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Abstract

This is a short manual for the MsmA [1] packageWeightl . The package is the implementation of an
algorithm of Edixhoven’s for computing weight one modular forms diréte field (see [2],/[3], [4], [5])-

The package needs the author'ssMA packageArtinAlgebras . Both packages can be downloaded
from the author’s webpage.

The package was originally written in 2002 and 2003 and has only beetiligidated since.
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1 Installation and Example

Note that you need the packagesinAlgebras andWeightl . They can be downloaded from the author’s
webpage. For installation, just unpack the tar-files.
The following example is supposed to quickly explain the main functionalities.

Suppose thaPATH1containsArtinAlgebras.spec and thatPATH2containsWeightl.spec . Then we
attach the packages using

> AttachSpec("PATHZ1/ArtinAlgebras.spec");
> AttachSpec("PATH2/Weightl.spec");

Let us take levelN = 1429 in characteristi@ for the trivial character. We first create a data structure “whole
level”.

> wl := Create(1429,2);
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Now we can compute the systems of eigenvalues for all Hecke opefatavith odd indices. This is where the
work is done.

> SystemsOfEigenvalues("wl);

Using integral modular symbols.
Computing intregral Hecke operators.
Computing Hecke algebra generators.
Computing systems of eigenvalues.

Our interest is in forms of weight for level 1429. We create them as follows.
> ef := EigenformsWtl(wl);
We find that there are two of them.

> #ef;
2

Simple properties can be accessed as follows.

> Level(ef[1]);

1429

> Weight(ef[1]);

1

> Characteristic(ef[1]);
2

These have the obvious meaning.

> FieldDegree(ef[1]);
2

This is the degree ovéi, of the field generated by all coefficients.

> Dimension(ef[1]);
1

This is the dimension (over the coefficient field) of the local factor of tleeke algebra corresponding to the
eigenform.
Let’s look at the second form.

> FieldDegree(ef[2]);

3

> Dimension(ef[2]);

2
The groupG of the representation of the eigenform can be obtained like this.

> Group(ef[1]);

C_5 SL(2,4)
The first result is a subgroup 6f, the second a group containifg Sometimes, one gets the actual group, as we
see for the second eigenform.

> Group(ef[2]);

SL(2,8) SL(2,8)
The local factor of the Hecke algebra corresponding to the systemerfijies of the eigenform is obtained by
the following command.

> H := HeckeAlgebra(ef[1]); H;

Matrix Algebra of degree 1 with 53 generators over GF(2°2)

> H := HeckeAlgebra(ef[2]); H;

Matrix Algebra of degree 2 with 53 generators over GF(2"3)

Let us recall that the coefficient field of the second eigenform hazddgverF,. MAGMA denotes a generator
of Fs by $.1 . We can also study the Hecke operators in the local factor directly.



> HeckeOperator(ef[2],7);
[$.1°2 0]
[0 $.1°2]

The corresponding coefficient is the eigenvalue of the operator.

> Coefficient(ef[2],7);

$.1°2
> HeckeOperator(ef[2],11);
[O $.14 ]

[ $.15 0]
> Coefficient(ef[2],11);
$.1

We can also study the weigBteigenforms.

> e2 := Eigenforms(wl);
> #e2;
7

With them we can proceed precisely as before.

2 Mathematical description

Fix a primep. The package computes Katz modular forms of weight on&§6/V) and some Dirichlet character
e¢:(Z/NZ)* —TF, . In order to obtain proved resultgshould not divideV.
For the algorithm (due to Edixhoven) see [2], [3], [4], [5]-

3 Functions

3.1 Eigenforms

For the computation of eigenforms one first has to create the necesgargtructure, which will then contain all
“systems of eigenvalues” of a given prime weightevel and character. These data structure are called “whole
levels”.

In a second step the systems of eigenvalues of the “whole level” for tiokeHeperators’, with p 1 n are
computed.

From those the weight and weighip eigenforms can then be derived.

Finally, the eigenforms and the corresponding local factors of the éalgjebra can be studied further.

Frequently, the functions and procedures use referenced variablésat many computations need only be done
once. The disadvantage of a more difficult usage seems to be well gistffigreat gains in speed and memory.

3.1.1 “Whole levels”

intrinsic Create (N :: RngIntElt, k :: RngIntElt ) -> Rec

This function creates a "whole level" with level N, weight k. We only reqkite be prime andV > 0, however,
not that N and k are coprime. As the characteristic of the eigenformaus &gk, this is not allowed in Katz’
theory of eigenforms and results in that case are not proved.

intrinsic Create ( eps :: GrpDrchElt, k : RngIntElt ) -> Rec

This function creates a "whole level" with Dirichlet character eps in weighfTke character must either be
defined over a finite field or the rationals. The weight is required to be ptitoerever, the weight is allowed to
divide the modulus. As the characteristic of the eigenforms is equal taskisthot allowed in Katz’ theory of
eigenforms and results in that case are not proved.

intrinsic Create ( eps :: GrpDrchElt ) -> Rec
This function creates a "whole level" with Dirichlet character taking values fimite field. The weight is set



to be the characteristic of the field. It is allowed that the characteristic ditfdemodulus of the character, but
results in that case are not proved.

3.1.2 Systems of eigenvalues

intrinsic SystemsOfEigenvalues ("WL :: Rec : char := 0, UpToConjgation := true, Wt1APriori := false )

This procedure computes the systems of eigenvalues for all Heckatorsd,, with n coprime to the character-
istic, which belong to eigenforms of the given "whole level" WL. This is thegkest part of the computation of
weight one forms.

The option char can be set @oor to a primep that has to equal the chosen weight. In the first case, integral
modular symbols are used for the computation of the Hecke algebrae settond case, modular symbols over a
finite field of characteristip are used. The second option is faster. Eigenforms in weight one asarttee(one of
the main results of [5]). In some cases (Eisenstein representatiom® dte tiny differences of the local Hecke
algebras due to 'torsion’.

The option UpToConjugation decides whether all elements of a conjudasy of systems of eigenvalues are
taken, or only one.

If the option Wt1APriori is set, some systems of eigenvalues that cammaspond to weight are discarded
directly. Applying EigenformsWtl gives a result independent of this optiblowever, Eigenforms does not.
Setting the option leads to a slight speed-up.

3.1.3 Eigenforms of weight p

intrinsic Eigenforms (W, SoEV :: Rec ) -> SeqEnum

intrinsic Eigenforms (W :: Rec, L :: SeqEnum ) -> SeqEnum

intrinsic Eigenforms (W :: Rec ) -> SeqEnum

Given a system of eigenvalues SoEV or a list L of systems of eigenviaélesging to the “whole level” W, these
functions compute a list of all corresponding eigenforms in weightléquhe characteristic. The third call refers
to all sytems of eigenvalues belonging to W.

3.1.4 Eigenforms of weight 1

intrinsic EigenformWt1 (W :: Rec, SOEV :: Rec ) -> SeqEnum

intrinsic EigenformsWt1 (W :: Rec, SOEV :: Rec ) -> SeqEnum

Given a system of eigenvalues SoEV belonging to the “whole level” W, thesgions compute a list of all
corresponding eigenforms in weight 1. So the list is either empty or canpa@tisely one element.

intrinsic EigenformsWtl (W :: Rec, L :: SeqEnum ) -> SeqEnum
Given a list L of systems of eigenvalues belonging to the “whole level” W, ftimistion computes a list of all
corresponding eigenforms in weight 1.

intrinsic EigenformsWitl (W :: Rec ) -> SeqEnum
Given a “whole level” W, this function computes a list of all eigenforms inghée 1 belonging to the associated
systems of eigenvalues.

3.2 Simple properties

intrinsic Level ( mf :: Rec ) -> RngIntElt

intrinsic Characteristic ( mf :: Rec ) -> RngIntElt

intrinsic Character ( mf :: Rec ) -> GrpDrchElt

intrinsic FieldDegree ( mf :: Rec ) -> RngIntElt

intrinsic Dimension ( mf :: Rec ) -> RnglIntElt

intrinsic Weight ( mf :: Rec ) -> RngintElt

These functions return the corresponding values for the eigenform mf



3.3 Hecke operators and coefficients

An eigenform corresponds to a system of eigenvalues, which in turesgwnds to a maximal ideal of the Hecke
algebra. The Hecke operators computed by the following algorithms arentiges in the localisation of the
Hecke algebra at the maximal ideal. In other words, one can say thétettiee operators act on the common
primary space corresponding to the system of eigenvalues.

intrinsic HeckeOperator (R :: Rec, i :: RngIntElt ) -> Mtrx
Given either an eigenform R, or a “whole level” R, this function computes-th corresponding Hecke operator
for a fixed internal basis. If R is an eigenform, then the operator max& been stored earlier.

intrinsic HeckeOperator (WL :: Rec, mf :: Rec, i :: RngIntElt) -> M trx
Given an eigenform mf belonging to a “whole level” WL, this unction computee i-th corresponding Hecke
operator for a fixed internal basis.

intrinsic Coefficient ( mf:: Rec, i :: RngIntElt ) -> Any
Given an eigenform mf, this function computes the i-th coefficient of thedard g-expansion, provided that the
necessary Hecke operators were stored earlier.

intrinsic Coefficient (WL :: Rec, mf :: Rec, i :: RngIntElt) -> Any
Given an eigenform mf belonging to a “whole level” WL, this function congsuthe i-th coefficient of the
standard g-expansion.

3.4 Hecke algebras and bounds

intrinsic HeckeAlgebra ( mf :: Rec : bound_factor := 1) -> AlgMat

This function returns the matrix algebra generated by the Hecke opgratting on the local factor corresponding
to the system of eigenvalues of the given eigenfarin Results are proved fdround_factor := 1

As bound for the computation the corresponding Hecke bound will be riettipy bound_factor

intrinsic HeckeBound ( N :: RnglIntElt, k :: RngintElt ) -> RngIntElt

intrinsic HeckeBound ( eps :: GrpDrchElt, k :: RngIntElt ) -> Rngin tEIlt

intrinsic HeckeBound ( mf :: Rec ) -> RngIntElt

Given a level N and a weight k, this function computes the Hecke bouhithws the smallest integer greater
equal 7% LT w1 prime(1 + 7). If a Dirichlet character eps is given, N is taken to be the modulus of E@s
eigenform mf is given, its level and weight are used.

3.5 The group of a Hecke eigenform

intrinsic Group ( mf :: Rec : bound_factor := 2 ) -> MonStgElt, MonS tgElt

Given an eigenform in characteristic 2, this function returns two stringsi@r and GroupU. GroupL contains
the name of a lower bound for the group generated by the associateid Gesentation. Similarly, GroupU
gives an upper bound.

All admissible primes up tbound_factor  times the corresponding HeckeBound are taken into account.

3.6 Database functions

For performance reasons Hecke operators and coefficients caored in the data structures. If a stored operator
is requested, it is always taken from memory.

The data structures can also be written into files, so that they can be dateedlt is generally not possible
after reloading to compute new Hecke operators since the space ofansgmnbols used will be lost. However,
automatically the Hecke operators up to the Hecke bound will be storecdeGoently, after reloading the Hecke
algebra will be available and also the group computation.



3.6.1 Storing Hecke operators and coefficients

intrinsic StoreHeckeOperator (WL , i)
Stores the prime operators necessary for the computation of the i-tleldpekator in the record WL.

intrinsic StoreHeckeOperators (WL , a, b)
Stores the prime operators necessary for the computation of the Hpekagtar in the range [a..b] in the record
WL.

intrinsic StoreHeckeOperators( WL :: Rec, "'mf:: Rec )
Stores those prime Hecke operators of the eigenform mf in the attribukéecieList, which are stored for the
specified “whole level” WL.

intrinsic StoreHeckeOperator( WL :: Rec, "mf:: Rec, i)
Stores the prime Hecke operators of the eigenform mf in the attribute wifglést, which are necessary for the
computation of the i-th Hecke operator.

intrinsic StoreHeckeOperators( WL :: Rec, "'mf:: Rec, a, b)
Stores the prime Hecke operators of the eigenform mf in the attribute i@idést, which are necessary for the
computation of the Hecke operators in the range [a..b].

intrinsic StoreCoefficients( "mf :: Rec )
Stores those prime coefficients of the eigenform mf in the attribute mffi@gedtList, for which the correspond-
ing Hecke operators are stored.

3.6.2 Creating database files

intrinsic WriteFile ( mf :: Rec, file :: MonStgElt : Overwrite := false, no Operators := true, noCoefficients
= false)

Appends the eigenform mf to the given file. The options noOperatops nesCoefficients have the obvious
meaning. Note, however, that if no operators are stored, then thestdégddbra structure will be lost.

One can reload the data using:

load "Filename";
They will be appended to a lidt, which msut have been initialised before, e.g. by
>L =1

The eigenforms in L are unsorted. However, one can run through thedlsng for a certain level.
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