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1. (4 points) Describe the quadratic subfields ofQ(ζn) for n ≥ 3.

2. (4 points)

(a) Letn ∈ N. Conclude from Sheet 5, Exercise 4 (b), that there are infinitely many primesp that are
congruent to1 modulon.

(b) Let A be a finite abelian group. Show that there is a Galois extensionK/Q with Galois group
isomorphic toA.

3. (4 points) Prove that a subgroupL ⊂ Rn is of the formL ∼= Zω1⊕Zω2⊕· · ·⊕Zωr for someωi ∈ Rn

if and only if it is discrete. Forn = 1 show thatL is either of the formZω for someω ∈ R or a dense
subgroup.

4. (4 points) Consider the latticeL = Zω1 ⊕ · · · ⊕ Zωr ⊂ Rn. Then the following conditions are
equivalent:

(i) L has maximal rank (i.e.r = n).

(ii) The quotient groupRn/L is compact in the quotient topology.

(iii) There exists a bounded subsetB ⊂ Rn such thatL + B = Rn.


