifetime of X (considered as con-
tinuous process taking values in the one-point-compactification of M) is given by

¢ =sup{t > 0: r(X) is bounded on [0, ]}

It is hence sufficient to verify (2.2.15) up to the first exit from a geodesic ball, that is, up
to the first time 7(X) exceeds a certain value. The claim to verify is then only concerns
a sufficiently large geodesic ball B. An elementary consideration thus shows that (M, g)
may be modified outside of B to a compact Riemannian manifold. For simplicity we may
hence assume without restriction of generality M to be already compact; in particular then
Riem™ > —¢2 for some ¢ > 0, and the injectivity radius of M being strictly positive, i.e.,
o = inf{d(z,cut(z)) : x € B} > 0.

(2) We verify first that (X ') defines a semimartingale. To this end, we show that for a
suitable function V' on M the process

¢
(2.2.17) r(Xe) —r(xg) — / V(Xs)ds, t>0,
0

is a supermartingale. This is sufficient since by the general Doob-Meyer decomposition
(e.g., [27], section 3.7) each supermartingale is in particular a semimartingale. By (2.2.17)
then trivially also r(X) is a semimartingale and can be decomposed as

(2.2.18) r(X)=r(xo) + N+ A, N & #, Ac .
‘We consider

2=l ¢ coth er(z) forr(z) < 0/3,
V:M\{o} =R, V(z):={ ? (@) ()= ef
”?71 c coth co/3  forr(x) > o/3.

Comparison with the n-dimensional hyperbolic space of constant curvature —c?, i.e. the
model with radial function f(t) = (1/c¢) sinh ct, gives by Theorem 2.1.55 (Laplacian
Comparison Theorem) and Theorem 2.1.57,

(2.2.19) % (Ar)(z) < V(z) forz ¢ cut(o)U {o}.

As already verified in the proof of Theorem 2.2.1, the Brownian motion X = (X;):>0

does not hit the given point o for ¢ > 0 a.s. For arbitrary 0 < ¢; < ¢35, we have to show that
ta

(2.2.20) E74 |r(Xy,) —r(Xy) — | VI(X,) ds} <0.

t1
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By the strong Markov property of Brownian motion (Remark 2.2.5) it is then sufficient
to show that for each Brownian motion X on (M, g) with deterministic starting point
(different to o) in M

t
(2.2.21) E r(Xt)—r(Xo)—/ V(Xs)ds] <0, t>0.
0

We divide the proof into several steps.
(3) Let 2y € cut(o) be an arbitrary point, and
Yo (t) = exp,(tv), 0<t<s(v), veT,M, |[v|=1,
be a minimal geodesic from o to xg. Then ~,(0/3) & cut(zg), or equivalently zy ¢
cut(v,(0/3)). Hence the following two subsets of M x M,
cut == {(z,y) € M x M: y € cut(z)}
C = {(7(5(v)), 7(¢/3)) : v € ToM, |v| =1}

are disjoint and have positive distance with respect to the product metric on M x M.
Hence there exists § > 0 with the following property: If g = 7,(s(v)) € cut(o), then
x & cut(v,(o/3)) for each z € M such that d(z,z¢) < 6. We choose such a § > 0 such
that in addition 0 < p/3. This leads to the following

Claim: If X is a Brownian motion with Xo = zo € cut(o) and 7 := inf{t > 0 :
d(Xo, X;) = 0}, then

tAT
(2.2.22) E[T(XW)#(XO)*/ V(X,)ds| <0, t>o0.
0

Indeed, fixing a minimal geodesic v, (t) = exp, (tv) from o to xg, then with 6 := v, (0/3),
according to the choice of d, die function
7(x) := d(z, 0)

is differentiable on the geodesic ball Bs(x) about x of radius §, and by Theorem 2.2.1
we have

1 tAT
(2.2.23) E [#(Xins) ~ #(X0) ~ 3 / (AF)(X.) ds} —0, t>0.
0
The same comparison argument leading to (2.2.19) now gives
1 N
(2.2.24) 3 (Ar)(x) < V(x) forz & cut(s) U {6}

with the modified function
R R n=l ¢ cother(z) for#(z) < o/3,
Vi M\{o} - R, V() ;:{ 2 (w) forf(z) < of

"7*1 ¢ cothep/3  for #(x) > o/3,

where for - € Bs(2) by definition V() = V(z) holds according to § < ¢/3. Consider-
ing finally the function

ri(@) = 7(r) + /3
we observe that r (x) > r(x) by the triangle inequality where r (x¢) = 7(xo). Hence it
holds

(Ary)(@) = 5 (AF)(@) < V(x) = V(z), = € Bs(o),

N | —
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and (2.2.22) follows:
tAT
E[?"(XMT)—T(XO)—/ V(X,) ds]
’ tAT
< E[rs(Xinr) - re(Xo) - / V(X,)ds]
0

IE[ (Xinr) — #(Xo) — /OW V(Xs)ds] <0

the last inequality holds by (2.2.23) und (2.2.24). This completes the proof of the Claim.

(4) Assertion (2.2.21) can now be verified by means of the Claim in part (3): For each
Brownian motion X on (M, g) with Xy = x¢ # o, it holds

(2.2.25) IE[ (X;) — r(Xo) / V(X ds} t>0.

Indeed, defining inductively sequences of stopping times (7, ), >0 and (¢, ), >1 by 70 = 0
and

o, =1Inft > 7,1 : X; € cut
(2.2.26) " {tzm-1: X ()}

7'7,:inf{t20n sd( X, X fé} n>1,
one obtains by using the strong Markov property (Remark (2.2.5)), for any n € N,
tAo,
(22.27) Bt [1(Xina,) —r(Xins, ) = [ VXD dS] <0,
tATR—1
tATH
(2.2.28) E%n [r(Xinr,) = 1(Xino,) = / V(X,)ds| <0
tAo,

Here (2.2.27) is a consequence of Theorem 2.2.1 (on the radial part of a Brownian mo-

tion) and estimate (2.2.19), whereas (2.2.28) reduces to the Claim by means of the strong

Markov property. To complete the proof of (2.2.25) only 7,, T co a.s. needs to be verified.
To this end, consider to a fixed £ > 0 the independent sequence of events

Ay ={m —0on,>¢e}, neN

By the Lemma of Borel-Cantelli it is sufficient to show > > P(4,) = oo. We may
compare with the n-dimensional hyperbolic space H"(—c?) of constant curvature —c?: If
B denotes the geodesic ball in H" (—c?) about 0 of Radius &, then we get by Theorem 2.2.2
(Comparison Theorem for Brownian motion), using again the strong Markov property of
the Brownian motion X on M,
E7on T
> P{exit time of BM(H"(—c?)) from B when starting in 0 is at least € }
>1/2 fore > 0 sufficiently small.
This shows that 7(X) can be written as sum of a supermartingale and an isotone pro-

cess; hence, in particular, (X)) is a semimartingale. We want to continue by giving a more
detailed description of the terms in (2.2.18).

(5) Adopting the convention dr = 0 on cut(o) U {o}, the process

/dr (Ue;) dWZ—/ dr(X)UdW, t>0,
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is seen to be the martingale part of r(X).
Indeed, denoting by 7(X) = r(x¢) + N + A the decomposition of r(X) as semi-
martingale, the martingale part /N allows an integral representation of the form

t t
Nt:/ FdWE/ FUdW
0 0

with a uniquely determined predictable R”-valued process F', respectively F' := FU !
the corresponding 7™ M -valued process over X . Considering the difference

t t
N, ::/ FUdW—/ dr(X)UdW,
0 0

one observes that the local martingale N is constant on each stochastic interval, on which
X doesn’t hit the cut locus cut(o); since X avoids the point o almost surely, we have on
such an interval by the geometric It6 formula

1
d(r(X)) = (dr)(X) (UdW) + §(AT o X)dt.
For ¢ > 0 sufficiently small, we consider again the stopping times (2.2.26) and set
Is .= UneN]Tn_l,an[ T I, ford \,0.
Obviously, it holds I, = {(t,w) : X(w) & cut(o)}. As already noted, [N, N] is constant
on each I, and hence f16 d[N, N] = 0, which implies fl* d[N, N] = 0 almost surely. In
addition also [~ 1{x,ccu(o)} d[N, N] almost surely, since [N, N] is absolutely continuous
with respect to the Lebesgue measure and since fooo 1{t:x, ccur(0)y dt = 0 holds almost

surely by Corollary 2.2.11. Together it shows [N, N] = 0 almost surely and hence N = 0
modulo indistinguishability. This gives

N = /dr(X) Udw,

as wanted.
(6) Following the convention Ar = 0 on cut(0) U {0}, the L(°),

L :/0 dr(X) wa+%/0 Ar(X)ds — (r(X:) = r(z0)),

is an isotone process with the property f0°° T4t x, geut(o)} dLEO) = (0 almost surely.
Let I5 be as in (5) with 6 = 1/n, n € N. For sufficiently large n,

(o) _ tr 1 r s s—(r —r(z
L ._/O dr(X) UdW + /{M Ar(X)d +/[0 V(X)ds — (r(X;) = r(z0))

ﬁfl/n 7t]\11/n
determines an isotone process L(>™). By (2.2.19) it holds Lgo’n) > LEO’”H), and hence
L") = tim L
defines an isotone process L(>>°) such that
t
0,00 1
L) = / (X UaW + = [ Ar(X)ds+ [ V(X)ds — (r(X,) — r(z0)
0 [0,¢]N 1. [0,¢]\ I

t 1 t
:/U dr(X)UdW+§/O Ar(X)ds — (r(X,) — r(x0));
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for the last equality we used I, = {(t,w) : X;(w) ¢ cut(0)} together with Corollary
2.2.10. This shows L(>) = L),
The still missing property fooo L{e:X, ¢eut(o)} dLgo) = 0 a.s. comes from the equation

I () dL{®) = 0 as. which holds for each § > 0. O

Theorem 2.2.12 allows to sharpen the Comparison Theorem for Brownian motion
(Theorem 2.2.2) in the case of lower curvature bounds: in this case one may consider
arbitrary geodesic balls, also balls which intersect the cut locus.

THEOREM 2.2.13 (Comparison Theorem for Brownian motion; strong version). Let
(M, g) be a metrically complete Riemannian manifold of dimension n > 2 and let B,(0)
be the open geodesic ball of radius p > 0 about some given point o € M. Suppose that
there exists a model M of same dimension with center 0 and radial curvature function ky
such that for any x € M\ (cut(o) U {o}) with 0 < dy;(0,z) = r < p it holds:

RicM (0™, 0M) > (n — 1) ky (7).
Let X be a Brownian motion on (M, g), starting in a point o € B,(0), and T, be its exit
time from B,(0). Accordingly, let X be a Brownian motion on M, starting in Ty € M with

dy(0,Z0) = dy,(0,20), and 7, the exit time of X from the open geodesic p-ball about 0.
Then, for any antitone function : [0, p[ = R,

E[ (0 dy(0, X)) Ls<r,y] 2 E[(¢ 0 dig(0, X)) Lz,
In particular, for 0 < p' < p, one has the inequalities:
P{dy (0, X:) < p and t < 7,} > P{dy(0,X;) < p’ and t < 7, }.

PROOF. According to (2.2.15) we have for ¢t < 7,
. 1 [t

g (Xe) < (o) + Wi + 5/ Ary (X)) dt
0

where W, := 3" | fg dry;(X) (Ue;) dW" is a one-dimensional Brownian motion (stopped
at {). The remainder of the proof of Theorem 2.2.2 then carries over verbatim. (]

Before continuing the discussion on further asymptotic properties of Brownian mo-
tions, we want to note some fundamental facts about harmonic functions.

LEMMA 2.2.14. Let (M, g) be a Riemannian manifold and h: M — R a bounded
measurable function. The following conditions are equivalent:
(i) h is harmonic (i.e., h € C*° (M) and Ah = 0).
(i) h(z) = E[h o X*] for any x € M and any stopping time 7 such that 0 < 7 < ( a.s.
(iii) h has the mean-value property, i.e., for any xo € M and any sufficiently small geo-
desic e-ball B.(xo) C M about x,

hz) =E[ho X%], x € Be(xo),
where 7% = inf{t > 0: X7 & B.(x¢)} is the first exit time from B.(x).

PROOF. (i) =>(ii) is a direct consequence of [td’s formula combined with the Optional
Sampling Theorem.

(i) = (iii) is a weakening; the almost sure finiteness of the exit time of Brownian
motions from small geodesic balls follows immediately from Theorem 2.2.1.

(iii) = (1): We exploit the solvability of the Dirichlet problem for small geodesic balls
in the following sense (see e.g. [2]): To each zp € M and sufficiently small € > 0
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there exists a family (k(z,dy))eB. (z0) Of “harmonic” measures k. (z, dy) on S:(z) =
OBc (), namely k. (x,dy) = P o (X% )~ !(dy), such that for each bounded measurable
boundary function f: S:(2o) — R a harmonic function ¢y is defined on B: (o) by

(@) = [ ke, dy) fy) = E[f o XT].
For f € C(S:(xo); R) the function ¢y is the unique harmonic continuation of f to B:(z).
The support of P o (X2,)~!is S.(xg), i.e., P{X% € U} > 0 for each non-empty open
subset U C Se (o).

Applied to our situation this means that h = ¢, on B.(z) for each zy € M and each
sufficiently small € > 0; in particular / is harmonic. (]

Note that the equivalence (i) < (iii) in Lemma 2.2.14 also holds for not necessarily
bounded functions.

COROLLARY 2.2.15 (Maximum principle). Let (M, g) be a Riemannian manifold,
h: M — R a harmonic function, m = sup,c h(z) € R If h(zg) = m for some
xo € M, then h is constant.

PROOF. The set My := {x € M : h(x) = m} is open in M as a consequence of the
mean value property; trivially, My is closed by the continuity of A. Since all manifolds are
assumed to be connected, the claim follows. O

The next Theorem shows how on a Riemannian manifold (M, g) asymptotic properties
of BM(M, g) and richness of harmonic functions on M correspond to each other.

THEOREM 2.2.16. For a Riemannian manifold (M, g) the following two items are
equivalent:

(i) BM(M, g) has only trivial exit sets, i.e., if X is a Brownian motion on (M, g) start-
ing from a deterministic initial point and U C M an open subset of the one-point-
compactification M of M, then

P{X; € U eventually} € {0,1}.

(ii) (M,g) is a Liouville manifold, i.e., all bounded harmonic functions on M are con-
stant.

For a Brownian motion X on (M, g) with lifetime ¢, we use again the convention
Xt(w) =oc0in M fort > ((w). If X9 = x € M, we write X = X* and denote by ¢* the
corresponding lifetime.

PROOF OF THEOREM 2.2.16. For U C M let
Ay ={ae CRy;M):a(t) e U eventually },
so that
X Yy) = { Xy € U eventually}
={w € Q: 3 to(w) > 0 such that X, (w) € U forall t > to(w)}.
We first note that for an open U C M the function hy: M — R,
hy(z) :=P{X} € U eventually} = E[1,4, o X7,

is harmonic. Indeed, by Remark 2.2.5 (strong Markov property of Brownian motion) it
holds for each stopping time 7 with 0 < 7 < (7 that

ho(X2) = ElLg, (X9)lymxz = B [, (X2,.)] = B [Lg, (X7)]  as.
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and hence hy () = E[hy (XF)]. Thus, by Lemma 2.2.14 (ii), the function k¢ is harmonic.
In particular, if in addition hy(z) € {0,1} for some x € M, then already hy = 0 or
hy = 1 according to the maximum principle.

(i) = (ii): Let h be a bounded harmonic function on M. Then h(X?) is a bounded
and hence almost surely convergent martingale; let % := limyqc= h(X}). To o € R we
consider the open set U, := {h > a}. By assumption and the maximum principle, for
each of the harmonic functions hy;, on M,

hu, () = P{X} € U, eventually} = P{h o X} > « eventually},

it follows that either hyy, = 0 or hy,, = 1. For any real a, hence P{¢* < o} € {0,1},
independently of z. This shows that £¥ = \ a.s. with a constant A independent of z. Hence
h is constant, namely h(z) = E[¢®] = A.

(il) = (i): Since by assumption boundec} harmonic functions on M are constant, it
holds in particular for any open subset U C M that

hy(z) = P{X} € U eventually} = X € [0, 1].
We need to show that hy (M) C {0,1}. But we have
A= hy(XE) = E7 1, (X5)] = 1o 0 XT as.ast — oo,

and hence A € {0, 1}. O

THEOREM 2.2.17. BM(M, g) is either recurrent or transient, i.e., for any Brownian
motion X on a metrically complete Riemannian manifold (M, g) the following dichotomy
holds: Either it holds

(1) hr?Ticnf d(Xo,X¢) =0as. or (i) hr?TiCnf d(Xo, Xt) = 00 a.s.

PROOF. For z € M let X* be a Brownian motion on (M, g) starting from x and
Ay = {li?%cinf d(X§,XF) =0} C {¢" =00},

The function h; on M defined by hi(z) := P(A,) is independent of the choice of the
Brownian motion starting in x, and as consequence of the strong Markov property (Re-
mark 2.2.5) harmonic on M by Lemma 2.2.14 (ii). From

(2.2.29) P{li%l Cin d(X§, X)) =0} >0

for one x € M, hence (2.2.29) already follows for all z € M. In addition, given a non-
empty open subset U C M, then for any x € M,

P{X}{ € U infinitely often} > 0,

since also ho(x) := P{X] € U infinitely often} is harmonic and hs|U > 0 by (2.2.29).
But then, for each non-empty open subset U C M, it must already hold that

P{X} € U infinitely often} = 1

for any x € M, since ho(X) is an almost surely convergent martingale and X* enters with
positive probability every non-empty open subset infinitely often, from where it follows
that h, is constant and hence hy = 1.

The alternative to the condition lim infy¢e d(X§, XF) = 0 as. for each x € M is
liminfypes d(X§, XF) > 0 a.s. for one (and then each) x € M. By the strong Markov
property of the Brownian motion however the condition lim inf4¢= d(X§, XF) > 0 as.
implies X — oo a.s. as t 1 (%, and since (M, g) is metrically complete by assumption,
this means lim infy¢» d(X§, XF) = oo a.s.
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The generalization of the dichotomy above to Brownian motions with not necessarily
deterministic starting values is again a consequence of the strong Markov property. (]

Recurrence implies that Brownian motions return to any fixed non-empty open set
infinitely often; their lifetime is hence infinite. In contrast, transience means that Brown-
ian motions eventually leave every compact set. Historically, Riemannian manifolds with
transient Brownian motion are called hyperbolic, whereas Riemannian manifolds with re-
current Brownian motion are called parabolic.

We now turn the discussion to the asymptotics of Brownian motions on model mani-
folds which is a type spaces typically used as comparison manifolds. From a probabilistic
point of view, they have the property that in polar coordinates their radial and angular pro-
cess can be decoupled by a time transformation and completely characterized (see also
[17, 33]). In this connection the angular behaviour is described by a martingale on the
sphere, and hence the martingale convergence theorem allows to decide whether Brownian
motion takes eventually an asymptotic direction or leaves every angular sector infinitely
often. The same problem, namely existence of an asymptotic angle of Brownian motion,
has been studied also for simply connected negatively curved Riemannian manifolds such
that —a? < Riem™ < —b? < 0 in [43], [1]; see also [29].

Let (M, g) be an n-dimensional Riemannian manifold with n > 2 and © € M such
that the exponential map at x defines a diffeomorphism; we may pull back the metric to
T, M and identify T, M = R"™ by choosing an orthonormal basis in T, M :

(2.2.30) (R™, exp; g) = (T M, expy g) <5 (M, g).

€XpP,

In this way we identify M and R™ also as sets. In geodesic polar coordinates on M\ {0} =

]0, 00[ x S"~1 about 0 € M we then have g = dr ® dr + h, with a Riemannian metric h,.

on S"~! depending on r, where we consider the following special cases:

(@) g=dr®dr+ f*(r,-) h where f:]0,00[ x S"~! —]0, o[ is a scalar function and h
a Riemannian metric on S*~! which is independent of r.

(b) g = dr @ dr + f?(r) d9y? where f: ]0,00[ — ]0, o0 is a scalar function and d? the
standard metric on S* 1,

The situation (b) corresponds to the already treated model manifolds, whereas in (a) the in-

duced metric on S~ ! is allowed to vary with the angle via the function f: |0, co[ x S*~1 —

10, 0o[. In order to study the angular behaviour of BM(M, g) on such manifolds relative to

0, we first investigate geometric properties of the angular map

(2.2.31) q: M\{0} = S"" 1 (r,9) 9
induced by (2.2.30).

LEMMA 2.2.18. Let q: M\{0} — S"~! be the angular map defined in (2.2.31).
() In situation (a) the map q: (M\{0}, g) — (S™~1, h) is harmonic if and only if
(n—3) grad f, =0

where grad f, denotes the gradient vector field of f, = f(r,-) on (S"~1, h).
(ii) In situation (b) the map q: (M\{0}, g) — (S"~1,dV¥?) is affine and in addition a
harmonic morphism.

PROOF. We want to calculate the second fundamental form of ¢: (M\{0}, g) —
(S"=1 h) with respect to the fixed Riemannian metric on S"~!. As can be seen from



170 2. GEOMETRY OF BROWNIAN MOTION

formula (1.7.2), in charts (¢, U) for M\{0} and (¢, V') for S*~! such that ¢(U) C V the
following general representation in coordinates holds:

(Vdq)§; = 00,6 = > T (9aq") + Y Ths (9:4%)(9;4”)
o B

with indices 1 < 7,5 < n,1 < k < n—1and T resp. T the Christoffel symbols with
respect to the Levi-Civita connection on (M\{0}, g), resp. on (S~ h). Thus choosing
coordinates of the form ¢ = (91,...,0"~ 1 r) for M\{0} with r(-) = d(0, -) and ¥ =
(6%, ...,6m1) for S*~1, one obtains

&

_ t=norj=n
Vd k: Y =
( q)z] {—Ffj +Fi‘€j 1<4,5<n—-1.

As by (1.5.2) the Christoffel symbols of the Levi-Civita connection can be expressed via
the Riemannian metric through

1
=3 > 9" 40: 90+ 0 9:0 — 00 9:5}
4

we observe that (qu)fj = 0fori=mnorj=n,aswellas

n—1

(Vda)s; = (1/) > W {hej 0,f + hiw 0, f — hij0pf}, 1<ij<n—1.
=1
This shows at one hand that ¢ is affine in case (b), whereas in case (a)

n n—1
()" = ) 9" (Vda)iy = —(n=3)f7> ) "0,
ij=1 i=1
holds, and hence 7(q) (r, -) = —(n—3) f,~2 grad f,. It remains to verify that ¢ in case (b)
defines in addition an harmonic morphism. Denoting by A the Laplacian on (M, g) and
accordingly by A the Laplacian on (S*1, h), it is immediate to check that

P A(poq) =(Ap)og

for every differentiable function ¢ € C°°(S™~!), which according to Theorem 1.7.19
implies that ¢ is an harmonic morphism with Dilatation f~*. O

From the probabilistic point of view, Lemma 2.2.18 shows in particular that the angu-
lar process of a Brownian motion on a model is an S”~!-valued martingale with respect to
the standard metric. This observation enables a complete description of the asymptotics of
the angular behaviour.

THEOREM 2.2.19 (Brownian motion on models). Let M be a n-dimensional model
with center 0 € M and Riemannian metric g = dr @dr + f>(r) d9?. Let X be a Brownian
motion on (M, g) with Xo = 1 # 0, decomposed according to M\ {0} =10, oo x S*~!
in its radial and angular part X = (R, ©).

(1) For the radial process, Ry — oo almost surely (i.e., X is transient) if and only if

/Oo 2 (r) dr < oo
1

(i1) The lifetime C of X is either a.s. finite or a.s. infinite, and a.s. finite if and only if

/1 T i) { / T () dp} dr < o,
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(iii) The angular process © converges on S~ ! fort 1 ( a.s., if and only if

/1 T ) { / T () d,o} dr < o,

The latter is equivalent to M being no Liouville manifold.

Note that in case d = 2, a model (M, g) is a Liouville manifold if and only if
BM(M, g) is recurrent.

PROOF. (1) By Theorem 2.2.1 it holds that dR = dW + 3 Ar(X) dt where W is a
one-dimensional Brownian motion. Since Ar(X) = (n—1) (f'/f)(R), the radial process
R satisfies the SDE

dR = dW + % (n—1)(f'/f)(R) dt.

Thus R is a one-dimensional diffusion with infinitesimal generator

S D+ (1) (f'/1) D},

We want to calculate the Riemannian quadratic variation of the martingales ©. To this end,
we first note that in each chart (¢, U) of the form ¢ = (r,6) and U = ]0, co[ x U’ where
(6,U") is a chart for S"~! obviously

Lixery dIX, X] = Lixery Y 9ij(X)d[X", X7]
i,j=1
= lixevy {dIR, R] + f*(R) d[©, €]}
holds, from where we conclude that
d[X, X] = d[R, R] + f*(R)d[®©, O)].
Taking into account that d[X, X| = (dim M)dt = ndt and d[R, R] = dt, we finally
obtain
(2.2.32) d[©,0] = (n—1) f%(R) dt.
By Theorem 1.8.8 (convergence theorem of Darling-Zheng), hence © converges on S™~!
for t 1 ¢ almost surely if and only if f(f f72(Ry) dt < oo almost surely. We let

T(t) = o f 2 (Ra)ds, t<,
and consider for ¢ < T} the continuous time change (7;) where
=T t) = inf{s € Ry: T(s) > t}.

Since T¢ is obviously the maximal lifetime of the time transformed radial process Ry =
R, we get as consequence that © converges for ¢t 1 ¢ if and only the lifetime of R is
finite, almost surely.

By Lemma 2.2.18 the map ¢ is an harmonic morphism with dilatation f~!; conse-
quently X decomposes as X; = (R;, By(;)) with B a Brownian motion on (S™~!, di?).
By the time-change (7;) the radial and angular process decompose as X, = (R,,, B) for
t < T¢; in the new clock the angular component is described by a BM(S™ ™!, d¥?) which
runs up to time 7T¢; hence it converges if and only if 7 is almost surely finite.

(2) By Eq. (2.2.1) and Theorem 2.1.57 (ii) the radial process R solves the one-dimensional

SDE .
dR = dW + 3 (n—1)(f"/f)(R)dt;
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hence R is a diffusion on ]0, co[ with infinitesimal generator

5 (D% (= 1) (/) D).

Correspondingly the time-changed process R is a diffusion on 10, oo with generator

P [D? 4 (= 1) (/1) D).

The questions that interest us here concerning transience and lifetime of R resp. R can
hence be answered by means of Theorem A.1.9. Let ¢; = 0, co = oo and without restric-
tions ¢ = 1, as well as

H(r) = exp ((n 1) /1 J;(s) ds> = 170y 1), 0<r < oo

As already seen in the proof of Theorem 2.2.1, almost surely Brownian motion does not hit
any point fixed in advance; hence 0 is both for R and R a non-accessible boundary point,
and it is thus sufficient to investigate the respective behaviour at the right-hand boundary
point ¢ = oo. In detail we find:

oo
R; — o0 a.s. (transient) <= / I (r)dr < oo
1

oo T dp
R has finite lifetime a. s. <= / H(r) {/ } dr < oo
1

1 H(p)
= /IOOHET){/TOO (p)dp}dr<oo

= [T | [T e ] i <o

s

R has finite lifetime a. s. <> / f3(r) {/ "(p) dp} dr < .
1 T

(3) It remains to show that M supports con-constant bounded harmonic functions
exactly if the angular process © converges almost surely on the sphere S*~! as ¢ 1 (.

We consider first the case that M supports non-constant bounded harmonic functions.
Then (M, g) is not a Liouville manifold, and by Theorem 2.2.16 there exist non-trivial exit
set for BM(M, g). It is easy to see that among them some must be of the form Ry x V'
where V' C S™~! is an open subset. This excludes that 7y = oo almost surely, as a
consequence of the recurrence of BM(S™ ™1, d9?). Recall that T is the lifetime of the time-
changed radial process R and hence almost surely infinite or almost surely finite. Hence
T¢ almost surely finite must hold, which, as already shown, is equivalent to convergence
of the angular process © on S* 1.

Conversely, suppose that © converges almost surely on the sphere S*~! as ¢ 1 (. Write
©7 for the angular part of a Brownian motion X® starting at x € M. For each function
© € C(S"1) then

u(z) := E[p(07)]
defines a bounded harmonic function » on M. Since

u(Xf, ) — »(0F) almost surely as ¢ — oo,
the considered function u is non-constant if and only if ¢(©f) is non-degenerate on sn—t,

i.e. not almost surely constant. If however the “exit measure” [P o (@‘f)_1 equals the
Dirac measure § of a point on S® !, then as an easy application of the maximum principle
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shows, the measures PP o (@f)’l for x € M must be identical, hence P o (@ )yt =
independently of . This is in contradiction to the rotational invariance of P o (@2) L on
S™=! which comes from the fact that (M, g) is a model. O

It is straight-forward to translate the integral conditions in Theorem 2.2.19 into curva-
ture bounds. This then enables a geometric characterization of the Liouville property.

THEOREM 2.2.20. Let (M, g) be an n-dimensional model with center 0 € M and
Riemannian metric g = dr ® dr + f%(r) d9?. For the radial curvature function ky;(r) =
—f"(r)/ f(r) of (M, g) assume that ky;(-) < 0. Furthermore let ¢ = 1 in case n = 2,
respectively ¢ = 1/2 in case n > 3. Then there exist non-constant harmonic functions

on M, if ky;(r) < — ((2:1+ e) for some ¢ > 0 and sufficiently large r. In contrary, if
r
ky(r) > — (2; ) for some € > 0 and sufficiently large r, then M is a Liouville manifold.
r?logr

Note that constant negative curvature outside a compact set is not sufficient for the
existence of non-constant bounded harmonic functions. The condition is not even enough
for transience of Brownian motion, as the following example shows. Let M = R? be a two-
dimensional rotationally symmetric manifold, for instance, with radial function f(r) =
exp(—r) for r > 1 and a differentiable interpolation for 0 < r < 1, such that f(0) = 0
and f'(0) = 1 holds. Then (MM, g) has constant negative curvature outside the unit disk,
but according to Theorem 2.2.19, Brownian motion on ()M, g) is recurrent; M is hence a
Liouville manifold.

We proceed with an elementary Lemma before turning to the proof of Theorem 2.2.20.

LEMMA 2.2.21. Letn > 2 and (M, g) be an n-dimensional model with Riemannian
metric g = dr @ dr + f2(r)d¥*. Let k = —f"/f be the radial curvature function of

(M, g) and N .
1= [ e [ / fl_"(p)dp] ar

Furthermore, let (M , §) another n-dimensional model with metric § = dr&dr+ f2(r) d¥?,
and define k = —f " / fand I ( f ) correspondingly.
(1) Ific < konl0,00[then f < fand f'/f < f'/f on]0,00|.
Gi) 1 E < & on po, ool for some po > 0, then (/) (po) < (F'/ F)(po) implies f'/ <
f /f on the interval [pg, 00| .
aii) If k, k<O0andk < kon 1po, 00| for some py > O, then there exists a constant ¢ > 0
such that f < ¢ fonl0,00].
@(iv) If k, k < 0and k < k onpo,oc0| for some py > 0, then with I(f) < oo also
I(f) < oo,

PROOF. (1) The claims in (i) and (ii) follow immediately from
2233) (SN =G =T =TT = ") = TF (k= k).

(2) Let now k,k < 0. From k < 0 we deduce by (i) that r < f(r ) and 1/r <
f'(r)/ f(r) for 0 < r < oo; correspondingly for f In particular, f/ and f’ are strictly
positive on ]0, 0o . We set k4 := k V k, k_ := k A k and consider the C? solutions u of

u' +kyu=0 withu(0)=0, «/(0)=1.
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As above, we conclude that v and u. are strictly positive on ]0, co[ ; in particular

c1ut(po) < f(po) < c2u(po)
crul(po) < f'(po) < caul(po)
with appropriate constants c1, co > 0. But u and f satisfy identical differential equations
on |pg, oo[ which implies
(2.2.34) cruy(r) < f(r) <couy(r), T > po.
Analogously, for suitable constants ¢;, ¢z > 0, we obtain the inequality
(2.2.35) Gru_(r) < f(r) <é&u_(r), > po.

By (2.2.33), using u. , u_ instead of f, f, we conclude u, < u_ on [0, co[; the combina-
tion of (2.2.34) and (2.2.35) then gives f < ¢ f for some constant ¢ > 0; at first on [pg, 00|
and after eventually enlarging ¢ then on all of [0, oo].

(3) The claim in part (iv) can be easily reduced to the case pg = 0 by following the
arguments used in (2): By (2.2.34) the condition I(f) < oo is equivalent I (uy) < oo; thus
one may replace f by u with the consequence that then k< k4 holds on all of )0, oo .
Without restrictions we may thus assume that po = 0. We let

I(f) = /1s fr3(r) {/:O () dpldr, s>1

and will show that under the condition k < k < 0 it holds that

I(f) < L(f), s=1.
To this end we may assume that floo f1(p)dp < oo and n > 3. At first we then have

SEN = [ ] o
and hence
(2.2.36) f37(s) iIs(f):/Oofl*"(p)dpxo as s 1 oo.
ds R

Differentiation of (2.2.36) gives

d d
Z[ ) 1)) = =10
and then ) 10s)
d "(s) d 1
g2 ls(f) = (n=3) ) 1)+ ot 0.
Using the assumptions along with part (i), we get
d? f'(s) d 1
and hence
Fl-n F3—n d? ]El S) d d F3—n d
=F17) 2 TP G = (n=3) s T = [P L)

Integration then gives
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and thus . d
e [P e < S0,

Integrating again finally gives for s > 1

)= [ 7 | [T as] ar< L - nen = 100

which is the claim. O

PROOF OF THEOREM 2.2.20. For &« > 0 and ¢ > 1 let ®(r) := r (logr)® and
F(r) := (®(r + 0) — ®(0))/®'(0). Then it holds that F(0) = 0, F'(0) = 1 and
—(F"/F)(r) < 0forr > 0, as well as —(F"/F)(r) ~ —a/(r*logr) as r — oo.
Using that

/OO dr
<00 = a>1,
2 7 (logr)®

we obtain in case n = 2 that I(F') < oo holds if and only if & > 1. Analogously one sees
in case n > 3, by using

o0
/ F(p)'="dp ~ [(n—2)r"*(logr)"~1] 1 asr - oo,
T

that I(F') < oo holds if and only if & > 1/2. d

Through the dependence on curvature of the exit time of Brownian motions from
geodesic balls, in connection with the explicit knowledge of the asymptotics of Brown-

ian motions on models, comparison theorems play an important role for applications (see
[18, 19]).

THEOREM 2.2.22 (Comparison criterion for BM-completeness and transience).
A. Let (M, g) be a metrically complete Riemannian manifold of dimension n > 2. Suppose
there is a point o € M and a model (M, §) of equal dimension with center 0 such that

RicM (0™, 0M) > (n — 1) ky(r)
for x € M\cut(o) and 0 < r = dy (0, ). Then if (M, g) is BM-complete also (M, g) is
BM-complete; if BM(M, §) is recurrent, then also BM(M, g).

B. Let (M, g) be a metrically complete Riemannian manifold of dimensionn > 2. Suppose
there is a point o € M and a model (M, §) of equal dimension with center such that

Riem? (E) < ky,(r)
for each radial plane E in T, M with x € M\cut(o) and 0 < r = dy(0,2). If M is

simply connected, then with (M, §) also (M, g) is not BM-complete and BM(M, g) has
finite lifetime almost surely; in this case BM(M, g) is transient if BM(M, §) is transient.

PROOF. Part A follows from Theorem 2.2.13; Part B follows from Theorem 2.2.2,
along with the observation that cut(o) = & under the given assumptions. Indeed, by the
given curvature assumptions in case B, along normal minimal geodesic curves 7y: [0, a] —
M with v(0) = o one has

Riemf\f(r) (E) < ky(r)
for each plane £/ C T,y M such that y(r) € E. The Comparison principle (Corollary
2.1.40) then gives Conj(o) = @. Thus exp,: (T, M, exp’ g) — (M, g) is a local isometry
and hence a covering (as already justified in the proof of Theorem 2.1.41). For simply con-
nected M hence exp,: T,M — M defines a diffeomorphism which in particular shows
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cut(o) = @. The claims then follow from the Comparison Theorem for Brownian motion
(Theorem 2.2.2). Indeed, if for instance (M, ¢) is not BM-complete, then Brownian mo-
tions on (M §) have only a finite lifetime almost surely, and one concludes by Theorem
2.2.2 (and the notation there) that also the lifetime ¢ = sup,, 7, for each Brownian motion
on (M, g) must be finite almost surely; almost sure explosion follows first for Brownian
motions with deterministic starting point, but then also in general by means of the Markov
property 2.2.9. (I

COROLLARY 2.2.23 (Test for BM-completeness). Let (M, g) be a metrically complete
Riemannian manifold of dimension n > 2. For a given point o € M suppose that the Ricci
curvature in the radial direction is bounded below by quadratic function of the distance
g = dys(0, ) to 0, ie

RicM (0™, 0M) > —¢; — car? (), c1, ca > 0.
Then (M, g) is BM-complete, i.e., Brownian motions on (M, g) have infinite lifetime.

PROOF. We compare (M, g) to the model (M, §) = (R™, dr @ dr+ f?(r) d9?) where
f(r) = rexp(er?) with ¢ > 0. Then it holds that —(f”/ f) (r) = —(6¢+ 4c*r?), and then

Ricy! (0M,0M) > —(n— 1) (f"/f) (ru())

by choosing the constant ¢ appropriately. The claim then follows from

| o {/Too £ (p) dpy dr = o0

(which is easy to verify) by Theorem 2.2.22 A. (I



APPENDIX A

Background on SDEs

A.1. One-dimensional Stochastic Differential Equations

We collect in this Section some facts about stochastic differential equations in the
one-dimensional case and develop a qualitative theory of one-dimensional SDEs which
is a useful tool for many geometric comparison theorems. Most of the results of this
Section go back to the work of William Feller and have originally been formulated for
one-dimensional diffusion processes.

We consider the situation of an Itd SDE of the form

(A.1.1) dY = B(t,Y)dt + o(t,Y) dB

with continuous coefficients 3, 0: Ry X R — R and a one-dimensional Brownian motion
B as driving process. We consider first the case of global solutions of (A.1.1) of infinite
lifetime.

THEOREM A.1.1. Let Y' and Y? be two solutions of (A.1.1) with Y = Y. Then
also Y1 Vv Y2 is a solution of (A.1.1) to the same initial condition if and only if the local
time LO(Y? — Y1) of Y2 — Y'! at 0 vanishes modulo indistinguishability.

DEFINITION A.1.2. For any real a the local time of a continuous real semimartingale
X € ./ ata is given by

t
(A.1.2) L{(X) = \Xt—a|—|X0—a|—/ sign(Xs — a) dX,
0
where fooo 1{1x,1£a}dL3(X) = 0 almost surely. Recall that sign := —1j_ o + 1j0,00]-
It holds that
t
1
(A13) (Xt — a)+ = (XO — a)+ +/ ]I{X5>a} dXS + EL?(X)
0
¢ 1
(A14) (tha)_ :(Xg—a)_—/ l{nga} dXs+§L?(X)
0

These formulae are well-known (e.g. [37, p. 222]) and usually refered to under the name
“Tanaka formulae”.

PROOF (of Theorem A.1.1). Letting L°(Y? — Y'!) denote the local time of Y2 — Y1
at 0, we have

dY'vy?) =dyt+d(y?-Yh),
=Bt YY) dt+ot,Y)dB+ liyesyn dY? =Y + %dLO(W -Yh
= (B YD) + (B(t.Y?) = BEY1) Liyasyay ) db
+ (a(t,Yl) + (o(t,Y?) - J(t,Yl))l{y2>y1}) dB + %dLO(Y2 —yvY

177
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1
=Bt Y VY dt +o(t, Y VY?)dB + 3 dLo(Y? — Y1),
from where the claim is seen. O

THEOREM A.1.3. Suppose that for any two solutions Y'* and Y2 of (A.1.1) such that
Yg = Y§, it holds that L°(Y' — Y?) = 0. Then if solutions to (A.1.1) are unique in
distribution, they are even pathwise unique.

PROOF. Indeed, letting Y'* and Y2 be two solutions satisfying Y = Y, by Theorem
A.1.1then also Y1V Y2 is a solution. For ¢ > 0, by the uniqueness of solutions in law, both
Y,! and Y;! V Y;? have the same law, with the consequence that Y;' > Y;? almost surely;
analogously one obtains Y,! < Y;? almost surely. The claim thus follows by the continuity
of the paths. (I

The following Lemma gives a criterion for the vanishing of the local time L°(X)
of a semimartingales X € .% at 0. To this end, we denote by p a measurable function
R4 — Ry such that fot p(u)~t du = oo for any t > 0. We note this property shortly as

Joy () ™1 du = oo.

LEMMA A.14. Let X € .Y and p: Ry — Ry be a measurable function such that
f0+ p(u) ™! du = oco. Suppose there exists € > 0 such that for any t > 0

t
(A.1.5) / L{o<x.<e} P(Xs)"Hd[X]; < oo  almost surely.
0

Then L°(X) = 0 modulo indistinguishability.

PROOF. From the “occupation times formula” of the local time (e.g. [37, p. 224]) we
have for fixed ¢ > 0 the relation

[ 0xza X)X = [ pla) £2(X) da
0 0

where L¢(X) denotes again the local time of X at a. Hence if L?(X) does not vanish
almost surely, by means of the right continuity of L{(X) in a, the right-hand side of the
last formula would be infinite with positive probability — in contradiction to assumption
(A.1.5). (]

THEOREM A.1.5 (Yamada-Watanabe). Let 8,0: Ry x R — R be continuous func-
tions satisfying the following properties:
(i) o is bounded, and there exists a measurable function p: Ry — R satisfying
Jou p(w) ™! du = o0 such that
o (s,2) = o(s,9)[ < p(le - yl)

forall s € Ry and z,y € R.
(ii) B is globally Lipschitz, i.e., for any t > 0 there is a constant L; such that

|B(s,2) = B(s,y)| < Le |z — y]

forall0 < s <tandx,y € R.

Then solutions of (A.1.1) are pathwise unique.
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PROOF. Let Y'! and Y2 be two solutions of (A.1.1) satisfying Y = Y. Then by
dY'—=Y?) = (B, Y") = B(t,Y?)) dt + (o(t, Y?') — o(t,Y?)) dB, we obtain

t
/ p(Yd = Y2) M yasyzydY = Y7,
0

t
= / p(Y:sl - }/;32)71 1{Y51>Y52} (U(S7Y91) - U(S7Y€2))2 ds < t,
0
and by Lemma A.1.4 hence L°(Y! — Y2) = 0 modulo indistinguishability. Thus we have

t
Vi 2 = [ sien(v! - v2)d! - v2)
0
t
- / sign(YV,' — Y7) (B(s,YS) — B(s,Y7)) ds
0

t
+ [ sien(v! = ¥2) (o5, ¥)) = 0(5.Y2) dB.,
0
and consequently
t
B! -7 < L. [ BV - Y2|ds,
0

From this inequality we get |E|Y,! — Y,?| = 0 by means of Gronwall’s lemma along with
the usual continuity argument. (]

EXAMPLE A.1.6 (Girsanov). Solutions to the one-dimensional SDE
(A.1.6) dY =o0,(Y)dB, Yy=0
with o, (z) = |2|* A 1 are pathwise unique for @ > 1/2, and Y = 0 is the only solution.
This is an immediate consequence of Theorem A.1.5: for 1/2 < « < 1 it holds that
]aa (x)—aa(y)‘ < |z—y|, whereas o, is globally Lipschitz continuous for o« > 1. We are

going to verify that pathwise uniqueness in Equation (A.1.6) is violated for 0 < a < 1/2.
To this end, let

t
T(t) ;:/ (IBs|** A1) ""ds, teR,.
0

As E[T(t)] < oo, each T(t) is finite almost surely, t — T'(¢) is almost surely strictly
monotone increasing, and because of T'(t) > ¢ trivially T(co) = oo holds. Hence 7 :=
T~Y(t) = inf{s € Ry: T(s) > t} defines a finite continuous time-change, and Y; := B,
with respect to the time-changed filtration (ﬁn)teR , gives a (non-trivial) weak solution
Y of (A.1.6). Indeed, with the (ﬂ}t)-Brownian motion

B, ::/t(\Bswm)*lst, teRy
0

we have

Tt t t
Y, =B, = / dBs = / (|1B;,|* A1) dB, = / (IYs]* A1) dBs,
0 0 0

which shows the claim. Hence uniqueness in distribution, and in particular pathwise
uniqueness of solutions to (A.1.6), does not hold for 0 < « < 1/2.

REMARK A.1.7. It may be surprising in Example A.1.6 that unique solvability of
(A.1.6) is given in cases where uniqueness of solutions in the analogous ordinary differ-
ential equation is violated. For instance, the equation y(t) = fot (ly(s)|* A1) ds has for
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« > 1 only the trivial solution y = 0, as can be seen by the Gronwall lemma, whereas for
0 < a < 1 a further solution is given by

oo LBV for0 <t<1/8
0= (1-1/B)+t fort>1/B,

where 5 =1 — a.

We want now to use the above techniques for the goal to derive comparison theorems
of one-dimensional SDEs. To this end, we consider the situation of two SDEs

dy' = pi(t, YY) dt + o(t,Y')dB
(A.1.7) dY? = g*(t,Y?)dt + o(t,Y?)dB

with continuous functions 3!, 3%, 0: R, x R — R and the same one-dimensional Brow-
nian motion B as driving process.

THEOREM A.1.8 (Comparison Theorem of Ikeda-Watanabe). Let Y'! and Y? be so-
lutions of (A.1.7) under the following conditions:
(i) Either 31 or 32 is globally Lipschitz, and it holds 3* > 32,
(ii) o satisfies Condition (i) of Theorem A.1.5.
Then Yy > Y§ almost surely already implies Y, > Y;? almost surely for any t > 0.

PROOF. By the same argument as in the proof of Theorem A.1.5 we obtain again
LO(Y! —Y?) = 0. Since Y} > Y? almost surely, we have by the Tanaka formula (A.1.3)

t
(02 =¥ = [ vz (B, 02) = 810, ds
t
+/ Lyasyy (0(s, Y2) — o(s, Y])) dB;,
0
and hence
t
o) = B[ =¥ 04] = | [ Lz [926:72) = (5 ¥2)) 5]

In case 3! is globally Lipschitz, we obtain

s <e [ ey [ V2) — B s Y] s

t t
< 1B | [ o 12 =¥ as] = 1 [ oto)as
0 0

and the claim follows in the usual way by Gronwall’s Lemma. On the other hand, if 32 is
globally Lipschitz, then

t
60) =B | [ vz (932) = #25.¥)
t
+E |:/ ].{y52>ysl} (ﬂ2(8, Ysl) — 51(8, Ysl)) d8:|
0
S E |:/0t 1{Y3>Ysl} (ﬂz(s,ysz) — 62(3,3/’51)) d8:|

t
< Lt]E |:/ 1{Y5-2>Y51} ’}/82 _ Y31| d5:| 3
0
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and the claim is derived as in the first case. O

We now want to discuss the asymptotic behaviour of solutions to one-dimensional
SDEs. For such questions it is natural to consider SDEs on open real intervals and then
solutions with lifetime.

Let I = ]e, co] with —oo < ¢ < ¢ < oo be an interval in R and let a,b: I — R
be continuous functions where a > 0. We suppose that on [ a diffusion process ¥ with
infinitesimal generator L = a D? + b D (where D = d/dt) is given, which we assume to
be realized as maximal solution to an SDE of the form

(A.1.8) dY =b(Y)dt +o(Y)dB

with 02 = 2a, 0 > 0 and B a one-dimensional BM. In particular, Y is then a continuous
I-valued semimartingale of maximal, but not necessarily infinite lifetime ¢, such that

d(f(Y)) = (LH)(Y)dt € dA .

for any C2-function f: I — R of compact support supp(f) C I. Note that on the set
{¢ < oo} the limit lim¢ Y; exists almost surely with values in {c1, c2}. Thus we may
extend Y via Y; := limgy¢ Y, on {¢ < oo} fort > ( to a continuous process defined
globally on R,.. For x € I we denote by 7, = inf{t > 0 : ¥; = 2} the hitting time of =
and call the boundary point ¢; accessible for Y if P{r., < co} > 0.

The problem is now to find conditions on the coefficients of (A.1.8) which characterize
properties such as transience, recurrence, or infinite lifetime of Y. The process Y is called
transient if Y eventually exits every compact subset in I almost surely, and recurrent if
P{r, < oo} = 1foreach x € I. The lifetime of Y is obviously given by ¢ = 7, A Te,;
transience of Y means Y; — {c1,co} as t 1 ¢, and is in particular satisfied if { < oo
almost surely.

Fixing c such that ¢; < ¢ < cg, we consider

(A.1.9) H:I—-R, H(r) :exp{—/:z((z))dp},

as well as the R-valued functions s, m, k on I defined by

)= [ Hpydo mir) = [ o k)= [ i) stdp)

which extend to R U {#-00}-valued functions on I = I U {c1, c2}; here s(dp) denotes the
Borel measure on I with distribution function s.

THEOREM A.1.9. Leta,b: I — R be continuous functions on an interval I = ]cy, co|
where —o0 < ¢1 < ¢o < 00 and set 02 = 2a with o > 0. For a one-dimensional Brownian
motion B and y € I, let Y be the maximal solution to the SDE

dY =bY)dt+o(Y)dB, Yy,=y.
With respect to a fixed c € I let H be defined by (A.1.9). The following items hold true:

(1) The process Y is either recurrent or transient, and in fact transient if and only if
s(c;) = [ H(r)dr is finite for i = 1 or 2.
More precisely, one can distinguish the following four cases:
(1) If s(c1) = —o0 and s(cg) = oo then

P{sz}zp{og?fmyt :cl} :]P’{ sup Y; :02} =1.

0<t<oo
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(2) If s(c1) > —o0 and s(cg) = oo then

]P’{limY} = cl} :}P’{ sup Y < 02} =1.
t1¢ 0<t<¢

(3) Ifs(c1) = —oo and s(ca) < oo then
IE”{ meYt > cl} = P{ltl%?}/t = 02} =1.

0<t<
4) If s(c1) > —oo and s(c2) < oo then
]P’{lith — cl} -1 —P{lith - CQ} _ sle) =sy)
¢ t1¢ s(c2) — s(e1)
(i1) (Feller’s test for explosion) Y has almost surely infinite lifetime if and only if

k(ci):/CCiH(r)(/cra(mlH(mdp) dr = oo, i=1and?2.

Moreover c; is accessible for Y if k(c;) < oo.
(iii) The lifetime of Y is almost surely finite (i.e., P{¢ < oo} = 1) if and only if one of the
following three cases is at hand:
(1) k(c1) < oo and k(cz) < oo, or
(2) k(c1) < oo and s(ca) =00, or
(3) k(c2) < 00 and s(c1) = —oc.
In case (1) even E[(] < oo holds.

The following implications hold trivially:
(A.1.10) s(c1) = —o00 = k(c1) =00, $(e2) =00 = k(cz) = o0.

The crucial method to prove Theorem A.1.9 will be to “rescale” the process Y by
composition with an isotone transformation ¢ in such a way that ¢(Y") becomes a local

martingale. One speaks then of a “natural scale” for the diffusion Y and calls ¢ a scale
function for Y. We start by verifying that actually s defines a scale function for Y.

PROOF OF THEOREM A.1.9. (fl) The function s defines a C?-diffeomorphism of I =
Jer, ca[ onto |s(e1), s(c2)[ such that Y = s(Y) is a local martingale with lifetime ¢. Indeed,
by Ls = as” + bs’ = aH' +bH = 0, we have

ay =d(s(Y)) = s'(Y)dY + % §"(Y)dYdY = H(Y)o(Y)dB,

and thus dY = ¢(Y)dB where ¢ := (Ho) o s'. In particular, modulo a time change,
Y is a Brownian motion, i.e., there exists a stopped one-dimensional Brownian motion W
such that Y; = Wy, almost surely where T} := fg P(Ys)? ds.

We want to note first that Y leaves each compact subinterval of I in finite time: it
holds P{7,, < (} = 1 where

Tab 1= inf{tZO:Yt ¢ [a,b]}, c1<a<b<es.

Indeed, on N := {1, = ¢} itholds hat ¢ = oo by the maximality of the solution; the paths
of Y hence stay in the interval [a, b], and the ones of Y in [s(a), s(b)]. As consequence of
Y, = Wr,, we get Ty < oo on N almost surely. On the other hand, we have ¢ > ¢ > 0
on the compact interval [s(a), s(b)], and hence T, = oo on N. Both facts together imply
P(N) = 0.

From the discussion above the claims of part (i) of the Theorem follow immediately.
Indeed, the maximal lifetime ¢ of Y on ey, ¢o coincides with the maximal lifetime of ¥
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on ]s(c1), s(c)[, and Y is transient if and only if Y is transient, for which 7; < oo must
hold almost surely. Conversely, convergence of Y, as t 1 ¢ holds on {T; < oo}, that
is convergence almost surely to s(c;) or s(cz), since otherwise the path of Y would stay
in a compact subinterval of I with the consequence that T: = oo as seen above. Hence
transience of Y is given exactly if T < oo almost surely, and this is the case if and only if
Y, converges almost surely to s(cy) or s(co) as ¢ 1 ¢, hence if and only if s(c;) or s(cp) is
finite.
Let y € I be the starting point of Y und let z, z € I such that z < y < z. Then

(A.L11) P{r <7} =Pln <Tz}:M’

as can be seen from the equality
s(y) = E[s(Yo)] = E[s(Yr.ar)] = s(2) P{re < 7.} + s(2) P{7 > 72}
Recall that Y is recurrent if and only if for any = € I,
Plry, <71;} =1, i=12.
From (A.1.11) we conclude that this is equivalent to s(c;) = —oo, s(c2) = o0; more
precisely, we have

Pl{r, < 7o, } =1 <= liTm]P){Tz<TZ}:]. — s(ea) =00, ¢ <zx<UY;
zZlca2

P{r, <7, } =1 < li\m P{r, <7} =0 < s(c1) = —00, y<z<cs.
z C1

This shows in particular the claimed criterion for recurrence. The items (1) —(4) of part (i)
are immediate combinations of the above.

(b) For the analysis of explosions of Y we construct a twice continuously differentiable
function ¢: I — R, such that 1 + k < ¢ < exp(k) and such that Z; := e~% (1) o Y})
defines a local martingale on [0, (].

More specifically, let /: I — R be the unique solution to the linear SDE
(A.1.12) Ly =+ on I with ¢’(¢) = 0 and ¢(c) = 1.

We want to show that 1 has the intended properties. For a continuous function u on I, let
M (u) be the function on I defined by

mr)i= [ stao) ([ ateymtan) = [ ) ([ i) ap

From the equation aH’' + bH = 0 it follows immediately that L M (u) = w on I; in
particular, condition (A.1.12) is equivalent to the validity of the equation ¢y = 1 + M (%))
on /. This leads to the presentation

(A.1.13) Y=, oM (1)

where M°(1) := 1 and M"*'(1) = M(M"(1)). We have k = M(1) by definition,
trivially M™(1) > 0, and one verifies inductively

(A.1.14) M™(1) < k"/nl, n=1,2,...
Indeed if M™(1) < kn—T,L then also

et = [ stan) ([Carw@man) < 5[ s ([ re@man)
<o [ stan i) ([ mian) = o

n! J,
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L7 B
= k (p)k(p)d/J:m(l))!-

n! J,

By (A.1.14) the right-hand side ¢* := "7 ; M"™(1) of (A.1.13) is well-defined and sat-
isfies the estimate 1 + & < ¢p* < exp(k); on the other hand, as 1 + M (¢*) = ¢* on I, we
get ¢ = ¢*. In particular, the representation (A.1.13) shows that ¢ is decreasing on |cy, ¢]
and increasing on [c, co|.

The claim that (Z;);<¢ with Z; = e~ " 1(Y}) is a local martingale is finally seen from
1t0’s formula using the fact that ay)” + by’ = 1.

(© If k(c1) = k(c2) = oo, then P{¢ = co} = 1 holds for the lifetime ¢ = 7., A 7,.

To see this, we chose a compact exhaustion [ay,, b,] T |c1, co[ where a,, < y < b,, and
consider o,, = inf {t >0:Y; & [an,bn]} = Tq, N Tp,. Since Z°" is a martingale, we
have for each t € R, the equality ¢(y) = E[e~ (") ¢(Y,, »,)] and thus

e p(y)
Ao <= Gy a0

here we use the assumption k(c;) = k(c2) = oo along with the estimate 1 + &k < 1.

@A) If k(c;) < oo, then ¢; is accessible for Y, i.e., it holds that P{r., < co} > 0. In
particular, P{¢ < oo} > 0 holds if k(c;) is finite for i = 1 or 2.

Suppose for instance that k(c;) is finite; because of ¢ < exp(k) then v (z) stays
bounded as x — c¢;+. Without restrictions we may assume that ¢; < y < c¢. In addition to
the sequence (0, )nen Of exit times described in (c), we consider the hitting time o := 7.
of c. Taking into account that o,, < (, we have

1 <9(y) =E[e ") (0 Yy, 1, )]
= B[, 2001 € 9(c) + Lo, <o € 7" (Y0 Yo,)]
<14+ ¢(a+)E[l{r, <o e 7]
L1+9(er+) Bl <opye” ™) asn — oo,

— 0 forn — oo;

where we used that the function 1) is decreasing on the subinterval |cy, ¢l; in particular, then
P{r., < o0} > 0holds true. The case k(c2) < oo is treated analogously. This completes
the proof of part (ii) of the Theorem.

(e) In order to verify (iii) we show first: If P{¢ < oo} = 1 holds, then one of the cases
(1),(2) or (3) is in force.

If P{¢ < oo} = 1, then k(c1) < oo or k(c2) < oo by (ii). Assume for instance
k(c1) < oo, and suppose that none of the cases (1), (2), (3) is given. Taking (A.1.10) into
account, we see then that

s(e1) > —oo and  s(eg) < 00, k(c2) = o0.

Hence we are in situation (4) of part (i), and P{limy¢ Y; = ¢2} > 0 holds true. We con-
sider the time-changed process (Zﬂ =e Tt (Y, ))teR . where the time change (7;)cr
stretches the stochastic interval [0, ([ to Ry x . As Z,, is a non-negative continuous local
martingale, the limit
Z._ = lime " (Vs
~ =l (Y1)

almost surely exists in R and takes the value e~¢ ¢(co+) on {limyr¢ Yy = cp}. Since
1+ k < < exp(k) and k(ce) = o0, it holds that ¢)(co—) = oo, with the consequence
that { = oo on {limmg Y, = 02}. This is however in contradiction to P{{ < oo} = 1;
hence either (1), (2) or (3) must hold true. One argues analogously in the case k(cg) < 0.
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(f) It remains to show that P{¢ < oo} = 1 if in (iii) one of the cases (1), (2),(3) is
given. We verify first that E[¢] < oo under the assumption k(c1) < 00, k(c2) < o0.

To this end, we construct under the condition k(c;) < oo, k(c2) < oo a twice contin-
uously differentiable non-negative function w: I — R such that

Lu=—-1 and u(ci+)=u(c2—) =0.
We set u(r) = [, G(r,t) m(dt) where
(rAt)—s(cr)) (s(c2) — s(rvi))

s(c2) — s(e1)

) = , (nt)elxI.

Under the assumption that k(c1) < o0, k(c2) < oo we have s(¢;) € Rfori¢ = 1,2 and
hence G is bounded. Furthermore, we have

u(r) :M /T(s(t) - s(cl))m(dt) + M /02(5(02) — s(t))m(dt)

s(c2) — s(c1) Je, s(c2) — s(cr)
—78(02)_S(T) rm r)—m(p))s 78(74)_8(01) CQm —m(r))s
= S [ o)~ mip)stdo) + S [ ono) = mir)s(ap)
sl st) [T ) —sle) [
= 3o —sa) /q (p) s(dp) + S(ea) = 5(c1) /r (p) s(dp),

where we used in the second line the conversion

/:2(5(62) — s(t)) m(dt) = / ( /t “H ) dp) m(dt)

= [ #0010y 2.0 dp mia

_/:2</Tpm(dt)> H(p) dp=/:2 (m(p) — m(r)) s(dp).

The computation above shows that under the assumption that k(c1) < o0, k(c2) < oo the
function w is finite on I; evidently even bounded and twice continuously differentiable. In
addition, one verifies Lu = —1; trivially u(c;+) = u(ca—) = 0 holds. It6’s formula then
gives

d(u(Y)) =u'(Y)o(Y)dB — dt.

Choosing now as in part (c) a compact exhaustion [a,,, b,] 1 ]c1, c2[ such that a,, < y < by,
and considering the stopping times o, = inf{t > 0: Y; ¢ [ay, b,]}, we obtain

Elu(Yins, )] = uly) — E[t A o]

Hence we get E[t A 0,,] < u(y), and as t — 0o, n — oo, we conclude E¢ < u(y) < oo.

(g) We show: the conditions k(c;) < oo and s(cg) = oo imply P{¢ < oo} = 1.

If (an)nen is a sequence in I such that a,, T ¢z, then it holds P{r., A7,, < oo} =1
according to (f); on the other hand, k(c¢1) < oo implies s(c¢1) > —o0, so that situation (2)
of part (i) is given, which implies lim,,_, o, P{7,, > 7.,} = 1. By the obvious identity
{7e, < o0} = U, {7, < 7a, } one obtains then P{7., < oo} =1andP{¢ < oo} =1as
wanted.

Analogously, one verifies P{¢ < oo} = 1 in the remaining case k(cz) < oo and
s(c1) = —o0. O
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A.2. Derivative Flows

Let M be an n-dimensional smooth manifold and, for some m € N, let
A: M xR™ - TM, (x,e)— A(z)e,

be a homomorphism of vector bundles over M. Thus, A € T'(R™ ® T M), i.e., the map
A(z): R™ — T, M is linear for z € M, and A(-)e € T'(T'M) is a smooth vector field on
M for e € R™. Consider the Stratonovich stochastic differential equation

(A2.1) dX = A(X) 0 dB + Ao(X) dt

where Ay € T'(T'M) is an additional vector field, and B an R™-valued Brownian motion
on a filtered probability space (Q, F,P; () ter +) satisfying the usual completeness con-
ditions. There is a partial flow X;(-), () associated to (A.2.1) (see [28] for details) such
that for each © € M the process Xy (z), 0 < ¢ < ((x), is the maximal strong solution to
(A.2.1) with starting point Xo(2) = x, defined up to the explosion time {(x); moreover,
using the notation X;(z,w) = X;(x)(w) and {(z,w) = {(x)(w), if

Mi(w)={zeM:t<{(r,w)}
then there exists a set 2y C €2 of full measure such that for all w € Q:

(i) My(w) is openin M for eacht > 0, i.e., (-, w) is lower semicontinuous on M.
(ii) X¢(+,w): My(w) — M is a diffeomorphism onto an open subset of M.
(iii) The map s — X,(-,w) is continuous from [0, ¢] into C* (M, (w), M) with its
C*°-topology, for each ¢t > 0.
The solution processes X = X (z) to A.2.1 are diffusions on M with generator

L=Ao+3 Y A7
i=1

where A; = A(-)e; e T(TM),i=1,...,m.

Consider the special case that the system A.2.1 is non-degenerate (elliptic), in te
sense that A(z): R™ — T,M is surjective for each z, or equivalently that L is an
elliptic operator. This non-degeneracy provides a Riemannian metric on M such that
A(x)A(x)*: TyM — T, M is the identity on T, M for x € M. Then A(z)*: T,M —
R™ defines an isometric inclusion for each x € M, i.e.,

(u, v)p ar = (A(z)"u, A(z)"v)gm forall u,v € T, M.

With respect to this Riemannian metric, L = %A M + Z where Z is of first order, i.e.,
a vector field on M. Standard examples are the gradient Brownian systems when M is
immersed into some Euclidean space R™, and A(x): R™ — T, M is the orthogonal pro-
jection; for Ag = 0 this construction gives Brownian motion on M with respect to the
induced metric, see [10].

Forxz € M, let T, Xy: ToM — Tx, ()M be the differential of X ( -) at « (well-
defined for all w € Q such that x € M;(w)) and V; = Vi(v) = (T X¢)v the derivative
process to X;(+) at x in the direction v € T, M. It is well-known that V' on T'M solves
the formally differentiated SDE (A.2.1), i.e.,

(A2.2) dV = (TxA)V odB + (Tx Ao) V dt, Vy=w,

with the same lifetime as X (z), if v # 0. Using the metric and the corresponding Levi-
Civita connection on M, Eq. (A.2.2) is most concisely written as a covariant equation
along X

(A2.3) DV = (VA)V odB + (VAg) V dt
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(see [10]); by definition, (A.2.3) means
AV = /5 (VA) [,V 0 dB + /5 (VAo) [fo,.V dt
for V, = //Oftlv; where //o ,: Tx, M — Tx, M is parallel transport along the paths of X.
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flow
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analytic characterization, 95
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Hessian comparison theorem, 146
homomorphism

of a vector bundle, 7
Hopf-Rinow, 128
horizontal semimartingale, 74
horizontal Laplacian, 71
horizontal Brownian motion, 91
horizontal curve, 49
horizontal lift, 47, 67, 69

in a principal bundle, 69

of a semimartingale, 74
horizontal space, 67
horizontal splitting, 47
horizontally conformal, 94
hyperbolic space

hyperboloid model, 155
hyperbolic space, 155

Poincaré-model, 155
hyperboloid model

of hyperbolic space, 155

immersion, 5
index form, 135
induced frame, 38
induced basis system, 38
induced covariant derivative, 45
induced fibration, 8
induced form, 37
injectivity radius, 125
integral curve, 10
inverse function theorem, 3
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Ito integral
along a semimartingale, 121
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Ito process, 22
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geometric, 83
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proper, 136
Jacobi field, 136
Jacobi variation, 135

Lévy’s characterization, 59
Laplace operator
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Laplace operator, 24
Laplace-Beltrami operator, 58
Laplacian, 24
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Laplacian comparison theorem
basic version, 147
left-invariant SDE, 76
left-invariant vector field, 76

Lemma
Gauss, 126
length of a curve, 54
Levi-Civita connection, 55
on R™, 56
Levi-Civita parallelism, 55
Lie product, 51
linear action, 63
linear connection
on a manifold, 69
linear connection, 49
Liouville manifold, 167
local isometry, 54
local diffeomorphism, 3
local flow, 10
local frame, 7
local trivial fibration, 6
local trivialization, 6

manifold
BM-complete, 103
differentiable, 2
metrically complete, 103
Riemannian, 54
rotationally symmetric, 147

map
affine, 89
convex, 89

horizontally conformal, 94

strictly convex, 89

totally geodesic, 89
Markov property

strong, 159
martingale

HP, 105

manifold-valued, 52

on a manifold, 52

on a submanifold, 57

one-dimensional, 86
martingale convergence, 102
maximal integral curve, 10
maximal lifetime, 20
maximal solution, 28
maximum principle, 167
mean-value property, 166
measure class

harmonic, 166
metric

Riemannian, 54
metrically complete connection, 50
metrically complete manifold, 103
minimal geodesic, 128
minimum principle

for martingales, 106
model, 147

elementary properties, 152
morphism

harmonic, 94
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non-confluence of martingales, 106
normal coordinates, 126

normal bundle, 32

normal coordinates, 96

normal geodesic, 125

nullspace of the index form, 136

one-dimensional martingale, 86
one-dimensional Brownian motion, 86
one-dimensional semimartingale, 86
one-form

canonical, 71
orthonormal frame bundle, 66

parallel, 44
parallel section
along a curve, 46
parallel transport, 43, 46
along a semimartingale, 83
induced by a connection, 46
parallelizable, 71
partial differential operator, 24
PDO, 24
in Hormander form, 24

Poincaré model of hyperbolic space, 155

pole of a Riemannian manifold, 129
pre-bundle
atlas, 7
chart, 7
principal bundle
associated with a fiber bundle, 65
principal bundle, 64
principle
comparison, 142
Laurent Schwartz, 115
principle of Laurent Schwartz, 115
process
Bessel, 124
product connection, 88
pullback
of a form, 37
of a fibration, 8
pullback connection, 88
pullback formula, 40, 116
for the b-quadratic variation, 38

for the Stratonovich integral of a form, 39

quadratic variation, 36
Riemannian, 58

radial process
comparison theorem, 166
radial curvature, 150
radial curvature function, 150
radial geodesic, 127
radial process, 123
comparison theorem, 157
radial vector field, 149
Rauch

comparison theorem, 141
recurrence of Brownian motion, 168
reduction of the structure group, 64
representation

of a group, 63
Ricci curvature, 133
Ricci identity, 54
Riemann

curvature, 132
Riemannian manifold

stochastically complete, 103
Riemannian quadratic variation, 58
Riemannian manifold

parabolic, 169
Riemannian connection, 54, 69

characterization, 54
Riemannian manifold, 54

flat, 134

hyperbolic, 169
Riemannian metric, 54
Riemannian sectional curvature, 133
Riemannian volume measure, 159
rolling without slipping, 81
rotationally symmetric manifold, 147

scalar curvature, 133
SDE, 27
elliptic, 62
left-invariant, 76
maximal solution, 28
on a manifold, 27
solution, 27
second fundamental form, 52, 89
second variation
of arc length, 134
section, 7
along a map, 8
parallel, 44
sectional curvature, 133
semimartingale
M -valued, up to co, 101
as solution of an SDE, 34
on a manifold, 19
one-dimensional, 86
up to oo, 101
winding in the plane, 41
with lifetime, 19
solution of SDE
existence for M = R™, 29
existence for general M, 30
uniqueness for M = R™, 29
uniqueness for general M, 30
space
hyperbolic, 155
sphere, 151
spray, 50
standard-horizontal vector field, 71
stochastic development, 80, 81
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stochastic differential equation variation of a curve, 124
on R™, 21 vector bundle, 6
on a manifold, 27 induced, 8
stochastic parallel transport, 83 pullback, 8
stochastically complete manifold, 103 vector field, 9
Stratonovich integral, 24 along a map, 8
Stratonovich differential, 24 in coordinates, 10
Stratonovich integral left-invariant, 76
of a one-form, 38 radial , 149
strictly convex map, 89 standard-vertical, 67
strong Markov property, 159 vector field of order &, 112
structure equations velocity vector, 6
Cartan, 51 vertical space, 67
structure group, 63 volume measure
subbundle, 6 Riemannian, 159

subharmonic, 89
submanifold, 2

totally geodesic, 109
submersive map, 47
Synge formula, 134

Whitney embedding, 30
Whitney’s embedding theorem, 30

tangent space

algebraic, 4
tangent bundle, 7
tangent space, 3, 4

geometric, 3

of order k, 111
tangent vector, 4
tangential vector field along a curve, 8
tangentially equivalent, 3
tension field, 89
tensor, 50

curvature, 132

of type (7, s), 50
tensor field, 50
test function, 3
Theorem

of Hadamard-Cartan, 143

of Hopf-Rinow, 128
theorem

Levi-Civita, 55
time-change, 19
topological manifold, 1
torsion, 50
torsion tensor, 51
torsion-free, 51, 52
totally geodesic, 109
totally geodesic map, 89
transience of Brownian motion, 168
transition function, 6
transition map, 1
trivialization, 6

local, 6
typical fiber, 6

variation
b-quadratic, 36
free, 124
of a curve, 124
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(M, g) Riemannian manifold, 54

B;-(z) (geodesic ball about  of radius ), 127
C°°(M; N) (space of differentiable maps), 3
L(e) (length of a curve), 54

R (Riemann curvature), 132

Sr(x) (geodesic sphere about x of radius r), 127
T M (tangent space), 4

[X, X] (Riemannian quadratic variation), 58
A (Laplace-Beltrami operator), 58

T'(E) (sections of a vector bundle E), 7
T'(f*TM) (vector fields along a map), 8

rﬁj (Christoffel symbols), 45

L(T'M) (frame bundle), 66

O(T' M) (orthonormal frame bundle), 66
RicM (Ricci curvature), 133

Riem™ (sectional curvature), 133

o/ (processes locally of bounded variation), 35
o/ (X)) (anti-development of X), 74

A (space of real local martingales), 35

. (space of real semimartingales), 35

cut(x) (cut locus), 130

& (tangential vector field), 8

& (velocity field along a curve), 6

J b(dX, dX) (b-quadratic variation), 36

f x o (Stratonovich integral of a one-form, 38
Vo (covariant derivative along a curve, 44
Vdf (Hesse form), 52

V (covariant derivative), 44

az - (coordinate basis field), 5

% (radial vector field), 149

7(f) (tension), 89

BM(M, g) (Brownian motions on (M, g)), 59
Conj(z) (conjugate locus), 130

vol (Riemannian volume measure), 159
d(z,y) (distance), 123

df (differential of f), 8

df (differential of f at ), 4

kM (scalar curvature), 133

ki (radial curvature function), 150
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