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The Ramanujan tau function

Definition:

A=q][(1-g)** =Y 7(n)d" € S12(SL2(Z))
n>1 n>1

First few values:

A = q — 24q¢° + 252¢° — 1472¢* 4+ 4830¢° — 6048¢° + - - -

Properties:
7(mn) = 7(m)T(n) if (m,n) =1
T(p"t) = r(p)r(p") — ptir(p"~1) for p prime
I7(p)| < 2p11/2 for p prime

Question (Schoof to Edixhoven). Is it possible to compute 7(p)
for p prime in time polynomial in log(p)?



Computing 7(p)

Theorem (Edixhoven, Couveignes, R. de Jong, Merkl). There
exists a probabilistic algorithm that on input primes p and ¢ with
p = £ can compute t(p) mod ¢ in expected time polynomial in
logp and /.

Corollary. There exists a probabilistic algorithm that on input a
prime number p can compute t(p) in expected time polynomial
in log p.

Congruences. For ¢ € {2,3,5,7,23,691} we have simple formu-
las for 7(p) modulo (a power of) ¢, e.g.

r(p) = p* + »p"% mod 53 for p £ 5

(p) = 1 4+ p'! mod 691 for all p



Galois representations for 7(p) mod /¢

Theorem (Deligne). For each prime ¢ there exists a continuous
representation

pe =Pay: Gal(Q/Q) — GLo(F)
that is unramified outside ¢ and that satisfies

charpol(p(Froby)) = 2 — 7(p)x + pt! mod ¢
for each prime p # ¢.
Remark (Serre). We have a simple formula for 7(p) mod ¢ iff

Im(py) does not contain SLo(IF,), which is exactly the case for
¢e{2,3,5,7,23,691}.

Assume Im(py) D SLo(IFy) from now. There is a number field K,
through which p, factors:

Gal(Q/Q) & - GL2(Fy)

Gal(K,/Q)



Computing K

Gal(Q/Q) i ' GLo(F))
Gal(K,/Q)

The action of Im(py) on IF% — {0} is faithful. So there is a poly-
nomial P, of degree ¢2 — 1 with

Kg — SDT—(PE)

Once we have Py, the field K, can be obtained by adjoining 2
roots of P, to Q. This enables us in theory to compute py(Froby)
for all p # ¢ using standard algorithms in number theory (com-
puting Gal(K,/Q), Frobenius classes, etc).



More generally

Theorem (Deligne). Let f =Y anq™ € Sip(IF'1(IN)) be a newform
of character e. Put K; = Q(ay,a2,...) and let X\ | £ be a prime of
K £ T hen there exists a continuous representation

p=7ps:Gal(Q/Q) — GLx(Fy)
that is unramified outside NY and that satisfies
charpol(p(Froby)) = 72 — apr + e(p)p" "1 mod A

for all primes p{ N£.

We have a number field K, as in the diagram for which we want
to compute a splitting polynomial Pf’,\:

Gal(Q/Q) A GLy(Fy)

Gal(K)/Q)



Inside the Jacobian of X (N/)

Assume k£ < /-4 1 and that P IS absolutely irreducible. Put

N — N  for k=2,
] N¢ otherwise.

Let T = Z[1T1,T5,...] C End@(Jl(N’)) be the Hecke algebra and
put

Put m = Ker 8, then J1(N")(Q)[m] is a T/m-module with an action
of Gal(Q/Q). It is non-zero and contains a submodule that is
isomorphic to p; (Mazur).

In most cases, J1(N)(Q)[m] ~ pra- Inany case, py y is the action
of Gal(Q/Q) on some V, C J1(N)(Q)[4].



The Jacobian of X (N')

We have p; , as the action of Gal(Q/Q) on Vy, C J1(N)(Q)[4].

Pick a suitable h € Q(J1(N")), then

Pry= ]I (@—-h(@Q))

QReV\—{0}
Let D be an effective divisor on X1(N')qg of degree g = g(X1(N"))
(e.g. D =g¢-0), then we have a birational morphism

g

¢:SymgX1(N/)_>J1(N,)7 (6217"'7629)'_> {(Z QZ>_D]
1=1

So Q(J1(N)) = Q(Symd X1(N')). Pick ¢ € Q(X1(N')) and put

g
h(Q1,...,Qg) 1= ) ¥(Qy).

1=1



The Jacobian of X{(N’) over C

Pick a basis f1,...,fg of So(IF1(N')). Put

N = {/(fb---,fg 9 . [v] € H1(X1(N’)(@),Z)} C 9.
Y q

Then (Abel-Jacobi) we have

~ Qi dq
BNY©) = CIA, Q=P = X [ G S
so that we get a birational morphism

I Qi d
62 SymI Xy (N)(€) = CO/A, (@1, Q) = 3 [ (o ) -
1=1

We can evaluate (integrals of) modular forms easily using g-
expansions at various cusps.



Using Newton-Raphson to compute ¢~ 1(V, — {0})

I, Qi d
o - (XINY©) = TN Q1 Q) = 3 [T )T
i=1
We have a function ¢ € Q(X71(N')) and a set of torsion points
V4(C) C J1(N')(C)[] = %/\//\ C CI/A.

Use Newton-Raphson to compute ¢/~1(V,(C)): For U C C9 open
and F' : U — C9 analytic we have

OF;
0z

PQ+1) = @ + (J4@) b+ OIHIP)
0]

So for P close to F'(Q) take
—1

h = (85(@)) - (P—F(@Q),

azﬂ 1,J

Then F(Q + h) will be much closer to P than F(Q).




Computing rational coefficients

SO we have

g
Py = 11 (5’3 - ¢(Qi)) ~ z"ta,_ 12" 4 Hag € Rlz).
Qep—1(V,(C)—{0}) =1

We seek po,...,p,—1,q With % ~ a;. Choose a small ¢ > 0 and
use LLL on the lattice

{(PO —aopq, --., Pn—1 — an—149, CQ) : POy---3Pn—1-9 € Z}

1

W but almost never better.

One can always get |p; — a;q| =
So if

1 .
pi — ajq] <<< AT for all

then we guess

P)\ = " —|—pn_1xn_1 + ... _I_@
q q
Otherwise, double the precision and repeat.




Projective representations: smaller polynomials

Compose pry with GLo(F)) - PGL,(F)) to get

pra: Gal(Q/Q) — PGLo(TFy)
with a field Ky:

Gal(Q/Q) P 'PGL2(F))

\ ]
Gal(K,/Q)

We get a splitting polynomial P'f’,\ for K,:

Pra= I [=— > RrQ)

LeP(Vy) QeL—{0}

The polynomial P'f’,\ iIs small enough to do computational veri-
fications. We have Galois group computations and Serre’'s con-
jecture.



Applications
Conjecture (Lehmer). The number v(n) is never zero.
Theorem (B.). Holds for n < 22798241520242637999.
Previously this was known for n < 22689242781695999.

The proof uses projective representations: a matrix in GL,(IFy)
has trace zero iff its action on P1(F,) has a 2-cycle.

Computational inverse Galois theory

The polynomials ]5”\ will have certain Galois groups. Computing
polynomials with prescribed Galois group is a challenge as such
(Kliiners & Malle).



Polynomials for 7(p)

P13 =
214 + 7213 + 26212 + 7821 + 169210 4+ 5249 — 70248 — 124827
4+ 4942° 4+ 25612° + 3122% — 222323 + 16922 4+ 506x — 215

Pi7 =
218 — 9217 + 51416 _ 23841° 4+ 884414 — 2516413 + 5355412
— 722521 — 1105210 4+ 374682°% — 1114698 4+ 19235527 — 2118032°
4 134793z° — 173232z% — 50660x> + 4758322 — 19773z + 3707

P1g =
220 — 7219 4+ 76217 — 38210 — 38021° 4+ 114214 4+ 1121413 — 798412
— 142521 4+ 6517210 + 15222 — 1926628 — 1109627 + 163402°
4 37240z° 4+ 30020z% — 1784123 — 4744322 — 313232 — 8055



A polynomial with Galois group SL»(Fig)

217 — 5210 4 1202105 _ 28214 4 70213 132212 4116211 — 744°
4+ 9028 — 287 — 1220 +242° —122% — 423 — 32— 1

A polynomial with Galois group PSL5(F55)

220 — 1022° + 75223 4+ 1150222 — 1465221 — 1095022°

— 57925z1% 4+ 40300218 — 8525217 + 40700021

— 1812800x1° 4 189442514 — 2057375213 4 15778750212
— 11055625211 — 12123500210 — 1376287522 — 160078752°
+ 91035625z — 490448752° 4+ 13600625z° — 979812524

— 2193437523 + 1382562522 + 2507500z — 2546875



A polynomial with Galois group SL»(F35)

233 4+ 13232 4+ 10823 4+ 744230 4 4768227 4+ 27172228

+ 132412227 4+ 5699362°° + 2254864x2° 4+ 8014936224
+ 24146112223 4 58070720222 + 103024676221

+ 10530730022° — 5067103621 — 451423176218

— 931969758z — 95014518221° + 2585795962 1°

+ 3324485088z1% + 8626891432213 4+ 1577033283622
+ 21389501380zt 4 1482519944810 — 136600272322°
— 542393254962°% — 68496746608z — 35204682152°
+ 259281115962° + 49552492980x* + 3249200158023
— 3814250752z° — 11970016119z — 5786897139



A polynomial with Galois group PSL5(F4g9)

20 + 152%° + 9824% + 1892*" 4 12322% 4+ 165412%° + 87885x** + 196144*3

4 15321462%2 4+ 150947302t 4 403212462%° — 3197403323° + 12196876582°
4 5123805862237 + 337779108123° 4+ 38461996652°>° 4 386041136138234

4 152969547283z>3 — 9931216041672>2 4+ 4283901756078z>!

4 2907060392778523° — 15006018467155122° — 35582774083038228

4 4821885641747442°" — 459984936772556322° — 299517336652838522°

4 75590803375426712°%% — 106554688226971957x2% — 24924770071609884 122
4 2439608977153624689x%! — 113948240105423493702%°

+ 26748401885475871622z'° + 36228111996223865872118

— 1707245032482815678162" 4 4409513263001810709921°

4 2205755995692922215592z1° — 7309395334082123655184 1%

4 8191024220210807343144z'3 + 17220576485796786552856112

— 134381254167088687376800x! 4+ 246189220202902763028690x°

4 200885291084222306628626x° — 17705325017353023847017762°

4 1004601682890644061877633z" + 133281165699131200634869652°

— 32320727666048199017631033z° + 8186244338365439309089518z*

+ 112612247529381480642588848x3 — 23986325486065158421452524912

+ 217464362272825263861712698x — 96369243197547604981124695



