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Ù@Ç³ï@åÊÑ*Ç³ÈvÙ@È�ÌAÈ���ÓYÍÎÇÎòvÇÎ×AÕqÛ.ÙIÑYÈ�Ô¬z�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�ÐYÌ�ÕqÐYÏ�Ö!È�Ì@Èvï�åYÐ.È�Ð��
r(G) =

(

d(G)

2

)

.
ûR¨�ÿ

áçÇÎÌ
ò{È�ÇÎÏ�È�ÐÊÈ�ÇÎÐ ðAÈvÙ3ÛYÍÎ×�Õq×AÕqÛ.ÙÝß á�â+~*ëlÈ�Í³ï�å.ÈvÙIÖ9ÈvÙ�ÕqÏ�×^~.Ñ.Õ$��Ù�ËNÏ¢ÕqÌIÙ3×�ìqÌd{�È�Ì
Ï�ÇÎÍÎ×Wû=�AËNÌ@ËNÍÎÍ ÕqÌ�ûR¨*é©¨*éK�^��ÿ3ÿ��
dimFP

H2(G,Z/pZ)+ =

(

d(G)+

2

)

+

(

d(G)−

2

) ÛYÐ.Ñ ûR­�ÿ
dimFP

H2(G,Z/pZ)− = d(G)+ · d(G)−.
û5®±ÿ

Æ=ÕqÌ�ÕqÛ.Ù�Ù�ï@åYÍÎÇ³È/��×=Ô�ÕqÐàò�é0£=éK~�Ñ.Õ$�ÚÈ�ÇÎÐ.È�ÛYÐYÇ ÜoËNÌ3Ô�È�õ/Ì3ÛYÓYÓ9ÈWÔ"ÇÎ×/È�Ð.Ñ*ÍÎÇ³ï�å.È�ÌÝÞIÖ9È�ÍÎÇ³Ù3Ç³È�Ì3ÛYÐYÏ�ÛYÐ.ÑXz�Ì3ò{È�Û*ö
Ï�È�Ð.ÑYÈ�ÐYÌ�ÕqÐYÏ

d(G) ≤ 3
Ð¢ÛYÌIÑ*Ç³ÈÝùX�NÏ�ÍÎÇ³ï@å,{�È�ÇÎ×@È�Ð

(d(G)+ = 1
ÛYÐ.Ñ

d(G)− = 2)
Ë�ÑYÈ�Ì

(d(G)+ = 3
ÛYÐ.Ñ

d(G)− = 0)
ûgþ�ÿ

òvÛYÍ ì$��×�ûaÉ±Ï�Í�é9�*Õq×3ò�ûR¨*é©¨*é©¨G¨�ÿ3ÿdé
z�Ù0Ç³Ù3×?É�ËNÐ È�Ð±×@Ù@ï@å.È�Ç³ÑYÈ�Ð.ÑYÈ�Ì�á�Ç³ï�å¢×3ÇÎÏG{�È�ÇÎ×^~

dimFp (pH
2(G,Qp/Zp)−)

òvÛ�{�È�ÐYÐ.È�Ð�~NÛYÔ_ÕqÛ.Ùyûl�&ÿ¯��ï@åYÍÎä.Ù,ö
Ù�È=òvÇ³È�å.È�ÐÊòvÛv{[�NÐYÐ.È�ÐQé.áçÇÎÌyëlÈ�Ì@ÑYÈ�ÐÒÙ@È�å.È�Ð�~.Ñ.Õ$��Ñ*Ç³ÈvÙ�ÈÝÆ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ ÇÎÐ É�Ç³È�Í³È�Ð ø�ìqÍÎÍ³È�ÐS{±Í³È�ÇÎÐ.È�ÌIÏ�Í³È�Ç³ï@å

1
Ç³Ù@×^~

ë�ËNÌ�ÕqÛ.ÙAÙ@Ç³ï@åÚÜoäYÌ
d(G)+ 6= 1

Ù@ËqÜoËNÌ3×
È�Ì3Ï�ÇÎÖY×^~�Ñ.Õ$��Ð¢ÛYÌ
d(G) ≤ 3

ÕqÛ*Üo×3Ì@È�×@È�ÐS{�ÕqÐYÐQé
ÆAÇ³ÈvÙ�ÈvÙ
ðIÈvÙ3ÛYÍÎ×�Õq×AÈ�Ì3å�ìqÍÎ×
Ô�ÕqÐàÕqÛ.Ù
ÑYÈ�Ô Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò

Ĥi(G,E) ∼= Ĥ2−i(G,Q/Z)∨
ÜoäYÌIÕqÍÎÍ³È

i ∈ Z,
ûR°�ÿ

ë�È�Í³ï@å.È�Ì/ÇÎÐ ÑYÈ�Ð Ö9È�Ç³ÑYÈ�Ð6ÜoËNÍÎÏ�È�Ð.ÑYÈ�Ðàø0ìqÍÎÍ³È�ÐÊÏ�ÇÎÍÎ×WûaÉ±Ï�Í�é,��å.ÈvËNÌ@È�Ô�È�ûl��é©¨*é©¨G±�ÿ�ÖYòvëÝé�ûl��é©¨*é©­G²�ÿ3ÿ��
ûoê3ÿ

• S
Ù@È�ÇQÈ�ÇÎÐ.È�ûaÔH�NÏ�ÍÎÇ³ï�å.È�Ì3ëlÈ�Ç³Ù@ÈWÍ³ÈvÈ�Ì@È&ÿ�ùÒÈ�ÐYÏ�È�É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐàÈ�ÇÎÐ.ÈvÙ³�9ÕqåYÍK{[�NÌ3Ó9È�Ì@Ù

k
é

• LS(p)|k
Ù@È�Ç!Ñ*Ç³È/Ô�ÕF�*ÇÎÔ�ÕqÍ³È/ÛYÐ¢É�È�Ì3òvëlÈ�ÇÎÏ�×@ÈÝÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�É�ËNÐ

k
~±ÇÎÐ�ëlÈ�Í³ï�å.È�ÌIÕqÍÎÍ³È�±×@È�ÍÎÍ³È�ÐàÕqÛ.Ù

S
É�ËNÍÎÍQò{È�Ì3Í³È�Ï�×AÙ3ÇÎÐ.Ñ-é

• G := G(LS(p)|k)
Ù@È�ÇQÑ*Ç³ÈWõÝÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9ÈÝÑ*Ç³ÈvÙ@È�Ì�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ.é

• E := ES(LS(p)) = lim−→
LS(p)⊃K⊃k, K|k ´Vµ/¶/·k¸k¹=º E(K)

~�ëlËNÖ9È�Ç
E(K) := ES(K)

Ñ*Ç³È/õ/Ì3ÛYÓYÓ9È
ÑYÈ�Ì

S
ö+z�ÇÎÐYå.È�ÇÎ×@È�Ð"È�ÇÎÐ.È�Ì?È�Ð.Ñ*ÍÎÇ³ï�å.È�Ð Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È�Ð_�D�NÌ3Ó!È�Ì@È�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ

LS(p) ⊃ K ⊃ k
Ö!È�ò{È�Ç³ï�åYÐ.È�×{é



ûoê@ê3ÿ
• S
Ù@È�ÇQÈ�ÇÎÐ.ÈÝÈ�Ð.Ñ*ÍÎÇ³ï�å.È�ùÒÈ�ÐYÏ�È=É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐÒÈ�ÇÎÐ.ÈvÙD�9ÕqåYÍK{[�NÌ3Ó!È�Ì@Ù

k
é

•
ê�Ð
S
Ù@È�Ç"{�È�ÇÎÐ.È�äYÖ9È�Ì

p
ÍÎÇ³È�Ï�È�Ð.ÑYÈH�±×@È�ÍÎÍ³È�ûoÑYÈ�Ì@È�Ð ùÒÈ�ÐYÏ�ÈÝëyÇÎÌ/Ô"ÇÎ×

Sp
Ö9È�ò{È�Ç³ï@åYÐ.È�Ð�ÿAÈ�Ð¢×3å�ÕqÍÎ×@È�Ð��

Sp ∩ S = ∅
é

• kS(p)|k
Ù@È�ÇQÑ*Ç³È=Ô�ÕF�*ÇÎÔ�ÕqÍ³ÈWÕqÛ,��È�Ì3å�ÕqÍÎÖ

S
ÛYÐ¢É�È�Ì3òvë�È�ÇÎÏ�×@È�Ï¢ÕqÍ³ËNÇ³Ù�Ù@ï@å.È

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�É�ËNÐ

k
é

• G := G(kS(p)|k)
Ù@È�ÇQÑ*Ç³È�õ�ÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9È�Ñ*Ç³ÈvÙ@È�Ì�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ.é

• E(K) := O×
K,m := {a ∈ OK | a ∈ U

(np)
p

ÜaäYÌIÕqÍÎÍ³È
p}
~�ëlËNÖ9È�Ç

kS(p) ⊃ K
È�ÇÎÐ.ÈØÈ�Ð.Ñ*ÍÎÇ³ï�å.È

Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È����NÌ3Ó9È�Ì@È�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏãÉ�ËNÐ
k
Ù@È�Ç�élÆ=ÕqÖ9È�ÇIÇ³Ù@×

m
ÑYÈ�Ì�ùàË�Ñ*ÛYÍ ∏

p∈S p
~�ÛYÐ.Ñ

U (np)Ö!È�ò{È�Ç³ï�åYÐ.È�×lÑ*Ç³ÈIåP�Nå.È�Ì@È�Ð z�ÇÎÐ.Ù@È�ÇÎÐYå.È�ÇÎ×@È�ÐQé�ø?äYÌlÑYÈ�Ì@È�Ð�Æ=È��.ÐYÇÎ×3Ç³ËNÐ6ÕqÐ�ÛYÐ.È�Ð.Ñ*ÍÎÇ³ï@å.È�Ð��±×@È�ÍÎÍ³ÈAÙ3Ç³È�å.È�!éP­G²*é
• E := O×

kS(p),m = lim−→
K

E(K)
~?ë�ËNÖ!È�ÇyÑYÈ�Ì"Ñ*ÇÎÌ@È/{±×@Èg�-ÇÎÔ�ÈvÙ äYÖ9È�Ì"Ñ*Ç³È�ÇÎÐ

kS(p)
È�Ð±×3å�ÕqÍÎ×@È�Ð.È�Ð

È�Ð.Ñ*ÍÎÇ³ï@å.È�ÐàÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È�Ðfz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐèÉ�ËNÐ
k
Í ìqÛ*Üo×{é

�-Ç³È�Ï�×�È�ÇÎÐ�ü�ù ö+�D�NÌ3Ó!È�Ì�òvÛYÏ�Ì3ÛYÐ.ÑYÈG~¢Ù@Ë/Ç³Ù3×�Ñ*Ç³ÈvÙ@È�ÆAÛ�ÕqÍÎÇÎ×�ìq×b{�ËNÔ"Ó�Õq×3ÇÎÖ9È�Í.Ô"ÇÎ×�ÑYÈ�Ì�ÞD{±×3Ç³ËNÐ"ÑYÈ�Ìb{�ËNÔ"ÓYÍ³È��YÈ�Ð�AËNÐNý�ÛYÏ¢Õq×3Ç³ËNÐQé�êuÔ ø�ÕqÍÎÍ�ûoê3ÿ/ÜgËNÌ@ÑYÈ�Ì3Ð(ëyÇÎÌWòvÛ.Ù�ìq×3òvÍÎÇ³ï�å�~0Ñ.Õ$�f{�È�ÇÎÐ.È\��Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È6ÕqÛ.Ù
S
ÇÎÐ÷ÑYÈ�Ì�z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

k|k+ ò{È�Ì,Ü�ÕqÍÎÍ³È�é
ÞIÛ.Ù
ÑYÈ�Ô ÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3òÝëlÈ�Ì@ÑYÈ�ÐàëyÇÎÌIÈ�ÇÎÐ.È��±ÛYÌoý3È/{±×3Ç³ËNÐ

µ(k)/p ⊇ (E(k)/p)− � (pĤ
2(G,Qp/Zp)

−)∨
ûV»�ÿ

û
µ(k)
Ù3ÇÎÐ.ÑèÑ*Ç³È�ÇÎÐ

k
È�Ð¢×3å�ÕqÍÎ×@È�Ð.È�Ð¥z�ÇÎÐYå.È�ÇÎ×@Ù@ëyÛYÌ3ò{È�ÍÎÐ�ÿ=Ù@ï@åYÍÎÇ³È/��È�Ð@{[�NÐYÐ.È�Ð�~!ë�È�Í³ï@å.È�Ù@ËqÜgËNÌ3×=Ñ*Ç³ÈWÖ9È�å�ÕqÛYÓY×@È�×@È

Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.Ù@Ö!ÈvÙ@ï�åYÌ�ìqÐ,{±ÛYÐYÏØÍÎÇ³ÈdÜoÈ�Ì3×{é
ÆAÇ³ÈØÖ9È�Ð¢ÛY×3òv×@Èg�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³ÈÚÇ³Ù3×�Ñ*Ç³Èj¼ !GJ+��ZR��E
#TE
4HE
%KEQA
�V� ~?ëlÈ�Í³ï@å.ÈÚòvÛYÐ�ìNï�å.Ù3×WÜaäYÌ�È�Ð.Ñ*ÍÎÇ³ï@å.È õ/Ì3ÛYÓYÓ9È�Ð

ÑYÈ��.ÐYÇ³È�Ì3×IÇ³Ù3×{é*ùÒÕqÐ ÑYÈ��.ÐYÇ³È�Ì3×
ÇÎÔ ø�ÕqÍÎÍ�ÓYÌ@Ë±È�Ð.Ñ*ÍÎÇ³ï�å.È�Ì/õ/Ì3ÛYÓYÓ9È�Ð Ñ*Ç³È
Ĥi(G,A)

ÕqÍ³ÙyÑ*Ç³È=Ï�È�ë3�NåYÐYÍÎÇ³ï@å.È��IËNå.Ëqö
Ô�ËNÍ³ËNÏ�Ç³ÈÝÜaäYÌ

i > 0
é�ø�äYÌ

i ≤ 0
Ù@È�×3òv×yÔ�ÕqÐ

Ĥi(G,A) = lim←−
U�G ½l¾�´Vµ Ĥ

i(G/U,AU ),
ûR��ÿ

ë�ËNÖ!È�Ç�ÑYÈ�Ì
ÓYÌ@Ëqý,È/{�×3ÇÎÉ�È7�-ÇÎÔ�ÈvÙIÉ±Ç Õ ÑYÈ�Ð�¿ �5À?!GJ=�RE
�0��� òvÛ ÖYÇÎÍ³ÑYÈ�Ð Ç³Ù3×{é
ÞIÛ*Ü�Ñ*Ç³ÈvÙ@È6áúÈ�Ç³Ù@È6È�Ì3å�ìqÍÎ×�Ô�ÕqÐ`{�È�ÇÎÐ.È�Ð`{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å.È�ÐçøYÛYÐ,{�×@ËNÌ{é�ùèÕqÐóÖ9È/{�ËNÔ"Ô�×ØÑYÈ�ÐYÐ.Ë�ï@å�È�ÇÎÐ.È

ÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@å.ÈØí�È�Ì@Ù3Ç³ËNÐ(ÑYÈvÙ��*Õq×3ò{ÈvÙWÉ�ËNÐÂÁ=Õ${NÕ^�¢ÕqÔ�Õcö+��Õq×@ÈØÛYÐ.ÑôÑYÈvÙ�Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò{ÈvÙ�É�ËNÐr��ËNÇÎ×@ËNÛ�~�ë�ÕNÙWÇÎÐ
ÑYÈ�Ì"ÞAÌ3Ö!È�ÇÎ×�ßÃ�±âyÙ3×3Û.Ñ*Ç³È�Ì3×WëyÛYÌ@ÑYÈ�é?áçÇÎÌWÖ9È�ÐP�N×3ÇÎÏ�È�ÐÒý,ÈvÑYË�ï@å(Ð¢ÛYÌ"Ñ*Ç³ÈØí�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÛYÐYÏôÑYÈvÙH�*Õq×3ò{ÈvÙ�É�ËNÐÁ=Õ${�Õn�¢ÕqÔ�Õcö+��Õq×@ÈG~�ÑYÈ�ÐYÐãÑ*Ç³ÈvÙ@È�Ì�ÍÎÇ³ÈdÜoÈ�Ì3×�ÇÎÔÄ��Û.Ù�ÕqÔ"Ô�È�Ð.Ù3ÓYÇ³È�ÍIÔ"ÇÎ×ØÑYÈ�ÔEðIÈ�òvÇÎÓYÌ@ËNòvÇÎ×�ìq×@Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù
ÛYÐ.ÑÊÑYÈ�Ô æ/ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³Ù�Õq×3òWÑYÈ�Ð Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3òÚûR°�ÿdé|IÔ Ñ*Ç³È õ=È�Ô�È�ÇÎÐ.Ù�ÕqÔ_{�È�ÇÎ×@È�ÐèÑYÈ�ÌIø�ìqÍÎÍ³ÈØûoê3ÿlÛYÐ.ÑÃûoê@ê3ÿlå.È�Ì�ÕqÛ.Ù3òvÛ.Ù3×@È�ÍÎÍ³È�Ð�~�å�ÕqÖ9È�Ð ëyÇÎÌIÑYÈ�ÐàÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò
òvÛYÐ�ìNï�å.Ù3×ÚÇÎÐ�ÑYÈ�ÌS�±ÓYÌ�ÕNï@å.ÈèÑYÈ�Ì6ÕqÖ.Ù3×3Ì�Õ${±×@È�Ð��=Í ÕNÙ@Ù@È�Ð,{[�NÌ3Ó9È�Ì3×3å.ÈvËNÌ3Ç³ÈÒÖ!È�ëyÇ³ÈvÙ�È�Ð�ÛYÐ.ÑçÙ@ï@åYÍÎÇ³È/��ÍÎÇ³ï�å+ÕqÛ*Ü�Ñ*Ç³È{�ËNÐ,{�Ì@È�×@È�Ð��±ÇÎ×3Û�Õq×3Ç³ËNÐ.È�ÐèÕqÐYÏ�È�ëlÈ�Ð.ÑYÈ�×{é
ø�äYÌ�Ñ*Ç³È ê�ÑYÈ{ÕqÍK{±Í ÕNÙ@Ù�È�ÐYÏ�Ì3ÛYÓYÓ!È�É�ËNÐôü�ù ö+�D�NÌ3Ó!È�Ì3Ð Ï�ÇÎÍÎ×^~!Ü�ÕqÍÎÍ³Ù

µp ⊂ k
Ï�È�Ï�È�Ö!È�Ð Ç³Ù3×^~!ÑYÈ�Ì	�QÈvËNÓ9ËNÍ³Ñ*×@Ù@ï@å.È�±ÓYÇ³È�Ï�È�ÍÎÛYÐYÏ�Ù�Ù�Õq×3ò[�

d(Clk)
+ ≤ 1 + d(Clk)

−.
ûR±�ÿ

Æ/Ç³ÈvÙ@ÈvÙ�z�Ì3Ï�È�ÖYÐYÇ³Ù
Í ì$��×IÙ@Ç³ï@åÊÈ�ÇÎÐ*Ü�ÕNï@åàÕqÛ*Ü�Ñ*Ç³ÈÝø�ìqÍÎÍ³È�ûoê3ÿlÛYÐ.Ñúûoê@ê3ÿlÉ�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÐQé�áçÇÎÌyëlÈ�Ì@ÑYÈ�ÐÒÑYÈ�Ðf�*Õq×3ò
Ö9È�Ð¢ÛY×3ò{È�Ð�~�ÛYÔîòvÛ Ù@ï�åYÍÎÇ³È/��È�Ð�~�Ñ.Õ$�

d(Clk)
− ÛYÐYÏ�Í³È�Ç³ï�åfÁAÛYÍÎÍ-Ç³Ù3×{é

ÆAÇ³ÈÚòvÛ.Ù�ÕqÔ"Ô�È�ÐYÏ�ÈvÙ3×@È�ÍÎÍÎ×@È�ÐãðIÈvÙ@ÛYÍÎ×�Õq×@È�ÜaäYåYÌ@È�ÐãÕqÛ*ÜAÜoËNÍÎÏ�È�Ð.ÑYÈvÙH��å.ÈvËNÌ@È�ÔS~�Ñ.ÕNÙ"æ/ÕqÛYÓY×@È�Ì3Ï�È�ÖYÐYÇ³Ù�Ñ*Ç³ÈvÙ�È�Ì
ÞAÌ3Ö9È�ÇÎ×{éGz�Ù�Ù3×@È�ÍÎÍÎ×�È�ÇÎÐ.È�í�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÛYÐYÏ ÑYÈ�Ì�ðIÈvÙ@ÛYÍÎ×�Õq×@È
ÑYÈ�Ì�ÞIÌ3Ö9È�ÇÎ×
ß á�â�Ñ.ÕqÌ^~NÇÎÐ�ÑYÈ�Ì�Ð¢ÛYÌ�ÛYÐ±É�È�Ì3òvëlÈ�ÇÎÏ�×@Èz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐèÖ!È�×3Ì�ÕNï�å¢×@È�×AëlÈ�Ì@ÑYÈ�ÐQé
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ÆAÇ³ÈAÞIÌ3Ö9È�ÇÎ×�Ï�ÍÎÇ³ÈvÑYÈ�Ì3×�Ù3Ç³ï@å�ÇÎÐ�òvëlÈ�Ç0�ÝÕqÓYÇÎ×@È�Í�é±êuÔ�È�Ì@Ù3×@È�Ð�ëlÈ�Ì@ÑYÈ�Ð�ëyÇÎÌlÑ*Ç³È
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ÛYÐ.Ñ ÛYÐYÇ ÜoËNÌ3Ô�È�ÐÒõ=Ì3ÛYÓYÓ!È�Ð Ö9È�ÐP�N×3ÇÎÏ�×
ë�È�Ì@ÑYÈ�ÐQé
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ê�Ô Ñ*Ì3ÇÎ×3×@È�ÐçÞAÖ.Ù@ï@åYÐYÇÎ×3×�ëlÈ�Ì@ÑYÈ�ÐçëyÇÎÌ�ÕqÛ*Ü�Ñ*Ç³È�{[�NÌ3Ó!È�Ì3×3å.ÈvËNÌ@È�×3Ç³Ù�ï@å.Èh�±ÇÎ×3Û�Õq×3Ç³ËNÐ È�ÇÎÐYÏ�È�å.È�Ð�~�ÇÎÐ.ÑYÈ�Ô ëyÇÎÌ

ü�ùÊö+���NÌ3Ó9È�Ì^~�ÇÎåYÌ@ÈD�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�×3å.ÈvËNÌ3Ç³È/ÛYÐ.Ñ"ÇÎåYÌ@È
ê�ÑYÈ{ÕqÍ ö�ÛYÐ.Ñg�±×3Ì�ÕqåYÍK{±Í ÕNÙ@Ù�È�ÐYÏ�Ì3ÛYÓYÓ!È�ÐØÐ�ìqå.È�Ì�Ö9È�×3Ì�ÕNï@å¢×@È�ÐQé��ï@åYÍÎÇ³È/��ÍÎÇ³ï@åÒëlÈ�Ì@ÑYÈ�ÐàëyÇÎÌ
ÇÎÔ É�Ç³È�Ì3×@È�ÐÊÞIÖ.Ù�ï@åYÐYÇÎ×3×AÑ*Ç³È�æ=ÕqÛYÓY×3Ì@ÈvÙ3ÛYÍÎ×�Õq×@È�å.È�Ì3Í³È�ÇÎ×@È�ÐQé
z�ÇÎÐ.È�Ðôå.È�Ì3òvÍÎÇ³ï�å.È�Ð(Æ�ÕqÐ,{ÒÔH�±ï�å¢×@ÈØÇ³ï@åôæ/È�Ì3Ì3ÐúáçÇÎÐYÏ�Ö!È�Ì3ÏàÕqÛ.Ù�Ù3ÓYÌ@Èvï@å.È�Ð�~�ÑYÈ�Ì�ÜaäYÌ�Ô�È�ÇÎÐ.È�øYÌ�ÕqÏ�È�ÐÃÙ@×@È�×@Ù
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æ/ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³Ù�Õq×3òèé�é�é�éÝé�éÝéÝé�éÝé�é�é�éÝéÝé�éÝé�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�é�®�²��é©¨*é©°*éæz�ÇÎÐÊÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò�ÜaäYÌyÇÎÐ

S
É�ËNÍÎÍQò{È�Ì3Í³È�Ï�×@È7z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð é�é�éÝé�éÝéÝé�éÝé�é�é�é�®�¨��é©¨*éÃ»�éæz�ÇÎÐÊÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò�ÜaäYÌyÖ9ÈvÙ@ï�åYÌ�ìqÐ,{±×@È�í�È�Ì3òvëlÈ�ÇÎÏ�ÛYÐYÏ é�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�é�®�­

àFà ��êgâPß5� Þ ä/ënê\
$�"ì"ìs�B�rí9�0��î�ïðë.ñ}ò9
Fìs��

� ó0ô¨*éK��éj�±×3Ì3Û,{�×3ÛYÌ@È�Ð ÇÎÐ���Ì@Ëqö
p
ö�õ=Ì3ÛYÓYÓ!È�Ð é�é�é�éÝéÝé�éÝé�éÝé�é�éÝé�éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é�®¢þ¨*éK��éK��éæz�Ì3ò{È�ÛYÏ�È�ÌAÛYÐ.Ñ ðIÈ�Í Õq×3Ç³ËNÐ.È�Ð É�ËNÐf��Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ9È�Ð éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é�®¢þ¨*éK��é©¨*é ø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ�È�ÐÊÉ�ËNÐ���Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ!È�Ð éÝé�éÝé�é�éÝé�éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é�®��¨*éK��é©­*éæ�?ËN×@È�ÐYòvÌ@È�Ç³ï@å.È�ÛYÐ.ÑÚÛYÐYÇ ÜoËNÌ3Ô�È���Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ9È�ÐóéÝé�éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é þ:�¨*é©¨*éÂ��Ì@Ëqö

p
ö�õ=Ì3ÛYÓYÓ!È�Ð Ô"ÇÎ×AÞ�{�×3Ç³ËNÐ È�ÇÎÐ.È�ÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐ éÝé�é�éÝé�éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é þG¨¨*é©¨*éK��é ÞD{±×3Ç³ËNÐ È�ÇÎÐ.È�ÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐèÕqÛ*Ü�ÕqÖ9È�Í³Ù@ï�å.È�Ðèõ/Ì3ÛYÓYÓ9È�Ð�é�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�é þG¨¨*é©¨*é©¨*é ÞD{±×3Ç³ËNÐ È�ÇÎÐ.È�ÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐèÕqÛ*Ü0ÑYÈ�Ðf�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�Ð÷é�éÝé�éÝé�éÝéÝé�é�é�éÝé�é þG­¨*é©¨*é©­*éæ��Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ9È�ÐÊÔ"ÇÎ×
ÞD{�×3Ç³ËNÐÊÈ�ÇÎÐ.È�ÌIêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐ é�éÝé�éÝé�éÝé�é�éÝé�éÝéÝé�éÝé�é�é�é þ[»¨*é©¨*é ®.éæ�?ËN×@È�ÐYòvÌ@È�Ç³ï@å.È���Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ9È�Ð Ô"ÇÎ×IÞD{±×3Ç³ËNÐ È�ÇÎÐ.È�ÌAê�Ð±É�ËNÍÎÛY×3Ç³ËNÐ+é�éÝé�éÝéÝé�éÝé�é�é�é þG±¨*é©­*éj��Ûàü�ùÊö+���NÌ3Ó9È�Ì3Ð éÝé�éÝé�éÝéÝé�é�é�éÝé�éÝéÝé�éÝé�é�é�éÝéÝé�éÝé�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�éè°G¨¨*é©­*éK��é_ü�ùÊö+���NÌ3Ó9È�Ì éÝé�éÝéÝé�é�é�éÝé�éÝéÝé�éÝé�é�é�éÝéÝé�éÝé�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�éè°G¨¨*é©­*é©¨*éé��ÛYÌ��AËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Èdö�ÛYÐ.ÑS�=Í ÕNÙ�Ù@È�Ð,{[�NÌ3Ó!È�Ì3×3å.ÈvËNÌ3Ç³È�É�ËNÐÒü�ùÊö+���NÌ3Ó9È�Ì3ÐHéÝéÝé�é�é�éÝé�éè°G­¨*é©­*é©­*éé��ÛYÌIê�ÑYÈ{ÕqÍ ö�ÛYÐ.Ñf�±×3Ì�ÕqåYÍK{�Í ÕNÙ@Ù@È�ÐYÏ�Ì3ÛYÓYÓ9ÈÝÉ�ËNÐÒü�ùÊö+���NÌ3Ó9È�Ì3Ðçé�éÝé�éÝé�éÝéÝé�é�é�éÝé�éè°�þ¨*é ®.éÂ�?ËN×@È�ÐYòvÌ@È�Ç³ï@å.È"õ�ÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9È�Ð É�ËNÐÒü�ùÊö+���NÌ3Ó9È�Ì3Ð éÝéÝé�éÝé�éÝé�é�éÝé�éÝé�éÝéÝé�é�é�éÝé�éõ»
²
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êuÐ�ß á�âlÇ³Ù@×WÈ�ÇÎÐ÷ÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3ò�ÜoäYÌ��?Õq×@Èdö+�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐãÉ�ËNÐ õ�ÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9È�Ð(Ö!ÈvÙ3×3ÇÎÔ"ÔW×@È�Ì�z�Ì,ö
ë�È�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð+ÑYÈ�ÌØÞAÛ.Ù3Ï¢ÕqÐYÏ�Ù3ÓYÛYÐ,{�×�ÜoäYÌ�Ñ*Ç³ÈXz�Ì3Ï�È�ÖYÐYÇ³Ù@Ù@ÈàòvÛYÌØø�ËNÐ¢×�ÕqÇÎÐ.Èdö�ùèÕqòvÛYÌ,ö�í�È�Ì3Ô�ÛY×3ÛYÐYÏ.é/ê�ÐãÑ*Ç³ÈvÙ�È�Ô
ÞAÖ.Ù@ï�åYÐYÇÎ×3×6ëlÈ�Ì@ÑYÈ�Ð ëyÇÎÌÚÛYÐ.Ù�É�ËNÐ+ÑYÈ�Ð¤{�ËNÐ,{�Ì@È�×@È�Ð í�ËNÌ3Ï¢ÕqÖ!È�Ð ÍÉ��Ù�È�ÐçÛYÐ.Ñ È�ÇÎÐ.È ÕqÖ.Ù3×3Ì�Õ${�×@ÈÒí�È�Ì@Ù3Ç³ËNÐ ÑYÈvÙ
Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò{ÈvÙ
Ö9È�ëlÈ�Ç³Ù@È�Ð�~�Ñ*Ç³È�È�ÇÎÐ.È7ÐIÖ9È�Ì3×3Ì�ÕqÏ�ÛYÐYÏØÕqÛ*Ü�È�ÇÎÐ.È=Í³È�Ç³ï@å±×IÔ�Ë�Ñ*ÇM�.òvÇ³È�Ì3×@È��±ÇÎ×3Û�Õq×3Ç³ËNÐÒÈ�Ì3ÔH�NÏ�ÍÎÇ³ï@å¢×{é
��� �!� �!��"�#%$'&)(+*-,/.0,/12,/34,/5/64&
áçÇÎÌ�ëlËNÍÎÍ³È�Ð\{±ÛYÌ3ò/Ñ*Ç³ÈIÏ�Ì3ÛYÐ.Ñ*Í³È�Ï�È�Ð.ÑYÈ�Ð Æ=È��.ÐYÇÎ×3Ç³ËNÐ.È�ÐÚÛYÐ.Ñv�*ìq×3ò{ÈIäYÖ9È�Ì�æ/ËNÔ�ËNÍ³ËNÏ�Ç³ÈAÛYÐ.Ñ �AËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È=É�ËNÐ
õ=Ì3ÛYÓYÓ!È�Ð�òvÛ.Ù�ÕqÔ"Ô�È�Ð*Ü�ÕNÙ@Ù@È�Ð�ÛYÐ.Ñ�Ñ*Ç³Ès�?Õq×@Èdö+�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È
ÑYÈ��.ÐYÇ³È�Ì@È�Ð�~NÑ*Ç³ÈlÇÎÔæ�!È�Ð±×3Ì3ÛYÔ5ÛYÐ.Ù�È�Ì@ÈvÙ�êuÐ¢×@È�Ì@ÈvÙ@Ù�ÈvÙ
Ù@×@È�å¢×{é
�	�9
87t�B
F� Þ ���"�"���T�¢å��"
:9S�9�h�0ß5��� Þ �����<;Îñ �9�"�9�h�0ß5��� Þ �
��È�Ç

G
È�ÇÎÐ.ÈØõ/Ì3ÛYÓYÓ9È ûaÔH�NÏ�ÍÎÇ³ï@å.È�Ì3ëlÈ�Ç³Ù�È�ÛYÐ.È�Ð.Ñ*ÍÎÇ³ï�åôÛYÐ.ÑúËNåYÐ.È_��ËNÓ!ËNÍ³ËNÏ�Ç³È&ÿdé¯��ÛYÐ�ìNï@å.Ù3×WëlÈ�Ð.ÑYÈ�ÐúëyÇÎÌÝÛYÐ.Ù�È�Ì

ÞAÛYÏ�È�ÐYÔ�È�Ìd{ØÑYÈ�Ð
G
ö�ùÒË±Ñ*ÛYÍÎÐÚòvÛQé,��È�Ç³È�Ð

A,B
òvëlÈ�Ç

G
ö�ùàË�Ñ*ÛYÍÎÐúûaëlÈ�ÐYÐ6ÐYÇ³ï�å¢×@Ù
ÕqÐ.ÑYÈ�Ì@ÈvÙyÈ��*ÓYÍÎÇÎòvÇÎ×�Ï�ÈdÜgËNÌ@ÑYÈ�Ì3×

Ç³Ù@×^~�ë�ËNÍÎÍ³È�Ð ëyÇÎÌ�Ñ.ÕqÌ3ÛYÐ¢×@È�Ì�ÇÎÔ"Ô�È�Ì7�-ÇÎÐ,{*Ù3Ô�Ë�Ñ*ÛYÍÎÐÒÉ�È�Ì@Ù@×@È�å.È�Ð�ÿdé-Æ=ÕqÐYÐ Ù3ÇÎÐ.Ñ
A ⊗Z B

ÛYÐ.Ñ
Hom(A,B) G

ö
ùÒË�Ñ*ÛYÍÎÐ ÛYÐ¢×@È�ÌIÑYÈ�ÐàÞ�{�×3Ç³ËNÐ.È�Ð

g.(a⊗ b) := g.a⊗ g.b
ÖYòvëÝé

(g.φ)(a) := g.(φ(g−1.a)).

Z
ë�ËNÍÎÍ³È�Ð�ëyÇÎÌ�Ù@×@È�×@Ù�Ô"ÇÎ×�ÑYÈ�Ì�×3Ì3ÇÎÉ�Ç ÕqÍ³È�Ð

G
ö�ÞD{�×3Ç³ËNÐ�É�ËNÐ�Ì@Èvï�å¢×@ÙlÛYÐ.Ñ"É�ËNÐ�ÍÎÇÎÐ,{*Ù�É�È�Ì@Ù@È�å.È�ÐQé�áçÇÎÌ�ëlËNÍÎÍ³È�Ð�ÜoÈ�Ì3Ð.È�Ì

A⊗Z[G]B
È�Ìd{�Í ìqÌ@È�Ð�~vë�ËqÜaäYÌQëyÇÎÌ�ÕqÛ.ï�å

A⊗GB
Ù@ï@åYÌ@È�ÇÎÖ9È�ÐÝëlÈ�Ì@ÑYÈ�ÐQécÆ�ÕqòvÛ�ÜgÕNÙ�Ù@È�Ð=ëyÇÎÌ

A
ÕqÛ*Ü.ÕqÍ³Ù�ðAÈvï@å±×@Ù3Ô�Ë±Ñ*ÛYÍ

Ô"ÇÎ×
a.g := g−1.a

é��?È�Ì�Æ=È��.ÐYÇÎ×3Ç³ËNÐ�Ï�ÇÎÍÎ×?ÕqÍ³Ù@Ë
a.g⊗Gb = a⊗Gg.b

ÖYòvëÝé
g.a⊗Gg.b = a.g−1⊗Gg.b = a⊗Gb

é
êuÐ6í�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÛYÐYÏ6ÑYÈ�Ì
ËNÖ!È�ÐàÈ�Ìd{±Í ìqÌ3×@È�ÐÊÞD{�×3Ç³ËNÐ È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌ
Ñ.Õqå.È�ÌAÈ�ÇÎÐ.È�ÐÊ×3Ì3ÇÎÉ±Ç ÕqÍ³È�Ð

G
ö�ùÒË�Ñ*ÛYÍ�é

á�ÇÎÌ�ÑYÈ��.ÐYÇ³È�Ì@È�ÐôÕqÍ³Ù
IG = (s − 1|s ∈ G)

ÑYÈ�Ð@��È�Ì3Ð ÑYÈ�Ì mDUGA
4}����JV![J=�=E
�
ε : Z[G] → Z, g 7→ 1

é9ÆAÇ³È
ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

Z⊗G A→ A/IGA =: AG, n⊗G a 7→ na+ IGA

Ç³Ù@×AÈ�ÇÎÐèêuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù{é!Æ�ÕqÔ"ÇÎ×AÇ³Ù3×
AG
ÑYÈ�ÌAÏ�ÌQ�
��×@È�ø�Õ${�×@ËNÌ3Ô�Ë±Ñ*ÛYÍ0É�ËNÐ

A
~!ÕqÛ*Ü�ÑYÈ�Ô

G
×3Ì3ÇÎÉ±Ç ÕqÍ0ËNÓ!È�Ì3Ç³È�Ì3×{éz�ÇÎÐ ëlÈ�ÇÎ×@È�Ì@È�Ì/êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù
Ç³Ù@×
Ï�È�Ï�È�Ö!È�ÐàÑ*ÛYÌ@ï@å

A⊗G B → (A⊗Z B)G, a⊗G b 7→ (a⊗Z b) + IG(A⊗Z B).

ø�È�Ì3Ð.È�ÌIÖ9È�Ô�È�Ìd{�È�Ð ëyÇÎÌ^~.Ñ.Õ$�
HomG(A,B) := {f ∈ Hom(A,B) | g.f(a) = f(g.a) ∀a ∈ A} = (Hom(A,B))G

ÛYÐ.ÑÊÙ3Ó!È�òvÇ³È�ÍÎÍ
AG = HomG(Z, A)

Ï�ÇÎÍÎ×{é
á�ÇÎÌ
Ö9È�×3Ì�ÕNï@å±×@È�ÐàÑ*Ç³È �0JV!
�98[!
)d8[!
U�À?($I.UT�BA

F (G)•
É�ËNÐ

Z
äYÖ9È�Ì

Z[G]

0 ←−−− Z
ε

←−−− F (G)0 := Z[G]
∂1←−−− F (G)1 := Z[G2]

∂2←−−− . . . ,

­



ë�ËNÖ!È�Ç�ëyÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�Ð��
∂n :=

n
∑

i=0

(−1)idi
ÛYÐ.Ñ

di(g0, . . . , gn) := (g0, . . . , ĝi, . . . , gn).

��È�×3ò{È�ÐàëyÇÎÌ
hr := g−1

r−1gr
~YÙ@Ë"È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌ
Ñ*Ç³È�êuÑYÈ�Ð±×3ÇÎ×�ìq×

(g0, g1, g2, . . . , gn) = g0.(1, h1, h1h2, . . . , h1h2 . . . hn) =: g0.[h1|h2| . . . hn].

Æ/Ç³È��B�±ÔWÖ!ËNÍ³È
[h1|h2| . . . |hn]

Ô"ÇÎ×IÖ9È�ÍÎÇ³È�ÖYÇÎÏ�È�Ð
hi ∈ G

ÖYÇÎÍ³ÑYÈ�ÐèÙ@ËNÔ"ÇÎ×IÈ�ÇÎÐ.È
Z[G]
ö+£yÕNÙ3Ç³Ù
É�ËNÐ

F (G)n
~.ÖYòvëÝé

F (G)n = Z[G]⊗Z (
ÜoÌ@È�Ç³È�ÕqÖ9È�Í³Ù@ï@å.È�õ/Ì3ÛYÓYÓ!ÈÝÕqÛ*Ü

[h1|h2| . . . |hn])
é.ùèÕqÐ Ö9È�Ì@Èvï@åYÐ.È�×/Ñ*Ç³È�á�ÇÎÌd{�ÛYÐYÏ�É�ËNÐ

diÕqÛ*Ü�Ñ*Ç³ÈvÙ@È�Ì�£yÕNÙ3Ç³Ù
òvÛ

di[h1| . . . |hn] =











h1
ß
h2| . . . |hn

â
i = 0ß

h1| . . . |hihi+1| . . . |hn
â

0 < i < nß
h1| . . . |hn−1

â
i = n.

9S�9�h�0ß5��� Þ �
��È�Ð.Ù@ËNÌ3Ç³È�Ì@È�Ð ëyÇÎÌ�Ñ*Ç³È7�±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï���Ù3ÛYÐYÏ�äYÖ9È�Ì

Z[G]
Ô"ÇÎ×yÑYÈ�Ô

G
ö�ùàË�Ñ*ÛYÍ-Þ�~±ÖYòvëÝé�×@È�Ð.Ù@ËNÌ3Ç³È�Ì@È�Ð6ëyÇÎÌ�äYÖ!È�Ì

Z
Ô"ÇÎ×

A
ÛYÐ.Ñ�Ð.È�åYÔ�È�ÐØÑYÈ�Ð�Ï�ÌQ�
��×@È�Ð

G
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)

Θ
�PUT�j6nU�In�GJy6/%;�=</#��d][!
&FJ o ¿ !
�P�ÂA
�VO/J��.I 6/U\¡n�Q8���4 G

Z+>XE^8
UT%
A
���5�0�f�/���98B��UTJ=�KAOQ�.I�J=�54�4_J+�³Ë�!
4���%;�V�

(φ,Θ)∗
CFE
�QH7E
4HE
4HE
)+*�#���I.4}���

(φ,Θ)n : Hn(G,A)→ Hn(H,ΘA),

I/Eg8[!da
Ç+� È

(φ,Θ)0
8B��)�H7EG4_EG4_EG)V*�#B�yI�4�UBI

(φ, θA)0
!
UBI�LD�/4H�/)c&�UT�BA�Ç�N o N oPO È ��I�J5-tUT�98ÇV�5� È �.NT)s¡^�d8���&FUB)Q6��H�Q][!$&FJ+�����>=/UP���T6

0 → A → B → C → 0
CFEG�

G
ZV>XE�8
UB%;�Â8[!
I ¿ �R!^A
)d!
4�4 !
U�IÇÆ! È &$EG4�4�U:J=�R�/)�J o

z�ÇÎÐ.È�ø�ÕqÔ"ÇÎÍÎÇ³È�É�ËNÐ6æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð�~�Ñ*Ç³È=Ñ*Ç³È	z�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×�ûaÇÎÇ�ÿ�ÑYÈvÙ��*Õq×3ò{ÈvÙyÈ�Ì,ÜoäYÍÎÍÎ×^~*å.È�ÇK��× >XE
)+*�#���I.Z4�UBI	#TE
4HE
%KEQA
��I/<�#,��)ªË�UB�,&$JVE
)d�/� é
A �CB�� Þ ä[� ûgÕ�ÿD{NÕqÐYÐ Ô�ÕqÐ ÛYÐ±×@È�Ì�£�È�Ð¢ÛY×3òvÛYÐYÏàÑYÈ�ÌÝÈ��*ÓYÍÎÇÎòvÇÎ×@È�Ð¥£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏàÑYÈvÙ=í�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�Ëqö

Ô�ËNÌ3ÓYåYÇ³Ù@Ô�Û.ÙAÐ�ÕNï@åYÌ@Èvï@åYÐ.È�ÐQé�áçÇÎÌY{�ËNÐYò{È�Ð¢×3Ì3Ç³È�Ì@È�ÐÒåYÇ³È�ÌyÛYÐ.Ù@È�ÌIÞAÛYÏ�È�ÐYÔ�È�Ìd{ ÕqÛ*ÜyûaÖ�ÿdé��È�Ç
0 → A → B → C → 0

È�ÇÎÐ.È�È��.Õ${±×@È}��Èn ±Û.È�ÐYò�É�ËNÐ
G
ö�ùÒË±Ñ*ÛYÍÎÐ�~�Ù@Ë6Ñ.Õ$� Ð�ÕNï�åôí�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ

0→ Θ(A)
α
−→ Θ(B)

β
−→ Θ(C)→ 0

È�ÇÎÐ.È�È��.Õ${�×@È���Èn ¢Û.È�ÐYò�É�ËNÐ
H
ö�ùÒË±Ñ*ÛYÍÎÐ Ç³Ù@×{é

ê�Ô ÜgËNÍÎÏ�È�Ð.ÑYÈ�ÐÊÖ9ÈvÑ*Ç³È�Ð.È�Ð ëyÇÎÌ
ÛYÐ.Ù
È�ÇÎÐ.È�ÌIí�ÕqÌ3Ç ÕqÐ¢×@È�ÑYÈ�ÌAùàÈ�×3å.Ë�ÑYÈ�ÑYÈ�Ì³¿ ��4}���,I��=EG�,I.C$�/)cIn<�#��V�^O�UT�BA é



��È�Ç³È�Ð
{ai | i ∈ I}

ÛYÐ.Ñ
{bj | j ∈ J}

z�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�Ð.ÙQ��Ù3×@È�Ô�È�É�ËNÐ
A
ÖYòvëÝé

B
é�áçÇÎÌ=Ö!È�ò{È�Ç³ï�åYÐ.È�Ð Ô"ÇÎ×

FA
~
FB
ÛYÐ.Ñ

FC
Ñ*Ç³È/ÜoÌ@È�Ç³È�Ð

H
ö�ùÒË�Ñ*ÛYÍÎÐàÕqÛ*Ü0ÑYÈ�Ð��B�±ÔWÖ!ËNÍ³È�Ð

I
~
I ∪ J

ÖYòvëÝé
J
é

á�ÇÎÌ
Ö9È�×3Ì�ÕNï@å±×@È�ÐàÑ.ÕNÙ
È��.Õ${�×@È	{�ËNÔ"Ô�ÛY×�Õq×3ÇÎÉ�ÈWÆAÇ ÕqÏ�Ì�ÕqÔ"Ô
0 0 0




y





y





y

0 −−−→ KA −−−→ FA
ρ

−−−→ A −−−→ 0




y





y

α





y

0 −−−→ KB −−−→ FB
σ

−−−→ B −−−→ 0




y





y

β





y

0 −−−→ KC −−−→ FC
τ

−−−→ C −−−→ 0




y





y





y

0 0 0

,

ë�ËNÖ!È�Ç
ρ
~
σ
ÛYÐ.Ñ

τ
ÕqÛ*Ü0ÑYÈ�Ðf�B�±ÔWÖ!ËNÍ³È�Ð ÑYÈ��.ÐYÇ³È�Ì3×IÙ@ÇÎÐ.Ñ6Ñ*ÛYÌ@ï@å

ρ : i 7→ ai
ÖYòvëÝé

σ : i 7→ α(ai), j 7→ bi
ÛYÐ.Ñ

τ : j 7→ β(bi)
é
KA
~
KB
ÛYÐ.Ñ

KC
Ö9È�ò{È�Ç³ï@åYÐ.È�ÐÒÑ*Ç³È7��È�Ì3Ð.ÈÝÑ*Ç³ÈvÙ@È�ÌIæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�ÐQé

æIÇ³È�Ì�ÕqÛ.ÙAÈ�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌyÜgËNÍÎÏ�È�Ð.ÑYÈ�Ð á�äYÌ,ÜgÈ�Ílû
n ≥ 0

ÿ��
Hn+1(G,KC )

δ
//

(φ,Θ)n+1

��

Hn(G,KA)

(φ,Θ)n

��

Hn+2(G,C)

δ
19

k
k

k
k

k
k

k
k

k
k

k
k

k

k
k

k
k

k
k

k
k

k
k

k
k

k −δ
//

(φ,Θ)n+2

��

Hn+1(G,A)

δ
55

l
l

l
l

l
l

l
l

l
l

l
l

l

(φ,Θ)n+1

��

Hn+1(H,Θ(KC ))
δ

// Hn(H,Θ(KA))

Hn+2(H,Θ(C))
−δ

//

δ
19

k
k

k
k

k
k

k
k

k
k

k
k

k

k
k

k
k

k
k

k
k

k
k

k
k

k

Hn+1(H,Θ(A))

δ
55

l
l

l
l

l
l

l
l

l
l

l
l

l

Æ/Ç³È ÍÎÇÎÐ,{�È�Ð í�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�È�Ð(Ù3ÇÎÐ.ÑÒÖYÇ ý3È/{±×3ÇÎÉ�~9Ñ*Ç³È Ì@Èvï@å±×@È�ÐúÇÎÐNý,È/{�×3ÇÎÉÊÛYÐ.ÑÒÜoäYÌ
n ≥ 1

Ù@ËNÏ¢ÕqÌ
ÕqÛ.ï�åãÖYÇ ý3È/{±×3ÇÎÉ�~�Ñ.ÕèÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈÊùàË�Ñ*ÛYÍÎÐ å.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�åã×3Ì3ÇÎÉ�Ç ÕqÍIÙ3ÇÎÐ.Ñ-é�Æ=È�Ì�Æ=ÈvïQ{�È�ÍIÛYÐ.Ñ ÑYÈ�Ì}£�Ë±ÑYÈ�Ð�Ù3ÇÎÐ.Ñ{�ËNÔ"ÔWÛY×�Õq×3ÇÎÉ0~�ë�ÕNÙ�È�ÇÎÐ.È
ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È?z�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×@È�Ð�å.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@å.È�Ì�ø.ÛYÐ,{±×@ËNÌ@È�Ð"Ç³Ù3×{éNÆ/Ç³È2�IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×
ÑYÈ�ÌAÌ@Èvï@å±×@È�Ðh��È�ÇÎ×@È�Ð±ë�ÕqÐ.ÑèÇ³Ù3×/ÕqÍ³ÙAÈ�ÇÎÐ.ÑYÈ�ÛY×3ÇÎÏ�È�Æ=È��.ÐYÇÎ×3Ç³ËNÐÒÉ�ËNÐ

(φ,Θ)n
ÜaäYÌ

n ≥ 1
ÛYÐ¢×@È�Ì/í�ËNÌ3Ï¢ÕqÖ!È�É�ËNÐ÷ûaÇ�ÿ

ÛYÐ.ÑÃûaÇÎÇ�ÿ�òvÛ6É�È�Ì@Ù3×@È�å.È�ÐQéÁIÛYÐ÷Ö9È�Ð¢ÛY×3òv×"Ô�ÕqÐ�~�Ñ.Õ$�
(φ,Θ)1 : H1(G,C) → H1(H,Θ(C))

ëlÈ�Ï�È�Ð ÑYÈ�Ì�êuÐNý,È/{�×3ÇÎÉ�ÇÎ×�ìq×WÉ�ËNÐ
δ0 :

H1(G,C) ↪→ H0(G,KC)
Ñ*Ç³ÈYz�ÇÎÐ.Ù@ï@åYÌ�ìqÐ,{�ÛYÐYÏWÉ�ËNÐ

(φ,Θ)0 : H1(G,KC )→ H1(H,Θ(KC ))
Ç³Ù@×{é�Æ=ÕqÔ"ÇÎ×{�ÕqÐYÐ Ô�ÕqÐÊÑ*Ç³È	�AËNÔ"Ô�ÛY×�Õq×3ÇÎÉ�ÇÎ×�ìq×=É�ËNÐ

H1(G,C)
δ0−−−→ H0(G,A)

(φ,Θ)1





y





y

(φ,Θ)0

H1(H,ΘC)
δ0−−−→ H0(H,ΘA).ÛYÐ±×@È�ÌIí�È�Ì3ë�È�Ð.Ñ*ÛYÐYÏ�ÑYÈ�Ì
È��*ÓYÍÎÇÎòvÇÎ×@È�Ðf£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏØÑYÈvÙyí�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù=Ð�ÕNï@åYÌ@Èvï�åYÐ.È�ÐQé

Æ=Õqå.È�ÌWäYÖ!È�Ì3×3Ì�ìqÏ�×�Ù3Ç³ï@å(Ñ*Ç³ÈH�IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×"ÑYÈ�Ì�ð
ä.ïQ{�ë�ÕqÐ.Ñ(ÕqÛ*Ü
Ñ*Ç³È�í�ËNÌ@ÑYÈ�Ì3ë�ÕqÐ.Ñ�~�ëlÈvÙ@ëlÈ�Ï�È�Ð ûaÇÎÇ�ÿ
ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐÒÈ�Ì,ÜaäYÍÎÍÎ×IÇ³Ù3×{é

2

á�ÇÎÌg{[�NÐYÐ.È�Ð ��È�ÇÎÍ�ûaÖ�ÿ�ÑYÈvÙv�*Õq×3ò{ÈvÙ6ÕqÛ.ï@å ëyÇ³ÈÊÜoËNÍÎÏ�×6ÕqÛ:¦-ÕNÙ�Ù@È�ÐQélÆ�Õ$�(ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈÒùàË�Ñ*ÛYÍÎÐ�ÛYÐ±×@È�Ì
ΘÕqÛ*Ü�ÓYÌ@Ëqý,È/{�×3ÇÎÉ�È ùàË�Ñ*ÛYÍÎÐúÕqÖYÏ�È�ÖYÇÎÍ³ÑYÈ�×ÝëlÈ�Ì@ÑYÈ�Ð�~9å�Õq×=òvÛYÌ�ø.ËNÍÎÏ�ÈG~-Ñ.Õ$�6ÑYÈ�Ì�øYÛYÐ,{�×@ËNÌ

Hn(H,Θ(·))
È�¦QÕSR{ÕqÖYÍ³È

ÖYòvÏ�Í�é?ÑYÈ�Ì�ÓYÌ@Ëqý3È/{�×3ÇÎÉ�È�Ð
G
ö�ùÒË±Ñ*ÛYÍÎÐÃÇ³Ù3×{é�Æ=È�Ì_�*Õq×3ò�Ö9ÈvÙ�ÕqÏ�×WÑ.ÕqÐYÐ�~�Ñ.Õ$�ÒÈ�ÇÎÐ(ùàËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù�É�ËNÐÃÈ�ÇÎÐ.È�Ô å.Ëqö

Ô�ËNÍ³ËNÏ�Ç³Ù�ï@å.È�ÐèøYÛYÐ,{±×@ËNÌIÇÎÐÊÈ�ÇÎÐ.È�ÐÊÈ�¦QÕSR{ÕqÖYÍ³È�ÐÊå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å.È�ÐÒøYÛYÐ,{�×@ËNÌ�ûaÖ9È�Ç³ÑYÈ�ÖYòvÏ�Í�é.ÑYÈ�Ì@Ù�È�ÍÎÖ!È�ÐàÕqÖ9È�Í³Ù@ï�å.È�Ð�ÝÕq×@È�Ï�ËNÌ3Ç³È&ÿyÖ!È�Ì@È�ÇÎ×@ÙAÑ*ÛYÌ@ï@åÊø�ÈvÙ3×3Í³È�Ï�ÛYÐYÏ�ÇÎÐ Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ
0
È�ÇÎÐ.ÑYÈ�ÛY×3ÇÎÏØÖ!ÈvÙ@×3ÇÎÔ"Ô�×
Ç³Ù3×{é



ñ �9�"�9�¥�9ß5��� Þ �
ÁAÛYÐÚëlÈ�Ð.ÑYÈ�Ð6ëyÇÎÌ�ÛYÐ.ÙyÑYÈ�Ì?�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�òvÛQé*ÞAÛ.Ù�ÑYÈ�ÌY�±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï���Ù@ÛYÐYÏ�È�Ì3å�ÕqÍÎ×@È�Ð6ëyÇÎÌyÑ*ÛYÌ@ï@å ÞAÐ¢ëlÈ�Ð*ö
Ñ*ÛYÐYÏ ÑYÈvÙ�øYÛYÐ,{±×@ËNÌ@Ù

HomG(·, A)
È�ÇÎÐ.È�Ð �AË
{�ËNÔ"ÓYÍ³È��èûaÐ�ÕNï�åg�AËNÔ"Ó!Ë�Ù3ÇÎ×3Ç³ËNÐ6ÑYÈ�Ì�È�Ì@Ù3×@È�Ð�Ö9È�Ç³ÑYÈ�Ð�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐ*ö

Ï�È�Ð�ÿ
0→ HomG(Z[G], A) → HomG(Z[G2], A)→ HomG(Z[G3], A)→ . . . ,ÑYÈvÙ�Ù@È�ÐS�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐèëyÇÎÌ
Ô"ÇÎ×

Hn(G,A)
Ö9È�ò{È�Ç³ï@åYÐ.È�ÐÒëlËNÍÎÍ³È�ÐQé�ÆAÇ³È�z�Í³È�Ô�È�Ð¢×@È�ÕqÛ.Ù

Cn(G,A) := HomG(Z[Gn+1], A)

å.È�ÇK��È�Ð #TE
4HEQA��������PZ=��E$&
�nJRJ+��� é�êuÐ6Ð�Õq×3äYÌ3ÍÎÇ³ï@å.È�Ì/áúÈ�Ç³Ù@È�È�Ì3Ï�ÇÎÖY×IÙ@Ç³ï@åÊÑ*Ç³È
G
ö�ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

Cn(G,A) ∼= {f : Gn+1 → A
ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

| f(gg0, . . . , ggn) = gf(g0, . . . , gn)
ÜaäYÌIÕqÍÎÍ³È

g ∈ G}.

£�È�Ð±ÛY×3ò{È�Ð(ëyÇÎÌ�Ñ*Ç³È}£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏèÑYÈ�Ì
Z[G]
ö+£yÕNÙ3Ç³ÙWÑYÈ�Ì_�±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï���Ù3ÛYÐYÏ É�ËNÐj�!é�®P~�Ù@ËÊÈ�Ì3å�ÕqÍÎ×@È�ÐÃëyÇÎÌ

È�ÇÎÐ.ÈÝÐ�Õq×3äYÌ3ÍÎÇ³ï@å.È
G
ö�ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

Cn(G,A) ∼= {f : Gn → A
ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

} =: Cn(G,A)

òvëyÇ³Ù�ï@å.È�Ð
Cn(G,A)

ÛYÐ.ÑÝÑYÈ�Ì?õ/Ì3ÛYÓYÓ9È�ÑYÈ�Ì �5�,#TEG4_EcA����0���_��Z=��E$&
�/JRJ+�/� écÆ/Ç³È�ð/ÕqÐ.Ñ.ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�Ð�È�Ì@Ù@ï�å.È�ÇÎÐ.È�Ð
ÇÎÐÊÖ!È�Ç³ÑYÈ�Ð ø�ìqÍÎÍ³È�Ð Ð�Õq×3äYÌ3ÍÎÇ³ï�åàÇÎÐÊÕqÐ.ÑYÈ�Ì@È�Ì�õ=ÈvÙ3×�ÕqÍÎ×{é

Hn(G, ·)
Ç³Ù3×=È�ÇÎÐ *:E$I.�=J=�5C$��)�&$E$#TEG4_EG%MEQAG�yIn<�#:��)�Ë�UB�,&$JVE
) ÖYòvÏ�Í�é9ÑYÈ�Ì

G
ö�ùàË�Ñ*ÛYÍÎÐ�~!ëlËNÌ3ÛYÐ±×@È�ÌÝëyÇÎÌ ûUTuÑ*Û�ÕqÍWV

òvÛYÔ å.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@å.È�ÐèøYÛYÐ,{�×@ËNÌ�ÿ�Ñ.ÕNÙIø.ËNÍÎÏ�È�Ð.ÑYÈ�É�È�Ì@Ù3×@È�å.È�Ð ë�ËNÍÎÍ³È�Ð���ø?äYÌ�ý3ÈvÑYÈª{±ÛYÌ3ò{ÈÝÈ��.Õ${�×@È���Èn ¢Û.È�ÐYò
0→

A → B → C → 0
É�ËNÐ

G
ö�ùÒË�Ñ*ÛYÍÎÐ(Ï�ÇÎÖY×"ÈvÙ�ÜaäYÌAý3ÈvÑYÈvÙ

n
È�ÇÎÐ.È�Ð÷í�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù

δn :
Hn(G,C)→ Hn+1(G,A)

~�Ù@Ë"Ñ.Õ$��Ï�È�ÍÎ×@È�Ð��
ûaÇ�ÿÚø?äYÌ0ý3ÈvÑYÈvÙ?{�ËNÔ"Ô�ÛY×�Õq×3ÇÎÉ�È�Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô

0 −−−→ A −−−→ B −−−→ C −−−→ 0

f





y

g





y
h





y

0 −−−→ A′ −−−→ B′ −−−→ C ′ −−−→ 0Ô"ÇÎ×IÈ��.Õ${�×@È�Ðf�!È�ÇÎÍ³È�ÐS{�ËNÔ"Ô�ÛY×3Ç³È�Ì3×=Ñ.ÕNÙ�ÜgËNÍÎÏ�È�Ð.ÑYÈÝÆ/Ç ÕqÏ�Ì�ÕqÔ"ÔS�
Hn(G,C)

δn

−−−→ Hn+1(G,A)

Hn(h)





y
Hn+1(f)





y

Hn(G,C ′)
δn

−−−→ Hn+1(G,A′)

ûaÇÎÇ�ÿÚø?äYÌ�ý3ÈvÑYÈ�{±ÛYÌ3ò{È"È��.Õ${±×@È}��Èn ±Û.È�ÐYò
0 → A → B → C → 0

Ç³Ù@×ÝÑ*Ç³È�ÜoËNÍÎÏ�È�Ð.ÑYÈ ��Èn ±Û.È�ÐYòàûoÑ*Ç³È %K!
�BA���d]�!$&FJ+�����>=nU,���:6 ÿ�ÜoäYÌIÕqÍÎÍ³È
n
È��.Õ${±×^�

Hn(G,A)→ Hn(G,B)→ Hn(G,C)
δn

−−−→ Hn+1(G,A)→ Hn+1(G,B).

Æ/Ç³È 1YE$I.�=J=��C��5JV�GJ Ö9ÈvÑYÈ�ÛY×@È�×
ëyÇ³ÈvÑYÈ�Ì3ÛYÔS~�Ñ.Õ$��Ñ*Ç³ÈWõ/Ì3ÛYÓYÓ9È�Ð
Hn(G,A)

ÜoäYÌIÕqÍÎÍ³È
n < 0

×3Ì3ÇÎÉ�Ç ÕqÍ�Ù3ÇÎÐ.Ñ-é
Hn(G, ·)

Ç³Ù3× <cE��5��!'D�!BO�%K� ÖYòvÏ�Í�é¢ÑYÈ�Ì�ÇÎÐNý3È/{�×3ÇÎÉ�È�Ð
G
ö�ùÒË±Ñ*ÛYÍÎÐ�~±Ñ-é åQé�òvÛ�ý,ÈvÑYÈ�Ô

G
ö�ùàË�Ñ*ÛYÍ

A
Ï�ÇÎÖY×lÈvÙlÈ�ÇÎÐ.È�Ð

ÇÎÐNý3È/{�×3ÇÎÉ�È�ÐÊùàË�Ñ*ÛYÍ
I
òvÛ.Ù�ÕqÔ"Ô�È�Ð Ô"ÇÎ×IÈ�ÇÎÐ.È�Ô ùÒËNÐ.ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù

A ↪→ I
é

á�ÇÎÌ=ëlËNÍÎÍ³È�Ð(ÕqÛ.ï@å åYÇ³È�Ì�ÑYÈ�Ð í�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù
δ0 : H0(G,C) → H1(G,A)

ÜoäYÌ
0 →

A → B → C → 0
È���ÓYÍÎÇÎòvÇÎ×ÝÖ9ÈvÙ@ï�åYÌ@È�ÇÎÖ!È�ÐãûaÉ�Ï�Í�é�ß}Þ�á�âaÿdé���È�Ç

b + A ∈ (B/A)G = CG
é!áçÇÎÌ�ÖYÇÎÍ³ÑYÈ�ÐúÑYÈ�Ð�dö+�AËNòn�B{�ÍÎÛ.Ù

[g] 7→ g.b − b
ÇÎÐ
H1(G,B)

é�ÁIÛYÐÒÇ³Ù3×
g.(b + A) − (b + A) = 0

Ð�ÕNï�åàí�ËNÌ�ÕqÛ.Ù@Ù�È�×3òvÛYÐYÏ�ÛYÐ.Ñ
Ñ.Õqå.È�Ì�Ç³Ù3×

g.b− b ∈ A
é¢ùèÕqÐ}{�ÕqÐYÐ�Í³È�Ç³ï�å¢×yÑ*Ç³È�|AÐ�ÕqÖYå�ìqÐYÏ�ÇÎÏG{�È�ÇÎ×�É�ËNÐ�ÑYÈ�Ì�ÞIÛ.Ù@ë�ÕqåYÍ!É�ËNÐ

b
Ð�ÕNï�åYÓYÌ3ä*ÜoÈ�Ð�ÛYÐ.Ñ

È�Ì3å�ìqÍÎ×AÑ*Ç³ÈÝÈ���ÓYÍÎÇÎòvÇÎ×@È�£�ÈvÙ�ï@åYÌ@È�ÇÎÖYÛYÐYÏ
δ0(b+A) := (g 7→ g.b− b).



á�ÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�ÐÊÜaäYÌ
È�ÇÎÐ.È	|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È
H < G

ÛYÐ.Ñ È�ÇÎÐ.È�Ð
H
ö�ùÒË±Ñ*ÛYÍ

A
ÑYÈ�Ð

G
ö�ùÒË±Ñ*ÛYÍ

CoindGH(A) := HomH(Z[G], A)

ÛYÐ.Ñ÷Ð.È�ÐYÐ.È�ÐãÇÎÔ �±Ó!È�òvÇ ÕqÍ Ü�ÕqÍÎÍyÉ�ËNÐ
H = 1

ÛYÐ.ÑóÈ�ÇÎÐ.È�Ì�ÕqÖ!È�Í³Ù@ï�å.È�Ðçõ/Ì3ÛYÓYÓ9È
X
ÑYÈ�Ð ùÒË±Ñ*ÛYÍ

CoindG1 (X)&
E
���08
UG6n�R�/)�J é.ÞAÛ.ï@åÊÇÎÐ Ñ*Ç³ÈvÙ@È�Ì³�±ÇÎ×3Û�Õq×3Ç³ËNÐÊÏ�ÇÎÖY×AÈvÙ
Ñ.ÕNÙXE �/4�4H!}CFE
�X�P#T!�*9��)dE ~*ë�È�Í³ï@å.ÈvÙ/Ñ*Ç³ÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È
Hn(G,CoindGH(A)) ∼= Hn(H,A)

ÜoäYÌAÕqÍÎÍ³È
n ≥ 0

Ö9ÈvÙ�ÕqÏ�×{é.êuÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈ�Ì@È�Ù3ÇÎÐ.Ñ6Ñ*Ç³ÈWõ=Ì3ÛYÓYÓ!È�Ð
Hn(G,CoindG1 (X)

ÜaäYÌIÕqÍÎÍ³È
n ≥ 1

×3Ì3ÇÎÉ�Ç ÕqÍ�é
ÞIÐ�ÕqÍ³ËNÏ6òvÛYÔ å.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å.È�ÐÃø�ÕqÍÎÍ�å.È�ÇK��È�ÜoäYÌ�È�ÇÎÐ.È�Ð

G
ö�ùàË�Ñ*ÛYÍ

A
ÛYÐ.Ñ È�ÇÎÐ.È�Ð

H
ö�ùÒË±Ñ*ÛYÍ

B
È�ÇÎÐ��0Õ�ÕqÌ

É�ËNÐèõ/Ì3ÛYÓYÓ!È�ÐYå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�È�Ð
φ : G→ H

ÛYÐ.Ñ
θ : B → A

C
��)�J=)d�^A
%;�=</# ~�ë�È�ÐYÐ Ï�ÇÎÍÎ×
θ(φ(g).b) = g.θ(b),

ÖYòvëÝé�ì
 ¢ÛYÇÎÉ�ÕqÍ³È�Ð¢×/Ñ.ÕqòvÛ�~YëlÈ�ÐYÐ
θ
È�ÇÎÐ

G
ö�ùàË�Ñ*ÛYÍÎå.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù/Ç³Ù3×{é

á�ÇÎÌIÈ�Ì3å�ÕqÍÎ×@È�ÐÊëyÇ³È�ÇÎÔîå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å.È�Ðàø�ÕqÍÎÍ�Ñ*Ç³È
���9�=���Kó�� A �B�¥��
GF��"�"���7e3�5�¢C$�/)�J=)d�^A
%;�=</#:�.Iv1Y![!
)

(φ, θ) L �R�fE�OQ���¤�5�98
U[6/�V��)�J����5�0�����5�98��/UTJ=�KA��\Ë�!
4��5%'�V�C$E
�IH7E
4HE
4HE
)+*�#���I.4}���
(φ, θ)n : Hn(H,B)→ Hn(G,A)8GUB)d<�#gË���I�J=%É�RA
UT�BAS!
U���8������5�,#TE
4HEQA��/�0������E$&
�/JRJ+���

f 7→ ([g1| . . . |gn] 7→ θ(f([φ(g1)| . . . |φ(gn)]))).

á�ÇÎÌ
ë�ËNÍÎÍ³È�ÐàÕqÛ.ï@åÒÑ*Ç³ÈvÙyòvÛYÌIÆ=È��.ÐYÇÎ×3Ç³ËNÐÊÈ�ÇÎÐYÇÎÏ�È�ÌAëyÇ³ï@å¢×3ÇÎÏ�È�Ì=ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�Ð É�È�Ì3ëlÈ�Ð.ÑYÈ�Ð��
•
ø?äYÌ�È�ÇÎÐ.È3|IÐ±×@È�Ì3Ï�Ì3ÛYÓYÓ!È

H < G
ÛYÐ.Ñ�È�ÇÎÐ.È�Ð

G
ö�ùàË�Ñ*ÛYÍ

A
È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌ�ÕqÛ.Ù�ÑYÈ�Ì¯z�ÇÎÐ±Ö!È�×3×3ÛYÐYÏ

H ↪→ GÛYÐ.Ñ6ÑYÈ�ÌIê�ÑYÈ�Ð¢×3ÇÎ×�ìq×=ÕqÛ*Ü
A
Ñ*Ç³È�« �.I/J=).��&FJ=�RE
�

Ì@ÈvÙ
: Hn(G,A)→ Hn(H,A).

•
ø?äYÌ=È�ÇÎÐ.È�ÐhÁ/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì

U � G
å�ÕqÖ9È�ÐÒëyÇÎÌÝÑ*Ç³È Ð�Õq×3äYÌ3ÍÎÇ³ï�å.È}��Ì@Ëqý3È/{�×3Ç³ËNÐ

φ : G → G/U
ÛYÐ.ÑÒÑ*Ç³Èz�ÇÎÐ±Ö!È�×3×3ÛYÐYÏ

Θ : AU ↪→ A
~*ëlÈ�Í³ï�å.ÈWÈ�ÇÎÐ6É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï�å.ÈvÙ³�0Õ�ÕqÌ
ÖYÇÎÍ³ÑYÈ�ÐQé�ÆAÇ³ÈvÙ�ÈvÙyÍÎÇ³ÈdÜoÈ�Ì3×
Ñ*Ç³È�p �^À2![J=�=E
�
ÇÎÐ*Ü

: Hn(G/U,AU )→ Hn(G,A).

•
��È�ÇAëyÇ³ÈvÑYÈ�Ì3ÛYÔ

H < G
È�ÇÎÐ.È�|IÐ±×@È�Ì3Ï�Ì3ÛYÓYÓ!ÈG~

A
È�ÇÎÐ

G
ö�ùàË�Ñ*ÛYÍ=ÛYÐ.Ñ

g ∈ G
éláçÇÎÌ6È�Ì3å�ÕqÍÎ×@È�Ð È�ÇÎÐ

É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï@å.ÈvÙ_�0Õ�ÕqÌ Ñ*ÛYÌ@ï@å
φg : gHg−1 → H, ghg−1 7→ h

ÛYÐ.Ñ
θg : A → A, a 7→ g.a

é?ÆAÇ³ÈvÙ�ÈvÙ
ÍÎÇ³ÈdÜgÈ�Ì3×
æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð

Hn(gHg−1, A)→ Hn(H,A).ø?äYÌ
È�ÇÎÐ.È�Ð�Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì
H �G

È�Ì3å�ìqÍÎ×
Ô�ÕqÐÊÙ@Ë"È�ÇÎÐ.È
G
ö�Þ�{�×3Ç³ËNÐàÕqÛ*Ü�ÑYÈ�ÐS�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐQé

Æ/È�ÌWÜgËNÍÎÏ�È�Ð.ÑYÈv�*Õq×3ò�ÍÎÇ³ÈdÜgÈ�Ì3×�ÛQéjÕ*é?È�ÇÎÐ.ÈØÐ�Õq×3äYÌ3ÍÎÇ³ï@å.ÈÚí�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï@å,{�È�ÇÎ×ØÑYÈ�Ì�Ù@ËÒÑYÈ��.ÐYÇ³È�Ì3×@È�ÐóÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�Ð
Ô"ÇÎ×Ií�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�ÐQé�z�Ì
Ç³Ù3×
Ñ.ÕNÙY{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@å.È�ÞIÐ�ÕqÍ³ËNÏ�ËNÐÒÑYÈvÙD�*Õq×3ò{ÈvÙ�ûl��éK��é©­�ÿdé
���9�=���yô0�KJ�â:�^å,�������

φ : G→ H
�����ÂW2).U�*[*,���P#TE
4HE
4HE
)+*�#���I.4�U�IªUT�98

Θ
���5�gË�UB�,&$JVE
)ª8B��)

G
ZV>XE^8GUB%;�f�5�8G�R�

H
ZV>XE^8GUB%;�,-�I/E_8[!daj�.I?6nU�¡^�d8���4

G
Z+>XE^8
UT%

A
���5�0���

G
Z+>XE^8
UT%Ã#:E
4HE
4HE
)V*9#��yI�4�U�I

θA : ΘA→ A
A
�VO/JÇu8 o # o φ UB�08 θA I.�5�98HC$��)/J=)l�^AG%'�R<�# È -xInE 8[!Qa¢8[!$Ib�nE
% AB���98�� ¿ �=!^AG)l!
4�4 CFE
� G ZV>XE�8
UB%;�X&$E
4�4�UTJ=�V��)/J+Ê

ΘA
θA−−−→ A

Θf





y





y

f

ΘA′ θA′
−−−→ A′mDU/ab��)l8B��4 O/��%K8��

Θ
�5�^¡^�.&FJ=�5C$�ZYYO=¡n�.&$J+��!
U.�����^¡^�.&FJ=�5C$��!�O o ¿ !
�P�vA���%MJ+���0Ê



ÇÆ! È ËtNT)H�������	A��RA���OQ���0�}&�UT)Q6��}�Q][!$&FJ+�_���>=/UP���T6
0 → A → B → C → 0

C$E
�
G
Z+>XE^8
UT%'�¥In���?!
U/a¯�/)l8��/4

0 → Θ(A) → Θ(B)→ Θ(C) → 0
�d][!
&FJ o ¿ !
�P����I�J28[!$Is�nE
%kA����98B� ¿ �R!^A
)d!
4�4 !�OQ��%'I/<�#,��)vW2).U�*[*,����.NT)³!
%5%É�

n ≥ 0
&$EG4�4�U:JV!GJ=�5Cn- L E�Oc����8
�V� (φ,Θ)n

8
�V��H7E
4HE
4HE
)+*�#���I.4}���
(φ, θC)n

Oc6 L o (φ, θA)n
!
U�I

LD��4}��).&�UT�BA@Ç�N o N o\[ È I.�5�98�Ê
Hn(H,ΘC)

δn

−−−→ Hn+1(H,ΘA)

(φ,Θ)n





y





y
(φ,Θ)n+1

Hn(G,C)
δn

−−−→ Hn+1(G,A)ÇlO È �����78���) Ë�UB�,&$JVE
)
Θ
�PUT�j6nU�In�GJy6/%;�=</#��d][!
&FJ o ¿ !
�P�ÂA
�VO/J��.I 6/U\¡n�Q8���4 G

Z+>XE^8
UT%
A
���5�0�f�/���98B��UTJ=�KAOQ�.I�J=�54�4_J+�³Ë�!
4���%;�V�

(φ,Θ)∗
CFE
�QH7E
4HE
4HE
)+*�#���I.4}���

(φ,Θ)n : Hn(H,ΘA)→ Hn(G,A),I/Eg8[!da
Ç+� È

(φ,Θ)0
8B��)�H7EG4_EG4_EG)V*�#B�yI�4�UBI

(φ, θA)0
!
UBI�LD�/4H�/)c&�UT�BA�Ç�N o N o\[ È ��I�J5-tUT�98ÇV�5� È �.NT)s¡^�d8���&FUB)Q6��H�Q][!$&FJ+�����>=/UP���T6

0 → A → B → C → 0
CFEG�

G
ZV>XE�8
UB%;�Â8[!
I ¿ �R!^A
)d!
4�4 !
U�IÇÆ! È &$EG4�4�U:J=�R�/)�J o

z�ÇÎÐ.ÈWø�ÕqÔ"ÇÎÍÎÇ³ÈÝÉ�ËNÐàæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð�~!Ñ*Ç³ÈØûaÇÎÇ�ÿ
È�Ì,ÜaäYÍÎÍÎ×^~�Ð.È�ÐYÐ.È�ÐÊëyÇÎÌAÈ�ÇÎÐ.È�Ð >XE
)+*�#���I.4�UBI	&$E$#TE
4HE
%KE
ZAG�yIn<�#:��)	Ë�UT�,&FJVE
)Q��� é
9S�9�h�0ß5��� Þ �����<;Îñ �9�"�9�h�0ß5��� Þ �Sì�
$���B�<;�ß Þ5÷ �"��
Sêg

��ì�ìt�T�
��È�Ç

G
ÇÎÐ6Ñ*Ç³ÈvÙ@È�Ô ÞAÖ.Ù@ï�åYÐYÇÎ×3×
È�ÇÎÐ.ÈIÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@å.È�õ/Ì3ÛYÓYÓ9È�éP��È�Ç³È�Ð

V ≤ U
Ë$¦-È�Ð.ÈªÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�ÌyÉ�ËNÐ

G
é�á�ÇÎÌ

ÑYÈ��.ÐYÇ³È�Ì@È�ÐÒÑ*Ç³È ?7EG).4 Ñ*ÛYÌ@ï@å
NU/V :=

∑

g∈U/V

g ∈ Z[U/V ].

áçÇÎÌAÈ�Ì3å�ÕqÍÎ×@È�ÐÒÑ*ÛYÌ@ï@åèÞIÐ±ëlÈ�Ð.Ñ*ÛYÐYÏÚÉ�ËNÐ
NU/V

È�ÇÎÐ.È�Ðàæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù
AV

NU/V
−−−→ AU

~.ë�È�Í³ï@å.È�Ì=È�ÇÎÐ.È�Ð
æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

(AV )U −→AU
ÇÎÐ.Ñ*ÛYòvÇ³È�Ì3×{é�Æ/Ç³ÈvÙ@È�ÌIÇ³Ù3×yÔ"ÇÎ×
ÑYÈ�ÌIê�ÑYÈ�Ð¢×3ÇÎ×�ìq×/ÕqÛ*Ü

G/U
É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï�åQé

ê�Ð í�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÛYÐYÏÚÑ*Ç³ÈvÙ@È�Ì³�±ÇÎ×3Û�Õq×3Ç³ËNÐàÖ!È�×3Ì�ÕNï�å¢×@È�ÐàëyÇÎÌIÈ�ÇÎÐ.ÈÝø�ÕqÔ"ÇÎÍÎÇ³È
A(U)

É�ËNÐÒÕqÖ!È�Í³Ù@ï�å.È�ÐÒõ/Ì3ÛYÓ*ö
Ó9È�Ð ÜoäYÌ�Ë$¦-È�Ð.È}Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì

U � G
é/]¢ÈvÑYÈvÙ

A(U)
Ù@È�Ç�Ô"ÇÎ×�È�ÇÎÐ.È�Ì

G/U
ö�ùÒË�Ñ*ÛYÍ³Ù3×3Ì3Û,{±×3ÛYÌWÉ�È�Ì@Ù@È�å.È�Ð�~�Ñ*Ç³È

Ô"ÇÎ×WÑYÈ�Ì�ÁAËNÌ3Ô É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï@å÷Ù@È�ÇV~QÑ-é9åQéQÑ*Ç³È�æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
G/V � G/U

ÛYÐ.Ñ
A(V )

NU/V
−−−→ A(U)ÖYÇÎÍ³ÑYÈ�ÐÚÈ�ÇÎÐ�É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï�å.ÈvÙ?�?Õ�ÕqÌ{é*ùàÇÎ×3×@È�Í³ÙlÆ=È��.ÐYÇÎ×3Ç³ËNÐ6ÕqÛ*Ü�ÑYÈ�Ð ��È�×3×@È�Ð ûaÉ±Ï�Í�éT£�È�Ô�È�Ìd{±ÛYÐYÏÚûl��éK��é©¨�ÿ3ÿlÈ�Ì3å�ÕqÍÎ×@È�Ð

ëyÇÎÌAÈ�ÇÎÐ.È�ÐÊæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù
Nn : Hn(G/U,A(V )U ) −→Hn(G/U,A(U))

ÜoäYÌIÕqÍÎÍ³È
n ∈ N

é
ÆAÇ³ÈvÙIëlËNÍÎÍ³È�Ð ëyÇÎÌIÖ!È�Ð±ÛY×3ò{È�Ð�~.ÛYÔîÑ*Ç³È�¿ �5À?!GJ=�=EG� ëyÇ³È=ÜgËNÍÎÏ�×
òvÛ È�Ìd{±Í ìqÌ@È�Ð��

ÑYÈdÜ
: Hn(G/V,A(V ))

¹+½d¸kµ_^
−−−→ Hn(G/U,A(V )U )

Nn−−→ Hn(G/U,A(U))

íAÇ Õ ÑYÈ�ÌØÆ/È�Ï�Õq×3Ç³ËNÐ�ÖYÇÎÍ³ÑYÈ�ÐãÑ*Ç³Èàõ/Ì3ÛYÓYÓ9È�Ð
Hn(G/U,A(U))

È�ÇÎÐ ÓYÌ@Ëqý3È/{±×3ÇÎÉ�ÈvÙ\�B��Ù@×@È�ÔS~0ë�ÕNÙØÔ�ÕqÐ ÇÎÐ
Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐX² Ð�ÕNï@åYÌ@Èvï�åYÐ.È�×AÛYÐ.Ñ6Ó9È�Ì
Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.Ù3É�È�Ì@Ù@ï�åYÇ³È�ÖYÛYÐYÏÚÕqÛ.Ù�ÑYÈ�åYÐ¢×{é
ùÒÕqÐ Ù3×@È�ÍÎÍÎ×�ÜoÈvÙ3×^~0Ñ.Õ$�úÑ*Ç³Èàõ=Ì3ÛYÓYÓ!È�Ð

Hn(G/U,AU )
ÜoäYÌ�È�ÇÎÐ.È�Ð

G
ö�ùÒË±Ñ*ÛYÍ

A
É�Ç ÕàÑYÈ�ÌØê�Ð:Ï�Õq×3Ç³ËNÐ È�ÇÎÐ

Ñ*ÇÎÌ@È/{�×@ÈvÙs�B�*Ù3×@È�ÔHÖYÇÎÍ³ÑYÈ�Ð�~që�ÕNÙ0ëyÇ³ÈvÑYÈ�Ì3ÛYÔ�ÕqÛ*Ü�Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐH²Y{�Í ÕqÌ0Ç³Ù3×�ÛYÐ.Ñ Ñ*ÛYÌ@ï�å Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.Ù@É�È�Ì@Ù@ï@åYÇ³È�ÖYÛYÐYÏ
ÕqÛ.Ù@Ï�ÈvÑYÈ�åYÐ¢×Ië�È�Ì@ÑYÈ�Ð�{�ÕqÐYÐQéYáçÇÎÌ
Ù@È�×3ò{È�Ð

Hn(G,A) := lim−→Hn(G/U,AU ).

ûoÆ/Ç³ÈvÙàÙ3ÇÎÐ.Ñ ÐYÇ³ï@å±×àÑ*Ç³È É�ËNÌ3Ð.ÈúÑYÈ��.ÐYÇ³È�Ì3×@È�Ð
Hn(G,A)

émÿÊÞIÍÎ×@È�Ì3Ð�Õq×3ÇÎÉ È�Ì3Ï�È�Ö9È�Ð>Ù3Ç³ï@åHÑ*Ç³ÈèÐ.È�Û>ÑYÈ��.ÐYÇ³È�Ì3×@È�Ð
Hn(G,A)

ÕqÍ³Ùx�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È=ÑYÈvÙx�AËNÔ"ÓYÍ³È��*ÈvÙ�ÑYÈ�Ì
Cn(G,A)

ÖYòvëÝé
Cn(G,A)

~¢ÇÎÐ.ÑYÈ�Ô Ô�ÕqÐØÑYÈ�Ð
G
ö�ùàË�Ñ*ÛYÍ



A
Ô"ÇÎ×"ÑYÈ�Ì Ñ*Ç³Ùd{�Ì@È�×@È�Ðj��ËNÓ!ËNÍ³ËNÏ�Ç³È�É�È�Ì@Ù3Ç³È�å±×"ÛYÐ.ÑôòvÛ.Ù�ìq×3òvÍÎÇ³ï@å Ñ*Ç³Èv�±×@È�×3ÇÎÏG{�È�ÇÎ×�ÕqÍÎÍ³È�Ì ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�Ð(ÜoËNÌ@ÑYÈ�Ì3×{é
ÞAÛ*Ü�Ñ*Ç³ÈvÙ@È=áúÈ�Ç³Ù@È�É�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3×=Ù3Ç³ï@åÒÕqÛ.ï@åÊÑYÈ�Ì�£�È�Ï�Ì3ÇM¦ ÑYÈvÙY{�ËNÇÎÐ.Ñ*ÛYòvÇ³È�Ì3×@È�ÐÒùàË�Ñ*ÛYÍ³ÙyòvÛ

CoindGH(A) := {f : G→ A | f(h.g) = h.f(g) ∀h ∈ H, f
Ù3×@È�×3ÇÎÏ

}.

Æ/Ç³ÈyÆ=È��.ÐYÇÎ×3Ç³ËNÐ�ÑYÈvÙ0É�È�Ì3×3Ì�ìqÏ�ÍÎÇ³ï�å.È�Ð �0Õ�ÕqÌ@ÈvÙ�ÛYÐ.Ñ ÑYÈ�Ì�Ô"ÇÎ×�Ù@È�ÇÎÐ.È�Ì�æAÇÎÍ ÜoÈ�È�Ì3å�ÕqÍÎ×@È�Ð.È�Ð�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�Ð�äYÖ9È�Ì3×3Ì�ìqÏ�×
Ù@Ç³ï@åÊÑ*ÇÎÌ@È/{�×{é
�xâ:�^�Gë.ñ �9�"�9�¥�9ß5��� Þ �f�T�/;¯ß Þ�÷ �"��
vê\
$�"ì�ìt�B�
êuÐÚÑ*Ç³ÈvÙ@È�Ô ÞIÖ.Ù@ï�åYÐYÇÎ×3×yÙ@È�Ç!Ñ*Ç³È�õ/Ì3ÛYÓYÓ9È

G
Ù3×@È�×@Ù�È�Ð.Ñ*ÍÎÇ³ï@å é¢áçÇÎÌ�È�Ì3ÇÎÐYÐ.È�Ì3ÐÊÕqÐØÖYòvëÝé�×3Ì@È�¦-È�Ð�ÜgËNÍÎÏ�È�Ð.ÑYÈ=Æ/È��.ÐYÇ ö

×3Ç³ËNÐ.È�Ð��
• NG :=

∑

g∈G g ∈ Z[G]
~

• IG := ker(ε : Z[G]→ Z) = (g − 1|g ∈ G) � Z[G]
~

• NGA = ker(A
NG−−→ A)

ÜoäYÌ
È�ÇÎÐ.È�Ð
G
ö�ùÒË±Ñ*ÛYÍ

A
é

���9�=���a`�� ö �B�¥�¥â��HÇÆ! È �����
X
���5�0��!�OQ��%'I/</#:�\W2)�U^*[*P� o ¿ !
�P�X�yI/J

Hom(Z[G], X)→ Z[G]⊗Z X, φ 7→
∑

g∈G

g ⊗Z φ(g)

�����æW2Z p InE
4HE
)+*�#���I.4�U�I.-�8��.IcI^��� ��4�&
�.#B)l!�O�O���%K8
UT�BA`8
UT)d<�#
h ⊗Z x 7→ (g 7→ xδg,h)

8��cbt�P�V��)/J7��I�J5-
L E�OQ��� δg,h 8[!$Ib�7)dE
�0�Q<�&
��)�Z ¿ ��%MJV!�In��� o ¿ !
4��5J$�n!
%5%K���}8G�R�dL³�RA
)�� �D�D8��.I3���08
UG6n�R�/)�J+���}UB�98D&
E
���08
UG6n�R�/)�J+���>XE^8
UT%ÃI³6nU�In!
4�4}��� oÇlO È �����

A = Z[G] ⊗Z X
���5�����08
UG6n�R�/)�J+��)SOQ6 L o &$E
�5�98
U[6/�V��)/J+��) G ZV>XE�8
UB% o ¿ !G�P�¥A���%MJ+��� AG = NGA

-
NGA = IGA

-tUB�98
AG = A/IGA

NG−−→ AG
�yI/J3���5�

G
Z p I/E
4HE
)+*�#���I.4�UBIHÇ

G
E.*,��)��V��)�J3J=)���C^�R!
% È oÇu< È �����

C
���5�æ�/�98:%;�=<�#§��)Q6���UGAGJ+��) �.)Q���V��)

G
ZV>�E^8
UT% o >��=J C∗

OQ�Q6F���=</#��0��� L �5)fI^���5�0���Ú8GU:!
%É��� >XE^8
UT%
Hom(C,Z) o ¿ �V�³m	O^O��5%M8
UT�BA

C ⊗Z A→ Hom(C∗, A), c⊗ a 7→
(

(f : C → Z) 7→ f(c) · a
)

�yI/J3���5�
G
Z p I/E
4HE
)+*�#���I.4�UBI oÇÆ8 È ËtNT)ª6 L ��� Z[G]

ZV>XE^8GUB%;�
A
UT�98

C
- L E�OQ��� C ���98,%'�R<�#X��)Q6���UGAGJ?UT�98

Z[G]
Z'�.)Q���xIn����-?�/)c#T!G%;J+��� L ��)�8
�R�

G
Z p I/EG4_EG)V*�#B�R�

C ⊗Z[G] A = (C ⊗Z A)G
NG−−→ (C ⊗Z A)G eUfhg−→ Hom(C∗, A)G = HomG(C∗, A).

A �CB�� Þ ä[� ø?äYÌ�ûgÕ�ÿyÛYÐ.Ñ(ûoï&ÿyäYÖ!È�Ì3ò{È�ÛYÏ�×=Ô�ÕqÐàÙ@Ç³ï@åÒÍ³È�Ç³ï@å¢×^~9Ñ.Õ$��ÈvÙAÙ3Ç³ï�åÊ×�Õq×@Ù�ìNï�åYÍÎÇ³ï@å ÛYÔ
G
ö�æAËNÔ�ËNÔ�ËNÌ,ö

ÓYåYÇ³Ù@Ô�È�Ð å�ÕqÐ.ÑYÈ�ÍÎ×^~.ÛYÐ.Ñ6Ì@Èvï�åYÐ.È�×AÑ*Ç³È	£�Ç ý3È/{±×3ÇÎÉ�ÇÎ×�ìq×
Ð�ÕNï@åQé�ûoÑ�ÿlÜoËNÍÎÏ�×
Ù�ËqÜoËNÌ3×IÕqÛ.Ù�ûgÕ�ÿ�ö�ûoï&ÿdé��ÛÃûaÖ�ÿ�Ù@È�Ç-òvÛYÐ�ìNï�å.Ù3×
a ∈ AG

éYÆ�Õ
A Z
ögÜoÌ@È�Ç-Ç³Ù3×^~:{[�NÐYÐ.È�Ð ëyÇÎÌIÈ�ÇÎÐ.ÑYÈ�ÛY×3ÇÎÏ
a =

∑

s∈G

s⊗ xs

Ù�ï@åYÌ@È�ÇÎÖ9È�ÐÊÔ"ÇÎ×
xs ∈ X

éYáúÈ�Ï�È�ÐàÑYÈ�Ì
G
ö�ê�Ð±ÉNÕqÌ3Ç ÕqÐYòWÏ�ÇÎÍÎ×

a =
∑

s∈G

gs⊗ xs =
∑

s∈G

s⊗ xg−1s,

ë�ÈvÙ3å�ÕqÍÎÖàÑ*Ç³È
xs
ÕqÍÎÍ³È�Ï�Í³È�Ç³ï�åàÙ3ÇÎÐ.Ñ-é���ËNÔ"ÇÎ×IÇ³Ù3×

a = NG(1⊗ xid)
È�ÇÎÐSz�Í³È�Ô�È�Ð¢×/É�ËNÐ

NGA
é



Æ/ÈvÙ@ëlÈ�ÇÎ×@È�Ì@È�ÐàÙ�È�Ç-Ð¢ÛYÐ
a ∈ NGA

Ï�È�Ï�È�Ö!È�Ð�~.Ñ-é åQé
0 = NG a = NG

∑

s∈G

s⊗ xs =
∑

g∈G

g ⊗
∑

s∈G

xs,

Ù�Ë"Ñ.Õ$� ∑

s∈G xs = 0
ÜoËNÍÎÏ�×{é9��ËNÔ"ÇÎ×AÈ�Ì3Ï�ÇÎÖY×IÙ3Ç³ï@å

a =
∑

s∈G

s⊗ xs =
∑

s∈G

s⊗ xs −
∑

s∈G

1⊗ xs =
∑

s∈G

(s− 1)(1⊗ xs) ∈ IGA.

Æ/Ç³ÈÝê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È�òvëyÇ³Ù�ï@å.È�Ð
AG
ÛYÐ.Ñ

AG
ÜgËNÍÎÏ�×AÕqÛ.Ù

AG = A/IGA = A/NGA
NG−−→ NGA = AG.

2£�È�ò{È�Ç³ï�åYÐ.È
F•
Ñ*Ç³È=ÜoÌ@È�Ç³È��±×�ÕqÐ.Ñ.ÕqÌ@Ñ.ÕqÛ:Ï���Ù3ÛYÐYÏ�É�ËNÐ

Z
~.ÕqÍ³Ù@Ë

0→ Z
ε
←− F0 → F1 → F2 → . . . .

áçÇÎÌIÙ@È�×3ò{È�Ð
F−n := F ∗

n−1

ÜoäYÌ
n ≥ 1

ÛYÐ.ÑÊÈ�Ì3å�ÕqÍÎ×@È�ÐàÑ.ÕNÑ*ÛYÌ@ï@åÒÑ*Ç³È���Èn ¢Û.È�ÐYò
· · · ← F−3 ← F−2 ← F−1

ε∗
←− Z← 0,

ë�È�Í³ï@å.È È��.Õ${�×�Ç³Ù@×^~?Ñ.ÕèÑ*Ç³È
F−n
È�Ð.Ñ*ÍÎÇ³ï�å È�Ì3ò{È�ÛYÏ�×@ÈÚÜaÌ@È�Ç³È

Z[G]
ö�ùÒË±Ñ*ÛYÍÎÐ Ù@ÇÎÐ.Ñ-é�áçÇÎÌ É�È�Ì@Ù@ï@åYÔ�È�ÍÎò{È�Ð�Ö!È�Ç³ÑYÈ��Èn ±Û.È�ÐYò{È�ÐÊÛYÐ.Ñ6È�Ì3å�ÕqÍÎ×@È�ÐÊÜoËNÍÎÏ�È�Ð.ÑYÈvÙAÆ/Ç ÕqÏ�Ì�ÕqÔ"ÔS~�Ñ.ÕNÙIÕqÐ ý3ÈvÑYÈ�Ì³�±×@È�ÍÎÍ³ÈÝÈ��.Õ${±×yÇ³Ù@×

←−−− F−3 ←−−− F−2 ←−−− F−1
α

←−−− F0 ←−−− F1 ←−−− F2 ←−−−

ε∗
x









y

ε

Z Z
x









y

0 0,

ë�ËNÖ!È�Ç
α
Ñ*Ç³È7�AËNÔ"Ó!Ë�Ù@ÇÎ×3Ç³ËNÐ

ε∗ ◦ ε
Ù@È�Ç�éYÞAÛ.ÙY��È�ÇÎÍlûoÑ�ÿyÑYÈvÙY�QÈ�Ô"Ô�ÕNÙWûl��éK��é©°�ÿ�Í³ÈvÙ@È�Ð ëyÇÎÌAÕqÖ�~YÑ.Õ$�"ÜoäYÌ

n ≥ 1

HomG(F−n, A) = HomG(F ∗
n−1, A) ∼= Fn−1 ⊗Z[G] A

Ï�ÇÎÍÎ×{é�ÞIÛ,��È�Ì@ÑYÈ�Ôîå�ÕqÖ9È�Ð ëyÇÎÌIÑ*Ç³È�ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È
Z⊗Z[G] A = AG

NG−−→ AG = HomG(Z, A).

ÞAÐ¢ë�È�Ð.Ñ*ÛYÐYÏúÑYÈvÙWø.ÛYÐ,{±×@ËNÌ@Ù
HomG(·, A)

È�Ì3Ï�ÇÎÖY× Ð¢ÛYÐ÷Ñ.ÕNÙWÜoËNÍÎÏ�È�Ð.ÑYÈ {�ËNÔ"Ô�ÛY×�Õq×3ÇÎÉ�È6Æ/Ç ÕqÏ�Ì�ÕqÔ"ÔS~0ÑYÈvÙ@Ù@È�Ð
ËNÖ9È�Ì@Ù3×@È��!È�ÇÎÍ³È�È�ÇÎÐS�IË
{�ËNÔ"ÓYÍ³È�� Ç³Ù3×^�
−−−→ F1 ⊗Z[G] A −−−→ F0 ⊗Z[G] A −−−→ HomG(F0, A) −−−→ HomG(F1, A) −−−→





y

x





AG
NG−−−→ AG





y

x





0 0.

áçÇÎÌ�ÑYÈ��.ÐYÇ³È�Ì@È�Ð�Ñ*Ç³È}¼ !GJ+��ZR��E
#TE
4HE
%KEQA
�V�RA
)�U^*[*P���
Ĥn ÜoäYÌ n ∈ Z

ÕqÍ³Ù�Ñ*Ç³È2�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³ÈIÑYÈ�Ì�ËNÖ9È�Ì@Ù3×@È�Ð �!È�ÇÎÍ³È�é
Æ/Ç³È7�?Õq×@Èdö+�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È

Ĥn(G, ·)
ÖYÇÎÍ³ÑYÈ�×IÈ�ÇÎÐ.È�ÐS{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù�ï@å.È�ÐèøYÛYÐ,{±×@ËNÌ{é�z�Ù
Ï�ÇÎÍÎ×IÑYÈ�Ì



���9�=���5ø��KJ�â:�^å,�

Ĥn(G,A) =























Hn(G,A) n ≥ 1

AG/NGA n = 0

NGA/IGA n = −1

H−n−1(G,A) n ≤ −2A �CB�� Þ ä[� Æ=È�ÐèÈ�Ì@Ù3×@È�ÐàÛYÐ.ÑàÍ³È�×3òv×@È�Ð ø�ÕqÍÎÍ0ÍÎÇ³ÈvÙ3×/Ô�ÕqÐÒÑ*ÇÎÌ@È/{�×=ÕqÛ.Ù=ÑYÈ�Ô Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô ÕqÖQé9ø?äYÌ
n = 0,−1È�Ì3Ï�ÇÎÖY×WÙ3Ç³ï@åôÑ.ÕNÙ	z�Ì3Ï�È�ÖYÐYÇ³ÙWÑ.ÕqÌ�ÕqÛ.Ù^~-Ñ.Õ$�àÑ*Ç³È_�0ÜoÈ�ÇÎÍ³È Ð�ÕNï�åôÛYÐ±×@È�ÐôÙ3ÛYÌoý3È/{±×3ÇÎÉàÛYÐ.ÑúÑ*Ç³È Ð�ÕNï@åôËNÖ9È�Ð ÇÎÐNý3È/{±×3ÇÎÉ

Ù@ÇÎÐ.Ñ-é
2z�Ù
Ç³Ù3×IäYÖYÍÎÇ³ï@å�~!Ñ*Ç³È7£�È�ò{È�Ç³ï@åYÐ¢ÛYÐYÏ

Ĥ0(G,A) := Ĥ−1(G,A) = NGA/IGA
òvÛÊë�ìqåYÍ³È�ÐQé0�QÌ3ÇÎÉ�Ç ÕqÍ³È�Ì3ëlÈ�Ç³Ù@È

È�Ì3å�ÕqÍÎ×@È�ÐàëyÇÎÌIÑ.ÕqÐYÐ Ñ*Ç³È=ÜgËNÍÎÏ�È�Ð.ÑYÈÝÈ��.Õ${±×@È���Èn ±Û.È�ÐYò�ÕqÖ9È�Í³Ù@ï@å.È�Ì=õ/Ì3ÛYÓYÓ!È�Ð��
0→ Ĥ0(G,A)→ H0(G,A)

·NG−−−→ H0(G,A)→ Ĥ0(G,A)→ 0.ùÊÇÎ×3×@È�Í³Ù6ÑYÈ�Ì6È��*ÓYÍÎÇÎòvÇÎ×@È�Ð�£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏ ÑYÈ�ÌÚí�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð Ù3×@È�ÍÎÍÎ×ØÔ�ÕqÐçÜgÈvÙ3×^~�Ñ.Õ$�
NG · im(δ0) = 0

Ï�ÇÎÍÎ×^~�ÛYÐ.ÑèÑ.Õ$�
δ0
äYÖ!È�Ì

NGA
Ü�Õ${�×@ËNÌ3Ç³Ù3Ç³È�Ì3×{é�ø?äYÌ=Ñ*Ç³È��?Õq×@Èdö+�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³ÈØÈ�Ì3Ï�È�Ö!È�ÐèÙ3Ç³ï@å

Ñ.ÕqÌ�ÕqÛ.ÙAÑ*Ç³È�í�È�Ì3ÖYÇÎÐ.Ñ*ÛYÐYÏ�Ù3å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
δ−2 : Ĥ−2(G,A)→ Ĥ−1(G,A)

ÛYÐ.Ñ
δ0 : Ĥ0(G,A)→ Ĥ1(G,A)

ÕqÛ*Ü0Ð�Õq×3äYÌ3ÍÎÇ³ï@å.ÈWáúÈ�Ç³Ù@È�é.Æ/Ç³È�ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ
δ−1 : NGC/IGC → AG/NGAëyÇÎÌ@ÑÃûaÉ±Ï�Í�éQß}Þ�á âaÿyÑ*ÛYÌ@ï@åÊùàÛYÍÎ×3ÇÎÓYÍÎÇK{NÕq×3Ç³ËNÐàÔ"ÇÎ×

NG
ÇÎÐ.Ñ*ÛYòvÇ³È�Ì3× û

C = B/A
ÿ��

δ−1 : (b+A) + IGC 7→ NG · b+NGA.ùèÕqÐ äYÖ9È�Ì3ò{È�ÛYÏ�×IÙ3Ç³ï�å ëyÇ³ÈvÑYÈ�Ì3ÛYÔ Í³È�Ç³ï�å¢×IÉ�ËNÐ ÑYÈ�ÌIáúËNåYÍ³ÑYÈ��.ÐYÇ³È�Ì3×3å.È�ÇÎ×{é��È�ÇÎÍ�ûaÖ�ÿ�ÑYÈvÙb�QÈ�Ô"Ô�ÕNÙIûl��éK��é©°�ÿ�Ö9ÈvÙ�ÕqÏ�×0Ð¢ÛYÐ�~�Ñ.Õ$�/ÜaäYÌ�È�ÇÎÐ.È�Ð ÇÎÐ.Ñ*ÛYòvÇ³È�Ì3×@È�Ð�ÖYòvëÝé${�ËNÇÎÐ.Ñ*ÛYòvÇ³È�Ì3×@È�Ð
G
ö�ùÒË±Ñ*ÛYÍ

A
Ï�ÇÎÍÎ×^�

Ĥ−1(G,A) = Ĥ0(G,A) = 0
é�ÞIÛ.Ù�ÛYÐ.Ù@È�Ì@È�ÔÅáçÇ³Ù@Ù@È�ÐçäYÖ!È�ÌÚæAËNÔ�ËNÍ³ËNÏ�Ç³ÈèÛYÐ.Ñ¤�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È

Ù�ï@åYÍÎÇ³È/��È�ÐÊëyÇÎÌ
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
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


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Ĥp(G,Hom(A,M)) × Ĥq(G,A)
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á�Ç³È/Ù@ï@å.ËNÐ�É�ËNÌ3Ð.ÈAÖ!È�Ð±ÛY×3òv×^~¢ë�ËNÍÎÍ³È�Ð�ëyÇÎÌ�ÛYÐ¢×@È�Ì�È�ÇÎÐ.È�Ô 8
�yI.&�)Q�/J+���

G
ö�ùÒË±Ñ*ÛYÍ

A
È�ÇÎÐ.È�Ð

G
ö�ùÒË�Ñ*ÛYÍ�É�È�Ì@Ù3×@Èdö

å.È�Ð�~�ÑYÈ�ÌIÈ�ÇÎÐ.ÈÝÑYÈ�ÌyÖ9È�Ç³ÑYÈ�Ðàì
 ¢ÛYÇÎÉ�ÕqÍ³È�Ð¢×@È�ÐX£�ÈvÑ*ÇÎÐYÏ�ÛYÐYÏ�È�ÐàÈ�Ì,ÜoäYÍÎÍÎ×^�



ûaÇ�ÿÚÆ/Ç³È�ÒAÓ9È�Ì�Õq×3Ç³ËNÐ
G×A→ A

Ç³Ù@×
Ù3×@È�×3ÇÎÏP~YëlÈ�ÐYÐàëyÇÎÌ
A
Ô"ÇÎ×
ÑYÈ�ÌIÑ*Ç³Ùd{�Ì@È�×@È�Ð���ËNÓ9ËNÍ³ËNÏ�Ç³ÈÝÉ�È�Ì@Ù@È�å.È�ÐQé

ûaÇÎÇ�ÿ
A =

⋃

U�G ½l¾F´Vµ A
U

á�Ç³È6Ù@ï�å.ËNÐóÜoäYÌ
i < −1

É�ËNÌ3Ð.È6Ö9È�Ô�È�Ìd{�×^~0ÖYÇÎÍ³ÑYÈ�ÐãÑ*Ç³È
Ĥi(G/U,AU )

ÕqÛ.ï@åóÜoäYÌ
i = −1, 0

É�Ç ÕÒÑYÈ�Ì
Æ=È�Ï�Õq×3Ç³ËNÐÒÈ�ÇÎÐ6ÓYÌ@Ëqý,È/{�×3ÇÎÉ�ÈvÙ³�B�*Ù3×@È�Ô é
���9�=���=�Bó���áv�zyb� Þ � Þ �9�s�������

G
*9)dE����98,%'�R<�#¥UT�98

A
���5�`8
��Ic&�)Q�/J+��)

G
ZV>XE�8
UB% oZl ��)\8��cbt�P�V��)Q���¢8
�V� ��Õq×@Èdö�AËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ!È�Ð �.NT)

i ≤ 0
8
UB)d<�#
Ĥi(G,A) = lim←−

U�G {h| u p
Ĥi(G/U,AU ),

L EBOQ���38B��)3*9)dEl¡n��&FJ=��C
� E �54}�.I³C��=!\8���) ¿ �5À?!GJ=�RE
�vA����9E
4�4}��� L �5)l8$-tUT�98��.NT) i > 0
8
UT)l<�#

Ĥi(G,A) = H i(G,A),

L EBOQ���s)Q�d<�#TJ5I�8
�V��A�� L ($#��P%;�=</#:�	��E$#TE
4HE
%KEQA
�V��I�J+�.#TJDÇ+C.A
% o CFE
).#:��)��MAB��)ªm	O.In<�#��P�=JRJ È o
���9�=���=�:ô���áv�zyb� Þ � Þ �9�s�������

G
�/���0�2*9)dE����98,%'�R<�#:�gW2)�U^*�*,��UB�98

A
���5��8G�yI.&�)d�nJ+��)

G
Z+>XE^8
UT% o ¿ �V�.In�/)ª#:��� a"JÍ³È�É�È�Í öV{�ËNÔ"Ó�Õ${�× -?�/!G%�%'IX��)�4��=J��/���0�/)\6/UBI/�[Jy6/%;�=<�#,��� ¼ E.*:E
%KEQA
�V�XC$��).In��#:���ð��I�J5-�I/Ej8[!da

AU
&$E
4D*:!
&FJ�UB�08

H�!
UBI/8[E
)5�2I/</#S�yI/JP��NB)�!
%5%É��Ed�D���0�������9J+��)=AG).U�*[*,���
U ≤ G o

ùÊÇÎ×3åYÇÎÍ ÜgÈ Ñ*Ç³ÈvÙ@È�Ì ��Û.Ù�Õq×3ò�ÜgËNÌ@ÑYÈ�Ì3ÛYÐYÏÃÕqÐãÑ*Ç³È
G
ö�ùÒË�Ñ*ÛYÍÎÐ ëlËNÍÎÍ³È�Ð ëyÇÎÌ�Ñ*Ç³È�z¯�YÕ${�×3å.È�ÇÎ×�ÑYÈvÙ"ÓYÌ@Ëqý3È/{±×3ÇÎÉ�È�Ð�QÇÎÔ�ÈvÙIÈ�Ì3Ì@È�Ç³ï@å.È�ÐQé

���9�=���=�n`�� ö �B�Â�hâ������/�
G
*0)lE��/�98:%;�=<�#fUB�98

A
�/����%É��C$��%;ZV&$EG4�*,!$&FJ+��)

G
Z+>XE^8
UT% o ¿ !G�P���yI/J���NB) i ≤ 0

8
�V�¼ !GJ+��ZR��E$#TE
4HE
%KEQA
�V�RA
)�U^*�*,�
Ĥi(G,A)

�������2*0)lE��/�98:%;�=<�#,�gW2).U�*[*,� o
A �CB�� Þ ä[� ø?äYÌ�ý,ÈvÑYÈvÙ

G/U
×3Ì�ÕqÏ�È�Ð Ñ*Ç³È���È�×3×@È�Ð

Fn ⊗G/U A
U ÖYòvëÝé HomG/U (F0, A)

ÇÎÐèÐ�Õq×3äYÌ3ÍÎÇ³ï@å.È�Ì
áúÈ�Ç³Ù�È/È�ÇÎÐ.È/É�ËNÐ

AU
{�ËNÔ"Ô�È�Ð.ÑYÈª{�ËNÔ"Ó�Õ${�×@ÈAÛYÐ.ÑÚæ=ÕqÛ.Ù@ÑYËNÌl¦-Ù@ï@å.Èª��ËNÓ9ËNÍ³ËNÏ�Ç³È�éYÆ/Ç³È7�9�B{�È�Í9ÖYÇÎÍ³ÑYÈ�Ð6Ñ.ÕqÌ3ÇÎÐ ÕqÍ³Ù��È�Ì3Ð6È�ÇÎÐ.ÈvÙ�Ù3×@È�×3ÇÎÏ�È�Ð6æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù
È�ÇÎÐ.È�ÕqÖYÏ�ÈvÙ@ï�åYÍ³Ë�Ù@Ù@È�Ð.Èª|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9ÈG~YÙ3ÇÎÐ.ÑØÑ.ÕqÔ"ÇÎ×
ÕqÍ³Ù@Ë�{�ËNÔ"Ó�Õ${�×

ÛYÐ.ÑÊæ/ÕqÛ.Ù@ÑYËNÌl¦-Ù@ï�åQéYø.È�Ì3Ð.È�Ì
ÖYÍ³È�ÇÎÖ9È�ÐÊÑ*Ç³ÈvÙ@È	z�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×@È�ÐèÕqÛ.ï@å ÛYÐ±×@È�ÌIÑYÈ�Ì
Ë$¦-È�Ð.È�Ð���Ì@Ëqý3È/{±×3Ç³ËNÐ
Zykel �

Zykel/Ränder
È�Ì3å�ÕqÍÎ×@È�Ð�~.ë�ËNÌ�ÕqÛ.ÙAÑ*Ç³È��IËNÔ"Ó�Õ${�×3å.È�ÇÎ×AÉ�ËNÐ

Ĥi(G/U,AU )
ÜaäYÌAÕqÍÎÍ³ÈWË$¦9È�Ð.È�ÐfÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì

U �G
ÜgËNÍÎÏ�×{é

ø.È�Ì3Ð.È�Ì�ëyÇ³Ù@Ù�È�Ð ëyÇÎÌ^~-Ñ.Õ$�
(G : U)Ĥi(G/U,AU ) = 0

Ï�ÇÎÍÎ×{éQÆ�ÕqÔ"ÇÎ×ÝÇ³Ù3×
Ĥi(G/U,AU )

È�ÇÎÐ.È_{�ËNÔ"Ó�Õ${¢ö
×@ÈG~�æ=ÕqÛ.Ù@ÑYËNÌl¦-Ù@ï@å.ÈG~�ÕqÖ9È�Í³Ù@ï�å.ÈS��ËNÌ@Ù3Ç³ËNÐ.Ù@Ï�Ì3ÛYÓYÓ!È�é�áçÇÎÌ ò{È�ÇÎÏ�È�Ð Ï�Í³È�Ç³ï@å�~�Ñ.Õ$�úÙ3Ç³ÈÚÑ.ÕqÐYÐóÓYÌ@Ë±È�Ð.Ñ*ÍÎÇ³ï�å Ç³Ù3×{é�Æ�Õ
ÓYÌ@Ëqý3È/{�×3ÇÎÉ�È7�-ÇÎÔ"ÇÎ×@ÈvÙ
É�ËNÐÊÓYÌ@Ë±È�Ð.Ñ*ÍÎÇ³ï�å.È�Ðèõ/Ì3ÛYÓYÓ9È�Ð ÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@åàÙ@ÇÎÐ.Ñ�~*ÜoËNÍÎÏ�×
Ñ*Ç³È�ÞIÛ.Ù@Ù�ÕqÏ�È�é��È�Ç

H
È�ÇÎÐ.È�{�ËNÔ"Ó�Õ${±×@ÈG~!æ=ÕqÛ.Ù@ÑYËNÌl¦9Ù�ï@å.ÈG~-ÕqÖ!È�Í³Ù�ï@å.È���ËNÌ@Ù3Ç³ËNÐ.Ù3Ï�Ì3ÛYÓYÓ9ÈG~9Ñ*Ç³ÈWÙ@Ç³ï@å ÕqÍ³Ù=ÕqÖ.Ù@×3Ì�Õ${±×@È"õ/Ì3ÛYÓYÓ9È

Ù�ï@åYÌ@È�ÇÎÖ9È�ÐãÍ ì$��×ØÕqÍ³Ù
H =

⊕

i∈I < hi >
é�ø�äYÌÝý,ÈvÑYÈ È�Ð.Ñ*ÍÎÇ³ï�å.È���È�ÇÎÍÎÔ�È�ÐYÏ�È

J ⊆ I
Ç³Ù3×�Ñ*Ç³ÈS|AÐ¢×@È�Ì3Ï�Ì3ÛYÓ*ö

Ó9È ⊕

i∈I\J < hi >
Ë$¦-È�Ð�~-Ñ.ÕØÇÎåYÌª�AËNÔ"ÓYÍ³È�Ô�È�Ð¢× È�ÇÎÐ.È È�Ð.Ñ*ÍÎÇ³ï@å.ÈG~�ÕqÍ³Ù@Ë�ë�È�Ï�È�ÐôÑYÈ�Ì�æ/ÕqÛ.Ù@ÑYËNÌl¦-È�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×

ÕqÖYÏ�ÈvÙ�ï@åYÍ³Ë�Ù@Ù@È�Ð.ÈG~-ùÒÈ�ÐYÏ�È Ç³Ù3×{é!Æ/Ç³ÈvÙ@È ùàÈ�ÐYÏ�È�ÐèÖYÇÎÍ³ÑYÈ�ÐúÈ�ÇÎÐ.È�|IÔ"Ï�È�ÖYÛYÐYÏ�Ù@Ö�ÕNÙ3Ç³ÙÝÑYÈ�Ì
0
Ö9ÈvÙ3×@È�å.È�Ð.Ñ ÕqÛ.Ù	Á/ËNÌ,ö

Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì3Ð�~�ëlÈvÙ3å�ÕqÍÎÖ
H
ÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@åàÇ³Ù3×{é

2

ê�Ô ø.ËNÍÎÏ�È�Ð.ÑYÈ�Ð�Ù@È�Ç
Ĥi(G,A)

ÜoäYÌ
i ≤ 0

Ù@×@È�×@Ù�Ô"ÇÎ×�Ñ*Ç³ÈvÙ@È�Ì�{�ËNÔ"Ó�Õ${�×@È�Ð"ÛYÐ.ÑÝÜoäYÌ
i > 0

Ô"ÇÎ×�ÑYÈ�Ì0Ñ*Ç³Ùd{±Ì@È�×@È�Ð��ËNÓ!ËNÍ³ËNÏ�Ç³È�ÕqÛ.Ù3Ï�ÈvÙ3×�Õq×3×@È�×{é
Æ=Õ�ÇÎÔ ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�ÐôòvÛúÈ�ÇÎÐ.È�ÌÝÈ��YÕ${�×@È�ÐÂ��Èn ¢Û.È�ÐYò

0 → A → B → C → 0
ÐYÇ³ï@å±×�ÕqÛ.ï@å

0 → AU →
BU → CU → 0

È��YÕ${�×yÇ³Ù3×�û�ÜoäYÌ
Ë$¦9È�Ð.È7Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì
U �G

ÿ�~.È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌyÇÎÐÊÐ.È�Ï¢Õq×3ÇÎÉ�È�ÐàÆ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.È�Ð
ÐYÇ³ï�å¢×0ËNåYÐ.È3��Û.Ù�Õq×3òvÉ�ËNÌ�ÕqÛ.Ù�Ù@È�×3òvÛYÐYÏ�È�ÐWÍ ÕqÐYÏ�ÈlÈ��YÕ${�×@Èx��Èn ±Û.È�ÐYò{È�ÐQécÆ�Õqå.È�Ì�Ç³Ù3×

Ĥ(G, ·)
{�È�ÇÎÐ�{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å.È�Ì

ø.ÛYÐ,{±×@ËNÌ{é
á�ÇÎÌ
å�ÕqÖ9È�Ð ý3ÈvÑYË±ï�åÊÑ.ÕNÙ�ÜgËNÍÎÏ�È�Ð.ÑYÈ
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���\A
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Ĥ0(G,A) = AG/NGA¿ !�OQ�/�2OQ�Q6F���R<�#��0�
NGA =

⋂

U�G {h| u p
NG/UA

U

8G�R� W2)�U^*[*P��8B��) ÛYÐYÇÎÉ�È�Ì@Ù@È�ÍÎÍ³È�ÐXÁAËNÌ3Ô�È�Ð oA �CB�� Þ ä[� Æ/Ç³ÈvÙ�Ç³Ù3×�È�ÇÎÐ.È
ÛYÐYÔ"ÇÎ×3×@È�ÍÎÖ�ÕqÌ@È³�IËNÐ.Ù@Èn ±Û.È�ÐYò/ÑYÈ�Ì�ÞIÐ±ëlÈ�Ð.Ñ*ÛYÐYÏ"ÑYÈvÙ�ÓYÌ@Ëqý3È/{�×3ÇÎÉ�È�Ð �-ÇÎÔ�ÈvÙ�ÕqÛ*ÜQÑ*Ç³È
È��.Õ${�×@È���Èn ¢Û.È�ÐYò�{�ËNÔ"Ó�Õ${±×@È�Ì/õ=Ì3ÛYÓYÓ!È�Ð

0→ NG/UA
U → AG → Ĥ0(G/U,AU )→ 0

é
2

áúÈ�Ð.ÑYÈ�ÐÊëyÇÎÌ
ÛYÐ.ÙyÐ±ÛYÐÊÑYÈ�Ô ülÛYÓYÓYÌ@Ë�Ñ*Û,{±×IòvÛQéYá�ÇÎÌ
ÑYÈ��.ÐYÇ³È�Ì@È�Ð
Ĥi(G,A) × Ĥq−i(G,B)

∪
−−−→ Ĥq(G,A ⊗B)

ÜoäYÌ
i ≤ 0

ÛYÐ.Ñ
q ≥ 1

ëyÇ³ÈyÜoËNÍÎÏ�×^�:��È�Ç³È�Ð
x ∈ Ĥi(G,A)

ÛYÐ.Ñ
y ∈ Ĥq−i(G,B)

é�Æ�ÕqÐYÐ�Ï�ÇÎÖY×�ÈvÙ�È�ÇÎÐ.È�ÐØË$¦-È�Ð.È�ÐÁ/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì
U �G

~.Ù@Ë"Ñ.Õ$�
y =
ÇÎÐ*Ü

(z)
ÜaäYÌ
È�ÇÎÐ

z ∈ Ĥq−i(G/U,BU )
Ï�ÇÎÍÎ×{éYáçÇÎÌIÙ@È�×3ò{È�Ð��

x ∪ y :=
ÇÎÐ*Ü

(
ÑYÈdÜ

(x) ∪ z).
Æ/Ç³ÈvÙ@ÈvÙ
Ç³Ù3×yëlÈ�Ï�È�Ð@�*Õq×3òØûl��éK��éK�^­�ÿ�ëlËNåYÍ³ÑYÈ��.ÐYÇ³È�Ì3×{é
êuÙ3×yòvÛ.Ù�ìq×3òvÍÎÇ³ï@å

A
ÕqÍ³Ù

Z
ö�ùÒË±Ñ*ÛYÍQÈ�Ð.Ñ*ÍÎÇ³ï�åÊÈ�Ì3ò{È�ÛYÏ�×^~�Ù�ËWÖYÇÎÍ³ÑYÈ�×/Ñ.ÕNÙAülÛYÓYÓYÌ@Ë�Ñ*Û,{±×IÈ�ÇÎÐ.È�ÐàÙ3×@È�×3ÇÎÏ�È�Ð æAËNÔ�Ëqö

Ô�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù{é�Æ�ÕcÜoäYÌ�Ï�È�Ð±äYÏ�×0ÈvÙ?òvÛ�ò{È�ÇÎÏ�È�Ð�~NÑ.Õ$�IÜoäYÌ0ÕqÍÎÍ³È
e ∈ Ĥq(G,A⊗B)

ÛYÐ.Ñ"ÕqÍÎÍ³È
(x, y)

ÇÎÔæ|AÌ3ÖYÇÎÍ³Ñ�É�ËNÐ
{e}
~!È�×�ë�Õ�Ô"ÇÎ×AÇÎÐ*Ü

U (z) = y
ÛYÐ.ÑÊÇÎÐ*Ü

U (f) = e
~.È�ÇÎÐ.È�Ë$¦-È�Ð.È�|AÔ"Ï�È�ÖYÛYÐYÏ

V
É�ËNÐ

x
ÇÎÐ
Ĥi(G,A)

È��*Ç³Ù3×3Ç³È�Ì3×
Ô"ÇÎ×?ÑYÈdÜ

(V )∪z = f
é�áúÈ�Ï�È�ÐWÑYÈ�Ì�È�Ð.Ñ*ÍÎÇ³ï�å.È�Ð�z�Ì3ò{È�ÛYÏ�×3å.È�ÇÎ×�É�ËNÐ

A
Ç³Ù@×�Ñ*Ç³Èlõ/Ì3ÛYÓYÓ9È

Ĥi(G/U,AU )
ÕqÍ³Ù�È�Ð.Ñ*ÍÎÇ³ï@å

È�Ì3ò{È�ÛYÏ�×@È_��ËNÌ@Ù3Ç³ËNÐ.Ù3Ï�Ì3ÛYÓYÓ9È"È�Ð.Ñ*ÍÎÇ³ï@åQé���ËNÔ"ÇÎ×=Ç³Ù3×�ÑYÈ�Ìª��È�Ì3Ð
K
ÑYÈ�Ì=Æ=È�Ï�Õq×3Ç³ËNÐ

Ĥi(G,A) → Ĥi(G/U,AU )Ë$¦-È�ÐQé.Æ�Õqå.È�Ì
Ç³Ù3×
x+K

ûgÕNÑYÑ*ÇÎ×3ÇÎÉÚÏ�ÈvÙ@ï�åYÌ3Ç³È�Ö!È�Ð�ÿ
È�ÇÎÐ.È�Ù@ËNÍ³ï@å.È�Ï�ÈvÙ3Û.ï@å±×@È�|AÔ"Ï�È�ÖYÛYÐYÏ.é
��� �!�h}���~�&�5/�C6i��&���&���#����8$'�z#���$S&���*�3 #��S�G&��0�����z��&��z$'.0&�,��C6 &
áçÇÎÌIÙ3×@È�ÍÎÍ³È�Ðv{�ÛYÌ3òÝëyÇ³ï�å¢×3ÇÎÏ�È�£�È�Ï�Ì3ÇM¦-ÈÝÑYÈ�ÌAÕqÖ.Ù3×3Ì�Õ${�×@È�Ð��=Í ÕNÙ@Ù�È�Ð,{[�NÌ3Ó!È�Ì3×3å.ÈvËNÌ3Ç³È�òvÛ.Ù�ÕqÔ"Ô�È�ÐQé
���9�=���=�nj���áv�zyb� Þ � Þ �9�s�������
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A
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G
ZV>XE�8
UB% oÇÆ! Èhp I�J

G
���98,%'�R<�#[-bInEH�0�/�P�0��� L ��) A �/���0�/� �=Í ÕNÙ�Ù@È�ÐYÔ�Ë±Ñ*ÛYÍ -9�/!
%5%'I���NB)s¡n�d8B�S�"��J+��)RA
)�U^*[*P� H ≤ G A
�5%;J+ÊÇ+� È
H1(H,A) = 0 oÇV�5� Èh¿ �V� W2).U�*[*,�

H2(H,A)
��I�J�6nw$&�%'��I/</#gCFEG�@8B��)�Y2)l8G�PUB�TA

|H| oÇlO È l ��)	�0�/�P�0��� A ��������� ø�ËNÌ3Ô�Õq×3Ç³ËNÐ.Ù3Ô�Ë±Ñ*ÛYÍ UT�98g8[!$I³1?![!G) (G,A)
���5�0� �=Í ÕNÙ�Ù@È�Ð*ÜoËNÌ3Ô�Õq×3Ç³ËNÐ -9�/!
%5%'I¯��NT)¡n�d8B�.I³1?![!
)

V � U
El�D������)S���9J+��)=AG).U�*[*,���¥CFE
�

GÇ+� È 8
�V�}W2)�U�*[*,�
H1(U/V,AV )

J=).�5C^�R!
%���I�J5-
ÇV�5� È UB�08g���5� p I/E
4HE
)+*�#���I.4�UBI

�5�PC
U/V : H2(U/V,AV )→

1

(U : V )
Z/Z

A��RA���OQ���X�yI/J5-�I/E�8[!da}�.NT)�¡^�d8��ªEl�D�/�0� ����J+�/)=A
)�U�*[*,�
W �U

C$E
�
G
4��5J

W ≤ V
8�!$I ¿ �=!^AG)l!
4�4

H2(U/V,AV ) oqpsr−−−→ H2(U/W,AW ) tUusv−−−→ H2(V/W,AW )

owp��




y oqp��




y oqp��




y

1
(U :V )Z/Z � p��>� � v o { p−−−−−→ 1

(U :W )Z/Z
·(U :V )
−−−−→ 1

(V :W )Z/Z&$E
4�4�UTJV![J=��C���I�J o¿ !$IY8
UT)l</#��5�PC
U/V (uU/V ) = 1

(U :V ) +Z
�/���98B��UTJ=�KA_OQ�.I/J=��4�4_J+�xe2%K��4}���9J

uU/V ∈ H
2(U/V,AV )

#:��� a"J
øYÛYÐ.Ñ.ÕqÔ�È�Ð¢×�ÕqÍK{�Í ÕNÙ@Ù@È o
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��È�Ç

G
È�ÇÎÐ.ÈÝÕqÖ!È�Í³Ù�ï@å.È�×@ËNÓ9ËNÍ³ËNÏ�Ç³Ù@ï@å.È õ/Ì3ÛYÓYÓ9È�é

���9�=���=�nk���áv�zyb� Þ � Þ �9�s� ¿ �V��!BOQ��%'I/<�#:�vW2).U�*[*,�
G∨ := Hom vc¢Pus¢ o £ (G,R/Z)C
��)cI^�.#:����4��=Js8���)ª&$EG4�*,!$&FJ=ZuEd�D���0��� ¼ E.*:E
%KEQA
�V�7#:��� a"J28
�V� ülå�ÕqÌ�Õ${�×@È�Ì3Ï�Ì3ÛYÓYÓ!È OQ6 L o 8[!$I ��ËNÐ±×3Ìoý3ÕqÏ�ÇÎÐ*ö�Æ/Û�ÕqÍC$E
�

G o
êuÙ3×

G
È�ÇÎÐ.È�Ñ*Ç³Ùd{±Ì@È�×@È���ËNÌ@Ù3Ç³ËNÐ.Ù3Ï�Ì3ÛYÓYÓ9ÈG~�Ù�Ë Ï�ÇÎÍÎ×IË$¦9È�Ð.Ù@Ç³ï@å¢×3ÍÎÇ³ï�å

G∨ = Hom(G,Q/Z).
áçÇÎÌ
Ù@È�×3ò{È�Ð

G∗ := Hom(G,Q/Z).�±×�Õq×3×�È�ÇÎÐ.È�ÌÝÕqÖ9È�Í³Ù@ï@å.È�Ðôõ/Ì3ÛYÓYÓ9È�{[�NÐYÐ.È�ÐèëyÇÎÌ=Ð�Õq×3äYÌ3ÍÎÇ³ï@åôÕqÛ.ï�å È�ÇÎÐ.È�Ð
G
ö�ùÒË�Ñ*ÛYÍ

A
Ö9È�×3Ì�ÕNï@å±×@È�ÐQéQÆ�ÕqÐYÐàÇ³Ù@×

ÕqÛ.ï�å
A∗ Ô"ÇÎ×IÈ�ÇÎÐ.È�Ì G ö�ùÒË±Ñ*ÛYÍ³Ù3×3Ì3Û,{�×3ÛYÌAÕqÛ.Ù3Ï�ÈvÙ@×�Õq×3×@È�×^~.É�Ç Õ (g.f)(a) := f(g−1.a)

é
Æ/È�Ì�æ/ÕqÛYÓY×@Ù�Õq×3òÒÑYÈ�Ìg��ËNÐ±×3Ìoý3ÕqÏ�ÇÎÐ.Ù@ï�å.È�Ð+Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù3×3å.ÈvËNÌ3Ç³ÈÒÖ!ÈvÙ�ÕqÏ�×�Ñ*Ç³È�z¯�*Ç³Ù3×@È�ÐYòÒÈ�ÇÎÐ.ÈvÙ}{�ÕqÐ.ËNÐYÇ³Ù@ï@å.È�Ð

ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù
G→ (G∨)∨, g 7→

(

f : Hom ¤h¥ ´ ¥ ¸§¦ (G,R/Z)→ R/Z, f(φ) := φ(g)
)

.

ÆAÇ³È���Û.ËNÌ@Ñ*Ð¢ÛYÐYÏ
G 7→ G∨ å�Õq×yÜoËNÍÎÏ�È�Ð.ÑYÈ�z�ÇÎÏ�È�Ð.Ù@ï@å�ÕcÜo×@È�Ð��

•
Ñ*Ç³Ùd{�Ì@È�×@ÈÝÕqÖ!È�Í³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9È�Ð

7→
{�ËNÔ"Ó�Õ${�×@È�ÕqÖ9È�Í³Ù@ï@å.ÈWõ=Ì3ÛYÓYÓ!È�Ð�~

•
Ñ*Ç³Ùd{�Ì@È�×@ÈÝÕqÖ!È�Í³Ù@ï�å.È7��ËNÌ@Ù@Ç³ËNÐ.Ù3Ï�Ì3ÛYÓYÓ!È�Ð

7→
ÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@å.ÈWÕqÖ9È�Í³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9È�Ð�~

•
ÓYÌ@Ë±È�Ð.Ñ*ÍÎÇ³ï�å.ÈWÕqÖ9È�Í³Ù@ï@å.È�õ/Ì3ÛYÓYÓ!È�Ð

7→
Ñ*Ç³Ùd{�Ì@È�×@ÈÝÕqÖ!È�Í³Ù@ï�å.È7��ËNÌ@Ù@Ç³ËNÐ.Ù3Ï�Ì3ÛYÓYÓ!È�Ð�~

•
{�ËNÔ"Ó�Õ${±×@ÈWÕqÖ!È�Í³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9È�Ð

7→
Ñ*Ç³Ùd{�Ì@È�×@ÈÝÕqÖ9È�Í³Ù@ï@å.ÈWõ=Ì3ÛYÓYÓ!È�ÐQé

��� �!�a¨���� �0#!3 6i$'¡%$z�S�8¡%$'©	&
�	�9
87t�B
F� Þ ���"�"���T�
��ÛYÐ�ìNï�å.Ù3×Ië�ËNÍÎÍ³È�ÐÊëyÇÎÌ
È�ÇÎÐYÇÎÏ�È�í�ËNÌ3Ö!È�Ì@È�ÇÎ×3ÛYÐYÏ�È�Ðà×3Ì@È�¦9È�ÐQé
���9�=���y��m�� A �T�h�B
8F��������������

G
�/���0�?*9)dE����08:%'�R<�#:�gW2)�U�*[*,� oÇÆ! È �����

A
���5�¢8
��Ic&�)Q�/J+��)

G
ZV>�E^8
UT%Ã-78���)\!
%ÃI

Z
Z+>XE^8
UT%2�/�98:%;�=<�#r�/)d6F��U
A[Jª�yI/J o ¿ !
���@AG�RO/J7�.Ig�/���0�\Ed�D���0�����J+��)RA
)�U^*�*,�

V ≤ G
-7InEÂ8[!Qa��.NT)f!
%5%É�S�5�

V
����J5#T!
%MJ+���0�/� Ed�D���0��� ���9J+��)=AG).U�*[*,���

U ≤ G
A
�5%;J+Ê

AU = A oÇlO È �����
U ≤ G

���5�0��Ed�D���0������J+�/)=A
)�U�*[*,�.-2UB�08
A
UT�98

B
I^���V���

G
ZV>XE^8GUB%;�,- L E�Oc��� AU = A

!
�BAB���9E
4�Z4H�/� L ��)d8�� o ¿ !G�P�gA
�5%MJ+Ê Hom(A,B)U = HomU (A,B) = Hom(A,BU ).

A �CB�� Þ ä[� ��ÛÃûgÕ�ÿlÖ!È�×3Ì�ÕNï�å¢×@È�ÐÒëyÇÎÌIÑ*Ç³È	|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È
V = {g ∈ G | ga = a ∀a ∈ A } =

⋂

a∈A

Ga =
⋂

a Z− ª0´+µ�´ «h¬ ¥ ½>« Ga.Æ/Ç³È
Ga
Ù@È�Ç³È�Ð Ñ.ÕqÖ!È�Ç-Ñ*Ç³È��±×�ÕqÖYÇÎÍÎÇ³Ù�Õq×@ËNÌ@È�ÐÊÉ�ËNÐ

a
~*Ñ*Ç³È=ëlÈ�Ï�È�ÐÊÑYÈ�ÌyÆ/Ç³Ùd{�Ì@È�×3å.È�ÇÎ×yÉ�ËNÐ

A
Ë$¦-È�Ð Ù3ÇÎÐ.Ñ-é

V
Ç³Ù3×
ÕqÍ³Ù

È�Ð.Ñ*ÍÎÇ³ï�å.È�ÌAÆ/ÛYÌ@ï@å.Ù�ï@åYÐYÇÎ×3×�ÕqÛ.ÙyÇÎåYÐ.È�ÐÊÙ@ËNÔ"ÇÎ×AÕqÛ.ï�åÊË$¦-È�ÐQé
V
È�Ì,ÜoäYÍÎÍÎ×IË$¦-È�Ð.Ù3Ç³ï@å±×3ÍÎÇ³ï@åèÑ*Ç³ÈÝø.ËNÌ@ÑYÈ�Ì3ÛYÐYÏ�È�ÐQé

ûaÖ�ÿ�Æ/Ç³ÈÝÈ�Ì@Ù3×@È�õ/Í³È�Ç³ï�åYå.È�ÇÎ×IÇ³Ù3×?{�Í ÕqÌyÛYÐ.Ñ6ëyÛYÌ@ÑYÈÝÙ@ï�å.ËNÐÊÏ�È�ò{È�ÇÎÏ�×{éYáúÈ�ÇÎ×@È�ÌIå�ÕqÖ!È�Ð ëyÇÎÌ
HomU (A,B) = {f : A→ B

æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù
| u.f(a) = f(a) ∀a ∈ A}

= {f : A→ B
æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù

| f(A) ⊆ BU} = Hom(A,BU ).
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G
���5�0�ª*9)lEF���98:%;�=</#:�fW2).U�*[*,�.-

A
�����j!
%'I

Z
Z+>XE^8
UT%3���08:%'�R<�#¥��)Q6���UGAGJ+��)\8
�yI.&�)Q��ZJ+�/)

G
ZV>XE�8
UB%'-DUT�98

B
���5�r%K��C
��%'Z+&$E
4D*:!$&$J+��)

G
ZV>XE^8GUB% o ¿ !
�P�r�yI/JD!
U,<�# Hom(A,B)

C$��).In�.#:�/�`4��5J�8B��)&
E
4D*:!$&FJ=ZlEl�D���0��� ¼ E.*,E
%MEcA
�R��%É��C$�/%'Z+&$E
4D*:!$&FJ oA �CB�� Þ ä[� ��È�Ç
U ≤ G

È�ÇÎÐ.È�Ë$¦-È�Ð.Ès|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È�écÆ/Ç³ÈvÙ@È�È�Ð±×3å�ìqÍÎ×�Ð�ÕNï�å�£�È�Ô�È�Ìd{�ÛYÐYÏ�ûl��éK��é©¨G²�ÿ-È�ÇÎÐ.È�Ë$¦9È�Ð.È|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È
V ≤ G

~�ÜaäYÌyÑ*Ç³È
Hom(A,B)V = Hom(A,BV )

Ç³Ù3×{é:�QÈ�×3òv×@È�Ì@È�ÌIðAÕqÛYÔ Ç³Ù@×yÕqÖ9È�Ì2{�ËNÔ"Ó�Õ${±×^~
Ñ.Õ�ÜoäYÌ

B
Ñ*Ç³È���È�É�È�Í ö+�IËNÔ"Ó�Õ${�×3å.È�ÇÎ×ÝÉ�ËNÌ�ÕqÛ.Ù3Ï�ÈvÙ@È�×3òv×�ëyÛYÌ@ÑYÈ�é�ÁAÛYÐÒÇ³Ù@×

Hom(A,B)U
È�ÇÎÐ.È�ÕqÖYÏ�ÈvÙ�ï@åYÍ³Ë�Ù@Ù@È�Ð.È|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9ÈÝÉ�ËNÐ

Hom(A,B)V
ÛYÐ.Ñ6Ù@ËNÔ"ÇÎ×IÙ@È�ÍÎÖ.Ù@×?{�ËNÔ"Ó�Õ${±×{é

2���9�=���y����� ö �B�Â�hâ������/�R���
A
-
B
JVE.*:E
%KEQA
��I/</#:��!�OQ��%'I/</#:�\W2)�U^*[*P���,-sUT�98v�.I	In�/�x�����fI�J+�nJ=�MA��/)­H7EG4_EG4_EG).Z*9#��yI�4�U�I

A×B
∪

−−−→ R/ZAB�RA��^OQ�/� o ¿ !
������I�Jx8G�R���5�98
U[6/�V��)�J+�ªm	O^O/��%K8
UT�BA
ψ : A→ B∨, a 7→ (b 7→ a ∪ b)�/���fI�J+�/J=�KA���)®H7E
4HE
4HE
)+*�#���I.4�UBI oA �CB�� Þ ä[� ÆAÇ³È�æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³ÈvÈ�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×/Ç³Ù3×?{�Í ÕqÌ{é9��È�Ç

a ∈ ψ−1([K,U ])
~�ëlËNÖ9È�Ç

[K,U ]
Ô"ÇÎ×

K ⊆ B{�ËNÔ"Ó�Õ${�× ÛYÐ.Ñ
U ⊆ R/Z

Ë$¦9È�Ð+Ñ*Ç³È ùÒÈ�ÐYÏ�ÈúÕqÍÎÍ³È�Ì Ù3×@È�×3ÇÎÏ�È�Ð+æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
B → R/Z

Ù�È�ÇV~�Ñ*Ç³È
K
ÇÎÐ
U
ÕqÖYÖYÇÎÍ³ÑYÈ�ÐQéyÆ/Ç³ÈÒùàÈ�ÐYÏ�È

V := {b ∈ B | a ∪ b ∈ U}
Ç³Ù3×ÚË$¦-È�Ð�ÇÎÐ

B
ÛYÐ.Ñ�ÛYÔ ÜgÕ$��×

K
éxz�Ù

Ï�ÇÎÍÎ×^�
a ∈ ψ−1([V,U ]) ⊆ ψ−1([K,U ])

ébÁAÛYÐ(Ç³Ù3×�ÕqÖ9È�Ì
ψ−1([V,U ])

Ï�Í³È�Ç³ï@åóÑYÈ�Ì���Ì@Ëqý,È/{�×3Ç³ËNÐ ÕqÛ*Ü
A
É�ËNÐ

(∪−1(U)) ∩ (A × V )
~!ÕqÍ³Ù@Ë�È�ÇÎÐ.ÈWË$¦9È�Ð.È�|IÔ"Ï�È�ÖYÛYÐYÏ�É�ËNÐ

a
~.Ñ*Ç³ÈÝÏ¢ÕqÐYòWÇÎÐ

ψ−1([K,U ])
ÍÎÇ³È�Ï�×^~�ëlËNÌ�ÕqÛ.Ù/Ñ*Ç³È�±×@È�×3ÇÎÏG{�È�ÇÎ×IÜoËNÍÎÏ�×{é

2���9�=���y�PÅ�� ö �B�Â�hâ������/�R���
A,A′, B,B′

!�OQ��%'I/<�#,��JVE.*:E
%KEQA
��I/</#:�jW2)�U^*[*P��� o Ë"��).����)\In���s�/E
%kA����08��.I ¿ �=!
ZAG)l!
4�4¬&$E
4�4�UTJV!GJ=�5Cn-sUT�98g!
%5%K�ªm	O^O��5%K8
UB�TA����XIn���V���XI�J+�nJ=�MA�Ê
A′ × B′ ∪

−−−→ R/Z

φ





y

ψ

x









y
δ

A × B
∪

−−−→ R/Z¿ !
�P�h��).#T!
%MJ+��� L ��)�8G�R�ª��E
4�4�UTJV!GJ=�5C^�=JV�GJtC$E
�0Ê
A′ −−−→ B′∨

φ





y





y

f 7→δ◦f◦ψ

A −−−→ B∨

A �CB�� Þ ä[� Æ=ÕNÙ
Í ì$��×IÙ3Ç³ï@åàÑ*ÇÎÌ@È/{±×yÐ�ÕNï�åYÌ@Èvï@åYÐ.È�ÐQé
2

áv�B
}áS�"âPß Þ �^ã:�^ä�ä^â:�^å�í0�9�°¯vâ	F:âz±9âP�¥âTë.�sâ:�^�
Æ=È�Ì�ò{È�Ð±×3Ì�ÕqÍ³È�Æ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�Õq×3ò"ÜoäYÌÝÈ�Ð.Ñ*ÍÎÇ³ï@å.È�õ/Ì3ÛYÓYÓ!È�ÐôÇ³Ù3×�ÑYÈ�Ì�ÜoËNÍÎÏ�È�Ð.ÑYÈ}�*Õq×3ò�É�ËNÐ ?7!$&$!GwG!G4_!GZ ¼ !GJ+� ûaÉ�Ï�Í�é
ßkÁ	�±á�â+~P��å.ÈvËNÌ@È�Ô ­*éK��éjþ�ÿdé
���9�=���y�,ó��KJ�â:�^å,�������

G
�������Â���08:%'�R<�#:�¤W2)�U�*[*,�¥UB�08

C
���5�ð��%M!$I.In����4_E�8
UB% o-l ���=J+��)rOQ�Q6F���R<�#��0� γ ∈

H2(G,C)
���5�0��Ë�UT�98[!
4}����JV!G%Ã&�%K!$I.In� o ¿ !
�P�h%;�V�5�n�/)�J���NT)H�/���0�/�r!
%'I Z

Z+>XE^8
UT%x���98,%'�R<�#@�/)d6F��U
A[J+���ÂUT�98
Z
Z��)Q���R�/�

G
Z+>XE^8
UT%

A
8�!$I � U^*�*9)lE�8
U�&$J

Ĥi(G,Hom(A,C)) × Ĥ2−i(G,A)
∪

−−−→ Ĥ2(G,C) oqp��−−−−−−→
γ 7→ 1

|G|
+Z

1
|G|Z/Z

��NT)�!
%5%K�
i ∈ Z

��������� p InE
4HE
)+*�#���I.4�U�I
Ĥi(G,Hom(A,C)) ∼= Ĥ2−i(G,A)∨�/�98:%;�=<�#,��)�!�OQ�/%ÃIn<�#:��)\W2).U�*[*,�/� o



æIÇ³È�Ì�ëyÛYÌ@ÑYÈ�ëyÇ³ÈvÑYÈ�Ì�Ñ.ÕNÙ�Ô"ÇÎ×�ÑYÈ�Ì�ÞAÛ.Ù3ëlÈ�Ì3×3ÛYÐYÏ�Ù�ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�É�È�Ìd{�Ð¢äYÓ*Üo×@È/ülÛYÓYÓYÌ@Ë�Ñ*Û,{±×�É�È�Ì3ë�È�Ð.ÑYÈ�×/ûaÉ�Ï�Í�é
Ñ.ÕqòvÛàÑ*Ç³ÈÝÆ/Ç³Ùd{±Û.Ù�Ù3Ç³ËNÐ6ÇÎÔîÞIÐ.Ù�ï@åYÍÎÛ,�ØÕqÐX�*Õq×3ò�ûl��éK��éK�^¨�ÿ3ÿdé£�È�É�ËNÌlëyÇÎÌ�ÛYÐ.ÙlÑYÈ�Ð £�È�ëlÈ�Ç³Ù�ÑYÈvÙ3�*Õq×3ò{ÈvÙlÉ�ËNÐ Á=Õ${NÕ^�¢ÕqÔ�Õcö+��Õq×@È�ÕqÐ.Ù@ï�å�ÕqÛ.È�Ð�~¢ë�ËNÍÎÍ³È�Ð�ëyÇÎÌlÑYÈ�Ðv�*Õq×3ò�{�ÛYÌ3ò
È�ÇÎÐ.ËNÌ@Ñ*Ð.È�ÐQé
ÆAÇ³ÈWÕqÖ.Ù3×3Ì�Õ${±×@È��=Í ÕNÙ@Ù@È�Ð,{[�NÌ3Ó9È�Ì3×3å.ÈvËNÌ3Ç³ÈÝÖ�ÕqÛY×AÕqÛ*Ü�ÑYÈ�ÌIê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

(
Ì@ÈvÙ G

Hγ)∪ : Ĥq(H,Z) ∼= Ĥq+2(H,C)

û�ÜoäYÌ2|IÐ±×@È�Ì3Ï�Ì3ÛYÓYÓ!È�Ð
H
É�ËNÐ

G
ÿlÕqÛ*Ül~�Ñ*Ç³ÈAÜaäYÌ�È�ÇÎÐ.È�Ðv�=Í ÕNÙ@Ù@È�ÐYÔ�Ë�Ñ*ÛYÍ

C
Ô"ÇÎ×�øYÛYÐ.Ñ.ÕqÔ�È�Ð¢×�ÕqÍK{�Í³Ù@Ù@È

γ
Ï�ÇÎÍÎ×^~¢ëyÇ³È

ëyÇÎÌ�ÇÎÐ Ñ*Ç³ÈvÙ@È�Ô ÞAÖ.Ù@ï�åYÐYÇÎ×3×ÝÙ@È�å.È�ÐèëlÈ�Ì@ÑYÈ�ÐQé�z�Ù=Ï�È�å±×ÝåYÇ³È�Ì�Ñ.ÕqÌ3ÛYÔS~-Ñ*Ç³ÈvÙ@È"ÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ6Ï�È�Ð�ÕqÛ.È�Ì�òvÛ@{�È�ÐYÐ.È�Ð
ÛYÐ.Ñ òvÛ ÛYÐ¢×@È�Ì@Ù3Û.ï�å.È�Ð�~.ë�È�Í³ï@å.È�£�ÈvÑ*ÇÎÐYÏ�ÛYÐYÏ�È�ÐèÕqÐ

C
òvÛ Ù3×@È�ÍÎÍ³È�ÐÊÙ@ÇÎÐ.Ñ�~.Ñ.ÕqÔ"ÇÎ×Iê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È�É�ËNÌ3ÍÎÇ³È�Ï�×{é

z�ÇÎÐ.ÈWÈ�Í³È�Ï¢ÕqÐ±×@È ùàÈ�×3å.Ë�ÑYÈ�ëyÇÎÌ@ÑàÑ*ÛYÌ@ï@å ÑYÈ�Ð ���/)��n�
%5%'UT�BA$I�4_E�8
UB% Ï�È�ÍÎÇ³ÈdÜoÈ�Ì3×^~!ÑYÈ�ÐÊëyÇÎÌ/ÇÎÔîÜgËNÍÎÏ�È�Ð.ÑYÈ�ÐèÑYÈ��Yö
ÐYÇ³È�Ì@È�ÐÊÛYÐ.Ñ6ÛYÐ¢×@È�Ì@Ù3Û.ï�å.È�Ðàë�È�Ì@ÑYÈ�ÐQé
ÞIÛ.Ù3Ï¢ÕqÐYÏ�Ù@ÓYÛYÐ,{±×ÝÑYÈ�Ì	£�È�×3Ì�ÕNï@å±×3ÛYÐYÏ�È�ÐôÇ³Ù3×�Ñ*Ç³ÈH�±Û.ï@å.È"È�ÇÎÐ.ÈvÙÝùÒË�Ñ*ÛYÍ³Ù

C(γ)
~9ÑYÈ�ÌÝÈ�ÇÎÐ.È�ÐÒÉ�ËNÌ3Ï�È�Ï�È�Ö9È�Ð.È�Ð

G
ö�ùÒË�Ñ*ÛYÍ

C
Ô"ÇÎ×

γ ∈ Ĥ2(G,C)
ÛYÔ Ü�ÕNÙ@Ù@ÈG~¢Ù�ËÝÑ.Õ$�

γ
ÛYÐ¢×@È�ÌyÑYÈ�ÌlÐ�Õq×3äYÌ3ÍÎÇ³ï@å.È�Ð6ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�ÇÎÐ

Ĥ2(G,C(γ))ÕqÛ*Ü�Ñ*Ç³È7ÁAÛYÍÎÍ-Ï�È�å¢×{é
2
ö+�AËNòn�B{�È�ÍÎÐÒÇÎÐ

Ĥ2(G,C)
È�Ì,ÜoäYÍÎÍ³È�Ð

ρc(σ, τ) − c(ρσ, τ) + c(ρ, στ) − c(ρ, σ) = 0,

ë�ìqåYÌ@È�Ð.ÑÊÈ�ÇÎÐ
2
ö+�AËNÌ�ÕqÐ.Ñ

c(σ, τ)
òvÛÊÈ�ÇÎÐ.È�ÔîÏ�ÈvÈ�ÇÎÏ�Ð.È�×@È�ÐàùÒË�Ñ*ÛYÍQÑ*ÛYÌ@ï@åàÈ�ÇÎÐ.È�õ/Í³È�Ç³ï@å±ÛYÐYÏØÑYÈvÙY�s�±Ó.Ù

c(σ, τ) = σb(τ)− b(στ) + b(σ)

Ï�È�Ï�È�Ö9È�ÐÊÇ³Ù@×{éYá�ÇÎÌAÙ@È�å.È�Ð ÜoäYÌIÈ�ÇÎÐ.È�Ð
2
ö+�IËNòn�T{�È�Í0Ñ*ÛYÌ@ï@åh��È�×3ò{È�ÐÊÉ�ËNÐ

ρ = σ = 1
~.Ñ.Õ$�

c(1, τ) = c(1, 1)
Ç³Ù3×^~

ÛYÐ.Ñ6ÜaäYÌ
È�ÇÎÐ.È�Ð
2
ö+�AËNÌ�ÕqÐ.Ñ�~�Ñ.Õ$�

c(1, τ) = 1.b(τ)− b(τ) + b(1) = b(1)
Ï�ÇÎÍÎ×{é

ê�Ô ø.ËNÍÎÏ�È�Ð.ÑYÈ�ÐôÙ�È�Ç
c(σ, τ)

È�ÇÎÐÒí�È�Ì3×3Ì@È�×@È�Ì�É�ËNÐ
γ
é�áçÇÎÌ=ëlÈ�Ì@ÑYÈ�Ð Ð±ÛYÐúÑYÈ�Ð ����)��n�
%5%'UT�BA$I�4HE^8
UT%

C(γ)
Ù�Ë

ÑYÈ��.ÐYÇ³È�Ì@È�Ð�~�Ñ.Õ$��Ñ.ÕNÙY£�ÇÎÍ³Ñ6É�ËNÐ
c(σ, τ)

ÇÎÐ
Ĥ2(G,C(γ))

ÁIÛYÍÎÍQÇ³Ù@×^�
C(γ) := C ⊕B := C ⊕

⊕

16=σ∈G

bσ

B
Ç³Ù@×�ÕqÍ³Ù@Ë�Ñ*Ç³È
ÜoÌ@È�Ç³ÈAÕqÖ9È�Í³Ù@ï�å.È=õ/Ì3ÛYÓYÓ9È=ÕqÛ*Ü��B�±ÔWÖ!ËNÍ³È�Ð

bσ
ÜaäYÌ

σ 6= 1
é±Æ/Ç³È

G
ö�Þ�{�×3Ç³ËNÐ6ÕqÛ*Ü

C(γ)
ÑYÈ��.ÐYÇ³È�Ì@È�Ð

ëyÇÎÌIÛYÐ.Ù@È�Ì@È�Ô ��Ç³È�Í�È�Ð±×@Ù3ÓYÌ@Èvï@å.È�Ð.ÑÒÑ*ÛYÌ@ï@å
σbτ := bστ − bσ + c(σ, τ),

ë�ËNÖ!È�Ç
b1 = c(1, 1)

Ù@È�Ç�éz�Ù�Ç³Ù3×�Ð�Õq×3äYÌ3ÍÎÇ³ï@å�òvÛ�äYÖ!È�Ì3ÓYÌ3ä*ÜgÈ�Ð�~¢Ñ.Õ$�WÈvÙ�Ù3Ç³ï�å�ÛYÔ�È�ÇÎÐ.È
G
ö�ÞD{�×3Ç³ËNÐ�å�ÕqÐ.ÑYÈ�ÍÎ×{é±Æ�ÕNÙ�Ù@Ç³È�å¢×�Ô�ÕqÐ�ëyÇ³ÈyÜgËNÍÎÏ�×^�

1.bτ = bτ − b1 + c(1, τ) = bτ

ρ(σbτ ) = ρ(bστ − bσ + c(σ, τ))

= bρστ − bρ + bρσ + bρ + c(ρ, στ) − c(ρ, σ) + ρc(σ, τ)

= bρστ − bρσ + c(ρσ, τ) = (ρσ)bτ

Æ�ÕqÖ9È�ÇQëyÛYÌ@ÑYÈÝÑ*Ç³È	�AËNòn�B{�È�ÍÎÌ@È�Í Õq×3Ç³ËNÐÒÉ�ËNÐÊËNÖ9È�Ð Ö!È�Ð±ÛY×3òv×{éz�Ù�Ç³Ù@×}{�Í ÕqÌ^~�Ñ.Õ$�ÃÑYÈ�Ì�ùàË�Ñ*ÛYÍ
C(γ)

ëlËNåYÍ³ÑYÈ��.ÐYÇ³È�Ì3×6Ç³Ù@×^~�Ñ.ÕúÈ�ÌØÖYÇ³Ù�ÕqÛ*ÜÝê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³ÈÊÐYÇ³ï�å¢×�É�ËNÐ�ÑYÈ�Ì
ÞAÛ.Ù3ë�ÕqåYÍ
ÑYÈvÙ í�È�Ì3×3Ì@È�×@È�Ì@Ù

c(σ, τ)
É�ËNÐ

γ
ÕqÖYå�ìqÐYÏ�×{é�Æ=È�ÐYÐ Ù@È�Ç

d(σ, τ) = σc(τ) − c(στ) + c(σ)
È�ÇÎÐ

2
ö

�AËNÌ�ÕqÐ.Ñ É�ËNÐ
C
ÛYÐ.Ñ Ù�È�Ç

C̃(γ)
ÑYÈ�ÌyòvÛ

c(σ, τ) + d(σ, τ)
Ï�È�ÖYÇÎÍ³ÑYÈ�×@È��!È�Ì,ÜgìqÍÎÍÎÛYÐYÏ�Ù@Ô�Ë±Ñ*ÛYÍ�ÕqÛ*Üs�B��Ô�Ö9ËNÍ³È�Ð

b̃σ
~

Ñ.ÕqÐYÐÊëyÇÎÌ@Ñ Ñ*Ç³ÈÝê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³ÈÝÑ*ÛYÌ@ï@å
bσ 7→ b̃σ − c(σ)

Ï�È�Ï�È�Ö9È�ÐQéz�ÙIÈ�Ì3Ï�ÇÎÖY×IÙ@Ç³ï@åÊÙ@ËqÜgËNÌ3×
ÑYÈ�ÌyÜgËNÍÎÏ�È�Ð.ÑYÈ
G
ö+z�ÓYÇÎÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

φ : C(γ) = C ⊕B → IG, c 7→ 0, bσ 7→ σ − 1.



æAÇ³È�Ì�ÕqÛ.ÙIÈ�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌIÑ*Ç³ÈÝÈ��.Õ${±×@È���Èn ±Û.È�ÐYò
0 −−−→ C −−−→ C(γ)

φ
−−−→ IG −−−→ 0,

ë�ËNÖ!È�Ç9Ñ*Ç³ÈIÈ�Ì@Ù@×@ÈIÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�Ñ*Ç³ÈAÐ�Õq×3äYÌ3ÍÎÇ³ï@å.Èªz�ÇÎÐ±Ö!È�×3×3ÛYÐYÏ
C ↪→ C⊕B

Ç³Ù3×{é�áúÈ�ÇÎ×@È�Ì�å�ÕqÖ9È�Ð�ëyÇÎÌ�Ñ*Ç³ÈIÈ��.Õ${±×@È��Èn ±Û.È�ÐYò
0 −−−→ IG −−−→ Z[G]

ε
−−−→ Z −−−→ 0.

ÆAÇ³ÈvÙIÏ�ÇÎÖY×
ÑYÈ�Ð6ÜgËNÍÎÏ�È�Ð.ÑYÈ�ÐÊæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.ÙAÜaäYÌ0ý3ÈvÑYÈ	|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È
H ≤ G

ÛYÐ.Ñ�ý,ÈvÑYÈvÙ
n ∈ Z

�
δ2 : Ĥn(H,Z)

δ1−−−→ Ĥn+1(H, IG)
δ2−−−→ Ĥn+2(H,C).z�Ì
Ç³Ù3×
ÑYÈ�ÌIæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù�~�ÑYÈ�Ð ëyÇÎÌIÙ@Û.ï@å.È�Ð��

���9�=���y��ô��KJ�â:�^å,� ¿ ��)�EBO��MAB�®H7E
4HE
4HE
)+*�#���I.4�UBI
δ2 : Ĥn(H,Z)→ Ĥn+2(H,C)

��NT)����5�0���
G
ZV>XE^8GUB%

C
UT�98\���5�

γ ∈ Ĥ2(G,C)
��I�J�A��RA��^Oc���r8
UT)d<�#

β 7→
)Q�.I G

H(γ) ∪ β =: γH ∪ β.Ë"��)��0��)	I����98g�z=/UT�5CF!
%É����J+Ê
Ç+� È

C(γ)
�yI/Jb&$E$#:E
4HE
%MEcA
�yIn<�#�J=)���C^�R!
% oÇV�5� È

C
��I�J2�����S��%M!
IcIn�/�P4HE^8
UT% oÇ+���5� È

δ2
�yI/J3���5� p I/E
4HE
)+*�#���I.4�UBI o

A �CB�� Þ ä[� ��ÛYÐ�ìNï@å.Ù@×ØÌ@Èvï�åYÐ.È�ÐçëyÇÎÌØÛYÐ¢×@È�ÌÚí�È�Ì3ëlÈ�Ð.Ñ*ÛYÐYÏóÑYÈ�Ì�È���ÓYÍÎÇÎòvÇÎ×@È�Ð�£�ÈvÙ@ï@åYÌ@È�ÇÎÖYÛYÐYÏóÑYÈ�Ì�í�È�Ì3ÖYÇÎÐ*ö
Ñ*ÛYÐYÏ�Ù@å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�ÐèÐ�ÕNï@å�~�Ñ.Õ$�

δ2(1) = γH
Ç³Ù@×yÜaäYÌ

1 = 1 + |H|Z ∈ Ĥ0(H,Z)
��z�ÇÎÐf|AÌ3ÖYÇÎÍ³Ñ ÑYÈ�Ì

1ÇÎÐÚÑYÈ�ÐS²cöu�9�B{�È�ÍÎÐÚÖYòvÏ�Í�é
Z[G]
Ç³Ù3×lÏ�È�Ï�È�Ö9È�ÐÚÑ*ÛYÌ@ï@å Ñ*Ç³È

1
Ñ�ÑYÈvÙ@Ù@È�Ð\£�ÇÎÍ³Ñ�ÛYÐ¢×@È�ÌyÑYÈ�Ô ð/ÕqÐ.Ñ*å.ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù

È�Ì3Ï�ÇÎÖY×lÑYÈ�Ð
1
ö+�AËNòn�B{�È�Í�ÖYòvÏ�Í�é

IG
ÕqÍ³Ù

δ1(1)(σ) = σ−1
é
z�ÇÎÐH|AÌ3ÖYÇÎÍ³Ñ"Ñ.ÕvÉ�ËNÐ�ÇÎÐ�ÑYÈ�Ð

1
öu�9�T{�È�ÍÎÐ"ÖYòvÏ�Í�é

C(γ)
Ç³Ù3×

x(σ) = bσ
écÆ=ÈvÙ@Ù@È�Ð�£�ÇÎÍ³Ñ�ÛYÐ¢×@È�Ì0ÑYÈ�Ô5ð/ÕqÐ.Ñ*å.ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù?Ç³Ù3×

δ2◦δ1(1)(σ, τ) = σbτ−bσ,τ+bσ = c(σ, τ)
é

ÆAÇ³È�ÞIÛ.Ù@Ù�ÕqÏ�È
δ2 = γH∪

ÜgËNÍÎÏ�×
Ð¢ÛYÐÒÕqÛ.ÙD�*Õq×3òØûl��éK��éK�^¨�ÿdéz�Ù Ï�ÇÎÍÎ×
Ĥ−1(H,Z) = Ĥ1(H,Z) = 0

~
Ñ.ÕóÈvÙàÕqÛ*ÜaÏ�Ì3ÛYÐ.Ñ+ÑYÈ�Ìfz�Ð.Ñ*ÍÎÇ³ï@å,{�È�ÇÎ×ÒÉ�ËNÐ
H
{�È�ÇÎÐ.È ÐYÇ³ï@å±×,ö

×3Ì3ÇÎÉ�Ç ÕqÍ³È�Ð>æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
H → Z

Ï�ÇÎÖY×^~�ÛYÐ.Ñ+ÕqÛ,��È�Ì@ÑYÈ�Ô
NHZ = 0

Ç³Ù3×6ë�È�Ï�È�Ð>ÑYÈ�Ì êuÐNý,È/{�×3ÇÎÉ±ÇÎ×�ìq×
ÑYÈ�ÌlùÊÛYÍÎ×3ÇÎÓYÍÎÇK{�Õq×3Ç³ËNÐ�Ô"ÇÎ×

|H|
é�Æ�Õ

Z[G]
{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�åØ×3Ì3ÇÎÉ�Ç ÕqÍ.Ç³Ù3×^~qÜgËNÍÎÏ�×

Ĥn(H,Z) ∼= Ĥn+1(H, IG)
ÛYÐ.Ñ

åYÇ³È�Ì�ÕqÛ.Ù
Ĥ0(H, IG) = Ĥ2(H, IG) = 0

é9��ËNÔ"ÇÎ×AÈ�Ì3å�ÕqÍÎ×@È�ÐÒëyÇÎÌIÑYÈ�Ð ÜgËNÍÎÏ�È�Ð.ÑYÈ�Ðf��È�ÇÎÍ?È�ÇÎÐ.È�ÌIÍ ÕqÐYÏ�È�ÐÒÈ��.Õ${±×@È�Ð��Èn ±Û.È�ÐYò
0→ Ĥ1(H,C)→ Ĥ1(H,C(γ))→ Ĥ1(H, IG)→ Ĥ2(H,C)→ Ĥ2(H,C(γ))→ 0, (∗)

ÑYÈ�ÐÊëyÇÎÌ
òvÛYÔ¬£�È�ëlÈ�Ç³ÙAÑYÈ�Ì�²? ¢ÛYÇÎÉ�ÕqÍ³È�ÐYò{È�ÐÊå.È�Ì�ÕqÐYòvÇ³È�å.È�ÐQé
(i) ⇒ (ii)

�!ê�Ù3×
C(γ)

{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�åè×3Ì3ÇÎÉ±Ç ÕqÍV~.Ù�Ë ÜoËNÍÎÏ�×/ÕqÛ.Ù
(∗)
~�Ñ.Õ$�

Ĥ1(H,C) = 0
Ç³Ù3×^~YÛYÐ.ÑàÑ.Õ$�

δ2ÛYÐ.Ñ�Ù@ËNÔ"ÇÎ×�ÕqÛ.ï@å
δ2 : Ĥ0(H,Z)→ Ĥ2(H,C)

È�ÇÎÐØê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù�Ç³Ù3×{é±Æ�Õqå.È�ÌlÇ³Ù3×
C
È�ÇÎÐ �=Í ÕNÙ@Ù@È�ÐYÔ�Ë�Ñ*ÛYÍ�é

(ii) ⇒ (i)
��êuÙ3×

C
È�ÇÎÐ¤�=Í ÕNÙ@Ù�È�ÐYÔ�Ë±Ñ*ÛYÍV~�Ñ.ÕqÐYÐ Ç³Ù3×�Ð.ËN×�ëlÈ�Ð.Ñ*ÇÎÏ

δ2 : Ĥ1(H, IG) → Ĥ2(H,C)
È�ÇÎÐ

ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù^~?ëlÈvÙ3å�ÕqÍÎÖ÷ë�È�Ï�È�Ð
(∗) Ĥ1(H,C(γ)) = Ĥ2(H,C(γ)) = 0

Ç³Ù3×{é?æIÇ³È�Ì�ÕqÛ.Ù Ù@ï�åYÍÎÇ³È/��È�Ð÷ëyÇÎÌ
Ô"ÇÎ×3×@È�Í³Ùª�*Õq×3òØûl��éK��é©��ÿ�Ñ*Ç³È	{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù�ï@å.È��QÌ3ÇÎÉ�Ç ÕqÍÎÇÎ×�ìq×IÉ�ËNÐ

C(γ)
é

ÆAÇ³È®²? ±ÛYÇÎÉ�ÕqÍ³È�ÐYòÝÉ�ËNÐ
(ii)
ÛYÐ.Ñ

(iii)
È�Ì3Ï�ÇÎÖY×
Ù3Ç³ï�å Ù@ËqÜgËNÌ3×IÕqÛ.ÙY£�È�×3Ì�ÕNï@å¢×3ÛYÐYÏ�ÑYÈ�ÌyòvÛ

0→ C → C(γ)→
IG → 0

Ï�È�åP�NÌ3ÇÎÏ�È�ÐàÍ ÕqÐYÏ�È�ÐÊÈ��.Õ${±×@È�ÐX��Èn ±Û.È�ÐYò�é
2z�ÇÎÐ.È�Ð È�Ì@Ù3×@È�Ð¥��ï@åYÌ3ÇÎ×3×ÝÕqÛ*ÜlÑYÈ�Ô áúÈ�Ï�òvÛYÔè�*Õq×3ò É�ËNÐXÁ=Õ${�Õn�¢ÕqÔ�Õcö+��Õq×@È ÖYÇÎÍ³ÑYÈ�×�Ñ.ÕNÙAÜgËNÍÎÏ�È�Ð.ÑYÈ���È�Ô"Ô�Õ

ûaÉ�Ï�Í�éQßkÁ	�±áãâ+~,��Ì@ËNÓ!Ë�Ù3ÇÎ×3Ç³ËNÐX­*éK��éK�&ÿ��



���9�=���y��`�� ö �B�Â�hâ������/�
G
�/���0� ���98:%;�R<�#:�vW2)�U�*[*,�HUB�98

A
�/���

G
Z+>XE^8
UT% o ¿ !
���h%'�V�5�^��)/J��.NT)H!
%5%K� i ∈ Z8�!$I � U^*�*9)lE�8
U�&$J

Ĥi(G,A∗)× Ĥ−i−1(G,A)
∪

−−−→ Ĥ−1(G,Q/Z) = 1
|G|Z/Z�/���0�/� p InE
4HE
)+*�#���I.4�U�I

Ĥi(G,A∗) ∼= Ĥ−i−1(G,A)∗.

A �CB�� Þ ä[� ��ÛYÐ�ìNï�å.Ù3×�Ö9ÈvÙ@ï@åYÌ@È�ÇÎÖY×"Ô�ÕqÐ÷ÜoäYÌ
i = 0

ÑYÈ�Ð êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù
Ĥ0(G,A∗) ∼= Ĥ−1(G,A)∗Ñ*ÇÎÌ@È/{�×{é*Æ�ÕqÐYÐØÉ�È�Ì3ë�È�Ð.ÑYÈ�×
Ô�ÕqÐ�Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.Ù@É�È�Ì@Ù@ï@åYÇ³È�ÖYÛYÐYÏ�ÛYÐ.ÑÚÑYÈ�ÐS�*Õq×3ò�ûl��éK��éK�^¨�ÿ�~±ÛYÔ Ñ.ÕNÙ�ðIÈvÙ@ÛYÍÎ×�Õq×�ÜoäYÌ

ÕqÍÎÍ³È
i ∈ Z

òvÛÊÈ�Ì3å�ÕqÍÎ×@È�ÐQé.Æ/Ç³ÈÝÆ=È�×�ÕqÇÎÍ³Ù
ÑYÈvÙD£�È�ë�È�Ç³Ù@ÈvÙIÙ@ÇÎÐ.ÑÚÇÎÐúßkÁª�±á�â+~9�!é��G�^­:~YÐ�ÕNï�åYòvÛYÍ³ÈvÙ@È�ÐQé
2

Æ/È�ÌIÐ�ìNï@å.Ù3×@È���ï�åYÌ3ÇÎ×3×IëyÇÎÌ@Ñ6Ï�È�ÍÎÇ³ÈdÜgÈ�Ì3×IÑ*ÛYÌ@ï�å ÜgËNÍÎÏ�È�Ð.ÑYÈvÙY�QÈ�Ô"Ô�ÕÊû,ßkÁ	�±á�â+~P��Ì@ËNÓ9Ë�Ù3ÇÎ×3Ç³ËNÐf­*éK��é©¨�ÿdé
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Ĥi(G,Hom(A,C)) × Ĥ2−i(G,A)
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¶/´i^ x
 ¸kµ�^ ∨x




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Ĥ2−i(G/V,A) × Ĥi(G/V,Hom(A,CV ))
∪
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Gk
È�ÇÎÐ.ÈÊÓYÌ@Ë±È�Ð.Ñ*ÍÎÇ³ï�å.È õ=Ì3ÛYÓYÓ!È�élá�ÇÎÌØÇÎÐ.Ñ*ÇÎòvÇ³È�Ì@È�ÐçÑ*Ç³ÈèÕqÖYÏ�ÈvÙ@ï�åYÍ³Ë�Ù@Ù@È�Ð.È�Ð�ÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�ÌÚÉ�ËNÐ

Gk
Ô"ÇÎ×

ÜgËNÌ3Ô�ÕqÍ³È�ÐH���NÌ3Ó9È�Ì3Ð
GK�Gk

ÛYÐ.Ñ Ù@ï@åYÌ@È�ÇÎÖ9È�Ð ÜoäYÌ?È�ÇÎÐ.È�òvëlÈ�Ç*ÜgËNÌ3Ô�ÕqÍ³È2���NÌ3Ó9È�Ì
L|k
ÛYÐ.Ñ

K|k
Ô"ÇÎ×

GL ⊆ GKÜoäYÌWÑYÈ�ÐÉÈAÛ.ËN×3Ç³È�Ð¢×@È�Ð
G(L|K) := GK/GL

é�á�ÇÎÌWÐ.È�ÐYÐ.È�Ð(Ñ*Ç³È�ÜoËNÌ3Ô�ÕqÍ³ÈÒûaÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È&ÿ�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ
L|KÕqÖ9È�Í³Ù@ï�å ÖYòvëÝé.È�ÇÎÐ.È

p
ö+z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏP~.Ü�ÕqÍÎÍ³Ù

G(L|K)
È�ÇÎÐ.È�ÕqÖ9È�Í³Ù@ï�å.È�ÖYòvëÝé.È�ÇÎÐ.È7��Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ!ÈÝÇ³Ù3×{é

á�ÇÎÌ
Ö9È�×3Ì�ÕNï@å±×@È�ÐàÑ*Ç³È=ÜgËNÍÎÏ�È�Ð.ÑYÈ��±ÇÎ×3Û�Õq×3Ç³ËNÐ��
• (Gk, C)

Ù@È�ÇQÈ�ÇÎÐ.È��=Í ÕNÙ@Ù@È�Ð*ÜgËNÌ3Ô�Õq×3Ç³ËNÐQé
•
z�Ù�È��*Ç³Ù3×3Ç³È�Ì@È
È�ÇÎÐØÍ³È�É�È�Í öV{�ËNÔ"Ó�Õ${±×@È�Ì

Gk
ö�ùÒË±Ñ*ÛYÍ

C0 ÛYÐ.Ñ�È�ÇÎÐ {�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@å�×3Ì3ÇÎÉ�Ç ÕqÍ³È�Ì Gk ö�ùàË�Ñ*ÛYÍ X ~Ù@Ë"Ñ.Õ$��Ñ*Ç³È���Èn ±Û.È�ÐYò
1 −→C0 −→C −→X −→ 1

Ô"ÇÎ×
Ù3×@È�×3ÇÎÏ�È�ÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�ÐÒÈ��YÕ${�×
Ç³Ù3×{é



•
ø?äYÌ0ý,ÈvÑYÈ�È�Ð.Ñ*ÍÎÇ³ï�å.È�ÜgËNÌ3Ô�ÕqÍ³È7���NÌ3Ó9È�Ì@È�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

K|k
Ù@È�Ç³È�ÐÊÑ*Ç³È

G(K|k)
ö�ùÒË�Ñ*ÛYÍÎÐ

CK := CGK , IK , EK , ClK
Ï�È�Ï�È�Ö9È�Ð�~YëlÈ�Í³ï�å.È�È�ÇÎÐ.ÈÝÈ��.Õ${±×@È���Èn ±Û.È�ÐYòÝÖYÇÎÍ³ÑYÈ�Ð��

1→ EK → IK → CK → ClK → 1.
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ι
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CK ↪→ CK′
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1 −−−→ EK′ −−−→ IK′ −−−→ CK′ −−−→ ClK′ −−−→ 1
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K|k ´Vµ/¶/·WÊ IK, E = lim−→
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Ĥi(Gk(p), E(p)) ∼= Ĥ2−i(Gk(p),Qp/Zp)
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A �CB�� Þ ä[� z�Ù�Ï�ÇÎÍÎ×^�
(G/R)ab ∼= (G/R)/[G/R,G/R] ∼= G/[G,G]R

é?Æ�Õ:~QÜ�ÕqÍÎÍ³Ù
H � G

È�ÇÎÐ÷Ë$¦9È�Ð.È�ÌÁ/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì�Ç³Ù3×^~9ÕqÛ.ï@å
H[G,G]/[G,G] �G/[G,G]

È�ÇÎÐÒË$¦-È�Ð.È�Ì	ÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì=Ç³Ù3×^~�ÛYÐ.ÑèÈvÙIÛYÔ"Ï�È/{�È�åYÌ3×
òvÛÚý3ÈvÑYÈ�Ô Ë$¦-È�Ð.È�Ð�Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì

N � G/[G,G]
È�ÇÎÐ.È�ÐúË$¦-È�Ð.È�ÐhÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì

H � G
Ô"ÇÎ×

[G,G] ⊆ HÛYÐ.Ñ
N = H/[G,G]

Ï�ÇÎÖY×^~.È�Ì3Ï�ÇÎÖY×IÙ@Ç³ï@åÊÑ*Ç³È�õ/Í³È�Ç³ï�åYå.È�ÇÎ×IÉ�ËNÐ
(G/R)ab

ÛYÐ.Ñ
(Gab)(p)
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H1(GK , E) ∼= ClKUT�98 �54ÌË�!
%5%tÇuO È 6nU�In�GJy6/%;�R<�#
H1(GK(p), E(p)) ∼= ClK(p).

A �CB�� Þ ä[� áúÈ�Ï�È�Ð
lim−→
K|k

ClK = 1
Ç³Ù@×?Ñ*Ç³È?��Èn ¢Û.È�ÐYò

1→ E → I → C → 1
È��.Õ${±×{éG��Û�ÇÎåYÌ�Ö9È�×3Ì�ÕNï@å±×@È�Ð�ëyÇÎÌ

Ñ*Ç³È�Í ÕqÐYÏ�È"È��.Õ${±×@ÈH��Èn ±Û.È�ÐYò
1 → EGK → IK → CK → H1(GK , E) → H1(GK , I) = 1
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1 → EK → IK → CK → ClK → 1
~!Ù@Ë�ÜoËNÍÎÏ�×=ÑYÈ�Ì/È�Ì@Ù@×@È���È�ÇÎÍ?ÑYÈ�Ì

ÞAÛ.Ù@Ù�ÕqÏ�È�é�±ÇÎÐ.Ñ6ëyÇÎÌ
ÇÎÐ ÑYÈ�Ì³�±ÇÎ×3Û�Õq×3Ç³ËNÐ÷ûaÖ�ÿ�~.Ù@Ë Ö9È�×3Ì�ÕNï@å¢×@È�ÐàëyÇÎÌ
GK(p) = GK/(

⋂

L|K ´Vµ/¶/·WÊ p ËPÌ�«aÍ/Ê
GL) = GK/( lim←−

L|K ´Vµ/¶�·WÊ p ËaÌ�«aÍ�Ê GL).

Æ�Õqå.È�Ì
Ç³Ù@×IÕqÛ*ÜaÏ�Ì3ÛYÐ.Ñ ÑYÈvÙAÈ�Ì@Ù3×@È�ÐS��È�ÇÎÍ³Ù
H1( lim←−

L|K ´Vµ/¶/·WÊ p ËaÌ�«aÍ�Ê GL, E)(p) = lim−→
L|K ´Vµ/¶/·WÊ p ËaÌC«UÍ�Ê H

1(GL, E)(p) = lim−→
L|K ´+µ�¶/·WÊ p ËaÌC«UÍ�Ê ClL(p) = 1.

ø�ËNÍÎÏ�ÍÎÇ³ï@åàÙ�ï@åYÍÎÇ³È/��È�ÐÊëyÇÎÌ/ÕqÛ.Ù
ÑYÈ�ÌIêuÐ:Ï�Õq×3Ç³ËNÐ*ö�ðIÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐ*öu��Èn ¢Û.È�ÐYò
1→ H1(GK(p), E(p))

¸kµ�^
−→ H1(GK , E)(p)

«�´ ¤
−→ H1( lim←−

L|K ´Vµ/¶/·WÊ p ËPÌ�«aÍ/Ê GL, E)(p) = 1

Ñ*Ç³È�êuÙ@ËNÔ�ËNÌ3ÓYåYÇ³È
H1(GK(p), E(p)) ∼= ClK(p)

é
2

A �CB�� Þ äSí9�9� �����=���ÉÅPó��^� ��ÛYÐ�ìNï�å.Ù3×�È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌ=ëlÈ�Ï�È�ÐúÑYÈ�Ì	{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù�ï@å.È�ÐÂ��Ì3ÇÎÉ±Ç ÕqÍÎÇÎ×�ìq×�É�ËNÐ
XÑ*Ç³È�æAËNÔH��ËNÔ�ËNÌ3ÓYåYÇ³È

Ĥi(Gk, C) ∼= Ĥi(Gk, C
0)ÜoäYÌyÕqÍÎÍ³È

i ∈ Z
é±Æ/Ç³ÈvÙlå�Õq×�òvÛYÌ�ø.ËNÍÎÏ�ÈG~*Ñ.Õ$��Ù3Ç³ï�å�Ñ*Ç³ÈAÓYÌ@Ë�È�Ð.Ñ*ÍÎÇ³ï@å.È/í�È�Ì@Ù3Ç³ËNÐ6ÑYÈvÙ2�*Õq×3ò{ÈvÙ�É�ËNÐ\Á/Õ${�Õn�¢ÕqÔ�Õcö+�?Õq×@È

ûl��éK��é©¨G��ÿIÕqÛ.ï@åàÕqÛ*Ü
C
ÕqÐ¢ëlÈ�Ð.ÑYÈ�ÐàÍ ì$��×^~YÛYÐ.Ñ6ëyÇÎÌyÜoäYÌIÕqÍÎÍ³È

i ∈ Z
È�ÇÎÐ.È�ÐÊæAËNÔH��ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

Ĥi(Gk, C) ∼= Ĥ2−i(Gk,Z)∨

È�Ì3å�ÕqÍÎ×@È�ÐQé�Æ/Ç³È=Ï�Í³È�Ç³ï@å.È�ÐfÐAÖ9È�Ì3Í³È�Ï�ÛYÐYÏ�È�ÐàÈ�Ì3Ï�È�Ö9È�Ð ÇÎÔîø�ÕqÍÎÍ³ÈØûaÖ�ÿ�È�ÇÎÐ.È�æAËNÔH��ËNÔ�ËNÌ3ÓYåYÇ³È
Ĥi(Gk(p), C(p)) ∼= Ĥ2−i(Gk(p),Z)∨.

z�Ö!È�Ð.Ù@Ë�È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌyÜoäYÌ
È�ÇÎÐ.ÈÝÈ�Ð.Ñ*ÍÎÇ³ï@å.È�z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ
K|k
ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð

Ĥi(G(K|k), CK) ∼= Ĥ2−i(G(K|k),Z)∨,

ÕqÛ.ÙIÑYÈ�Ð.È�Ð6ëyÇÎÌIÕqÛ*Ü?Ñ*Ç³È	z�Ð.Ñ*ÍÎÇ³ï�å,{�È�ÇÎ×AÑYÈ�ÌyÍÎÇÎÐ,{�È�ÐÒõ/Ì3ÛYÓYÓ9È�Ù@ï�åYÍÎÇ³È/��È�Ð�~.Ñ.Õ�Ñ*Ç³È=Ì@Èvï@å¢×@È�ÕqÍ³Ù
Z
ö�ùàË�Ñ*ÛYÍ-È�Ð.Ñ*ÍÎÇ³ï@å

È�Ì3ò{È�ÛYÏ�×AÇ³Ù3×yÛYÐ.Ñ6É�ËNÐ
|G(K|k)|

ÕqÐYÐ¢ÛYÍÎÍÎÇ³È�Ì3×/ëyÇÎÌ@Ñ-é
á�ÇÎÌ
×@È�ÇÎÍ³È�ÐàÑ*Ç³Èª®Nö+��È�Ì3Ô�Èdöu��Èn ±Û.È�ÐYò6ûl�&ÿ�ÕqÛ*Ü0ÇÎÐ

1→ EK → IK →MK → 1



ÛYÐ.Ñ
1→MK → CK → ClK → 1.áúÈ�Ï�È�ÐàÑYÈ�ÌY{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@å.È�Ð��QÌ3ÇÎÉ�Ç ÕqÍÎÇÎ×�ìq×IÉ�ËNÐ

IK
È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIåYÇ³È�Ì�ÕqÛ.ÙyÜoäYÌ

i ∈ Z
êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð

Ĥi+1(G(K|k), EK )
∼
−→ Ĥi(G(K|k),MK )

ûR¨�ÿ
ÜoäYÌIÕqÍÎÍ³È�È�Ð.Ñ*ÍÎÇ³ï@å.È�Ðfz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð

K|k
ÇÎÔîø�ÕqÍÎÍ�ûgÕ�ÿlÖYòvëÝé�ÜoäYÌ
ÕqÍÎÍ³È�È�Ð.Ñ*ÍÎÇ³ï@å.È�Ð

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð

K|k
ÇÎÔ

ø�ÕqÍÎÍlûaÖ�ÿdé.ø.È�Ì3Ð.È�ÌAÖ!È/{�ËNÔ"Ô�È�Ð ëyÇÎÌAÑ*Ç³È�È��YÕ${�×@È���Èn ±Û.È�ÐYò
Ĥi(G(K|k),MK)→ Ĥi(G(K|k), CK )→ Ĥi(G(K|k), ClK)→ Ĥi+1(G(K|k),MK ).

ûR­�ÿ
á�ÇÎÌ
ë�ËNÍÎÍ³È�Ð ÇÎÔ ÜgËNÍÎÏ�È�Ð.ÑYÈ�Ð6ÜoäYÌIÕqÍÎÍ³È

i ∈ Z
Ñ*Ç³È7z¯�*Ç³Ù3×@È�ÐYò�È�ÇÎÐ.ÈvÙIæAËNÔH��ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù

Ĥi(Gk, C) ∼= Ĥi+1(Gk, E)

ÇÎÔ ø�ÕqÍÎÍlûgÕ�ÿ�ÖYòvëÝé*ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿ
Ĥi(Gk(p), C(p)) ∼= Ĥi+1(Gk(p), E(p))

ò{È�ÇÎÏ�È�Ð�~�ÑYÈ�ÐYÐÊÑ.ÕqÐYÐ6ÜgËNÍÎÏ�×
ÑYÈ�Ì³�*Õq×3òÝÇÎÔîø�ÕqÍÎÍ�ûgÕ�ÿ�ëlÈ�Ï�È�Ð
Ĥi(Gk, E) ∼= Ĥi−1(Gk, C) ∼= Ĥ3−i(Gk,Z)∨ ∼= Ĥ2−i(Gk,Q/Z)∨

ÖYòvëÝé�ÑYÈ�ÌAÕqÐ�ÕqÍ³ËNÏ�È�ÐàðAÈvï@åYÐ¢ÛYÐYÏØÇÎÔîø�ÕqÍÎÍlûaÖ�ÿdé
á�ÇÎÌ
Ö9È�å�ÕqÐ.ÑYÈ�ÍÎÐÊÑ*Ì@È�Ç�ø�ìqÍÎÍ³È�Ï�È�×3Ì@È�ÐYÐ±×{é
ûoê3ÿ

i = 0
� êuÐ Ñ*Ç³ÈvÙ@È�Ô ø�ÕqÍÎÍQå�ÕqÖ9È�Ð6ëyÇÎÌyÜoäYÌ�ûgÕ�ÿlÜgËNÍÎÏ�È�Ð.ÑYÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð��

Clk

Ï ´4ÐV¸§Ñ+«y½>ÐV¸ ¥ÓÒÎ¥
−−−−−−−−→ Gabk

Ô ¸k¶+Õ+¬l·
−−−−−→ H1(Gk,R/Z)∨

δ
−−→ H2(Gk,Z)∨

Ñ�«�½c´Vµ/¶/·k¸k¹=º/´4«%Ö%¬�×�¬4Ø�¬�Ù�¬ÎËPÚz¬ ¥ ´
−−−−−−−−−−−−−−−−−−→ Ĥ0(Gk, C).

ê�Ôîø�ÕqÍÎÍlûaÖ�ÿ�È�Ì3Ï�ÇÎÖY×AÙ3Ç³ï�å��
Clk(p)→ Gabk (p)→ H1(Gk(p),R/Z)∨ → H2(Gk(p),Z)∨ → Ĥ0(Gk(p), C(p)).

Æ�ÕqÖ!È�Ç-å�ÕqÖ9È�Ð ëyÇÎÌY�QÈ�Ô"Ô�Õàûl��éK��é©­�þ�ÿ�Ö!È�Ð±ÛY×3òv×{é
ùÊÇÎ×3×@È�Í³Ù��QÈ�Ô"Ô�Õ ûl��éK��é©­G°�ÿyÈ�Ì3å�ÕqÍÎ×@È�ÐàëyÇÎÌ
Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È�é

ûoê@ê3ÿ
i > 0

� z�Ð±×@Ù@ï@å.È�Ç³ÑYÈ�Ð.ÑàÇ³Ù3×^~YÑ.Õ$�
lim−→

K|k ´Vµ/¶/·WÊ H
i
(

G(K|k), ClK
)

= Hi
(

Gk, lim−→
K|k ´+µ�¶/·WÊ ClK

)

= Hi
(

Gk, 1
)

= 1

ÜaäYÌ�ûgÕ�ÿlÛYÐ.Ñ ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿlòvÛ.Ù�ìq×3òvÍÎÇ³ï�å
lim−→

K|k ´Vµ/¶/·WÊ p ËaÌC«UÍ�Ê H
i
(

G(K|k), ClK
)

= Hi
(

Gk(p), lim−→
K|k ´Vµ/¶/·WÊ p ËPÌ�«aÍ/Ê ClK(p)

)

= Hi
(

Gk(p), 1
)

= 1

Ï�ÇÎÍÎ×{é"£�ÇÎÍ³Ñ*ÛYÐYÏ ÑYÈvÙ Ñ*ÇÎÌ@È/{±×@È�Ðj�-ÇÎÔ�ÈvÙ É�ËNÐ ûR¨�ÿ�ÛYÐ.ÑçûR­�ÿÝäYÖ!È�Ì�ÕqÍÎÍ³È�È�Ð.Ñ*ÍÎÇ³ï@å.È�Ð`z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð
K|kÇÎÔ ø�ÕqÍÎÍ�ûgÕ�ÿ=ÛYÐ.ÑôÇÎÔ ø�ÕqÍÎÍ=ûaÖ�ÿ=äYÖ9È�ÌWÑ*Ç³È�È�Ð.Ñ*ÍÎÇ³ï�å.È�Ð

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐóÈ�Ì3Ï�ÇÎÖY× Ñ.ÕqÐYÐô×@ËNÓ9ËNÍ³ËNÏ�Ç³Ù@ï@å.È

êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
Hi+1

(

Gk, E
)

∼= Hi
(

Gk, lim−→MK

) ÖYòvëÝé
Hi+1

(

Gk(p), E(p)
)

∼= Hi
(

Gk(p), lim−→MK

)

ÛYÐ.Ñ
Hi

(

Gk, lim−→MK

)

∼= Hi
(

Gk, C
) ÖYòvëÝé

Hi
(

Gk(p), lim−→MK

)

∼= Hi
(

Gk(p), C(p)
)

.



ûoê@ê@ê3ÿ
i < 0

� z�Ð±×@Ù@ï@å.È�Ç³ÑYÈ�Ð.ÑàÇ³Ù3×^~YÑ.Õ$��ÇÎÔîø�ÕqÍÎÍ�ûgÕ�ÿ
lim←−

K|k ´Vµ/¶/·WÊ Ĥ
i
(

G(K|k), ClK
)

= 1

ÖYòvëÝé*ÇÎÔ ø�ÕqÍÎÍlûaÖ�ÿ
lim←−

K|k ´+µ�¶/·WÊ p ËaÌ�«aÍ�Ê Ĥ
i
(

G(K|k), ClK
)

= 1

Ï�ÇÎÍÎ×{é9Æ=ÕNÙ�Ù@Ç³È�å¢×�Ô�ÕqÐ ëyÇ³ÈWÜoËNÍÎÏ�×^�-ÞAÛ.Ù7�*Õq×3òÊûl��éK��é©­:�&ÿ/Ù@ï@åYÍÎÇ³È/��È�ÐôëyÇÎÌ�ÕqÛ*Ü�Ñ*Ç³È��IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×�ÑYÈ�Ì
Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô�È

ClK′

NK′|K
−−−−→ ClK ClK′(p)

NK′|K
−−−−→ ClK(p)

Ï ´ ÐV¸§Ñ+« 
y

Ï ´ ÐV¸§Ñ+« 
y

ÛYÐ.Ñ Ï ´4ÐV¸§Ñ+« 
y

Ï ´4ÐV¸§Ñ+« 
y

GabK′
×�¬lµ�½dµ/¸ ¤ ¹=º
−−−−−−−→ GabK GabK′(p)

×�¬lµ�½dµ/¸ ¤ ¹=º
−−−−−−−→ GabK (p)

Ô"ÇÎ×�Ù@È�Ð,{�Ì@Èvï@å±×@È�ÐØê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�ÐQé�á ìqåYÍ³È�Ð�ëyÇÎÌ
K ′|K

Ù�Ë,~�Ñ.Õ$�
G(K ′|K) = GabK

Ï�ÇÎÍÎ×^~�Ñ-é åQé
GK′ =

[GK , GK ]
~YÑ.ÕqÐYÐ Ç³Ù3×
Ñ*Ç³È	{�ÕqÐ.ËNÐYÇ³Ù@ï@å.ÈWÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏØËNÖ!È�Ð�~.Ñ*Ç³È=ÇÎÐ.Ñ*ÛYòvÇ³È�Ì3×AëyÇÎÌ@Ñ6É�ËNÐ

GK′ = [GK , GK ]→ GabK = GK/[GK , GK ],

Ñ*Ç³È¥ÁAÛYÍÎÍ ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ.éAÆ/Ç³ÈvÙàå�Õq×ÊòvÛYÌÒø.ËNÍÎÏ�ÈG~AÑ.Õ$��ÇÎÐHÑ*Ç³ÈvÙ@È�Ô ø�ÕqÍÎÍ�ÕqÛ.ï�å
ClK′

NK′|K
−−−−→ ClK

ÛYÐ.Ñ
ClK′(p)

NK′|K
−−−−→ ClK(p)

Ñ*Ç³È7ÁAÛYÍÎÍ ÕqÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�ÐàÙ3ÇÎÐ.Ñ�~Yë�ËNÌ�ÕqÛ.ÙIÙ3Ç³ï�åÊÑ*Ç³È	£�È�å�ÕqÛYÓY×3ÛYÐYÏØÈ�Ì3Ï�ÇÎÖY×{é
á�ÇÎÌyë�ËNÍÎÍ³È�ÐÊÐ±ÛYÐ ëyÇ³È�ÇÎÔ ø�ÕqÍÎÍ�ûoê@ê,ÿlÑ*ÛYÌ@ï�åfÐAÖ!È�Ì3Ï¢ÕqÐYÏ�ÇÎÐôûR¨�ÿ�ÛYÐ.ÑôûR­�ÿ�òvÛYÔîÓYÌ@Ëqý3È/{±×3ÇÎÉ�È�Ðf�-ÇÎÔ�ÈvÙ
É�Ç Õ
ÑYÈ�Ð Æ=È�Ï�Õq×3Ç³ËNÐ.È�Ð äYÖ!È�Ì
Ñ*Ç³È�È�Ð.Ñ*ÍÎÇ³ï�å.È�Ðfz�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð

K|k
ÇÎÔîø�ÕqÍÎÍlûgÕ�ÿlÖYòvëÝé*äYÖ9È�Ì
Ñ*Ç³È�È�Ð.Ñ*ÍÎÇ³ï@å.È�Ð

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐÒÇÎÔîø�ÕqÍÎÍlûaÖ�ÿ�ÑYÈ�ÐS£�È�ë�È�Ç³ÙAÕqÖ.Ù@ï�åYÍÎÇ³È/��È�ÐQé�Æ�ÕqòvÛ Ö9È{ÕNï@å¢×@È�ÐàëyÇÎÌ^~YÑ.Õ$�ØÕqÛ.Ù
ÑYÈ�ÌYz�Ð.Ñ�ö
ÍÎÇ³ï@å,{�È�ÇÎ×�É�ËNÐ

ClK
Ñ*Ç³Èvz�Ð.Ñ*ÍÎÇ³ï@å,{�È�ÇÎ×ØÉ�ËNÐ

Ĥi(G(K|k), ClK)
ÜoËNÍÎÏ�×^~0ÛYÐ.Ñ(ëyÇ³È6ËNÖ9È�ÐóÏ�ÈvÙ@È�å.È�ÐãÕqÛ.ï@å

Ñ*Ç³ÈÊõ/Ì3ÛYÓYÓ9È
Ĥi(G(K|k), CK)

È�Ð.Ñ*ÍÎÇ³ï�å Ç³Ù3×{é�Æ�Õqå.È�Ì�Ù@ï@åYÍÎÇ³È/��È�Ð�ëyÇÎÌ�ÕqÛ.Ù ûR­�ÿ"ÕqÛ*Ü/Ñ*Ç³Èvz�Ð.Ñ*ÍÎÇ³ï@å,{�È�ÇÎ×
É�ËNÐ

Ĥi(G(K|k),MK )
é�ÞAÍ³Ù@ËèÖYÍ³È�ÇÎÖY×ØÑ*Ç³ÈSzb�YÕ${�×3å.È�ÇÎ×�Ö9È�ÇÎÔ ÐIÖ9È�Ì3Ï¢ÕqÐYÏúòvÛYÔ ÓYÌ@Ëqý,È/{�×3ÇÎÉ�È�Ð¢�-ÇÎÔ�ÈvÙ

È�Ì3å�ÕqÍÎ×@È�ÐQé
��ËNÔ"ÇÎ×IÈ�Ì3Ï�ÇÎÖY×IÙ3Ç³ï�å

Ĥi+1
(

Gk, E
)

∼= lim←−
K|k ´Vµ/¶/·WÊ Ĥ

i
(

G(K|k),MK

) ÖYòvëÝé

Ĥi+1
(

Gk(p), E(p)
)

∼= lim←−
K|k ´Vµ/¶/·WÊ p ËPÌ�«aÍ/Ê Ĥ

i
(

Gk(p),MK

) ÛYÐ.Ñ

lim←−
K|k ´Vµ/¶/·WÊ Ĥ

i
(

G(K|k),MK

)

∼= Ĥi
(

Gk, C
) ÖYòvëÝé

lim←−
K|k ´+µ�¶/·WÊ p ËaÌC«UÍ�Ê Ĥ

i
(

G(K|k),MK

)

∼= Ĥi
(

Gk(p), C(p)
)

.

2

ü�ýÎÛªý��������Qÿ>����������������� ÿ½��ÜM�½Ý������½��
ÆÞß�½�������d�à
�á�
%â:��
���ãà�dÝ�
0ÿ½�
���h}�� �!�Xäå�C�0���03 #%5/&��
êuÐàÑ*Ç³ÈvÙ�È�Ô ÞAÖ.Ù@ï@åYÐYÇÎ×3×/ëlËNÍÎÍ³È�ÐÒëyÇÎÌ�{�ÛYÌ3òWÑ*Ç³È�ëyÇ³ï@å¢×3ÇÎÏ�Ù@×@È�ÐÒÇÎÔ ÜoËNÍÎÏ�È�Ð.ÑYÈ�Ð ÕqÛ*Üo×3Ì@È�×@È�Ð.ÑYÈ�ÐÒÆ=È��.ÐYÇÎ×3Ç³ËNÐ.È�ÐÒÛYÐ.Ñ
È�ÇÎÐYÇÎÏ�È ÇÎåYÌ@È�Ì�È�Í³È�Ô�È�Ð±×�ÕqÌ@Ù3×@È�Ðhz�ÇÎÏ�È�Ð.Ù@ï�å�ÕcÜa×@È�ÐÃÕqÛ:Ï.Ç³Ù@×@È�Ð�~!Ñ*Ç³È�ÇÎÐèÑYÈ�Ì=Ï�Í³ËNÖ�ÕqÍ³È�Ðh�=Í ÕNÙ@Ù@È�Ð,{[�NÌ3Ó9È�Ì3×3å.ÈvËNÌ3Ç³È í�È�Ì,ö
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m
KK

× ∼= CK/C
m
K

~�ÑYÈ�ÐYÐ
IK/IS∞(K)K× Ç³Ù@×IÇ³Ù@ËNÔ�ËNÌ3ÓYåàòvÛYÌê�ÑYÈ{ÕqÍK{�Í ÕNÙ@Ù@È�ÐYÏ�Ì3ÛYÓYÓ9È

ClK
~NÛYÐ.Ñ

IS∞(K)K×/Im
KK

× = IS∞(K)/Im
K(K×∩IS∞(K))

Ç³Ù@×0È�ÇÎÐ�ø�Õ${±×@ËNÌ�É�ËNÐ
IS∞(K)/Im

K

é*áçÇÎÌyå�ÕqÍÎ×@È�Ð6ÜgÈvÙ3×^�
���9�y���5ø��KJ�â:�^å,� ¿ �R�D�0J=)l!$#B%Ã&�%K!$I.In���BAG).U�*[*,��4HE^8
UT%ME

m
�yI/Js���98:%;�=</#[-"UT�98 L �5)Y#:!�OQ���XC^�R! χ 8
�V� p InE
4HE
)V*9#��R�

CK/C
m
K
∼= J m

K /P
m
K .

���h}��h}��Xê�ëì&�6X&�í�#���$'&°î�&�ï���&���©	&��
êuÐ�Ñ*Ç³ÈvÙ@È�ÔÍ�ÝÕqÓYÇÎ×@È�Í�ë�È�Ì@ÑYÈ�ÐØëyÇÎÌlòvëlÈ�Ç!È��YÕ${�×@È³��Èn ±Û.È�ÐYò{È�Ð�å.È�Ì3Í³È�ÇÎ×@È�Ð�~*ÕqÛ*ÜQÑYÈ�Ð.È�Ð�Ñ*Ç³È
ÜoËNÍÎÏ�È�Ð.ÑYÈ�Ð�ÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù3ö
Ù�ìq×3ò{È�Ö!È�Ì3ÛYå.È�ÐQé
á�ÇÎÌIÙ@×�ÕqÌ3×@È�Ð òvÛYÐ�ìNï@å.Ù3×IÔ"ÇÎ×IÈ�ÇÎÐ.È�Ô

���9�y���aj�� ö �B�¥�¥â��������
0 −→ A −→ B

φ
−→ C −→ 0

�/���0�v�Q][!$&FJ+� ���>=/UP���T6SCFE
�`!�OQ��%'I/</#:���ÎJVE�*:E
%KEQA
��I/<�#:�/�W2)�U�*[*,��� ÇuOc6 L o G ZV>�E^8
UT%'� È -Y����8���)}!G%�%É�àH�E
4HE
4HE
)+*�#���I.4}���ÂI�J+�/J=�KAvI����08 o exI�In���V���g�n��)��0��)�6 L ����!�ORAB��ZIn<�#�%KE$IcI^���0� �"��J+��)RA
).U�*[*,�/�¥ÇuOQ6 L o Z+4HE^8
UT%;� È M ⊆ B UT�98 D ⊆ C AB�RA��^OQ�/�,-¯I/E�8[!da φ(M) ⊆ D
��I�J o ¿ !
�P�AG��%MJ+Ê

ÇÆ! Èh¿ �V�ª���>=/UP���T6
0 −→φ−1(D)/M −→B/M

φ
−→ C/D −→ 0�yI/J3�d][!
&FJ34��=J¯I/J+�/J=�MAB���IH7E
4HE
4HE
)+*�#���I.4}��� oÇlO È¥p I�J�6nU�In�GJy6/%;�R<�#

φ(M) = D
-¯InE}��I�J38
�V�ª���½=/U,�/�T6

0 −→A/A ∩M −→B/M
φ
−→ C/D −→ 0�d][!$&FJ34��=J¯I�J+�/J=�KA����IH�E
4HE
4HE
)V*9#��yI�4}��� o

A �CB�� Þ ä[�
φ−1(D) ≤ B

Ç³Ù@×IÈ�ÇÎÐÒÕqÖYÏ�ÈvÙ@ï�åYÍ³Ë�Ù@Ù@È�Ð.È�Ìª|IÐ±×@È�Ì3Ô�Ë±Ñ*ÛYÍ�é!Æ/Ç³È��±×@È�×3ÇÎÏG{�È�ÇÎ×=ÑYÈ�ÌAÞAÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�ÐàÇÎÐ
ûgÕ�ÿ�ÛYÐ.ÑôûaÖ�ÿlÇ³Ù3×?{�Í ÕqÌ{éYáúÈ�Ï�È�Ð

C ∼= B/A
Ï�ÇÎÍÎ×

D ∼= φ−1(D)/A
é�Æ=Õqå.È�Ì
ÜoËNÍÎÏ�×

C/D ∼= (B/A)/(φ−1(D)/A) ∼= B/φ−1(D),

ë�ÈvÙ3å�ÕqÍÎÖàÑ*Ç³È���Èn ±Û.È�ÐYòÝÇÎÐÃûgÕ�ÿyÈ��YÕ${�×yÇ³Ù3×{é��ÛÒûaÖ�ÿ?Ï�È�Ð±äYÏ�×lÈvÙ�òvÛ�ò{È�ÇÎÏ�È�Ð�~¢Ñ.Õ$�
φ−1(D) = AM

ûaÔ�ÛYÍÎ×3ÇÎÓYÍÎÇK{�Õq×3ÇÎÉ�Ï�ÈvÙ@ï@åYÌ3Ç³È�Ö9È�Ð�ÿ0Ï�ÇÎÍÎ×{é±Æ/Ç³ÈvÙ�äYÖ!È�Ì3ÓYÌ3ä*Üo×
Ô�ÕqÐàÙ@ËqÜoËNÌ3×{é

2

ÞIÍ³Ù
È�Ì@Ù@×@ÈvÙyëlÈ�Ð.ÑYÈ�ÐàëyÇÎÌ
ÛYÐ.Ù
ÑYÈ�Ì
S
Z ¼ #,�dE
)��R� òvÛQé���È�Ç

S
ÕqÍ³Ù@Ë"È�ÇÎÐ.È�ùàÈ�ÐYÏ�È=É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐàÑYÈvÙD�9ÕqåYÍ ö{[�NÌ3Ó9È�Ì@Ù

K
é*áçÇÎÌyå�ÕqÍÎ×@È�Ð òvÛYÐ�ìNï@å.Ù3×IÜoÈvÙ@×^�



���9�y���ak�� ö �B�¥�¥â�� ¿ �V�x���½=/U,�/�T6
0 −→IS(K) −→IK

χ
−→ J SK −→ 0

��I�J��d][!
&FJ5-�UB�98�8
�R�0H7E
4HE
4HE
)+*�#���I.4}���I����08_I/J+�/J=�MA
- L E�OQ��� J SK 4��5J38���)_q2U,EGJ=�R�/��J+����JVE.*,E
%MEcA
�R��C$��).In�.#:�/��In��� oá�ÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�Ð
IK,S :=

∏

p∈S

(K×
p ,U

(0)
p ).

Æ/Ç³ÈvÙyå�Õq×IÛYÔ"ÇÎ×3×@È�ÍÎÖ�ÕqÌAÑ*Ç³È7z¯�.Õ${�×3å.È�ÇÎ×IÑYÈ�ÌD��Èn ¢Û.È�ÐYò
0→ UK,S → IS(K)

Ñ+«y½�ð
−−→ IK,S → 0

û5®±ÿ
òvÛYÌAø.ËNÍÎÏ�È�éYáúÈ�ÇÎ×@È�ÌAÑYÈ��.ÐYÇ³È�Ì@È�ÐÊëyÇÎÌ

CK,S
Ñ*ÛYÌ@ï@åÊÑ*Ç³ÈÝÈ��.Õ${�×@È���Èn ¢Û.È�ÐYò

0→ O×
K,S → IK,S → CK,S → 0.

ûgþ�ÿ
ÞAÍ³Ù
ÞAÐ¢ë�È�Ð.Ñ*ÛYÐYÏØÉ�ËNÐS�QÈ�Ô"Ô�Õàûl��é©¨*é©��ÿ�È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌyòvÛYÐ�ìNï�å.Ù3×AÑ.ÕNÙ
���9�y���=�nm�� ö �B�Â�hâ���Ë�E
% AB���98������½=/U,�/�T6�����I����08g�d]�!$&FJ5-xUT�98g8
�V��H�E
4HE
4HE
)+*�#���I.4}���fI.�5�98_I/J+�/J=�KA��ªm	O^O��5%'Z8GUB�BAB���0Ê
ÇÆ! È

0→ K×IS(K)→ IK → ClS(K)→ 0ÇlO È
0→ IS(K)/O×

K,S → CK → ClS(K)→ 0Çu< È
0→ CK,S → CS(K)→ ClS(K)→ 0

A �CB�� Þ ä[� á�ÇÎÌAÏ�È�å.È�ÐÒÕqÛ.ÙIÉ�ËNÐàÑYÈ�ÌAÈ��.Õ${�×@È�ÐX��Èn ¢Û.È�ÐYò
0 −→IS(K) −→IK

χ
−→ J SK −→ 0

ÕqÛ.ÙIÉ�ËNÌ3ÇÎÏ�È�Ô��È�Ô"Ô�ÕÊûl��é©¨*é©±�ÿdé
ø�äYÌ�ûgÕ�ÿ�ë�ìqåYÍ³È�Ð6ëyÇÎÌ
Ñ*Ç³È³|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È�Ð

PSK ≤ J
S
K

ÛYÐ.Ñ
K×IS(K) ≤ IK

~¢ÜoäYÌyÑ*Ç³È
χ(K×IS(K)) =

PSK
Ï�ÇÎÍÎ×{éP�QÈ�Ô"Ô�Õ ûl��é©¨*é©��ÿyÍÎÇ³ÈdÜoÈ�Ì3×yÐ±ÛYÐàÑ*Ç³È�ÞAÛ.Ù@Ù�ÕqÏ�È�é
ø�äYÌÝûaÖ�ÿ�ë�ìqåYÍ³È�Ð6ëyÇÎÌ

PSK ≤ J
S
K

ÛYÐ.Ñ
K× ≤ IK

éTz�Ù�Ï�ÇÎÍÎ×^�
χ(K×) = PSK

~¢ë�ËNÌ�ÕqÛ.Ù
Ñ*Ç³ÈAÞAÛ.Ù@Ù�ÕqÏ�ÈAÜgËNÍÎÏ�×{é
ø�äYÌ ûoï&ÿ�ë�ìqåYÍ³È�ÐÒëyÇÎÌAëyÇ³ÈvÑYÈ�Ì3ÛYÔ

PSK ≤ J
S
K

~�ÕqÖ9È�Ì
Ð±ÛYÐ
K×UK,S ≤ IK

éPz�ÙIÏ�ÇÎÍÎ×
χ(K×UK,S) = PSK

é
ÞAÛ.ÙY�QÈ�Ô"Ô�Õàûl��é©¨*é©��ÿ�È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIÑ*Ç³È�È��YÕ${�×@È���Èn ¢Û.È�ÐYò

0→ IS(K)/(IS(K) ∩K×UK,S)→ CS(K)→ ClS(K)→ 0.

ùàÇÎ×3×@È�Í³ÙØû5®±ÿÝÙ@È�å.È�ÐúëyÇÎÌ^~�Ñ.Õ$�ÊÑYÈ�Ì���È�Ì3ÐúÉ�ËNÐ
proj : IS(K) → CK,S ∼= IK,S/O

×
K,S

Ï�È�Ï�È�Ö!È�ÐÃÇ³Ù3×�Ñ*ÛYÌ@ï�å
UK,SO

×
K,S
∼= UK,S(K×∩IS(K)) ∼= K×UK,S ∩IS(K)

é¢ÞAÍ³Ù@Ë�Ï�ÇÎÍÎ×
CK,S ∼= IS(K)/(IS(K)∩K×UK,S)

~
ë�ËNÔ"ÇÎ×/ÕqÍÎÍ³ÈvÙyÖ9È�ëyÇ³ÈvÙ@È�Ð Ç³Ù@×{é

2

ÞIÛ.Ù�ûaÖ�ÿ�ÛYÐ.Ñ Ñ*ÛYÌ@ï@åX��Û.Ù�ÕqÔ"Ô�È�Ð.Ù@È�×3ò{È�ÐÊÉ�ËNÐÃûgþ�ÿ�Ô"ÇÎ×Y��È�ÇÎÍ�ûoï&ÿ�È�Ì3å�ÕqÍÎ×@È�ÐàëyÇÎÌIÑYÈ�Ð
���9�y���=�����KJ�â:�^å,�������

S
�/���0�	>����TA���CFE
��13)���4�I�J+�/%�%É��� o ¿ !
�P�fI.�5�98}8G�R�7���>=nU,���:6����

0→ O×
K,S → IS(K)→ CK → ClS(K)→ 0

UT�98
0→ O×

K,S → IK,S → CS(K)→ ClS(K)→ 0�Q][!$&FJ34��5JtI�J+�/J=�KA����IH�E
4HE
4HE
)V*9#��yI�4}��� o
ÁIÛYÐàëlËNÍÎÍ³È�ÐÒëyÇÎÌIÈ�ÇÎÐÒÕqÐ�ÕqÍ³ËNÏ�ÈvÙ³z�Ì3Ï�È�ÖYÐYÇ³ÙAÜaäYÌAÑ*Ç³È

m
Z ¼ #:�QE
).�V� È�Ð¢×�ëyÇ³ïc{�È�ÍÎÐQé���È�Ç�Ñ.ÕqòvÛ

m =
∏

p pnp
È�ÇÎÐ

ùÒË�Ñ*ÛYÍ�éqêuåYÔ ËNÌ@Ñ*Ð.È�Ð"ëyÇÎÌ�Ñ*Ç³È�È�Ð.Ñ*ÍÎÇ³ï�å.ÈyùàÈ�ÐYÏ�È
S
ÑYÈ�Ìb��Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�Ð"òvÛ�~�Ñ*Ç³È�ÇÎÐ

m
ÕqÛ*ÜoÏ�È�å.È�ÐQéNáçÇÎÌ?ÑYÈ��.ÐYÇ³È�Ì@È�Ð

Ñ*Ç³ÈÝÍ³Ë
{NÕqÍ�{�ËNÔ"Ó�Õ${�×@ÈG~�æ=ÕqÛ.Ù@ÑYËNÌl¦-Ù@ï@å.ÈG~�ÕqÖ9È�Í³Ù@ï�å.ÈWõ/Ì3ÛYÓYÓ9È
IK,m :=

∏

p|m

U
(np)
p .



z�ÙIÈ�Ì3Ï�ÇÎÖY×IÙ3Ç³ï�å ëyÇ³ÈvÑYÈ�ÌIÑ*Ç³È�È��.Õ${±×@È���Èn ¢Û.È�ÐYò
0→ UK,S → I

m
K

proj
−−→ IK,m→ 0.

ûR°�ÿ
áúÈ�ÇÎ×@È�Ì3åYÇÎÐ ÑYÈ��.ÐYÇ³È�Ì@È�Ð6ëyÇÎÌyÕqÐ�ÕqÍ³ËNÏ òvÛØí�ËNÌ3å.È�Ì3ÇÎÏ�È�ÔîÑ*Ç³ÈÝõ/Ì3ÛYÓYÓ9È

CK,m
Ñ*ÛYÌ@ï�åÚÑ*Ç³Èªz¯�.Õ${�×3å.È�ÇÎ×�ÑYÈ�ÌY��Èn ±Û.È�ÐYò

0→ O×
K,m → IK,m → CK,m → 0.

ûV»�ÿ
���9�y���=�:��� ö �B�Â�hâ�� ¿ �R�	���>=nU,���:6

0→ Im
K/O

×
K,m → CK → CK/C

m
K → 0��I�J2�d][!$&$Jx4��=JbI/J+�/J=�MAB���@H�E
4HE
4HE
)+*�#���I.4}��� o

A �CB�� Þ ä[� ��È�Ì/Æ/È��.ÐYÇÎ×3Ç³ËNÐÊå�ÕqÖ!È�Ð ëyÇÎÌAÑ*Ç³È�È��YÕ${�×@È���Èn ¢Û.È�ÐYò
0→ K×Im

K → IK → CK/C
m
K → 0.

ø�Õ${±×@ËNÌ3Ç³Ù3Ç³È�Ì@È�ÐèëyÇÎÌ�ÕqÛ.ÙAÑYÈ�ÐèÈ�Ì@Ù3×@È�ÐàÖ!È�Ç³ÑYÈ�Ðúõ/ÍÎÇ³ÈvÑYÈ�Ì3Ð
K× å.È�Ì�ÕqÛ.Ù^~�Ù�ËØÈ�Ì3å�ÕqÍÎ×@È�ÐÒëyÇÎÌ/Ñ.ÕNÙ³z�Ì3Ï�È�ÖYÐYÇ³Ù=ÛYÐ±×@È�Ì£�È{ÕNï�å¢×3ÛYÐYÏ�É�ËNÐ

K×Im
K/K

× ∼= Im
K/I

m
K ∩K

× ∼= Im
K/O

×
K,m

é
2

ÆAÇ³ÈÝòvÛf�*Õq×3òØûl��é©¨*éK�G�&ÿ
ÕqÐ�ÕqÍ³ËNÏ�È�ÐÊÈ��.Õ${�×@È�ÐX��Èn ¢Û.È�ÐYò{È�ÐàÙ3ÇÎÐ.Ñ Ñ*Ç³È/ÜgËNÍÎÏ�È�Ð.ÑYÈ�Ð��
���9�y���=�TÅ��KJ�â:�^å,�������

m =
∏

p pnp
�/����>XE�8
UB%ªUT�98

S
8
�V�@���98,%'�R<�#:��>����BA��¥8���)X���

m
!
U��dA��.#:���08����12).�54�I�J+��%5%K�/� o ¿ !G�P��I����08 8
�V�	���>=/UP���T6F���

0→ O×
K,m → I

m
K → CK → CK/C

m
K → 0UT�98

0→ O×
K,m → IK,m → CS(K)→ CK/C

m
K → 0�Q][!$&FJ34��5JtI�J+�/J=�KA����IH�E
4HE
4HE
)V*9#��yI�4}��� o

A �CB�� Þ ä[� ÆAÇ³È�z¯�YÕ${�×3å.È�ÇÎ×IÑYÈ�Ì
È�Ì@Ù3×@È�Ð���Èn ¢Û.È�ÐYò�ÜgËNÍÎÏ�×
ÛYÐYÔ"ÇÎ×3×@È�ÍÎÖ�ÕqÌ=ÕqÛ.ÙY�QÈ�Ô"Ô�ÕÊûl��é©¨*éK�^¨�ÿdé
ÆAÇ³È�ê�Ð,{�ÍÎÛ.Ù3Ç³ËNÐ

K×UK,S ⊆ K
×Im

K

ÍÎÇ³ÈdÜgÈ�Ì3×IÑ*Ç³ÈÝÈ��.Õ${�×@È���Èn ¢Û.È�ÐYò
0→ K×Im

K/K
×UK,S → IK/K

×UK,S = CS(K)→ IK/K
×Im

K = CK/C
m
K → 0.

ÞAÐ�ÕqÍ³ËNÏ�ëyÇ³ÈÝÇÎÐf�QÈ�Ô"Ô�Õàûl��é©¨*éK�^²�ÿ�Ö9È�×3Ì�ÕNï@å¢×@È�ÐèëyÇÎÌIÑ*Ç³È�Ð�Õq×3äYÌ3ÍÎÇ³ï@å.È�ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ
Im
K

Ñ�«�½�ð
−−→ IK,m/O

×
K,m

~�Ñ*Ç³È
ÕqÛ*ÜoÏ�Ì3ÛYÐ.ÑØÉ�ËNÐèûR°�ÿ�ÑYÈ�Ð ��È�Ì3Ð

UK,SO
×
K,m = UK,S(Im

K ∩K
×) = Im

K ∩UK,SK
× å�Õq×{é�Æ=ÕqÔ"ÇÎ×�È�Ì3å�ÕqÍÎ×@È�Ð�ëyÇÎÌÑ*Ç³È�ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³È

K×Im
K/K

×UK,S ∼= I
m
K/(I

m
K ∩ UK,SK

×) ∼= IK,m/O
×
K,m
∼= CK,m

éYÆAÇ³È=òvë�È�ÇÎ×@È���Èn ±Û.È�ÐYò
ÜgËNÍÎÏ�×
Ð±ÛYÐ Ô"ÇÎ×3×@È�Í³Ù³��Û.Ù�ÕqÔ"Ô�È�Ð.Ù�È�×3ò{È�ÐÊÉ�ËNÐÃûV»�ÿlÔ"ÇÎ×IÑYÈ�ÌIÏ�È�Ì�ÕNÑYÈÝÈ�Ì3å�ÕqÍÎ×@È�Ð.È�Ð���Èn ±Û.È�ÐYò�é

2

���h}��h����¶å3s345�&�12&�6s��&å5/3 ,��0#!3 &¹*¹34#!�S�G&������/�z��&��'$z.�&�,��C64&
��È�Ç

k
È�ÇÎÐ6ÕqÍÎÏ�È�ÖYÌ�ÕqÇ³Ù�ï@å.È�ÌD�9ÕqåYÍK{[�NÌ3Ó9È�ÌyÛYÐ.Ñ

K|k
È�ÇÎÐ.È/È�Ð.Ñ*ÍÎÇ³ï�å.È=Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È³z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ.é.Æ/Ç³È/Í³Ë
{NÕqÍ³Èª�=Í ÕNÙ,ö

Ù�È�Ð,{[�NÌ3Ó!È�Ì3×3å.ÈvËNÌ3Ç³È ûaÉ�Ï�Í�é�È�×uë�ÕèßkÁIö+�	�	��â+~0�ÝÕqÓYÇÎ×@È�Í0ê�ê,ÿyÍÎÇ³ÈdÜoÈ�Ì3×AÜaäYÌ=È�Ð.Ñ*ÍÎÇ³ï@å.È_��Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�Ð
p
É�ËNÐ

k
p ��CF!
)���Z!G��J+���9!�O�O���%K8
UT�BA����

ÇÎÐ¢É
Kp|kp

: H2(G(Kp|kp),K
×
p )

∼
−→

1

[Kp : kp]
Z/Z.

ø?äYÌ
ÛYÐ.È�Ð.Ñ*ÍÎÇ³ï�å.È���Ì3ÇÎÔ�Ù@×@È�ÍÎÍ³È�Ð Ç³Ù3×yÐ¢ÛYÌAÑYÈ�ÌIø�ÕqÍÎÍ
Kp = C

ÛYÐ.Ñ
kp = R

É�ËNÐ ðAÈ�Í³È�ÉNÕqÐYò�é.ø?äYÌyÇÎåYÐ ÑYÈ��.ÐYÇ³È�Ì@È�Ð
ëyÇÎÌ
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ES(K)
ÖYòvëÝé

ES(LS(p)) := lim−→
K|k,K⊆LS(p)

ES(K).

ÞIÛ.Ù
ÑYÈ�Ô ÕqÖ.Ù3×3Ì�Õ${±×@È�ÐàÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3òØû=��å.ÈvËNÌ@È�Ô2ûl��éK��é©­$®±ÿ3ÿ
Ù@ï@åYÍÎÇ³È/��È�ÐÊëyÇÎÌ���å.ÈvËNÌ@È�Ô ��éK�=É�ËNÐôß á�â�é
���9�y���y��k������"����
$�B�`�HÇÆ! È ËsNB)�!G%�%É�

i ∈ Z
A
�VO/J?�.I	&$!
�9EG�P�yIn<�#:��JVE.*:EG%MEQAG�yIn<�#:� p InE
4HE
)V*9#��yI�4}���

Ĥi
(

G(LS |k), ES(LS)
)

∼= Ĥ2−i
(

G(LS |k),Q/Z
)∨
.
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Ĥi

(

G(LS(p)|k), ES(LS(p))
)

∼= Ĥ2−i
(

G(LS(p)|k),Qp/Zp
)∨
.



A �CB�� Þ ä[� áçÇÎÌWÔWä.Ù@Ù@È�ÐóÑ*Ç³È\£�ÈvÑYÈ�ÛY×3ÛYÐYÏúÑYÈ�Ì�ÇÎÔ ÕqÖ.Ù3×3Ì�Õ${�×@È�ÐóÆAÛ�ÕqÍÎÇÎ×�ìq×@Ù�Ù�Õq×3ò6É�È�Ì3ëlÈ�Ð.ÑYÈ�×@È�Ð`£�È�ò{È�Ç³ï@å*ö
Ð±ÛYÐYÏ�È�Ð ÜgÈvÙ3×3Í³È�Ï�È�ÐQé
ø�äYÌ�È�ÇÎÐ.È"È�Ð.Ñ*ÍÎÇ³ï�å.È Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È_z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

K ⊆ LS
É�ËNÐ

k
Ö9È�ò{È�Ç³ï@åYÐ.È

CK
Ñ*Ç³È�ê�ÑYÈ�ÍK{�Í ÕNÙ@Ù@È�ÐYÏ�Ì3ÛYÓYÓ9È

ÛYÐ.Ñ
C0
K

ÑYÈ�ÐS{�ËNÔ"Ó�Õ${�×@È�Ðf��È�Ì3ÐÊÑYÈ�Ì
ÞAÖ.Ù@ËNÍÎÛY×3Ð.ËNÌ3Ô é0��È�×3ò{È�ÐÊëyÇÎÌ
C = lim−→

LS⊃K|k

CK
ÛYÐ.Ñ

C0 = lim−→
LS⊃K|k

C0
K ,

Ù�Ë Ç³Ù3×
C0 Í³È�É�È�Í öV{�ËNÔ"Ó�Õ${�×^~.ÛYÐ.Ñ ëyÇÎÌ
å�ÕqÖ!È�Ð Ñ*Ç³È�È��YÕ${�×@È���Èn ¢Û.È�ÐYò

0→ C0 → C → R+ → 0.

ÆAÇ³ÈØðIËNÍÎÍ³È É�ËNÐ
EK
ëlÈ�Ì@ÑYÈ�Ñ*ÛYÌ@ï@å(Ñ*Ç³È

S
ö+z�ÇÎÐYå.È�ÇÎ×@È�Ð

ES(K)
äYÖ9È�Ì3Ð.ËNÔ"Ô�È�ÐÃÛYÐ.ÑúÑ*Ç³È�É�ËNÐ

IK
Ñ*ÛYÌ@ï�å

IS(K)
~*ëlÈ�Í³ï�å.È�ÜoäYÌ

K ⊂ LS
Ð�ÕNï@åX�IËNÌ@ËNÍÎÍ ÕqÌ�ûl��é©¨*éjþ�ÿ2{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï@åÒ×3Ì3ÇÎÉ±Ç ÕqÍ-Ç³Ù@×{é

ClK
ë�È�Ì@ÑYÈ�Ì@È�ÓYÌ�ìNÙ@È�Ð¢×3Ç³È�Ì3×�Ñ*ÛYÌ@ï�å

ClS(K)
~cë�È�Í³ï@å.ÈvÙ�Ð�ÕNï@å �*Õq×3ò�ûl��é©¨*é©¨:�&ÿ�Ç³Ù@ËNÔ�ËNÌ3ÓYå"òvÛYÌ�õ�ÕqÍ³ËNÇ³Ù,ö�õ=Ì3ÛYÓYÓ!È

ÑYÈ�ÌIÔ�ÕF��ÇÎÔ�ÕqÍ³È�Ð ÛYÐ±É�È�Ì3òvëlÈ�ÇÎÏ�×@È�ÐúÕqÖ9È�Í³Ù@ï@å.È�Ð ÛYÐ.Ñ ÇÎÐ
S
É�ËNÍÎÍ-ò{È�Ì3Í³È�Ï�×@È�Ðfz�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏØÉ�ËNÐ

K
Ç³Ù@×{é

ÆAÇ³È�z�Ð.Ñ*ÍÎÇ³ï@å,{�È�ÇÎ×/É�ËNÐ
ClS(K)

å�ÕqÖ!È�Ð ëyÇÎÌIÕqÛ*Üx��È�ÇÎ×@È�­G­�Ö9È�ëyÇ³ÈvÙ@È�ÐQé
ÆAÇ³ÈX�QÌ3ÇÎÉ�Ç ÕqÍÎÇÎ×�ìq×6É�ËNÐ

lim−→
LS⊃K|k

ClS(K)
ÛYÐ.Ñ

lim−→
LS(p)⊃K|k

ClS(K)(p)
ÜoËNÍÎÏ�×6ÕqÛ.ÙØÑYÈ�ÔÅæ=ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³Ù�Õq×3ò

û=�AËNÌ@ËNÍÎÍ ÕqÌ�ûl��é©¨*é©¨[»�ÿ3ÿdé
ÆAÇ³È�z¯�YÕ${�×3å.È�ÇÎ×AÑYÈ�Ìª��Èn ¢Û.È�ÐYò{È�ÐàÇÎÐàÑYÈ�ÔîÛYÐ.Ñ Ñ*Ç³È��IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×�ÑYÈvÙ
Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô�Ù ûl��éK��é©­G­�ÿ�ÜgËNÍÎÏ�È�Ð

ÕqÛ.Ù³�*Õq×3òØûl��é©¨*éK�G�&ÿ�ÖYòvëÝéYÍ ÕNÙ�Ù@È�Ð Ù3Ç³ï@åàÙ@ËqÜoËNÌ3×yÐ�ÕNï�åYÌ@Èvï@åYÐ.È�ÐQé
Æ=ÕNÙ���å.ÈvËNÌ@È�Ô È�Ì3Ï�ÇÎÖY×IÙ3Ç³ï�å Ð¢ÛYÐÒÕqÛ.Ù���å.ÈvËNÌ@È�Ô ûl��éK��é©­$®±ÿdé
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ÁAÛYÐ Ö9È�×3Ì�ÕNï@å±×@È�ÐÊëyÇÎÌIÑ*Ç³È/ÜgËNÍÎÏ�È�Ð.ÑYÈ��±ÇÎ×3Û�Õq×3Ç³ËNÐ��
•
��È�Ç

p
È�ÇÎÐ.È³��Ì3ÇÎÔ"ò&ÕqåYÍ-ÛYÐ.Ñ

k
È�ÇÎÐ ÕqÍÎÏ�È�ÖYÌ�ÕqÇ³Ù@ï�å.È�ÌD�9ÕqåYÍK{[�NÌ3Ó!È�Ì^~�ëlÈ�Í³ï�å.È�Ð ëyÇÎÌ�ÇÎÔ ø�ÕqÍÎÍ³È

p = 2
ÕqÍ³Ù�×@ËN×�ÕqÍ

ÇÎÔ�ÕqÏ�ÇÎÐ�ìqÌ
É�ËNÌ�ÕqÛ.Ù@Ù�È�×3ò{È�ÐÊëlËNÍÎÍ³È�Ð�~.ÛYÐ.Ñ Ù@È�Ç
k
È�ÇÎÐÊÕqÍÎÏ�È�ÖYÌ�ÕqÇ³Ù@ï�å.È�Ì/ÞAÖ.Ù@ï@åYÍÎÛ,��É�ËNÐ

k
é

•
��È�Ç

S
È�ÇÎÐ.ÈÝÈ�Ð.Ñ*ÍÎÇ³ï�å.È�ùÒÈ�ÐYÏ�È�É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐàÉ�ËNÐ

k
Ô"ÇÎ×

S ∩ Sp = ∅,

ëlËNÖ9È�Ç
Sp
Ñ*Ç³ÈÝùÒÈ�ÐYÏ�ÈÝÑYÈ�ÌyäYÖ9È�Ì

p
ÍÎÇ³È�Ï�È�Ð.ÑYÈ�Ð���Ì3ÇÎÔ�Ù@×@È�ÍÎÍ³È�ÐÊÉ�ËNÐ

k
Ù@È�Ç�é

•
ùÊÇÎ×

kS
Ö9È�ò{È�Ç³ï@åYÐ.È�ÐèëyÇÎÌ�Ñ*Ç³ÈWÔ�ÕF��ÇÎÔ�ÕqÍ³È�Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È�z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ É�ËNÐ

k
ÇÎÐ
k
~!Ñ*Ç³È"ÕqÛ,��È�Ì3å�ÕqÍÎÖÒÉ�ËNÐ

S
~.ÕqÍ³Ù@Ë ÇÎÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈ�Ì@È�äYÖ9È�Ì

p
~*ÛYÐ±É�È�Ì3òvëlÈ�ÇÎÏ�×=Ç³Ù3×{é

áúÈ�ÇÎ×@È�ÌIÙ@È�Ç
kS(p)

Ñ*Ç³È�Ô�ÕF��ÇÎÔ�ÕqÍ³ÈG~�Ñ.ÕqÌ3ÇÎÐÊÈ�Ð¢×3å�ÕqÍÎ×@È�Ð.ÈWÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï�å.È
p
ö+z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ.é�Á/ÕNï�å í�ËNÌ�ÕqÛ.Ù@Ù@È�×,ö

òvÛYÐYÏ"Ç³Ù3×
kS(p)

äYÖ!È�Ì
k
ÇÎÐÊÕqÍÎÍ³È�Ð���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�Ð

p ∈ S
ò&ÕqåYÔîÉ�È�Ì3òvëlÈ�ÇÎÏ�×{é

•
ø?äYÌÝÈ�ÇÎÐ.È"È�Ð.Ñ*ÍÎÇ³ï@å.È�Ï¢ÕqÍ³ËNÇ³Ù�Ù@ï@å.ÈHz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

kS ⊃ K|k
Ù@ï�åYÌ@È�ÇÎÖ!È�ÐúëyÇÎÌ

ES(K) := O×
k,m

ÜoäYÌ�ÑYÈ�Ð
ùÒË±Ñ*ÛYÍ

m :=
∏

p∈S p
é

áçÇÎÌ
Ù@È�×3ò{È�Ð
ES(kS) := lim−→

kS⊃K|k

ES(K)
ÛYÐ.Ñ

ES(kS(p)) := lim−→
kS(p)⊃K|k

ES(K).
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Ĥi

(

G(kS(p)|k), ES(kS(p))
)

∼= Ĥ2−i
(

G(kS(p)|k),Qp/Zp
)∨
.

A �CB�� Þ ä[� á�ÇÎÌyÔWä.Ù@Ù@È�ÐàÕqÛ.ï�åÊåYÇ³È�Ì
Ñ*Ç³È7ÐAÖ!È�Ì@Ù�È�×3òvÛYÐYÏ�È�Ð òvÛYÔ ÕqÖ.Ù3×3Ì�Õ${�×@È�ÐÊø�ÕqÍÎÍ�ÕqÐYÏ�È�Ö9È�ÐQé
ø�äYÌ�È�ÇÎÐ.È"È�Ð.Ñ*ÍÎÇ³ï�å.È Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È_z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

K ⊆ kS
É�ËNÐ

k
Ù@È�Ç�ëyÇ³ÈvÑYÈ�Ì

CK
Ñ*Ç³È�ê�ÑYÈ�ÍK{�Í ÕNÙ@Ù@È�ÐYÏ�Ì3ÛYÓYÓ9È

ÛYÐ.Ñ
C0
K

ÑYÈ�ÌY{�ËNÔ"Ó�Õ${�×@È7��È�Ì3ÐÊÑYÈ�ÌIÞAÖ.Ù@ËNÍÎÛY×3Ð.ËNÌ3Ô é0��È�×3ò{È�ÐÊëyÇÎÌIÕqÛ.ï@åÊåYÇ³È�Ì
C = lim−→

kS⊃K|k

CK
ÛYÐ.Ñ

C0 = lim−→
kS⊃K|k

C0
K ,



Ù�Ë Ç³Ù3×
C0 Í³È�É�È�Í öV{�ËNÔ"Ó�Õ${�×^~.ÛYÐ.Ñ ëyÇÎÌ
å�ÕqÖ!È�Ð Ñ*Ç³È�È��YÕ${�×@È���Èn ¢Û.È�ÐYò

0→ C0 → C → R+ → 0.

ÆAÇ³ÈÚðAËNÍÎÍ³ÈØÉ�ËNÐ
EK
ëyÇÎÌ@ÑóÑ*ÛYÌ@ï@å

ES(K)
äYÖ!È�Ì3Ð.ËNÔ"Ô�È�ÐóÛYÐ.Ñ÷Ñ*Ç³È�É�ËNÐ

IK
Ñ*ÛYÌ@ï@åóÑ*Ç³È õ/Ì3ÛYÓYÓ!È

Im
K

~
ë�È�Í³ï@å.ÈÚÜoäYÌ

K ⊂ kS(p)
{�ËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Ù@ï�å ×3Ì3ÇÎÉ±Ç ÕqÍyÇ³Ù@×^~�ë�ÕNÙ�ÕqÛ.Ù"ÑYÈ�ÔñÜoËNÍÎÏ�È�Ð.ÑYÈ�Ð`��È�Ô"Ô�Õóûl��é©¨*é©­:�&ÿWÜoËNÍÎÏ�×{é

Æ=È�ÐYÐ ÈvÙ/Ù3ÓYÇ³È�Í³È�ÐèÐ¢ÛYÌ�Ñ*Ç³ÈWÈ�Ð.Ñ*ÍÎÇ³ï�å.È�ÐÂ�±×@È�ÍÎÍ³È�ÐèÉ�ËNÐ
S
È�ÇÎÐ.È�ðIËNÍÎÍ³ÈG~9Ñ.Õ�Ñ*Ç³È�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏàÕqÛ,��È�Ì3å�ÕqÍÎÖ É�ËNÐ

SÛYÐ±É�È�Ì3òvëlÈ�ÇÎÏ�×yÇ³Ù3×^~�ÛYÐ.Ñ�ÜoäYÌ
p 6= 2

Ö9È�Ç�í�È�Ì3É�ËNÍÎÍ³Ù@×�ìqÐ.Ñ*ÇÎÏ�ÛYÐYÏ�Ð�ÕNï�åÚÕqÌ@ï�åYÇÎÔ�ÈvÑ*Ç³Ù@ï@å.È�Ð��±×@È�ÍÎÍ³È�ÐÚÑ*Ç³È�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ
C/R
ÐYÇ³ï�å¢×ÚÕqÛ*Üa×3Ì@È�×@È�Ð`{�ÕqÐYÐ�~0ÛYÐ.Ñ÷ÜoäYÌ

p = 2
ÑYÈ�Ì�õ/Ì3ÛYÐ.Ñ:{[�NÌ3Ó9È�Ì

k
ÕqÍ³Ù"×@ËN×�ÕqÍ
ÇÎÔ�ÕqÏ�ÇÎÐ�ìqÌ�É�ËNÌ�ÕqÛ.Ù@Ï�ÈvÙ@È�×3òv×

ëyÛYÌ@ÑYÈ�é
ClK
ë�È�Ì@ÑYÈÚÌ@È�ÓYÌ�ìNÙ@È�Ð¢×3Ç³È�Ì3×�Ñ*ÛYÌ@ï@å Ñ*Ç³ÈÊõ/Ì3ÛYÓYÓ9È

CK/C
m
K

~?ëlÈ�Í³ï�å.È6Ð�ÕNï@åÎ�*Õq×3òôûl��é©¨*é©¨$®±ÿWÇ³Ù�ËNÔ�ËNÌ3ÓYåóòvÛYÌ
õÝÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9ÈØÑYÈ�ÌWÔ�ÕF��ÇÎÔ�ÕqÍ³È�ÐóÕqÛ,��È�Ì3å�ÕqÍÎÖ

S
ÛYÐ¢É�È�Ì3òvë�È�ÇÎÏ�×@È�Ð>ûaÛYÐ.ÑúÇÎÐYÐ.È�Ì3å�ÕqÍÎÖ

S
ò&ÕqåYÔ É�È�Ì3òvëlÈ�ÇÎÏ�×@È�Ð�ÿ

ÕqÖ9È�Í³Ù@ï�å.È�Ðfz�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏØÉ�ËNÐ
K
Ç³Ù3×{é

ÆAÇ³È�z�Ð.Ñ*ÍÎÇ³ï@å,{�È�ÇÎ×/É�ËNÐ
CK/C

m
K

å�ÕqÖ9È�Ð ëyÇÎÌ
ÇÎÐf�*Õq×3ò�ûl��é©¨*éÃ»�ÿ�Ö9È�ëyÇ³ÈvÙ@È�ÐQé
ÆAÇ³Èª��Ì3ÇÎÉ±Ç ÕqÍÎÇÎ×�ìq×yÉ�ËNÐ

lim−→
kS⊃K|k

CK/C
m
K

ÛYÐ.Ñ
lim−→

kS(p)⊃K|k

CK/C
m
K(p)
ÜoËNÍÎÏ�×
ÕqÛ.ÙyÑYÈ�Ô æ=ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍ³Ù�Õq×3ò�û=�IËqö

Ì@ËNÍÎÍ ÕqÌ�ûl��é©¨*é©¨G��ÿ3ÿdé
ÆAÇ³È�z¯�YÕ${�×3å.È�ÇÎ×AÑYÈ�Ìª��Èn ¢Û.È�ÐYò{È�ÐàÇÎÐàÑYÈ�ÔîÛYÐ.Ñ Ñ*Ç³È��IËNÔ"ÔWÛY×�Õq×3ÇÎÉ±ÇÎ×�ìq×�ÑYÈvÙ
Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô�Ù ûl��éK��é©­G­�ÿ�ÜgËNÍÎÏ�È�Ð

ÕqÛ.Ù³�*Õq×3òØûl��é©¨*éK�^­�ÿ�ÖYòvëÝéYÍ ÕNÙ�Ù@È�Ð Ù3Ç³ï@åàÙ@ËqÜoËNÌ3×yÐ�ÕNï�åYÌ@Èvï@åYÐ.È�ÐQé
Æ=ÕNÙ���å.ÈvËNÌ@È�Ô È�Ì3Ï�ÇÎÖY×IÙ3Ç³ï�å Ð¢ÛYÐÒÕqÛ.ÙIÑYÈ�Ôîø�ÕqÍÎÍlûaÖ�ÿ�É�ËNÐ���å.ÈvËNÌ@È�Ô ûl��éK��é©­$®±ÿdé
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A �CB�� Þ ä[� Æ/Ç³È
n
ö�×@È³z�ÇÎÐ.Ù@È�ÇÎÐYå.È�ÇÎ×@È�ÐYÏ�Ì3ÛYÓYÓ!ÈÝÇ³Ù3×�ÓYÌ@Ëqý,È/{�×3ÇÎÉ�È�Ì?�-ÇÎÔ�ÈvÙ

U
(n)
L = lim←−mU

(n)
L /U

(m)
L

ÜoäYÌ
n ≥ 1É�ËNÐ÷ûaÔ�ÛYÍÎ×3ÇÎÓYÍÎÇK{�Õq×3ÇÎÉ�È�Ð�ÿ

q
ö�õ/Ì3ÛYÓYÓ9È�Ð�~�ÕqÛ*Ü�ÑYÈ�Ð.È�ÐX��ËN×@È�ÐYòvÇ³È�Ì3ÛYÐYÏ6Ô"ÇÎ×

ps
ÖYÇ ý3È/{�×3ÇÎÉ�Ç³Ù@×{é9��ËNÔ"ÇÎ×AÇ³Ù@×���ËN×@È�ÐYòvÇ³Èdö

Ì3ÛYÐYÏ�Ô"ÇÎ×
ps
ÕqÛ.ï�åèÕqÛ*Ü

U
(n)
L

ÛYÐ.ÑàÑ.Õqå.È�Ì=ÕqÛ*Ü
Ĥi(G(L|K),U

(n)
L )
ÖYÇ ý3È/{±×3ÇÎÉ9é�ÞAÛ*ÜoÏ�Ì3ÛYÐ.ÑÊÉ�ËNÐ

f (ps) = 1
ÜoäYÌ
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F
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|R| = dimFpH
2(G).

¿ �V�.In�7�"!$#�%¯OQ�Q6��/�=<�#B�0��� L �5)	4��=J r(G)
UB�98}�0�����0���fI.�V��8B��� ðAÈ�Í Õq×3Ç³ËNÐ.È�ÐYÌ�ÕqÐYÏ CFE
�

G o
A �CB�� Þ ä[� á�ÇÎÌyÖ9È�×3Ì�ÕNï@å±×@È�ÐÒÑ*Ç³ÈÝø?äYÐ*Üaö+��È�Ì3Ô�Èdöu��Èn ±Û.È�ÐYò�ÕqÛ.Ùª�*Õq×3òØûR¨*é©¨*éÃ»�ÿ

0→ H1(G)→ H1(F )→ H1(R)G → H2(G)→ H2(F ).

Æ�Õ Ð�ÕNï�åôßkÁ	�±áãâ+~,��Ì@ËNÓ9Ë�Ù3ÇÎ×3Ç³ËNÐ�­*éjþ*é©�:~
H2(F ) = 0

Ï�ÇÎÍÎ×^~�È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌ
òvÛ.Ù�ÕqÔ"Ô�È�Ð Ô"ÇÎ×ª�*Õq×3òØûR¨*éK��é ®±ÿ
0 = dimFpH

1(G)− dimFpH
1(F ) + dimFpH

1(R)G − dimFpH
2(G)

= d(G) − |S|+ |R| − dimFpH
2(G).

2á�ÇÎÌ
ë�È�Ì@ÑYÈ�ÐàÙ3Ó�ìq×@È�Ì�ÜgËNÍÎÏ�È�Ð.ÑYÈ��*ìq×3ò{È�Ö9È�ÐP�N×3ÇÎÏ�È�ÐQé
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�,-¯8 o # o r(G) = 1 o ¿ !G�P���I�J

d(G) = 1
E^8���)

G
#:!GJ

Zp
!
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A �CB�� Þ ä[� êuÙ3×
r(G) = 1

~YÙ@Ë��.Ð.ÑYÈ�ÐàëyÇÎÌ
È�ÇÎÐ.ÈÝÈ��.Õ${±×@È���Èn ±Û.È�ÐYò
1→ R→ F → G→ 1,

ë�ËNÖ!È�Ç
R
É�ËNÐàÈ�ÇÎÐ.È�Ô z�Í³È�Ô�È�Ð¢×�ÕqÍ³Ù³ÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì=ÑYÈ�Ì
ÜoÌ@È�Ç³È�Ð���Ì@Ëqö

p
ö�õ=Ì3ÛYÓYÓ!È

F
ûaÖYòvÏ�Í�é�È�ÇÎÐ.È�Ô Ô"ÇÎÐYÇÎÔ�ÕqÍ³È�Ðz�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�Ð.Ùd��Ù@×@È�Ô

S
É�ËNÐ

G
ÿ�È�Ì3ò{È�ÛYÏ�×�ëyÇÎÌ@Ñ-é�Á=ÕNï@å\�QÈ�Ô"Ô�ÕØûR¨*éK��é©­�ÿ�Ç³Ù3×

RF ′/F ′ È�Ð¢×uëlÈvÑYÈ�Ì�×3Ì3ÇÎÉ�Ç ÕqÍ!Ë�ÑYÈ�ÌëyÇÎÌ@Ñ É�ËNÐÊÈ�ÇÎÐ.È�Ô¬z�Í³È�Ô�È�Ð±×/ÕqÍ³ÙY|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9ÈÝÉ�ËNÐ
F/F ′ = F ab

È�Ì3ò{È�ÛYÏ�×{é�Æ/Ç³È���Èn ¢Û.È�ÐYò
1→ RF ′/F ′ → F ab → Gab → 1

Ç³Ù@×�È��.Õ${�×^~*ÛYÐ.ÑÚÕqÍÎÍ³È=É�ËNÌd{�ËNÔ"Ô�È�Ð.ÑYÈ�Ð õ/Ì3ÛYÓYÓ9È�Ð Ù3ÇÎÐ.Ñ
Zp
ö�ùàË�Ñ*ÛYÍÎÐ�~*ëlËNÖ9È�Ç

rkZp F
ab = |S|

Ç³Ù@×{éYÆ=Õqå.È�Ì�Ï�ÇÎÍÎ×
rkZpG

ab ≥ |S| − 1
~.ÛYÐ.Ñ6Ñ*Ç³È7£�È�å�ÕqÛYÓY×3ÛYÐYÏ�ÜgËNÍÎÏ�×{é
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0→ (pG
ab)∨ → H2(G,Z/pZ)→ pH

2(G,Qp/Zp)→ 0

�Q][!$&FJ o p �,InOQ��I/E
�98B��)d�_Oc��)d�Q<�#��0�/J?I.�R<�#v8B��) « ��%K!GJ=�RE
�0����)l!
�TA}C$E
� G 6nU
r(G) = dimFp pG

ab + dimFp pH
2(G,Qp/Zp).

A �CB�� Þ ä[� á�ÇÎÌyÏ�È�å.È�ÐàÕqÛ.ÙIÉ�ËNÐ ÑYÈ�ÌIÈ��.Õ${±×@È�ÐX��Èn ±Û.È�ÐYò
0→

1

p
Z/Z→ Qp/Zp

p
−→Qp/Zp → 0.

Æ/Ç³ÈvÙ@È�ÌAËNÌ@Ñ*Ð.È�Ð ëyÇÎÌIÑ*Ç³È=Í ÕqÐYÏ�ÈÝÈ��.Õ${±×@È���Èn ¢Û.È�ÐYò
H1(G,Qp/Zp)

p
−→H1(G,Qp/Zp)→ H2(G,Z/pZ)→ H2(G,Qp/Zp)

p
−→H2(G,Qp/Zp)

òvÛQé�ÆAÇ³È���Èn ±Û.È�ÐYò
0→ pG

ab → Gab
p
−→GabÇ³Ù@×
È��YÕ${�×^~YëlËNÌ�ÕqÛ.ÙIëyÇÎÌIÑ*ÛYÌ@ï@åàÆAÛ�ÕqÍÎÇ³Ù@Ç³È�Ì3ÛYÐYÏØÑ*Ç³È�È�Ö9È�Ð*ÜgÕqÍÎÍ³ÙAÈ��YÕ${�×@È���Èn ¢Û.È�ÐYò

H1(G,Qp/Zp)
p
−→H1(G,Qp/Zp)→ H1(pG

ab,Qp/Zp)→ 0



È�Ì3å�ÕqÍÎ×@È�ÐQé�Æ=ÈvÙ3å�ÕqÍÎÖS{[�NÐYÐ.È�Ð ëyÇÎÌIÙ�ï@åYÍÎÇ³È/��È�Ð�~�Ñ.Õ$�
0→ H1(pG

ab,Qp/Zp)→ H2(G,Z/pZ)→ pH
2(G,Qp/Zp)→ 0

È��.Õ${�×yÇ³Ù3×{éYáúÈ�Ï�È�Ð
H1(pG

ab,Qp/Zp) = Hom(pG
ab,Qp/Zp) = (pG

ab)∨

È�Ì3Ï�ÇÎÖY×AÙ3Ç³ï@åÊÑYÈ�Ìª�*Õq×3ò�é
2

Æ/È�Ì
ÜoËNÍÎÏ�È�Ð.ÑYÈ��*Õq×3ò�Ç³Ù3×
È�ÇÎÐ ÞIÐ�ÕqÍ³ËNÏ�ËNÐÊòvÛYÌ³�!È�Ì3Í³È�Ï�ÛYÐYÏØÈ�ÇÎÐ.ÈvÙ
ùÒË�Ñ*ÛYÍ³ÙyäYÖ!È�Ì
È�ÇÎÐ.È�Ô æ/ÕqÛYÓY×3Ç³ÑYÈ{ÕqÍÎÌ3ÇÎÐYÏØÇÎÐ
È�ÇÎÐ.È�Ð ÜaÌ@È�Ç³È�Ð ÛYÐ.ÑÊÈ�ÇÎÐ.È�Ð���ËNÌ@Ù3Ç³ËNÐ.Ù@×@È�ÇÎÍ�é
�Q���=���ak��KJ�â:�^å,�������
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d(G) = dimFp(G/Φ(G)) = rkZp(G
ab) + dimFp(pG

ab).

A �CB�� Þ ä[� áúÈ�Ï�È�Ð
d(Gab) = d(G)

Ñ*äYÌ,ÜgÈ�ÐôëyÇÎÌ
G
ÕqÍ³ÙWÕqÖ9È�Í³Ù@ï�åôÉ�ËNÌ�ÕqÛ.Ù@Ù@È�×3ò{È�ÐQé?Æ�ÕqÐYÐôÇ³Ù3×

G
Ñ*ÇÎÌ@È/{�×@ÈvÙ��Ì@Ë±Ñ*Û,{�×�É�ËNÐ

r
�IËNÓYÇ³È�Ð6É�ËNÐ

Zp
ÛYÐ.Ñ

s = d(G)− r
õ/Ì3ÛYÓYÓ9È�Ð6ÑYÈ�Ì�ø�ËNÌ3Ô

Z/peiZ
é*Æ�ÕqÖ!È�Ç!Ç³Ù3×

r
ÑYÈ�Ìyð/ÕqÐYÏ

É�ËNÐ
G
ÕqÍ³Ù

Zp
ö�ùÒË±Ñ*ÛYÍ�é9ÞAÛ*ÜaÏ�Ì3ÛYÐ.ÑàÉ�ËNÐ

pZp = 0
Ï�ÇÎÍÎ×

pG = p(
∏

Z/peiZ)
é!ø?äYÌ/Ñ*Ç³È

Fp
ö�Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐèÜgËNÍÎÏ�×

Ð±ÛYÐ
dimFp(pG) = s

é
2
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ægß=ß5���B�¥� Þ �"��ä
z�ÇÎÐ.È bt%MJ=).�V��)/J+�}W2)�U�*[*,� Ç³Ù3×
È�ÇÎÐ.È�õ/Ì3ÛYÓYÓ9È

G
òvÛ.Ù�ÕqÔ"Ô�È�Ð Ô"ÇÎ×AÈ�ÇÎÐ.È�ÌIÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

ω : G→ N ∪ {∞},

Ù�Ë"Ñ.Õ$�"ÜaäYÌIÕqÍÎÍ³È
x, y ∈ G

ω(xy−1) ≥ min(ω(x), ω(y))

Ï�ÇÎÍÎ×{é�Æ/È��.ÐYÇ³È�Ì@È�ÐàëyÇÎÌ�ÜaäYÌ�ý,ÈvÑYÈvÙ
n ∈ N

Ñ*Ç³ÈÝùÒÈ�ÐYÏ�È

Gn := {x ∈ G| ω(x) ≥ n},

Ù�Ë"È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌIÈ�ÇÎÐ.ÈÝÕqÖ.Ù3×@È�ÇÎÏ�È�Ð.ÑYÈ���È�×3×@È�É�ËNÐ�|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È�ÐÊÉ�ËNÐ
G
é|IÔ"Ï�È/{�È�åYÌ3×/ÑYÈ��.ÐYÇ³È�Ì3×IÈ�ÇÎÐ.ÈÝÙ@ËNÍ³ï�å.È���È�×3×@È�ÕqÛ.ï�åÊÈ�ÇÎÐ.ÈÝø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ�É�Ç Õ

ω(x) := max{n| x ∈ Gn}.

ê�Ðúßk�-ò{âQëyÇÎÌ@Ñ6É�ËNÐÊÈ�ÇÎÐ.È�ÌIø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ�òvÛ.Ù�ìq×3òvÍÎÇ³ï@åÊÏ�ÈdÜgËNÌ@ÑYÈ�Ì3×^~.Ñ.Õ$�
ω([x, y]) ≥ ω(x) + ω(y)

ÜoäYÌIÕqÍÎÍ³È
x, y ∈ G

Ï�ÇÎÍÎ×^~Yë�ÕNÙ
Ï�Í³È�Ç³ï�å¢Ö9ÈvÑYÈ�ÛY×@È�Ð.ÑÊÇ³Ù3×yÔ"ÇÎ×
[Gn, Gm] ⊆ Gn+m.

áçÇÎÌ
Ð.È�ÐYÐ.È�ÐÊÈ�ÇÎÐ.È�Ù@ËNÍ³ï@å.ÈÝø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ 6�����J=)d!
% é
á�ÇÎÌlå�ÕqÍÎ×@È�Ð�Ð.Ë�ï@åØÜoÈvÙ3×^~¢Ñ.Õ$��ÇÎÐ�Ñ*Ç³ÈvÙ@È�Ô ø�ÕqÍÎÍ³È

Gn
ÜaäYÌlÕqÍÎÍ³È

n
È�ÇÎÐ Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�ÌlÉ�ËNÐ

G
Ç³Ù@×^~�ÛYÐ.Ñ�òvÛ.Ù�ìq×3ò�ö

ÍÎÇ³ï�å
Gn/Gn+1

ÇÎÔè�!È�Ð¢×3Ì3ÛYÔ É�ËNÐ
G/Gn+1

ÍÎÇ³È�Ï�×{é9Æ/ÈvÙ/ë�È�ÇÎ×@È�Ì@È�ÐúÙ3ÇÎÐ.ÑèÙ3Û,{±ò{ÈvÙ�Ù3ÇÎÉ�È�ÈAÛ.ËN×3Ç³È�Ð±×@È�Ðúò{È�Ð¢×3Ì�ÕqÍ³È�Ì
ø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ�È�ÐèÕqÖ!È�Í³Ù@ï�åQé
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êuÐ�Ñ*Ç³ÈvÙ@È�Ô�ÞAÖ.Ù@ï�åYÐYÇÎ×3×�ÜoËNÍÎÏ�È�Ð�ëyÇÎÌ�ëlÈ�ÇÎ×3Ï�È�å.È�Ð.ÑÒßk�/ö�õAâ�éB��È�Ç
G
È�ÇÎÐ.È?��Ì@Ëqö

p
ö�õ/Ì3ÛYÓYÓ!È�é¢á�ÇÎÌ�ÔH��ï@å±×@È�Ð�ÛYÐ.Ù�È�ÇÎÐ.È

ø?ÇÎÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏÚÉ�ËNÐ
G
Ö9ÈvÙ@ï@å�ÕF¦-È�ÐQé�Æ�ÕqòvÛX{�ËNÐ.Ù3×3Ì3ÛYÇ³È�Ì@È�ÐèëyÇÎÌIòvÛYÐ�ìNï�å.Ù3×�È�ÇÎÐ.È�|AÔ"Ï�È�ÖYÛYÐYÏ�Ù3Ö�ÕNÙ3Ç³Ù=ÑYÈ�Ì

0
ÇÎÐàÑYÈ�Ì

õ=Ì3ÛYÓYÓ!È�Ð�ÕqÍÎÏ�È�ÖYÌ�Õ*é-í/Ç³È�Í³È�ÞIÛ.Ù@Ù�ÕqÏ�È�ÐÒäYÖ9È�ÌÝõ/Ì3ÛYÓYÓ!È�Ð:�.ÍÎ×3Ì3Ç³È�Ì3ÛYÐYÏ�È�ÐÂ{[�NÐYÐ.È�ÐèëyÇÎÌ=Ñ.ÕqÐYÐèÇÎÐ ÑYÈ�Ì�õ/Ì3ÛYÓYÓ9È�Ð�ÕqÍ ö
Ï�È�ÖYÌ�Õ"Ö!È�å�ÕqÐ.ÑYÈ�ÍÎÐQé
á�ÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�ÐÒÑ*Ç³È�ûaÉ�È�Ì3É�ËNÍÎÍ³Ù3×�ìqÐ.Ñ*ÇÎÏ�×@È&ÿ/õ/Ì3ÛYÓYÓ!È�Ð�ÕqÍÎÏ�È�ÖYÌ�Õ�Ñ*ÛYÌ@ï@å

Fp[[G]] = lim←− Fp[G/N ],

ë�ËNÖ!È�Ç�ÑYÈ�Ì=ÓYÌ@Ëqý3È/{±×3ÇÎÉ�È��-ÇÎÔ�ÈvÙ=äYÖ9È�Ì/Ñ*Ç³È Ë$¦-È�Ð.È�Ð@ÁAËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�Ì=É�ËNÐ
G
Ï�È�ÖYÇÎÍ³ÑYÈ�×/ëyÇÎÌ@Ñ-é9êuÐàÇÎåYÌ=å�ÕqÖ9È�ÐàëyÇÎÌ

Ñ.ÕNÙIêuÑYÈ{ÕqÍ
I(G) = (g − 1| g ∈ G).ø�È�Ì3Ð.È�ÌAÙ@È�×3ò{È�Ð6ëyÇÎÌ
In(G) := (I(G))n.ÁAÛYÐ å�ÕqÖ9È�Ð6ëyÇÎÌIÑYÈ�Ð6ÜgËNÍÎÏ�È�Ð.ÑYÈ�ÐX�*Õq×3òØûaÉ�Ï�Í�é-ßk�/ö�õ/â+~��*Õq×3ò�»�é©��ÿdé
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�P�§O��5%M8��/�ð8
�R� p 8��Q!
%K� In(G)

���5�0��"47A��^O�UT�BA$I^Od!$I.��I�8B��)
0
�5�

Fp[[G]] o
á�ÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�ÐÒÑ*Ç³È �"!$IcI^���,#T!GU�I�Z=Ës��%MJ=)��R��)�UT�BA Ñ*ÛYÌ@ï�å

G(n) := {g ∈ G| g − 1 ∈ In(G)}.

ø�äYÌAÑ.ÕNÙD�±×3Û.Ñ*ÇÎÛYÔ ÇÎåYÌ@È�Ì�z�ÇÎÏ�È�Ð.Ù@ï@å�ÕcÜo×@È�ÐÊÖ9È�ëlÈ�Ç³Ù@È�ÐÊëyÇÎÌ
òvÛYÐ�ìNï@å.Ù3×AÑ.ÕNÙyÜgËNÍÎÏ�È�Ð.ÑYÈ7�QÈ�Ô"Ô�Õ*é
�Q���=���=����� ö �B�Â�hâ��HÇu! È ËsNT)�!
%5%K�

g, h ∈ G
A
�5%MJ+Ê

[g, h] − 1 = (gh− 1)(g−1h−1 − 1) + (gh− 1) + (g−1h−1 − 1)

ÇlO È ËtNT)�!
%5%É�
g ∈ G(n)

UB�08g!G%�%É�
h ∈ G(m)

A
�5%MJ+Ê
gh − 1 ≡ g − 1 + h− 1 (

4HE^8
UT%ME
In+m(G)).

Çu< È
[G(n), G(m)] ⊆ G(n+m) oÇÆ8 È ËtNT)�!
%5%É�

g ∈ G(n)

A
�5%;J+Ê
gp

k
∈ G(pkn).A �CB�� Þ ä[� ûgÕ�ÿ�Ì@Èvï@åYÐ.È�×AÔ�ÕqÐ ÛYÐYÔ"ÇÎ×3×@È�ÍÎÖ�ÕqÌ/ÕqÛ.Ù{éYø?äYÌWûaÖ�ÿlÖ9È�Ì@Èvï@åYÐ.È�ÐàëyÇÎÌ

gh− 1 = (g − 1)(h − 1) + g − 1 + h− 1 ≡ g − 1 + h− 1 (
Ô�Ë�Ñ*ÛYÍ³Ë

In+m(G)).

ø?äYÌWûoï&ÿlÌ@Èvï�åYÐ.È�ÐÊëyÇÎÌ
Ô�Ë�Ñ*ÛYÍ³Ë
In+m(G)

�
[g, h] − 1 = (gh − 1)(g−1h−1 − 1) + (gh − 1) + (g−1h−1 − 1)

≡ ((g − 1) + (h− 1))((g−1 − 1) + (h−1 − 1)) + g − 1 + h− 1 + g−1 − 1 + h−1 − 1

≡ (g − 1)(g−1 − 1) + (h− 1)(h−1 − 1) + g − 1 + h− 1 + g−1 − 1 + h−1 − 1

= 0

Fp[[G]]
å�Õq×=ülå�ÕqÌ�Õ${±×@È�Ì3Ç³Ù3×3ÇK{

p
~YÑ.Õqå.È�ÌIÇ³Ù3×

gp
k
− 1 = (g − 1)p

k

È�ÇÎÐfz�Í³È�Ô�È�Ð¢×AÉ�ËNÐ
Ip

kn(G)
~Yë�ÈvÙ3å�ÕqÍÎÖ(ûoÑ�ÿlÏ�ÇÎÍÎ×{é
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á�ÇÎÌIÈ�Ì3å�ÕqÍÎ×@È�ÐÊÐ¢ÛYÐÊÑYÈ�Ð
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G oA �CB�� Þ ä[� Æ/Ç³È�È�Ì@Ù3×@Èt£�È�å�ÕqÛYÓY×3ÛYÐYÏ
ÜgËNÍÎÏ�×QÛYÐYÔ"ÇÎ×3×@È�ÍÎÖ�ÕqÌ�ÕqÛ.ÙQÑYÈ�Ô>É�ËNÌ�ÕqÛ.Ù@Ï�È�å.È�Ð.ÑYÈ�Ð��QÈ�Ô"Ô�Õ*é
��ÛYÌQòvëlÈ�ÇÎ×@È�Ð
Ö9È�×3Ì�ÕNï@å±×@È�ÐàëyÇÎÌ
Ñ*Ç³È�ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ

φ : G(n)/G(n+1) → In(G)/In+1(G), g 7→ g − 1.Æ/Ç³ÈvÙ@È
Ç³Ù3×�È�ÇÎÐ�æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.ÙlÐ�ÕNï@åg��È�ÇÎÍ0ûaÖ�ÿ0ÑYÈvÙs�QÈ�Ô"Ô�ÕNÙ&é¢ø.È�Ì3Ð.È�ÌlÇ³Ù3×
φ
Ð�ÕNï@åØÆ=È��.ÐYÇÎ×3Ç³ËNÐØÉ�ËNÐ

G(n+1)ÇÎÐNý3È/{�×3ÇÎÉ!éYÆ�Õqå.È�Ì
Ç³Ù3×
G(n)/G(n+1)

È�Ð.Ñ*ÍÎÇ³ï@å�~�ëlÈvÙ3å�ÕqÍÎÖ
G(n+1)

ÇÎÐ
G
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U �G
È�ÇÎÐÊË$¦-È�Ð.È�Ì�Á/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�ÌIÛYÐ.Ñ
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G(1,q) := G
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1 oA �CB�� Þ ä[� ûgÕ�ÿ�ê�Ôi��È�Ô"Ô�Õ ûR¨*éK��éK�G�&ÿ�å�ÕqÖ9È�Ð ëyÇÎÌyÏ�ÈvÙ@È�å.È�Ð�~.Ñ.Õ$�
(G(n))

q ⊆ G(nq)
ÛYÐ.Ñ

[G(n), G] ⊆ G(n+1)Ï�ÇÎÍÎ×{é�á�ÇÎÌIò{È�ÇÎÏ�È�ÐàÑ*Ç³È7£�È�å�ÕqÛYÓY×3ÛYÐYÏ�Ð¢ÛYÐÊÇÎÐ.Ñ*Û,{�×3ÇÎÉ9é�ø?äYÌ
n = 1
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ÕqÛ.Ù

K(n+1) = (K(n))q[K(n), G] ⊆ (G(n))q[G(n), G] ⊆ G(nq)G(n+1) ⊆ G(n+1).Æ/Ç³ÈvÙ�Ï�ÇÎÍÎ×lÜaäYÌ
q = ps

é�Æ/È�Ì2£�È�ëlÈ�Ç³ÙlÜoäYÌ
q = 0

È�Ì3Ï�ÇÎÖY×�Ù3Ç³ï@å6ÕqÛ.Ù�Ï�Í³È�Ç³ï@å.È�ÌyðIÈvï�åYÐ¢ÛYÐYÏ"Ñ*ÛYÌ@ï@åÚáúÈ�Ï�Í ÕNÙ@Ù�È�ÐÚÕqÍÎÍ³È�Ì��È�Ì3Ô�ÈG~.ÇÎÐÊÑYÈ�Ð.È�ÐàÈ�ÇÎÐ
q
ÕqÛ*Üo×3Ì3ÇÎ×3×{é
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Ù�È�×3ò{È�Ð ëyÇÎÌ
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H := G(n,q) éYÆ�ÕqÐYÐ Ç³Ù@× H ÕqÍ³Ù
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H/Hq[H,H]
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G(n,q)/G(n+1,q) = H/Hq[H,G]
È�Ð.Ñ*ÍÎÇ³ï�åQé
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×3Ì3Ç³È�Ì3ÛYÐYÏ�Ñ.ÕqÌ@Ù3×@È�ÍÎÍÎ×{é.ø?äYÌIÑYÈ�Ð ø�ÕqÍÎÍ
q = p

Ç³Ù@×
Ñ*Ç³ÈÝðIÈvï�åYÐ¢ÛYÐYÏ�ò�ék£=éYÇÎÐúß}Æ=Æ=ù@�¢â�Ñ*ÛYÌ@ï@åYÏ�ÈdÜoäYåYÌ3×{é
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ë�ËNÍÎÍ³È�Ð ÇÎÔ ø.ËNÍÎÏ�È�Ð.ÑYÈ�ÐÒÙ@ï@åYÌ@È�ÇÎÖ9È�Ð��

Gn := G(n,p) é
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ϕ,ψ : ∆→ F
Ù3×@È�×@Ù?{�ËNÐNý,ÛYÏ�Ç³È�Ì3×IÙ3ÇÎÐ.Ñ-é

2

ê�Ô ø.ËNÍÎÏ�È�Ð.ÑYÈ�ÐèÖ!È�×3Ì�ÕNï�å¢×@È�ÐèëyÇÎÌ³�AËNÐ.Ù@Èn ±Û.È�ÐYò{È�ÐÊÜoäYÌAÑ*Ç³È�ÞIÖYÖYÇÎÍ³Ñ*ÛYÐYÏ�È�ÐÒòvëyÇ³Ù@ï�å.È�ÐèÑYÈ�ÐX�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³Èdö
Ï�Ì3ÛYÓYÓ9È�ÐQéYáçÇÎÌIÙ@È�×3ò{È�Ð Ù3×@È�×@Ù
É�ËNÌ�ÕqÛ.Ù^~.Ñ.Õ$��È�ÇÎÐ.È

∆
ö�ÞD{�×3Ç³ËNÐÊÕqÛ*Ü0ÑYÈ�Ð��AËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ!È�ÐèÉ�ËNÌ3ÍÎÇ³È�Ï�×{é



�Q���y���Kó�� ö �B�¥�¥â�� p I�J
φ : G→ H

���5�
∆
Z+�5�PCF!G).�R!
��J+��)�H7EG4_EG4_EG)V*�#B�yI�4�UBIc-�8���)24��5J��/���0�/4

∆
ZÆ����CF!
)��=!
��ZJ+�/��H7EG4_EG4_EG)V*�#B�yI�4�UBI

θ : B → A
CFE
4

H
Z+>XE^8
UT%

B
�5�f8��/�

G
ZV>�E^8
UT%

A
C$��)/J=)d�^A
%;�=<�#v��I�J��54Ì�9���P���ª8���)

L³��4}��).&�UT�BArÇÎN o N oq[ È -3I/EgI����08S8
�V��)d��I.UT%;J=�V��)Q���98����ÇH�E
4HE
4HE
)V*9#��yI�4}���
(φ, θ) : Hn(H,B) → Hn(G,A)��OQ���^�n!
%5%ÃI

∆
ZÆ���PC$!
).�R!
��J o

A �CB�� Þ ä[� ��È�Ç
σ ∈ ∆

é*áúÈ�Ï�È�Ð
(

ψ(σf)
)(

g1| . . . |gr
)

= θ
(

σf
(

σ−1(φ(g1))| . . . |σ
−1(φ(gr))

)

)

= σθ
(

f
(

φ(σ−1g1)| . . . |φ(σ−1gr)
)

)

=
(

σ
(

ψ(f)
)

)

(

g1| . . . |gn
)

,

ë�ËNÖ!È�Ç�ëyÇÎÌ
òvÛYÌIÞAÖ,{±äYÌ3òvÛYÐYÏ
ψ := (φ, θ)

Ï�ÈvÙ�È�×3òv×
å�ÕqÖ!È�Ð�~�È�Ì3Ï�ÇÎÖY×IÙ3Ç³ï@åàÑ*Ç³È7£�È�å�ÕqÛYÓY×3ÛYÐYÏ.é
2

Æ=ÕNÙ_��È�Ô"Ô�Õ�{[�NÐYÐ.È�ÐóëyÇÎÌ ÇÎÐ.Ù3Ö!ÈvÙ�ËNÐ.ÑYÈ�Ì@È ÕqÛ*Ü/Ñ*Ç³ÈÚê�Ð:Ï�Õq×3Ç³ËNÐóÛYÐ.ÑóÑ*Ç³ÈÚðAÈvÙ3×3Ì3ÇK{±×3Ç³ËNÐ ÕqÐ±ëlÈ�Ð.ÑYÈ�ÐQész�ÇÎÐ.È
ÕqÐ�ÕqÍ³ËNÏ�ÈWÞIÛ.Ù�Ù�ÕqÏ�È=Ï�ÇÎÍÎ×�ÜaäYÌAÑ*Ç³È�æAËNÔ�ËNÍ³ËNÏ�Ç³ÈG~�Ù@Ë"Ñ.Õ$�ØÕqÛ.ï@åàÑ*Ç³È7�IËNÌ@ÈvÙ3×3Ì3ÇK{�×3Ç³ËNÐ

∆
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×IÇ³Ù3×{é

ÞIÛ.Ù=Ù@È�ÇÎÐ.È�Ì=È���ÓYÍÎÇÎòvÇÎ×@È�Ð@£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏôûaò�ék£/é�ÇÎÐ
[
ÁIö+�	�	�

]
~��!é0®���ÿ
È�Ì@Ù@È�å.È�ÐÒëyÇÎÌ^~9Ñ.Õ$��ÑYÈ�Ìª{�ÕqÐ.ËNÐYÇ³Ù@ï@å.È

ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù
Gab ∼= Ĥ−2(G,Z)

ÜoäYÌ
È�ÇÎÐ.ÈÝÈ�Ð.Ñ*ÍÎÇ³ï�å.È�õ/Ì3ÛYÓYÓ9È
G
È�Ö9È�Ð*ÜgÕqÍÎÍ³Ù

∆
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×AÇ³Ù3×{é�õ/Í³È�Ç³ï@å.ÈvÙIÏ�ÇÎÍÎ×yÜoäYÌ
Ñ*Ç³ÈÝêuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È

AG/NGA ∼= Ĥ0(G,A).

ÞIÛ.ÙAÑYÈ�Ì�£�ÈvÙ@ï@åYÌ@È�ÇÎÖYÛYÐYÏÚÑYÈvÙ/ülÛYÓ*ö+��Ì@Ë�Ñ*Û,{�×@ÈvÙ=ÕqÛ*Ü�ÑYÈ�Ð��AË
{�È�×3×@È�Ð÷ûaò�é�£/é.ÇÎÐÃßkÁ	�±áãâ+~YÓQé9­�þ�ÿ�Ù@ï@åYÍÎÇ³È/��È�Ð
ëyÇÎÌAÙ@È�ÇÎÐ.È

∆
ö�ê�Ð±ÉNÕqÌ3Ç ÕqÐYò

σ(a ∪ b) = (σa) ∪ (σb).

ÞAÛ*Ü�Ñ*Ç³ÈvÙ@ÈY�±ÇÎ×3Û�Õq×3Ç³ËNÐ"ëyÇÎÌ@Ñ Ñ.ÕNÙ�ÜoËNÍÎÏ�È�Ð.ÑYÈ2�QÈ�Ô"Ô�Õ:~�ÑYÈvÙ�Ù@È�Ð_£�È�ë�È�Ç³Ù�Ù3Ç³ï@å"Ù@ËqÜgËNÌ3×0Ñ*ÛYÌ@ï@åHÁ=ÕNï@åYÌ@Èvï@åYÐ.È�ÐØÈ�Ì3Ï�ÇÎÖY×^~
ÞAÐ¢ë�È�Ð.Ñ*ÛYÐYÏ}�.Ð.ÑYÈ�ÐQé
�Q���y���yô0� ö �B�¥�¥â��������

∪ : A×B → C
���5�0�

Z
ZlO��5%'�5�0�d!G)d�ªm	O^O��5%K8
UB�TAg8B��)�!�OQ��%'I/</#:���¢W2)�U^*�*,���

A,B,C
-!GU.��8B���0���@8
�V�}W2)�U�*[*,�

∆
E�*,��)��R��)/J o p I/J ∪ ∆

Z+�5�PCF!
)��=!G��J5-¯I/EHI.�5�98 8G�R�7���08
UG6n�R�/)�J+���IH�E
4HE
4HE
)V*9#��yI�4}���
A→ Hom(B,C), a 7→ (b 7→ a ∪ b)

UT�98
A→ C, a 7→ a ∪ b��NT)t�n��I�J+�.I

b ∈ B
4��5J

σb = b
!
U:</#

∆
Z+�5�PCF!
)��=!G��J o

á�ÇÎÌ?ëlËNÍÎÍ³È�Ð ÛYÐ.Ù�ÕqÖ�åYÇ³È�Ì�ÕqÛ*Ü�ÑYÈ�Ð ø�ÕqÍÎÍ
∆ ∼= Z/2Z

Ù@Ó!È�òvÇ ÕqÍÎÇ³Ù3Ç³È�Ì@È�ÐQéqÆ�ÕqÖ!È�Ç�ëlÈ�Ì@ÑYÈ
∆
É�ËNÐ�ÑYÈ�Ì0ê�Ð±É�ËNÍÎÛY×3Ç³ËNÐ

σ
È�Ì3ò{È�ÛYÏ�×{é-Æ/Ç³È�Ì@ÈvÙ3ÛYÍÎ×3Ç³È�Ì@È�Ð.ÑYÈ"Þ�{�×3Ç³ËNÐúÕqÛ*ÜlÑYÈ�Ð@�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐôÇ³Ù3×�Ñ.ÕqÐYÐ È�Ð¢×uëlÈvÑYÈ�ÌW×3Ì3ÇÎÉ±Ç ÕqÍ�Ë�ÑYÈ�Ì
ÕqÛ.ï�åàÈ�ÇÎÐ.ÈÝêuÐ¢É�ËNÍÎÛY×3Ç³ËNÐQéz�ÇÎÐÊë�È�ÇÎ×@È�Ì@È�ÌIëyÇ³ï@å±×3ÇÎÏ�È�Ì/æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.ÙAÉ�ËNÐf�IËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐÒÇ³Ù@×IÑ*Ç³Èf¼ )l!
�PIlA
)Q�.IcI��=EG� é.Æ=È�Ì£�È�ë�È�Ç³Ù�ÇÎåYÌ@È�Ì

∆
ö�ê�Ð±ÉNÕqÌ3Ç ÕqÐYò�È�Ì,ÜoËNÌ@ÑYÈ�Ì3×�È�ÇÎÐ.È�Ï�È�Ð�ÕqÛ.È�ÞIÐ�ÕqÍK�*Ù@È"ÑYÈ�ÌWÆ=È��.ÐYÇÎ×3Ç³ËNÐQé�á�ÇÎÌ�ëlÈ�Ì@ÑYÈ�Ð(ÇÎåYÐôÇÎÔ ø.ËNÍ ö

Ï�È�Ð.ÑYÈ�ÐàÇÎÐ È�ÇÎÐ.È�Ô �±Ó9È�òvÇ ÕqÍ ÜgÕqÍÎÍ�Ñ*ÛYÌ@ï�å*ÜaäYåYÌ@È�ÐQé
�Q���y���a`�� ö �B�¥�¥â��������

p 6= 2
UT�98

G
��������13)dE
Z

p
Z�W2).U�*[*,�Â!
U���8B��)h8
�R� p �PCFE
%;UTJ=�RE
�

σ
E.*,��)��R�/)�J5-�In�/�

H�G
���5�SEl�D���0��)�?7EG).4H!
%MJ+���5%K��).-

X
���5�\J=)��5C^�=!G%K��)

G
ZV>�E^8
UT%Ã-t!
U��³8���4

σ
J=).�5C^�R!
%0E�*,��)��R��)Q�.-bUT�98_!
U��³8���4>fUB%MJ=�©*0%'��&$!GJ=�RE
�X4��=J

2
���5�vmDU:JVE
4HE
)+*�#���I.4�U�I	��I�J o¿ !
���f��I�J38
�R� ��Ì�ÕqÐ.Ù3Ï�Ì@ÈvÙ@Ù3Ç³ËNÐ

JÉA
: H1(H,X)G/H → H2(G/H,X)

�/���
σ
Z+�5�PCF!
)��=!G��J+��)�H�E
4HE
4HE
)V*9#��yI�4�U�I o



p

A �CB�� Þ ä[� á�ÇÎÌ
Ù3Ó9È�òvÇ ÕqÍÎÇ³Ù3Ç³È�Ì@È�Ð Ñ*Ç³È�ÇÎÐúßk�/ö�õ/â+~YÞIÖ.Ù@ï�åYÐYÇÎ×3×D­*éÃ»T~YÖYòvëÝé*ÇÎÐúßkÁ	�±áãâ+~,��Ì@ËNÓQé���é©°*éjþ:~YÏ�È�Ï�È�Ö9È�Ð.È
È��*ÓYÍÎÇÎòvÇÎ×@È7£�ÈvÙ@ï�åYÌ@È�ÇÎÖYÛYÐYÏ�ÑYÈ�ÌY��Ì�ÕqÐ.Ù3Ï�Ì@ÈvÙ@Ù3Ç³ËNÐèÕqÛ*Ü?ÛYÐ.Ù@È�Ì@È�Ðàø�ÕqÍÎÍQÛYÐ.Ñ6É�È�Ì,ÜgËNÍÎÏ�È�ÐÊÑ*Ç³È

σ
ö�ÞD{±×3Ç³ËNÐQé

á�ÇÎÌ=Ï�È�å.È�ÐôÕqÛ.Ù=É�ËNÐ È�ÇÎÐ.È�Ô
1
ö+�IËNòn�T{±ÍÎÛ.Ù

a ∈ H1(H,X)G/H
ÛYÐ.ÑèÈ�ÇÎÐ.È�Ô í�È�Ì3×3Ì@È�×@È�Ì

a ∈ a
~!ë�È�Í³ï@å.È�Ì

ÇÎÔ Ù3Ó!È�òvÇ³È�ÍÎÍ³È�Ðúø�ÕqÍÎÍ�ÑYÈvÙ�×3Ì3ÇÎÉ�Ç ÕqÍ³È�ÐôùàË�Ñ*ÛYÍ³Ù
X
È�ÇÎÐÃæAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù�Ç³Ù@×{é

a
ëyÇÎÌ@ÑèÐ�ÕNï�åôí�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ

ÛYÐ±×@È�ÌAÑYÈ�ÌY�AËNÐNý�ÛYÏ¢Õq×3Ç³ËNÐÒÔ"ÇÎ×Yz�Í³È�Ô�È�Ð¢×@È�Ð ÕqÛ.Ù
G
�,�*Ç³È�Ì3×^�

a(g−1hg) = a(h)
ÜoäYÌIÕqÍÎÍ³È

g ∈ G
ÛYÐ.ÑÊÕqÍÎÍ³È

h ∈ H.

Æ�Õqå.È�Ì
Ï�ÇÎÍÎ×AÙ3Ó!È�òvÇ³È�ÍÎÍV�
a(g1g2) = a(g2g1)

ÜaäYÌIÕqÍÎÍ³È
g1, g2 ∈ G

Ô"ÇÎ×
g1g2 ∈ H.

áçÇÎÌ�ë�ìqåYÍ³È�Ð(È�ÇÎÐ.È�Ð���ï@åYÐYÇÎ×3×
s : G/H → G

Ô"ÇÎ×
s(0) = 0

é�Æ�ÕqÐYÐÃÙ@ï�åYÌ@È�ÇÎÖY×�Ù3Ç³ï�å
g ∈ G

È�ÇÎÐ.ÑYÈ�ÛY×3ÇÎÏ ÕqÍ³Ù
g = s(γ) · h

Ô"ÇÎ×
γ ∈ G/H

ÛYÐ.Ñ
h ∈ H

éYÆ�ÕqÔ"ÇÎ×IÑYÈ��.ÐYÇ³È�Ì@È�ÐàëyÇÎÌIÈ�ÇÎÐ.È
1
ö+�IË
{�È�×3×@È

b : G→ X
Ñ*ÛYÌ@ï�å

b(g) = b(s(γ) · h) := a(h) + b(s(γ)).

áçÇÎÌIÙ@È�×3ò{È�ÐàÑ.ÕqÖ!È�Ç
b(s(0)) = b(0) = 0

é.Æ�Õqå.È�ÌIÇ³Ù3×
Ñ*Ç³È7z�ÇÎÐ.Ù@ï@åYÌ�ìqÐ,{�ÛYÐYÏØÉ�ËNÐ
b
ÕqÛ*Ü

H
Ï�Í³È�Ç³ï@å

a
é.ø?äYÌ�ý3ÈvÑYÈ

ÞAÛ.Ù3ë�ÕqåYÍ�ÑYÈ�ÌAÕqÐ.ÑYÈ�Ì@È�ÐÊáúÈ�Ì3×@ÈÝÉ�ËNÐ
b(s(γ))

Ï�ÇÎÍÎ×

b(g + h) = b(s(γ) · h1 · h) = a(h1 · h) = a(h1) + a(h) = b(g) + a(h)

ÜoäYÌIÕqÍÎÍ³È
g ∈ G

ÛYÐ.Ñ ÕqÍÎÍ³È
h ∈ H

é*áçÇÎÌ
ÑYÈ��.ÐYÇ³È�Ì@È�ÐàÑ*Ç³ÈÝø.ÛYÐ,{±×3Ç³ËNÐ
ϕa : G/H → X, γ 7→

1

2
a
(

s(σγ)−1 · σs(γ)
)

,

ÜoäYÌ
Ñ*Ç³È�Ï�ÇÎÍÎ×
ϕa(σγ) = a

(

s(γ)−1 · σs(σγ)
)

= (σa)
(

σs(γ)−1σs(γ)
)

= −(σa)
(

s(σγ)−1 · σs(γ)
)

= −ϕσa(γ).

Æ�Õ"Ñ*Ç³È	��Ì�ÕqÐ.Ù3Ï�Ì@ÈvÙ@Ù3Ç³ËNÐÒÈ�ÇÎÐ æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù/Ç³Ù3×yÛYÐ.ÑÚÐ�ÕNï@åàí�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ�Ñ*Ç³È�Ñ*ÇÎÌ@È/{±×@È��!È�Ì3Í³È�Ï�ÛYÐYÏ
H1(H,X)G/H = (H1(H,X)G/H )+ ⊕ (H1(H,X)G/H )−

È��*Ç³Ù3×3Ç³È�Ì3×^~"{[�NÐYÐ.È�Ð÷ëyÇÎÌWÛYÐ.ÙWÇÎÔ2ø�ËNÍÎÏ�È�Ð.ÑYÈ�ÐóÕqÛ*ÜIÑ*Ç³È�ø�ìqÍÎÍ³È
σa = a

Ë±ÑYÈ�Ì
σa = −a

òvÛYÌ3ä.ïc{±òvÇ³È�å.È�ÐQé0áçÇÎÌ
Ù�ï@åYÌ@È�ÇÎÖ9È�ÐàÑ.ÕqÐYÐ Ù3ÛYÏ�Ï�ÈvÙ3×3ÇÎÉ σa

a = ±1
é,z�ÙIÏ�ÇÎÍÎ×IÑ.ÕqÔ"ÇÎ×

ϕσa =
σa

a
ϕa.

áçÇÎÌIÑYÈ��.ÐYÇ³È�Ì@È�Ð Ð±ÛYÐ
b(s(γ)) :=

σa

a
ϕa(γ).

Æ�ÕqÐYÐ Ï�ÇÎÍÎ×
(σb)(g) =

σa

a
b(g)
ÜoäYÌIÕqÍÎÍ³È

g ∈ G,

ë�ÕNÙ
Ô�ÕqÐÊÑYÈ�ÌAðIÈvï@åYÐ±ÛYÐYÏ
(σb)(g) = b

(

σs(γ)
)

+ (σa)(h) = b
(

s(σγ)s(σγ)−1σs(γ)
)

+ (σa)(h)

= b
(

s(σγ)
)

+ a
(

s(σγ)−1 · σs(γ)
)

+ (σa)(h) = b
(

s(σγ)
)

+ 2ϕa(γ) + (σa)(h)

=
σa

a
ϕa(σγ) + 2ϕa(γ) + (σa)(h) = −

σa

a
ϕσa(γ) + 2ϕa(γ) + (σa)(h)

= ϕa(γ) + (σa)(h) =
σa

a
b(g).

È�Ð±×3ÐYÇÎÔ"Ô�×{é!Æ�ÕqÔ"ÇÎ×
Ç³Ù3×yÏ�È�ò{È�ÇÎÏ�×^~�Ñ.Õ$��Ñ*Ç³È���Û.ËNÌ@Ñ*Ð¢ÛYÐYÏ
a 7→ b

ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×AÛYÐ¢×@È�Ì
σ
Ç³Ù@×{é



á�ÇÎÌIÈ�Ì3å�ÕqÍÎ×@È�ÐÊÐ¢ÛYÐÊÈ�ÇÎÐ.È�Ð
2
ö+�AËNòn�B{�È�Í

f : G×G→ X
Ñ*ÛYÌ@ï@åÊÑ*Ç³È�ø.ÈvÙ3×3Í³È�Ï�ÛYÐYÏ

f(g1, g2) := (∂b)(g1, g2) = b(g1) + b(g2)− b(g1g2).áçÇÎÌ�å�Õq×3×@È�ÐôÖ9È�Ì@È�ÇÎ×@Ù�Ï�ÈvÙ@È�å.È�Ð�~�Ñ.Õ$�ÊÑYÈ�ÌÝðAÕqÐ.ÑYËNÓ9È�Ì�Õq×@ËNÌ
σ
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×�Ç³Ù3×^~9ëlËNÌ�ÕqÛ.ÙWÙ3Ç³ï@åÃÈ�Ì3Ï�ÇÎÖY×^~QÑ.Õ$�àÕqÛ.ï@å

Ñ*Ç³È���Û.ËNÌ@Ñ*Ð¢ÛYÐYÏ
a 7→ f

ÛYÐ¢×@È�Ì
σ
ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×IÇ³Ù@×{é

Æ/È�Ì��IËNòn�T{�È�Í
f
Ç³Ù3×WÙ�ËS{�ËNÐ.Ù3×3Ì3ÛYÇ³È�Ì3×^~0Ñ.Õ$�èÈ�Ì�Ð¢ÛYÌ É�ËNÐ÷ÑYÈ�ÐÂÁ/È�Ö!È�Ð,{�Í ÕNÙ@Ù@È�Ð

s(γ) + H
ÕqÖYå�ìqÐYÏ�×^~�ë�ÕNÙ

Ô�ÕqÐ ÜoËNÍÎÏ�È�Ð.ÑYÈ�ÌIðAÈvï@åYÐ±ÛYÐYÏØÈ�Ð¢×3ÐYÇÎÔ"ÔW×^�
f(g1 · h1, g2 · h2) = b(g1 · h1) + b(g2 · h2)− b(g1 · h1 · g2 · h2)

= f(g1, g2) + a(h1) + a(h2)− a(h1 · h2)) = f(g1, g2).��ËNÔ"ÇÎ×IÈ�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIÕqÍ³Ù@Ë"È�ÇÎÐ.È�Ð
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ö+�AËNòn�B{�È�Í

f ∈ H2(G/H,X)
é�Á=ÕNï@åôßkÁ	�±áãâ+~,��Ì@ËNÓQé���é©°*éjþ:~YëyÇÎÌ@Ñ6Ñ*Ç³È��Ì�ÕqÐ.Ù3Ï�Ì@ÈvÙ@Ù3Ç³ËNÐ6Ñ*ÛYÌ@ï�åÚÑ*Ç³È7��Û.ËNÌ@Ñ*Ð±ÛYÐYÏ

a 7→ f
Ï�È�Ï�È�Ö9È�Ð�~�ëlÈ�Í³ï�å.È�Ù3Ç³ï@å6ÕqÍ³Ù@Ë ÕqÍ³Ù

σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×yå.È�Ì�ÕqÛ.Ù3Ï�ÈvÙ3×@È�ÍÎÍÎ×

å�Õq×{é
2|IÐ.Ù@È�Ì@ÈÝÖYÇ³Ù3å.È�Ì3ÇÎÏ�È�Ð�ÐAÖ!È�Ì3Í³È�Ï�ÛYÐYÏ�È�Ð�Ï.Ç³È/��È�ÐÊÈ�ÇÎÐ6ÇÎÐÊÑYÈ�Ð
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G
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H�G
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%MJ+���5%K��)DUB�08

X
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G
Z+>XE^8
UT% o ¿ !
�P�vA
��%MJ+ÊÇÆ! Èh¿ �V�DËsNT�^��Z ¼ ��).4}��Z+���>=/UP���T6

0→ H1(G/H,XH ) owpsr−→ H1(G,X) thu v−→ H1(H,X)G/H ¢ £−→ H2(G/H,XH ) oqpsr−→ H2(G,X)�yI/J3�d][!
&FJ oÇlO È¥p I�J
H �G

El�D���P-
G
�/���0�³13)dE
Z

p
Z�W2).U�*[*,�x��NT)

p 6= 2
-
X
�/����J=).�5C^�R!
%É��)

G
Z+>XE^8
UT%Ã-2!
U.��8B��4 >�UT%;J=�Ã*9%;��Z&$!GJ=�RE
�f4��=J
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����� p I/EG4_EG)V*�#B�yI�4�UBIª�yI/J5-tUB�98gE.*,�/).�V��)/J28G�R� p �PCFE
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�

σ
!
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G
ÇVUT�98 J=).�5C^�R!
%"!
U��

X
È -I/E}�yI/Jx8
�V�7���>=/UP���T6�!
UBI}ÇÆ! È

σ
ZÆ���PC$!
).�R!
��J oA �CB�� Þ ä[� ø?äYÌÚûgÕ�ÿÝòvÇÎ×3Ç³È�Ì@È�Ð(ëyÇÎÌ�ßkÁ	�±áãâ+~���Ì@ËNÓQé3��é©°*é©°*é�Æ/Ç³È�ÞIÛ.Ù�Ù�ÕqÏ�ÈàûaÖ�ÿ�ÜoËNÍÎÏ�×"ÕqÛ.Ù��QÈ�Ô"Ô�Õ÷ûR¨*é©¨*é ®±ÿ

ÕqÐYÏ�È�ë�È�Ð.ÑYÈ�×=ÕqÛ*Ü�Ñ*Ç³ÈÝêuÐ:Ï�Õq×3Ç³ËNÐ ÛYÐ.Ñ Ñ*Ç³È�ðAÈvÙ3×3Ì3ÇK{±×3Ç³ËNÐÊÛYÐ.Ñ ÕqÛ.Ù��QÈ�Ô"Ô�Õ ûR¨*é©¨*é©°�ÿdé
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Æ/È�Ì�ÜgËNÍÎÏ�È�Ð.ÑYÈ��*Õq×3ò=Ü�Õ$��×�ëyÇ³ï�å¢×3ÇÎÏ�È�É�ËNÐ6ÛYÐ.Ù�Ö9È�ÐP�N×3ÇÎÏ�×@È�ðIÈvÙ@ÛYÍÎ×�Õq×@È=òvÛYÌ
σ
ö�ÞD{±×3Ç³ËNÐÊÕqÛ*Ü0ÑYÈ�ÐS�IËNå.ËNÔ�ËNÍ³Ëqö

Ï�Ç³È�Ï�Ì3ÛYÓYÓ9È�ÐÊòvÛ.Ù�ÕqÔ"Ô�È�ÐQé
�Q���y���aj��KJ�â:�^å,�������V���
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UT�98

B
!�OQ��%'I/</#:��*0)lE��/�98:%;�=<�#,��W2).U�*[*,�/�,-³C
��)cI^�.#:���Î4��5Jª8���)�Y"*,��)d!GJ=�=EG�¤���5�0��)p ��CFE
%;UTJ=�RE
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σ
- L E�OQ��� L �5) A = A+

UT�98
B = B−

�nE
)d8���)�� oÇÆ! È ËtNT)�!
%5%É�7J=)���C��=!
%É���h8
��Ic&�)Q�/J+���
B
ZV>XE�8
UB%;�

X
4��=JsJ=)��5C^�=!G%K��)

σ
ZRm�&FJ=�RE
�fUT�98\!
%5%K�

i
A
�5%;J+Ê

Hi(A,X) = H i(A,X)+.ÇlO È ËtNT)�!
%5%É�7J=)���C��=!
%É���h8
��Ic&�)Q�/J+���
B
ZV>XE�8
UB%;�

X
4��=JsJ=)��5C^�=!G%K��)

σ
ZRm�&FJ=�RE
�\AG��%MJ+Ê

H1(B,X) = H1(B,X)−.Çu< È¥p I�J
B
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p 6= 2
-38�!
�P�vA���%MJ+���

H2(A,Z/pZ) = H2(A,Z/pZ)+
UT�98

H2(B,Z/pZ) = H2(B,Z/pZ)−.

A �CB�� Þ ä[� ûgÕ�ÿ�ÛYÐ.ÑôûaÖ�ÿlÛYÐ.Ñ Ñ*Ç³ÈÝÈ�Ì@Ù@×@È�ÞIÛ.Ù@Ù�ÕqÏ�È=É�ËNÐÃûoï&ÿ�Ù3ÇÎÐ.Ñ\{�Í ÕqÌ{é
ø�äYÌyûoï&ÿ9Ö9È�×3Ì�ÕNï@å±×@È�Ð"ëyÇÎÌ�Ñ.ÕNÙ�z�Ð.ÑYÈ�ÑYÈ�Ì�ø?äYÐ*Üaö+��È�Ì3Ô�Èdöu��Èn ±Û.È�ÐYòIÕqÛ.Ù¯�*Õq×3ò�ûR¨*é©¨*éÃ»�ÿ-ÖYòvÏ�Í�éqÑYÈ�Ì0Æ=ÕqÌ@Ù@×@È�ÍÎÍÎÛYÐYÏ

1→ R→ Zp → B → 1
�
H1(R,Z/pZ)B

¥ ¦
−→ H2(B,Z/pZ)

¸kµ�^
−→ H2(Zp,Z/pZ).áçÇÎÌ�Ù@È�×3ò{È�ÐèÑ*Ç³È�ÞD{�×3Ç³ËNÐàÉ�ËNÐ

σ
ÕqÛ*Ü

Zp
ÜoËNÌ3×^~9Ñ-é åQé

Zp = (Zp)−
é!Æ�ÕqÐYÐÒÏ�ÇÎÍÎ×=Ë$¦-È�Ð.Ù3Ç³ï@å±×3ÍÎÇ³ï@å

R = R− é9Æ�Õ
Zp
ÜaÌ@È�Ç-Ç³Ù3×^~*Ï�ÇÎÍÎ×

H2(Zp,Z/pZ) = 0
~YÛYÐ.Ñ ëyÇÎÌ
È�Ì3å�ÕqÍÎ×@È�ÐàÙ@ËNÔ"ÇÎ×IÑYÈ�Ð

σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È�ÐÒê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

H1(R,Z/pZ)B → H2(B,Z/pZ).Æ�Õ Ð�ÕNï�åÃûaÖ�ÿyÕqÖ9È�Ì
H1(R,Z/pZ) = H1(R,Z/pZ)−

Ï�ÇÎÍÎ×^~*ÜgËNÍÎÏ�×
Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È�é
2



p
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p
(8ä-�����0��&���1264$I¶-��$'6 ,/�Æ&�6 �0&��" G�<ó/,/3 ��$z64,/�

áçÇÎÌIÙ3×@È�ÍÎÍ³È�Ð6òvÛYÐ�ìNï�å.Ù3×AÈ�ÇÎÐYÇÎÏ�ÈÝëyÇ³ï@å¢×3ÇÎÏ�È��IËNÔ"ÔWÛY×�Õq×@ËNÌ3Ì@È�Í Õq×3Ç³ËNÐ.È�Ð òvÛ.Ù�ÕqÔ"Ô�È�ÐQé
�Q���y���ak�� ö �B�¥�¥â��������

G
���5�0�hW2).U�*[*,�SUB�08ÂOQ�Q6F���R<�#��0�

G(n)
8
�V�\CFEG�¤8����

n
ZÃ�n![<�#:������E
4�4�U:JV!GJVE
)Q����/)d6F��U
A[J+�X����J+�/)=A
)�U�*[*,� oÇÆ! È ËtNT)�!
%5%É�

x, y, z ∈ G
A
�5%;J+Ê

[x, yz] = [x, y][x, z][[x, y], z].ÇlO È ËtNT)�!
%5%É�
x, y ∈ G

UB�98\!
%5%É�
n ∈ N

A
�5%;J+Ê
(xy)n ≡ xnyn[x, y]

n(n−1)
2 (

4HE^8
UT%KE
G(3)).

Çu< È ËtNT)�!
%5%É�
x ∈ G(n)

-t!G%�%É�
y ∈ G

UB�08 !
%5%É�
a, b ∈ N

A
�5%MJ+Ê
[xa, yb] ≡ [x, y](ab) (

4HE^8
UT%ME
G(n+2)).

��È�Ç
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È�ÇÎÐ.È�ÛYÐYÏ�È�Ì�ÕNÑYÈ���Ì3ÇÎÔ"ò&ÕqåYÍ�é�áçÇÎÌ?å�ÕqÖ9È�Ð"Ï�ÈvÙ@È�å.È�Ð�~�Ñ.Õ$�

dimFpH
1(G)
ÕqÍ³Ù0Ô"ÇÎÐYÇÎÔ�ÕqÍ³ÈYz�Ì3ò{È�ÛYÏ�È�Ì3ò&ÕqåYÍ

É�ËNÐ
G
ÇÎÐ±×@È�Ì3ÓYÌ@È�×3Ç³È�Ì3×=ëlÈ�Ì@ÑYÈ�Ð�{NÕqÐYÐQé9õ=È�Ð�ÕqÛ.È�Ì/Ï�ÇÎÖY×AÑ*Ç³È�Æ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐèÑYÈvÙ³��ÍÎÛ.Ù,ö�ÖYòvëÝé�ÑYÈvÙ/ùÊÇÎÐ±Û.Ù3×@È�ÇÎÍ³ÙIÉ�ËNÐ

H1(G)
Ñ*Ç³È�Ô"ÇÎÐYÇÎÔ�ÕqÍ³È7z�Ì3ò{È�ÛYÏ�È�Ì3ò&ÕqåYÍ?ÑYÈvÙY��ÍÎÛ.Ù,ö�ÖYòvëÝé.ÑYÈvÙ
ùàÇÎÐ¢Û.Ù@×@È�ÇÎÍ³ÙIÑYÈ�ÌIÞAÖ!È�ÍÎÇ³Ù@Ç³È�Ì3ÛYÐYÏ"É�ËNÐ

G
ÕqÐQé
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d(G)± = dimFp H
1(G)± = d((G/G2)

±) = d((Gab)±).

A �CB�� Þ ä[� Æ/Ç³ÈÒÈ�Ì@Ù3×@Èèõ=Í³È�Ç³ï@åYå.È�ÇÎ×6ëlËNÍÎÍ³È�Ð ëyÇÎÌ ÕqÍ³ÙÚÆ=È��.ÐYÇÎ×3Ç³ËNÐçÉ�ËNÐ
d(G)±

É�È�Ì@Ù@×@È�å.È�ÐQé3z�ÙØÏ�ÇÎÍÎ×ÚÐ�ÕNï�å��È�Ô"Ô�ÕÊûR¨*é©¨*éK�&ÿ
Hom((G/G2)

±,Z/pZ) = Hom(G/G2,Z/pZ)±,ë�ËNÌ�ÕqÛ.Ù"Ñ*Ç³È�òvëlÈ�ÇÎ×@È õ/Í³È�Ç³ï@åYå.È�ÇÎ× ÜgËNÍÎÏ�×{é�áúÈ�Ï�È�Ð
Hom(Gab,Z/pZ) = Hom(G/G2,Z/pZ)

È�Ì3å�ÕqÍÎ×@È�Ð÷ëyÇÎÌ
Ñ*Ç³È�Ñ*Ì3ÇÎ×3×@È�ÕqÛ.Ù
ÑYÈ�Ô Æ/Ç ÕqÏ�Ì�ÕqÔ"Ô

Gab = (Gab)+ ⊕ (Gab)−




y





y





y

G/G2 = (G/G2)
+ ⊕ (G/G2)

−,
ÇÎÐàÑYÈ�Ô ÕqÍÎÍ³È	�0ÜgÈ�ÇÎÍ³È��±ÛYÌoý,È/{�×3Ç³ËNÐ.È�ÐàÙ@ÇÎÐ.Ñ-é
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d(G)+ = 0
A
��%MJ o ¿ !G�P�¤E.*P��).�V��)/J σ !GU.� G(n)/G(n+1)

!G%ÃI p 8�����J=�=JV�GJ5-b�n!
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n
A���)d![8����yI/J5-	UB�98!G%ÃI p �PC$��).I.�RE
�,-¯�n!
%�%'I

n
UT�BA��/)l![8B�S��I�J o ¿ !�OQ����OQ�c6����R<�#��0� G(n) L �V�d8���)�UT4 8[!$I}e3)Q6���UGA
�P��Iv8B��)

n
ZÃ�n![<�#:�����E
4�4�U:JV!GJVE
)Q��� o

A �CB�� Þ ä[� Æ/È�Ðf£�È�ë�È�Ç³ÙyÜoäYåYÌ@È�Ð6ëyÇÎÌ
Ó9È�Ì
ê�Ð.Ñ*Û,{�×3Ç³ËNÐ Ð�ÕNï@å
n
éTÁ=ÕNï@åÊí�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ�Ç³Ù@×

G/Gp[G,G] = (G/Gp[G,G])−.

ÁAÛYÐ Ö9È�×3Ì�ÕNï@å±×@È�ÐÊëyÇÎÌIÑ*Ç³È=Ð�Õq×3äYÌ3ÍÎÇ³ï�å.È���Ì@Ëqý3È/{�×3Ç³ËNÐ
(G/[G,G])+ � (G/Gp[G,G])+ = (G/Φ(G))+,

ÑYÈ�Ì@È�Ðf£lÇÎÍ³ÑÚ×3Ì3ÇÎÉ�Ç ÕqÍ-Ç³Ù3×{éYÆ/Ç³È=ÞIÐYò&ÕqåYÍ�ÑYÈ�ÌYz�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�ÐÊÉ�ËNÐ
(G/[G,G])+

Ç³Ù3×yÙ@ËNÔ"ÇÎ×
0
~YÛYÐ.Ñ

G/[G,G]
Ç³Ù3×

Ï�Í³È�Ç³ï�å
(G/[G,G])−

~Yë�ÕNÙ
ÑYÈ�ÐÊêuÐ.Ñ*Û,{±×3Ç³ËNÐ.Ù�ÕqÐ*ÜgÕqÐYÏ�Ñ.ÕqÌ@Ù@×@È�ÍÎÍÎ×{é��È�Ç�Ñ*Ç³ÈÝÞAÛ.Ù@Ù�ÕqÏ�È=Ð¢ÛYÐ ÜaäYÌ
n
Ö9È�Ì@È�ÇÎ×@ÙyÖ!È�ëyÇ³ÈvÙ�È�ÐQéYá ìqåYÍ³È

x ∈ G(n) ÛYÐ.Ñ y ∈ G é.Æ�ÕqÐYÐ6Ç³Ù3×
σ[x, y] ≡ [σx, y−1] (

Ô�Ë±Ñ*ÛYÍ³Ë
G(3)).



ùÒË�Ñ*ÛYÍ³Ë
G(n+1) Ç³Ù3× σx È�Ð¢×uëlÈvÑYÈ�Ì x Ë�ÑYÈ�Ì x−1 ý,È6Ð�ÕNï�åãÑYÈ�ÔS~�ËNÖ n Ï�È�Ì�ÕNÑYÈ Ë�ÑYÈ�Ì�ÛYÐYÏ�È�Ì�ÕNÑYÈÊÇ³Ù3×{é�ÞIÛ.Ù��È�Ô"Ô�ÕÊûR¨*é©¨*é©±�ÿ�ûoï&ÿ�È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌ

[x, y−1] ≡ [x, y]−1 (
Ô�Ë±Ñ*ÛYÍ³Ë

G(n+2))
ÛYÐ.Ñ

[x−1, y−1] ≡ [x, y] (
Ô�Ë�Ñ*ÛYÍ³Ë

G(n+2)).

Æ�ÕqÌ�ÕqÛ.Ù
ÜoËNÍÎÏ�×
ÑYÈ�ÌIêuÐ.Ñ*Û,{�×3Ç³ËNÐ.Ù@Ù@ï@åYÌ3ÇÎ×3×{é
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E.*P��Z)��V��)�J o ¿ !
�P�X��I�Jx8G�R���d][!
&FJ+�����>=/UP���T6

0→ (pG
ab)∨ → H2(G)→ pH

2(G,Qp/Zp)→ 0.

!GU�I	�0![Jy6}Ç OTo N o$# È σ ZÆ���PC$!
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A �CB�� Þ ä[� Æ�Õ�Ñ*Ç³ÈvÙ@È���Èn ¢Û.È�ÐYò ÕqÛ.ÙAÈ�ÇÎÐ.È�ÌAÍ ÕqÐYÏ�È�ÐÒÈ��.Õ${�×@È�Ð���Èn ±Û.È�ÐYòWòvÛÒÈ�ÇÎÐ.È�ÌI×3Ì3ÇÎÉ�Ç ÕqÍ³È�Ì3ëlÈ�Ç³Ù@È

σ
ö�ÇÎÐYÉNÕqÌ3Ç ö

ÕqÐY×@È�Ð�{±ÛYÌ3ò{È�ÐÊÈ��.Õ${�×@È�ÐX��Èn ¢Û.È�ÐYò�Ï�È�ëlËNÐYÐ.È�ÐÊëyÛYÌ@ÑYÈG~.Ç³Ù3×
Ù3Ç³È�Ù@È�ÍÎÖ.Ù3×
σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×{é

2z�Ù
Ï�ÇÎÍÎ×
ÑYÈ�ÌyÜgËNÍÎÏ�È�Ð.ÑYÈ��±Ó9È�òvÇ ÕqÍ ÜgÕqÍÎÍ�ÑYÈ�Ì ��NB�P���/J5#�Z=Ë�E
)�4H�/% é
�Q���y���=�TÅ��KJ�â:�^å,� ÇÆ! È �����V���

G,H
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%É��)2>XE�8
UB% o ¿ !
�P�A
��%MJ+Ê

H2(G×H,B) = H2(G,B)⊕H2(H,B)⊕ (H1(G,B)⊗H1(H,B)).

ÇlO È �����V���
Gi
��NB)

i = 1, . . . , n
���98:%;�=</#:�fW2).U�*[*,����UT�98

B
���5�`OQ6QA
% o !
%5%É��) Gi J=)��5C^�=!G%K��)H>XE^8
UT% o ¿ !
���A
��%MJ+Ê

H2(

n
∏

i=1

Gi, B) =

n
⊕

i=1

H2(Gi, B)⊕
⊕

i<j

(H1(Gi, B)⊗H1(Gj , B)).

�����08@8
�R�XW2)�U�*[*,���
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!�Oc��%ÃIn<�#ÂUT�98@E.*P��).�V��)/J����5�0� p �PCFEG%'U:J=�=EG�

σ
!
U��g�y#������,-YInEX�yI/Jª8G�R�}����)�%É�RA
UT�BA

σ
ZÆ���PC$!
).�R!
��J o

A �CB�� Þ ä[� ûgÕ�ÿ�Æ/Ç³ÈvÙ�ÜgËNÍÎÏ�×ÝòvÛYÔ £�È�Ç³Ù@ÓYÇ³È�ÍlÕqÛ.Ù�ßkÁ	�±áãâ+~"z¯�-éQê@êdéK��éÃ»�é�ûaÖ�ÿAÜgËNÍÎÏ�×ÝÇÎÐ.Ñ*Û,{±×3ÇÎÉôÕqÛ.Ù�ûgÕ�ÿ=ÛYÐ±×@È�Ì£�È�Ð±ÛY×3òvÛYÐYÏ�É�ËNÐ
H2((G1 ×G2)×G3, B) = H2(G1 ×G2, B)⊕H2(G3, B)⊕ (H1(G1 ×G2, B)⊗H1(G3, B))

=

3
⊕

i=1

H2(Gi, B)⊕
⊕

i<j

(H1(Gi, B)⊗H1(Gj , B))

2ÆAÇ³ÈD�=äYÐYÐ.È�×3å*ö�ø.ËNÌ3Ô�È�Í-ëlÈ�Ì@ÑYÈ�Ð�ëyÇÎÌ�Ö!È�Ð±ÛY×3ò{È�Ð�~¢ÛYÔ Ñ*Ç³ÈIÆ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ�É�ËNÐ
H2(G/G2)

± òvÛØÖ!ÈvÙ@×3ÇÎÔ"Ô�È�ÐQé
�Q���y���=�Bó��KJ�â:�^å,�������

G
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p
Z.W2)�U^*�*,� oÇÆ! È �����

d = d(G) o ¿ !
�P�vA
��%MJ+Ê
dimFp H

2(G/G2) =
d(d+ 1)

2
.

ÇlO È Y�*P��).�V��)/JY������� p �PC$E
%'U:J=�RE
�
σ
!
U��

G
-tI/E�A
�5%;J¯A����0!
U,�/)

dimFp H
2(G/G2)

+ = d+ +

(

d+

2

)

+

(

d−

2

) UB�08
dimFp H

2(G/G2)
− = d− + d+ · d−,

L E�OQ��� d+ = d(G)+
UT�98

d− = d(G)−
AB�.In�/Jy6^J L UT)d8�� o



p

A �CB�� Þ ä[� ûgÕ�ÿlÜoËNÍÎÏ�×IÕqÛ.ÙWûaÖ�ÿ�~YÇÎÐ.ÑYÈ�Ô
G
Ô"ÇÎ×IÑYÈ�Ìy×3Ì3ÇÎÉ�Ç ÕqÍ³È�Ð

σ
ö�ÞD{�×3Ç³ËNÐ6É�È�Ì@Ù@È�å.È�Ð ëyÇÎÌ@Ñ-é

ÞIÛ.ÙD�*Õq×3ò�ûR¨*é©¨*é©¨�ÿ�È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌIÈ�ÇÎÐ.È
σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È��!È�Ì3Í³È�Ï�ÛYÐYÏ

G/G2
∼= A1 ⊕ · · · ⊕Ad+ ⊕B1 ⊕ · · · ⊕Bd− ,ë�ËNÖ!È�ÇAÑ*Ç³È

Ai
ÛYÐ.Ñ

Bj
õ/Ì3ÛYÓYÓ9È�Ð ÑYÈ�ÌgÒAÌ@Ñ*Ð±ÛYÐYÏ

p
Ù3ÇÎÐ.Ñ�~?ÜoäYÌ�Ñ*Ç³È

Ai = A+
i

ÛYÐ.Ñ
Bj = B−

j

Ï�ÇÎÍÎ×{é�Æ/Ç³È�=äYÐYÐ.È�×3å*öu�!È�Ì3Í³È�Ï�ÛYÐYÏÚÉ�ËNÐ
H2(G/G2)

å�Õq×
Ñ.ÕqÐYÐàÑ*Ç³ÈWõ=ÈvÙ3×�ÕqÍÎ×

H2(G/G2) ∼=

d+
⊕

i=1

H2(Ai) ⊕
⊕

i<j

H1(Ai)⊗H
1(Aj) ⊕

⊕

i<j

H1(Bi)⊗H
1(Bj)

⊕
d+
⊕

i=1

d−
⊕

j=1

(H1(Ai)⊗H
1(Bj)) ⊕

d−
⊕

j=1

H2(Bj),

ë�ËNÖ!È�ÇAÐ�ÕNï@å �*Õq×3ò(ûR¨*é©¨*é©��ÿ
σ
ÕqÛ*Ü�ÑYÈ�ÌØÈ�Ì@Ù3×@È�Ð��!È�ÇÎÍ³ÈÒÕqÍ³Ù�êuÑYÈ�Ð±×3ÇÎ×�ìq×ØÛYÐ.ÑçÕqÛ*ÜÝÑYÈ�Ì�òvëlÈ�ÇÎ×@È�Ð ÕqÍ³Ù�êuÐ¢É�È�Ì@Ù3Ç³ËNÐ

ËNÓ9È�Ì3Ç³È�Ì3×{é"��Ë&ëlËNåYÍlÑ*Ç³È_z�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�Ð*ö=ÕqÍ³Ù�ÕqÛ.ï�åôÑ*Ç³È"ðIÈ�Í Õq×3Ç³ËNÐ.È�ÐYò&ÕqåYÍlÉ�ËNÐ
Z/pZ

Ç³Ù3×
1
~9ëlÈvÙ3å�ÕqÍÎÖôÙ@Ç³ï@åúÑ*Ç³È£�È�å�ÕqÛYÓY×3ÛYÐYÏ�Ñ*ÛYÌ@ï@åàÞAÖYò&ìqåYÍ³È�ÐÊÑYÈ�ÌIÆ/ÇÎÔ�È�Ð.Ù3Ç³ËNÐ.È�ÐàÈ�Ì3Ï�ÇÎÖY×{é

2

}d�h}��a¨�����,!$'&��0©	�z&�6 ��.�&��Z�z,�(
p
(¸äå�C������&���1Á6i$Q¶-��$z64,/�ô&�6s��&��" 8�<ó/,/3s�d$z64,/�

��È�Ç
p
È�ÇÎÐ.È�ÛYÐYÏ�È�Ì�ÕNÑYÈ\��Ì3ÇÎò&ÕqåYÍ�é?áçÇÎÌ�{�ËNÔ"Ô�È�Ð÷Ð¢ÛYÐ÷òvÛ÷È�ÇÎÐ.È�Ô2ðAÈvÙ3ÛYÍÎ×�Õq×^~�Ñ.ÕNÙWÜoäYÌWÑ*Ç³Èg£�È�×3Ì�ÕNï@å¢×3ÛYÐYÏúÑYÈ�Ì

õÝÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9È�Ð É�ËNÐÒü�ùÊö+���NÌ3Ó9È�Ì3ÐÊÉ�ËNÐ�ÁAÛY×3ò{È�Ð Ù@È�ÇÎÐ ëyÇÎÌ@ÑôûaÉ�Ï�Í�é-ß á�â+~,��Ì@ËNÓ!Ë�Ù@ÇÎ×3Ç³ËNÐX¨*éK�&ÿdé
�Q���y���=�:ô��KJ�â:�^å,�������

G
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σ
E.*,�/).�V��)/J o p I�J d(G+) = 0

-28[!
�P�X�yI/J
G
!�OQ��%'I/</# oA �CB�� Þ ä[� áúÈ�Ï�È�Ð

d(G+) = 0
È�Ì3å�ÕqÍÎ×@È�ÐØëyÇÎÌ�ÕqÛ.Ùs��È�Ô"Ô�ÕØûR¨*é©¨*éK�G�&ÿ�~�Ñ.Õ$�

σ
ÕqÍ³Ùlê�Ð±É�È�Ì@Ù3Ç³ËNÐ�ÕqÛ*Ü

G/[G,G]ÛYÐ.ÑàÕqÍ³Ù
êuÑYÈ�Ð±×3ÇÎ×�ìq×/ÕqÛ*Ü
[G,G]/[G,G,G]

ËNÓ9È�Ì3Ç³È�Ì3×{éP�QÈ�×3òv×@È�Ì@ÈvÙAÇÎÔ"ÓYÍÎÇÎòvÇ³È�Ì3×IÇÎÐ.Ù@Ö!ÈvÙ@ËNÐ.ÑYÈ�Ì@È
[G,G]/H = ([G,G]/H)+,ë�ËNÖ!È�Ç

H = [G,G]p[G,G,G]
Ï�ÈvÙ@È�×3òv×
ëyÛYÌ@ÑYÈ�é��È�Ç

x ∈ G
é!Æ�ÕqÐYÐÒÏ�ÇÎÖY×�ÈvÙAÈ�ÇÎÐ

r ∈ [G,G]
Ô"ÇÎ×

σx = x−1r
é.áçÇÎÌAÖ9È�Ì@Èvï@åYÐ.È�Ð Ð±ÛYÐèÑ*Ç³È

σ
ö�ÞD{±×3Ç³ËNÐ ÕqÛ*Ü

ÕqÛ*Ü
GpH/H

�
σxp = (σx)p = (x−1r)p ≡ x−p (

Ô�Ë±Ñ*ÛYÍ³Ë
H),ë�ËNÖ!È�Ç�Ñ*Ç³ÈÝðIÈvï�å.È�ÐYÌ@È�Ï�È�Í�ûaÖ�ÿ�É�ËNÐS�QÈ�Ô"Ô�ÕàûR¨*é©¨*é©±�ÿ�Ö9È�Ð¢ÛY×3òv×IëyÛYÌ@ÑYÈ�é�ÞIÍ³Ù@Ë Ï�ÇÎÍÎ×

GpH/H = (GpH/H)−.Æ=Õ
G
Ó!ËN×@È�ÐYòvÌ@È�Ç³ï�åÊÇ³Ù3×^~.È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌIÑ*Ç³ÈÝêuÐ,{±ÍÎÛ.Ù3Ç³ËNÐ

([G,G]/H)+ = [G,G]/H ⊆ GpH/H = (GpH/H)−,ë�ËNÌ�ÕqÛ.Ù
ÜgËNÍÎÏ�×^~YÑ.Õ$�
[G,G]/H

×3Ì3ÇÎÉ±Ç ÕqÍ�Ç³Ù3×{é��È�×3òv×
Ô�ÕqÐ
K = K(1) = [G,G]

ÛYÐ.Ñ
K(n+1) = (K(n))p[Kn, G]

~YÑ-é åQé
K(2) = H

~*Ù@Ë�ÜoËNÍÎÏ�×IÕqÛ.Ù��*Õq×3ò
ûR¨*éK��éK�^­�ÿ�ûgÕ�ÿ�~!Ñ.Õ$�6Ñ*Ç³È

K(i) Èvï@å±×=òvÛYÌ 1
ÕqÖ.Ù3×@È�ÇÎÏ�È�ÐQé�áúÈ�Ï�È�Ð

K(1) = K(2) ÔWÛ,�ÚÑ.Õqå.È�Ì K(1) ~�ÕqÍ³Ù@Ë [G,G]
~

×3Ì3ÇÎÉ�Ç ÕqÍ�Ù@È�ÇÎÐQé
2

% �Bß5â:� Þ �9�"�B� Þ �`ìt���^�B�"å[
$� Þ5÷ �"�B� ´ 
$�,ë
p
ënêg

�"ì"ìt�T�

ÞAÛ.Ù
ÑYÈ�ÌWû
σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È�Ð�ÿ
È��.Õ${±×@È�Ðf��Èn ±Û.È�ÐYò

0→ H1(G/G2)
∼
−→ H1(G)

0
−→H1(G2)

G ¥ ¦
−→ H2(G/G2)

¸kµ�^
−→ H2(G)ûaÉ�Ï�Í�éP�*Õq×3ò�ûR¨*é©¨*éÃ»�ÿ3ÿlÛYÐ.Ñv�*Õq×3ò�ûR¨*é©¨*éK�/®±ÿ�È�Ì@Ù@È�å.È�ÐÚëyÇÎÌyÙ@ËqÜgËNÌ3×^~*Ñ.Õ$��Ö9È�Ç9È�ÇÎÐ.È�Ì�È�Ð.Ñ*ÍÎÇ³ï�åÊÈ�Ì3ò{È�ÛYÏ�×@È�Ð6Ó9ËN×@È�ÐYòvÌ@È�Ç ö

ï�å.È�Ðf��Ì@Ëqö
p
ö�õ=Ì3ÛYÓYÓ!È

G
Ù3×@È�×@Ù

r(G) ≥

(

d(G)

2

)

Ï�ÇÎÍÎ×^~�Ñ.Õ
d(G2) ≤ d(G)

Ç³Ù3×{é9�±×�ìqÌd{�È�ÌIÐ.Ë±ï�å Ï�ÇÎÍÎ×IÑ.ÕNÙ
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(

d(G)

2

)

≤ r(G) ≤

(

d(G)

2

)

+ d(G) − dim(G).

p �PInOQ�.InE
�98��/)d�ªA
�5%MJ38[!
#:��)
r(G) =

(

d(G)

2

)

,

�n!
%5%ÃI
G
UB��� �nE
)�4 �yI/J o

A �CB�� Þ ä[� áçÇÎÌ�ÜaäYåYÌ@È�Ð ÑYÈ�Ð6Ï�Ì3ÛYÓYÓ9È�Ð¢×3å.ÈvËNÌ@È�×3Ç³Ù�ï@å.È�Ð�£�È�ë�È�Ç³Ù^~*ëyÇ³È�È�ÌyÙ3Ç³ï@å6ÇÎÐúß}Æ=Æ=ù@�¢â+~T��å.ÈvËNÌ@È�Ô¬®.é©­�þ:~�.Ð.ÑYÈ�×{é
á�ÇÎÌIÙ�È�×3ò{È�Ð

di := (Gi : Gi+1)
é.Æ�Õ

G
Ó9ËN×@È�ÐYòvÌ@È�Ç³ï@åàÇ³Ù3×^~YÈ�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIÈ�ÇÎÐ.ÈWÕqÖ.Ù3×@È�ÇÎÏ�È�Ð.ÑYÈ���È�×3×@È

l := d(G) = d1 ≥ d2 ≥ · · · ≥ dk = dim(G),

Ù�Ë"Ñ.Õ$�
Gk
ÛYÐYÇ ÜoËNÌ3ÔîÇ³Ù@×{éÁ/ÕNï�å ß}Æ=Æ=ù@�¢â+~"��å.ÈvËNÌ@È�Ô ­*é©°:~�Ï�ÇÎÖY× ÈvÙ�È�ÇÎÐjz�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�Ð.Ùd�*Ù3×@È�Ô

{x1, . . . , xl}
É�ËNÐ

G
~0Ù@ËàÑ.Õ$�ÒÑ*Ç³È

ùÒÈ�ÐYÏ�È
{xp

i−1

1 , . . . , xp
i−1

di
}
È�ÇÎÐSz�Ì3ò{È�ÛYÏ�È�Ð.ÑYÈ�Ð.ÙQ��Ù3×@È�Ô É�ËNÐ

Gi
ÖYÇÎÍ³ÑYÈ�×{é

á�ÇÎÌ
ë�ËNÍÎÍ³È�ÐÊÇÎÔ ø�ËNÍÎÏ�È�Ð.ÑYÈ�ÐàÈ�ÇÎÐÊðAÈ�Í Õq×3Ç³ËNÐ.È�Ð.Ùd��Ù@×@È�ÔîÉ�ËNÐ
G
ÖYòvÏ�Í�é

{x1, . . . , xl}
ÕqÐYÏ�È�Ö9È�ÐQé0��È�Ç�Ñ.ÕqòvÛ

FÑ*Ç³È�ÜaÌ@È�Ç³È	��Ì@Ëqö
p
ö�õ=Ì3ÛYÓYÓ!È�ÕqÛ*Ü0ÑYÈ�ÌIùÒÈ�ÐYÏ�È

{x1, . . . , xl}
~�Ñ.ÕqÐYÐÊÙ3Û.ï@å.È�ÐÊëyÇÎÌAÕqÍ³Ù@Ë"È�ÇÎÐ.ÈÝÈ��.Õ${±×@È���Èn ±Û.È�ÐYò

0→ R→ F → H → 0

Ô"ÇÎ×
G ∼= H

é��ÛYÐ�ìNï@å.Ù3×=Ð.È�åYÔ�È�ÐèëyÇÎÌAÇÎÐ
R
ðAÈ�Í Õq×3Ç³ËNÐ.È�Ð ÕqÛ*Üd~�Ñ*Ç³ÈWÏ¢ÕqÌ�ÕqÐ¢×3Ç³È�Ì@È�Ð�~-Ñ.Õ$�

H
È�ÇÎÐ.ÈWÓ!ËN×@È�ÐYòvÌ@È�Ç³ï�å.È�õ/Ì3ÛYÓYÓ9È

Ç³Ù@×{éYê�Ð
G
Ï�ÇÎÍÎ×
ÜaäYÌ

1 ≤ i < j ≤ l

[xi, xj ]x
λ1(i,j)
1 x

λ2(i,j)
2 . . . x

λl(i,j)
l = 1

Ô"ÇÎ×IÏ�È�ëyÇ³Ù@Ù@È�Ð
λr(i, j) ∈ pZp

~YÑ.Õ Ñ*Ç³È	�IËNÔ"Ô�ÛY×�Õq×@ËNÌ3ÛYÐ±×@È�Ì3Ï�Ì3ÛYÓYÓ!È ÇÎÐ ÑYÈ�Ð
p
ö�×@È�ÐS��ËN×@È�ÐYò{È�ÐÒÈ�Ð¢×3å�ÕqÍÎ×@È�ÐÊÇ³Ù@×{é

ÞIÛ,��È�Ì@ÑYÈ�Ô ë�ËNÍÎÍ³È�Ð(ëyÇÎÌ"È�Ì3Ì@È�Ç³ï�å.È�Ð�~�Ñ.Õ$�
|H/Hn| ≤ |G/Gn|

Ç³Ù3×^~0Ñ.ÕNÙ�å.È�ÇK��×^~?Ñ.Õ$� Ñ*Ç³È�ê�Ð.Ñ*ÇÎò{ÈvÙ ÇÎÐ
HÔ"ÇÎÐ.ÑYÈvÙ@×@È�Ð.Ù
Ù@Ë�Ù@ï@åYÐ.È�ÍÎÍ�ÕqÖ.Ù3×@È�ÇÎÏ�È�Ð6ëyÇ³È�Ñ*Ç³È/ÇÎÐ

G
é*Æ/Ç³ÈvÙ@ÈvÙ�Ç³Ù3×yÑ.ÕNÑ*ÛYÌ@ï@å ï�å�ÕqÌ�Õ${±×@È�Ì3Ç³Ù3Ç³È�Ì3×^~�Ñ.Õ$� Ù@Ç³ï@åÚÜoäYÌ

di ≥

m > di+1
Ñ.ÕNÙYz�Í³È�Ô�È�Ð±×

xp
i

m
Ô"ÇÎ×
ÑYÈ�Ð

di+1
z�Ì3ò{È�ÛYÏ�È�Ì3ÐÊÉ�ËNÐ

Gi+1
Ù@ï�åYÌ@È�ÇÎÖ!È�ÐÊÍ ì$��×^~.ÈvÙIÕqÍ³Ù@Ë

µr(m) ∈ piZpÏ�ÇÎÖY×IÔ"ÇÎ×
xp

−i

m x
µ1(m)
1 x

µ2(m)
2 . . . x

µdi+1
(m)

di+1
= 1.

Æ/È��.ÐYÇ³È�Ì@È�Ð6ëyÇÎÌyÕqÍ³Ù@ËWÐ¢ÛYÐ
R
ÕqÍ³Ù�ÑYÈ�Ðg{±Í³È�ÇÎÐ.Ù@×@È�Ð6ÕqÖYÏ�ÈvÙ�ï@åYÍ³Ë�Ù@Ù@È�Ð.È�ÐvÁ/ËNÌ3Ô�ÕqÍÎ×@È�ÇÎÍ³È�ÌyÉ�ËNÐ

F
~±ÑYÈ�ÌyÑ*Ç³È (l

2

)

+
l − dim(G)

z�Í³È�Ô�È�Ð¢×@È
[xi, xj ]x

λ1(i,j)
1 x

λ2(i,j)
2 . . . x

λl(i,j)
l

ÛYÐ.Ñ
xp

−i

m x
µ1(m)
1 x

µ2(m)
2 . . . x

µdi+1
(m)

di+1È�Ð±×3å�ìqÍÎ×^~�Ù@Ë Ç³Ù@×
H
È�ÇÎÐ.È�Ó9ËN×@È�ÐYòvÌ@È�Ç³ï@å.È"õ/Ì3ÛYÓYÓ9È=Ô"ÇÎ×

|H/Hn| ≤ |G/Gn|
éÁIÛYÐ å�ÕqÖ9È�Ð6ëyÇÎÌAÕqÖ9È�ÌIÕqÛ.ï@åÒÈ�ÇÎÐ.È7��Ì@Ëqý3È/{±×3Ç³ËNÐ

π : H � G,

Ñ.ÕØÑ*Ç³È�ðIÈ�Í Õq×3Ç³ËNÐ.È�ÐèÉ�ËNÐ
H
ÕqÛ.ï�åÒÇÎÐ

G
È�Ì,ÜaäYÍÎÍÎ×=Ù3ÇÎÐ.Ñ-é!ÞIÛ,��È�Ì@ÑYÈ�Ô Ï�ÇÎÍÎ×

π(Hn) = Gn
é�Æ=ÈvÙ3ë�È�Ï�È�Ð È�Ì3å�ÕqÍÎ×@È�Ð

ëyÇÎÌIÉ±Ç Õ
π
ê�Ù@ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð

H/Hn
∼= G/Gn.z�ÇÎÐSz�Í³È�Ô�È�Ð¢×IÕqÛ.ÙyÑYÈ�Ô ��È�Ì3ÐÚÉ�ËNÐ

π
ÍÎÇ³È�Ï�×yÑ.Õqå.È�Ì�ÇÎÔ ÆAÛYÌ@ï�å.Ù@ï@åYÐYÇÎ×3×/ÕqÍÎÍ³È�Ì

Hn
~±ëlÈ�Í³ï�å.È�ÌAÕqÖ!È�Ì

1
Ç³Ù3×{é�Æ=Õqå.È�Ì

Ç³Ù@×
H
òvÛ

G
Ç³Ù@ËNÔ�ËNÌ3ÓYå�~YÛYÐ.Ñ Ñ*Ç³È=Ì@Èvï�å¢×@È�|IÐYÏ�Í³È�Ç³ï�å¢ÛYÐYÏ�Ç³Ù@×yÖ!È�ëyÇ³ÈvÙ@È�ÐQé

2

ÞIÛ.Ù�Ñ*Ç³ÈvÙ@È�Ô Ô"ÇÎ×�Ï�Ì3ÛYÓYÓ9È�Ð¢×3å.ÈvËNÌ@È�×3Ç³Ù�ï@å.È�ÐóùÊÇÎ×3×@È�ÍÎÐúÈ�Ì3å�ÕqÍÎ×@È�Ð.È�ÐÂz�Ì3Ï�È�ÖYÐYÇ³ÙÝòvÇ³È�å.È�Ð ëyÇÎÌ7�AËNÐ.Ù@Èn ¢Û.È�ÐYò{È�Ð
ÜoäYÌ
Ñ*Ç³È7�AËNå.ËNÔ�ËNÍ³ËNÏ�Ç³È�Ï�Ì3ÛYÓYÓ!È�ÐQé
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+
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σ
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×@È_�±ÛYÌoý,È/{�×3Ç³ËNÐ
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Ð¢ÛYÐàÑ.ÕNÙ�z�Ì3Ï�È�ÖYÐYÇ³Ù{é
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A �CB�� Þ ä[� ÞIÛ.Ù
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σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È�ÐÒÈ��.Õ${±×@È�Ðf��Èn ±Û.È�ÐYòØûaÉ�Ï�Í�é9�*Õq×3òØûR¨*é©¨*éÃ»�ÿ3ÿ

0→ H1(G2)
G ¥ ¦
−→ H2(G/G2)

¸kµ�^
−→ H2(G)

ÛYÐ.Ñ�£�È�Ô�È�Ìd{�ÛYÐYÏàûR¨*é©¨*éK�^¨�ÿ
È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIÑ*Ç³È7|AÐYÏ�Í³È�Ç³ï@å±ÛYÐYÏ
dimFp H

2(G/G2)
± ≤ d(G2)

± + dimFp (pG
ab)± + dimFp pH

2(G,Qp/Zp)
±.

Æ�Õ
G
Ó9ËN×@È�ÐYòvÌ@È�Ç³ï@åèÇ³Ù3×^~�Ï�ÇÎÍÎ×IÐ�ÕNï@å@�QÈ�Ô"Ô�ÕÒûR¨*é©¨*é©¨G²�ÿ

d(G2)
± ≤ d(G)±

é�ÞAÛ.Ùª�*Õq×3ò6ûR¨*éK��é©±�ÿ
Ù�ï@åYÍÎÇ³È/��È�ÐÒëyÇÎÌ
ë�È�ÇÎ×@È�ÌAÑ*Ç³È7|AÐYÏ�Í³È�Ç³ï@å±ÛYÐYÏ

dimFp (pG
ab)± = d(G)± − rkZp(G

ab)± ≤ d(G)±,

Ù�Ë"Ñ.Õ$��ëyÇÎÌ
dimFp H

2(G/G2)
± ≤ 2d(G)± + dimFp pH

2(G,Qp/Zp)
±

Ö9È/{�ËNÔ"Ô�È�ÐQéx��È�×3ò{È�ÐóëyÇÎÌ"Ð±ÛYÐ Ñ*Ç³È6ÆAÇÎÔ�È�Ð.Ù@Ç³ËNÐóÉ�ËNÐ
H2(G/G2)
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d(Gi)

± = d(G)±
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pH
2(G,Qp/Zp)−

×3Ì3ÇÎÉ±Ç ÕqÍ*Ç³Ù3×{écÆAÇ³ÈvÙ?×3Ì3ÇM¦9×�òvÛYÔ"ÇÎÐ.ÑYÈvÙ@×
ÜoäYÌ

d(G)+ = 1
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d(G)− = 0
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d(G)− = 0.
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d(G) = 3

ÕqÛ*Üa×3Ì@È�×@È�ÐQéNÆ�Õ
3 = r(G) = d(G) =

dimFppG
ab = dimFpH

2(G)
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ëyÇÎÌ@Ñ�È�Ì3ò{È�ÛYÏ�×
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< h, b1b2 >=
h(b

1/p
1 b

1/p
2 )

b
1/p
1 b

1/p
2

=
h(b

1/p
1 )

b
1/p
1

h(b
1/p
2 )

b
1/p
2

=< h, b1 >< h, b2 > .

��È�Ç³È�ÐãëlÈ�ÇÎ×@È�Ì
h1, h2 ∈ H

ÛYÐ.Ñ
b ∈ B

é0áúÈ�ÐYÐ
i
Ù@ËèÏ�È�ë�ìqåYÍÎ×�Ç³Ù3×^~�Ñ.Õ$�

h2(b
1/p) = ζ ipb

1/p Ï�ÇÎÍÎ×^~�ëlËNÖ9È�Ç
ζp ∈ µp(k)

È�ÇÎÐ.È�ÓYÌ3ÇÎÔ"ÇÎ×3ÇÎÉ�È
p
ö�×@È	z�ÇÎÐYå.È�ÇÎ×@Ù3ëyÛYÌ3ò{È�Í0Ù@È�ÇV~YÑ.ÕqÐYÐÊÈ�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌIÑ*Ç³ÈWõ/Í³È�Ç³ï�åYå.È�ÇÎ×
h1 ◦ h2(b

1/p)

h2(b1/p)
=
h1(ζ

i
pb

1/p)

ζipb
1/p

=
h1(b

1/p)

b1/p
.

Æ�ÕqÔ"ÇÎ×IÈ�Ì3Ì@Èvï�åYÐ.È�ÐàëyÇÎÌ

< h1h2, b >=
h1 ◦ h2(b

1/p)

b1/p
=
h1 ◦ h2(b

1/p)

h2(b1/p)

h2(b
1/p)

b1/p
=< h1, b >< h2, b > .



áúÈ�ÐYÐ
i
Ù@Ë Ï�È�ë�ìqåYÍÎ×AÇ³Ù3×^~YÑ.Õ$�

σ(b1/p) = ζ ipb
1/p Ï�ÇÎÍÎ×^~.Ö!È/{�ËNÔ"Ô�È�Ð ëyÇÎÌAÑ*Ç³È σ ö�ê�Ð±ÉNÕqÌ3Ç ÕqÐYò

< hσ, bσ >=
σ̃−1 ◦ h ◦ σ̃(σ(b1/p))

σ(b1/p)
= σ̃

h(ζ ipb
1/p)

ζipb
1/p

= (< h, b >)σ,

ë�ËNÖ!È�Ç
σ̃ ∈ G(L|k+)

È�ÇÎÐ.È�ø.ËNÌ3×@Ù@È�×3òvÛYÐYÏ�É�ËNÐ
σ
Ö!È�ò{È�Ç³ï�åYÐ.È�×{é

áúÈ�ÇÎ×@È�ÌIò{È�ÇÎÏ�È�Ð ëyÇÎÌ^~.Ñ.Õ$��Ñ*Ç³È��?Õ�ÕqÌ3ÛYÐYÏØÐYÇ³ï@å¢×,öuÕqÛ.Ù@Ï�È{ÕqÌ3×@È�×/Ç³Ù@×{é�õ/ÇÎÍÎ×yÜoäYÌ
È�ÇÎÐ
h ∈ H

< h, b1/p >= ζ ip = 1
ÜoäYÌAÕqÍÎÍ³È

b ∈ B,

Ñ.ÕqÐYÐ6ËNÓ9È�Ì3Ç³È�Ì3×
h
×3Ì3ÇÎÉ�Ç ÕqÍ-ÕqÛ*Ü

B
ÛYÐ.Ñ�Ñ.ÕqÔ"ÇÎ×
ÕqÛ*Ü

L|k
é±ø�ËNÍÎÏ�ÍÎÇ³ï@å6Ç³Ù3×

h = idk
é�ê�Ù3×�ÛYÔ"Ï�È/{�È�åYÌ3×�ÜoäYÌ�È�ÇÎÐ

b ∈ B

< h, b1/p >=
h(b1/p)

b1/p
= 1
ÜaäYÌIÕqÍÎÍ³È

h ∈ H,

Ñ.ÕqÐYÐÊÇ³Ù3×
b1/p ∈ L

ÛYÐ.Ñ6Ù@ËNÔ"ÇÎ×
b ∈ Lp

é
2

�Q���ÉÅ��=�nm�� ö �B�Â�hâ������/�
S
��������ÇV4H(QA
%;�=</#:��) L ���yI^�ª%É�Q��)Q� È >����BA��ªCFE
� 13)���4�I/J+��%�%É�������5�0�.IY�"!
#�%Ã&
(
)V*P��)cI k o�������^��)��0��)

a ∈ k×
8���)d!
)�J5-Y8[!da

K := k(a1/n)
�/���0�H!
U�ab��).#T!
%ÉO�CFEG�

S
UB��C$��)Q6 L ���KAGJ+��e2) L ���=J+��)�UB�TAvCFE
�

k
�yI/J o ¿ !
���@�d]G�yI/J=�R��)/J?����� p 8��d!G% a ∈ J Sk 4��=J an = (a) o
A �CB�� Þ ä[� ÆAÇ³È���Ì3ÇÎÔ"ò{È�Ì3Í³È�Ï�ÛYÐYÏ�É�ËNÐ

(a) ∈ J SK
Í ÕqÛY×@È

aOk,S = pα1
1 · · · p

αs
s

Ô"ÇÎ×
pi 6∈ S

é*áúÈ�Ï�È�ÐÊÑYÈ�Ì�|AÐ¢É�È�Ì3òvëlÈ�ÇÎÏ�×3å.È�ÇÎ×�ÕqÛ,��È�Ì3å�ÕqÍÎÖÊÉ�ËNÐ
S
È�Ì3Ï�ÇÎÖY×IÙ3Ç³ï@åàÑ*Ç³È��!È�Ì3Í³È�Ï�ÛYÐYÏ�ÇÎÐ

J SL

aOL,S = (P1,1 · · ·P1,r1)
α1 · · · (Ps,1 · · ·Ps,rs)

αs ,

ë�ËNÖ!È�Ç.Ñ*Ç³È?��Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ³È
Pi,j
äYÖ!È�Ì

pi
ÍÎÇ³È�Ï�È�ÐQéGÁAÛYÐ"Ç³Ù3×

a1/n ∈ L
~qëlÈvÙ@å�ÕqÍÎÖ

n
Ñ*Ç³È��9ÕqåYÍ³È�Ð

αi
ÜaäYÌ

i = 1, . . . , s×@È�ÇÎÍÎ×{é
a := p

α1/n
1 · · · pαs/n

sÇ³Ù@×
Ù@ËNÔ"ÇÎ×IÈ�ÇÎÐÊê�ÑYÈ{ÕqÍ-Ô"ÇÎ×IÑYÈ�Ð Ï�È�ëyäYÐ.Ù@ï�å¢×@È�ÐXz�ÇÎÏ�È�Ð.Ù@ï@å�ÕcÜo×@È�ÐQé
2

�Q���ÉÅ��=�����KJ�â:�^å,�������
k
���5� � >�Z=��(
)+*,��) oÇÆ! È �����

S
���5�0�XÇV4H(QA
%;�R<�#:��) L ����In�g%É�Q��)Q� È >@���BA�� CFEG�Â13).�54�I�J+��%5%É���jCFE
� k+ o p �`8���)_e3) L �/�5J+��)�UT�BA k|k+6���)5�/!G%�%É�7&
���5�0�����

S
A��/%K�RAB���0�713)��54�I/J+��%5%K� o ¿ !
�P�vA
�5%;J+Ê

(ES(k))− = µ(k),

L E�OQ��� µ(k)
8
�R�7>��/�BA���8���)7�5�

k
A���%É�RA��������Xe3�5�,#:���=J5I L UT)Q6���%;�¥OQ�Q6��/�=<�#B�0� oÇlO È �����

m
���5�f>XE^8
UT%�CFE
�

k+ o ¿ !
�P�vA
�5%;J+Ê
(O×

k,m)− ⊆ µ(k).

A �CB�� Þ ä[� ûaÖ�ÿ-ÜoËNÍÎÏ�×�ÕqÛ.Ù�ûgÕ�ÿQÔ"ÇÎ×
S = ∅

~qÑYÈ�ÐYÐ�ëyÇÎÌ?å�ÕqÖ9È�Ð�È�ÇÎÐ.È
σ
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×@ÈYz�ÇÎÐ¢Ö9È�×3×3ÛYÐYÏ"û

σ
Ö!È�ò{È�Ç³ï�åYÐ.È

ëyÇ³ÈvÑYÈ�Ì3ÛYÔ Ñ*Ç³È	{�ËNÔ"ÓYÍ³È��YÈ7�IËNÐNý,ÛYÏ¢Õq×3Ç³ËNÐ�Ñ.ëyÇÎÌIÙ�ï@åYÌ@È�ÇÎÖ9È�ÐàÕqÖ!È�Ì/ÕqÛ.ï@å
σx = x

ÿ

O×
k,m ↪→ E(k).

��Û ûgÕ�ÿ�Ù3×@È�ÍÎÍ³È�ÐôëyÇÎÌ�òvÛYÐ�ìNï@å.Ù@×�ÜgÈvÙ3×^~�Ñ.Õ$�
µ(k)
ÇÎÐ

(ES(k))−
È�Ð±×3å�ÕqÍÎ×@È�Ð(Ç³Ù@×{é���È�Ç

x ∈ (ES(k))−
é�Æ�Õ{�È�ÇÎÐ.È���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È

p ∈ S
ò{È�Ì,ÜgìqÍÎÍÎ×^~YÏ�ÇÎÍÎ×�ÜoäYÌIÑ*Ç³ÈvÙ@È

vp(x
−1) = vp(x) = vp(x) = vp(x),



ÕqÍ³Ù�Ë
vp(x) = 0

~.ëlÈvÙ3å�ÕqÍÎÖ
x
Ö!È�Ì@È�ÇÎ×@ÙIÇÎÐ

E(k)−
ÍÎÇ³È�Ï�×{éPz�Ù
Ç³Ù3×yÐ�ÕNï@åàí�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ

xx = 1
éz�ÇÎÐ.È=Ï¢ÕqÐYò{È��9ÕqåYÍ

x ∈ E(k)
~YÑYÈ�Ì@È�Ð ÞAÖ.Ù@ËNÍÎÛY×3Ö9È�×3Ì�ÕqÏ

1
Ç³Ù@×^~±Ç³Ù@×�È�ÇÎÐ.Èªz�ÇÎÐYå.È�ÇÎ×@Ù@ëyÛYÌ3ò{È�Í�é�ê�Ù3×lÐ�ìqÔ"ÍÎÇ³ï�å

f ∈
Z[X]

Ñ.ÕNÙ
ùàÇÎÐYÇÎÔ�ÕqÍÎÓ!ËNÍK��Ð.ËNÔîÉ�ËNÐ
x
~*ë�È�Í³ï@å.ÈvÙ/ÑYÈ�ÐÒõ/Ì�ÕNÑ

n
å�ÕqÖ9ÈG~.Ù@Ë å�ÕqÖ9È�ÐÊÕqÍÎÍ³ÈÝùàÇÎÐYÇÎÔ�ÕqÍÎÓ!ËNÍK��Ð.ËNÔ�ÈÝÑYÈ�Ì�?ËN×@È�ÐYò{È�ÐÚÉ�ËNÐ

x
È�ÇÎÐ.È�ÐÚõ/Ì�ÕNÑ}{±Í³È�ÇÎÐ.È�ÌlÏ�Í³È�Ç³ï@å

n
é�ÆAÇ³ÈD�IË�ÈED�òvÇ³È�Ð¢×@È�Ð6Ñ*Ç³ÈvÙ@È�Ì3��ËNÍK��Ð.ËNÔ�ÈAÙ@ÇÎÐ.Ñ�Ï¢ÕqÐYò{È³�9ÕqåYÍ³È�Ð�~

Ñ*Ç³ÈØÕqÖ!È�Ì�Ñ*ÛYÌ@ï�å
n
Ö9È�×3Ì�ÕqÏ�Ù3Ô�ì$��ÇÎÏÊÖ9ÈvÙ@ï�åYÌ�ìqÐ,{±×�Ù3ÇÎÐ.Ñ-éQÆ�Õ6ÈvÙ�Ð±ÛYÌWÈ�Ð.Ñ*ÍÎÇ³ï@å(É�Ç³È�Í³È�Ù@ËNÍ³ï@å.È�Ì���ËNÍK��Ð.ËNÔ�È�Ï�ÇÎÖY×^~

Ï�ÇÎÖY×ÝÈvÙ�ÕqÛ.ï�å Ð¢ÛYÌÝÈ�Ð.Ñ*ÍÎÇ³ï@å É�Ç³È�Í³È���ËN×@È�ÐYò{È�ÐôÉ�ËNÐ
x
~�ë�È�Í³ï@å.ÈvÙÝÙ�ËNÔ"ÇÎ×/ëyÇ³È Ö9È�å�ÕqÛYÓY×@È�×�È�ÇÎÐ.È_z�ÇÎÐYå.È�ÇÎ×@Ù3ëyÛYÌ3ò{È�Í

Ç³Ù@×{é
2

�Q���ÉÅ��=�:���KJ�â:�^å,�������
k
���5� � >�Z=��(
)+*,��) oÇÆ! È �����

S
���5�0�XÇV4H(QA
%;�R<�#:��) L ����In�g%É�Q��)Q� È >@���BA�� CFEG�Â13).�54�I�J+��%5%É���jCFE
� k+ o p �`8���)_e3) L �/�5J+��)�UT�BA k|k+6���)5�/!G%�%É�7&
���5�0�����

S
A��/%K�RAB���0�713)��54�I/J+��%5%K� o ¿ !
�P�f#T!GJ38���)7�0!GJ=NB)�%;�=<�#,�®H7E
4HE
4HE
)+*�#���I.4�UBI
φ : ClS(k+)→ (ClS(k))+, aPSk+ 7→ (aOk,S)(PSk )+

���������v����)��h8���)�Y2)d8
�PUT�BA
1
E^8B��)

2
UB�98v���5�0���S��E$&
��)���CFE
4 eb].*:E
������J+���

2 oÇlO È �����
m
���5�f>XE^8
UT%�CFE
�

k+ o ¿ !
�P�f#T!GJ38���)7�9![J=NB)�%'�R<�#:�®H�E
4HE
4HE
)+*�#���I.4�U�I
ψ : Clmk+ → (Clmk )+

���������v����)��h8���)�Y2)d8
�PUT�BA
1
E^8B��)

2
UB�98v���5�0���S��E$&
��)���CFE
4 eb].*:E
������J+���

2 o
A �CB�� Þ ä[� ûgÕ�ÿ�á�ÇÎÌyÖ9È�×3Ì�ÕNï@å±×@È�ÐÒÑYÈ�Ð æ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3ÔWÛ.Ù

ϕ : J Sk+ → (J Sk )+, a 7→ aOk,S .

z�ÇÎÐÊêuÑYÈ{ÕqÍ
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k+ ~!Ñ.ÕqÐYÐÒÈ�Ì3å�ÕqÍÎ×@È�ÐèëyÇÎÌ ϕ(p) = P2 Ô"ÇÎ×=È�ÇÎÐ.È�Ô ��Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ P É�ËNÐ k ~�ëlÈ�Í³ï�å.ÈvÙ P = PÈ�Ì,ÜoäYÍÎÍÎ×{éYÆ�ÕqÌ�ÕqÛ.ÙyÙ@ï@åYÍÎÇ³È/��È�ÐÊëyÇÎÌ^~�Ñ.Õ$��ÑYÈ�Ì?�AË
{�È�Ì3Ð É�ËNÐ

ϕ
ÑYÈ�Ðvz¯�*Ó!ËNÐ.È�Ð±×@È�Ð

2
ÛYÐ.Ñ6Ù@ËWÉ±Ç³È�Í³È	z�Ì3ò{È�ÛYÏ�È�Ìyå�Õq×^~

ëyÇ³È�ÈvÙyÇÎÐ
k|k+ É�È�Ì3òvëlÈ�ÇÎÏ�×@È���Ì3ÇÎÔ"Ç³ÑYÈ{ÕqÍ³ÈWÕqÛ,��È�Ì3å�ÕqÍÎÖàÉ�ËNÐ S Ï�ÇÎÖY×{éÆAÇÎÌ@È/{�×=ÑYÈ�Ì=Æ=È��.ÐYÇÎ×3Ç³ËNÐ È�Ð¢×3Ð.È�åYÔ�È�Ð ëyÇÎÌ^~!Ñ.Õ$�

(PSk )+ = PSk+

Ï�ÇÎÍÎ×{é�Æ/ÛYÌ@ï�å�ÐAÖ9È�Ì3Ï¢ÕqÐYÏ�òvÛèÑYÈ�Ð ÈAÛ.ËN×3Ç ö
È�Ð±×@È�ÐÊÔ�Ë�Ñ*ÛYÍ³Ë

PSk+

È�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌAÕqÛ.Ù
ϕ
ÑYÈ�Ð æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù@Ô�Û.Ù

φ : ClS(k+) = J Sk+/P
S
k+ → (J Sk )+/PSk+ = (ClS(k))+,

ë�È�Í³ï@å.È�Ì=Ñ.Õqå.È�ÌAÕqÛ.ï@åàÈ�ÇÎÐ.È�Ð��IË
{�È�Ì3ÐàÉ�ËNÔ¬z¯�*Ó!ËNÐ.È�Ð±×@È�Ð
2
Ö!ÈvÙ@ÇÎ×3òv×{é��È�Ç

a
È�ÇÎÐSz�Í³È�Ô�È�Ð¢×=ÑYÈvÙY��È�Ì3Ð.ÈvÙIÉ�ËNÐ

φ
é�Æ=ÕqÐYÐÊÇ³Ù3×

aOk,S = αOk,S
Ô"ÇÎ×
È�ÇÎÐ.È�Ô

α ∈ PSk
éYÆ�Õqå.È�Ì
Ï�ÇÎÍÎ×

(1) = Ok,S =
aOk,S

aOk,S
=
α

α
Ok,S .

α
α

Ç³Ù@×ÝÈ�ÇÎÐhz�Í³È�Ô�È�Ð¢×WÉ�ËNÐ
(ES(k))−

ÛYÐ.ÑúÙ�ËNÔ"ÇÎ×�Ð�ÕNï@år�*Õq×3òÊûR¨*é©­*éK�G�&ÿ=È�ÇÎÐ.È}z�ÇÎÐYå.È�ÇÎ×@Ù3ëyÛYÌ3ò{È�Í�é?õ=ÇÎÖY×ÝÈvÙ�È�ÇÎÐ.Èz�ÇÎÐYå.È�ÇÎ×@Ù3ëyÛYÌ3ò{È�Í
ζ ∈ µ(k)

ÑYÈ�Ì�ÕqÌ3×^~¢Ñ.Õ$� α
α = ζ2 Ï�ÇÎÍÎ×^~¢Ñ.ÕqÐYÐ�ÜoËNÍÎÏ�× αζ−1 = αζ−1

ÛYÐ.Ñ
a = αOk,S

é¢Æ/ÈvÙ@å�ÕqÍÎÖ
Ç³Ù@×
ÑYÈ�Ì���È�Ì3Ð É�ËNÐ

φ
ÇÎÐ
µ(k)/(µ(k))2

È�Ð¢×3å�ÕqÍÎ×@È�Ð�~.ë�È�Í³ï@å.ÈvÙAÇ³Ù@ËNÔ�ËNÌ3ÓYå òvÛ
Z/2Z

Ç³Ù@×{é
ûaÖ�ÿ�Æ=È�Ì�£�È�ëlÈ�Ç³Ù
É�È�Ì3Í ìqÛ*Üo×
É�ËNÍÎÍK{�ËNÔ"Ô�È�ÐèÕqÐ�ÕqÍ³ËNÏ.é

2

�Q���ÉÅ��=�TÅ���ñ}�9
F�0ß5ß5â,
B�������
k
�/��� � >�Z=��(
)+*,��)�UB�98

p
���5�0�	UT�BA��/)l![8B�713)���4�6^!
#�% o



ÇÆ! È �����
S
���5�0�XÇV4H(QA
%;�R<�#:��) L ����In�g%É�Q��)Q� È >@���BA�� CFEG�Â13).�54�I�J+��%5%É���jCFE
� k+ o p �`8���)_e3) L �/�5J+��)�UT�BA k|k+6���)5�/!G%�%É�7&
���5�0�����

S
A��/%K�RAB���0�713)��54�I/J+��%5%K� o ¿ !
�P�fI.�5�98g8
�V�HW2)�U^*�*,���

ClS(k+)(p) ∼= (ClS(k)(p))+�yInE
4HE
)V*9# oÇlO È �����
m
���5�f>XE^8
UT%�CFE
�

k+ o ¿ !
�P�fI.�5�98g8
�R�}W2)�U^*[*P���
Clmk+(p) ∼= (Clmk (p))+�yInE
4HE
)V*9# o

A �CB�� Þ ä[� Á=ÕNï@å��*Õq×3ò6ûR¨*é©­*éK�^¨�ÿ
å�ÕqÖ!È�ÐÒÖ!È�Ç³ÑYÈWÑYËNÌ3×AÖ9È�×3Ì�ÕNï@å±×@È�×@È�Ð æAËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�È�Ð
2
ö�õ/Ì3ÛYÓYÓ9È�ÐèÕqÍ³Ù��È�Ì3ÐÊÛYÐ.ÑS�IË
{�È�Ì3ÐQé�Æ=Õ Ñ*Ç³ÈvÙ�È�Ï�Í³È�Ç³ï@åYò{È�ÇÎ×3ÇÎÏÚÕqÛ.ï@å

p
ö�õ=Ì3ÛYÓYÓ!È�Ð Ù3ÇÎÐ.Ñ�~.Ô�ä.Ù@Ù@È�ÐàÙ3Ç³È=×3Ì3ÇÎÉ±Ç ÕqÍ�Ù@È�ÇÎÐQé

2

�Q���ÉÅ��=�Bó��KJ�â:�^å,�������
k
���5� � >�Z=��(
)+*,��) o­l �5)�OQ�/J=)d![<�#BJ+����6 L ���"Ë3�
%5%K� oÇÆ! È �����

S
���5�0�XÇV4H(QA
%;�R<�#:��) L ����In�g%É�Q��)Q� È >@���BA�� CFEG�Â13).�54�I�J+��%5%É���jCFE
� k+ o p �`8���)_e3) L �/�5J+��)�UT�BA k|k+6���)5�/!G%�%É�S&
���5�0�f���

S
A���%É�RA�������13)���4�I/J+��%�%É� o ËsNT) E := ES(k)

A���%MJ+���ð8[!G�P�
E− = µk

UB�98
(E :

E+E−) ≤ 2.ÇlO È �����
m
���5�f>XE^8
UT%�CFE
�

k+ o ËsNT) E := O×
k,m

AB��%;J+�/�¥8[!
�P�
E− ⊆ µk

UT�98
(E : E+E−) ≤ 2.

A �CB�� Þ ä[� Æ/Ç³È È�Ì@Ù3×@È�£�È�å�ÕqÛYÓY×3ÛYÐYÏ6Ç³Ù@×/Ñ*Ç³È ÞAÛ.Ù@Ù�ÕqÏ�ÈWÉ�ËNÐh�*Õq×3ò ûR¨*é©­*éK�G�&ÿdé!áçÇÎÌ/Ö9È�×3Ì�ÕNï@å±×@È�ÐúÑ*Ç³È È��YÕ${�×@È��Èn ±Û.È�ÐYò
1→ E+E− → E

φ
−→ E−/(E−)2,Ô"ÇÎ×

φ(x) := x
x(E−)2

é�ùèÕqÐúÖ!È{ÕNï�å¢×@ÈG~?Ñ.Õ$�
φ(x) = x

x ∈ (E−)2
~�ÕqÍ³Ù�Ë

x = xζ2 ~QÇÎÔ"ÓYÍÎÇÎòvÇ³È�Ì3×^~?Ñ.Õ$� xζ−1È�ÇÎÐ¤z�Í³È�Ô�È�Ð¢×�É�ËNÐ
E+ Ç³Ù3×{é�Æ�Õqå.È�Ì�È��*Ç³Ù3×3Ç³È�Ì3×ØÈ�ÇÎÐ.ÈX�!È�Ì3Í³È�Ï�ÛYÐYÏ x = (xζ−1)ζ

ÇÎÐãÈ�ÇÎÐ.È�Ð
E+ öWÛYÐ.ÑãÈ�ÇÎÐ.È�Ð

E− ö�ÞIÐ±×@È�ÇÎÍ�éYáúÈ�Ï�È�Ð |µ(k)/µ(k)2| ≤ 2
ÜoËNÍÎÏ�×
Ñ*Ç³È�òvë�È�ÇÎ×@È�£�È�å�ÕqÛYÓY×3ÛYÐYÏ.é

2ÁIÛYÐÃå�ÕqÖ!È�ÐúëyÇÎÌ ÕqÍÎÍ³È"í�ËNÌ3Ö9È�Ì@È�ÇÎ×3ÛYÐYÏ�È�ÐÃÖ9ÈvÈ�Ð.ÑYÈ�×^~QÛYÐ.Ñ¥{[�NÐYÐ.È�ÐÃÑ*Ç³È"É�ËNÐÃÛYÐ.ÙÝÖ9È�ÐP�N×3ÇÎÏ�×@È�í�È�Ì@Ù3Ç³ËNÐ(ÑYÈvÙ��ÈvËNÓ!ËNÍ³Ñ*×@Ù@ï�å.È�Ð@�±ÓYÇ³È�Ï�È�ÍÎÛYÐYÏ�Ù�Ù�Õq×3ò{ÈvÙ
Ö9È�ëlÈ�Ç³Ù@È�ÐQé
�Q���ÉÅ��=�:ô��KJ�â:�^å,�������

p 6= 2
-YUT�98vI^���

k
�/��� � >�Z=��(
)+*,��).-D8���)}8G�R�fW2)�U^*[*P�

µp(k)
8���)

p
ZuJ+���he3���P#:���=J5I.Z

L UT)Q6���%;�¥����J5#T!
%MJ+� o­l �5)�OQ�/J=)d![<�#TJ+���X6 L �/�"Ëx�G%�%É� oÇÆ! È �����
S
���5�0�XÇV4H(QA
%;�R<�#:��) L ����In�g%É�Q��)Q� È >@���BA�� CFEG�Â13).�54�I�J+��%5%É���jCFE
� k+ o p �`8���)_e3) L �/�5J+��)�UT�BA k|k+6���)5�/!G%�%É�D&
���5�0�³�5�

S
A���%É�RA����0�ª13)��54�I/J+��%5%K� o ����� L|k 8
�R�D4H!^]G��4H!
%É�³UT�PC$��)Q6 L ���KAGJ+����%K�/4H�/��JV!
)7!�OQ��%'I/</#:�

p
Z=e3) L ���=J+��).UT�BAgCFEG� k -t�5��8B��)�!
%5%K�³13)���4�I/J+��%�%É���h!
UBI S CFEG%�%96F��).%É�RAGJxI����98 o�l ��)ªI^�/Jy6����

A := ClS(k)(p),
I/Eg8[!da

A+ = ClS(k+)(p)A
��%MJ�Ç+C.A
% o ��E
)dE
%�%K!
)}Ç OToUñBo N ñ ÈcÈ oÇlO È �����
S
�/���0�����98:%;�=</#:�}13)��54�I/J+��%5%K����4H�/�BA��gCFEG�

k+
- L �/%M<�#,�g&
���5�0�\�9J+��%5%K�gNPOQ��) p ���9J5#T!
%MJ+�.-³UT�98XI^���

L|k
8G�R� 4H!^]
�54H!
%É�v!
U/a¯��).#T!
%ÉO

S
UT�PC$�/)d6 L ���MA[J+����%É��4}����JV!
)v!�OQ�/%ÃIn<�#:� p ZRe3) L ���5J+�/).UT�BA�CFEG� k o ���/Jy6F�

m =
∏

p∈S p
UB�08

A := Clmk (p),
InE 8�!da

A+ = Clmk+(p)A
��%MJ�Ç+C.A
% o ��E
)dE
%�%K!
)}Ç OToUñBo N ñ ÈcÈ o¿ !
�P��%;�V�5�n�/)�J	8���) « �Q6n�©*9)dE�6n�5JV�GJ5I.#TE
4HE
4HE
)+*�#���I.4�UBI\���5�0� 4��5Jª8���) &$E
4D*9%É�d]����j��EG�^¡.UGA[!GJ=�RE
�j&$EG4�*,!GJ=�RO/%K�p InE
4HE
)+*�#��V�
A/Ap ∼= G(L|k),UT�98v�.I�A
�5%;J

d(A)+ ≤ 1 + d(A)−.



A �CB�� Þ ä[� áúÈ�Ï�È�Ð�ÑYÈ�Ì�ùèÕF�*ÇÎÔ�ÕqÍÎÇÎ×�ìq×ØÇ³Ù3×�Ñ*Ç³Èfz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ
L|k+ ÇÎÐ Ö!È�Ç³ÑYÈ�Ðçø�ìqÍÎÍ³È�ÐãÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï�åQé�ùàÇÎ×

σ
Ö9È�ò{È�Ç³ï@åYÐ.È�Ð�ëyÇÎÌ�ëyÇ³ÈvÑYÈ�Ì3ÛYÔ Ñ*Ç³ÈS{�ËNÔ"ÓYÍ³È��*ÈS�AËNÐNý�ÛYÏ¢Õq×3Ç³ËNÐ�ÇÎÐ

k|k+ é0áçÇÎÌ�Ù@È�×3ò{È�Ð H := G(L|k)
é�Æ/Ç³È

σ
ö�ÇÎÐ±ÉNÕqÌ3Ç ÕqÐ±×@È�êuÙ�ËNÔ�ËNÌ3ÓYåYÇ³È

A/Ap ∼= G(L|k)
ÜgËNÍÎÏ�×ÝÕqÛ.Ù³�AËNÌ@ËNÍÎÍ ÕqÌ�ûR¨*é©­*é©°�ÿIÛYÐ.ÑÒÑYÈ�Ð¥�*ìq×3ò{È�Ðãûl��é©¨*é©¨:�&ÿIÖYòvëÝé

ûl��é©¨*é©¨$®±ÿdé
ÞIÛ.Ùv�*Õq×3ò÷ûR¨*é©­*é©±�ÿ�È�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌ�È�ÇÎÐ.ÈX|AÐ¢×@È�Ì3Ï�Ì3ÛYÓYÓ9È

B ⊆ k×/(k×)p
Ô"ÇÎ×

L = k(B1/p)
ÛYÐ.ÑãÑ*Ç³È�=ÛYÔ"Ô�È�Ì,ö+�0Õ�ÕqÌ3ÛYÐYÏ

H ×B → µp(k).
Æ/Ç³È

σ
ö�êuÐ¢É�ÕqÌ3Ç ÕqÐYò�ÇÎÔ"ÓYÍÎÇÎòvÇ³È�Ì3×AÙ�ËqÜoËNÌ3×^~YÑ.Õ$�

< H+, B+ >= 1 =< H−, B− >

Ï�ÇÎÍÎ×^~�ÑYÈ�ÐYÐ
(µp(k))

+ È�Ð¢×3å�ìqÍÎ×AÐ¢ÛYÌIÑ*Ç³È 1
é9��ËNÔ"ÇÎ×IÇ³Ù3×
Ñ*Ç³È7�0Õ�ÕqÌ3ÛYÐYÏ
H+ ×B− → µp(k)

ÐYÇ³ï�å¢×,öuÕqÛ.Ù3Ï�È{ÕqÌ3×@È�×^~!ÛYÐ.Ñ Ñ.Õqå.È�ÌIÏ�ÇÎÍÎ×
d(A)+ = d(A+) = d(H+) = d(B−).

ÞIÛ.Ù2�QÈ�Ô"Ô�ÕÚûR¨*é©­*éK�^²�ÿ�Í³ÈvÙ@È�ÐØëyÇÎÌ
ÕqÖ�~�Ñ.Õ$��ÈvÙlòvÛWý,ÈvÑYÈ�Ô
b ∈ B

~¢ëlÈ�Í³ï@å.ÈvÙ
Ô�Ë±Ñ*ÛYÍ³Ë
(k×)p

Ö!ÈvÙ3×3ÇÎÔ"ÔW×�Ç³Ù3×^~
È�ÇÎÐÒêuÑYÈ{ÕqÍ

a ∈ J Sk
ÇÎÔ ø�ÕqÍÎÍ�ûgÕ�ÿyÛYÐ.Ñ ÇÎÔ ø�ÕqÍÎÍ�ûaÖ�ÿ

a ∈ J m
k

ûaëyÇÎÌAÐ.È�åYÔ�È�ÐÒÑ.ÕNÙD£lÇÎÍ³ÑÊÛYÐ¢×@È�Ì=ÑYÈ�ÌD��Ì@Ëqý3È/{�×3Ç³ËNÐ
Jk � J m

k

ÿ�Ï�ÇÎÖY×
Ô"ÇÎ×
(b) = ap

é9��ËNÔ"ÇÎ×AÈ�Ì3å�ÕqÍÎ×@È�Ð ëyÇÎÌIÈ�ÇÎÐ.È�ÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù
φ : B → pA, b 7→ a.

z�Ù
Ç³Ù3×?{�Í ÕqÌ^~YÑ.Õ$�
φ
ëlËNåYÍ³ÑYÈ��.ÐYÇ³È�Ì3×/ÛYÐ.Ñ

σ
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×AÇ³Ù3×^~.Ù@Ë"Ñ.Õ$��Ù3Ç³ï�åÊÈ�ÇÎÐÊæ/ËNÔ�ËNÔ�ËNÌ3ÓYåYÇ³Ù3Ô�Û.Ù
ψ : B− → (pA)−

È�Ì3Ï�ÇÎÖY×{é
ê�Ô ø�ÕqÍÎÍ�ûgÕ�ÿ�Ç³Ù3×�È�ÇÎÐ\z�Í³È�Ô�È�Ð¢×

b ∈ B
ÇÎÔ ��È�Ì3ÐØÉ�ËNÐ

φ
~�Ü�ÕqÍÎÍ³Ù

(b) = (a)p
ÜoäYÌlÈ�ÇÎÐ

a ∈ ES(k)
Ï�ÇÎÍÎ×{é±Æ�Õqå.È�Ì

Ç³Ù@×
ker(ψ) ≤ (ES(k)/(ES(k))p)−.

êuÔîø�ÕqÍÎÍlûaÖ�ÿyÈ�Ì3Ï�È�Ö!È�ÐàÕqÐ�ÕqÍ³ËNÏ�È�ÐIÖ9È�Ì3Í³È�Ï�ÛYÐYÏ�È�Ð
ker(ψ) ≤ (O×

k,m/(O
×
k,m)p)−.

Æ�ÕqÖ9È�ÇQëyÛYÌ@ÑYÈ��*Õq×3òØûR¨*é©­*éK�G�&ÿ�Ö!È�Ð±ÛY×3òv×{éÁIÛYÐ6ÜgËNÍÎÏ�×IÕqÛ.ÙD�*Õq×3òØûR¨*é©­*éK�/®±ÿyÔ"ÇÎ×3×@È�Í³ÙIêuÐ.ÑYÈ���Ö9È�×3Ì�ÕNï@å±×3ÛYÐYÏ�È�Ð�~�Ñ.Õ$�
(ES(k)/(ES(k))p)− = µ(k)/(µ(k))p

ÖYòvëÝé
(O×

k,m/(O
×
k,m)p)− ⊆ µ(k)/(µ(k))p

Ï�ÇÎÍÎ×{é.á�ÇÎÌyå�ÕqÖ9È�ÐàÕqÍ³Ù@Ë ÇÎÐ.Ù3Ï�ÈvÙ�ÕqÔ�×AÑ*Ç³È�È��.Õ${�×@È���Èn ¢Û.È�ÐYò
1→ ker(ψ)→ B− ψ

−→ (pA)−,

ÛYÐ.ÑÊÑ.Õqå.È�ÌIÈ�Ì3å�ÕqÍÎ×@È�ÐÊëyÇÎÌ

d(B−) ≤ d(ker(ψ)) + d(pA)− ≤ d(Z/pZ) + d(A−) = 1 + d(A)−.

áúÈ�Ï�È�ÐàÑYÈ�ÌIËNÖ!È�ÐÊÏ�È�ò{È�ÇÎÏ�×@È�ÐÒõ/Í³È�Ç³ï@åYå.È�ÇÎ×
d(B−) = d(A)+

Ç³Ù@×
ÑYÈ�ÌD�*Õq×3òÝÖ!È�ëyÇ³ÈvÙ�È�ÐQé
2
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Æ/Ç³ÈvÙ@È�ÌØÞIÖ.Ù@ï�åYÐYÇÎ×3×�È�Ð¢×3å�ìqÍÎ×�Ñ*Ç³ÈÚò{È�Ð¢×3Ì�ÕqÍ³È�ÐçðIÈvÙ3ÛYÍÎ×�Õq×@È6òvÛóÓ9ËN×@È�ÐYòvÌ@È�Ç³ï@å.È�Ð+õ�ÕqÍ³ËNÇ³Ù,ö�õ=Ì3ÛYÓYÓ!È�Ð Ö9ÈvÙ3×3ÇÎÔ"ÔW×@È�Ì
p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð É�ËNÐèü�ùÊö+���NÌ3Ó9È�Ì3Ð�~�ëyÇ³È�Ù3Ç³È�ÇÎÐôß áãâ?òvÛS�.Ð.ÑYÈ�ÐÒÙ3ÇÎÐ.Ñ ÛYÐ.ÑàÈ�ÇÎÐ.ÈÝí�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3ÛYÐYÏÊÕqÛ*Ü
ÕqÛ,��È�Ì3å�ÕqÍÎÖÒÈ�ÇÎÐ.È�Ì���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐYÔ�È�ÐYÏ�È

S
ÛYÐ¢É�È�Ì3òvë�È�ÇÎÏ�×@È�z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐQé��È�Ç

k|k+ È�ÇÎÐÒü�ùÊö+���NÌ3Ó9È�Ì
ÛYÐ.Ñ p 6= 2
È�ÇÎÐ.È7��Ì3ÇÎÔ"ò&ÕqåYÍ�é

á�ÇÎÌ
Ö9È�×3Ì�ÕNï@å±×@È�ÐàÑ*Ç³È�Ö9È�Ç³ÑYÈ�Ð6ÜgËNÍÎÏ�È�Ð.ÑYÈ�ÐX�±ÇÎ×3Û�Õq×3Ç³ËNÐ.È�Ð��
ûoê3ÿ

• S
Ù@È�ÇQÈ�ÇÎÐ.È�ûaÔH�NÏ�ÍÎÇ³ï�å.È�Ì3ëlÈ�Ç³Ù@ÈWÍ³ÈvÈ�Ì@È&ÿ�ùÒÈ�ÐYÏ�È�É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐÊÉ�ËNÐ

k+ é
•
ê�Ð
k|k+ ò{È�Ì,Ü�ÕqÍÎÍ³È	{�È�ÇÎÐ.È�ÇÎÐ S Ï�È�Í³È�Ï�È�Ð.È���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�é

• LS(p)|k
Ù@È�Ç!Ñ*Ç³È/Ô�ÕF�*ÇÎÔ�ÕqÍ³È/ÛYÐ¢É�È�Ì3òvëlÈ�ÇÎÏ�×@ÈÝÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�É�ËNÐ

k
~±ÇÎÐ�ëlÈ�Í³ï�å.È�ÌIÕqÍÎÍ³È�±×@È�ÍÎÍ³È�ÐàÕqÛ.Ù

S
É�ËNÍÎÍQò{È�Ì3Í³È�Ï�×AÙ3ÇÎÐ.Ñ-é

• G := G(LS(p)|k)
Ù@È�ÇQÑ*Ç³ÈWõÝÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9ÈÝÑ*Ç³ÈvÙ@È�Ì�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ.é

• E := ES(LS(p)) = lim−→
LS(p)⊃K⊃k, K|k ´Vµ/¶/·k¸k¹=º E(K)

~�ëlËNÖ9È�Ç
E(K) := ES(K)

Ñ*Ç³È/õ/Ì3ÛYÓYÓ9È
ÑYÈ�Ì

S
ö+z�ÇÎÐYå.È�ÇÎ×@È�Ð"È�ÇÎÐ.È�Ì?È�Ð.Ñ*ÍÎÇ³ï�å.È�Ð Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È�Ð_�D�NÌ3Ó!È�Ì@È�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ

LS(p) ⊃ K ⊃ k
Ö!È�ò{È�Ç³ï�åYÐ.È�×{é

ûoê@ê3ÿ
• S
Ù@È�ÇQÈ�ÇÎÐ.ÈÝÈ�Ð.Ñ*ÍÎÇ³ï�å.È�ùÒÈ�ÐYÏ�È=É�ËNÐ���Ì3ÇÎÔ�Ù3×@È�ÍÎÍ³È�ÐàÉ�ËNÐ

k+ é
•
ê�Ð
S
Ù@È�Ç"{�È�ÇÎÐ.È�äYÖ9È�Ì

p
ÍÎÇ³È�Ï�È�Ð.ÑYÈH�±×@È�ÍÎÍ³È�ûoÑYÈ�Ì@È�Ð ùÒÈ�ÐYÏ�ÈÝëyÇÎÌ/Ô"ÇÎ×

Sp
Ö9È�ò{È�Ç³ï@åYÐ.È�Ð�ÿAÈ�Ð¢×3å�ÕqÍÎ×@È�Ð��

Sp ∩ S = ∅
é

• kS(p)|k
Ù�È�Ç�Ñ*Ç³ÈÝÔ�ÕF�*ÇÎÔ�ÕqÍ³ÈWÕqÛ,��È�Ì3å�ÕqÍÎÖÒÉ�ËNÐ

S
ÛYÐ¢É�È�Ì3òvëlÈ�ÇÎÏ�×@È�Ï¢ÕqÍ³ËNÇ³Ù@Ù�ï@å.È

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�É�ËNÐ

k
é

• G := G(kS(p)|k)
Ù@È�ÇQÑ*Ç³È�õ�ÕqÍ³ËNÇ³Ù,ö�õ/Ì3ÛYÓYÓ9È�Ñ*Ç³ÈvÙ@È�Ì�z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ.é

• E(K) := O×
K,m

~.ëlËNÖ9È�Ç
kS(p) ⊃ K

È�ÇÎÐ.È�È�Ð.Ñ*ÍÎÇ³ï@å.ÈWÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È����NÌ3Ó9È�Ì@È�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð É�ËNÐ
kÙ@È�Ç�éYÆ�ÕqÖ!È�Ç-Ç³Ù@×

m
ÑYÈ�ÌAùàË�Ñ*ÛYÍ ∏

p∈S p
é

• E := O×
kS(p),m = lim−→

K

E(K)
~?ë�ËNÖ!È�ÇyÑYÈ�Ì"Ñ*ÇÎÌ@È/{±×@Èg�-ÇÎÔ�ÈvÙ äYÖ9È�Ì"Ñ*Ç³È�ÇÎÐ

kS(p)
È�Ð±×3å�ÕqÍÎ×@È�Ð.È�Ð

È�Ð.Ñ*ÍÎÇ³ï@å.È�ÐàÏ¢ÕqÍ³ËNÇ³Ù@Ù@ï@å.È�Ðfz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�ÐèÉ�ËNÐ
k
Í ìqÛ*Üo×{é

á�ÇÎÌ�å�ÕqÍÎ×@È�ÐÚÜoÈvÙ@×^~¢Ñ.Õ$� ÇÎÐØÖ9È�Ç³ÑYÈ�Ð6ø�ìqÍÎÍ³È�Ð�Ñ*Ç³È=ÞAÖ!È�ÍÎÇ³Ù3Ç³È�Ì3ÛYÐYÏ É�ËNÐ
G
È�Ð.Ñ*ÍÎÇ³ï@åÚÇ³Ù3×�ûoÞIÖ.Ù@ï�åYÐYÇÎ×3×	��é©¨*éK�AÖYòvëÝé�*Õq×3ò÷ûl��é©¨*éÃ»�ÿ3ÿdé�Æ/Ç³ÈSz�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð

LS(p)|k+ ÛYÐ.Ñ kS(p)|k+ Ù3ÇÎÐ.ÑóÖ9È�Ç³ÑYÈ6Ï¢ÕqÍ³ËNÇ³Ù@Ù@ï�å�~�Ù@ËúÑ.Õ$�úëyÇÎÌØÈ�ÇÎÐ.ÈÞD{�×3Ç³ËNÐÊÑYÈ�Ì?{�ËNÔ"ÓYÍ³È��*È�ÐX�IËNÐNý,ÛYÏ¢Õq×3Ç³ËNÐÒÕqÛ*Ü
G
Ö9È/{�ËNÔ"Ô�È�Ð�~YëlÈ�Í³ï�å.È�ëyÇÎÌyÔ"ÇÎ×

σ
Ö9È�ò{È�Ç³ï@åYÐ.È�ÐQé

á�ÇÎÌ
ë�ËNÍÎÍ³È�Ð Ð¢ÛYÐàÉ�ËNÌ�ÕqÛ.Ù@Ù@È�×3ò{È�Ð�~.Ñ.Õ$�
G
Ó!ËN×@È�ÐYòvÌ@È�Ç³ï�å Ç³Ù3×yÛYÐ.Ñ��IËNÐ.Ù@Èn ±Û.È�ÐYò{È�ÐÊÖ9È�×3Ì�ÕNï@å±×@È�ÐQé

ùÊÇÎ×3åYÇÎÍ ÜgÈ�É�ËNÐ`�*Õq×3ò ûR¨*é©¨*é©¨:�&ÿÝë�ËNÍÎÍ³È�Ð÷ëyÇÎÌWÑ*Ç³È�ùf�NÏ�ÍÎÇ³ï�å,{�È�ÇÎ×@È�Ð÷ÜaäYÌ
d+ := d(G)+

ÛYÐ.Ñ
d− := d(G)−È�ÇÎÐ.Ù�ï@åYÌ�ìqÐ,{�È�ÐQé!Æ=ÕqòvÛ6ë�È�Ì@ÑYÈ�ÐÊëyÇÎÌIÈ�ÇÎÐ.È�ËNÖ!È�Ì@È���ï�åYÌ�ÕqÐ,{�ÈÝÜoäYÌ

dimFp (pH
2(G,Qp/Zp)

−)

Ù@Û.ï@å.È�ÐQéYÞAÛ*Ü�Ñ*Ç³ÈvÙ@È/áúÈ�Ç³Ù@È/ëlÈ�Ì@ÑYÈ�Ð ëyÇÎÌ
ÕqÛ*Ü�ÑYÈ�Ð ø�ÕqÍÎÍ
d(G) ≤ 3

Ï�ÈdÜaäYåYÌ3×�ë�È�Ì@ÑYÈ�ÐQé.ÞIÐÚÑ*Ç³ÈvÙ@È�Ì��±×@È�ÍÎÍ³È=Ï�È�å.È�Ð
È�Ð±×@Ù@ï@å.È�Ç³ÑYÈ�Ð.ÑÒÑ*Ç³È�ÇÎÔi�ÝÕqÓYÇÎ×@È�Í?ê�Ö9È�ëyÇ³ÈvÙ@È�Ð.È�ÐàÆ/Û�ÕqÍÎÇÎ×�ìq×@Ù@Ù�ìq×3ò{È�È�ÇÎÐQé
ê�Ð ÑYÈ�Ì��?Õq×
ÍÎÇ³ÈdÜgÈ�Ì3×��IËNÌ@ËNÍÎÍ ÕqÌ ûR¨*é©­*é©��ÿyÕqÐYÏ�È�ëlÈ�Ð.ÑYÈ�×/ÇÎÔ ø�ÕqÍÎÍ

i = 0
È�ÇÎÐ.È

σ
ö�ÇÎÐ¢É�ÕqÌ3Ç ÕqÐ¢×@È��±ÛYÌoý,È/{�×3Ç³ËNÐ

E(k) � Ĥ0(G,E) = E(k)/NGE ∼= H2(G,Qp/Zp)
∨

ÛYÐ.ÑÊÑ.Õqå.È�Ì
ÇÎÐ.Ù3Ö9ÈvÙ@ËNÐ.ÑYÈ�Ì@È�Ð�ÕNï@å��*Õq×3òØûR¨*é©­*éK�G�&ÿyÈ�ÇÎÐ.È��±ÛYÌoý3È/{�×3Ç³ËNÐ
µp(k) ⊇ (E(k)/p)− � (pH

2(G,Qp/Zp)
−)∨.

Æ/Ç³ÈvÙyÇÎÔ"ÓYÍÎÇÎòvÇ³È�Ì3×=ÕqÍ³Ù@Ë

dimFp (pH
2(G,Qp/Zp)

−) ≤

{

0
Ü�ÕqÍÎÍ³Ù

µp(k) 6⊆ k

1
Ü�ÕqÍÎÍ³Ù

µp(k) ⊆ k.



ÞAÛ.ÙD�*Õq×3òØûR¨*é©¨*é©¨:�&ÿyÈ�Ì@Ù@È�å.È�Ð ëyÇÎÌ
Ð±ÛYÐÊÑ*Ç³È7|AÐYÏ�Í³È�Ç³ï@å¢ÛYÐYÏ
d+ · d− ≤ d− + 1.

Æ�Õqå.È�ÌY{[�NÐYÐ.È�ÐàÐ¢ÛYÌIÑ*Ç³È/ÜgËNÍÎÏ�È�Ð.ÑYÈ�Ðàø�ìqÍÎÍ³ÈÝÕqÛ*Üo×3Ì@È�×@È�Ð��
d− = 0

Ë±ÑYÈ�Ì
d+ = 0

Ë±ÑYÈ�Ì
d+ = 1

Ë�ÑYÈ�Ì
(d+ = 2

ÛYÐ.Ñ
d− = 1

ÛYÐ.Ñ
µp(k) ⊆ k).

áçÇÎÌ�ë�ËNÍÎÍ³È�Ð
d+ 6= 1

ÕqÐYÐ.È�åYÔ�È�ÐQéb��ËNÔ"ÇÎ×WÈ�Ì3å�ÕqÍÎ×@È�Ð(ëyÇÎÌ�Ñ.ÕqÐYÐ÷ÕqÛ,��È�ÌWÇÎÐôÑYÈ�Ðj��ËNÐ.ÑYÈ�Ì,Ü�ìqÍÎÍ³È�Ð
d+ = 0

ÛYÐ.Ñ
d− = 0

Ñ*Ç³È7|AÐYÏ�Í³È�Ç³ï@å¢ÛYÐYÏ
d(G) ≤ 3

é
ê�Ôîø�ÕqÍÎÍ

d(G)+ = 0
Ç³Ù3×

G
Ð�ÕNï@å��*Õq×3òØûR¨*é©¨*éK�{þ�ÿyÕqÖ9È�Í³Ù@ï@å�~YÇÎÐÊÛYÐ.Ù@È�Ì@È�Ô ø�ÕqÍÎÍ�ÕqÍ³Ù�Ë"È�Ð.Ñ*ÍÎÇ³ï@åQé�±ÇÎÐ.Ñ�Ñ*Ç³È

p
ö�×@È�Ð�z�ÇÎÐYå.È�ÇÎ×@Ù3ëyÛYÌ3ò{È�ÍÎÐ"ÇÎÐ

k
È�Ð¢×3å�ÕqÍÎ×@È�Ð�~�Ù@ËAÍÎÇ³ÈdÜoÈ�Ì3×0ÑYÈ�Ìb�QÈvËNÓ9ËNÍ³Ñ*×@Ù@ï@å.ÈY�±ÓYÇ³È�Ï�È�ÍÎÛYÐYÏ�Ù@Ù�Õq×3ò�ûV�*Õq×3ò

ûR¨*é©­*éK�{þ�ÿ3ÿ
Ñ*Ç³È7|AÐYÏ�Í³È�Ç³ï@å¢ÛYÐYÏ
d+ ≤ 1 + d−,ë�È�Í³ï@å.È�ÑYÈ�Ð ø�ÕqÍÎÍ

d− = 0
ÕqÛ.Ù@Ù@ï@åYÍÎÇ³È/��×{éÁIÛYÐúÏ�ÇÎÖY×WÈvÙÝÈ�ÇÎÐ.È�ÐôêuÐ.ÑYÈ��

i
~-Ù@Ë6Ñ.Õ$�

Gi =: P
È�ÇÎÐ.È"ÛYÐYÇ ÜgËNÌ3Ô�ÈØõ/Ì3ÛYÓYÓ9È"Ç³Ù3×{é�Á=ÕNï@åÂ�QÈ�Ô"Ô�ÕôûR¨*é©¨*é©¨G²�ÿ

Ï�ÇÎÍÎ×
d(P )+ ≤ d+ ÛYÐ.Ñ d(P )− ≤ d−.áçÇÎÌ
ë�ËNÍÎÍ³È�ÐÒÕqÐYÐ.È�åYÔ�È�Ð�~!Ñ.Õ$�

d+ 6= 0
ÛYÐ.Ñ

d− 6= 0
ÛYÐ.Ñ Ù�ËNÔ"ÇÎ×

d(P ) ≤ d(G) ≤ 3
Ï�ÇÎÍÎ×{éYá ìqÌ@È

d(P ) < 3
~

Ù�ËÊå�ìq×3×@È
P
Ð�ÕNï�å��IËNÌ@ËNÍÎÍ ÕqÌ ûR¨*é©¨*éK�^±�ÿWÈ�ÇÎÐ.ÈØÛYÐ.È�Ð.Ñ*ÍÎÇ³ï�å.ÈÚÞIÖ9È�ÍÎÇ³Ù3Ç³È�Ì3ÛYÐYÏP~?ë�ÕNÙ"ÕqÖ9È�Ì�ÑYÈ�Ð(í�ËNÌ�ÕqÛ.Ù@Ù@È�×3òvÛYÐYÏ�È�Ð

ëyÇ³ÑYÈ�Ì@Ù@ÓYÌ3Ç³ï@å¢×{é!Æ=ÈvÙ3å�ÕqÍÎÖS{[�NÐYÐ.È�Ð ëyÇÎÌIÛYÐ.ÙIÕqÛ*Ü0ÑYÈ�Ðàø�ÕqÍÎÍ
d(G) = d(P ) = 3, d+ = d(P )+

ÛYÐ.Ñ
d− = d(P )−

Ö9ÈvÙ@ï�åYÌ�ìqÐ,{�È�ÐQé
Æ=ÕNÙ
Ï�Ì3ÛYÓYÓ!È�Ð±×3å.ÈvËNÌ@È�×3Ç³Ù@ï@å.È ðIÈvÙ@ÛYÍÎ×�Õq×
ÑYÈvÙ³�*Õq×3ò{ÈvÙ�ûR¨*é©¨*é©¨G¨�ÿyÍÎÇ³ÈdÜoÈ�Ì3×
Ð±ÛYÐÊÈ�ÇÎÐ.È�Ð áçÇ³ÑYÈ�Ì@Ù3ÓYÌ3Û.ï@åQé
á�ÇÎÌ�Ü�ÕNÙ@Ù@È�ÐóÑ*Ç³ÈÚÆAÇ³ÙQ{±Û.Ù@Ù@Ç³ËNÐ(òvÛ.Ù�ÕqÔ"Ô�È�ÐóÇÎÔ ÜgËNÍÎÏ�È�Ð.ÑYÈ�Ð`��å.ÈvËNÌ@È�ÔS~�ë�È�Í³ï@å.ÈvÙH��å.ÈvËNÌ@È�Ô ­*éK�6ÕqÛ.Ù6ß á�â

É�È�Ì�ÕqÍÎÍÎÏ�È�Ô�È�ÇÎÐ.È�Ì3×{é
�Q���Kó��=�P�������B��
$�B��� ¿ �R� À,E
)d!
U�I.In�/Jy6nUB�TA���� In���V���Ú8G�R�@��� Ç p+È E^8��/)`Ç pdp+È !G4 L³�RA
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%5%K��� L ��)t6/UBI/�[Jy6/%;�=<�# d(G)− 6=
0
�/EG)l8��/).� op I�J

G
*:EGJ+�/�T6/)Q���R<�#[-28�!
�P�X�yI/J

G
���98:%;�=</#SE�8���)

d(G)+ = 1 o
ø�äYÌ�ÑYÈ�Ðôø�ÕqÍÎÍ

µp(k) 6⊆ k
ÛYÐ.Ñ

d(G)+ = 1
Ë�ÑYÈ�Ì

d(G)− = 0
ë�È�Ì@ÑYÈ�ÐôëyÇÎÌ�{�È�ÇÎÐ.È�ÞIÛ.Ù@Ù�ÕqÏ�È"Ô�ÕNï@å.È�Ð{[�NÐYÐ.È�ÐQé9£�ÈvÙ@ï@åYÌ�ìqÐ,{�È�ÐàëyÇÎÌyÛYÐ.Ù�ý3ÈvÑYË±ï�åÊÕqÛ*Ü0ÛYÐYÇ ÜgËNÌ3Ô�ÈWõ/Ì3ÛYÓYÓ9È�Ð�~.Ù@Ë Í ì$��×
Ù@Ç³ï@å Ð.Ë�ï@å Ô�È�åYÌAÙ�ÕqÏ�È�ÐQé

d(G)+ = 1
Ö!ÈvÑYÈ�ÛY×@È�×�Ð�ÕNï@å��IËNÌ@ËNÍÎÍ ÕqÌ�ûR¨*é©­*éK�^­�ÿQÇÎÔ>ø�ÕqÍÎÍ9ûoê,ÿ�~&Ñ.Õ$�IÑ*Ç³È�õ�ÕqÍ³ËNÇ³Ù3ö�õ/Ì3ÛYÓYÓ!È

H
ÑYÈ�Ì�Ô�ÕF��ÇÎÔ�ÕqÍ³È�Ð

ÛYÐ±É�È�Ì3òvëlÈ�ÇÎÏ�×@È�Ð ÕqÖ!È�Í³Ù�ï@å.È�Ð
p
ö+z�Ì3ë�È�ÇÎ×@È�Ì3ÛYÐYÏØÉ�ËNÐ

k+ ~*ë�È�Í³ï@å.È�ÇÎÐ S É�ËNÍÎÍ-ò{È�Ì3Í³È�Ï�×
Ç³Ù3×^~YÑYÈ�Ð ðAÕqÐYÏ 1
å�Õq×^~*ÛYÐ.Ñ

ÇÎÔñø�ÕqÍÎÍÝûoê@ê3ÿ�~QÑ.Õ$�èÑ*Ç³ÈÚõ�ÕqÍ³ËNÇ³Ù3ö�õ/Ì3ÛYÓYÓ!È
H
ÑYÈ�Ì�Ô�ÕF��ÇÎÔ�ÕqÍ³È�Ð ÕqÛ,��È�Ì3å�ÕqÍÎÖ

S
ÛYÐ¢É�È�Ì3òvëlÈ�ÇÎÏ�×@È�ÐãÕqÖ9È�Í³Ù@ï�å.È�Ð

p
öz�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�É�ËNÐ

k+ È�Ö9È�Ð*ÜgÕqÍÎÍ³Ù d(H) = 1
È�Ì,ÜoäYÍÎÍÎ×{é�êuÐ�Ö9È�Ç³ÑYÈ�Ð�ø�ìqÍÎÍ³È�Ð�È���Ç³Ù@×3Ç³È�Ì3×�Ù@ËNÔ"ÇÎ×�È�ÇÎÐ.ÈyÈvï@å±×@ÈIÕqÖ!È�Í³Ù�ï@å.È

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ

K+ É�ËNÐ k+ ÇÎÐYÐ.È�Ì3å�ÕqÍÎÖúÉ�ËNÐ LS(p)
ÖYòvëÝé

kS(p)
~!ëlÈ�Í³ï�å.È"×@ËN×�ÕqÍ0Ì@ÈvÈ�ÍÎÍ�Ç³Ù3×^~9Ñ.ÕØÛYÐ.È�Ð.Ñ*ÍÎÇ³ï@å.È�±×@È�ÍÎÍ³È�ÐØÇÎÐ

p
ö+z�Ì3ëlÈ�ÇÎ×@È�Ì3ÛYÐYÏ�È�Ð�ÐYÇ³ï@å±×�É�È�Ì3òvë�È�ÇÎÏ�È�ÐQé:��È�×3ò{È�Ð�ëyÇÎÌ
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