SIEGEL MODULAR FORMS, HECKE
OPERATORS, AND L-SERIES

LYyNNE H. WALLING

Siegel introduced generalised theta series to study quadratic forms: Given an
m X m, symmetric, integral matrix ) and a lattice L = Zx1 ® - - - ® Zx,,, @ defines
a quadratic form on L via

(%]
T =121+ + amTm — ‘2Qzx where z =
A
For n € Z, set
0 (Lim) = ) ef'CQCT}
cezmn
where 7 = X +iY, X,V € R, Y > 0, and e{x} = exp(miTr(x)). Presuming

@ > 0, this series is absolutely convergent and in fact defines an analytic function.
For convenience, we assume (@ is even integral on L (meaning Q(L) C 27Z); then

0 (L;m) =) r(L,T)e{Tr}
T

where T' runs over n X n, symmetric, even integral, positive semi-definite matrices,
and

r(L,T)=#{CeZ™": 'CQC =T }
=#{(y1,...,yn) : ¥i € L, Q restricted to
to Zyy @ -+ ® Zyy, is given by T }.

By Poisson summation, there is a relation between 6 (L; 1) and (™ (L#; —7—1)
where L# ~ Z™ has the quadratic form Q~!. Consequently,

0™ (L; (AT + B)(C7 + D)™1) = x(det D)(det(CT + D))™/260™ (L; 1)

for all v = (é ZB)) € Spn(Z) with N|C, N the level of L (meaning N is the

smallest positive integer so that NQ~! is even integral), and x is a quadratic
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character modulo N. When m is odd, we need to interpret (det(Cr + D))™/?
carefully. Instead of using a metaplectic group, we can follow Shimura (where n
was 1) and take

M (yor)\™
(det(CT + D))™/? = (9 9(5}(7) )>

where

0 (r)= > e{fCcCr}.

Cezl,n

o) (yoT)
0 (T)

= |det(CT+D)|*/2)

(When m is odd, we necessarily have 4| N, and then ‘
Then we find

() = (sgnd)® ((—Uf#) = ok,
(

(—D’“\+|det@> it m=2k+1.

So 0(”)(L;7') is our prototypical example of a Siegel modular form of degree n,
weight m /2, level N, and character Y.

Slash operator: For convenience, with v = (é ZB;) € Spn(Z), we set

Fly(r) = (det(CT + D))_kF(y oT)

when F' is a Siegel modular form of degree n and integral weight k, and

() (m 0 7
Fhn) = (T 2l) Feven)

when F' is a Siegel modular form of degree n and half-integral weight k/2 (and
4|C).

Fourier expansions: Given a Siegel modular form F' of degree n and weight
k,
F(r) =) c(T)e{TT}

T

where T varies over n X n, symmetric, even integral, positive semi-definite matrices.
)
For any G € GL,,(Z), (G tG) € Spn(Z); thus
F(G7'7'G™Y) = x(det G)(det G)* F (1)

and hence ¢(T) = x(det G)(det G)*c(*GTG). Thus we can write

F(r) =) c(A)e{Ar}

clsA
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where clsA varies over isometry classes of rank n lattices, each equipped with a
positive semi-definite quadratic form (oriented when x(—1)(=1)* # 1), and for T
a matrix for the quadratic form on A,

e{Ar} = e{'GTGT}
G

with G € O(T)\GL,(Z) if x(—=1)(=1)* =1, and G € O (T)\SL,(Z) otherwise.

Hecke operators: For a prime p, we have Hecke operators T'(p), T;(p?) (1 <
j < n). (We know n of these are algebraically independent; the algebraic relation
is given in [5].) To define the Hecke operators on Siegel modular forms of degree n,
weight k, level N, and character y, let

I,
( (p / ) for T'=T(p),

pl;

S9)
Il

In=; for T = T;(p?)
iy J ’
p~J

\ ITL—]

I'= {(é g) € Spn(Z): NIC }» IV = 6I'6"'; then (up to normalisation)

FIT = X(det Dy)F|s "y
Y

where v runs over (I" N T")\I". Also,

=1 pE PR or) T = T(0),

Flg~! .
Sy pMFE@G o) it T = T;(p?).

(Actually for half-integral weight, the matrices in the quotients have their “auto-
morphy factors” attached to them.)

In work with Jim Hafner, we found coset representatives for the Hecke operators
when the weight is integral. When evaluating the action of T} (p?), we encountered
incomplete character sum; to complete these, we replace T} (p?) with fj (p?), a linear
combination of 1, Ty (p?),... ,T;(p?).

Theorem. (Hafner-W [5]) Say F is a Siegel modular form with degree n and
integral weight k. The Ath coefficient of F|Tj(p?) is

> X (A, Q)e(Q)

PACQC LA
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where (A, Q) is the number of codimension n — j totally isotropic subspaces of
ANQ/p(A+ Q).
The Ath coefficient of F|T(p) is

x(p")p* ()

ACQCLA

1
- P
where QP denotes the lattice ) equipped with the quadratic form attached to )
multiplied by p. (This latter result was first proved by Maass, stated in the terms
of coefficients attached to matrices.)

The coset representatives we found to give the action of the Hecke operators are
explicit with the exception of a choice of change of basis matrix; in [14], we make
an explicit choice and describe matrices giving the action of each Hecke operator.

Also, the actual coset representatives are not upper block triangular, although
these can be replaced by upper block triangular matrices. However, in the case of
half-integral weight, this replacement doesn’t just introduce a power of x(p), but

also a Legrendre symbol (d";fyl).

Theorem (W. [15]). Say F is a Siegel modular form of degree m, half-integral
weight k/2, level N, and character x. Then F|T(p) = 0. For 1 < j <mn, the Ath
coefficient of F|T;(p?) is

> x(PPGi (A, Q)e()

pAgQg%A

where

G;(A,Q) =) Gn(p),
Ty

Ty varying over matrices for the quadratic forms on the codimension n—j subspaces

of ANQ/p(A+Q), and Gr,(p) = >y, () <%> e{T1Y1/p} is a generalised Gauss

sum.

Having such explicit matrices giving the action of the Hecke operators is useful
when studying Siegel theta series. When L is a lattice of even rank m = 2k, I used
these to show 6" (L)|T is a linear combination of Siegel theta series attached to
lattices closely related to L; consequently, setting

e(n) (genL) — Z 1 e(n) (L/)

/
clsL’egenL O(L )

where o(L’) is the order of the orthogonal group of L', we have:
(1) For j <k, 0(”)(genL)|T;(p2) = ),;0 (genL) where

A =p* B, )P+ x(p) - (0° 7 + x(p)),
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T; (p?) is a linear combination of 1,7y (p?),...,Tj(p?), and B(n, j) is the number
of j-dimensional subspaces of an n-dimensional space over Z/pZ;
(2) For j >k, 8" (L)|T}(p*) = 0;
(3) If x =1, 0" (genL)|T(p) = (P*~ " +1)--- (p*~" +1)0™) (genL);
— —n 2 n
(4) 0" (genL)|T(p)* = ("' + x(p)) - ("™ + x(p))) 0" (genL).
(Currently I am working to show that when m is odd and L is a lattice of rank
m, 6" (genL) is an eigenform for the Tj(p?).)

L-series: Given a Siegel modular form F(7) = > ., ¢(A)e{AT}, we define the
Koecher-Maass series to be

D(F;s)= Y c(A) ( discA)~™®

clsA>0 O(A)

where discA is the determinant of a matrix for the quadratic form on A. In the
case n = 2, Jim Hafner and I introduced a 2-variable L-series that specialises to
D(F;s). Noticing that the Hecke operators do not distinguish between lattices in
the same “family” (which is slightly larger than a genus), we defined average Fourier

coeflicients )
c
A) = )
a(A)= ) o)
clsQefamA

Then for F' an eigenform for all the Hecke operators, we showed that D(F’; s) factors
as a product of the standard L-series for F', the spinor L-series for F', and the series

> a(A)(discA)*Na

A max’l

where N is a polynomial reflecting local structures of A. The standard and spinor
L-functions for F' are completely determined by the eigenvalues of F. This demon-
strates that, a priori, the eigenvalues are nowhere near sufficient to determine the
Fourier coefficients of F' — sad, but true!
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