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G H IJKLMNO PN QNRSN
TUVW XYZX [ \]^_ YW` N

W]aU ZV ]VXb]a _ YWbXbc d T `VYXYVW _Ua S2(N)
[]W cYae ]W e YfZ[Uba]W

_UaUg Y[bhZ]W f] _ YbfW 2 _ YZa [] iaYZ_ ] Γ0(N)
d j U__ ][YVW hZ \YV fbW_ YW] f \ZV

qkf`l][Y__ ]e ]VX m
n d o f d ZV] bVp ]nXbYV f] Ck]W_Un]W l]nXYab][W

S2(N) → C[[q]], f(τ) 7→
∑

n≥1

an(f)qn

Ul]n q = e2πiτ d qV U [ \UnXbYV f]W Y_ `aUX]ZaW f] r]ns] Tn
f]W f]Z^ ntX`W d uU cYaeZ[] i`V`aU[]

_ YZa [ \UnXbYV f] Tn
WZa []W qkf`l][Y__ ]e ]VX V \]WX _UW be_ YaXUVX] fUVW VYXa] nYVX]^X] d v[ WZw X

hZ] []W Y_ `aUX]ZaW nYeeZX]VX ]X hZ] [ \YV U [] nUW W_ `nbU[ WZblUVX x
a1(Tnf) = an(f).

yzy {|}~����~ z � �� �������
T = TZ = TZ(N) ���� � �� ����������� �

Z
���� ����� ��

EndC(S2(N))
��� ����� ��� ���

Tn
����

n ∈ N
��� ��� � �� � ������

Tp
���� p

� ��� ���� � ��
��� �� ��

T
[ \U[i�ga] f] r]ns] f] S2(N)

� �� ��������
TC(N) = TZ(N) ⊗Z C

�
� �� ������� ��

qkUnnYZ_[]e ]VX ���� �

TC(N) × S2(N) → C, (T, f) 7→ a1(Tf).

yz� � ¡¡  z ¢�
q
������� ��� ��� �����£ ���

(T T̃ , f) = (T, T̃ f)
�� �� ��� � ��£ ����

¤



¥¦ §¨  z uU cYaeZ[] ]WX Xabl bU[] d v[ WZw X f] f`e YVXa]a hZ] [ \UnnYZ_[]e ]VX ]WX VYVkf`i`V]a` d©Z__ YWYVW hZ] a1(Tf) = 0 _ YZa XYZX
T ∈ TC

m U[YaW m ]V _UaXbnZ[b]a m a1(Tnf) = an(f) = 0 _ YZaXYZX
n
d ª nUZW] fZ

qkf`l][Y__ ]e ]VX f ]WX «`aY d ©YbX e UbVX]VUVX a1(Tf) = 0 _YZa XYZX
f
m ]V

_UaXbnZ[b]a m a1(T (Tnf)) = a1(TnTf) = an(Tf) = 0 _ YZa XYZX
f ]X XYZX

n
d ¬][U a]lb]VX o fba]hZ] T

UibX nYee ] «`aY WZa S2(N)
d ­ UbW m f] [U f`®VbXbYV b[ WZ bX hZ] T ]WX «`aY d

2

¯YZW UlYVW U[YaW [ \bWYe Ya_°bWe ] f] Ck]W_Un]W l]nXYab][W x
S2(N) → HomC(TC, C), f =

∑

n≥1

an(f)qn 7→ (Tn 7→ an(f)).

±V cUbX m _ [ZW ]WX laUb d ©b YV cUbX f] HomC(TC, C)
ZV

TCke YfZ[] ]V _ YWUVX (T.φ)(T̃ ) := φ(T T̃ )
m

U[YaW m n]X bWYe Ya_°bWe ] ]WX nYe_UXbg[] Ul]n [ \UnXbYV f] TC

d u \bVl]aW] ]WX
HomC(TC, C) → S2(N), φ 7→

∑

n≥1

φ(Tn)qn.

ª__][[YVW f ∈ S2(N)
ZV] £ ��� � � ��� �� Wb ][[] nYaa]W_ YVf o ZV `[`e ]VX φ

f] HomC−alg(TC, C)
d

¬][U a]lb]VX o fba] hZ] f ]WX VYae U[bW`] ²φ(T1) = a1(f) = 1 ³ T1
]WX [] 1

fUVW
TC´ ]X

φ(TnTm) = φ(Tn)φ(Tm)
m U[YaW m

Tm.
∑

n≥1

φ(Tn)qn =
∑

n≥1

φ(TmTn)qn = φ(Tm)
∑

n≥1

φ(Tn)qn.

qV a]XaYZl] U[YaW [U f`®VbXbYV WXUVfUaf f] cYae ] _aY_a] d
yzµ ¥¦�¶�·����~ z ¸���

K
�� ���� � ��

A
���

K
���� ���� �� ��� ������ � ��� ¹ ��� U[i�ga]f \ª aXbV � º»�¼�� ����� � ��� ��� ��� � �½ �� ��¾ � ���� ¼�� �»�¼�� ���� ��� ������� �� ¼�������

� �� ���¿À� � � ���� �� ���� �� ���� ����� �������� � Á��� � �� Â ���� Ã � � Á¿ � ¼� Á�� ��� ��� � ��
� Á�����½ � �½ �� ��½ ��� �»��� � m1 ⊃ m1 ∩ m2 ⊃ m1 ∩ m2 ∩ m3 . . .

� Á���Ä��� � Å ��� �»�¼� � �����
� �½ �� ��

m

�� ¿ � ��
r

��¼ �
m

r = m
r+1 =: m

∞ �Æ ����� �� �� ��� ������� � ¢� �» ����� � �»���������� �� ������������� �� £ ������� �����½
A ∼=

∏

m∈Spec(A)

A/m∞ ∼=
∏

m∈Spec(A)

Am.

¥¦ §¨  z u \bVX]aW]nXbYV ⋂

m∈Spec(A) m

V] nYVXb]VX hZ] f \`[`e ]VXW Vb[_ YX]VXW m U[YaW YV U
⋂

m∈Spec(A) m
∞ = {0}

d ±V nYVW`hZ]Vn] m [U _a]e b�a] Ç]n°] ]WX bVp ]nXbl] dÈYWYVW
I =

∑

m
m

∞ d qV U
I = A

d ¬Ua m WZ__ YWYVW [] nYVXaUba] d ¬Yee] I ]WX ZV bf`U[ m b[ ]WX
nYVX]VZ fUVW ZV bf`U[ e U^be U[ m fbWYVW

m1
d ±V _UaXbnZ[b]a m n°UhZ]

m
∞ ⊂ m1

d ©YbX
x ∈ m2−m1

d
ª [YaW m b[ ]^ bWX] r

X dh d
xr ∈ m1

m e UbW m nYee ]
m1

]WX ZV bf`U[ _a]e b]a m YV U
x ∈ m1

m n] hZb ]WXZV] nYVXaUfbnXbYV d
u \`iU[bX` I = A eYVXa] [U WZap ]nXbl bX` f] [U _a]e b�a] Ç]n°] d u] aUbWYVV]e ]VX nbkf]WWZW U

UZWWb fYVV` hZ] [] W]Z[ bf`U[ e U^be U[ nYVX]VUVX
m

∞ ]WX
m

d ±V nYVW`hZ]Vn] m A/m∞ ]WX [Y nU[] d¬][U `XUg[bX [] f]Z^b�e ] bWYe Ya_°bWe ] d
2

É



yzÊ Ë�¦� ÌÌÍ �¦  z ¢�� £ ��� �� � ��� ��� �� ���� ������� ��
S2(N)

��� � �� ��Î ������ ���� Spec(TC)�� ���� �� ��¿��� �� � Á»�� �� ��� »��� � � Á��� ����� �������������� �¸ �
f

��� ��� £ ��� � � ��� �� �� ���� ���� �� ¼�� ������� ��� Æ � Á����� � �½ �� ��
m

¾ �� ��� ¼� �
TC,m

��� �� cUnX]Za [Y nU[ f] r]ns] UWWY nb` o
f
�

j `WZe YVW [] nYVX]VZ f] n] _UaUiaU_°] YV fbWUVX hZ] [U nYVVUbWWUVn] f] [ \U[i�ga] f] r]ns]`hZblUZX o [U nYVVUbWWUVn] f] S2(N)
m ]X [U nYVVUbWWUVn] f]W cUnX]ZaW [Y nUZ^ fYVV] [U nYVVUbWkWUVn] f]W cYae ]W _aY_a]W ]X VYae U[bW`]W ²Wb YV W] a]WXa]bVX UZ^ cYae ]W VYZl][[]W m [U f]aVb�a]UWW]aXbYV ]WX UZWWb ZV] `hZblU[]Vn]´ d

Ï ÐÑÒLÓINO ÒÓPÔIÕÖMNO
jU__ ][YVW [U f`®VbXbYV f]W nYZag ]W e YfZ[Uba]W X0(N)

x
X0(N) = Γ0(N)\H ∪ Γ0(N)\P1(Q).

qV U__ ][[]aU Γ0(N)\P1(Q)
[]W � ��� ��� f] X0(N)

d ÈYWYVW
H = H∪P1(Q) ]X Y0(N) = Γ0(N)\H

d
u]W W×eg Y[]W e YfZ[Uba]W WYVX bVW_ba`]W _Ua [U °Ye Y[Yib] f] nYZag ]W e YfZ[Uba]W d ­ U[°]Zka]ZW]e ]VX m b[ × U f]W _ ]XbX]W fbØ `a]Vn]W o nUZW] f] XYaWbYV d T UVW n]XX] ]^_ YW` YV ZXb[bW] f]W

nY ]w nb]VXW fUVW ZV nYa_W f] nUaUnX`abWXbhZ] «`aY m C _YZa ÙXa] _a`nbW m ]X YV U [ \`iU[bX` dj ]iUafYVW nYee] eYXblUXbYV [] fbUiaUee] nYeeZXUXbc ²_ YZa Γ = Γ0(N)´
A : C[X0(N)] C[n°]e bVW fUVW

X0(N)]oo C[
cUn]W fUVW

X0(N)]oo

B : C[P1(Q)]Γ

OO

C[_kn°]e bVW fUVW
H]Γoo

OO

C[_kcUn]W fUVW
H]Γoo

OO

C : C[P1(Q)]Γ C[{α, β}|α, β ∈ P1(Q)]Γoo

OO

C[{α, β} + {β, γ} + {γ, α}|·]Γoo

OO

v[ cUZX [ba] Ún°]e bVÛ nYee] Ú1kWbe_[]^Û ]X ÚcUn]Û nYee ] Ú2kWbe_[]^Û d ¬Yee] n][U V \]WX hZ \ZV]
e YXblUXbYV f] [U f`®VbXbYV m YV V \]WX _UW XaY_ _a`nbW d ÈUa _kn°]e bVW p ] f]WWbiV] []W n°]e bVW
hZb YVX []ZaW f]Z^ _ YbVXW ]^XaÙe ]W fUVW []W _ YbVX]W d ÜV] _kcUn] ]WX ZV] cUn] fYVX [] g Yaf
nYVWbWX] f] _kn°]e bVW d u]W U__[bnUXbYVW f] g Yaf WYVX []W ZWZ][[]W _ YZa A ]X B

d u \U__[bnUXbYVf] iUZn°] _ YZa C ]WX fYVV`] _Ua {α, β} 7→ β − α
d u \U__[bnUXbYV f] faYbX] ]WX [U VUXZa][[] d qV

U
H1(A) = H1(X0(N), C)

d ±V YZXa] m
H1(C) ∼= ker

(

(C[{α, β}|α, β ∈ P1(Q)]/〈{α, β} + {β, γ} + {γ, α}〉)Γ → C[Γ\P1(Q)]
)

.

¯YZW U__ ][[YVW n]X ]W_Un] [ \]W_Un] f]W �¿� ����� � ��������� � �������¼� �� ����
Γ0(N) ]X []f`VYXYVW _Ua CM2(N)

d

Ý



u]W U__[bnUXbYVW l]aXbnU[]W f] B
fUVW

A
WYVX []W VUXZa][[]W d u \U__[bnUXbYV f] C1

fUVW
B1]VlYb] {α, β}

WZa [] n°]e bV i`Yf`Wbn f] α
o

β
m n]nb ZV f]e bkn]an[] hZb U

α ]X β nYee] _YbVXWWZa [] fbUe �Xa] d ª bVWb m [ \`[`e ]VX {α, β} + {β, γ} + {γ, α}
f] C2

]WX ]VlY×` o [U cUn] U×UVX []W
i`Yf�X]W f] α

o
β
m f] β

o
γ ]X f] γ

o
α nYee] g YafW d ÈYZa hZ] n][U WYbX gb]V f]®Vb m b[ cUZX

l`ab®]a hZ] γ ∈ SL2(Z) ]VlYb] ZV] i`Yf�X] WZa ZV] UZXa] m n] hZb ]WX laUb d
� zy ¥¦�¶�·����~ z Þ ��� �����

H1(C) ∼= H1(B) ∼= H1(A)
� ß � �����������¾ ���� �����

CM2(N) ∼= H1(X0(N), C).

ÜV] f`e YVWXaUXbYV W]aU fYVV`] fUVW [U _aYn°UbV] W]nXbYV d qV _ ]ZX ]WWU×]a f] nU[nZ[]a n]WbWYe Ya_°bWe ] fba]nX]e ]VX m e UbW b[ cUZX W] e `®]a _Uan] hZ] Ul]n Z
UZ [b]Z f] C

m YV V \U hZ]f]W WZap ]nXbYVW H1(C) ³ H1(B) ³ H1(A)
Yà []W VY×]UZ^ WYVX f] XYaWbYV d ¬]XX] XYaWbYV lb]VXf] [ \]^ bWX]Vn] f] WXUgb[bWUX]ZaW VYVkXabl bUZ^ _ YZa [ \UnXbYV f] Γ0(N)

WZa H
d

� z� á ¡Í¦â§  z Þ ��� �����
H1(B) ³ H1(A)

��� �� ����� ��� �������
¥¦ §¨  z u \bf`] ]WX hZ] []W `[`e ]VXW fUVW [] VY×]UZ f] A1 → A0

WYVX f]W [Un]XW ]X hZ \YV
_ ]ZX XYZp YZaW nYe_YW]a ZV [Un]X Ul]n ZV UZXa] hZb _UWW] _Ua ZV] _ YbVX] ]X ]WX nYVXaUnXbg [] d©YbX

x =
∑

φ zφφ
fUVW [] VY×]UZ f] [ \U__[bnUXbYV f] g Yaf ²[]W φ

WYVX f]W n°]e bVW´ d ª [YaW m
0 =

∑

φ zφ(φ(0) − φ(1))
fYVX b[ WZ bX hZ] _ YZa n°UhZ] a ∈ X0(N)

YV U
0 =

∑

φ,φ(0)=a

zφ −
∑

ψ,ψ(1)=a

zψ.

¬][U be_[bhZ]
0 =

∑

φ,φ(0)=a

zφ{∞, a} −
∑

ψ,ψ(1)=a

zψ{∞, a} =
∑

φ,φ(0)=a

zφ{∞, a} +
∑

ψ,ψ(1)=a

zψ{a,∞},

Yà
{∞, a}

WbiVb®] ZV n°]e bV f] ∞ ²lZ] fUVW
X0(N)´ o

a
d qV ]V f`fZbX x

x =
∑

a∈X0(N)

(

∑

φ,φ(0)=a

zφφ +
∑

ψ,ψ(1)=a

zψψ −
∑

η,η(0)=η(1)=a

zηη
)

=
∑

a∈X0(N)

(

∑

φ,φ(0)=a

zφ(φ + {∞, a}) +
∑

ψ,ψ(1)=a

zψ(ψ + {a,∞})

−
∑

η,η(0)=η(1)=a

zη(η + {∞, a} + {a,∞})
)

.

±V nYe_YWUVX []W n°]e bVW m YV lYbX hZ] e UbVX]VUVX XYZW []W n°]e bVW ZXb[bW`W YVX []ZaW g YafWfUVW []W _ YbVX]W ²]V cUbX m `iU[] o [ \be Ui] f] ∞´ d ©b YV a][�l] n]W n°]e bVW fUVW
H

m YV YgXb]VX[U WZap ]nXblbX` f]e UVf`] d
2

ÈYZahZYb nU[nZ[]kXkYV H1(X0(N), C) ã ÈUan] hZ] [ \YV U ZV bWYe Ya_°bWe ] m [ \bWYe Ya_°bWe ]f] ß ��» ����¸» �����m f] WYV fZU[ Ul]n []W cYae ]W e YfZ[Uba]W °Y[Ye Ya_°]W ]X UVXbk°Y[Ye Ya_°]W ä
å



� zµ ¥¦�¶�·����~ z ¢ Á��� ��������

S2(N) ⊕ S2(N) → H1(X0(N), C)∨, (f, g) 7→
(

γ 7→

∫

γ
f(z)dz +

∫

γ
g(z)dz

)

��� �� ���� ��� »��� �� æ��� ��� ������� ������� ���������¾ �� � ��� ���� ����� H1(X0(N), C)∨
���

CM2(N)∨
� ¢ Á��� �������� ������ � �����

(f, g) 7→
(

{α, β} 7→

∫ β

α
f(z)dz +

∫ β

α
g(z)dz

)

�ç �� �» �� �� � Á�� ��� ������ ��� �� ���� �� �� � ������ ��
α

����
β
�

¥ ¦ §¨  z uU _a]Zl] e Yf]aV] e Uan°] Ul]n [U nY°Ye Y[Yib] ]X ZXb[bW] [U f]nYe_YWbXbYV f]
rYfi] x

H1(X0(N), C)∨ ∼= H1(X0(N), C) ∼= H1èé(X0(N)) ∼= H0(X0(N),ΩêëìX0(N) ⊕ ΩíîïðñêëìX0(N) ).

ÜV] _a]Zl] fUVW [] [UViZUi] f]W WZacUn]W f] j b]e UVV W] XaYZl] fUVW _[ZWb]ZaW [bla]W d
2

jU__ ][YVW _ YZa f ∈ S2(N) ]X M =
(

a b
c d

)

∈ PGL2(Q)
hZ] (f |M)(z) = f(Mz) det(M)

(cz+d)2
d

� zÊ {|}~����~ z ¸ ���
p

�� ��� ��� � ��� ��� � Þ ��� ������
Rp = {

(

1 r
0 p

)

|r = 0, 1, . . . , p − 1} ∪ {
(

p 0
0 1

)

},

��
p - N

¾ �� �����
Rp = {

(

1 r
0 p

)

|r = 0, 1, . . . , p − 1}.

�� ��� ��� � Á�� ������� �� ò ��ó� Tp
����

f ∈ S2(N) ���� �
(Tpf)(z) =

∑

M∈Rp

(f |M)(z)

�� ���
CM2(N)

� ��
Tp{α, β} =

∑

M∈Rp

M{α, β} =
∑

M∈Rp

{Mα,Mβ}

�� ¼� Á�� ����� ��� ������ ����
� zô ¥¦�¶�·����~ z ¢�� �� �������� �� ò ��ó� ��� � ����������� ���� � Á���� ��� »��� � �� �� � �����
������ õ �ö �

¥¦ §¨  z ©YbX
γ

[] n°]e bV i`Yf`Wbn f] α
o

β
d qV U _ YZa M =

(

a b
c d

)

∫

Mγ
f(z)dz =

∫

γ
f(Mz)d(Mz) =

∫

γ
f(Mz)

det(M)

(cz + d)2
dz =

∫

γ
(f |M)(z)dz,

f \Yà [] a`WZ[XUX d
2

÷



� zø Ë�¦� ÌÌÍ �¦  z ¢ Á��� ���� �� ò ��ó� TZ(N)
���

S2(N)
� ��� ���� ��� »� �� ����������� ��

EndC(CM2(N))
¼�� ��� ��� ����� ��� ��� �� ��������

Tp
����

p
� ��� ����

¬] nYaY[[Uba] l]ZX fba] hZ] [] _aYg[�e ] fZ nU[nZ[ f] [ \U[i�ga] f] r]ns] ]WX a]WY[Z Wb YV
_ ]ZX nU[nZ[]a []W Y_ ]aUX]ZaW f] r]ns] WZa CM2(C)

d ¬ \]WX p ZWX] f] [ \U[i�ga] [bV`Uba] m nYee ] YV
l]aaU _[ZW n[Uba]e ]VX fUVW [U _aY n°UbV] W]nXbYV d qV cUbX m b[ WZw X f] nU[nZ[]a []W Y_ `aUX]ZaW Tp_ YZa XYZX

p ≤
N

6

∏

l|N ùúûü ðûú
(1 −

1

l
).

� zý Ë�¦� ÌÌÍ �¦  z ¢� ���¿�À� � ������������¼� � �� �»�¼�� �� ������� �� ò ��ó� ��� ����
Z[X]

� ß �
�����������¾ ��� ���� ������ �� £ ��� �� � ��� ��� ��� � ��� ������� ��� ����¼��� �

¥¦ §¨  z qV _ ]ZX a]e_[Un]a C _Ua Z
fUVW [U f`®VbXbYV f] CM2(N)

d ÈYZa n] Zke YfZ[] YV
ZXb[bW] [U VYXUXbYV

CM2(N, Z)
d v[ ]WX `lbf]VX hZ] CM2(N, Z) ⊗Z C = CM2(N)

d uU f`®VbXbYV
f]W Y_ `aUX]ZaW f] r]ns] ]WX f`p o lU[Ug[] WZa CM2(N, Z)

m f \Yà [] a`WZ[XUX d
2

þ ÿÓ�ÓÒÓIÓJÖN PNO JMÓÔ� NO N� OÑÒLÓINO PN � Õ� Ö�
u]W W×eg Y[]W f] ­ UVbV fYVV]VX [U f]Wnab_XbYV Wbe_[] f]W W×eg Y[]W e YfZ[Uba]W ]V X]ae ]Wf \U[i�ga] [bV`Uba] _aYe bW] UlUVX d v[ × U f]W i]VW hZb _ YZa n][U Ube ]VX cUba] f] nU[nZ[W fbw knb[]W Ul]n [ \°Ye Y[Yib] d ­ Yb m p \Ube ] gb]V [U nY°Ye Y[Yib] f]W iaYZ_ ]W m fYVX YV _ ]ZX f`fZba] []W

a`WZ[XUXW cUnb[]e ]VX d¬Yee] p ] V] WZ__ YW] _UW [U nYVVUbWWUVn] f] [U nY°Ye Y[Yib] f]W iaYZ_ ]W m p ] fYVV] ZV]f`®VbXbYV ÚUf °YnÛ ]X p ] nbX] f] X]n°VbhZ]W gb]V nYVVZ]W d ­ ]VXbYVVYVW hZUVfke Ùe ] [U ÚlaUb]Ûf`®VbXbYV d ©YbX
G

ZV iaYZ_ ] d qV U [] cYVnX]Za M 7→ MG hZb _a]Vf f]W GkbVlUabUVXW f \ZV
Gke YfZ[] M

d ¬] cYVnX]Za ]WX ]^UnX] o iUZn°] d uU nY°Ye Y[Yib] f] [U f`abl`] f] n] cYVnX]Za
]WX [U nY°Ye Y[Yib] f] G

d
µ zy {|}~����~ z ¸ ���

G
�� ����� � ��

M
��

G
�� ������ �� ����

Z1(G,M) = {f : G → M | f(gh) = g.f(h) + f(g) ∀g, h ∈ G},

B1(G,M) = {f : G → M | ∃m ∈ M : f(g) = (1 − g)m ∀g ∈ G},

H1(G,M) = Z1(G,M)/B1(G,M).

µ z� {|}~����~ z Å ���
Γ = Γ0(N)

�� ��� ��� �� nY°Ye Y[Yib] _UaUg Y[bhZ] ���� �
H1

par(Γ,M) = ker
(

H1(Γ,M) →
∏

c∈Γ\P1(Q)

H1(Γc,M)
)

,

�ç
Γc

��� �� ������������� �� �� ������
c

����¾ �� £ ��� �� �»��½ ¼�� � � �»��� � ���� ����
H1

par

� ¾
�����¾ ��

c = σ∞
� ���

σ ∈ SL2(Z)
�� �

Γc = 〈σ ± ( 1 1
0 1 )σ−1〉

� ¢ Á��� �������� ��� �� ������������������ ���
�



µ zµ ¥¦�¶�·����~ z ¸���
Γ = Γ0(N)

� � ��� �� ���� ���� � ���������£
0 // H1(X0(N), C)∨ ∼= H1(X0(N), C) //

OO

∼

H1(Y0(N), C) //

OO

∼

∏

c∈Γ\P1(Q) H1(Uc, C)
OO

∼

0 // H1
par(Γ, C) // H1(Γ, C) //

∏

c∈Γ\P1(Q) H1(Γc, C)

��� ���� ��� ���� �� ������ �½ ����� � ¢� ��������
Uc

������ � �� � ���� ���¼� � ������ ������ ��
c
�

ß � �����������¾ �� �
H1

par(Γ, C) ∼= (CM2(N))∨.

qV V] f`e YVXa] _UW n]XX] _aY_ YWbXbYV d ± [[] ]WX WbXZ`] fUVW [U X°`Yab] f]W WZacUn]W f]j b]e UVV d ª [YaW m ][[] V \ZXb[bW] ab]V f] _UaXbnZ[b]a WZa []W nYZag ]W e YfZ[Uba]W d qV lYbX hZ] [U
nY°Ye Y[Yib] f`abl`] fZ cYVnX]Za H0(X0(N), ·) ]WX [U e Ùe ] hZ] [U nY°Ye Y[Yib] fZ cYVnX]Za
_a]VUVX []W GkbVlUabUVXW d ªZWWb bnb b[ cUZX W] e `®]a d u]W U__[bnUXbYVW l]aXbnU[]W V] WYVX _UWf \bWYe Ya_°bWe ]W ]V i`V`aU[ ²W]Z[]e ]VX f]W WZap ]nXbYVW´ m o nUZW] f] _ YWWbg [] XYaWbYV d ¬Yee]VYW nY ]w nb]VXW WYVX fUVW

C
b[ V \× U _UW f] _aYg[�e ] d

µ zÊ ¥¦�¶�·����~ z �� � ��� ������� � Á���� ��� »��� �
CM2(N)∨ ∼= H1

par(Γ, C)
�½� ������� ����

¢ Á��� �������� ��� �� �������� ¹
CM2(N)∨ 3 f 7→ (γ 7→ f({γ∞,∞})) ∈ H1

par(Γ, C).

¥¦ §¨  z ¯YXYVW f \Ug Yaf [U cYaeZ[]
{α, β} + {β, γ} = {α, γ}.

� `ab®YVW e UbVX]VUVX hZ] [ \U__[bnUXbYV ]WX gb]V f`®Vb] m U[YaW m hZ] [ \be Ui] ]WX fUVW
Z1(Γ, C) ]XW \UVVZ[[] WZa []W _ YbVX]W d qV U

f({gh∞,∞})) = f({gh∞, g∞} + {g∞,∞}))) = f({h∞,∞}) + f({g∞,∞}),

U[YaW m [U _a]e b�a] UWW]aXbYV ]WX laUb] d ©YbX T = ( 1 1
0 1 )

d qV U
{σ ± T rσ−1∞,∞} = {σ ± T rσ−1σ∞, σ∞} = {σ ± T r∞, σ∞} = {σ∞, σ∞} = 0

be_[bhZUVX [U f]Z^ b�e ] UWW]aXbYV d ¯YZW UlYVW ZXb[bW` [U cYaeZ[]
{Mα,α} = {Mα,M∞} + {M∞, α} = {α,∞} + {M∞, α} = {M∞,∞}.

­YVXaYVW e UbV]VUVX hZ] n°UhZ] x ∈ CM2(N)
U ZV] a]_a`W]VXUXbYV f] [U cYae ]

∑

i ai{gi∞,∞} _ YZa ai ∈ C ]X gi ∈ Γ
d ©X]bV U__ ][[] n][U [U ���������������� f]W W×eg Y[]W

e YfZ[Uba]W _UaUg Y[bhZ]W d ¬°YbWbWWYVW ZV W×WX�e ] f] a]_a`W]VXUVXW f]W _ YbVX]W Γ\P1(Q)
m f`kVYX` _Ua R d v[ ]WX n[Uba hZ \YV _ ]ZX `naba] ²ZXb[bWUVX {α, β} = {α,∞} − {β,∞}´

x =
∑

c∈R

∑

γ∈Γ/Γc

ac,γ{γc,∞}.

�



ª[YaW m
x =

∑

Γ/Γ∞

a∞,γ{γ∞,∞} +
∑

c∈R−{∞}

∑

γ∈Γ/Γc

ac,γ({γ∞,∞} + {γc, γ∞}),

eUbW m
∑

c∈R−{∞}

∑

γ∈Γ/Γc

ac,γ{γc, γ∞} =
∑

c∈R−{∞}

∑

γ∈Γ/Γc

ac,γ{c,∞} = 0,

_Uan] hZ] UZXa]e ]VX x
V] W]aUbX _UW fUVW [] VY×]UZ f] [ \U__[bnUXbYV f] g Yaf d ¬][U e YVXa][ \UWW]aXbYV nYVn]aVUVX [U a]_a`W]VXUXbYV d

©Un°UVX n]nb m b[ ]WX `lbf]VX hZ] VYXa] °Ye YeYa_°bWe ] f] [U _aY_ YWbXbYV ]WX bVp ]nXbl] x ©b
f ]WX fUVW [] VY×]UZ m YV U

f({γ∞,∞}) = 0 _YZa XYZX
γ
m U[YaW m f(x) = 0 _ YZa XYZX

x
d

±VnYa] ZV] cYbW m [U WZap ]nXbl bX` V \]WX _UW laUb] Ul]n f] nY]w nb]VXW hZ][nYVhZ]W d ±XUVX WZa
C

m YV _ ]ZX nYe_Ua]a []W fbe ]VWbYVW d ¬Yee] YV U

{γe1

1 . . . γer

r ∞,∞} =

n
∑

i=1

ei{γi∞,∞}

]X _ YZa g ∈ H1
par(Γ, C)

g(γe1

1 . . . γer

r ) =

n
∑

i=1

eif(γi)

[]W fbe ]VWbYV f] f]Z^ ntX`W WYVX `iU[]W UZ VYega] e U^be U[ f \`[`e ]VXW fUVW
Γí� hZb V]WUXbWcYVX o UZnZV] a`[UXbYV ]VXa] ]Z^ d ¬] VYega] ]WX ]V cUbX `iU[ o f]Z^ cYbW [] i]Va] f]

X0(N) ]X `iU[ o [U fbe ]VWbYV f] H1(X0(N), C)
hZb ]WX `iU[ UZ aUVi f] [ \Ug `[bUVbW` fZ iaYZ_ ]cYVfUe ]VXU[ d

2

¯YXYVW hZ] VYZW UlYVW f`e YVXa` [U _aY_ YWbXbYV É d¤ m e YfZ[Y [U _aY_ YWbXbYV Ý dÝ d ÜV] UZXa]cU	YV _ YZa f`e YVXa]a n]X bWYe Ya_°bWe ] ]WX f \ZXb[bW]a [U WZbX] ]^UnX] f] ­ U×]ak� b]XYabW _ YZa[U ²nYk´°Ye Y[Yib] f] iaYZ_ ]W d
qV nU[nZ[]aU e UbVX]VUVX [] iaYZ_ ] H1

par(Γ0(N), C) ]^_[bnbX]e ]VX d ÈYZa n][U YV _ YW]
S :=

(

0 1
−1 0

)

, T := ( 1 1
0 1 ) , U := ST =

(

0 1
−1 −1

)

.

ÈUa []W e Ùe ]W W×egY[]W YV f`VYX] UZWWb []ZaW n[UWW]W fUVW
PSL2(Z)

d
qV ZXb[bW]aU [U _aY_ab`X` WZblUVX] d

µ zô ¥¦�¶�·����~ z ¢� ����� �
PSL2(Z)

��� �� � ������ ����� ��� � ���� ��
〈S〉

��
〈U〉

¼�� ���
� Á�����

2
��

3
� æ����� ��� ���¾

PSL2(Z)
��� ��� ����� ���

S
��

U
�� ��� ������ ��������� ����

S2 = U3 = 1
�

¥ ¦ §¨  z ²±WhZbWW] d´ ©YbX
F

[] fYe UbV] cYVfUe ]VXU[ WXUVfUaf d v[ ]WX cUnb[] f] lYba hZ]
n°UhZ] _ YbVX fUVW

H _ ]ZX ÙXa] XaUVW_ YaX` fUVW
F _Ua ZV] nYegbVUbWYV f] S ]X T

d ¬][U
e YVXa] hZ] S ]X T ]Vi]Vfa]VX PSL2(Z)

d ª [YaW m S ]X U
[ \]Vi]Vfa]VX UZWWb d


] V] nYVVUbX _UW f] cU	YV Wbe_[] f] f`e YVXa]a [U [bg ]aX` d
2

�



µ zø ¥¦�¶�·����~ z �� ¡¡  
  ��Í¶�¦� � ¸���
Ind

PSL2(Z)
Γ := HomΓ(C[PSL2(Z)], C)

� æ ����¾
�� �

H1
par(Γ, C) ∼= H1

par(PSL2(Z), Ind
PSL2(Z)
Γ ).

µ zý ¥¦�¶�·����~ z �� � �� ����� �½ ����

0 → H1
par(Γ, C) → M/(M 〈S〉 + M 〈U〉)

m7→(1−S)m
−−−−−−−→ M/(1 − T )M,

�ç
M = Ind

PSL2(Z)
Γ

�
¥ ¦ §¨  z ÜV] l`ab®nUXbYV `[`e ]VXUba] fYVV] hZ \b[ WZw X f] f`e YVXa]a

H1(PSL2(Z),M) ∼= M/(M 〈S〉 + M 〈U〉).

¯YZW f`X]ae bVYVW
f ∈ Z1(Γ,M)

d ª _UaX f] f(1) = 0
m YV U

0 = f(S2) = Sf(S) + f(S) = (1 + S)f(S)

]X
0 = f(U3) = · · · = (1 + U + U2)f(U).

¬Yee] b[ V \× U _UW f \UZXa]W a][UXbYVW fUVW
PSL2(Z)

m
f ∈ Z1(Γ,M) ]WX ZVbhZ]e ]VX fYVV` _Ua

f(S) ∈ ker(1 + S) ]X f(U) ∈ ker(1 + U + U2).

­UbW m YV U
ker(1 + S) = im(1 − S) ]X ker(1 + U + U2) = im(1 − U),

nUa 2 ]X 3
WYVX bVl]aWbg [] ²YV ]WX WZa C´ d ²¬ \]WX ZV nU[nZ[ `[`e ]VXUba] hZ \YV _ ]ZX UZWWb a]e_[Un]a

_Ua Ĥ0(〈S〉,M) = Ĥ0(〈U〉,M) = 0
d´ u]W `[`e ]VXW fUVW

B1(PSL2(Z),M)
WYVX f] [U cYae ]

g 7→ (1 − g)m _ YZa ZV
m ∈ M

d
±nablYVW ZV] U__[bnUXbYV x

φ : M → H1(PSL2(Z),M), m 7→ (S 7→ (1 − S)m,U 7→ 0).

±[[] ]WX WZap ]nXbl] d ¬Ua m WYbX f ∈ Z1(PSL2(Z,M))
Ul]n f(S) = (1 − S)m ]X f(U) = (1 − U)n_ YZa n,m ∈ M

d Èa]VYVW g : a 7→ (1 − a)n ∈ B1(PSL2(Z),M)
d ª [YaW m (f − g)(U) = 0 ]X

(f − g)(S) = (1 − S)(m − n)
m n] hZb e YVXa] [U WZap ]nXbl bX` du] VY×]UZ f] φ ]WX fYVV` _Ua

ker(1 − S) + ker(1 − U) = M 〈S〉 + M 〈U〉.

©Z__ YWYVW U[YaW hZ] f
Ul]n f(S) = (1 − S)m ]X f(U) = 0 ]WX ZV g Yaf m U[YaW b[ ]^ bWX] n

X dh d
(1 − S)m = (1 − S)n ]X (1 − U)n = 0

d ¬][U l]ZX fba] n ∈ ker(1 − U) ]X m − n ∈ ker(1 − S)fYVX b[ WZ bX hZ] m ∈ ker(1 − S) + ker(1 − U)
m fYVVUVX [ \bWYe Ya_°bWe ] a]n°]an°` d

2

�



©b [ \YV n°YbWb ZV W×WX�e ] f] a]_a`W]VXUVXW f] PSL2(Z)/Γ0(N) ²n] hZb ]WX cUnb[]´ m YV U
e UbVX]VUVX ZV] f]Wnab_XbYV ]V X]ae ]W f \U[i�ga] [bV`Uba] d qV U__ ][[] []W `[`e ]VXW f] [ \]W_Un]
ker

(

M/(M 〈S〉 + M 〈U〉) → M/(1− T )M
) �¿� ����� �� � ���� ��������¼� ��d ­ ]a][ U fYVV` ZV]f]Wnab_XbYV ]^_[bnbX] f]W Y_ `aUX]ZaW f] r]ns] WZa n]X ]W_Un] d ­ UbW YV _ YZaaUbX UZWWb cUba] f]WU[[]aka]XYZaW ]VXa] []W W×egY[]W e YfZ[Uba]W ]X []W W×eg Y[]W f] ­ UVbV d

­ ]VXbYVVYVW ]VnYa] ZV] UZXa] U__aYn°] m _[ZW `[`iUVX] m l]VUVX f] [U X°`Yab] f] nY°Ye Yk[Yib] f]W iaYZ_ ]W m hZb ]WX gUW`] WZa [U WZbX] ]^UnX] f] ­ U×]ak� b]XYabW d ªZWWb [U _a]Zl] f] [U
_aY_ YWbXbYV Ý då _ ]ZX ]V ÙXa] f`fZbX] d ¬]XX] U__aYn°] `XUbX _abW] fUVW e U _a`_Zg[bnUXbYV ��
� ������ �¿� ���� ��� �» � ��»�� ���� ¿ �£ ò ��ó� ������ �� ���£ ���� d
µ z� ¥¦�¶�·����~ z ��§��  
  � Í� ¦�� � ��¦�·� ¸���

M
��

PSL2(Z)
�� ����� ¼�� ��� ����� ��

������ ���������� º��� �
PSL2(Z)

��� �� � ������ ����� ��
〈S〉

��
〈U〉

¾ �� � �� ����� �½ ����

0 → H0(PSL2(Z),M) → H0(〈S〉,M) ⊕ H0(〈U〉,M) → M

→ H1(PSL2(Z),M) → H1(〈S〉,M) ⊕ H1(〈U〉,M)

¼�� ��� �½� ������� ��� ���� �� ���
M

��� ��
C
������� ���������� � ��

0 → MPSL2(Z) → M 〈S〉 ⊕ M 〈U〉 → M → H1(PSL2(Z),M) → 0.

�� � ����� �� ����� �½ ����
0 → Z[PSL2(Z)] → Z[PSL2(Z)/〈S〉] ⊕ Z[PSL2(Z)/〈U〉] → Z → 0.

¤�
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