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ABSTRACT. For a conformal vector field on a closed, real-analytic, Lorentzian manifold we prove
that the flow is locally isometric—that it preserves a metric in the conformal class on a neigh-
borhood of any point—or the metric is everywhere conformally flat. The main theorem can be
viewed as a local version of the Lorentzian Lichnerowicz conjecture in the real-analytic setting.
The key result is an optimal improvement of the local normal forms for conformal vector fields
of [FM13], which focused on non-linearizable singularities. This article is primarily concerned
with essential linearizable singularities, and the proofs include global arguments which rely on
the compactness assumption.

1. INTRODUCTION

The Ferrand-Obata Theorem on conformal groups of Riemannian manifolds is paradigmatic in
the Zimmer-Gromov program, which aims to classify compact or finite-volume manifolds with
rigid geometric structures admitting large group of automorphisms. This theorem was conjec-
tured by Lichnerowicz and proved independently by J. Ferrand and M. Obata; it characterizes
closed Riemannian manifolds with non-compact conformal transformation group (see Theorem 1.1
below). In contrast, the Lorentzian version of the Lichnerowicz conjecture is still open, although
significant progress has been made in certain cases.

In this article, we establish a local version of the Lorentzian Lichnerowicz conjecture in the real
analytic category. Our results shed light on the behavior around singularities of conformal vector
fields and also constitute a maximality result with respect to conformal embeddings, having as a
consequence that certain noncompact Lorentzian manifolds cannot be conformally compactified;
thus they link local analysis with global geometric rigidity.

1.1. The Lorentzian Lichnerowicz conjecture. For a semi-Riemannian metric g on a man-
ifold, a subgroup G of its conformal group Conf(M,g) is called essential if it does not preserve
any metric ¢’ in the conformal class of [g], namely, of the form ¢’ = ¢?*g for A a function on M of
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suitable differentiability. In the case of a Riemannian metric on a compact manifold, a conformal
group G is essential if and only if it is non-compact. In this case J. Ferrand and M. Obata each
proved independently :

Theorem 1.1 (Ferrand [LF71, Fer76], Obata [Oba7l]). Let (M,g) be a compact Riemannian
manifold of dimension n > 2. If Conf(M, g) is essential then (M, g) is conformally diffeomorphic
to the round sphere S™.

This theorem positively answers a question asked by A. Lichnerowicz.

A similar question in the pseudo-Riemannian framework was asked subsequently in [DG91, Sec-
tion 6.2]. In higher signature, essentiality of the conformal group does not determine the topology
of the manifold. In fact, in the Lorentzian case, the second author proved that, in any dimension
n > 3, there are infinitely-many topological types of compact manifolds bearing infinitely-many
non-conformally-equivalent Lorentzian metrics, each admitting an essential conformal flow [Fra05].
Nevertheless, all these Lorentzian metrics are conformally flat, meaning they are locally confor-
mally equivalent to flat Minkowski space. The analogue of the original Lichnerowicz Conjecture
is thus:

Conjecture 1 (Lorentzian Lichnerowicz). Let (M,g) be a compact Lorentzian manifold of
dimension n > 3. If Conf(M, g) is essential then (M, g) is conformally flat.

Important results which support the Lorentzian Lichnerowicz Conjecture were obtained by the
second and the third authors for real-analytic three-dimensional manifolds [FM23] and by the
third and the fourth authors for simply-connected real-analytic manifolds [MP22a]. The fourth
author proved the Lorentzian Lichnerowicz Conjecture in the case when Conf(M,g) contains
an essential connected simple Lie subgroup [Pecl7, Pecl8]. This last result is a step towards the
classification of conformal groups of compact Lorentzian manifolds, in the vein of the classification
of their isometry groups obtained in [AS97a, AS97b, Zeg98|. The recent work [Meh25] addresses
the Lorentzian Lichnerowicz Conjecture for locally homogeneous spaces, and proves that compact
quotients of conformally homogeneous Lorentzian spaces have essential conformal group if and
only if they are conformally flat.

In higher signature the analogous pseudo-Riemannian Lichnerowicz Conjecture fails: the sec-
ond author constructed non-conformally-flat pseudo-Riemannian metrics of signature (p, q), with
p,q > 2, admitting essential conformal flows in [Fral5]. These pseudo-Riemannian spaces are
obtained from non-conformally-flat polynomial deformations g of the (p, ¢)-Minkowski metric on
RP*4\ {0}, which conformally descend to compact quotients of the form (S x SPTe=1 [g]).

1.2. Statement of the main theorem. Our main result can be framed in the context of Con-
jecture 1 above. We prove conformal flatness assuming a stronger notion of essentiality, namely
that a one-parameter group of conformal transformations is essential. This assumption implies
essentiality of Conf(M, g)°; we are not sure whether it is stronger.

A conformal vector field Y on a semi-Riemannian manifold (M, g) is inessential if there exists a
metric in the conformal class [¢g] for which Y is a Killing field. A specific, but still challenging,
case of Conjecture 1 is the following.

Conjecture 2 (Lorentzian Lichnerowicz for conformal vector fields). Let (M,g) be a
compact Lorentzian manifold of dimension n > 3. If (M,g) is not conformally flat, then any
conformal vector field on M is inessential.
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In this statement, it is crucial to make the global assumption that M is a compact manifold.
D. Alekseevsky built a family of non-conformally-flat, real-analytic, Lorentzian metrics on R"
admitting a linear conformal flow which is essential, in fact, essential on a neighborhood of every
singularity [Ale85].

Our main theorem is motivated by Conjecture 2. We assume real-analyticity and we obtain a
local, rather than a global, conclusion. A conformal vector field Y is locally inessential if each
point p € M admits a neighborhood U on which Y is a Killing field for some metric in the
conformal class [g];].

Theorem 1.2. Let (M, g) be a closed, real-analytic Lorentzian manifold of dimension > 3. If
(M, g) is not conformally flat, then any conformal vector field on M is locally inessential.

Although the conclusion of the theorem as stated is local, the assumption that M is a compact
manifold is needed because of the examples in [Ale85] mentioned above. Theorem 1.2 proves,
in particular, that non-conformally-flat examples in [Ale85] do not admit real-analytic conformal
compactifications, that is, they do not conformally and equivariantly embed in a closed Lorentzian
manifold. In [MP22b] the third and fourth authors proved this under the additional assumption
that M is simply connected.

Given a conformal vector field Y on a Lorentzian manifold (M, g), and given a point p € M, the
conformal distortion of Y with respect to g at p is the real number A such that (Lyg), = 2Ag,.
When Y, = 0, the distortion at p is the same for every metric in the conformal class. This is a
consequence of the formula

Ly(fg)=(Y.f)g+ fLyg  VfeC™(M)

We say Y has nontrivial conformal distortion at a singularity p if A # 0. Observe that a conformal
vector field with nontrivial conformal distortion at a singular point p cannot preserve any metric
in the conformal class, even in a neighborhood of p.

A conformal vector field Y is always inessential in a neighborhood of a nonsingular point p—that
is, with Y, # 0. Namely, for coordinates (t, zl, ..., 2" 1) on a neighborhood U of p in which Y is
%, let

Ptz (45 0) = go.2) (D) 0y (W) Doy 0y (v)).
Then h € [g|;] is invariant under the local flow of Y. Thus the content of Theorem 1.2 is the
inessentiality around singularities of Y, that is, around points where Y, = 0. At these points, the
conclusion says that Y is locally isometric for a metric in the conformal class. Local Killing fields

of a metric are linearizable via the exponential map of the metric. A corollary of Theorem 1.2,
which can be compared to [FM13, Thm 1.3], is :

Corollary 1.3. Let (M, g) be a closed, real-analytic Lorentzian manifold of dimension > 3, and
suppose that (M, g) is not conformally flat. Let Y be a conformal vector field on (M,g) and
p € M a singularity of Y. Then Y is analytically linearizable and has trivial conformal distortion
at p. In particular, Y is analytically conjugate in a neighborhood of p to a Killing vector field of
Minkwoski space.

2. REDUCTION TO LINEARIZABLE SINGULARITIES OF MIXED OR BALANCED TYPE

As discussed in the previous section, a nonsingular point of the conformal vector field Y is always
locally inessential, so the focus will be on singularities for the remainder of the article. A singular-
ity of Y will be called locally essential if there is a fundamental system of neighborhoods, on each
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of which Y is essential, and the vector field Y can be called locally essential if every singularity
of Y is locally essential.

In Section 2.2 below, we recall the linearizability result of [FM13] and in Section 2.3 we categorize
linearizable singularities of the conformal vector field Y into several types. For certain types, local
inessentiality or conformal flatness of (M, g) can be quickly deduced. The remaining types are
mixed and balanced, and the proofs for these two occupy Sections 4, 5, and 6 below.

First, we construct an example illustrating that local inessentiality can coexist with global essen-
tiality for a conformal vector field on a closed Lorentzian manifold.

2.1. Global versus local essentiality. It follows from Theorem 1.1 that Riemannian essential
conformal vector fields always have essential singularities. More precisely, non-compact flows
by Mobius transformations on S™ have one or two singularities, both essential. The notions of
essentiality and local essentiality coincide for Riemannian conformal vector fields.

In Lorentzian signature, essentiality and local essentiality are distinct notions. Consider the
following example, the Lorentzian Hopf manifold. Endow R?\ {0} with the metric §, := go/|z|?,
where gy is the Minkowski metric 2dzidrs + dz, and | - | denotes the Euclidean norm. Let h
be the homothetic transformation = — 2z, and let I' be the discrete group generated by h. The
quotient of R3\ {0} by I is a smooth manifold M, diffeomorphic to S! x S2, endowed with the
Lorentzian quotient metric, denoted ¢g. The one-parameter group of homotheties of R? descends
to an isometric S'-action on (M, g); denote it by {k'}. The linear O(1,2)-action descends to an
essential conformal action on (M, g).

Consider a unipotent one-parameter subgroup {u'} < O(1,2). It induces a one-parameter sub-
group {u'} < Conf(M, g), generated by a conformal vector field U. The isotropic line of fixed
points of {u'} projects onto two closed null geodesics A;, i = 1,2, of (M,g), which are fixed
pointwise by {u'}. Given p € A;, it is clear that the conformal distortion of U at p is null;
moreover, the metric gy descends to a Lorentzian metric in the conformal class, well-defined in a
neighborhood of p, which is {u!}-invariant on this neighborhood. In particular—see also Lemma
2.2 below—the flow {u'} is locally inessential at p. However, {u'} is an essential conformal one-
parameter subgroup of Conf(M, g). Indeed, all orbits of the flow spiral around either Aj or As.
If ¢’ were a {u!}-invariant metric on M in [g], then for any p € M, the values

9;/)(Ua U) = g;t(p)(U, U) =0,

contradicting the fact that U is spacelike on a dense, open subset. Thus {u'} is an essential
conformal flow of (M, g) all of whose singularities are locally inessential.

The commutative product ¢’ = k'u' has no singularity on M, for all ¢ # 0. It is another essential
one-parameter group: indeed, if the convex {k'}-invariant subset {¢’ € [g] | (¥')*¢' = ¢'} were
non-empty, averaging over {k'} would yield a metric in the conformal class which is both {k'}-and
{¢!}-invariant, therefore {u!}-invariant: a contradiction. Hence, even in dimension 3, a Lorentzian
conformal vector field can be everywhere non-singular and globally essential.

2.2. Linearizability of conformal vector fields. It is well known that, in the neighborhood
of a singular point, any Killing field is linear in exponential coordinates. A vector field Y is
linearizable on a neighborhood U of a singularity p if there are coordinates on U in which the flow
{4} equals the linear flow {D,¢! }, where defined. Linearizability generally fails for conformal
vector fields. Although some techniques are available to study such fields near a singularity, there
is currently no classification of their possible local normal forms in the smooth setting.
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In the real-analytic case, the situation is simplified: non-linearizability occurs only in the confor-
mally flat case, and then the list of possible normal forms are those of local conformal flows on
Minkowski space, which can be calculated with Lie theory. The following key result reduces the
proof of Theorem 1.2 to the case in which Y is linearizable around every singularity.

Theorem 2.1. ([FM13, Thm 1.2]) Let (M, g) be a connected, real-analytic Lorentzian manifold
of dimension > 3. Let'Y be a local conformal vector field vanishing at p € M. If (M,g) is not
conformally flat, then Y is linearizable in a neighborhood of p.

Linearizable conformal vector fields are locally homothetic. It is likely that this fact already
appears in the literature, but we do not know a reference, thus we provide a short proof.

Lemma 2.2. Let (M, g) be a semi-Riemannian manifold, andY a conformal vector field vanishing
at p € M. Assume that Y is linearizable in a neighborhood U of p, and that the conformal
distortion of Y at p is a. Then there exists h € [g|] for which Y is homothetic with distortion
a, that is, Ly h = 2ah.

Proof. Let a be the conformal distortion of Y at the singularity p. Since Y is a conformal vector
field, there is a smooth function o € C°°(M) such that Ly g = 20¢g. The metric g defines a volume
form wy, for which Lyw, = nowy. In the local linearization around p, the flow is equivalent to its
derivative, which is a linear homothety. Pulling back the volume on R" by this coordinate chart
gives a volume form wy on a neighborhood U for which Lywy = nawy After replacing wy with
—wy if necessary, we may write w, = " wg on U, for some A € C*°(U). It follows that

Lywy = (n(Y\) + na)e™wy = (n(Y.\) + na)w,.
Together with Lywy = nowy, this yields
c—Y\=a.
Let h:= e 2*g. On the open set U,
Lyh = Ly(e ?g) = =2V de 2 g+ e P Lyg = 2 (~=Y. A 4 0)g = 2ah.

In other words, Y is a homothetic vector field for A with conformal distortion at p equal a. [

Under the hypotheses of Theorem 1.2, and because of Theorem 2.1, Lemma 2.2 implies, in partic-
ular, that around a singularity with trivial conformal distortion, a conformal vector field is locally
inessential.

2.3. Taxonomy of singularities for a linearizable conformal vector field. Let Y be a
local conformal vector field on a Lorentzian manifold (M, g). Assume that Y, = 0, and that Y is
linearizable in a neighborhood of p. In what follows, the local flow generated by Y is denoted by
{p!} (as Y is not assumed complete, {} } may be only a local flow, defined on a neighborhood
of (0,p) € R x M). The derivative flow {D,p} } can be written as a product {e*A'}, where
a € R is the conformal distortion of Y at p, and { A’} is a one-parameter subgroup of Oo(l7 n—1).
Such one-parameter subgroups fall into three categories (see e.g. [Rat19], [Mat92]). Recall that
0°(1,n — 1) = Isom’(H™1).

e elliptic flows. These are conjugate to one-parameter subgroups of the compact group
SO(n —1) c O%(1,n —1).
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e parabolic flows. These have exactly one fixed point on the boundary 9H" ! and can be
written as a commuting product {K'U'} of an elliptic and a nontrivial unipotent one-
parameter subgroup.

e lozodromic flows. These have exactly two fixed points on JH"~!, and can be written as
a commuting product {K?D!} of an elliptic and a nontrivial hyperbolic one-parameter
subgroup.

For linear flows {D, ¢! } = {e* A'} with A’ loxodromic, we may write in a suitable frame of T),M:
e(a—l-b)t
(1) Dppy = e R ,

e(afb)t

with b > 0, and {R!} < SO(n — 2) a one-parameter subgroup. The linearizable singularities of Y’
can be classified as follows.

—_

(1) inessential: the conformal distortion of Y at p vanishes.
(2) contracting or expanding: limy_, 10 | Dyl | =0

(3) mized: {Dppl } has the form (1) with [b] > |a| > 0

(4) balanced: {D,pt } has the form (1) with [b| = |a| # 0

If p is an expanding singularity of Y, then it is a contracting singularity of —Y. Note that
contracting singularities need not have {A'} loxodromic. For instance, if {D,¢! } is of the form
{e® K'U'} with a < 0, and K* and U? are commuting elliptic and parabolic flows of O°(1,n — 1),
then p is a contracting singularity (and it is expanding if @ > 0). In the loxodromic case, when
{Dpl } has the form (1), then contracting corresponds to a < —b < 0. In any case, existence of
a contracting singularity is known to imply conformal flatness, by the following theorem.

Theorem 2.3 ([Fral2al, Thm 1.3 (2)). Let (M,g) be a smooth Lorentzian manifold. Assume
that (fr) C Confloc(M, g), is a sequence of local conformal transformations, all defined on an
open set U. If, for some point xy € M, the images fr(U) — x¢ in the Hausdorff topology, then U
is conformally flat. In particular, if (M, g) is real-analytic, it is conformally flat.

When p is a contracting singularity and (M, g) is real-analytic, it is evident from the linearization
that the local flow {¢} } is defined for all ¢ > 0 on a neighborhood U of p and converges uniformly
on compact subsets of U to the constant map p as ¢ — +o0o. In the smooth setting, the same
behavior is ensured by the Hartman-Grobman Theorem [KH93, Theorem 6.3.1]. It now follows:

Corollary 2.4. Let (M,g) be a smooth Lorentzian manifold. Suppose that M admits a local
conformal vector field with a contracting or expanding singularity p. Then a neighborhood of p is
conformally flat. In particular if (M, g) is real analytic, it is conformally flat.

Thus under the hypotheses of Theorem 1.2, expanding or contracting singularities do not occur.

2.4. Summary. The discussion above shows that, given a real-analytic Lorentzian manifold
(M, g) which is not conformally flat, and a conformal vector field Y on M, the field Y is lo-
cally inessential or it has a singularity of mixed or balanced type, as defined in (3) and (4) above.
In the remainder of the paper, we shall show that under the additional assumption that M is
compact, such singularities imply (M, ¢) is conformally flat. The proofs in these cases are more
subtle, as they rely on global dynamical arguments related to the compactness of M.
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The case of a mixed-type singularity will be treated in Section 4. Proposition 4.1 says that
the presence of such a singularity on a compact real-analytic Lorentzian manifold implies the
existence of a contracting singularity elsewhere in the manifold. Conformal flatness will follow by
Corollary 2.4.

The case of a balanced-type singularity is the most delicate and will occupy a large part of
the article. It was proved in [MP22b, Prop 4.1] that existence of a balanced-type singularity
implies conformal flatness or existence of a real-analytic codimension-one foliation. As in that
proof, we show in Theorem 5.1 that in a neighborhood of a balanced-type singularity, there exists
a gravitational pp-wave metric in the conformal class. Combined with the assumption of real-
analyticity, this leads to what is called a polarization of the conformal structure; see the beginning
of Section 5 below for definitions. In Section 6, global dynamical arguments will then show that a
second polarization must appear, which ultimately implies conformal flatness and completes the
proof of Theorem 1.2.

3. THE CARTAN GEOMETRY FRAMEWORK AND (GROMOV’S STRATIFICATION

3.1. Conformal Cartan connections and curvature. The normal Cartan connection associ-
ated with a conformal Lorentzian structure will play an important role in our proofs. We recall
here some definitions and basic results about this framework.

3.1.1. Equivalence problem for Lorentzian conformal structures. Let R?>™ denote R"1? with stan-
dard basis {eq, ..., en+1}, equipped with the quadratic form

Q2.0 (7) = 2202041 + 2212, + :r% + -+ mi_l.

The Lorentzian Einstein Universe, denoted Ein'" !

NZTA{0} = {x € R"\ {0} | Q2,n(x) = 0}.

It is a smooth quadric hypersurface of RP™! that naturally inherits a conformal class [g1,n—1] of
Lorentzian signature from the ambient quadratic form on R?™. It is diffeomorphic to St x, 8”71,
where ¢ is inversion on both factors. By construction, there is a transitive conformal action of the
group G = PO(2,n) on Ein'"~! and in fact Conf(Ein'"! [g1,,1]) = G.

Now Ein'""! is a compact, conformally homogeneous space, identified with G /P, where P is
the parabolic subgroup of G stabilizing an isotropic line in R?". It was proved by E. Cartan

that in dimension n > 3, each conformal Lorentzian structure defines a unique Cartan geometry
infinitesimally modeled on Ein'™ ! in the following sense.

Theorem 3.1 (E. Cartan; see [Sha96] Ch.V, and [CS09], Sec. 1.6). Let M be a connected manifold
of dimension n > 3. A conformal Lorentzian structure [g] on M canonically determines:

, is the projectivization of the null cone

e a principal P-bundle m : M — M; and

e a regular, normal Cartan connection: a one-form w : M — g satisfying, for all & € ]\/4\,
(1) w; : Tjﬁ 5 g is a linear isomorphism;
(2) (Rp)*w=Ad(p~')ow for all p € P;
(3) w(&(z-eY)) =Y forallY €p.

Regularity and normality are technical conditions on the curvature of w (see Section 3.1.2 below)
ensuring uniqueness. For their detailed definitions, refer to [Sha96] and [CS09].
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For the homogeneous model Ein'"~!, the Cartan bundle is the group G, itself, which naturally

fibers over G/P. The regular, normal connection associated with the conformal structure is in

this case the Maurer—Cartan connection w©.

Given the pair (]\/4\ ,w), the conformal structure [g] is recovered as follows. Let x € M and & € M,.
For any u € T, M and any @ € T;M such that 74 (1) = u, define 1z(u) to be the projection of
wz() to g/p. This yields a well-defined linear isomorphism ¢z : T,M — g/p. Equivariance of
w with respect to the right- P-action on M, condition (2) in Theorem 3.1, implies that for every
i€ M and every p € P:

(2) Lip =Ad(p~h) 014

The representation of P on g/p derived from the adjoint representation factors through the quo-
tient P/G4, where G is the unipotent radical of P, and preserves a unique similarity class, call
it [ I], of Lorentzian scalar products on g/p. For every z € M and & in the fiber over z:

(3) [92] = [ 131 ].

3.1.2. Conformal curvature. Let [g] be a Lorentzian conformal structure on a manifold M, and
let w denote the normal Cartan connection associated with [g] as in Theorem 3.1. The curvature

of w, denoted K, is the g-valued two-form on M defined by
(4) K(X,Y) = dw(X,Y) + [w(X),w(Y)],
for every pair X, Y of vector fields on M. Property (3) of w implies that K is semibasic. Moreover,
the normalization condition on w implies it is torsion-free, that is, the two-form K takes values
in p.
Using the parallelization TM = M x g provided by w, we can encode K as a function
ki M= A2(g/p)" @p.
With respect to the P-representation on A%(g/p)* ® p by

(p7)(u,0) = Ad(p)y(Ad(p™u, Ad(p™")v)  Yu,v € g/p
the curvature function k satisfies the equivariance property
ﬁi.p:p_l./% Vﬁ:e]\//[\, peP
Vanishing of the Cartan curvature over an open subset U C M, that is, on 7~ !(U), is equivalent to
conformal flatness of U. The Weyl (3, 1)-tensor W associated to the conformal class [g] corresponds
via t3 to composing x with the quotient epimorphism p — p/g;:
Wa(u,v,w) =Rz (tz(u), tz(v)).Lz(w) Ve e M, u,v,w € T, M

Thanks to the equivariance properties of ¢ and &, this expression is independent of the choice of
Z in the fiber over .

3.1.3. Lifting conformal transformations and conformal vector fields. Conformal transformations
of M lift naturally and uniquely to bundle automorphisms of M leaving w invariant; conformal
vector fields similarly lift to unique P-invariant vector fields on M whose Lie derivative annihilates
w. Conversely, any bundle automorphism of M preserving w induces a conformal diffeomorphism
of M, and similarly any right- P-invariant vector field on M preserving w induces a conformal
vector field on M. The lifted action of Conf(M, [g]) preserves the parallelization of M determined
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by w, as in property (1) of w in Theorem 3.1, and is therefore free (see [Kob95, 1.3.2]). Similarly,

lifts of conformal vector fields to M are nonvanishing, and are entirely determined by their value
at a point.

Let X/lie a conformal vector field on M, and lift it to M as explained above. For any vector field
Z on M,
Lxw(Z)=Xw(Z)—-w([X,Z]) =0.
Together with the definition of the Cartan curvature
KX, Z)=dw(X,Z)+ [w(X),w(Z)] = Xw(Z) — Zw(X) —w([X, Z]) + [w(X),w(Z)],
we obtain

(5) Zw(X) = [w(X),w(2)] — K(X, Z).

For & any smooth path in M, set £(t) = w(X(a(t))). Then equation (5) leads to the following
first-order linear ODE for &:

(6) ¢'(t) = (), w(d (1))] — K(£(1), w(&/(1))).

This is the Killing transport equation along A&.

3.1.4. Conformal exponential map. For Z € g let Z € X(]/W\) be defined by w(Z) = Z. Let {cptZ}

denote the local flow on M generated by 7. Ateach# € M , define W; C g as the set of Z € g
such that ¢!, is defined for ¢ € [0,1] at Z. The ezponential map at & is

exp(Z,-) : Wy — M, exp(z,Z) = golz -

As usual, the domain W; is a neighborhood of 0 for all Z, and the map £ — exp(Z, £) determines
a diffeomorphism from a neighborhood V; C W; of 0 onto a neighborhood of Z in M. Moreover,
for g C g any subspace transverse to p, the map 7 o exp; induces a diffeomorphism from a

neighborhood of 0 in g_ to a neighborhood of z = 7(&) in M.

A~ —_

Let f be a conformal transformation of M. Then f.(Z) = Z, and if p € P, then (Rp)«Z = Z - p,
where Z - p = (Adp~')Z. This implies the important equivariance property:

(7) flexp(2,€)) - p~' = exp(f(&) -p~ ", (Adp)E).

3.1.5. Development of curves and null geodesic segments. Recall that a pregeodesic of a Lorentzian
metric g is a parametrized curve v : I — M satisfying a differential equation of the form

D5(t) = Fer ),

for some smooth function f : I — R. After a suitable reparametrization, a pregeodesic which is
an immersion becomes an affinely parametrized geodesic.

A remarkable fact of pseudo-Riemannian conformal geometry is that all metrics in the same
conformal class [g] have the same null pregeodesics. A null pregeodesic is a pregeodesic 7 of any
metric go € [g] with go(¥(t),7¥(¢)) = 0, the latter property being independent of the choice of go.
For ~ a null pregeodesic defined on I, the image v(I) will be called a null geodesic segment.
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The Cartan connection defines a developing map, which associates to any curve in M a curve in
the model space Ein'™"!. Let v : I — M be a smooth curve, and consider a lift 4 : T — M.
Denote by 9. the unique curve in G = PO(2,n) satisfying the differential equation

with initial condition 4,(0) = 1, where, as above w@ is the Maurer-Cartan form on G, the

Cartan connection for Ein'"~!. The ODE defining 4, is linear, so the curve 4 is defined on I.
Set 4 (t) := mq(3«(t)), and call 4, the development of . If §: I — M is another lift of the same
curve -, then there exists p € P such that S, = p - 7; this is easy to check from the axioms for
w. Thus any P-invariant family F of curves on Ein'"~! defines a distinguished class of curves

on M, namely, those curves whose developments are in F.

A photon of Ein'" ! is defined as the projection onto Ein’™~! of a totally isotropic two-plane in
R?". The null pregeodesics are precisely those curves whose developments parametrize segments
of photons (see [Fral4], Thm. 5.3.3). The conformal invariance of null pregeodesics asserted above
can now easily be deduced. The following consequence of this characterization of null pregeodesics
will be used repeatedly below: for any & € M, for any u € g with projection @ to g/p satisfying
I(@,u) = 0, the parametrization s — 7 o exp(&, su) is an immersion onto a null geodesic segment
in M.

3.2. Algebraic features of so(2,n). Let I, denote the inner product determined by the qua-
dratic form @25, and let I; ,,_1, or simply I, be its restriction to the Minkowski subspace e&ﬂe# -

The Lie algebra g = s0(2,n) can be parametrized as follows:

a £ 0
g= v X -I¢]|,aceR, veR" £€R", X eso(R",I)Xso(l,n—1)
0 -l —a

The grading decomposition g = g—1 ® go D g+1 is given by the subalgebras parametrized by v,
(a, X), and &, respectively; note that p = go X g+1. The Lie algebra g¢ is reductive, isomorphic
to R@so(1,n —1). In turn so(1,n — 1) can be decomposed as:

b Uy 0
so(l,n—1)={|U. R —U,|,beR, U.e¢R"2 U €(R"* Reso(n—2)
0 —tU.  —b

An R-split Cartan subalgebra in g is

(8) a= 0 , a,beR 3, 0=(0,...,0) n— 2 times.
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Let «, 8 € a* be defined by a(a,b) = a and f(a,b) = b. The following diagram represents the full
restricted root-space decomposition of s0(2,n) with respect to a:

a go-8 Ba Ba+s O

g96-a & g8 0 gays m = s0(n — 2)
9) J—a g-3 m 93 Ja dimgg =n —2=dimg,
g B 0 9-3 a Ya—p dim Ba—p = 1 =dim 9o+

—a—
0 g—a—pB 9—a 98—« a

The factor m is the centralizer of a in a maximal compact subalgebra of s0(2,n) and is parametrized
by R in the decomposition of so(1,n — 1). In accordance with this decomposition, we denote the
root spaces g_g and gg by u~ and u™, respectively. The corresponding unipotent subgroups of G
are U~ and U™,

For later use, we fix a basis F1,...,E, of g_1 such that Ey € g_n43, E, € g—q—p3, and E; € g_,
for 2 < i < n—1. We also impose the normalization (E,E,) = 1 and (E;, E;) = d;; for
2<i,j<n-—1

The subgroup of P with Lie algebra go will be denoted Gy.

3.3. Gromov stratification for real-analytic structures and algebraicity of isotropy. A
conformal class [g] in dimension > 3 is a rigid geometric structure in the sense of Gromov [Gro88].
In analytic regularity, the orbits of local conformal vector fields are the fibers of a certain surjective
analytic map onto a stratified analytic space. The same is true if instead of the orbits of all local
conformal vector fields, one considers only those that centralize a given global analytic vector field
Y. This amounts to saying that the enhanced geometric structure [g] U {Y'} is rigid and analytic
and therefore the stratification result applies to it. We will denote by Killl}i’c(x) the Lie algebra
of local conformal vector fields defined in a neighborhood of x that centralize Y. In the context
of pseudo-Riemannian geometry, the important consequences of Gromov’s Stratification Theorem
are summarized here.

Theorem 3.2 ([Gro88|, §3). Let (M, [g]) be a closed manifold of dimension > 3 with an analytic
semi-Riemannian conformal structure. Let Y € X(M) be an analytic vector field. Then

(1) For all z € M, the Killl-orbit O(x) is a locally closed, semi-analytic submanifold of M.
(2) For every x, the closure O(z) is semi-analytic and locally connected.
(3) For ally € O(z) \ O(z), dimO(y) < dim O(x).

Remark 3.3. These statements can also be deduced from several analogous results formulated
in the framework of Cartan geometries. For orbits of all local conformal vector fields, the strat-
ification result is proved in [Melll, Sec.4]. A Frobenius theorem, the key part in this theory, is
also proved in [Pecl6] for enhanced Cartan geometries, which include geometric structures such
as [g] U{Y'}. The setting is in C* regularity and the conclusions are valid over an open-dense
subset. However, the method of [Melll] are easily adaptable to this context, and yield a Frobenius
theorem for compact, real-analytic, enhanced Cartan geometries, valid on the entire manifold,
which is exactly what is needed here.

Another useful consequence of Gromov’s Frobenius Theorem is the following proposition. We
formulate it in the context of Cartan geometries; it was originally stated in [Gro88, §3] for rigid
geometric structures.
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Let (M, [g]) be a manifold of dimension > 3 with a semi-Riemannian conformal structure. For
x € M, let ConfifC denote the group of germs at x of local conformal diffeomorphisms fixing «.
Let (M, M ,w) be the normalized Cartan geometry modeled on Ein?? associated to [g], and let
T e ]/\4\35 For all f € Conf!, there is a unique p € P such that f(i‘).p_l = %. The correspondence
{f € Conf'® s p € P} identifies Conf'*® with a subgroup P¥ < P, called the isotropy of f at x
with respect to T.

Proposition 3.4. For (M,[g]) real-analytic, the group Ady(P?) is an algebraic subgroup of
Ady(P).

Proof. Let ® : M — W be the P-equivariant map defined in [Melll, Sec.4]. By Proposition 3.8
of the same article, P* coincides with the stabilizer in P of ®(z) € W. The result follows from
the algebraicity of the action of Ady(P) on W. O

4. LINEAR MIXED SINGULARITY IMPLIES CONFORMAL FLATNESS

Having gathered the necessary elements of the Cartan-geometric viewpoint on conformal struc-
tures, we can now pursue the program outlined in Section 2.4, with the aim of proving Theorem 1.2.
The main result of this section is the following;:

Proposition 4.1. Let (M, g) be a closed, real-analytic Lorentzian manifold. Let'Y be a conformal
vector field on M. If Y admits a singularity of mized type, then (M, g) is conformally flat.

Recall the form of the linearization of a mixed-type singularity in (1), with || > |a| > 0. Replacing
Y by —Y if necessary, so that a < 0, the dynamics of {¢! } near the singularity z¢ exhibit a
one-dimensional unstable manifold through xg and a codimension-one strongly stable manifold
through zy. The singularity zg is locally isolated.

4.1. A general result about zeros of conformal vector fields. The idea behind the proof
of Proposition 4.1 is to show that the existence of a mixed-type singularity necessarily entails
the existence of contracting singularities, which in turn implies conformal flatness. Such a proof
appears for M simply connected in [MP22b, Sec 5.2]. The following proposition is a generalization
of that result:

Proposition 4.2. Let (M, g) be a smooth Lorentzian manifold. Let v : (—e, 1+ ¢€) — M, with
€ > 0, be a smooth immersion parametrizing a null geodesic segment. LetY be a conformal vector
field vanishing at v(0) and (1), such that Y (y(t)) is collinear with +'(t) for all t. If v(0) is a
singularity of mized type for Y, then there exists 0 < to < 1 such that v(tg) is a contracting
singularity of Y or of =Y.

Proof. The proof will use the notation and basic facts from Sections 3.1 and 3.2.

Let (M,w) be the normal Cartan geometry corresponding to (M, [g]). Because the singularity
7(0) of Y is isolated, there exists 0 < tgp < 1 such that Y vanishes at v(¢p), but Y (y(¢)) # 0 for
t e (0, t()).

Lift Y to a vector field Y on M satisfying Lyw = 0. There is Z¢ € J\/ZW(O) such that

w(f/({fjo)) - diag(a7 b, R, -0, —G,) =: D,
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with b > |a| > 0 and R € o(n — 2). Now lift v to an immersion 4 : (—¢,1 +¢€) — M such that
7(0) = &o.
Denote &(t) := w(Y (5(t))). The hypothesis that Y is collinear with 4/ means that

§(t) = At w(¥ (1) + v (),
where A : (—e,1+¢€) = R and v(t) € p for all t € (—¢,1 + €). Evaluating the Killing transport
equation (6) and using that k is antisymmetric and semibasic gives:

(10) ¢'(t) = [6(t), w(¥'(1))].
Let 4. denote the development of 4 in PO(2,n) (see Section 3.1.5), satisfying
WEALE) =w(¥ () forallte (—e1+e),

with 44(0) = 1g. Since v is assumed to be an immersion, the vector 4/(t) is never vertical.
The same is therefore true for 4, (t), and v, := mg o 44 is also an immersion in the flat model
(PO(2,n),w). Now t — 7,(t) parametrizes a segment of a photon A C Ein""~! (see Section
3.1.5), and A contains 7, (0) = [eg].

Let Y, be the right-invariant vector field on PO(2,n) with Y,(1g) = D. Because L};*wG =0 and
the Cartan curvature kK¢ = 0, the function

Ex(t) == W (Ya(3u (1))
satisfies
E(8) = [6c(t), T (1L(1))] = [6c(t), (5 (1))].

Thus £ and &, satisfy the same first-order ODE and have the same value at t = 0, so {(t) = &.(t)
for all t € (—e, 14¢€). Let Y, be the projection of ¥ to Ein'"~!. Now Y, (7.(t)) is tangent to /. (t)
for all t € (—e,1+4€), and Yi(74(¢)) = 0 if and only if Y (y(¢)) = 0. In particular Yi(y«(¢)) # 0 for
t € (0,tp), and Yi(7«(t0)) = 0. The nature of the singularity (o) corresponds to the P-conjugacy
class of (o), which equals that of &, (o).

Observe that there are only two photons in Ein'"~! containing [eg] which are invariant under the
matrix D, namely A; = [span(eq, e1)] and A,, = [span(eg, e,,)]. Hence A equals either Ay or A,,.
Consider the case A = A;. The vector field Y, has exactly two singularities on A1, namely [eg]
and [e1], so v«(to) equals [eg] or [e1]. Since Yi(7.(t)) # 0 for t € (0,¢9) and 7, is an immersion,
V+(to) = [ea]-

Let

i)
O =

Ty = Id,—2 € PO(2,n)
01
10
As mg(r1) = [e1], there exists p; € P such that . (to) - p1 = 1. As a consequence,
WO (Ya(3:(t0))) = (Ad(p1) o w®) (Ya(r1)).
By right-invariance of Y, and equivariance of w©,
W (Ya(r1)) = w9 (Rpy«(Ya(1g))) = Ad(r; Y)(D) = diag(b, a, R, —a, —b).

Hence
w(Y (y(to))) = Ad(py) - diag(b, a, R, —a, —b).
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Since diag(b, a, R, —a, —b) € go, the field Y is linearizable at v(ty). Because b > |al, the singularity
v(to) is contracting as claimed.

When A = A,,, we proceed along the same lines, replacing r; with

1 0
0 1
T'n = Id;,—2 S PO(Q, n)

O =
)

In this case one obtains

w(Y(’Y(tO))) = Ad(pn) : diag(_b7 —a, R7 a, b)7

for some p, € P, which proves that the singularity (to) is expanding, since —b < 0 and b > |a|.
It is thus contracting for —Y. O

4.2. Proof of Proposition 4.1. Let zy be the mixed-type singularity of Y. Replacing Y with
—Y if necessary, there exists a frame (E1,...,E,) in which the differential D¢} takes the
form given by (1) with b > a > 0, and {R'} < SO(n — 2). Let U be a neighborhood of zg
and go € [g|y] be as in Lemma 2.2, so that {¢} } acts by homothetic transformations of gg. A
local parametrization of the stable manifold through z¢ is given by s +— exp, (sE,), where the
exponential map is that of the metric gy. The local stable manifold is a null geodesic segment
(see Subsection 3.1.5).

Let s > 0 be small enough that x, := exp, (sE,) is defined, and introduce
a::{gpgf-a:s‘tGR}gA

Now consider the enhanced geometric structure [g]U{Y}, as in Section 3.3. Any conformal vector
field defined locally around xp and commuting with ¥ must vanish at zg and be tangent to the
local stable manifold of {¢} }. Thus the null geodesic segment « coincides with the Kill}%-orbit
of xs. Since this Kﬂll{/’c—orbit is one-dimensional, Theorem 3.2 gives a clear picture of the closure
@ of o in M. We refer the reader to the proof of Lemma 5.4 in [MP22b] to see how Theorem 3.2
leads to:

Lemma 4.3. There exists a point x1 € M such that:
a={rotUaU{x}.

and limy_,_ go?y ‘T = Tq.
Note that x; is a singularity of Y, and that a priori it may coincide with xy. The next goal is
to find an immersion v : (—¢,1 + €) — M, for € > 0, parametrizing a null geodesic segment with
7(0) = zg, ¥(1) = 1, and ([0, 1]) = {xo} Ua U {z1}. For T' € R, introduce the set:

ast = { @y - expy, (s0En) |t 2 T},
and similarly for a<7. For large T > 0, the set {z¢}Ua>r is an interval of a null geodesic segment.

To prove the same for a<_7U{x;} fix a metric g € [g], as well as an auxiliary Riemannian metric
h on M, which we will use to define metric balls, either in tangent spaces T, M with respect to h,,
or in M with respect to the Riemannian distance dj. There exist constants R > 0 and r > 0, and
a neighborhood V of 1, such that if z € V', the exponential map exp, with respect to g is defined
and injective on B(0,, R), and exp,(B(0,, R)) contains the closed ball B(z,r). Let 27 := ¢~ ().
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For large T' > 0, we have zp € U and a<_p U {z1} C B(2r,). Let u be a tangent vector to « at
zr, of unit h-norm. Then the map

s+ exp, (su), s€(—R,R),

where the exponential is again taken with respect to g, is an immersion that parametrizes a null
geodesic segment containing a<_7 U {z1} in its interior.

Proposition 4.2 now says that the field Y, or —Y, must admit another singularity of contracting
type. The conformal flatness of (M, [g]) follows from Corollary 2.4.

5. LINEAR BALANCED SINGULARITY IMPLIES LOCAL GRAVITATIONAL PP-WAVE METRIC IN
CONFORMAL CLASS

This is the first of two sections treating balanced singularities of a conformal Lorentzian vector
field (as defined in Subsection 2.3). The main result of this section, Theorem 5.1, gives local
existence of very special metrics in the conformal class. It is valid for non-compact real-analytic
manifolds, and is of independent interest; thus M is not assumed compact for the duration of this
section. Such metrics have been obtained before in similar situations—see, for example, [Fral2al,
[MP22b, Sec 4], and [MN26]. We provide a self-contained proof here of the precise and detailed
statement that will be used to complete our proof of Theorem 1.2 (which will require compactness,
as explained in Section 1 above).

For Y a conformal vector field vanishing at xg, which is linearizable in a neighborhood U of xg and
of balanced type, the form of the linearization is given by (1), with |b] = |a| # 0. Conjugating in
CO(1,n—1) and multiplying Y by a constant if necessary, we can assume a = b = 1. Observe that
although Y may not be complete, <p§, is defined for all timest > 0 in U. The semi-group {(p%,}tzg
has a one-dimensional manifold of fixed points in U and a transverse foliation by codimension-one
strongly stable manifolds. In particular, for every x € U, limy_, | gp%,(a:) exists and belongs to
the fixed set in U.

A Brinkmann metric is a Lorentzian metric admitting a parallel lightlike vector field X. Conse-
quently, the orthogonal distribution X is invariant by the Levi-Civita connection of the Lorentz
metric and therefore integrable. In the case when the foliation defined by X' has flat leaves
with respect to the restriction of the Levi-Civita connection, the Brinkmann metric is a pp-wave
metric. When a pp-wave metric is moreover Ricci-flat, it is called a gravitational pp-wave. The
notion of polarization for a Lorentzian manifold (M, g) of dimension > 4 is defined with respect
to the Weyl tensor W on M. Let D be a lightlike one-dimensional smooth distribution on M.
Then M is polarized with respect to D if W(D+, D+, D) =0 and ImW C D+,

Let @ < P denote the stabilizer of the line RFE; C g_; under the adjoint action. In the notation
of (9) above, the Lie algebra q of Q is q = a®m ® gg ® ga+s. The aim of this section is to prove
the following result:

Theorem 5.1. Let (M, g) be a real-analytic Lorentzian manifold of dimension > 3. Assume that
Y is a conformal vector field, admitting a linearizable singularity xo which is balanced. Then

(1) If the dimension of M is 3, then (M, g) is conformally flat.
(2) In any dimension > 4, there exists a neighborhood V' of xo such that the conformal class
[g]y/] contains a gravitational pp-wave metric go, for which'Y is a homothetic vector field.
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(3) If moreover (M, g) is not conformally flat (in particular, M is of dimension > 4), there
1S a unique Confloc(M)—invam'ant, analytic lightlike line field D on M, with the following
properties:

(a) The distribution D+ is integrable, and Y is tangent to the leaves of D. Moreover,
at xg, the direction D is transverse to the local one-dimensional singular locus of Y.

(b) (M, g) is polarized with respect to D.

(¢) In a neighborhood of each point of M, there is nonvanishing section X of D and a
local gravitational pp-wave metric for which X is parallel and is uniquely determined
by this property up to scalar multiplication. This class of local conformal vector fields
determines an analytic, Conf'¢(M)-invariant, global reduction ofM to Q.

(d) Up to multiplying Y by a scalar, for every local conformal vector field X as in (c),
Y, X] =2X.

Remark 5.2. As the proof will show, point (2) does not require analyticity of (M,g), hence is
valid for Lorentzian metrics with C* regqularity.

Point (1) of the proposition, dealing with the three-dimensional case, follows quickly from previous
results. Consider the linearizing coordinate system (x1, xg, x3) for U. For every z € U, the matrix
of Dyl , t > 0, relatively to the frame field (-2, -2 ) is diag(e=2, e, 1). It follows that,

O0x1’ Oxa? 8£E3
given t — +00, the sequence {pi} is stable at z, in the sense of [Fra07, Def. 3]. Now [Fra07,
Prop. 5] yields that the Cotton tensor vanishes on U. By analyticity, (M, g) is conformally flat.
Point (1) is proved.

5.1. Parallel submanifolds in the Cartan bundle and special metrics in the conformal
class. As above, let (]\/4\ ,w) be the normal Cartan geometry modeled on Ein'"~! associated to
the conformal Lorentzian structure (M, [g]) as given by Theorem 3.1. The notation of Section 3.1
and Section 3.2 will again be used below.

Given a vector subspace h C g, a submanifold S c M is parallel with respect to b when ¥ is an
integral leaf of the distribution w='(h). Equivalently, for every & € 3, one has wz (T E) =bh. The
most interesting situation occurs when b is a Lie subalgebra of g, for in that case w induces a
Cartan subgeometry on 3. The presence of parallel submanifolds of dimension > 1 often reflects
special geometric properties of the conformal structure (M, [g]). For instance, if, for a conformal
structure, the distribution w=!(g_;) admits an integral leaf through & € ]\//_7 then projecting this
leaf yields a conformally flat neighborhood of # = 7(#). Similarly, an integral leaf of w='(g_1 ®go)
yields a local Ricci-flat metric in the conformal class around x. This fact and further refinements
of it are recorded in the following:

Proposition 5.3. Let (M, [g]) be a smooth conformal Lorentzian manifold.

(1) Assume that there exists an integral leaf ScM of the distribution w1 (g_; ®uT), and
let © € X. Then there exists, in a neighborhood V containing x = w(Z), a Ricci-flat
Brinkmann metric in the conformal class [g|y,] with parallel lightlike vector field equal to

o (By).
(2) If moreover, the Cartan curvature satisfies kz((,n) = 0 for every & € % and ¢,n in Ei, the
Ricci-flat Brinkmann metric of (1) can be assumed to be a gravitational pp-wave metric.

Proof. Recall the conformal exponential map from Section 3.1.4.
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Because 3 is parallel with respect to g_1 @ u', there exists a neighborhood V of 0 in g_1 ® u™,
for which exp(#,V) is defined and such that exp(#,V) C 3. We may choose V small enough
that V_; = exp(z,V N g_1) is transverse to the fibers of m and projects diffeomorphically onto
its image V, an open neighborhood of z. Then consider V = V_; - U™, the saturation of V_1 by
the UT-action. It is a U-principal bundle over V. Observe that V is still a parallel submanifold
with respect to g_1 @ ut. Indeed, w(TV_1) C w(TY) C g_1 & ut; in fact, by UT-equivariance of
w and Ad(U")-invariance of g_; @ u™, the subspaces w(TV) C g_1 ® u*.

The bundle V defines a metric g in the conformal class [g|,/] as in (3): namely, for y € V, define:
(11) go(u,v) = I(tg(u), t4(v)) Vu,vel,V

where ¢ is any point of Vy, and I is the Lorentzian scalar product on g/p introduced in Sections
3.1.1 and 3.2. The definition of gy is consistent: writing I(a,b) = (a,b), equation (2) gives

(tg.0(w), 1gp(v)) = (Ad(P™ ey (w), Ad(p™ ey (v)) = (ig(u),15(v))  VpeUT.

By restriction, the Cartan connection w induces a Cartan connection on V with values in the Lie
algebra g_1 @ u™, which we will denote @. The curvature K of @ is the restriction of K to TV.

A vector field on V is called horizontal if it is tangent to w '(g_1). For any vector field X on
V, there exists a unique lift X to V which is horizontal and right-U "-invariant. Conversely, any
horizontal U-invariant vector field X on V projects to a well-defined vector field X on V.

The formula

(12) VxY =o H(Xa®))

defines a connection V on V. This connection is torsion-free. Indeed, for any X,Y € X' (V),
(13) VxY - VyX - [X.Y] = m(VxY - VyX - [X,Y])

Then

wVxY - VyX — [X,V]) = Xw() - VwX) - w(X, 7))
The right-hand side equals K (X,Y) because [w(X),w(Y)] = 0 by commutativity of g_;. Now
K(X,Y)=K(X,Y) takes values in (g_1 @ ut)Np =uT, so (13) equals 0. Writting (-,-) for the
pullback of I from g/p to g, we observe that for any three vector fields X,Y, Z on V
Z(w(X),w(Y)) = (Zw(X),w(Y)) + (w(X), Zw(Y)),
thus Z.go(X,Y) = go(VzX,Y) + go(X,V2zY). Therefore, V is the Levi-Civita connection of gg.

Let E; be the vector field on V defined by w(El) = F;. Because Ad(U™) fixes F1, the field By
is right-U*-invariant and hence defines a vector field X on V. Since (Fi, F1) = 0, the field X
is lightlike. Moreover, for any Y horizontal and U™t-invariant, we have Yw(El) = 0; therefore
VX =0. Thus X is parallel with respect to gg, and g is a Brinkmann metric.

Finally, for R the curvature tensor of the metric go, for y € V, and u,v,w € T}V,
Ry(uv v, w) = E(Lﬂ(u)a L@(U))'Lﬁ(w) = Wy(% v, ’U))

(See Section 3.1.2 to recall the link between the Cartan curvature and the Weyl tensor.) The
Riemann tensor of gg is thus equal to its Weyl tensor, proving that gg is Ricci-flat.
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Now suppose the curvature hypothesis of point (2) is satisfied and let V be as above. Consider
Z1 and Zs two w-constant vector fields on V. By equation (4) defining the curvature, Z; and Zs
satisfy the identity:

(14) w([Z1, Z2]) = [w(Z1), w(22)] = K(Z1, Z2).
If moreover Z; and Zs are tangent to w]‘f/l (E{), then
(21, Z]) = [w(Z1), w(Z2)] = 0.

The distribution (,u|‘f/1 (E{) is thus integrable on V. With gy given by (11), let X as above be

the parallel lightlike vector field corresponding to E; in the frames of V. Let D be the line field
generated by X. Each integral leaf of w]‘T/l (E{) projects to an integral leaf of D+ on V, so D+

is integrable. Because the leaves of w]‘f/l (Ef) are w-parallel by definition, (12) shows that their
projections to V' are V-parallel, hence totally geodesic. The curvature of the induced connection
vanishes because by the hypothesis of (2),

R(tg(u),ty(v)) =0 Y u,v € Dt

Therefore the integral leaves of D' are also flat. The metric g is thus a Ricci-flat pp-wave. O

5.2. Existence of a gravitational pp-wave metric in the neighborhood of z(y. This section
provides the proof of Theorem 5.1 (2). Linearizability of the conformal flow {¢} } at z( means

there is Z9 € My, and {h'} < Gy, such that @b (&9).h~" = & for all ¢ (see for instance [Fral2b,
Prop. 4.2]). The linear isomorphism ¢z, conjugates the action of Dy ¢} on T, M to the action
of Ad(h') on g/p. Up to conjugating {h'} in Gy, which corresponds to right-translating %o in
the fiber, the action of Ad(h') on g/p = g_1 is, as above, by the matrix A’ of the form (1) with
a = b =1, with respect to the basis (E1,..., E,) of Section 3.2. In PO(2,n), the block-diagonal
form of hl is :

(15) h' = diag(e’, e, R, et e,
where {R'} < O(1,n — 1) is the same bounded one-parameter subgroup appearing in h.
5.2.1. Parallel submanifolds determined by the dynamics. The adjoint action of h* on g = s0(2,n)
preserves each root space. The +1-eigenspace of Adh' for all ¢ is the direct sum
(16) S0=0 a-pgt+a+m+geis=1{€g : Ad(h)E = ¢ Vt}
On $41 = g+ + 954, the action is by Euclidean similarities
€ et Ad(RY)E

Denote s12 = g4 (o—p), the eigenspaces associated to the eigenvalues e
Ad(ht), t >0, is

+2t The stable space for

sS=s50+51+5 o=g1+at+tm+u’ +gaz,

comprising all vectors ¢ € g such that Ad(h')¢ remains bounded for ¢ > 0. The strongly stable
space is
s =5 1 +s5 o=E +ut={¢ccyg: Jim Ad(Rh)¢ = 0}

The distributions w=!(s<) and w™!(s<<) can be integrated to parallel submanifolds in M , by the
following proposition (see also [MP22b, Sec 4]).
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Proposition 5.4 ([Fral2a], Prop. 4.8). There exists a neighborhood V of 0 in g such that ©< =

exp(Z0, V Ns<) and << = exp(&o, VN s<<) are integral leaves of the distributions w™'(s<) and
S1(a<<
wH(s<).

In the sequel, it will be useful to choose V as a product of convex neighborhoods of the origin in
each rootspace.

5.2.2. Special values of the curvature function. Recall from Proposition 5.3 that a local integral
leaf of the distribution w=!(g_; + u™) corresponds to a local Brinkmann metric in the conformal
class. We will show that this distribution is integrable on the manifold X<. Involutivity will
follow from the special form of the Cartan curvature:

Lemma 5.5. For every & € $<, the curvature kg has the following properties:

(1) Imk; C ut.
(2) For every £,m in B, kz(€,m) = 0.

Proof. Let & € <. Tt is of the form & = exp(Zo,&), for &€ € VN s<. Writing £ = &0 4+ £<< with
€0 € 50 and £€<< € 5<%, the limit Ad(h!)¢ — £° as t — +o00. Equation (7) yields:

Br =y (8).h" = exp(Zo, Ad(h')E) = 2. = exp(do, ")

In particular, limy_, 4 k3, = ks,. The equivariance of , equation (4), gives rz, = h'.kz, from
which we deduce that h'.k; remains bounded for ¢ > 0. Referring to Section 5.2.1 and (15) above,
let £, each belong to one of the root spaces g_q+ig, ¢ = —1,0, 1, and compute

ka(Ad(h™)E Ad(h™")n) = eMrz(Ad(R™)E, Ad(R™)n),
where A = 1,2 or 3. Since h'.x; is bounded, there exists C' > 0 such that
(17) | Ad(h?). ks (AA(R™HE AA(R™ )| < Ce™™ YV t2>0

Because {R'} is bounded, there is a subsequence t; — oo such that R7%* — R,. By Equa-
tion (17), the components of kz(Ad(R,)¢, Ad(R4)n) on rootspaces on which Ad(h') does not act
as a contraction must vanish. The only rootspace in p which is contracted by Ad(h!) is u™,
thus kz(Ad(R.)E, Ad(R.)n) € ut. The first point of Lemma 5.5 follows, because Ad(R,) is an

isomorphism on each rootspace.

To prove the second point of the lemma, observe that Ef = g—at+8 D g—a. Two vectors { and
n, each in g_,4p for i = 0,1, satisfy equation (17), but the possible values of A are 2 or 3. On
the other hand, the action of Ad(h!) on each rootspace of p is by a transformation of the form
€ — el Ad(RY)E, where 1 > —1. For the same sequence {t} as above, necessarily every rootspace
component of kz(Ad(Rx){, Ad(R,)n) = 0. This finishes the proof of Lemma 5.5. O

5.2.3. Construction of the gravitational pp-wave at xo. Let Zy and Zs be w-constant vector fields
on ¥< tangent to w'(g_1 + ut). If w(Z1) or w(Zs) belongs to ut, then K(Z,Z;) = 0 and
w([Z1,Z5]) € g=' +ut by (14). If both w(Z1) and w(Z,) belong to g_1, then Lemma 5.5(1)
ensures that w([Z1, Zo]) € ut. Therefore w™!(g_; + u') is involutive on £<. Moreover, Lemma
5.5 (2) gives that xz(&,m) = 0 for every £, in Ef and & € $<. Let V be an integral leaf through
Zo. It follows from Proposition 5.3 that, after shrinking Vif necessary, there exists a neighborhood

A

V =mn(V) of g, as well as a gravitational pp-wave metric in [g|y/], and that the projection to V'
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of the restriction to V of By, the w-constant vector field associated to Ei, is lightlike and parallel
with respect to gg.

5.2.4. The field Y is homothetic for gop. Now we can express V, the integral leaf through zg, as
exp(fo, V1) - UT, where V; is a small neighborhood of 0 in g_;. Taking V; as a product of balls
in g_n+8, 6—a, and g_,—g, we can ensure that Ad(h*)(V1) C V; for all ¢ > 0.

Let § € V, and write § = exp(Zo, &) - u for some £ € V_; and u € Ut. Then
o4 (9) - Rt = o (exp(2o, &) - u) - bt = exp(@g, Ad(hY)E) - hluh ™,

which is an element of V because Ad(ht)¢ € V_q and hluh™t e UT. Let y € V and § € V . Given
u,v € TyM, set go(u,v) = (15(u),15(v)) as above. Because ¢} (9) - h~" is also in V, (11) gives

go(DyCPtY(U% Dy@%/(’”)) = <L¢§,(Q)~h—t(Dy(PY(u))a L¢§,(Q)~h—‘(Dy‘PY(U))>'
From (2) and ¢! -invariance of w,

ot (5)-h Dy () = Ad(R)gy, 5Dy (w)) = Ad(R)y(u)
Thus
90(Dypy (), Dypy (v)) = (Ad(h')eg(u), Ad(h')eg(v)) = €*(15(u), 15(v)) = e*go(u, v).

The second point of Theorem 5.1 is now fully proved.

5.3. Third point of Theorem 5.1: Existence of a global polarization. We assume now
that (M, g) is not conformally flat, which, by the first point of Theorem 5.1, implies that M has
dimension > 4.

According to the following lemma, (M, g) can be polarized with respect to at most one lightlike
line field.

Lemma 5.6 ([Pecl7], Lemma 9). Let (M, g) be a real-analytic Lorentzian manifold of dimension
> 4. Assume that M is polarized with respect to distinct lightlike line fields D and D'. Then
(M, g) is conformally flat.

(In fact, Lemma 9 of [Pec17] establishes a pointwise result: if a Lorentzian manifold is polarized
with respect to two distinct lightlike lines D, and D/, at a point x, then the Weyl tensor vanishes
at x.)

5.3.1. Local conformal vector field and polarization. Let V — V be as above, with X the lightlike
vector field on V' equal the projection of w|‘T/,1 (E1) and D the line field generated by X.

For z € V and & € V,, Lemma 5.5 (1) ensures that r;(c3(u),1:(v)) € ut for all u,v are in T, M.
Thus k3(t3(u), t3(v)).1z(w) € Ef for all w € T, M. In other words, according to the interpretation
of the Weyl curvature in terms of s from Section 3, the image of W, is contained in D for all
x € V, and the conformal structure is polarized with respect to D on V.

Because X is parallel for gg, it is a Killing vector field of gy, and in particular a conformal
vector field on V. The theorem of Amores [Am079] says that, after lifting X to a diffeomorphic
neighborhood V 2V in the universal cover M of M, it extends to a global conformal vector field
on M, which we denote X. As X is lightlike on V, it is lightlike on all of M by analyticity. Since
M is not conformally flat, Theorem 1 of [Fra07] implies that X £0forall pe M.
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Let D be the analytic lightlike line distribution generated by X. The conformal structure on V
is polarized with respect to D. Now, D+ is an analytic distribution on M, and the conditions

WOt Dt DY) =0 Im W CDt

correspond locally to analytic equations on M. Therefore, the conformal structure is polarized
with respect to D on all of M.

Let 7 (M) = T' < Conf(M) be the deck transformations of M — M. For each v € I, conformal
invariance of W implies that M is polarized with respect to 7.D. By Lemma 5.6, 7.D = D for all
~v € I'. Thus D descends to a line field on M extending D, with respect to which M is polarized.
The extended line field will still be denoted D. By the same reasoning with Lemma 5.6, the line
field D is Conf¢(M)-invariant.

Note, from the explicit linearization At of ot near z(, that D is transverse to the singular locus of
Y at zo. Indeed, D, is spanned by the projection w*(w];/l (E1)) while the tangent to the singular

locus is spanned by m(wl‘f/l (Ep)).

5.3.2. The field Y is contained in D*. Let &9 € V, and let &, := exp(do, sE,) for |s| < e. For e
sufficiently small, Z; € V for all s € (—e€, €), because Vs parallel with respect to g_1 +u™. Let
W be a nelghborhood of 0 in Ei, such that exp(ms,g) is defined for all s € (—e¢,€) and £ € W.
Since w;, ' (Ei) is integrable on V, the sets Fy := exp(Zs, W) are integral leaves of w|‘f/,1 (E{)
contained in V. The Inverse Function Theorem implies that, shrinking € and W if necessary,
the map ® : (—¢,€) x W — M defined by ®(s,£) := w(exp(Zs,§)) is a diffeomorphism onto an
open subset of V', which we assume to be V' to simplify notation. The submanifolds Fs := 7T(F )
foliate V, and are integral leaves of D+. For y € Fj, lift y to § = exp(&s, &), with € € W. The
equivariance of the exponential map (7), and the property Ad(h!)E,, = E, yield

O (25).h7" = exp(Zo, s Ad(R) E,) = .

Now ¢k (9).h~" = exp(:ES,Ad(ht)f), and Ad(h')¢ € W for small ¢, since Ei is preserved by
Ad(h'). We conclude that ¢! (7).h~t € Fy, which implies ¢! (y) € Fs. Thus Y is tangent to Fj,

which means it is contained in D' inside V. By analyticity, Y is contained in D+ at every point
of M. Points 3(a) and 3(b) of Theorem 5.1 are proved.

5.4. Local gravitational pp-waves and Cartan bundle reduction. This section will com-
plete the proofs of points (¢) and (d) of Theorem 5.1 (3). Denote P(g) the projectivization of g,
and for 0 # u € g, denote [u] € P(g) the prOJectlon of u. Let X be the local conformal vector
field on V as constructed in Section 5.3.1, and X its lift to the subbundle V. Recall that X was
defined as (7| )« (E1), where w(E;) = Ey.

Lemma 5.7. For every & € V, we have w(X;) = Ei.

Proof. For @ € V, let w(X;) = By + &(2) + £41(2), where &(#) € go and £41(&) € g1. The
following two elementary algebraic properties of the Lie algebra o(2,n) are easily checked using
the matrix expressions given in Section 3.2.

(i) For every 0 # u € go, there exists ( € Ei- = gg_o @ g_q such that 0 # [u,(] € g_1.
(ii) For every 0 # u € g1, there exists ¢ € g_,, such that 0 # [(,u] € go.



22 S. DUMITRESCU, C. FRANCES, K. MELNICK, V. PECASTAING, A. ZEGHIB

Given ¢ € Ei, let Z be the associated w-constant vector field. Equation (5) gives

Z.( + &) (@) = [0(2) + E41(2), () — ka(B1, () VYEeV

The property of the curvature function on V given by Lemma 5.5 (2) yields kz(FE1,() = 0. If
o() # 0 for some & € V, let ¢ € Ef such that 0 # [£9(2),¢] € g_1. On the other hand
[€0(2),¢] = Z.(€ + £41)(&) — [€41(2),¢], but the right-hand side is in p, a contradiction. Next
suppose £41(2) # 0 for some # € V, and take ( € g_, such that 0 # [€41(#),¢] € go. But
then equality [€41(#),¢] = (Z.£41)(#) yields a contradiction, since the right-hand term belongs
to g+1- O

Next recall the following:

Lemma 5.8. [Pec23, Lemma 2.5] Let X and Z be two conformal vector fields on a connected
pseudo-Riemannian manifold (M, g) of dimension > 3. If X, and Z, are proportional for every
x € M, then X and Z are collinear.

Recall from Section 5.3.1 that on the universal cover M there is a globally defined conformal
vector field X extending any local lift of X, and that any conformal deck transformation of
M — M preserves the line field D = RX. Every conformal deck transformation pushes X
forward to another conformal vector field, so it acts on X by a scalar, by Lemma 5.8. Lifting X
to the Cartan bundle of M and evaluating with w yields a map 7 to P( ) which descends to a
well-defined, P-equivariant map 7 : M — P(g), such that |, = [w|y (X)] = [E1].

Denote o = [E4] € P(g), and by O the orbit P.o.

Proposition 5.9. The image n(]\fi\) equals the P-orbit O.

Proof. Lemma 5.7 ensures that n takes values in the orbit O on V.P, an open subset of M.
Because 7 is analytic, n(M) C O, the Zariski closure of O in P(g). As P is an algebraic
subgroup of O(2,n), and orbits of algebraic actions are locally closed, the orbit O is open in O%.

Lemma 5.10. Any point in O\ O belongs to P(p) C P(g).

Proof. Let x € O\ O, with (px) C P such that py.o — x. Write pr = exp(Tk)gr, with Ty € g11
and g € Go for all k. Recall that Gg is isomorphic to R* x O(1,n — 1). Use the Iwasawa
decomposition to write g = mypapni where my is in a maximal compact subgroup of Gy, ar € A,
and ng € UT. Observe that mj, normalizes g, 1, hence replacing T}, by Ad(mg) ! (Tk), we may
write pr = my exp(Tk)arng. Choose a Euclidean scalar product on g such that all the rootspaces
are mutually orthogonal, and denote |-| the associated norm. Decomposing T}, along the rootspaces

of g1 = ga+p © Ja D ga—p gives
T = Mtia18(k) + prua(k) + vgua—pg(k)

with |[uqyg(k)| = |ua(k)| = |ua—g(k)] = 1 and Ay, g, v, > 0. After passing to a subsequence of
(pr), we may assume that my converges to m € P, and uq4g(k), ua(k), and ua—g(k) converge
t0 Uq48, Ua, and u,_g, respectively. Replacing x by m~ .z does not affect the conclusions of
the lemma, so we will assume henceforth that (my) is trivial. Because the groups A,U*, and
exp(ga+p) fix 0, and because g4 is abelian, we are left with:

pi-0 = exp(Ty)arng.o = exp(prta(k) + viua—p(k)).o
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Consider vy, := Ad(exp(prua(k) + vrua—pg(k)))(E1); it can be written:

v = B + p[ua(k), Er] + vilua—pg(k), E1] + wy, where wy, € g41.

Now [uq(k), E1] = [ua, E1] € 98\{0} and [uq—p(k), E1] = [ua—p, E1] € a\{0}. If (u) and (vg)
were both bounded, then a subsequence of exp(uiua(k) + vguq—p(k)) would have a limit £ in P,
giving x = £.0. The assumption that x is in O\O thus forces max(uy, v) — +oc. It follows that
the component of vj, on a @ gg tends to infinity; in particular the component of v, on p tends to
infinity, while its component on g_; is constant equal to F7. Thus

z = lim [Ad(exp(prtia(k) + vita—p(k)))(E1)] € P(p)

O

A point & € M where n(z) € P(p) projects to a point z € M at which a local projection X of
X vanishes. But X is never 0 on M, therefore any X is also nonvanishing. Therefore n(M ) does
not meet O\ O, so n(M) = O, as claimed. O

Because @ is the stabilizer in P of o, the inverse image R = n~1(0) is the analytic reduction
of M to Q claimed in point (3) (c) of Theorem 5.1. Observe that n was defined in terms of
the lightlike line field D and its local sections X corresponding to conformal vector fields. The
Conf!*(M)-invariance of R then follows from the Conf'¢(M)-invariance of D and the invariance
up to scale of these local sections.

The next step is to propagate the local grav1tat10nal pp-wave metrics over all of M, which will
be obtalned as reductions of R. Let RV = V. Q, an open subset of R. Let & - q be an arbitrary
point of Ry, where & € V and ¢ € Q. The evaluation w( x.qu) contains Ad(q)(g—1 +u't) and q,
which are easily seen to both be contained in g_; ® q. After comparing dimensions, we conclude

w(Tgﬁv) =g_1+qforalge Ry. By analyticity, this property holds on all of E, that is, R is
parallel with respect to the subalgebra g_; + q.
The line RE; is Ad(Q)-invariant, therefore w|;§1 (RE}) is a right-Q-invariant distribution on R,

descending to D on M. The distribution w=!(g_; ®u*) on R is right-Q-invariant because Ad(Q)
leaves g_1+u" invariant. _The right translates by elements of Q of the integral leaf V are additional
1ntegral leaves foliating RV Finally, the integrability extends from the open subset RV to all of
R by analyticity. Lemma 5.5 gives that Imk; C ut and x3(&,m) = 0 for every 7 € V and every
¢,min Ei. Because u™ is Ad(Q)-invariant, and Ei- is Ad(Q)-invariant modulo p, these properties
both persist for & € fiv, and they extend to all of R by analyticity.

For any x € M, let & € R,. Let W C R be an integral leaf of w™!(g_1 @ u™) through 2. The
second point of Proposition 5.3 gives a gravitational pp-wave on a neighborhood W of x with
parallel lightlike vector field X on W equal the projection of w\;vl (El) It is a section of D and
a local conformal vector field. The proof of point (3)(c) in Theorem 5.1 is complete.

It remains only to compute the bracket relation between Y and any local vector field X as in (c).
Lemma 5.11. Let V be the neighborhood of xoy given by Theorem 5.1 (2), and let X € X(V') be

the parallel lightlike vector field for the gravitational pp-wave metric go on V. The vector fields Y
and X on 'V satisfy the bracket relation [Y, X] = 2X.
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Proof. From the linearization and the construction of X, the lightlike tangent vector X, is the
fastest eigenvector of Dy, , with eigenvalues e~?t. The flow of Y preserves the lightlike line
distribution D, so [Y, X] is collinear to X at every point of V. By Lemma 5.8, there is a constant
A such that [Y, X] = AX. At xg, we have

_4d
© At

Therefore \ = 2. O

[Y, X]r (ongpgf)_lXZo = 2‘Xﬂﬂo

To complete the proof of Theorem 5.1 part (3) (d), take the unique extension X of any lift of X
to the universal cover M. The lift Y of Y to M satisfies [Y, X] = 2X on a nonempty open subset
of M by the above lemma. Therefore by analyticity, the relation holds on all of M. Then for any
local projection X of X to an open subset of M, the bracket is Y, X] =2X.

(Note that the rescaling of Y mentioned in the statement of Theorem 5.1 3(d) happened at the
beginning of this Section 5, where we arranged that a = b =1.)

6. LINEAR BALANCED SINGULARITY IMPLIES CONFORMAL FLATNESS

This section will conclude the proof of Theorem 1.2. The strategy, as indicated in Section 2, is to
follow the orbit of a point near the initial balanced singularity to an a-limit point and to study
the flow at this new limit point. It can be described relatively precisely thanks to the Cartan
connection. The conformal vector field at this point gives rise, with the help of a recurrence
argument, to a polarization, which is shown to be distinct from the one found in Section 5.3
above. Then Lemma 5.6 implies conformal flatness. The results of this section are summarized
in the following proposition:

Proposition 6.1. Let (M, g) be a closed, real-analytic, Lorentzian manifold. LetY be a conformal
vector field on M. IfY admits a singularity xo which is balanced, then (M, g) is conformally flat.

The proposition is proved by contradiction: we assume that (M, g) is not conformally flat, and
apply Theorem 5.1. As in point (3) of that theorem, let D be the lightlike line field with respect
to which (M, g) is polarized, and set

C={zeM|Y,eD,}

Note that C is a closed, even real-analytic. It is also Kill%-invariant, since D is Conf'*(M, g)-
invariant.

Let X be a local conformal vector field in a neighborhood of xg with values in D, as in Theorem
5.1 (3c). The bracket relation in [Y, X] = 2X of (3d) gives

D0’ (Vo) = Yot (a0) + 26Xt ¢

xo z0)

for all sufficiently small ¢. Choose x1 := ¢’} (z¢) for such small ¢; > 0. Then ;1 € C, and Yy, # 0
because Yy, = 0 but X is nonvanishing. The a-limit set of z1 for the flow {¢! }, that is, the set
of accumulation points of sequences (gog}“ (x1)), for tj, — —o0, is denoted a(x1). A key fact in the
proof will be:

Lemma 6.2. The vector field Y does not vanish at any point in a(zxy).
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Proof. Once again, we assume the contrary, namely, that Y, = 0 for y € a(z1). There is a
decreasing sequence t; — —oo such that gog}“ (r1) — y. Let X be the nonvanishing lightlike
conformal vector field belonging to D, given by Theorem 5.1 (3)(c), defined on a neighborhood of
y. This neighborhood, call it U, can be chosen to be a flow-box for the local flow of X, such that
there is a transversal 7' C U containing y and € > 0 with

D:(s,2) € (—€,6) xT = % (2)

a diffeomorphism onto its image. Lastly, since x1 # y, it can be assumed that z1 &€ U.

Write gog}“ (z1) = D(sk, yk) with yp — y in T. Let v(s) := ®(s,y) = ¥’ (y), parametrizing a null
geodesic segment through y, for s € (—¢, €). The relation [Y, X] = 2X of Theorem 5.1 (3)(d) gives
oL (v(s)) = v(e ?s) for t > 0. The backwards {¢! }-semi-orbit of z; does not meet the segment
v if ot (z1) = y(s) for some t < 0 and some s € (—¢,¢€), then z; = y(e?*s) would belong to U,
contradicting the choice of U. In particular, y; # y for all k.

On the other hand, the segments Ay = {®(s,yx) | s € (—¢,€)} are completely contained in this
semi-orbit {¢} (z1)}i<o. Each such semgent intersects the semi-orbit in a point py = ® (s, yi),
and they are tangent at this point because pi = goiﬂ“ (z1) € C. If a point of Ay were outside the
semi-orbit, it would mean that for some T > 0, the set

{o% (x1) <1 C Ay,

But that would contradict y € a(z1).
Now for each k& € N, let fi : (—¢,e) — R* be such that

Yo(sye) = Ju(8) Xa(sy) Vs € (—€,€)
And let f: (—¢,¢) = R be such that
Ys) = ()X Vs € (—€¢)

By the relation ¢! (y(s)) = v(e~?s), the only 0 of f is s = 0 and f takes opposite signs on (—¢, 0)
and (0,¢). For any 0 # o € (—¢,¢€), the values fip(c) — f(o) and fi(—o) — f(—0o). However
flo)f(—o) < 0 while fi(o)fr(—c) > 0 for all k, a contradiction. O

Because the set a(z1) is compact and {¢! }-invariant, it contains recurrent points for {4} }.

Proposition 6.3. (compare [Fral8, Prop. 5.1], [Fra20, Prop. 3.5]) Let (M, g) be a compact, real-
analytic pseudo-Riemannian manifold, and let Y be a conformal vector field such that the flow
{64} has noncompact closure in Conf(M,g). At each recurrent point z for {4}, there exists
a local conformal vector field Z commuting with Y, vanishing at z, and admitting a noncompact
isotropy flow at z.

See Section 3.3 to recall the definition of the isotropy on the Cartan bundle.

Now let B C M be the Conf/°invariant reduction given by Theorem 5.1 (3)(c), to the group
@ < P stabilizing the subspace RFE; = gg_, under the adjoint representation of P on g. Recall
from the construction of R that for a neighborhood U of xy in which X is defined, the set }A%U
comprises points & where wx(X ) € RE; modulo p, where X is the lift of X to M. Recall that for
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suitable Zg € ]\/4\330

Wiy (V) = A — Y

with A € so(n — 2). Recall the decomposition of s0(2,n) from Section 3.2. Denote by Y, and Yy,
the a- and m-components of Yj.

Lemma 6.4. For any z € a(x1), there exists 2 € R, such that w(Yz) = Vi o+ Yo+ Yy, where
Y5 o €9p-a\{0} and Y € m.

Proof. Recall that K is semibasic, so K3, (Y, X) = 0. By Lemma 2.1 of [BFMO09], this yields
2wio (X) = Wi ([V, X]) = —[wig (V), wig (X)] = —[Yo, w0 (X)].
Hence, ad(Yp) ws, (X) = —2ws, (X). Considering the action of ad(Yp) on the root spaces of 0(2,n),

this implies that w;,(X) € gg—q. Therefore 2g € R.
Let 21 := gpi‘% (Zo). From the relation
PN e .
(P )Yy = Yot (50) T 26Xt (a0
it follows htat #; € R and wz, (V) = Yp — 2t1wg, (X). Set Ys_q = —2t1ws, (X), so that ws, (V) =
Y3_o + Yo; note that Yz_, # 0.

Let ¢, — —oo such that gogl,“ (/:\1:1) = z. Lifting to R, there is a sequence (gx) in @ such that
@ (21).q1, — 2, for some 2 € R,. This the value w;(Y) is in the closure of Ad(Q)(Ys_q + Yp) in
g. Decompose @ as a semi-direct product (A.M) x (Gg.Gap), and write ¢ = goeX#eXo+4 for the
corresponding decomposition of an element ¢ € (). Now compute

Ad(q)(Yp—a + Yo) = AY3_o + Ad(qo) (Yo + [X3, Yo])
= AYg_q + Yo + Ad(qo)Ym + Ad(q0)[ X3, Y0)
—_— ——
€as

for some A € R*, since Yy centralizes g,43. Consequently, any element 7" in the closure of
Ad(Q)(Yg—q + Yo) will be of the form

T:Tﬁ_a—i—Ya—FTm—{—Tg.
Since [Y,, T3] = =T and Tj centralizes the other terms, this gives
Ad(e™ )T = Tp_q + Yy + Thn.
Hence, up to right-multiplication of Z by some ¢ € Gg < Q, the value wz(?) = Yé_a +Y,+Y],
with V5, # 0 since Y, # 0 from Lemma 6.2. O

Now let Z € EZ as given by Lemma 6.4. Because Z, = 0 and Z preserves }A%, the value w( Ag) € q.
Examining the curvature form at 2 leads to [w(Y:),w(Z3)] = 0. The possible values for w(Z;) are
then determined by the following algebraic result:
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Lemma 6.5. Any S € q centralizing an element of the form T = Tg_o + Yo + T, with Yy as
above and T_o # 0 in gg—q, is in the Ad(Q)-orbit of an element of the form either

diag(A\, A, B, =\, —X), A # 0 or diag(0,0, B,0,0) + Sy 5.

Proof. Decompose S along the root spaces of q, writing S = Sq + Sm + Sg + Sa4s. As [T,5] =0,
T, )50 = [Tsar o] = 0= (a(Se) — B(Se))Tha
Since Tg_q # 0, necessarily a(S;) = 5(Sq).

Similar calculation of the component along gg of [T, S] yields 0 = —Sg+[Tr, Sg]. Since ad(Tw)lg, :
g3 — 93 is skew-symmetric with respect to the positive definite bilinear form By = —B(6-, ), its
eigenvalues are purely imaginary. Therefore, Sz = 0.

Now S is of the form S = Sy + Sm + Sa4s, With a(Sq) = 5(Sa). If a(Ss) # 0, conjugation by
a suitable element of G453 < @ eliminates the component S,43. The desired conlcusion now
follows, with A = «(Sq). O
Now apply Lemma 6.5 to S = w(Z;) and T = w(Y3).

If w(Z;) is of the form diag(\, A\, B, —A, —\), then Z has linear balanced dynamics near z, yielding
a polarization D’ of the conformal structure on M by point 3(b) of Theorem 5.1. On the other
hand, the singular locus of Z coincides locally with the {¢} }-orbit of z. Because z € C and
Y, # 0, the tangent to this orbit at z is D,. Point 3(a) of Theorem 5.1 then ensures that D # D',
and Lemma 5.6 implies that M is conformally flat, a contradiction.

Next suppose w(Z}) = diag(0,0, B,0,0) + Z,1p. Let {h'} < P be the one-parameter group of
generated by this element. By Proposition 6.3, it is noncompact, hence Z,,g # 0. Recall that
{¢%} is linearizable around z if and only if {h'} is conjugate in P into Gy, or equivalaently, if and
only if {ht} is linearizable on Ein»"laround [eg]. Observe that {Dph'} = {e'P}, a compact
subgroup of SO(1,n — 1). Hence, if {h'} were linearizable around [eo], the {h'}-orbit of every
point x # [eg] close to [eg] would be contained in a compact subset not containing [eg]. However,
the action of {h'} on the photon A := [Span(eg,e,)] is by a nontrivial projective parabolic flow.
For such a flow, there is z # [eg] in A, arbitrarily close to [eg], such that lim;—, 1 ¢%(z) = [eo]:
contradiction. This completes the proof of Proposition 6.1 and also of Theorem 1.2.
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