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Introduction

Poisson geometry is naturally linked to the theory of deformation quantization
invented by Bayen, Flato, Frgnsdal, Lichnerowicz and Sternheimer [2]: here the
algebra of quantum observables in quantum theory is described by an associa-
tive formal deformation (a so-called star-product *) of the commutative associa-
tive algebra C>(M,K) of smooth functions on a Poisson manifold (M, P) such
that its first order commutator is proportional to the Poisson bracket. The alge-
bra part of this theory is finished by now: there is a general existence theorem
(DeWilde-Lecomte 1983 [20] for the symplectic and Kontsevitch 1997 [38] for
the general Poisson case) and a classification of formal isomorphy or equivalence
classes (Deligne [18]; Nest-Tsygan [44], [45]; Bertelsson-Cahen-Gutt [3] for the
symplectic (see also [33] for a review) and Kontsevitch (1997) [38] for the Poisson
case).

The subject of this talk is to give an introduction to three algebraic question in
deformation quantization, namely what are the algebra morphisms, the modules,
and what are commutants of modules? 1 shall show that to each of these topics
there is a geometric situation in ‘the classical limit’, i.e. Poisson maps, coisotropic
maps, and phase space reduction whose quantization problem is most interesting
and finds applications in quantum physics such as quantization of symmetries and
integrable systems, quantization of first class constraints, and quantization of the
reduced Poisson algebra. 1 shall present some results on these topics which are
listed in the following table and also a recursive and total obstruction analysis. As
opposed to the abovementioned algebra part there are still many open questions
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in that field. Of course the list of names in the result column is not complete, and
I apologize in advance for any omission.

Algebraic object Geometric object | Quantization | Results
in classical limit problem

Algebra: Poisson manifold Quantization | DeWilde-

A = (C>(M,K)[[v]], *) (M, P) of  Poisson | Lecomte  1983:

associative deformation structures symplectic case

of commutative algebra Kontsevitch
1997: general
Poisson case

Morphism of algebras | Poisson map ¢ Quantization | open, even in the

b: A—-B
B = (COO(M’,K)[[V]],*’)

(M',P") — (M, P)

of Poisson
maps

symplectic-to-
symplectic case,
partial  results
for vanishing
Atiyah-Molino
class: MB, 2004,
10

A-Module coisotropic map ¢ | Quantization | open, par-
prAXM — M C — (M, P) of coisotropic | tial results by
M =C>(C,K)[[v] submanifolds | [10], [8], and
Cattaneo-Felder
2003
Commutant phase space reduc- | Quantization | Fedosov 1996,
Hom 4(M, M) tion of phase | for general
D: M—-M M&ECDS Moy space reduc- | coisotropic  in

Dp(f) = plf)DV f € A

tion

symplectic: MB
2004, [10]

Most of the material of this talk comes from my detailed preprint [10] (covering
some of my research during the last three years) to which I refer for most of the
proofs, and some additional things are contained in the preprint [8]. I apologize
for the incomplete reference list and refer the reader to the more extensive list in

10].
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1 Motivation: Simple symbol calculus

One of the motivations for deformation quantization comes from the standard
symbol calculus used in differential operator theory and in quantum mechanics
where it is called canonical quantization: Let A := Cl[q,p] be the associative
commutative algebra of complex polynomials in two variables, and D the algebra
of differential operators on the real line with complex polynomial coefficients, i.e.

N
8l
= { > bud" 5o
q

k,1=0

NGN,bklEC}.

For the nonzero real number A (which is Planck’s constant in physics) define the
linear bijection

(1.1) A= D: ZaqupHZaqu( >l.

k,l=0 k,l=0

In particular, one has for ¢ € C*(R, C) the position and momentum operators in
quantum mechanics:

h o

ps(q) == Q with (Qu)(q) =qp(q) and p(p) =: P := T

The bijection (1.1) can be rewritten in the following way: let f € A and ¢ €
C*(R,C), then

[e.e]

S L.

r=

The multiplication of differential operators in D is again a differential operator in
D, whence for f,g € A:

ps(fps(g) = ps(f*sg) with
— (1/1)" 0" f 0"y
(12) f*sg ; l apr aqr.

Hence the pair (A,x*,) is an associative noncommutative algebra with unit 1.
Expansion in 7 yields

B hof dg
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The formula (1.2) does not converge when f and g are just elements of C*°(R?, C).
But in case h is seen as a formal parameter, the multiplication *, makes sense on
A := A[[h]] as seen as an algebra over the power series ring C[[Ah]]. Moreover, by
construction the C[[A]]-module M := C*(R, C)[[%]] becomes an .A-module via the
natural extension of the map ps from C to C][[h]]-modules.

2 Recall of deformation quantization

2.1 Formal associative deformation of algebras

The example of the previous section can be generalized in the following way (see
Gerstenhaber’s work 1963, see [27], [28]: let (A, Co) be an associative algebra with
unit 1 over a commutative ring k and let v be a formal parameter. We shall
sometimes use the convention v = 2. Consider the k[v]]-module of all formal

power series
A=Alv]] = {Z v'a,

r=0

aTEAVTEN}

equipped with a multiplication C : A x A — A subject to the following conditions
(for arbitrary f,g,h € A):

(2.1) C = ierr with C, € Hom(A® A, A) and
r=0

(2.2) 0 = Z(Cs(Cr_s(f,g),h)—Cs(f,Cr_s(g,h)D and
5=0

(2.3) 0 = G(Lf)=C(f1) Vr>1

Then (A, C) is an associative algebra over the commutative ring k[[v]], a defor-
mation of (A, Cp).
The associativity condition (2.2) at order r + 1 of v yields
0= (C e C>r+1(fugu h) = C(C<f7 g)a h)r+1 - C<f7 C(.g’ h'))r+1
= —fCa(g,h) + Cra(fg, h) = Coya(f, gh) + Crpa(f, 9

+ Z <Cs (Cr-i-l—s(fv g)? h) - CS (f’ CT'H_S(g’ h))>

= —(bCrr)(f. 0, )
(24) + Dr-‘rl(fag’ h)
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where b denotes the Hochschild coboundary operator. On the other hand, the
obvious identity

0 — C<C(C(, ), 1), )—c(c )
+C(£.C(Clam).p) ) - c(f Clg.C(h.p)))
C(C( (f.9),h).p >+C<C p)>
+C(C(f.Clg.m).p) = C(£.C(Clg.1).p))
~c(ctf.0). < p>)+C(, (g, ,p>)

—which is true for any k[[v]]-bilinear map C- yields the following equation in case
C is associative up to order r, i.e. (Cog C)y =0 forall 0 <k <r:

(2.5) bD,41 = 0.
If one wants to construct the formal series C = Y 2 v"C, order by order in a
recursive manner, the two preceding equations (2.4) and (2.5) show that the re-
cursive obstructions to associativity from order r to r+1 lie in the third Hochschild
cohomology group of the underlying algebra A,

HH?(A,A).

Two formal associative deformations C = 3 v"C, and C' = 3 2 v C.
of the same underlying assoaciative algebra (A,Co = C{) over k are said to be
equivalent iff they are formally isomorphic in the following sense: there is a series
S =3 72,V'S, of linecar maps S, : A — A, called an equivalence transformation
such that

(2.7) S, (1) = 0 Vr>1
(2.8) S(C(f,9)) = C(S(f).S(g) V/fgeA

We shall write S(C)(f, g) for S(C (ST, S_l(g))>. Note that the first condition

(2.6) implies that S is invertible whence the stated equivalence is a true equivalence
relation.

The obstructions to recursively construct an equivalence transformation be-
tween to given deformations are also described by Hochschild cohomology: if
Cs = C, for all 0 < s < r then by associativity at order r + 1 it follows that

b(C;_H - Cr-i—l) - O
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On the other hand, an equivalence transformation S with Sy =0 forall 1 < s <r
changes C,,; into

(S(C))T‘+1 - Cr+l - bSr+1.
It follows that the recursive obstructions for this construction lie in the second
Hochschild cohomology group of A:

HH*(A, A).

2.2 Classical Limit: Poisson algebras and manifolds

If (A, Cy) is commutative and C =Y 2 1"C, is a formal associative deformation
then it turns out that

{fvg}:C1<f7g)_Cl(gaf) Vf,QEA

defines a Poisson bracket on A, i.e. a Lie bracket which satisfies the Leibniz rule:

{f,ghy ={f,gth+{f,h}g V f,g,h € A

Indeed, the Jacobi identity for the bracket { , } follows from total antisymmetriza-
tion of the associativity condition of C at order 2. In order to obtain the Leibniz
identity one takes the associativity condition of C at order 1,

0=—fCi(g,n) + Ci(fg,h) — Ci(f, gh) + Ci(f; 9)h,
and adds to it the same identity with f and h interchanged, which gives

0=—f{g,h} +{fg,h} —{f.gh} +{f,g}h

(showing that b{ , } = 0). Adding to this identity the one with g and h inter-
changed and subtracting the one with f and g interchanged yields (twice) the
Leibniz rule.

Let M be a differentiable manifold, let k = K where K = R or K = C, and let
A be the commutative associative unital algebra A = C*(M,K) equipped with
the pointwise multiplication Co. A Poisson structure P is a bivector field, i.e. a
section in (M, A*T'M) such that its associated Poisson bracket

(2.9) {/f.9} == P(df.dg)
satisfies the Jacobi identity
0= [P, Pls(df,dg. dh) == =2({{f.9}, B} +{{g. b}, F}+{{h. F}.9}) ¥ Frg.h € A,

Clearly (A,Co,{ , }) is a Poisson algebra (since the exterior derivative satisfies
the Leibniz rule). Conversely, every algebraically given Poisson bracket on A is of
the above form (2.9): indeed the map

(2.10) [ Xg(f) =Af.9}
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is a derivation of A, hence a vector field (the so-called Hamiltonian vector field
associated to g), which depends in a derivative manner on g; so the map g
X, descends to an A-module morphism of the Kéhler differentials of A, i.e.
['°°(M,T*M), into the derivations of A, hence the vector fields I'°(M,TM). It
follows that { , } is in Homu (I>(M,T*M),I>(M,TM)) which is isomorphic to
(M, TM & TM).

e Example: symplectic manifold: (M, w) where w is a nondegenerate closed 2-
. : _ n _ n k _ n 0
f(()arm on M; for instance M =R*", w =7, d¢* Adp;, and P =", _, 37 N\
dpy.”

e Example: dual g* of a finite-dimensional Lie algebra (g, [, |):

Fo=af, 1)

2.3 Quantization Problem: Deformation quantization on
Poisson manifolds

The inverse problem of deforming a given Poisson algebra had been formulated
by Bayen, Flato, Frgnsdal, Lichnerowicz and Sternheimer in 1978, see [2]:

Definition 2.1 Let (M, P) be a given Poisson manifold. A star-product % =
Yoo V'Cy is a formal associative deformation of the Poisson algebra A given
by (COO(M, K), Co,{ , }) where Cq is the pointwise multiplication in A such that
conditions (2.1), (2.2) and (2.3) are satisfied and in addition

Ci(f.9) —Cly, f) = 2P(df.dg) =2{f,9}
C bidifferential operators Vr € N.

Here a multidifferential operator of rank p is defined by a p-multilinear (w.r.t.
K) map

D : C®(M,K)x - xC®°M,K)— C®(M,K)
such that there is N € N for which in any chart (U, (z',...,2"))

ol £ a\lplfp

— I Ip P
(2.11) D(f1,....f)lv = > bn o o
|]1| ~~~~ |IP|§N
where I3, ..., I, are multi-indices in N”, for I = (41, ...,1,) the symbol |/| means

. . oIl . gi1+ - +ig I1--I, - 0o .
i1+ -+ +in, gor is short for —Sm——"—, and D™ is a C*-function on U.

Often this condition is generalized to locality, i.e. the maps D are support
nonincreasing: by Peetre’s theorem such maps are locally p-differential, but the
orders of the partial derivatives may not be bounded on noncompact manifolds.
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Still another generalization is given by continuity with respect ot the standard
Fréchet topology. These requirements simplify computations and are also mo-
tivated by asymptotic limits (stationary phase expansions) of pseudodifferential
operator calculus.

The notion of equivalence of formal associative deformations is transferred to
star-products: here the series S = ids+> .~ S, is such that the conditions (2.6),
(2.7), and (2.8) are satisfied and each S, is a differential operator C>(M,K) —
C>*(M,K) vanishing on the constants for all r > 1.

The Hochschild cohomology for multidifferential or local or continuous cochains
of A = C*(A,K) is well-known by the C*-version of Hochschild-Kostant-Rosenberg-
Theorem [35], namely

HHY(C®(M,K),C®(M,K)) = T(M, APTM).

One can find a proof for C*°(M,K) in Cahen-DeWilde-Gutt 1980 [13], DeWilde-
Lecomte 1983 [19] and for the continuous case in Connes 1982 [17], Pflaum 1998
[49], and Nadaud 1999 [43]. In particular HH3q(C*°(M,K),C>(M,K)) is non
zero for manifolds of dimension greater or equal than 3, so there is no simple
recursion construction for star-products.

The Ezistence of star-products has been shown by DeWilde-Lecomte 1983 [20],
Fedosov 1985 (see [22]), and Omori-Maeda-Yoshioka 1990 [47] in the symplectic
case and by Kontsevitch 1997 [38] in the general Poisson case. Moreover the
Classification of equivalence classes of star-products has been done by Deligne
1995 [18], Nest-Tsygan 1995 [44] [45], and Bertelson-Cahen-Gutt 1997 [3] in the
symplectic case where the result is

{[+] | * star — product on (M,w)} = [w]ydR + Hi(M,K)[[V]],

and the class [*] is called the Deligne class of , see also [33] for an excellent review.
For general Poisson manifolds Kontsevitch (1997) [38] classified the equivalence
classes by formal diffeomorphy classes of formal Poisson structures.

For later use we mention the Gutt star-product of the Poisson manifold g* where
(g,[, ]) is a finite-dimensional real Lie algebra, see [32]: for { € g let e, denote
the exponential function z + e®¢ and for &, € g let H(¢,n) be the Baker-
Campbell-Hausdorff series 1log(e”“e”") (where the formal exponential functions
et are computed in Ug[[v]] where Ug is the universal envelopping algebra of g).
The Gutt star-product is given by

€ * €y 1= CH(En)s

and reflects the multiplication in Ug by applying * to polynomials and setting
v=1.

Let me mention two obvious constructions which I shall need later on: for two
given star-products * on M, " on M’, one may form their tensor product * @ *'
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on M x M' by
v@¥ =) 1y (riC) @ (pr3C )
r=0 s=0

where pri : M x M' — M and pry : M x M’ — M’ denote the canonical
projections. The Deligne class of * ® %’ is computed to be (see e.g. [10])

[x @ ] = pri[+] + pr3[¥].

The opposite star-product of a star-product * is defined in the equally obvious
manner

[P g=gxf

and defines a star-product for the Poisson manifold (M, —P). Its Deligne class is
given by (see [46])
[7PP] = —[#].

3 Morphisms

3.1 Morphisms of deformed algebras

Let (A, Cp) and (B, C)) two associative algebras with unit over the commutative
ring k. Consider two formal associative deformations (A = A[[v]],x = C =
3%, 07C,) and (B = B[], ¢ = C' = Y%, 17C)).

It is natural to look at algebra morphisms A — B, i.e. k[[v]]-linear maps
® =>"" v, with

O(fxg) = (<I>(f)) %' (@(g)) and  ®(1)=1.

This identity at order r yields

(31) 0=D,(f.9):= Y ®(C(fi9) — 3. C(®elf), ®ulg)) ¥ f.g€ A

s+t=r s+t+u=r

For r = 0 this immediately implies that & : A — B is a morphism of associative
algebras with unit. It follows that B becomes an A — A-bimodule via f¢g =
Oo(f)pPo(g) for all f,g € A, ;¢ € B where we write simple multiplication for Cq
and Cj,.

In order to perform a recursive construction of ®: suppose that there are k-
linear maps ®4,..., P, : A — B such that the identity (3.1) holds up to order 7.
Now there is the following general identity for

D(f,9) := D> _ v'D.(f,9) = ®(C(f,9)) — C'(2(f), ®(g)),

r=0>
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namely

where only the associativity of C and C’ (and not (3.1)) is needed. At order r + 1
(3.1) reads

0 ; D’/‘—i—l = bCI)r_H + Dr+1

where D, contains only ®, up to order r. Supposing 0 = Dy = - - - = D,. identity
(3.2) at order r + 1 gives
0 =bD,41 = bDyys
whence the recursive obstructions lie in the following second Hochschild cohomol-
ogy group
HH?*(A, B).

More information can be found in [29] and the references cited therein.

3.2 Classical limit: Poisson maps

Let (M, P) and (M’, P') two Poisson manifolds, and A = C*(M,K), B = C>®(M’,K).
Given two star-products * on M and *” on M’ suppose there is a star-product mor-
phism, i.e. an algebra morphism ® : A = A[[v]] — B = B][v]].

By Milnor’s exercise (see e.g. [37]) the algebra morphism @, has to be the pull-
back ¢* with respect to a unique smooth map ¢ : M’ — M, ie. ®u(f) = f o ¢.
Moreover, considering the morphism identity (3.1) at order 1, antisymmetrized in

f, g, we get
o({f,9}) = {Po(f), Po(9)}

(where {f,g} (resp. {f,g}') denotes the Poisson bracket w.r.t. P (resp. P’)),
hence ¢ is a Poisson map

To@TH(P') = Po .
Examples of Poisson maps:

e Projections on first factor: let (M, Py) and (M, P») two Poisson manifolds
and (M; x My, P, + P,) their product then

M1 X M2
pr1
M,

is obviously a Poisson map.
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e Momentum maps: let (g,[, ]) be a finite-dimensional real Lie algebra and

J be a
C*—map J: M —g* with {(J,&),(J,m)} = (J,[§])

V& n e g. Then J is a Poisson map.

For g abelian, 2dimg = dim P and J regular on an open subset whose
complement is of measure zero, one speaks of a completely integrable system.

Symplectic to symplectic: let (M',w'") and (M,w) be two symplectic mani-
folds and ¢ : M’ — M a Poisson map. There is the following —at first glance
surprisingly simple— result: it can be shown that

M’ M  x M,
¢ | is locally like pry | ,
M M

i.e. ¢ is a submersion and M’ has two transverse symplectic foliations: this
means that the tangent bundle of M’ decomposes into the direct sum

TM' =KerToé @ (KerT'¢)”

of two integrable symplectic subbundles, see e.g. [10] for a proof.

3.3 Differentiability of morphisms: differential operators

along maps

One may wonder whether the K-linear maps @, : C*(M,K) — C*(M',K) of a
star-product morphism are constrained to some more geometric subset: since @,
is the pull-back w.r.t a smooth map ¢ : M’ — M it is reasonable to ask whether
the ®,. of higher order are “differential along ¢”. To be more precise, one defines
multidifferential operators along maps in the following natural way: to a diagram
of manifolds and smooth maps

M,
N @1
M
/ ¢p
Mp

one associates a space of certain multilinear maps, called multidifferential along

¢1a"'

7¢pa
D?(C®(My,K), ....,C%(M,,K);C*(M,K)),
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locally given by the obvious generalization of (2.11)

1] [T
(33) Dlfi-ihllo = 3, DI aa 1{1 O¢1"'8 pr © ¢y
TSN L) Iz )

in local charts (U, z), (U1, z)), ..., (Up,xgp)) of M,M,..., M, with Dv» ¢
C>(U,K).
The generalization to sections of vector bundles is possible, see [10]. It would be
interesting to study the operadic nature of these objects.

Shortly after my preprint [10] appeared on the web in which I had conjectured
that star-product morphisms are differential, S.Gutt and J.Rawnsley informed me
that this was indeed the case:

Theorem 3.1 (Gutt-Rawnsley 2004) : Every x-product morphism ® = > "2 v ®,
is a series of differential operators along the Poisson map ¢ (where &y = ¢*).

For their proof they computed a variant of the C>* Hochschild-Kostant-Rosenberg
Theorem, namely for any smooth map ¢ : M — M:

HHEg ,(C*(M,K),C*(M',K)) = T(M', *A\PTM).
Among other things this had also been shown for the particular case of the canon-
ical embedding ¢ of R"~! into R™ in [8].
3.4 Quantization problem of Poisson maps
The natural inverse problem is the following: given a Poisson map
¢: M — M

between two Poisson manifolds (M’, P’) and (M, P), are there star-products * on
M and %" on M’ and a star-product homomorphism

®: A — A with &y = ¢ ?

® will then be called a quantization of the Poisson map ¢.

3.5 Results
3.5.1 (Quantum) Momentum maps

The problem of quantizing a momentum map J : M — g* as a Poisson map can
slightly be modified in the following way: on g* the Gutt star-product is fixed
and the quantized morphism @ is only applied to the polynomial functions on
g*, that is to the v-adic completion U,g of the universal envelopping algebra of
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the Lie algebra g ®g K[[v]] over K[[v]] equipped with the Lie bracket v[, |. This
modified quantization —where ® may in general no longer be applied to C*(g*, K)—
is equivalent to the concept of a quantum momentum map

J: M — g'[[v]]

(Lu 1993 [39], Xu 1998 [56]) where J is ® restricted to g (hence J = Jj) and
satisfies

@O Im —Tm=UJ,8) = 20, [En) VEnes.

for a given star-product * on the Poisson manifold (M, P). For J = J the star-
product * is also called covariant by Arnal, Cortet, Molin,Pinczon (1983) [1].
An important particular case of this is a quantized integrable system when g is
abelian and J defines an integrable system.

A large class of covariant star-products is provided by Fedosov’s

Theorem 3.2 (Fedosov 1996) Let (M,w) be a symplectic manifold, J : M —
g* a momentum map, and V a connection in the tangent bundle T'M such that

O == (LX(J,QV)XY = [X<J7£>7VXY] - V[X((]@,X]Y - VX[XU’{),Y].

for all £ € g and vector fields X, Y on M, i.e. V s invariant by the Hamiltonian
Lie algebra action induced by g.
Then there exists a strongly invariant star-product * on M, i.e. for which

(0,8 g =g+ (3.6 =2{{J,&),9} VEeg Vgel™(MK).
In particular (g = (J,n)) the star-product * is covariant.

See [24] for a proof. Many examples are provided by momentum maps associated
to a proper Hamiltonian Lie group action (since the action preserves a Riemannian
metric thanks to a classical theorem by R.Palais, [48]).

3.5.2 Symplectic to symplectic

In spite of the simple geometric nature of a Poisson map ¢ : M’ — M between two
symplectic manifolds (M’,w’) and (M,w), the full answer of the quantizability of
¢ is not yet known. A partial result has been obtained in [10]:

Theorem 3.3 (M.B. 2004) If

e the Atiyah-Molino class kap(M', (KerT¢)*') of the symplectic integrable
subbundle (KerT¢)* vanishes and

e the Deligne classes satisfy [](v) = 1 + ¢* ([*](1/) — M)
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then the Poisson map ¢ : M — M’ is quantizable. Moreover, in that case the star-
products can be modified by equivalence transformations such that ¢* is already a
star-product morphism.

See section 6 for a short definition of the Atiyah-Molino class.

The proof uses a Fedosovian representation of both star-products where the Atiyah-
Molino class arises as a natural obstruction, see also section 7.1.2 for a discussion
of total obstructions up to order three.

4 (Bi)Modules

4.1 (Bi)Modules of deformed algebras

Let (A,Cy) be an associative algebra with unit over the commutative ring k.
Consider a formal associative deformation (A = A[[v]],* =C= "2, v"C,).

It is natural to look at (left) modules or representations of A, i.e. at a k-module
My such that for M := My[[v]] there is a

k[[v]]-bilinear mapp : A x M — M
(f @) = )

with the representation identity

(4.1) p(f)p(g)(p) = p(f xg)(¢) and p(1) = idr

for all f,g € A and ¢ € M,y. A right A-module is defined as a left A°PP-
module. For another associative k-algebra (B, C{,) with associative deformation
(B=B[V]],«¥ =C=>2,v"C.) aA—B bimodule is a left A®yq; BPP-module.

In order to see some recursive constructions let
r=0

for all f,g € A, hence (4.1) holds iff D = 0. At order » = 0 the representation
identity entails that py is a representation of A on My. Moreover, the space
Homy (Mo, My) becomes an A — A bimodule via (fKg)(¢) := po(f) (K (po(g)®))
forall f,g € A, K € Homy(My, My), and ¢ € M. At order r + 1 the represen-
tation identity gives

0= Dry1 =:bpry1 + Dryy.

~

where D, 1 only contains ps up to order r. There is the following general identity
for D:
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where only the associativity of C and the multiplication in Homy; (M, M) is
needed. Supposing the representation identity true up to order r, i.e. 0 = Dy =
.- =D, we can deduce the following equation from the preceding identity:

0 = bD,;; = bD, 1,

hence the recursive obstructions to this construction lie in the second Hochschild

cohomology group
HH?(A, Homy (Mo, My)).

4.2 Classical Limit: vanishing ideal and coisotropic maps

Let (M, P) be a Poisson manifold, let A = C>°(M,K), and let x = Y 2 C, be
a star-product on M. A possible framework for modules and representations in
deformation quantization —but certainly not the only one— is the following: let
E = C a K-vector bundle over a manifold C' (where the most important case will
be the trivial bundle £ = C' x K), let M, := I'*(C, E) and M := Myl[[v]]. We
demand that a star-product representation p to be an algebra morphism of (A, *)
into the associative unital algebra of all formal series of differential operators on
My, i.e. D(Mg, Mo)[[v]] =: D(M, M).

In what follows, we shall restrict on the case £ = C' x K. The representation
identity (4.1) at r = 0 shows that p, is an algebra morphism of the associative
commutative algebra A = C**(M, K) into D (C*(C,K),C>(C,K)). Since for real-
valued f the function 1+ f? is invertible, and invertible differential operators are
of order zero (we do not consider inverses as pseudodifferential operators!), hence
there is an algebra morphism @ : C*°(M,K) — C*(C,K) such that

po(f)(p) = Po(flp VfEAVpeM;=CTCK)

whence (thanks to Milnor’s exercise) there exists a C*°-map

i:C— M with p(f)(¢) = (i"f)e.
A very important notion will be the vanishing ideal of i:
I:={geC®MK)|i"g=0} which is an ideal of C*(M, K).
Upon antisymmetrizing the representation identity (4.1) at r = 1 for ¢g,¢' € I we
get
0 = pi(9)po(g) + po(9)pr(g’) — pr(9g’) — po(Cilg, ) — (9 < ¢)
= 0+0-0-2p0({g,9'})

whence
I is a Poisson subalgebra of C*°(M, K)
&
1 18 a coisotropic map.
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These maps are important in Poisson geometry as the following examples of
coisotropic maps show:

e ¢ is surjective or has dense image.
e ; is a Poisson map.

e ¢ is an embedding on a coisotropic or 1st class submanifold of M which can
alternatively be defined in the following way:

Poisson : VeeC, VaeTC™ CT.M*: P, )eT.C
symplectic : YVeeC: T.CY CT.C

Note that coisotropic submanifolds come with a (singular) integrable dis-
tribution ¢ — P.(T.C*™, ) C T.C giving rise to a (singular) foliation F
on C: the quotient space m : C' — C/F is known to be the reduced phase
space. For symplectic manifolds M the distribution is an integrable sub-
bundle £ = T'C* and the foliation is regular. If in this case the quotient
C/F =: Myeq is a manifold such that 7 is a submersion, then M,qq is known
to carry a canonical symplectic structure w,eq defined by m*w,eq = *w.

ei: M — MxM:m — (¢(m'),m) ie. a graph of a Poisson map
(A.Weinstein [55]), where M’ indicates the Poisson manifold (M’, —P").

4.3 Differentiability of representations

In the same way as for morphisms, one may ask whether a star-product represen-
tation p is also differential in its first argument:

Theorem 4.1 (M.B. 2004) FEvery x star-product representation on C*(C,K),
p=" oV py, is a series of bidifferential operators along i and idc according to

the diagram
M

i
C
/ide
C

The idea of the proof is similar to the proof of the fact that all derivations of A
are vector fields: by induction the case py being clear.

e Use the representation identity at r + 1:

pri1(F9) @) = prr (F) ((7"9)¥) + (" £)pr1(9)(¥) — Drga (£, 9, %)

e Embed ¢ : M — RN by Whitney’s theorem (Pflaum’s trick).
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e Use Hadamard’s trick
R /) .
) = il) + Y [ e+ (= )t (@~ )
j=1

on a prolongation h of a function h on M to RY, restrict this formula to
M, and express p,y1(h)(1)) upon using p,41(1) = 0 at z = y in terms of
D,11(f, g,%) which by induction is tridifferential along i, 1, idc.

4.4 Quantization problem of coisotropic submanifolds

The following inverse problem is interesting: given a coisotropic submanifold of
M
1:C —M

and a star-product * on M, is there a star-product representation on M :=

C=(C K)[[V]]
p: A— DM, M) with po(f)(¢) = (i"f)o 7

x is called representable in that case.

4.5 Deformation of the vanishing ideal and adapted star-
products

Let i : C'— M be a coisotropic submanifold (with vanishing ideal I') of the Poisson

manifold (M, P), and let % be a star-product on M. The following simplification

has turned out to be useful:
Adapted star-products are star-products * such that

I[[v]] is a left ideal of A
These star-products are immediately representable since
C=(C,K)[[v]] = A/I[v]].

For example the star-product (1.2) is adapted. Moreover, every representable
star-product is equivalent to an adapted star-product: in a tubular neighbourhood
of C'in M one shows that the map f +— p(f)1 can be written as i*(Sf) where
S=4d+) 2, V'S, is a formal series of differential operators such that S,1 = 0 for
all7 > 1. Then for the equivalent star-product ' = S(x) the map p/(f) := p(S71f)
will be a star-product representation such that

Il ={g e Al (g)1 =0}

and the right hand side obviously is a left ideal of (A, ’).



(Bi)Modules, morphisms, and reduction of star-products 27

4.6 Results
4.6.1 Partial results

Finitely generated projective modules of A = C*(M,K) are in bijection with
['*°(M, E) where FE is a K-vector bundle over M thanks to the Serre-Swan The-
orem. By explicitly deforming the projection valued map on M defining F as a
subbundle of a trivial bundle B.Fedosov (1985, 1996, see e.g. [24]) has shown that
these modules are always quantizable. This analysis has been carried out further
by Bursztyn and Waldmann who investigated Morita equivalence bimodules, see
e.g. [11], [12].

Waldmann and myself (1998) [4] transferred the notion of the Gel’fand-Naimark-
Segal construction in C*-algebra theory to deformation quantization: here the
modules are constructed by means of a positive linear functional on A (‘positiv-
ity’ refers to the nonarchimedian asymptotic ring ordering in R[[v]]). We saw that
some of the relevant representations in quantum mechanics (Schrédinger and Wick
representation and projectable WKB) could be obtained that way. Waldmann has
continued this work [51], [52].

The aforementioned symbol calculus of differential operators (cf. Section 1) is
a particular case of representations of star-products on the cotangent bundle T*(Q)
of any manifold @) which has been studied in a series of papers by Pflaum (1998)
[50], M.B., N.Neumaier, S.Waldmann [5], [6], [9].

4.6.2 Results in the symplectic case

See subsection 5.2 for the notion of symplectic reduction:

Theorem 4.2 (M.B. 2003) : Leti: C — M be a closed coisotropic submanifold
of a symplectic manifold (M,w) such that the reduced phase space m : C' — Myeq
exists. Let * be a star-product on M. Then if for the Deligne class [*| of * it is
true that i*[x] is basic, i.e. there is a class 3 on Myeq with 1*[x] = 7w*3 then the
star-product * is representable.

The idea of the proof is to note that ixm : C' — M X M,eq embeds C as a Lagrangian
(i.e. minimal coisotropic) submanifold. According to a classical theorem by Alan
Weinstein [53], a tubular neighbourhood of C' in M x M, is symplectomorphic
to an open neighbourhood of the zero section of T*C'. The theorem follows by
symbol calculus on C. See also the reduction theorem in subsection 5.4.3.

A more general result is true:

Theorem 4.3 (M.B. 2003) : Leti: C' — M be a closed coisotropic submanifold
of a symplectic manifold (M,w) and let E = TC¥ be the integrable subbundle of
TC. Let * be a star-product on M having Deligne class [%]. Suppose that

o The Atiyah-Molino class kan(C, E) of E vanishes.
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o *[x] =0.
Then the star-product * is representable.

The idea of the proof in [10] is to reduce this situation to the morphism quantization
theorem 3.3:

e Construct a fibration of locally reduced phase spaces, i.e. a Poisson
map ¢ : EY — tubular neighbourhood of C' in M where the symplectic
manifold E¢ generalizes the aforementioned situation M x M,.q — M and
the fibres are local quotients in a foliation chart.

e C embeds into E¢ as Lagrangian submanifold.
e Represent C*°(E“,K)[[v]] on C,

e quantize the Poisson map ¢ (here the Atiyah-Molino class becomes rele-
vant) to get an algebra morphism of C*(M, K)[[v]] into C*(EY K)[[v]], and
represent.

4.6.3 Adapted multidifferential operators and formality

Let C be a fixed closed submanifold with vanishing ideal I of a differentiable man-
ifold M. Motivated by adapted star-products we have introduced in [8] the notion

of an adapted multidifferential operator D in DP(C*>(M,K), ..., C>*(M,K);C>(M,K))
by demanding

D(fl,...,fpfl,g) el Vfl,...,fp,1 ECOO(M,K), ngI

Let &% be the space of adapted p-multidifferential operators on M and &; :=

e contains the bidifferential operators of an adapted star-product,
e is closed by composition in the ith argument,
e and thus a subcomplex of the Hochschild complex.

e There is the Hochschild-Kostant-Rosenberg type Theorem

g” = H®? = {T € I°(M,A\PTM | T(dgy,....dg,) €I g1,...,g, € I}.

Note also that HHYz (A, D(Mo, My)) = T>(C,AP(T'M/C)). For certain partic-
ular situations in M = R" and C' = R" ! one can show a G.-formality statement.
A different aproach to the same problem which generalizes the Kontsevitch graphs
has been done by A.Cattaneo, G.Felder, see [15], [16].
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4.6.4 GloBners’s representability theorem in codimension one

Theorem 4.4 (P.Glo8ner 1998) Let i : C — M be a closed coisotropic sub-
manifold of codimension 1 of a Poisson manifold (M, P).
Then every star-product on M 1is representable.

See [30]. This theorem can be deduced from the absence of recursive obstructions
in codimension 1, see subsection 7.2.1.

5 Commutants of modules and quantum reduc-
tion

5.1 Commutants of modules of deformed algebras

Let (A,Cy) be an associative unital algebra over the commutative ring k, let
* = C =32 v'C, an associative formal deformation of A and A = A[[v]]. Let
M be an A-module, and M = M,|[v]] be an A-module where the representation
is denoted by p. We specialize to the situation where M, is generated by one
element b as an A-module. By induction it is clear that M is also generated by b
as an A-module.

It is interesting to study the algebra A, := Homy4(M, M) of all homomor-
phisms of M, i.e. k-linear maps D : M — M such that

(5.1) D(p(f)(¢)) =p(f)(D(¢)) VfeAVoeM

The algebra A, is also known as the commutant of the A-module M. 1t is classical
that M becomes a A-A%PP-bimodule via (f,,D) — p(f)(Dy) for all f € A,
De A, and p € M.

The algebra A, can be related to a certain subquotient of A as follows: let Z
be the left ideal in A defined by

Z:={g€A|p(g)b=0}.

Let ¢ € M. There is f € A, unique up to elements in Z, with p(f)b = . Let
D € A, and h € A (also unique up to elements in Z) with p(h)b = Db. Then we
have

Do = Dp(f)b = p(f)Db = p(f)p(h)b = p(f * h)b.
Hence D is determined by A which has the additional property that g « h € Z for
all g € Z. Define the idealizer of Z by

(5.2) NZ):={heA|gxheIVgeTl}

It follows that AV(Z) is a subalgebra of A, that Z is a two-sided ideal of N(Z),
and that

N(T))T — A% . h:=h+T+— Dy : (p(f)br p(f *h)b

is a well-defined isomorphism of associative algebras.
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5.2 Classical limit in the symplectic case: symplectic re-
duction

Let (M,w) be a symplectic manifold, A = C>*(M,K), and let * be a star-product
on M. Leti: C' — M be a closed coisotropic submanifold and M = C*>(C, K)|[[v]].
Suppose that there is a star-product representation p of x on M. Computing
zeroth and first order of (5.2) we get the following classical limits:

7 =9 7

N@) =% N(I):={feC(MK)|{f.gyelVgel}

Note that in these ‘limits’ only the conditions up to first order of the zeroth
components of f, g are considered; there may be additional ones in higher orders:
in general it is NOT true that N (Z) is isomorphic to N(I)[[v]] as K[[v]]-module.
Since C' is coisotropic, I is a Poisson subalgebra of A (and a commutative ideal),
and it follows that N(I), its Lie normalizer, is a Poisson subalgebra with unit of A
and [ is a Poisson ideal of N(I). Hence the quotient N(/)/I is a Poisson algebra
which can be seen as the classical limit

N(T)/T =2 N(I)/1.

The geometric interpretation is a well-known construction called phase space re-
duction: the coisotropic submanifold C' is foliated along the integrable subbundle
TCY. Since the differentials of elements of I vanish along C' it can be shown
that the Hamiltonian vector fields of g € I are along the leaves of the foliation F.
Hence N(I) is a space of functions constant along the leaves and thus project down
to the quotient space (or reduced phase space) Myeq := C/F. Hence the Poisson
algebra N(I)/I models a function space on Moq. In case M,eq is a smooth mani-
fold and the canonical projection C' = M,eq is a smooth submersion it is known
that M.,.q carries a canonical symplectic structure w,.q defined by

7w =: T Wred-
In that case there is the following isomorphism
N(I)/I = C*(Meq,K)  as Poisson algebras.

This point of view is one of the features of the classical BRST approach to con-
straints, incorporating the ideas of Dirac 1964 and Batalin-Fradkin-Vilkovisky
1983/85, see e.g. Henneaux-Teitelboim 1988 , Stasheff 1988 [34] [26], Kimura
1992 [36].
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A.Weinstein and J.Hua Lu (1993) [39] emphasized the bimodule structure of
the geometric situation (‘coisotropic creed’)

M C>(M,K)

.

corresponds to  C>®(C,K)

AN\~
7N

*

=

Mred COO(Mred7 K)

hence C*(C,K) is a C*®°(M,K)-C*®(M,eq, K)-bimodule via foh = (i*f)(7*h)ep.
Note that both ¢ and 7 are coisotropic maps.

Example: Marden-Weinstein reduction (1974) [40]: let J : M — g* be a momen-
tum map (coming from symplectic G-action), 0 regular value of J:

C := J(0) is coisotropic, M,.q = C/G.

5.3 Quantization Problem: quantum reduction

The inverse problem is interesting: in the above geometric situation M Lo5
Meq what would a reasonable quantum reduction be?

e (oisotropic creed: are there star-products * on M and *, on M,.q such that

M :=C*(C,K)[[v]] becomes a * — %, —bimodule ?

e (lassical BRST: is there a star-product % on M such that

I[[v]] is a * —subalgebra of A,
N(I)[[v]] is a * —subalgebra of A,
I[[v]] is a % —ideal of N(I)[[v]] 7

This implies that
N(D[[V]|/I[[V]] = C*(Myea, K)[[v]] has a star — product.

The star-product * is called projectable in that case. Note that I[[v]] is not
demanded to be a one-sided ideal of A as in the first approach.

5.4 Results
5.4.1 Partial results

A deformation quantization version of the BRST construction in the situation of
the Marsden-Weinstein reduction has been given by M.B, H.-C. Herbig, S.Waldmann
(2000) [7].
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5.4.2 Subalgebra deformations of the vanishing ideal

The difference of the two aforementioned approaches becomes smaller in the sym-
plectic case, see [10]

Theorem 5.1 (M.B. 2003) : For every symplectic manifold M and connected
closed coisotropic submanifold C' we have: if there is a star-product x on M such
that I[[v]] is a subalgebra of A, then it is either a left or a right ideal of A.

5.4.3 Quantum reduction in the symplectic case

For smooth reduced phase spaces, the quantization of the reduction procedure
can in some sense be classified, see [10]:

Theorem 5.2 (M.B. 2003): Let i : C — M be a connected coisotropic subman-
ifold of a symplectic manifold (M,w) such that the reduced phase space w: C —
M eq emists. Let x be a star-product on M. Then the following conditions are
equivalent:

1. ©*[*] is basic, i.e. there is a class § on Myeq with i*[x] = 7.
2. % 18 reducible, 1.e. equivalent to a projectable star-product.

3. There is a star-product *, on Myeq such that C=(C,K)[[v]] becomes a * — %,
or a *, — x-bimodule.

If one of these conditions is satisfied then
e x is representable.
o i*[x] = [x,].

o (C®°(Myea, K)[[V]], %) is the commutant of the algebra (C*(M,K)[[v]], )
acting on C*(C,K)[[v]].

e The isomorphism classes of x — x.-bimodule-structures on C*(C,K)[[v]] are
in bigection to the following deRham cohomology groups

vHiR(C,K) & v*Hip(C, K)[[V]]
where the ' means quotienting by 2mi times the integer classes for K = C.

Idea of proof:

1. Note that (A.Weinstein)
C — M x Mred

is a Lagrangian submanifold.
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2. An open neighbourhood of C' in M X M,.q looks like an open neighbourhood
of T*C' (A.Weinstein).

3. The symbol calculus on C' by means of a star-product is possible iff the
restriction of the Deligne class vanishes
(M.B., N.Neumaier, M.Pflaum, S.Waldmann, 2003, [9]).

4. Thereby one gets a representation of the tensor product * ® %2 on C' which
gives the bimodule structure.

Note that there is equivalence of Coisotropic Creed and Classical BRST in this case.

6 The Atiyah-Molino-Class of a foliation

In order to understand the nature of the total obstructions I am going to present
in the next section I shall give some overview of the Atiyah-Molino class of a
foliation (P.Molino 1971 [41], [42]):

Let E be an integrable subbundle of the tangent bundle of a manifold C.
Frobenius’ theorem guarantees the existence of a foliation of C' along E. Consider
the quotient bundle ) := T'C/E, then one has I'°(C, Q) = I'*(C, TC)/I'*(C, E).
Since I'*°(C, F) is a Lie subalgebra of the Lie algebra I'>*(C, T'C) of all vector fields,
there is a natural representation of the ‘vertical fields’, I'*°(C, E') on I'*(C, Q) by
means of

VX = [V, X]

for all V € I'*(C, E),X € I'*(C,TC) and X + X denoting the canonical pro-
jection I'™*(C, TC) — I'*°(C, Q). This representation is called the Bott connection
since it satisfies the Koszul axioms of a partial connection along E in the vector
bundle @). The representation identity implies the flatness of the Bott connec-
tion. The spaces of smooth sections of tensor, symmetric or Grassmann products
of @ or its dual are thus modules of the Lie algebra I'*°(C, E) and the space
['*(C,AE* ® F) (where F is one of these bundles constructed out of () becomes
a cocomplex by the natural vertical version d, of the exterior derivative.

It is always possible to extend the Bott connection in a nonunique manner
to a connection V on C in Q, i.e. for which Vy X = V"X for all vertical
vector fields V. The curvature tensor R of this connection has the property that
R(V,W)X = 0 for all vertical V,W and arbitrary vector fields X due to the
flatness of the Bott connection. Hence the curvature tensor descends to a section
ran in T2(C, A'E*@Q®Q*®Q*) defined by rap (V)(X,Y) := R(V, X)Y. By the
Bianchi identity it follows that d,r43; = 0. The class of this 1-cocyle, the so-called
Atiyah-Molino class capn(C, E') turns out to be independent of the connection one
has chosen to extend the Bott connection, and it is thus a differential topological
invariant of the foliation. An example of a foliation with nonzero Atiyah-Molino
class is provided by the Reeb foliation of the three-sphere.
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Molino has also shown that the vanishing of the Atiyah-Molino class is equiv-
alent to the existence of a locally projectable connection in T'C', i.e. a connection
for which the locally defined projections on the local leaf spaces (in a foliation
chart) are affine maps with respect to a local connection on the local leaf space.
In the Fedosov construction this fact is crucial.

For coisotropic submanifolds one can find a variant of the Atiyah-Molino class,
kapm(C, E) where only connections are considered which preserve the symplectic
structure on @, see [10].

7 Obstructions and foliations

7.1 Morphisms
7.1.1 Reduction to bimodule problem

Since the graph of a Poisson map is a coisotropic submanifold of the cartesian
product of the two Poisson manifolds concerned, the problem of quantizing a
Poisson map can be reduced to a bimodule representation problem on their graphs,
see [10].

7.1.2 Total obstructions in the symplectic case

By a rather technical Fedosov analysis of a Poisson map ¢ : M — M’ between
symplectic manifolds we get the

Theorem 7.1 (M.B.2003) Let x be a star-product on M and %' be a star-product
on M'. Let E := (KerT¢)* Let ag be a representative of [x]o — ¢*[+']o. Then * is
adapted up to order 3 iff

1. 0= py([*]o — ¢*[*']0) (vertical restriction of class of g vanishes)

2. aq can be chosen in such a way that

1 =)

EP (KAM<M,E),HAM(M, E))
1—qa

+ §P( )([Oéo](m), [Oéo](l,l)) - pv([*]l - ¢*[*/]) =0

where PP € I'™°(C,Q%%) are p factors of the transverse Poisson structure,
[ao)(1,1) denotes the class of ag seen as form in T(M,A'M @ (TM/E)) and
kay (M, E) is the Atiyah-Molino class of the presymplectic manifold (M, ¢*w').

See [10] for a proof.
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7.2 (Bi)modules
7.2.1 Recursive obstructions

Recursive obstructions (M.B 2002/04; A.Cattaneo, G.Felder 2003 [15]) answered
the question: if a star-product * is representable on a coisotropic submanifold
C' of a Poisson manifold (M, P) up to order r, what are necessary and sufficient
conditions to continue up to order r + 1 if one can only modify the orders r and
r—+17?

e The good cocomplex is given by I'*(C, A*(T'M|c/TC)) with

differential dp : A — [P, A].

e The obstructions lie in

H}(C,K) (= HZqr(C,K) if M is symplectic).

e In the particular case where C is of codimension 1 (P.Glo8ner 1998) H3(C, K)
always vanishes, hence every star-product is representable.

7.2.2 Symplectic case

Total obstructions to modules up to order three (M.B.2003) [10]: take the general
symplectic star-product * up to order three (Lichnerowicz 1980; see e.g. DeWilde,
Lecomte 1988 [21]; Fedosov 1996 [24]) and check whether it is adapted:

e Restrict to a tubular neighbourhood U of
e Use the Gotay/Weinstein-Theorem [31] U =V C E* := (T'C¥)*;

e Use an adapted symplectic covariant derivative V constructed out of a presym-
plectic E-preserving connection V on C and

e Perform some computations of higher order loop type....

Theorem 7.2 (M.B. 2002) Let ag, o be representatives of [*]o, [*]1. Then * is
adapted up to order 3 iff

1. 0 = pyi*[aw) (vertical restriction of class of ay vanishes)

2. ag can be chosen in such a way that

1 —@
EP( "(kant(C, E), kan(C, E))
+ QP ([é CYo](l,l), [i 040](1,1)) — ppi*[¥]1 =0

where kapn (C, E) is the Atiyah-Molino class of the presymplectic manifold C'.

See [10] for a proof. It is hard to see whether these condition can always be
satisfied which I doubt although I do not know of any concrete example.



36 M. Bordemann
References
[1] Arnal, D., Cortet, J. C., Molin, P., Pinczon, G.:Covariance and Geometrical

2]

[10]

[11]

[12]

Invariance in *-Quantization. J. Math. Phys. 24.2 (1983), 276-283.

Bayen, F., Flato, M., Frgnsdal, C., Lichnerowicz, A., Sternheimer, D.: De-
formation Theory and Quantization. Annals of Physics 111 (1978), part I:
61-110, part II: 111-151.

Bertelson, M., Cahen, M., Gutt, S.: FEquivalence of Star-Products.
Class.Quant.Grav. 14 (1997), A93-A107.

M. Bordemann, S. Waldmann: Formal GNS Construction and States in De-
formation Quantization, Comm. Math. Phys. 195 (1998), 549-583.

Bordemann, M., Neumaier, N., Waldmann, S.: Homogeneous Fedosov Star
Products on Cotangent Bundles I: Weyl and Standard Ordering with Differ-
ential Operator Representation, Comm. Math. Phys. 198 (1998), 363-396.

Bordemann, M., Neumaier, N., Waldmann, S.: Homogeneous Fedosov Star
Products on Cotangent Bundles II: GNS Representations, the WKB Expan-
sion, traces, and applications, J. Geom. Phys. 29 (1999), 199-234.

Bordemann, M., Herbig, H.-C., Waldmann, S.: BRST cohomology and Phase
Space Reduction in Deformation Quantisation, Commun.Math.Phys. 210
(2000), 107-144.

Bordemann, M., Ginot, G, Halbout, G., Herbig, H.-C., Waldmann, S.:
Star-représentations sur des sous-variétés co-isotropes, math.QA/0309321,
September 2003.

Bordemann, M., Neumaier, N., Pflaum, M., Waldmann, S.: On representa-
tions of star product algebras over cotangent spaces on Hermitian line bun-
dles, J. Funct. Analysis 199 (2003), 1-47, math.QA/9811055.

Bordemann, M.: (Bi)modules, morphismes et réduction des star-produits: le
cas symplectique, feuilletages et obstructions, math.QA/0403334, March 2004.

Bursztyn, H., Waldmann, S.: Algebraic Rieffel Induction, Formal Morita
FEquivalence and Applications to Deformation Quantization. J. Geom. Phys.

37 (2001), 307-364.

Bursztyn, H., Waldmann, S.: Bimodule deformations, Picard groups and
contravariant connections. Prépublication (Freiburg FR-THEP 2002/10)
math.QA/0207255 (juillet 2002), 32 pages, a paraitre dans K-Theory.



(Bi)Modules, morphisms, and reduction of star-products 37

[13]

[14]

[15]

[22]

23]

Cahen, M., DeWilde, M., Gutt, S.: Local cohomology of the algebra of C*-
functions on a connected manifold. Lett. Math. Phys. 4 (1980), 157-167.

Cahen, M., Gutt, S..:  Regular x-representations of Lie Algebras.
Lett.Math.Phys. 6 (1983), 395-404.

Cattaneo, A., Felder, G.: Coisotropic Submanifolds in Poisson Geometry
and Branes in the Poisson Sigma Model. Dans: Gutt, S., Rawnsley, J. (eds.):
The Euroconference PQR2003, Lett. Math. Phys. 69 (special issue, 2004),
157-175.

Cattaneo, A., Felder, G.: Relative Formality Theorem and Quantisation of
Coisotropic Submanifolds. Prépublication mat.QA/0501540, janvier 2005.

Connes, A.: Noncommutative Differential Geometry. Academic Press, San
Diego, 1994.

Deligne, P.: Déformations de [’algebre des fonctions d’une variété symplec-

tique: comparaison entre Fedosov et De Wilde, Lecomte. Sel. Math., New series
1 (4) (1995), 667-697.

DeWilde, M., Lecomte, P.B.A.: Star-products on cotangent bundles.
Lett. Math. Phys. 7 (1983), 235-241.

DeWilde, M., Lecomte, P.B.A.: Existence of star-products and of formal
deformations of the Poisson Lie Algebra of arbitrary symplectic manifolds.
Lett. Math. Phys. 7 (1983), 487-49.

DeWilde, M., Lecomte, P.B.A.: Formal Deformations of the Poisson Lie Al-
gebra of a Symplectic Manifold and Star Products. Fxistence, Equivalence,
Derivations. In: Hazewinkel, M., Gerstenhaber, M. (eds.) Deformation The-
ory of Algebras and Structures and Applications. Dordrecht, Kluwer, 1988.

Fedosov, B.: A Simple Geometrical Construction of Deformation Quantiza-
tion. J. of Diff. Geom. 40 (1994), 213-238.

Fedosov, B.: Reduction and eigenstates in deformation quantization. Dans:
Demuth, M., Schrohe, E., Schulze, B.-W. (éd.): Pseudodifferential calculus
and mathematical physics, vol 5, in Advances in Partial Differential Fqua-
tions, 277-297. Akademie Verlag, Berlin, 1994.

Fedosov, B.: Deformation Quantization and Index Theory. Akademie Verlag,
Berlin, 1996.

Fedosov, B.: Nonabelian  reduction in  Deformation Quantization.
Lett. Math. Phys. 43 (1998), 137-154.



38

[26]

[30]

[31]

[32]

[33]

[34]

[35]

[39]

M. Bordemann

Fish, J., Henneaux, M., Stasheff, J., Teitelboim, C.: Ezistence, uniqueness
and cohomology of the classical BRST charge with ghosts of ghosts. Commun.
Math. Phys. 120 (1989), 379-407.

Gerstenhaber, M.: The Cohomology Structure of an Associative Ring.
Ann. Math. 78 (1963), 267-288.

Gerstenhaber, M.: On the deformation of rings and algebras. Ann. Math. 79
(1964), 59-103.

Gerstenhaber, M., Shack, S.: Algebraic Cohomology and Deformation The-
ory. In: Hazewinkel, M., Gerstenhaber, M. (eds.): Deformation Theory of
Algebras and Structures and Applications. Dordrecht, Kluwer, 1988, p. 11-
265.

GloBner, P.: Star-Product Reduction for Coisotropic Submanifolds of Codi-
mension 1. Preprint Fakultat fiir Physik der Universitat Freiburg FR-THEP-
98/10, math.QA/9805049, May 1998.

Gotay, M.:  On coisotropic imbeddings of presysmplectic manifolds.
Proc. Am. Math. Soc. 84 (1982), 111-114.

Gutt, S.: An explicit x-product on the cotangent bundle of a Lie group.
Lett.Math.Phys. 7 (1983), 249-258.

Gutt, S., Rawnsley, J.: FEquivalence of star products on a symplectic mani-
fold; an introduction to Deligne’s Cech cohomology classes. J.Geom.Phys. 29
(1999), 347-399.

Henneaux, M., Teitelboim, C.: Quantization of Gauge Systems. Princeton
University Press, New Jersey, 1992.

Hochschild, G., Kostant, B., Rosenberg, A.: Differential forms on reqular
affine algebras. Trans. Am. Math. Soc. 102 (1962), 383-408.

Kimura, T.: Prequantum BRST Cohomology. Contemp. Math. 132 (1992),
439-457.

Kolar, I., Michor, P., Slovak, J.: Natural Operations in Differential Geometry.
Springer, Berlin, 1993.

Kontsevitch, M.: Deformation Quantization of Poisson Manifolds. Lett.
Math. Phys. 66 (2003), no. 3, 157-216. See also the IHES preprint
q-alg/9709040, September 1997.

Lu, J.-H.: Moment Maps at the Quantum Level. Comm. Math. Phys. 157
(1993), 389-404.



(Bi)Modules, morphisms, and reduction of star-products 39

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[52]

[53]

[54]

[55]

Marsden, J.E., Weinstein, Alan: Reduction of symplectic manifolds with sym-
metry. Rep. on Math. Phys. 5 (1974), 121-130.

Molino, P.: Classe d’Atiyah d’un feuilletage et connexions transversales pro-

jetables. C.R.Acad.Sc. Paris 272 (1971), 779-781.

Molino, P.: Classes caractéristiques et obstruction d’Atiyah pour les fibrés
principauz feuilletés. C.R.Acad.Sc. Paris 272 (1971), 1376-1378.

Nadaud, F.: On continuous and differential Hochschild cohomology.
Lett. Math. Phys. 47 (1999), 85-95.

Nest, R., Tsygan, B.: Algebraic Index Theorem. Commun.Math.Phys. 172
(1995), 223-262.

Nest, R., Tsygan, B.: Algebraic Index Theorem for Families. Adv.Math. 113
(1995), 151-205.

Neumaier, N.: Local v-Euler Derivations and Deligne’s Characteristic
Class for Fedosov Star-Products and Star-Products of Special Type. Com-
mun. Math. Phys. 230 (2002), 271-288, voir aussi math.QA/9905176v2.

Omori, H., Maeda, Y., Yoshioka, A.: Weyl manifolds and Deformation Quan-
tization. Adv.Math. 85 (1991), 224-255.

Palais, R.: On the Existence of Slices for Actions of non-compact Lie Groups.
Ann.Math. 73 (1961), 295-323.

Pflaum, M.: On Continuous Hochschild Homology and Cohomology Groups.
Lett. Math. Phys. 44 (1998), 43-51.

Pflaum, M.: The normal symbol of Riemannian manifolds. New York
J. Math. 4 (1998), 97-125.

Waldmann, S.: Locality in GNS Representations of Deformation Quantiza-
tion. Commun.Math.Phys. 210 (2000), 467-495.

Waldmann, S.: Morita equivalence of Fedosov star products and deformed
Hermitian vector bundles. Lett. Math. Phys. 60 (2002), 157-170.

Weinstein, A.: Symplectic manifolds and their Lagrangian submanifolds.
Adv. Math. 6 (1971), 329-346.

Weinstein, A.: Lectures on symplectic manifolds. Dans C.B.M.S. Conf. Series,
Am. Math. Soc. no. 29, Providence, R.I. 1977.

Weinstein, A.: Coisotropic calculus and Poisson groupoids. J.Math.Soc.Japan
40 (1988), 705-727.



40 M. Bordemann

[56] Xu, P.: Fedosov x-Products and Quantum Momentum Maps. Commun. Math.
Phys. 197 (1998), 167-197.

Martin Bordemann

Laboratoire des Mathématiques et Applications
Faculté des Sciences et Techniques

Université de Haute Alsace, Mulhouse

4, rue des Freres Lumiere, 68093 Mulhouse, France
Martin.Bordemann@uha.fr



