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Zp 	 Ö�Æ2ï0Î>ñ�ËYÐ ÂÍÂÒÂ�Â�ÂÒÂ�ÂÒÂ�ÂÒÂÍÂ�ÂÒÂ�ÂÒÂ�Â�ÂÒÂÍÂÒÂ�ÂÒÂ ç��
ö0ÂSÁ0Â���ÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú ô�É�Ê�ÙØìYÆ2Ë��ãìdÉ�ËdÈ¿Ê�Ð�É�È

Qp 	�� ËYìdÊ�ÆbÅ)Ð�Ï�×bìYËYÐ�Â�ÂÒÂ�ÂÒÂ�ÂÒÂÍÂ�ÂÒÂ�ÂÒÂ�Â�ÂÒÂÍÂÒÂ�ÂÒÂ ç0Ã
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î�Ù4Ë#Öã×QÉ�ÈãÌ�Æ�×Qñ;ÆQé�Ê�Ù>É�ÐjËYÐ�Ð�×YÚÑÉ�ÐtÊ�Æ�ï>Ë � Ëdñ�ÆbÏ�É�Èãï>ËdÊ�×QÉ�ñ�×Qñ�ñ4Ê�Ù4Ë#Ê�Ù4ËYÆbÅ�Ú�ìYÆbÈ4ìYËdÅ�È4ËYïf(2ô�Ù>É�ì�ÙãÌ�Æ2ËYÐtó�ËdÚ�ÆbÈ4ïô�Ù�×QÊÒÉ�Ð�Ì�ËdÈ4ËdÅ�×Qñ�ñ�ÚðÊ�×QÎ>Ì³Ù¿ÊÍÉ�Èðó�×bÐ�É�ì+ìYÆbÎ>Å�Ð�ËYÐÒÆbÈ8×Qñ�Ì�Ëdó>Å�×<(<Ê�ÆbÏ�Æbñ�ÆbÌ³Úa(�Ì³Å�ÆbÎ>Ï4Ð�(g[ºìYÆ 	 `�Ù4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�×Qñ�Ì�Ëdó>Å�××QÈ4ï{ì_×QÊ�ËdÌ�ÆbÅ�É�ËYÐ_Âh�DÎ4Ë}Ê�Æ�Ð�Ï�×bìYË�×QÈ4ï�Ê�É�Ö�Ëjñ�É�Ö+É�Ê�×QÊ�É�ÆbÈ4Ð�(³Ê�Ù>É�Ð�É�ÐBÈ4ÆbÊpÏ;Æ³Ð�Ð�É�ó>ñ�Ëtô�Ù4ËdÈ{Ì³É � É�È>Ì�éºÎ>ñ�ñ2×QÈ4ï{ï>ËdÊ�×QÉ�ñ�ËYïÏ>Å�Æ2ÆQéVÐ_Âhi�ÆzôjË � ËdÅ�(2Ë � ËdÅ�Ú{Å�ËYÐ�Î>ñ�Ê}ìdÉ�Ê�ËYïf(�ô�Ù>É�ì�ÙãÉ�Ð�È4ËYìYËYÐ�Ð�×QÅ�ÚÍéVÆbÅtÊ�Ù4Ë�Öã×QÉ�È�Ê�Ù4ËYÆbÅ�ËdÖ�Ð}Ï>Å�Æ � ËYïãÉ�Èãì�Ù�×QÏ>Ê�ËdÅ�Ð�çÊ�Æ+ö<(>ìYÆbÎ>ñ�ï�ó�Ë�Ï>Å�Æ � ËYïß×QÊ�Ê�Ù4ËÒÐ�Ê�×QÌ�Ë�(2ô�Ù4ËdÅ�Ë�É�Ê�É�Ð�Ö�ËdÈiÊ�É�ÆbÈ4ËYïf(4ô�É�Ê�Ù4ÆbÎ>Ê�Å�ËKéVËdÅ�Å�É�È>Ì+Ê�Ækj�ï>ËYËdÏ�ËdÅWl�Ê�Ù4ËYÆbÅ�ËdÖ�ÐzÂ) È Ê�Ù4Ë�ì�Ù�×QÏ>Ê�ËdÅ�Ð#ÆbÈ Ê�Ù4ËDÏ>Å�Ëdñ�É�Ö+É�È�×QÅ�É�ËYÐm[ºì�Ù�×QÏ>Ê�ËdÅDÁa`j×QÈ4ï�Ê�Ù4ËÒ×QÏ>Ï>ñ�É�ì_×QÊ�É�ÆbÈ4Ðm[ºì�Ù�×QÏ>Ê�ËdÅ�Ûa`}Ö�Æ³Ð�Ê�Å�ËYÐ�Î>ñ�Ê�Ð�×QÅ�Ë

ÆbÈ>ñ�Ú«Ð�Ê�×QÊ�ËYïf(0ó>Î>Ê)Å�ËKéºËdÅ�ËdÈ4ìYËYÐD×QÅ�ËÒÌ³É � ËdÈ<Â
n Ë�*0Ê ) ô�ÆbÎ>ñ�ï�ñ�Épo�Ë)Ê�Æ Ì³É � ËÒ×�ó>Å�É�ËKé�ÆbÎ>Ê�ñ�É�È4ËDÆQéBÊ�Ù4ËDËYÐ�Ð�×_Ú�Â ) È�ì�Ù�×QÏ>Ê�ËdÅ)ÁÍó�×bÐ�É�ì)Å�ËYÐ�Î>ñ�Ê�Ð�×Qó�ÆbÎ>Ê�Ï>Å�ÆQÇ4È>É�Ê�ËÌ³Å�ÆbÎ>Ï4ÐD×QÈ4ï«Ê�Ù4Ë�Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈäÊ�Ù4ËYÆbÅ�Ú«ÆQépÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï4Ð�×QÅ�Ë�ñ�É�Ð�Ê�ËYï�Â
�jÙ�×QÏ>Ê�ËdÅ{çß×QÉ�Ö�ÐÍ×QÊÍÏ>Å�Æ � É�È>ÌØÊ�Ù�×QÊÍË � ËdÅ�Úq
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ�� Öã×QÏr[HÉNÂ�Ë³Â ×�Öã×QÏ éºÅ�ÆbÖ Ê�Ù4Ë�Æbó<s�ËYìdÊ�Ð�ÆQé
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G 	 Ö�Æ2ï0Î>ñ�ËYÐ Ê�Æå× Å�É�È>ÌåÙ�× � É�È>Ì¼Ê�Ù4ËßÐ�×QÖ�ËØ×bï>ï0É�Ê�É � É�ÊnÚ Ï>Å�ÆbÏ�ËdÅ�ÊnÚ!×bÐãÊ�Ù4Ë�
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ��ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìU`�ì_×QÈØó;ËDÎ>È>ÉFtiÎ4Ëdñ�Ú�ï>ËYÐ�ìdÅ�É�ó�ËYï ó¿Ú«×Ñï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈØÐ�×QÊ�É�Ð%éHÚ2É�È>Ì�ìYËdÅ�Ê�×QÉ�ÈØìYÆbÈ4ï0É�Ê�É�ÆbÈ4Ðm[HÊ�Ù4ËYÆbÅ�ËdÖ

ç0ÂSö0Â�Ã��a`KÂ î�Ù>É�Ð É�Ð�×åÏ>Î>Å�Ëdñ�Ú Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈ Ê�Ù4ËYÆbÅ�ËdÊ�É�ìðÅ�ËYÐ�Î>ñ�Ê�(#É�È ô�Ù>É�ì�Ù ë�Å�×QÎ4ËdÅ«ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð Ï>ñ�×_Ú Ê�Ù4Ë
ìYËdÈiÊ�Å�×QñBÅ�Æbñ�Ë³Âtî�Ù4Ë�Öã×QÉ�ÈßÅ�ËKéºËdÅ�ËdÈ4ìYËYÐD×QÅ�Ëu]^�v_e(f]�Ã�_p×QÈ4ïw]�Ã³Ã6_nÂ

î�Ù4ËØÇ4Å�Ð�Ê�Ð�É+*!Ð�ËYìdÊ�É�ÆbÈ4Ð«ÆQéÍì�Ù�×QÏ>Ê�ËdÅ«ÓÕìYÆbÈ¿Ê�×QÉ�È ×QÈ É�È¿Ê�Å�Æ2ï0Î4ìdÊ�É�ÆbÈ Ê�ÆåÊ�Ù4ËðìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú ÆQé Ï>Å�ÆQÇ4È>É�Ê�Ë
Ì³Å�ÆbÎ>Ï4Ð#ô�É�Ê�ÙØìYÆiË��ãìdÉ�ËdÈiÊ�Ð#É�È«ï0É�Ð�ìdÅ�ËdÊ�Ë

G 	 Ö�Æ2ï0Î>ñ�ËYÐ�(0éVÆbÅ�ô�Ù>É�ì�ÙßÊ�Ù4Ë�Öã×QÉ�ÈØÅ�ËKéºËdÅ�ËdÈ4ìYËYÐ)×QÅ�Ëu]�Ã_Ûd_e(f]xêv_e(x]Sí2_<×QÈ4ï]�Ã_ç2_nÂ}÷ Ð�ñ�É�Ì³Ù¿ÊDËdÖ+Ï>Ù�×bÐ�É�Ð#É�Ð�Ï>Î>ÊDÆbÈßÊ�Ù4Ë�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�ï0É�Ö�ËdÈ4Ð�É�ÆbÈ<Â ) ÈØÐ�ËYìdÊ�É�ÆbÈßÓ4Âxê{Ê�Ù4Ëk
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ��ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìDÉ�Ð}É�ÈiÊ�Å�Æiï0Î4ìYËYï«×QÈ4ï�×ÒÊ�Ù4ËYÆbÅ�ËdÖy[HÓ4Âxê2ÂSöa`�É�Ð�ï>ËdÅ�É � ËYïf(2ô�Ù>É�ì�Ù Ð�Ê�×QÊ�ËYÐ}Ê�Ù�×QÊjÊ�Ù4Ë�
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ��ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì{ì_×QÈ«ó;Ë�ï>ËYÐ�ìdÅ�É�ó;ËYï óiÚ«×{Î>È>ÉFtiÎ4Ë�ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ<Â
�jÙ�×QÏ>Ê�ËdÅ}ö)ìYÆbÈiÊ�×QÉ�È4Ð�Å�ËYÐ�Î>ñ�Ê�Ð�×Qó;ÆbÎ>Ê�Ê�Ù4Ë�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú{ÆQé�Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4Ð�ô�É�Ê�Ù+ìYÆ2Ë��ãìdÉ�ËdÈ¿Ê�Ð�É�È Ç4È>É�Ê�Ëdñ�Ú

Ì�ËdÈ4ËdÅ�×QÊ�ËYï
Zp 	 Ö�Æ2ï0Î>ñ�ËYÐä×QÈ4ï�Ç4È>É�Ê�Ë8ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ

Qp 	�� ËYìdÊ�ÆbÅðÐ�Ï�×bìYËYÐ_Â ) È ìYÆbÅ�Æbñ�ñ�×QÅ�Ú ö0ÂSç0Â Ó!Ê�Ù4Ëz
tÎ>ñ�ËdÅ 	ÄpÆbÉ�È4ì_×QÅ��Íì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì�É�Ð)ï>ËYÐ�ìdÅ�É�ó;ËYïßó¿Ú«×Ñï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ<Â}î�Ù4Ë�Öã×QÉ�ÈßÊ�Ù4ËYÆbÅ�ËdÖ{[Vö0Â Ó4ÂSÁa`�Ì³É � ËYÐ)×QÈßË�*0Ï>ñ�É�ìdÉ�ÊéVÆbÅ�ÖÍÎ>ñ�×�éVÆbÅ#ì_×Qñ�ìdÎ>ñ�×QÊ�É�È>Ì Ê�Ù>É�Ð�ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈäó�×bÐ�ËYïßÆbÈäìYËdÅ�Ê�×QÉ�Èðì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð_Â�î�Ù4Ë�Öã×QÉ�ÈäÅ�ËKéºËdÅ�ËdÈ4ìYË�éºÆbÅ)Ê�Ù>É�Ð
É�ÐDÔ2ËdÅ�Å�Ë�|[Ð#Ï�×QÏ�ËdÅm]^�d_nÂ

) È Ê�Ù4ËäÇ4È�×Qñ�ì�Ù�×QÏ>Ê�ËdÅ ÊnôjÆÕÅ�ËYÐ�Î>ñ�Ê�Ð óiÚ îp×QÊ�Ë ×Qó�ÆbÎ>Ê�Ê�Ù4Ë}
tÎ>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��¼ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì ÆQéN~�×Qñ�ÆbÉ�ÐÌ³Å�ÆbÎ>Ï4Ð«ÆQé Ï 	 ×bï0É�ìØÇ�Ëdñ�ï>Ð«×QÈ4ï È¿Î>Ö ó;ËdÅ Ç�Ëdñ�ï>Ð«×QÅ�Ë Ð�Ê�×QÊ�ËYï É�È Ê�ËdÅ�Ö�Ð ÆQé ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4Ð�(#ô�É�Ê�Ù4ÆbÎ>Ê Ì³É � É�È>ÌÏ>Å�Æ2ÆQéVÐ_Â�è)ËKéVËdÅ�ËdÈ4ìYËYÐ�éVÆbÅ�Ê�Ù>É�Ð�×QÅ�Ëu]^�v_e(f]Síd_p×QÈ4ïØî�×QÊ�Ë�|[Ð#Ï�×QÏ�ËdÅ�Ðk]�ÃdÓ2_p×QÈ4ï�]�Ã_öd_nÂ
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���e�f�����a�/�B�g�������/�a�@�Y���
) È«Ê�Ù>É�Ð)Ð�ËYìdÊ�É�ÆbÈ«ôjËÒñ�É�Ð�Ê�Ð�ÆbÖ�ËDéV×bìdÊ�Ð�×Qó;ÆbÎ>Ê#Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4Ð_ÂtÄ�Å�Æ2ÆQéºÐ)ì_×QÈßó;ËDéVÆbÎ>È4ï«É�Èz]xêd_e(f]�Ã_Ûd_e(O]SÛd_nÂ
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G
:�EN.�5�=9T<=2Cp=�Q21IL�.2CfQ27S=2;�T/�u�O�<E�>q5K�<Eg�6=2CKCp=2��1 >DQ�.27�ENES¡6;D1 ¢v.2CpE6>�5e£

¤ 1¦¥r§¨1 3kL�=2©ªT<.aL«5K¬Y­k.2;P360®=27 ¯°.2>&0±5�=�5�.�C C³²�021 36L�=2>�>xESL«5eES0P�
¤ 1K1¦¥r§°1 3�L�=2©ªT<.aL«5K¬�­k.2;P360®=27 ¯´.2>&0-5K�<Eµ;P>�1K5

1G
�D.v3�.q:S.v3�143�=W��=9TZE�>�>¶E�1+Q2�<:S=2;D7·�<=�=�0v3RL�=2>V3�1436581 >PQ}=W�

>&=27�©µ.2C¶39;Z:IQ27S=2;UT�3«�
¤ 1 1K1¦¥r§¨1 3!5K�<EJT&7W=S¸«ESL�581 ¢vENC¦1K©N1K5g=S�m.!Tx7W=W¸�ESL«581K¢vEm3�²d365eE�©¹=W��Xg>Z1K5eEªQ27S=2;UT�3«�
¶�©º¨�©�¶qº«¸�þ�¬p´�­z´H¯;¬t©m» ��=2>xE¼=W��5K�<E-L�=2>&0218581I=2>V3'1 >r5K�<E�5K�VES=27�E�©½�D=�C+0v39¬#5K�<E�>

G
1 3�L�.2CKCpES0�. ý�®Q¯4þ�¬p´�­_¸

û�®J¯;±Bý �
» �!.¾T&7S=WXY>Z185eE�Q27S=2;UT

G
143¾5K�<E�T&7W=S¸«ESL�581 ¢vEmC³1 ©N185Y=W�k.¿T&7S=W¸�ESL«581K¢vEk39²v3�5eE6©À=W��T&GKQ27S=2;UT�3 ¤ L6²aL6C³1ILªQ27S=2;UT�3e¥d¬

5K�VE�>
G
1 3!L·.2C CFES0R. ýp®J¯4Ý�ýÂÁ%ý�®Q¯>Ý�²�ü<²¿¹º´à²VÃÒû�®J¯;±Bý �

Ä =27#.!T&7S=WXY>Z185eE¿Q27S=2;�T
G
¬gCFE65

UG
0®E�>&=�5eE#5K�<Ek3�E65B=S�m.2C CO=�TVE�>q>&=27�©µ.2C¶39;Z:IQ27S=2;UT�3N=W�

G
�

¶�©º¨�©�µ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
G
:·ER.�T&7S=WXY>Z185eENQ27S=2;�T/�Å�O�<E�>

(G : U) < ∞
�6=27±.2C C

U ∈ UG
.2>&0

G =
lim
←
G/U

¬��h�<E67SE�5K�<E�T&7S=W¸�ESL«581K¢vEz39²v3�5eE6©Æ1 3#�«=27�©µE�0Ç:�²�5K�<E�Tx7W=W¸�ESL«581I=2>V3
G/V → G/U

�6=�7
V ≤ U¤

U, V ∈ UG
¥a�

¶�©º¨�©�À8ÜªÈ<½4»8ý�¹à¸�©
• Zp = lim

←
Z/pnZ

¬J5K�<Eu1K>�5eEIQ�7W.2C&T&GW.a021ILµ>�;P©�:�E�793·¬�1 3N.NT&7S=2GÉL6²aL6C³1IL#Q27S=2;UTf�z�O�<E
T&7S=W¸�ESL«581K¢vEm39²v3�5eE6©Ê143��«=27�©µE�0':6²�5K�<Em>&.�58;D7W.�C<T&7S=W¸«E�L«5818=�>V3

Z/pnZ → Z/pmZ
��185K�

n ≥ m ∈ N
�

•
�O�<E ·Í®vË�ân¸i®Øû�®Q¯�±�ý

Ẑ = lim
←

Z/mZ
143µ.�T&7S=2GWL6²aL6C¦1ILNQ27S=2;�T/���O�<E¾T&7S=W¸�ESL«581K¢vEµ39²v3�5eE�©Ì143B�6=27�©�ES0

:�²�5K�VE�Tx7W=W¸�ESL«581I=2>V3
Z/nZ → Z/mZ

�6=�7
m|n

�
Í E¾�D.�¢vE

Ẑ =
∏
pZp

�

•
,OE65

L/k
:·Ek.R§�.2Cp=21 3¾ESÎ�5eE6>V391I=2>-=W�@XBE�Cp0v3«�N�O�<E6>

G(L/k) = lim
←
G(K/k)

¬Y�h�<E�7�E
K
79;D>V3¾=�¢vE�7!.2C C

XY>Z185eEu§�.�C+=21 3#ESÎ�5eE�>Z391I=2>V3
K/k

�

• Ï L6Cp=v3«ES0-3�;V:�Q27W=�;�T
H ≤ G

=S��.µT&7W=SXY>Z185eE#Q�7W=2;UT
G
143¾Tx7W=WXg>Z1K5eEU� » >'�6.aL�5K¬

H = lim
←
HU/U =

lim
←
H/H ∩ U

¬Y�h�VE�7SE
U
7�;P>Z3k=�¢vE�7

UG
�

• Ï ¡6;<=a581IE�>&5¿=W�±.NT&7S=WXY>�1K5eE�Q27S=2;UT
G
:6²}.qL6Cp=v3«ES0}>x=279©µ.2Ch3�;V:�Q27W=�;�T

H
1 3�.NTx7W=WXg>Z1K5eE�Q27S=2;UTf� » >

�«.aL«5K¬
G/H = lim

←
G/HU

�

• Ð 1K7�ESL«5/T&7W=U02;<L�5K3�=W�BT&7S=WXY>Z185eE¿Q27S=2;�T&3�.27�E�Tx7W=WXg>Z1K5eEU�

•
�O�<E�T&7W=S¸«ESL�581 ¢vE#C³1K©�185�=S�m.¾T&7S=W¸�ESL«581K¢vE#3�²d365eE�©¹=W�BTx7W=WXg>Z1K5eEªQ27S=2;UT�3m1 3k.!T&7S=WXY>Z185eE¿Q27S=2;�T/�

÷�éHÎ>Å�Ê�Ù4ËdÅ�Ë�*4×QÖ+Ï>ñ�Ë�É�ÐjÊ�Ù�×QÊ�ÆQé<Ê�Ù4Ë)Ì�ËdÈ4ËdÅ�×Qñ�ñ�É�È4Ë_×QÅ�Ì³Å�ÆbÎ>Ï
Γ = GLd(Zp) (d ∈ N)

Â\Ñ8Ë�éºÆbñ�ñ�ÆzôÒ]SÁ2_�×QÈ4ï
É�ÈiÊ�Å�Æiï0Î4ìYËÍÊ�Ù4Ë�ìYÆbÈ>Ì³Å�Î4ËdÈ4ìYËÍÐ�Î>ó>Ì³Å�ÆbÎ>Ï4Ð

Γi := {γ ∈ Γ | γ ≡ id (mod pi) },

ô�Ù>É�ì�Ùð×QÅ�ËÒÈ4ÆbÅ�Öã×Qñp×QÈ4ï éºÆbÅ�ô�Ù>É�ì�ÙØÆbÈ4Ë�ì_×QÈØÐ�Ù4Æ_ô

Γ/Γi ∼= GLd(Z/p
iZ).

î�Ù4ËYÐ�Ë�éºÆbÅ�Öõ×+Ï>Å�Ævs%ËYìdÊ�É � Ë�Ð�Ú2Ð�Ê�ËdÖ ÆQépÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï4Ð)ô�É�Ê�Ùßñ�É�Ö+É�Ê
Γ
(0ô�Ù4ËdÈ4ìYË

Γ
É�Ð�Ï>Å�ÆQÇ4È>É�Ê�Ë³Â



) È éN×bìdÊ�(<ô�Ë�ì_×QÈåÐ�×_Ú Ö�ÆbÅ�Ë³Âã÷(ìYÆbÖÍó>É�È�×QÊ�ÆbÅ�É�×Qñ#×QÅ�Ì³Î>Ö�ËdÈ¿Ê{Ð�Ù4Æ_ô#ÐÍÊ�Ù�×QÊ
(Γ1 : Γi) = pd

2(i−1) Â�î�Ù¿Î4Ð
Γ1

É�Ð#×{Ï>Å�Æ 	 ÏßÌ³Å�ÆbÎ>Ï/(>ô�Ù>É�ì�ÙØÉ�Ö+Ï>ñ�É�ËYÐ�Ê�Ù�×QÊ Γ
É�Ð � É�Å�Ê�Î�×Qñ�ñ�Ú ×{Ï>Å�Æ 	 Ï«Ì³Å�ÆbÎ>Ï<Â�[º÷ Ï>Å�ÆQÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>ÏßÉ�Ð�Ð�×QÉ�ï Ê�Æ

Ù�× � Ë ×{Ï>Å�ÆbÏ�ËdÅ�ÊnÚ � É�Å�Ê�Î�×Qñ�ñ�Úa(>Éué�×QÈäÆbÏ;ËdÈ«È4ÆbÅ�Öã×QñpÐ�Î>ó>Ì³Å�ÆbÎ>ÏßÙ�×bÐ�É�Ê_ÂÓ`
Ñ8ËÒÈ4Æ_ô É�ÈiÊ�Å�Æiï0Î4ìYË�Ê�Ù4Ë�ìYÆbÈ4ìYËdÏ>Ê)ÆQé�Ð�Î>Ï;ËdÅ�È�×QÊ�Î>Å�×QñBÈ¿Î>ÖÍó�ËdÅ�Ð�(�ô�Ù>É�ì�Ùä×Qñ�ñ�Æzô#Ð#Î4Ð�Ê�Æ+ï>ËKÇ4È4Ë�ÆbÅ�ï>ËdÅ�Ð�×QÈ4ï

É�È4ï0É�ìYËYÐ�ÆQépÏ>Å�ÆQÇ4È>É�Ê�ËÍÌ³Å�ÆbÎ>Ï4Ð_Â

¶�©º¨�©4
qº«¸�þ�¬p´�­z´H¯;¬t© Ï ¾z±�ýt¸i®Q¬�½0­z±B®Q½4¹�¬�±�»ðát¸i® 1 3¿.B�6=�79©µ.2CaT&7W=U02;<L�5 ∏
p p

n(p) ¬\�h�<E67SE p 7�;D>V3¿=2¢vE67¾.2CKCTx791K©�E93m.2>&0
n(p) ∈ N ∪ {∞}

�
�O�<EYT&7S=�02;VL«5Y=W��58�g=m39;UTVE�7�>&.�58;D7S.2C&>�;P©�:�E�793·¬�5K�<E�1K7�Q27�ES.�5eE�3�5YL�=2©N©µ=2>¼021K¢�1 36=27 ¤ QaL�06¥�.2>&0�5K�<E�1K7�Cp=2��E9365

L·=2©N©u=�>}©N;DC³581ÓT&CFE ¤ CpL6©¿¥µ.�7SE�0®EKXg>xES0�1 >q5K�<E�=®:�¢U18=2;P3k�g.2²®�
Ñ8ËÒÈ4Æ_ô ×QÏ>Ï>ñ�Ú Ê�Ù>É�Ð#ï>ËKÇ4È>É�Ê�É�ÆbÈäÊ�Æ+Ï>Å�ÆQÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï4Ð_Â

¶�©º¨�©F�wº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
G
:�EN.¾Tx7W=WXg>Z1K5eE¿Q27S=2;UTf� Ð EKXY>xE#5K�<E ¯�®Q°p¸¿® =W� G :�²

#G = |G| = lcm{ |G/U | | U ∈ UG }.

,@E65
H
:·EN.�L6Cp=v3�ES0�39;Z:IQ27S=2;UT�=W�

G
�u�O�<E ´º¬B°p¸aÈ =W�

H
1 >
G
143k0®EKXg>xES0�:�²

(G : H) = lcm{ (G/U : HU/U) | U ∈ UG } = lcm{ (G : HU) | U ∈ UG }.

Ô ÆbÅ�×{Ç4È>É�Ê�ËÒÌ³Å�ÆbÎ>ÏØÊ�Ù4ËYÐ�ËÒï>ËKÇ4È>É�Ê�É�ÆbÈäìYÆbÈ>É�È4ìdÉ�ï>ËÍô�É�Ê�ÙßÊ�Ù4ËÒÎ4Ð�Î�×Qñ<ÆbÈ4ËYÐ_Â
¶�©º¨�©Hæä·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65

K ≤ H ≤ G
:�E�T&7W=SXY>Z185eEuQ27S=2;�T&3«�Â�O�VE�>

(G : K) = (G : H)(H : K)
�

Ä ;P765K�<E�79¬
(G : H)

1 3�XY>Z185eE!1 �m.2>&0±=2>ZC³²µ1 �
H
143k=9TVE�>q1K>

G
�

¶�©º¨�©FÕ ÜªÈ<½4»8ý�¹à¸�©
• |Zp| = p∞

• |Ẑ| =
∏
p p
∞

¶�©º¨�©�ÿwº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
G
:�Eu.kT&7S=WXY>�1K5eE¿Q27S=2;UT�.2>&0kT�.kT&791K©�E�� Ï L«C+=v3�ES0±3�;V:IQ�7W=2;UT

H ≤ G
143mL�.2CKCFES0

. ýBÝ«Ö;üB¹H¯D× ¾z±Bápû�®Q¯�±�ý ¬\1 �
H
143m.!T&7W=�GpT-Q27S=2;�TØ.�>&0

p 6 | (G : H)
�

¶�©º¨�©º¨D�z� úB¸i¯�®Q¸i» ©JÁ9Ö�üB¹H¯D×'­zú�¸¿¯�®J¸2»8¾2Ã ,OE65
G
:�EN.!T&7S=WXY>Z185eE¿Q27S=2;�T/�µ�O�<E�>

¤ 1¦¥ Ä =�7#E�¢vE�7�²!T&7�1K©µEJTz5K�<E�7�EuESÎ21 3�5K3#.!T&G�Ù&²vCp=2�Ú39;Z:IQ27S=2;�T�=W�
G
�

¤ 1K1¦¥ Ï >Z²µ58�g=!T&G�Ù&²vCp=2�Ç39;Z:IQ27S=2;UT�3�.27�ENL�=2>�¸�;�Qa.�5eE��
¤ 1 1K1¦¥wAB¢vE679²kT&7W=�GpTw39;Z:IQ27S=2;UT�143mL�=�>�5�.21K>xES0�1 >w.!T&G�Ù�²2Cp=2�Û3�;V:�Q27W=�;�T�=S�

G
�

¤ 1 ¢S¥ » �
h : G1 → G2

1 3ª.uL�=2>�581K>Z;V=2;P3�39;D7K¸«ESL�581 ¢vE¾�D=2©µ=2©µ=27eT��®1 39©Ü=W�hT&7S=WXY>Z185eE�Q27S=2;UT�3·¬Y5K�<E�>�5K�VE¿1 ©µ.�QPE
=W�m.!T&G�Ù&²vCp=2��Q27W=�;�T�1 3m.¾T&GeÙ�²2C+=��ØQ27S=2;UTf�

¤ ¢S¥
|G| =

∏
p |Gp|

¬Y�h�<E�7�E
Gp

143m.2>Z²!T&G�Ù�²2Cp=2�Û3�;V:�Q27W=�;�T�=S�
G
�

¶�©º¨�©º¨�¨Ø·Í®J¯�ýt¯�¾z´à­z´H¯�¬}©BÁ�ù ¹H½>¾_¾J´�þ�²�½0­z´H¯�¬ ¯�â#ý�®Q¯>Ý�²�ü<²¿¹º´à² û�®J¯;±Býp¾2Ã ¤ 1¦¥ Ä =27BE�¢2E�79²¿3�;�TVE679>&.a58;P7S.2CD>Z;P©NG
:�E�7

n =
∏
p p

n(p) 5K�<E�7�E±E�Î214365K3�.�T&7S=2GÉL«²�L«C¦1ILuQ27S=2;�TÚ=W��=27S0®E�7 n ¬��h�®1IL��}143N;P>�18¡6;ZE�;�TÛ5�=R1 36=�©u=�79GT��®1 39©��
¤ 1K1¦¥ Ä =�7#ES.aL��'39;UTVE�7�>&.�58;D7S.2C@>�;P©�:�E�7

n =
∏
p p

n(p) 5K�<E�7�ENESÎ21 3�5K3#.�;P>�18¡6;ZE�L6Cp=v3«ES0�3�;V:�Q27W=�;�T H =W�
Ẑ
=W�

1K>&0®ESÎ�>x��Ý}=27�ES=2¢vE67·¬
H ∼=

∏
p∈M Zp

¬Y�h�<E�7�E
M = {p | n(p) <∞}

�
¤ 1 1K1¦¥wAB¢vE679²kT&7W=�GÉL6²aL6C³18L!Q�7W=2;UT�1 3¾;D>Z1I¡6;ZE�C¦²'=®:65�.21K>xES0'.v3m.'¡6;V=�581�E�>�5�=W�

Ẑ
�

Ñ8ËÒô�É�ñ�ñBÆQéºÊ�ËdÈ«Öã×vo�ËÒÎ4Ð�Ë�ÆQé�Ê�Ù4ËDéºÆbñ�ñ�ô�É�È>ÌãÏ>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ<Â
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G
:�E¿.JT&7S=WXY>Z185eEgQ�7W=2;UT�¬

X
.2>Z²m5�=9TV=2C+=·Q218L·.2CZ3eT<.aL·E¾.2>x0

f : G→ X
.mC+=�L·.2C C³²

L·=2>V3�5�.�>�5g©µ.9T/�u�O�<E�>q5K�<E�7�E#143
U ∈ UG

¬�39;VL��¼5K�D.a5Z�«=27#.2CKC
g ∈ G

¬
f
7SE�3�587�18L«5eE�0R5�=

gU
1 3mL�=2>V365�.2>�5e� Í E

��1KCKCOL�.2CKCf39;VL��
f
¹H¯�²�½4¹º¹àüÕ²¿¯�¬�¾Y­_½4¬;­ã»8¯�°�±�¹H¯

U
�

·�®J¯�¯�â�© Ô ÆbÅ+Ë_×bì�Ù
g ∈ G

ô�Ë ì_×QÈ¼Ç4È4ï
Ug ∈ UG

Ð�Î4ì�ÙÕÊ�Ù�×QÊ
f
É�ÐÑìYÆbÈ4Ð�Ê�×QÈ¿Ê�ÆbÈ

gUg
Â8ÔiÉ�È4ìYË

G
É�Ð

ìYÆbÖ+Ï�×bìdÊ�(jôjË«ì_×QÈ ì�Ù4ÆiÆ³Ð�Ëß×ØÇ4È>É�Ê�Ë«Ð�Î>ó4Ð�ËdÊ
g1, . . . , gn

ô�É�Ê�Ù
G = ∪ni=1giUgi

Â n Æ_ôøÊ�Ù4Ë éN×bìdÊÑÊ�Ù�×QÊ
UGéVÆbÅ�Ö�Ð#×{ó�×bÐ�Ë�ÆQé�È4ËdÉ�Ì³Ù¿ó�ÆbÎ>Å�Ù4ÆiÆ2ï>Ð#ÆQé

1
×Qñ�ñ�Æzô#Ð�Î4Ð�Ê�Æ{Ç4È4ï

U ∈ UG
ìYÆbÈ¿Ê�×QÉ�È4ËYïßÉ�Èß×Qñ�ñ

Ugi

Â�ÞBËdÊ
g ∈ giUgi

(
Ð�×YÚ

g = giui
[
ui ∈ Ugi

`KÂªi�ËdÈ4ìYË
gU = giuiU ⊆ giuiUgi = giUgi

Â#÷DÐ#é�É�ÐDìYÆbÈ4Ð�Ê�×QÈ¿ÊÒÆbÈðË_×bì�Ù
giUgi

(�É�Ê
É�Ð)ìYÆbÈ4Ð�Ê�×QÈ¿ÊDÆbÈ

gU
éVÆbÅ

g ∈ G
Â
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��� �h�ªß\�Oàr�Ø�a�Z���a���v���@��á&�a�e�O�â��ãg�Z�/��ä
) È Ê�Ù>É�ÐÍÐ�ËYìdÊ�É�ÆbÈ ôjË+ô�É�ñ�ñ�Ç4Å�Ð�Ê�É�È¿Ê�Å�Æ2ï0Î4ìYË�Ð�ÆbÖ�Ë+È4ÆbÊ�×QÊ�É�ÆbÈ8éºÆbÅÒÎ4Ð�Ë�Ê�Ù>Å�ÆbÎ>Ì³Ù4ÆbÎ>ÊÍÊ�Ù4Ë+ËYÐ�Ð�×_Úa(�×QÈ4ï Ê�Ù4ËdÈåñ�É�Ð�Ê
Ê�ôjÆãÉ�Ö+Ï;ÆbÅ�Ê�×QÈiÊ)Å�ËYÐ�Î>ñ�Ê�Ð�éºÅ�ÆbÖ Ê�Ù4Ë�Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈäÊ�Ù4ËYÆbÅ�Ú«ÆQépÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï4Ð_Â

Þ<ËdÊ
k
ó�Ë�×QÈ¿Ú Ç�Ëdñ�ï�Â

¶�©�¶�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
G
:�EN.2>Z²#Q�7W=2;UTf� Ï ��;P>xL«5818=�>

c : G→ k

1 3mL�.2CKCpE�0R. ²¿¹H½>¾_¾ãâ�±p¬B²³­z´H¯;¬ =2>
G
=2¢vE67

k
¬Y1 �

c(g−1hg) = c(h)
�«=27m.2CKC

g, h ∈ G
�

¶�©�¶�©�¶qº«¸�þ�¬p´�­z´H¯;¬t© Ä =�7m.�5�=�T<=2Cp=�Q21IL�.2CxQ�7W=2;UT
G
��EkCFE65

• Ck,G
:�Eª5K�<E�L�.�5eEIQ®=279²u=W�¶XY>Z185eE�0�1 ©�E�>V3�18=�>&.2C

k
Gå¢vESL«5�=�7�3�TV.aL·E939¬�E�>&0®=2��ES0m��1K5K�N5K�<E�0�143«L67SE«5eE 5�=�T<=2Cp=�Q2²v¬

=2>}�h�®1IL��
G
.aL«5K3#L·=2>�581K>Z;<=�;®3�C¦²®� Í E�=W�65eE�>q7�EK�«E67m5�=µ185K3m=®:K¸�ESL«5K3�.23

G
Ge©µ=�02;DCpE�3«�

• Σk,G
:�E�.�3«E65B=W�!7�EeT&7�E93«E�>&5�.�581 ¢2E93N=W�k5K�VE!3�1 ©ªT&CFE#=®:K¸�ESL«5K3m1K>

Ck,G
�

) é
G
É�ÐÒ×+Ç4È>É�Ê�Ë Ì³Å�ÆbÎ>Ï/(�Ê�Ù4ËÍÊ�ÆbÏ�Æbñ�ÆbÌ³ÚØÆbÈðÊ�Ù4Ë

G 	 Ö�Æiï0Î>ñ�ËYÐU(;ÆQé�ìYÆbÎ>Å�Ð�Ë�(�ï>ÆiËYÐ�È4ÆbÊ�Ï>ñ�×_Úð×QÈiÚßÅ�Æbñ�Ë³Â¿Ñ8ËÐ�Ù�×Qñ�ñ<Ê�Ù4ËdÈä×Qñ�Ð�Æ+ì_×Qñ�ñBËdñ�ËdÖ�ËdÈiÊ�Ð#É�È
Ck,G k[G] 	 Ö�Æ2ï0Î>ñ�ËYÐ_Â

¶�©�¶�©�µz�Íú�¸¿¯�®J¸2» © ,@E65
k
:�E�.2>Z²�XBE6C+0'.2>&0

G
.�Xg>Z1K5eEªQ27S=2;UTf�

¤ 1¦¥Å�O�<Ek1 7�7�ES02;VL61I:6CpEuL6�D.27S.aL«5eE�793
χE

�6=�7
E ∈ Ck,G

.27�EkC³1K>xES.27�C¦²�1 >x0®EeTVE�>x0®E�>�5�=2¢vE�7
k
�

¤ 1K1¦¥w,OE«5
exp(G) = m

� » �
char(k) = 0

.2>x0
k
L�=2>&5�.21 >Z3�.2C C

m
Gå5K�w7W=U=�5K3±=W�±æv¬¾5K�<E6>�5K�VE�1 7�7SE�02;<L«1I:�CFE

L��D.�7W.aL�5eE�7·3N=W�
G
�«=27�©À.

k
GW:S.v3�143#=S�k5K�<Ek3�T<.aL9EN=W�mL6Cp.v3·3Y��;P>xL«5818=�>V3m=2>

G
�

·�®J¯�¯�â�© Ô ÆbÅ#[%ÃU`�Ð�ËYËÒË³Â�Ì4ÂJ]�Ã�_e(>Ê�Ù4ËYÆbÅ�ËdÖ Ãzê2ÂSç<(�×QÈ4ï«éºÆbÅm[VÁa`�Ë³Â�Ì4Â�]�Ã�_Bì�Ù�×QÏ>Ê�ËdÅ¿�a�DÂ
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í��e�f��îq�Z�g�a�&�d�&�O��áx�a���O���R�/ïk���a�f���g�I���Ø�/�a�O�g���
) È Ê�Ù>É�Ð�Ð�ËYìdÊ�É�ÆbÈ ôjË�É�ÈiÊ�Å�Æiï0Î4ìYË�Ê�Ù4ËÒìYÆbÈ4ìYËdÏ>Ê#ÆQép×QÈR
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ�� Öã×QÏ�É�ÈRtiÎ>É�Ê�ËÒ×ÍÌ�ËdÈ4ËdÅ�×Qñ�ô�×YÚ�Â ) Ê�É�Ð�É�ÈÊ�Ù�×QÊ)Ì�ËdÈ4ËdÅ�×Qñ�É�ÊnÚa(�Ù4Æ_ôjË � ËdÅ�(�Ê�Ù�×QÊ#ôjË�ô�É�ñ�ñ�Ç4È4ïØ×Ñï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈðï>ËYÐ�ìdÅ�É�ó>É�È>Ì�É�Ê_ÂÞ<ËdÊ

k
ó�Ë�×QÈ¿Ú Ç�Ëdñ�ïØ×QÈ4ïßìYÆbÈ4Ð�É�ï>ËdÅ�×+Ï>Å�ÆQÇ4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï

G
Âtî�Ù4Ë ×bìdÊ�É�ÆbÈßÖã×QÏ

ρ : G→ End(A)

éVÆbÅ
A ∈ Ck,G

É�Ð�ìYÆbÈiÊ�É�È¿Î4ÆbÎ4ÐÍ×QÈ4ïf(�×bÐ
A
É�Ð�ï0É�Ð�ìdÅ�ËdÊ�Ë�(;ñ�Æ2ì_×Qñ�ñ�ÚØìYÆbÈ4Ð�Ê�×QÈiÊ�(�Ð�×YÚ«Ö�Æ2ï0Î>ñ�Æ

U
éVÆbÅ

U ∈ UG
[Hó¿Ú

Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈäÁ0Â�Ã³Â�Ã_Áa`KÂ�i�ËdÈ4ìYË
ρ
éV×bìdÊ�ÆbÅ�Ð#Ê�Ù>Å�ÆbÎ>Ì³Ù

G/U
×QÈ4ï ôjË�Æbó>Ê�×QÉ�È ×QÈØ×bìdÊ�É�ÆbÈßÖã×QÏ

ρU : G/U → End(A),

ô�Ù>É�ì�Ù«Öã×vo�ËYÐ
A
É�È¿Ê�Æ+×

G/U 	 Ö�Æ2ï0Î>ñ�Ë AU Â\Ñ8ËDÈ4ÆbÊ�ËDÊ�Ù�×QÊ�Ê�Ù4Ë�ÆbÅ�ï>ËdÅ�ÆQé�Ë � ËdÅ�Ú ρ(g) É�È End(A)
É�Ð}Ç4È>É�Ê�Ë³Â

ÞBËdÊDÈ4Æzô É�È8×bï>ï0É�Ê�É�ÆbÈ
A
ó;ËÑÐ�É�Ö+Ï>ñ�Ë³ÂÍÔiÎ>Ï>Ï�Æ³Ð�Ë

AU
É�ÐDÈ4ÆbÊÒÐ�É�Ö+Ï>ñ�Ë�(�Ð�×_Ú

BU ≤ AU
[
BU ∈ Ck,G/U

`KÂ
BUó�ËYìYÆbÖ�ËYÐ+×

G 	 Ö�Æ2ï0Î>ñ�Ë�Î>È4ï>ËdÅ Ê�Ù4Ë È�×QÊ�Î>Å�×QñjÏ>Å�Ævs�ËYìdÊ�É�ÆbÈ G → G/U
(�ìYÆbÈiÊ�Å�×bï0É�ìdÊ�É�È>Ì Ê�Ù4Ë+éN×bìdÊ Ê�Ù�×QÊ

A
É�Ð

Ð�É�Ö+Ï>ñ�Ë³Âtî�Ù>É�Ð)ËYÐ�Ê�×Qó>ñ�É�Ð�Ù4ËYÐ�Ê�Ù4Ë�Ç4Å�Ð�Ê�Ù�×Qñué�ÆQépÊ�Ù4Ë�È4Ë�*2Ê
µ<©º¨�©º¨Ø·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ¤ 1Ó¥ Ä =27m.�C C

A ∈ Σk,G
5K�<E�7�EuESÎ21 3�5K3

U ∈ UG
39;VL���5K�D.�5

A ∈ Σk,G/U
�

¤ 1K1¦¥ Ä =�7m.2C C
U ∈ UG

5K�<EJT&7W=S¸«ESL�5818=2>
G→ G/U

Q21 ¢2E93k;®3#.�>-1K>�¸�ESL«581I=2>

Σk,G/U ↪→ Σk,G.

·�®J¯�¯�â�© Ñ8Ë�Å�ËdÌ¿×QÅ�ï
A ∈ Σk,G/U

×bÐ}×
G 	 Ö�Æ2ï0Î>ñ�Ë � É�×�Ê�Ù4Ë�Ï>Å�Ævs�ËYìdÊ�É�ÆbÈ<Â�÷)ÈiÚ G 	 Ð�Î>ó>Ö�Æ2ï0Î>ñ�Ë)ÆQé A Ê�Ù4ËdÈ

É�ÐÒ×QÎ>Ê�ÆbÖã×QÊ�É�ì_×Qñ�ñ�Ú ×Qñ�Ð�Æ«×
G/U 	 Ö�Æ2ï0Î>ñ�Ë{ó;ËYì_×QÎ4Ð�Ë Ê�Ù4Ë+×bìdÊ�É�ÆbÈ ÆbÈðÉ�ÊDÉ�ÐDÉ�È>Ù4ËdÅ�É�Ê�ËYïðéHÅ�ÆbÖ A

Â�î�Ù>É�Ð�Ï>Å�Æ � ËYÐÊ�Ù4ËÍÐ�ËYìYÆbÈ4ï«Ï�×QÅ�Ê_Â
2

Ñ8ËÒÈ4Æ_ô É�ÈiÊ�Å�Æiï0Î4ìYËÍÊ�Ù4Ë�ìYÆbÈ4ìYËdÏ>Ê)ÆQég~DÅ�ÆbÊ�Ù4ËdÈ4ï0É�ËYì�o«Ì³Å�ÆbÎ>Ï4ÐzÂ
µ<©º¨�©�¶qº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

C
:·E!.NL�.�5eEIQa=�79²�=W� ¤ CFEK��5³¥

A
Ge©µ=�0�;PCFE93@�«=27ª.

k
GÉ.�C Q®EU:�7W.

A
���O�<E � ®J¯�­zúB¸2¬B°�´H¸¿²vð

û�®J¯;±Bý =W�
C
¬J0®E6>&=�5eES0

G(C)
¬B1 3#5K�<EB��7�E�Eµ.®:·E�C¦1I.2>-Q�7W=2;UTØ��185K�¼5K�<E#3�1 ©ªT&CFEN=®:K¸�ESL«5K3µ=W�

C
¤ ��7�185I5eE�>

[E]
¥'.v3

QPE�>xE�7S.�5�=2793«�
ë�ËYì_×QÎ4Ð�Ë�ÆQé�Ê�Ù4ËÒÎ>È>ÉFtiÎ4ËdÈ4ËYÐ�Ð#ÆQé�ìYÆbÖ+Ï;Æ³Ð�É�Ê�É�ÆbÈØÐ�ËdÅ�É�ËYÐ#ÆQé

A 	 Ö�Æ2ï0Î>ñ�ËYÐ�ó¿Ú�Ê�Ù4Ëkñ�ÆbÅ�ï4×QÈ 	 i¿òbñ�ï>ËdÅ#Ê�Ù4ËYÆbÅ�ËdÖ�(Ê�Ù>É�Ð)É�Ð#Ë«tiÎ>É � ×Qñ�ËdÈiÊ)Ê�Æ�ï>ËKÇ4È>É�È>Ì Ê�Ù4Ë#~DÅ�ÆbÊ�Ù4ËdÈ4ï0É�ËYì�o«Ì³Å�ÆbÎ>ÏØÊ�Æ+ó;Ë�Ê�Ù4ËÍ×Qó;Ëdñ�É�×QÈØÌ³Å�ÆbÎ>Ïßô�É�Ê�ÙßÊ�Ù4Ë�Æbó<s�ËYìdÊ�Ð)ÆQé
C
×bÐ�Ì�ËdÈ4ËdÅ�×QÊ�ÆbÅ�Ð�(�Ð�Î>ó<s%ËYìdÊ)Ê�ÆÑÊ�Ù4ËÒÅ�Ëdñ�×QÊ�É�ÆbÈ4Ð

0 → E′ → E → E′′ → 0 ⇒ [E] = [E ′] + [E′′],

ô�Ù4ËdÅ�Ë�Ê�Ù4ËÑñ�ËKéHÊ�Ù�×QÈ4ï8Ð�É�ï>Ë{É�ÐÍ×QÈiÚðË�*4×bìdÊ�Ð�Ë«tiÎ4ËdÈ4ìYË+ÆQé�Æbó<s�ËYìdÊ�ÐÒÉ�È
C
ÂÑë�ÚäÐ�Ï>ñ�É�Ê�Ê�É�È>ÌäË�*>×bìdÊÒÐ�Ë«tiÎ4ËdÈ4ìYËYÐÒôjË

Ì�ËdÊ)Ê�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>Ì

µ<©º¨�©�µwó�¸i»8½>®vð�© ,OE65
E1, . . . , En ∈ C

39;VL���5K�D.�5

0 → E1 → E2 → · · · → En → 0

1 3m.2>zESÎa.aL«5�3�ES¡6;ZE�>&L·E����O�<E�> ∑n
i=1(−1)i[Ei] = 0

�
Ñ8ËÍ×QÅ�ËÒÈ4Æ_ô É�È«Ê�Ù4ËÒÏ;Æ³Ð�É�Ê�É�ÆbÈßÊ�Æ+ï>ËKÇ4È4ËÒÊ�Ù4Ë�Æbó<s�ËYìdÊ�Ð�ôjË{×QÅ�Ë�É�È¿Ê�ËdÅ�ËYÐ�Ê�ËYïØÉ�È<Â

µ<©º¨�©�Àzº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5fôÜ:�Ek.2>Z²BXBE�Cp0u=W�¿L��<.27W.®L«5eE�7�14365818L�õd¬@>&=a5@>¶ESL·E93936.27�1 C³²u5K�<Eª3«.2©�E¾.v3�ö2� Ä =2CKCp=2��1 >DQ
,O.2>PQ ¤4÷Kø6ù ¬ »S»S» ¬húdû6¥µ��E�L�.2CKC@.u�<=2©µ=2©µ=27�T&�®143�©¹=W�m.®:·E�C¦1I.2>�Q27S=2;UT�3

c : G(C) → (K,+),

�h�VE�7SE ¤ ôk¬Éü\¥�0®E�>&=a5eE93m5K�<E�.a0a0218581K¢vE¿Q27W=�;�TØ=W�ªôk¬�.2> Ü�±�¹H¸¿®zÝ�·D¯�´º¬B²¿½>®JÞØ»å½>ý �



îBÆãË�*0Ï>Å�ËYÐ�Ð�Ê�Ù>É�Ð)ñ�ËYÐ�Ð�Ê�ËYì�Ù>È>É�ì_×Qñ�ñ�Úa(�×QÈ-
�Î>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��{Öã×QÏ c É�ÐD×QÈ¿Ú Öã×QÏ«éºÅ�ÆbÖ Ê�Ù4Ë�Æbó<s�ËYìdÊ�Ð)ÆQé
C
Ê�Æ

K
(0ô�Ù>É�ì�ÙäÉ�Ð)×bï>ï0É�Ê�É � ËÒô�É�Ê�ÙßÅ�ËYÐ�Ï;ËYìdÊ#Ê�Æ+Ë�*4×bìdÊ)Ð�Ë«tiÎ4ËdÈ4ìYËYÐ�É�È«Ê�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì ô�×_Ú

0 → E′ → E → E′′ → 0 ⇒ c(E) = c(E ′) + c(E′′).

Ñ8Ë{ô�É�ñ�ñ�(�ÆQéjìYÆbÎ>Å�Ð�Ë�(�ñ�×QÊ�ËdÅ�Ð�ËYË Ê�Ù�×QÊ�Ê�Ù4ËN
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ��ãì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì�ÆQé�×ãÏ>Å�ÆQÇ4È>É�Ê�ËÑÌ³Å�ÆbÎ>Ï É�ÐDÉ�È4ï>ËYËYï×QÈ-
�Î>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ�� Öã×QÏ<Â
è)ËdÊ�Î>Å�È>É�È>Ì�Ê�Æ�Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4ÐtôjË�ì_×QÈ�Å�Ëdô�Å�É�Ê�Ë�Ê�Ù4Ë�Ð�ËYìYÆbÈ4ï�Ï�×QÅ�ÊtÆQé�Ê�Ù4Ë�ñ�×bÐ�Ê�Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ+É�È+Ê�ËdÅ�Ö�ÐtÆQé

~�Å�ÆbÊ�Ù4ËdÈ4ï0É�ËYì�o�Ì³Å�ÆbÎ>Ï4Ð_Â�îBÆÑÐ�É�Ö+Ï>ñ�ÉuéºÚ�È4ÆbÊ�×QÊ�É�ÆbÈ ôjËDô�Å�É�Ê�Ë
G(G)

éVÆbÅ
G(Ck,G)

×QÈ4ï
G(G/U)

éºÆbÅ
G(Ck,G/U )

Â
î�Ù4Ë�È4Ë�*2Ê#ìYÆbÅ�Æbñ�ñ�×QÅ�Ú«É�Ð)×{Å�ËKéVÆbÅ�ÖÍÎ>ñ�×QÊ�É�ÆbÈðÆQépÊ�Ù4ËÍÐ�ËYìYÆbÈ4ï«Ï�×QÅ�Ê)ÆQé�Ê�Ù4Ë�ñ�×bÐ�Ê#Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ<Â
µ<©º¨�©4
¼ùÍ¯�®Q¯�¹º¹H½>®Jü4© Ä =27#E�¢2E�79²

U ∈ UG
5K�<E67SE#1 3m.µ>&.a58;P7S.2C/1K>�¸�ESL«581I=2>

ιU : G(G/U) ↪→ G(G).

Ñ8ËÒô�É�ñ�ñBï>ËdÈ4ÆbÊ�Ë�Ê�Ù4ËÍÐ�ËdÊ#ÆQé�×Qñ�ñ@
�Î>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��{Öã×QÏ4Ð�ÆQépÊ�Ù4Ë�ì_×QÊ�ËdÌ�ÆbÅ�Ú Ck,G
óiÚ

EPK(Ck,G)
(4ÆbÅhsfÎ4Ð�Ê

EP(G)
Â Ô ÆbÅ#Ê�Ù4ËYÐ�Ë�ô�Ë�Ð�Ê�×QÊ�ËÍ×Ñì�Ù�×QÅ�×bìdÊ�ËdÅ�Épýz×QÊ�É�ÆbÈ<Â

µ<©º¨�©F� ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© Ï >�AB;DCpE679GIHJ=21K>&L�.27�MR©µ.9T c ∈ EP(G)
143µ;D>Z1I¡6;VE6C¦²w0®E65eE�7�©N1 >¶ES0�:�²w.qL�=2CKCpESL�5818=2>

(cU )U∈UG

¬��h�VE�7SE
cU ∈ EP(G/U)

39;VL��}5K�<.�5f�«=27N.�C C
U ∈ UG

��1K5K�
V ≤ U

��E��<.2¢vE
cV ◦ ιU,V = cU

�
­#E�7�E

ιU,V : G(G/U) ↪→ G(G/V )
0®E�>x=�5eE93#5K�<EN>&.�58;D7W.2C\1K>�¸«E�L«5818=�>�0®EKXY>xE�0�.2>&.2Cp=�Qa=�;®3�C¦²R5�=

ιU
�97S=2©þC+.v365

L·=27W=�C Cp.27�²a�
·�®J¯�¯�â�© î�Ù�×QÊ)Ë � ËdÅ�Ú c ï>ËKÇ4È4ËYÐ�Ð�Î4ì�Ùð×ÑìYÆbñ�ñ�ËYìdÊ�É�ÆbÈØÉ�Ð#ìdñ�Ë_×QÅ_ÂjÔiÉ�È4ìYËÍË � ËdÅ�Ú�Ð�É�Ö+Ï>ñ�Ë G 	 Ö�Æiï0Î>ñ�Ë A ìYÆbÖ�ËYÐ

éºÅ�ÆbÖ ×
G/U 	 Ö�Æiï0Î>ñ�Ë{éVÆbÅÒÐ�ÆbÖ�Ë U ∈ UG

óiÚØÊ�Ù4Ë{ñ�×bÐ�ÊDÏ>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ/(�ôjËÑÖÍÎ4Ð�Ê�Ð�ËdÊ
c(A) := cU (A)

ÂÒî�Ù4Ë
ìYÆbÖ+Ö Î>Ê�×QÊ�É � É�Ê�ÚßÅ�Ëdñ�×QÊ�É�ÆbÈßÊ�Ëdñ�ñ�Ð)Î4Ð�Ê�Ù�×QÊ#Ê�Ù>É�Ð�É�Ð�ô�Ëdñ�ñBï>ËKÇ4È4ËYï�Â 2

í�� �h�Jÿ'�aáf�Y�Z���®ãgá¶�aá��D�2���®�
Ô ÆbÅÍ×�Ç�Ëdñ�ï

k
ÆQé�ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì

p > 0
Ð�ÆbÖ�ËÑÆQéjÊ�Ù4Ë#jnÈ>É�ìYË�l{Ï>Å�ÆbÏ;ËdÅ�Ê�É�ËYÐÒéV×QÉ�ñ�Ê�Ù�×QÊ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐÍÆ � ËdÅÒÇ�Ëdñ�ï>ÐÆQéDì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìRý_ËdÅ�ÆðÙ�× � Ë³Âåë�Å�×QÎ4ËdÅ+ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ðã×QÅ�Ë�jnñ�ÉuéºÊ�ÐWlãÉ�È¿Ê�Æ ×ØÇ�Ëdñ�ïÕÆQé�ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìRý_ËdÅ�Æ ×QÈ4ïf(É�È4ï>ËYËYïf(�Ù4Ëdñ�ÏßÅ�ËYÐ�Ê�ÆbÅ�ËÒÐ�ÆbÖ�ËÍÆQépÊ�Ù4ËÒï>ËYÐ�É�Å�ËYïßÏ>Å�ÆbÏ;ËdÅ�Ê�É�ËYÐ_Â

Ô Æbñ�ñ�Æ_ô�É�È>Ìq]�Ã�_BôjË�Öã×vo�ËÒÊ�Ù4ËDéºÆbñ�ñ�Æzô�É�È>Ì
µ<©�¶�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

R
:·EN.±0�143«L67SE«5eE#¢d.2C³;<.�581I=2>q7�1 >PQ���185K��¡«;<=�581�E�>�5&XBE�Cp0

K
¬Y©u.UÎ21 ©µ.2Cf1I0®ES.�C

℘
.2>&0

7�E93�1802;ZE�XBE�Cp0
k = R/℘

� » �
char(k) = p > 0

.�>&0 ¤ 1 >q.a0a0218581I=2>-5�=±5K�<E#0®EKXY>�1K581I=2>¼1K> ÷ æ ù ¥
char(K) = 0

¬
��E�L�.�C CO5K�VEm587�1ÓT&CpE

(R,K, k)
. ýBÝ�»8¯�°�±p¹à½>®ã¾Yü<¾Y­_¸i» � Í E�L�.2CKCO5K�<Em©µ.9T

R→ k, x 7→ x = x℘

®Q¸¿°�±�²³­z´H¯�¬!»å¯�°p±p¹H¯ ý �
µ<©�¶�©�¶ ÜªÈ<½4»8ý�¹à¸�©

(Zp,Qp,Fp)
143#.mTxGe©µ=�02;DC+.�7k39²v365eE�©����O�®1 3k��1KC C\:·EN5K�<E#©µ=v3�5�1K©�TV=27�5�.�>�5OT&Ge©µ=�02;DCp.27

3�²v3�5eE�©¨�«=27m=2;D7�T&;D7eT<=v3«E�3«�
n Æzô ôjËðÇV*�×¼Ï 	 Ö�Æ2ï0Î>ñ�×QÅßÐ�Ú0Ð�Ê�ËdÖ (R,K, k)

ÂÜÞ<ËdÊ
m

ó�Ëð×¼Ï�Æ³Ð�É�Ê�É � Ë É�È¿Ê�ËdÌ�ËdÅ«ô�É�Ê�Ù m = prm′
(

(p,m′) = 1
Â Ô Î>Å�Ê�Ù4ËdÅ�Ö�ÆbÅ�Ë�(�ñ�ËdÊ

ω
ó�Ë�×ÑÏ>Å�É�Ö+É�Ê�É � Ë m 	 Ê�Ù«Å�Æ2ÆbÊ#ÆQé�Ã�É�È K ×QÈ4ïßÊ�Ù4ËdÅ�ËKéºÆbÅ�ËÒÉ�È

R
ÂhÑ8ËÒÏ>Î>Ê

K ′ := K(ω), k′ := k(ω).

��ËdÈ4ÆbÊ�ËÒóiÚ
µK′

Å�ËYÐ�Ï<Â
µk′

Ê�Ù4Ë�Ð�ËdÊ#ÆQé
m 	 Ê�Ù«Å�ÆiÆbÊ�Ð)ÆQé�Ã�ìYÆbÈiÊ�×QÉ�È4ËYïßÉ�È K ′ Å�ËYÐ�Ï<Â k′ Â

µ<©�¶�©�µwó�¸i»8½>®vð�©�� ES02;VL«581I=2>w©µ=�02;DC+=kT�0®EKXY>¶E93#.u3�;P7K¸�ESL«581K¢vE#�D=2©µ=2©µ=27eT��®1 39©

µK′ → µk′ , ω 7→ ω

��185K�±ö2E�7�>xE�C
< ωp

r
>
�



î�Ù>É�Ð}É�Ðjìdñ�Ë_×QÅ_Â ) é
m
É�ÐtÈ4Æzô ×�Ï;Æ³Ð�É�Ê�É � Ë#É�È¿Ê�ËdÌ�ËdÅ�(2ô�Ù>É�ì�Ù�É�ÐtÈ4ÆbÊ�ï0É � É�ï>ËYïãó¿Ú+Ï/(�ô�Ë#Ì�ËdÊ�×QÈãÉ�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�ÖßÂÑ8ËÍï>ËdÈ4ÆbÊ�ËÒÊ�Ù4ËÒÉ�È � ËdÅ�Ð�ËÒÉ�Öã×QÌ�Ë�ÆQé ζ ∈ µk′

É�È
µK′

óiÚ
ζ̃
×QÈ4ïßì_×Qñ�ñ<É�Ê�Ê�Ù4Ë ¹º´HâN­ ÆQé

ζ
Â

n Æzô ô�Ë�×Qñ�Ð�Æ�Ù�× � ËÒ×QÈ�É�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö(ó;ËdÊ�ôjËYËdÈ Ê�Ù4Ë!~Ò×Qñ�ÆbÉ�Ð�Ì³Å�ÆbÎ>Ï4Ð
G(K ′/K)

×QÈ4ï
G(k′/k)

(0Ð�É�È4ìYËD×Qñ�ñ
K ′ 	 Å�ËYÐ�Ï<Â k′ 	 ×QÎ>Ê�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�ÐÒ×QÅ�Ë ï>ËdÊ�ËdÅ�Ö+É�È4ËYïðó¿ÚØÊ�Ù4ËdÉ�Å�×bìdÊ�É�ÆbÈ4Ð�ÆbÈ µK′

Å�ËYÐ�Ï<Â
µk′

Â�î�Ù>É�Ð)È4Æzô É�Ö+Ï>ñ�É�ËYÐ
Ê�Ù4ËÒéºÆbñ�ñ�Æzô�É�È>ÌãÅ�ËdÖã×QÅSo¶(>ô�Ù>É�ì�ÙßÉ�Ð�×QÈßÉ�Ö+Ï;ÆbÅ�Ê�×QÈiÊ)É�È>Ì³Å�ËYï0É�ËdÈiÊ)É�È«Ê�Ù4Ë�ï>ËKÇ4È>É�Ê�É�ÆbÈðÆQé�ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð_Â

µ<©�¶�©�Àzó�¸i»8½>®vð�©m» �m.u3�;P©þ=W�
ωi
? 3¾143!1K>

k
¬g5K�<E6>q5K�VE!7�E93�TZESL«581K¢vE�3�;P©¹=S�k5K�<E

ωi
? 3!143!1K>

R
�

è)ËdÊ�Î>Å�È>É�È>Ì�Ê�Æ+Ê�Ù4ËÍÐ�Ê�Î4ï0Ú�ÆQé�Ì³Å�ÆbÎ>Ï4Ð#ô�Ë�Ç4Å�Ð�Ê�Ù�× � ËÒÊ�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì

µ<©�¶�©4
 ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
G
:�Eµ.�Xg>Z1K5eE¿Q27S=2;UTf� Ä =27�E6¢vE�7�²

g ∈ G
5K�<E�7�Eu.27�E#;D>Z18¡«;VE

s, u ∈< g >
��1K5K�

5K�VE�Tx7W=9TZE�7�581�E93�£
(p, ord(s)) = 1

¬
ord(u)

1 3!.
p
GFT<=2��E�7�.2>&0

g = su = us
�

·�®J¯�¯�â�©
ord(g) = pnm

ô�É�Ê�Ù
(p,m) = 1

ÂBî�Ù4ËdÅ�ËKéVÆbÅ�ËtÊ�Ù4ËdÅ�Ëj×QÅ�ËtÉ�È¿Ê�ËdÌ�ËdÅ�Ð
a, b

Ð�Î4ì�ÙÍÊ�Ù�×QÊ
apn+bm = 1

Â
Ô2ËdÊ

u := gbm
×QÈ4ï

s := gap
n Âtî�Ù4ËYÐ�Ë�ìdñ�Ë_×QÅ�ñ�Ú�Ð�×QÊ�É�Ð%éHÚ Ê�Ù4ËDÏ>Å�ÆbÏ;ËdÅ�Ê�É�ËYÐ_ÂB~DÉ � ËdÈØ×QÈ¿Ú ÆbÊ�Ù4ËdÅ#Ð�Î4ì�Ù«Ï�×QÉ�Å u′, s′ (ô�Ë+Ù�× � Ë u′u−1 = ss′−1 Â�ÔiÉ�È4ìYËã×Qñ�ñtËdñ�ËdÖ�ËdÈ¿Ê�Ð ìYÆbÈ4ìYËdÅ�È4ËYï8ìYÆbÖ+ÖÍÎ>Ê�Ëãô�É�Ê�ÙåÆbÈ4Ë�×QÈ4ÆbÊ�Ù4ËdÅ ×bÐ�Ê�Ù4ËdÚ ×QÅ�Ë+É�È

< g >
(¿Ê�Ù4ËDÆbÅ�ï>ËdÅ�ÆQé<Ê�Ù4Ë)ñ�ËKéºÊjÙ�×QÈ4ï�Ð�É�ï>Ë)É�Ðjï0É � É�Ð�É�ó>ñ�Ë�ó¿Ú ×ÍÏ;ÆzôjËdÅ�ÆQé p [HÉ�È4ìdñ�Î4ï0É�È>Ì ÃU`j×QÈ4ï Ê�Ù4Ë#Å�É�Ì³Ù¿Ê�Ù�×QÈ4ïÐ�É�ï>ËÒÉ�Ð�È4ÆbÊ_Âtî�Ù4ËdÅ�ËKéVÆbÅ�Ë

s = s′
×QÈ4ï

u = u′
Â

2

µ<©�¶�©F�wº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
G
.�Qa.21K>�:�E�.�Xg>Z1K5eEªQ27S=2;UT�.�>&0¾T�.!T&7�1 ©�E��

• Ï >qE�CFE�©�E�>�5 g ∈ G
1 3mL�.2CKCpES0R. ýBÝ�¸i¹H¸i»å¸i¬;­ 1 �¾185K3k=�7W0®E67m1 3!.kT<=2��E67#=W�

p
�

• Ï >RE6CpE�©�E�>&5 g ∈ G
143�L�.2CKCFES0µ. ý�� Ý�¸i¹H¸2»8¸i¬;­ =27¿. ýBÝ�®J¸iû�±p¹H½>® E�CpE6©µE6>�5\1 �J185K3�=27W0PE�7�1 3�>&=�5\021 ¢U143�1I:�CFE

:�²
p
�

•
�O�<E!3«E65�=W�m.2CKCDT&Ge7�EIQ2;DCp.27uE6CpE�©�E�>&5K3k1 >

G
1 3m0®E�>&=a5eES0

Greg
�

• s
.2>&0

u
��7W=2©¹5K�<E!Cp.v365¶T&7S=9T<=v3�1K581I=2>w.27�E#L·.2C CFES0'5K�<E ý�� Ý�²¿¯�»8ý}¯�¬�¸i¬;­ 7�E93�Tf�¿5K�VE ýBÝ�²�¯;»8ýt¯;¬B¸2¬;­ =W�

g
�

Ñ8ËÒÈ4Æ_ô Ì�ËdÈ4ËdÅ�×Qñ�Épý_ËÍÊ�Ù>É�Ð#È4ÆbÊ�É�ÆbÈßÊ�ÆÑÏ>Å�ÆQÇ4È>É�Ê�ËÍÌ³Å�ÆbÎ>Ï4Ð_Â

µ<©�¶�©Hæ-º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5�§ >&=2� :�ER.µT&7S=WXY>�1K5eENQ27S=2;UT .2>&0µTr.µT&7�1 ©�E�� Ï >ÚE�CFE�©�E�>�5 g ∈ G
1 3�L�.2CKCFES0

ýBÝ�®Q¸¿û�±p¹H½>® 1 �µ1K5K3µ1K©µ.�Q®E±;D>&0®E67±.2CKCg>&.a58;P7S.2CfTx7W=W¸�ESL«581I=2>V3
G → G/U

�«=27
U ∈ UG

1 3!T&Gå7SEIQ�;PCp.27'1 >�5K�<E
.P:S=2¢vE#3�E�>V3�E��N�O�<Ek3«E65B=W�m.2CKCDT&Ge7�EIQ2;DC+.�7uE�CFE�©�E�>�5K3#143k.�Qa.21K>z0®E�>&=a5eES0

Greg
�

) È Ê�Ù4Ë�ñ�×QÈ>Ì³Î�×QÌ�ËÒÆQépÐ�Î>Ï;ËdÅ�È�×QÊ�Î>Å�×Qñ�ÈiÎ>ÖÍó�ËdÅ�Ð�×QÈ«Ëdñ�ËdÖ�ËdÈ¿Ê
g
É�Ð�É�È

Greg
Éuép×QÈ4ï«ÆbÈ>ñ�ÚãÉuépÉ�Ê�Ð�ÆbÅ�ï>ËdÅ�É�Ð�È4ÆbÊ

ï0É � É�Ð�É�ó>ñ�ËÒóiÚ p ÂÑ8ËÍÙ�× � Ë lim
←

(G/U)reg = Greg
(�éºÅ�ÆbÖõô�Ù>É�ì�ÙðôjË ìYÆbÈ4ìdñ�Î4ï>ËÍÊ�Ù�×QÊ

Greg
É�Ð�ìYÆbÖ+Ï�×bìdÊ�(�×bÐ�×+Ï>Å�Ævs�ËYìdÊ�É � Ëñ�É�Ö+É�Ê�ÆQé�ìYÆbÖ+Ï�×bìdÊDÐ�Ï�×bìYËYÐ�É�Ð#ìYÆbÖ+Ï�×bìdÊ#[ºìKé�Â�]SÛd_e( )	� (�
�Áa`KÂ

Þ<ËdÊ{éºÆbÅ{Ê�Ù4Ë�Ö�ÆbÖ�ËdÈ¿Ê
G
ó;ËãÇ4È>É�Ê�Ë«×QÌ¿×QÉ�È ×QÈ4ï

E ∈ Ck,G
×ßÇ4È>É�Ê�Ë«ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ

G 	 Ö�Æiï0Î>ñ�Ë³Â Ô ÆbÅ�×Ï 	 Å�ËdÌ³Î>ñ�×QÅ#Ëdñ�ËdÖ�ËdÈiÊ g ∈ G
ÆQé�ÆbÅ�ï>ËdÅ

m
Ê�Ù4Ë � ×Qñ�Î4Ë�ÆQé<É�Ê�Ð�ì�Ù�×QÅ�×bìdÊ�ËdÅ χE(g)

É�Ð�× Ð�Î>Ö ÆQé
m 	 Ê�Ù Å�Æ2ÆbÊ�Ð�ÆQéjÃ)É�È

k
Âtè�ËdÖã×QÅSo ç0ÂSÁ0Â ÓãÊ�Ù¿Î4Ð�×Qñ�ñ�Æzô#Ð#Î4Ð�Ê�Æ�ñ�ÉuéHÊ�Ê�Ù>É�Ð � ×Qñ�Î4Ë³Â

µ<©�¶�©FÕwº«¸�þ�¬p´�­z´H¯;¬t© Í E�0PEKXY>xE�5K�<E
� ®Q½4±B¸i®ä²búB½>®Q½>²³­_¸i® =W��5K�VE
G
Gå©µ=�02;DCpE

E ∈ Ck,G
��1K5K��L��D.�7W.aL�5eE�7

χE
:�²

φE : G→ R, g 7→ {

∑
i λ̃i

�«=27
g ∈ Greg

��1K5K�
χE(g) =

∑
i λi

0
�«=27

g 6∈ Greg

î�Ù4Ë�éN×bìdÊÑ×Qñ�Å�Ë_×bï0Ú¼Ð�Ê�×QÊ�ËYï8É�È�Ê�Ù4Ëãñ�×bÐ�Ê Ð�ËYìdÊ�É�ÆbÈ/(�Ê�Ù�×QÊ{Ê�Ù4Ë�×bìdÊ�É�ÆbÈ�Öã×QÏÕÆQé�×QÈ¿Ú8Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈÕô�É�Ê�Ù
Ö�Æ2ï0Î>ñ�Ë�É�È

Ck,G
ÆQé�Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4Ð�É�Ð�ñ�Æ2ì_×Qñ�ñ�Ú{ìYÆbÈ4Ð�Ê�×QÈ¿Ê�(i×Qñ�ñ�Æzô#ÐtÎ4Ð�Ê�ÆÒË�*0Ê�ËdÈ4ï+Ê�Ù>É�Ð�ï>ËKÇ4È>É�Ê�É�ÆbÈ�×bÐpéVÆbñ�ñ�Æ_ô#Ð��



µ<©�¶�©�ÿwº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
G
:�E�.!T&7S=WXY>Z185eE�Q27S=2;UT�.2>&0

E ∈ Ck,G
.�021 36L67�E65eE

G
Ge©µ=�0�;PCFE#��1K5K�R.aL«581I=2>¼©µ.9T

:·E�1 >DQuL�=2>V365�.2>�5@©u=U02;PCp=
U
�6=27�3«=2©�E

U ∈ UG
3�;<L��µ5K�D.a5

E
1 3�.�CÓ3«=�.

G/U
Gå©µ=�02;DCpE9¬g0®E6>&=�5eES0

EU
� Ð EKXY>¶E5K�VE�� ®Q½4±B¸i®ã²búB½>®Q½>²³­_¸i®

φE : G→ R, g 7→ {
φEU

(gU )
�6=�7

g ∈ Greg
0

�6=�7
g 6∈ Greg

�h�VE�7SE
gU

1 3!5K�<Em1 ©µ.�Q®E�=W�
g
;D>&0®E�7m5K�VEk>x.�58;P7S.2C<Tx7W=W¸�ESL«581I=2>

G→ G/U
�

î�Ù4Ëðë�Å�×QÎ4ËdÅ«ì�Ù�×QÅ�×bìdÊ�ËdÅ É�Ð�ôjËdñ�ñÒï>ËKÇ4È4ËYï�Â Þ<ËdÊ Î4Ð Ð�Î>Ï>Ï�Æ³Ð�ËßÊ�Ù�×QÊ Ê�Ù4Ë ×bìdÊ�É�ÆbÈ Öã×QÏ É�Ð«×Qñ�Ð�Æ¼ñ�Æiì_×Qñ�ñ�Ú
ìYÆbÈ4Ð�Ê�×QÈ¿Ê{Ö�Æiï0Î>ñ�Æ

V
éVÆbÅ

V ∈ UG
Â î�Ù4ËdÈ

G/U
×QÈ4ï

G/V
×bìdÊ{ÆbÈ

E
É�È8Ê�Ù4Ë�Ð�×QÖ�Ë+ô�×_Úa(�Ö�Ë_×QÈ>É�È>ÌØéVÆbÅ

x ∈ E
ô�ËÒÙ�× � Ë

sx = sUx = sV x (∀x ∈ E,∀s ∈ Greg).
î�Ù4ËdÅ�ËKéVÆbÅ�Ë�Ê�Ù4ËªjnÎ4Ð�Î�×Qñ+lÒì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐD×QÅ�Ë�Ê�Ù4ËÍÐ�×QÖ�Ë�×QÈ4ï«Ù4ËdÈ4ìYË�Ð�Æ�×QÅ�Ë�Ê�Ù4ËdÉ�Å#ñ�ÉuéHÊ�ÐzÂ

Ñ8ËÍ×Qñ�Ð�ÆÑÏ�ÆbÉ�È¿Ê)ÆbÎ>Ê#Ê�Ù�×QÊ)Ê�Ù>É�Ð#ï>ËKÇ4È>É�Ê�É�ÆbÈØÉ�Ð#Ë«tiÎ>É � ×Qñ�ËdÈ¿Ê#Ê�Æ+Ê�Ù4ËÍÆbÈ4Ë�Î4Ð�ËYï«ó¿ÚßÔ2ËdÅ�Å�ËÒÉ�È�]^�d_nÂ
î�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>ÌãÅ�ËdÖã×QÅSo É�Ð)×Ñï0É�Å�ËYìdÊ)ìYÆbÈ4Ð�Ë«t¿Î4ËdÈ4ìYË�ÆQé�Ê�Ù4Ë�ï>ËKÇ4È>É�Ê�É�ÆbÈ<Â

µ<©�¶�©º¨D�wó�¸i»å½>®dð�© �O�<E���7W.2;ZE�7uL��D.27S.aL«5eE67·3�.�7SEmCp=�L�.2CKC¦²RL�=2>Z3�5�.2>�5��9;D>&L«581I=2>V3
G→ R

�
n Ë�*0Ê�ôjË�ìYÆbñ�ñ�ËYìdÊDÐ�ÆbÖ�Ë�ó�×bÐ�É�ìÒÏ>Å�ÆbÏ�ËdÅ�Ê�É�ËYÐ)ÆQé�ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐzÂ

µ<©�¶�©º¨�¨Ø·Í®J¯�ýt¯�¾z´à­z´H¯�¬}© ,OE65¿§Ò:�EN.!T&7S=WXY>Z185eEªQ27W=�;�TØ.2>x0
E,E′, E′′ ∈ Ck,G

�N�O�<E�>
¤ 1¦¥

φE(1) = dimk(E)

¤ 1K1¦¥
φE(t−1st) = φE(s)

�«=27m.2CKC
s, t ∈ G

�
φE

5K�<E�7�EK�«=27SE#1 3m.'L6C+.23·3��9;D>&L«581I=2>x�
¤ 1 1K1¦¥r§�1K¢vE�>¼.2>}E�Îa.aL«5h3�ES¡6;ZE�>&L·E

0 → E′ → E → E′′ → 0
¬���Eª�D.2¢vE

φE = φE′ +φE′′

���O�®1 3�1 ©ªT&C³1�E93ª1K>
T<.276581IL6;PCp.27!5K�D.�5

φE
=2>ZC³²u0PEeTVE�>&023k=�>¼5K�<EkL·=2©ªT<=v3918581I=2>m�«.aL«5�=2793k=W�

E
� » >}=�5K�<E�7!�g=27S0v39¬h��E!7SE�L·E�1K¢vE

.���E�C CO0PEKXY>xES0±©µ.9T
G(Ck,G) → R

�
¤ 1 ¢S¥

φ(E⊗kE′) = φE φE′

¤ ¢S¥ Ä =�7
g ∈ G

��185K��0®ESL�=2©ªT<=239185818=2>u��7S=2© T&7S=9T<=v3�1K581I=2>��P���D���
g = su

��E!�<.2¢vE

χE(g) = φE(s),

�h�<E�7�E
χE

143k5K�<E��4;P39;V.2C��ªL��<.27W.®L«5eE�7u=W�
E
�

¤ ¢�1Ó¥�,OE«5
k = Fp

� Ä =27
s ∈ Greg

��E!�<.2¢vE
χE(s) = χE(sp)

.2>x0
φE(s) = φE(sp)

�
¤ ¢�1K1Ó¥�,OE«5

H
:·Em.�XY>Z185eE ¤ L«C+=v3�ES0�¥N39;Z:IQ27S=2;UT�=W�

G
� Ð E�>x=�5eE#:6² EH 5K�<E¾39;Z:�©µ=�02;DCpEgX@Î®E�0±:�²�.�C COE�CFE�©�E�>�5K3

=W�
H
���O�VE�>

dimk(E
H) =

1

|H|

∑

h∈H

φE(h).

·�®J¯�¯�â�© Ô É�Å�Ð�Ê�ô�Ë Å�ËdÖã×QÅSoäÊ�Ù�×QÊ�É�ÊÒÐ�Î<�ãìYËYÐDÊ�Æ�ìYÆbÈ4Ð�É�ï>ËdÅ�Ê�Ù4ËÑì_×bÐ�Ë ÆQé�×+Ç4È>É�Ê�Ë{Ì³Å�ÆbÎ>Ï
G
(�éºÆbÅDôjË{Ù�× � Ëï>ËKÇ4È4ËYïØÊ�Ù4Ë � ×Qñ�Î4Ë ×QÊ g ∈ G

óiÚ Ê�Ù4Ë�ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÆQé�Ê�Ù4ËÒÉ�Öã×QÌ�Ë�ÆQé
g
É�ÈØ×{Ç4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï

G/U
Â

[HÉ ` î�Ù4ËÍë�Å�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ù4ËdÅ�Ë É�Ð)ìdñ�Ë_×QÅ�ñ�ÚßÊ�Ù4Ë Ð�Î>Ö ÆbÈ
dimk(E)

Ã�|[Ð�Ð�É�È4ìYËÍÊ�Ù4ËÍËdÈ4ï>ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö ìYÆbÅ 	Å�ËYÐ�Ï�ÆbÈ4ï0É�È>Ì�Ê�Æ«Ã�É�Ð�Ê�Ù4ËÒÉ�ï>ËdÈiÊ�É�ÊnÚ�Â
[HÉ�É `«÷�È�×Qñ�ÆbÌ�ÆbÎ4Ð�ñ�ÚäÊ�ÆßÊ�Ù4Ë+Ï>Å�ÆiÆQé�É�Èåì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì�ý_ËdÅ�ÆßÊ�Ù4Ë

λi
×QÏ>Ï�Ë_×QÅ�É�È>ÌØÉ�È

χE(s)
ÆbÈ>ñ�Ú ï>ËdÏ;ËdÈ4ï8ÆbÈ

Ê�Ù4ËÒìYÆbÈ2s%Î>Ì¿×bìdÚ ìdñ�×bÐ�Ð#ÆQé
s
×QÈ4ï«Ê�Ù4ËdÅ�ËKéVÆbÅ�Ë�Ð�Æ+ï>ÆÑÊ�Ù4ËdÉ�Å#ñ�ÉuéºÊ�Ð_Â

[HÉ�É�É `«÷DÐ�É�ÈØì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìmý_ËdÅ�Æ>Â
[HÉ � ` ÷DÐ�É�ÈØì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìmý_ËdÅ�Æ>Â



[ � ` ë�Ú{ï>ËKÇ4È>É�Ê�É�ÆbÈ�ôjË#Ù�× � Ë χE(s) = φE(s)
Âpî�Ù4Ë)Å�ËYÐ�Ê�éVÆbñ�ñ�Æ_ô#Ð}ó;ËYì_×QÎ4Ð�Ë�×QÈ¿Ú�Ëdñ�ËdÖ�ËdÈ¿Ê�ÆQé

End(E)
ô�É�Ê�Ù

ÆbÅ�ï>ËdÅ�× Ï;ÆzôjËdÅ�ÆQé
p
Ù�×bÐ�(�ô�Å�É�Ê�Ê�ËdÈ É�È Î>Ï>Ï�ËdÅ�ï0É�×QÌ�ÆbÈ�×Qñ�éºÆbÅ�Ö�(�ÆbÈ>ñ�Ú�Ã�|[ÐÒÆbÈðÊ�Ù4ËÑï0É�×QÌ�ÆbÈ�×Qñ�(p×bÐ�Ê�Ù4ËdÅ�Ë

×QÅ�Ë�È4Æ�ÆbÊ�Ù4ËdÅ
p 	 Ê�Ù«Å�Æ2ÆbÊ�Ð#ÆQé�Ã³Âtî�Ù4ËdÅ�ËKéVÆbÅ�Ë χE(s) = χE(su)

Â
[ � É ` Ô ÆbÅ λ ∈ Fp

ô�ËÒÙ�× � ËÒÊ�Ù�×QÊ λp = λ
Âtî�Ù4ËdÅ�ËKéVÆbÅ�Ë

χE(s) =
∑

i

λi =
∑

i

λpi = χE(sp).

î�Ù¿Î4Ð)Ê�Ù4ËdÉ�Å�ñ�ÉuéHÊ�Ð�×QÅ�ËÍ×Qñ�Ð�Æ+Ë«tiÎ�×QñNÂ
[ � É�É ` ÷DÐ�É�ÈØì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìmý_ËdÅ�Æ>Â

2

í�� íh����ãg� �Y�!�<�Oàr�J�O�2�����e�O�Âàrá¶�°áf��� áf� á¶�g�#"e�$�<áx�a���@�
) ÈØÊ�Ù>É�Ð�Ð�ËYìdÊ�É�ÆbÈäôjË É�È¿Ê�Å�Æ2ï0Î4ìYË{Ê�Ù4Ë ï>ËYìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈðÖã×QÏ/(�ô�Ù>É�ì�Ù8×Qñ�ñ�Æ_ô#ÐDÎ4Ð)Ê�ÆujnÖ�Æ � Ë�l éHÅ�ÆbÖ G 	 Ö�Æiï0Î>ñ�ËYÐÆ � ËdÅ K Ê�Æ«ÆbÈ4ËYÐ�Æ � ËdÅ k (BÊ�Ù4ËdÉ�Å¿j�ï>ËYìYÆbÖ+Ï;Æ³Ð�É�Ê�É�ÆbÈ4ÐWl�ÂuÑ8Ë+ô�É�ñ�ñtËYÐ�Ê�×Qó>ñ�É�Ð�Ùå×�Å�Ëdñ�×QÊ�É�ÆbÈåó�ËdÊnôjËYËdÈåÊ�Ù4Ë�jnÎ4Ð�Î�×Qñ+lì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐÑÆ � ËdÅ K ×QÈ4ïåÊ�Ù4Ëãë�Å�×QÎ4ËdÅ ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐÑÆQé�Ê�Ù4ËdÉ�Å{ï>ËYìYÆbÖ+Ï;Æ³Ð�É�Ê�É�ÆbÈ4Ð_Â«î�Ù>É�ÐÍô�Ë�ô�É�ñ�ñ�ï>ÆßÉ�È¼Ð�ÆbÖ�Ë
Ì�ËdÈ4ËdÅ�×Qñ�É�Ê�Ú�Â

Ô É+*ä×�Ï 	 Ö�Æiï0Î>ñ�×QÅ�Ð�Ú0Ð�Ê�ËdÖ (R,K, k)
(;ô�Ù4ËdÅ�Ë

K
É�ÐD×ÑÇ4È>É�Ê�Ë{Ë�*2Ê�ËdÈ4Ð�É�ÆbÈäÆQé

Qp
(�×QÈ4ïð×+Ï>Å�ÆQÇ4È>É�Ê�Ë Ì³Å�ÆbÎ>Ï

G
ÂYÑ8ËÒô�É�Ð�Ù«Ê�Æ�ï0Å�ÆbÏ«Ê�Ù4ËÍ×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈØÆQé�ï0É�Ð�ìdÅ�ËdÊ�ËdÈ4ËYÐ�Ð�éVÆbÅ#ÆbÎ>Å#Ö�Æ2ï0Î>ñ�ËYÐ#Æ � ËdÅ K éºÆbÅ�Ê�Ù4Ë�Ê�É�Ö�ËÒó�ËdÉ�È>Ì4Â

µ<©�µ�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
MK,G

:�E¿5K�<E¾L�.a5eEIQa=27�²�=W�OXg>Z1K5eE¿021K©�E�>V3�18=2>x.2C
K
Gå¢vESL«5�=�7ª3eT<.aL·E�3·¬�E�>&0a=���ES0���1K5K�

5K�VE¿;PC+587S.2©�E658791ILk5�=�T<=2Cp=�Q2²�L�=2©N1K>PQ���7W=�©Ü5K�VE!021 36L67�E65eE¾¢v.2C¦;V.�581I=2>�7�1 >DQ
R
¬Y=2>R�h�®1IL��

G
.aL«5K3¾L·=2>�581K>Z;<=�;®3�C¦²®�

µ<©�µ�©�¶qº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
E ∈ MK,G

�
L ⊆ E

1 3m.2>
R
Ý�¹H½0­Y­z´H²�¸ ¯�â

E
¬�1 �

•
,�1 3!.�XY>Z185eE�C³²mQ®E�>xE�7S.�5eES0

R
Ge39;Z:�©µ=�02;DCpE�=W�

E
39;VL��R5K�D.�5

L⊗RK = KL = E
¤ .2CKC+=2��1K>PQ�0®E�>&=2©N1KG

>&.�5�=�7·3å¥

• L
143¿3�5�.®:6CpE#;D>&0®E�7#5K�<E�.aL«581I=2>q=S�

G
�

µ<©�µ�©�µwó�¸i»8½>®vð�© ,OE65
E ∈ MK,G

.2>&0
L
.�>

R
GåC+.�5I581IL·EN=W�

E
�

• L
143k.ª�97�E�E

R
Ge©µ=�02;DCFE��

• χM(g) = χL(g)
�«=27m.2CKC

g ∈ G
¬g�h�VE�7SE

χM
.2>&0

χL
0®E�>&=a5eEm5K�VE#L6�D.27S.aL«5eE�793N=W�

M
7�E93�T/�

L
�

·�®J¯�¯�â�©
L
×bÐ × Ð�Î>ó>Ö�Æ2ï0Î>ñ�ËßÆQéÒ× � ËYìdÊ�ÆbÅãÐ�Ï�×bìYË«É�ÐãÊ�ÆbÅ�Ð�É�ÆbÈ éºÅ�ËYË�(�×QÈ4ïf(�×bÐ�èõÉ�Ðã× Ï>Å�É�È4ìdÉ�Ï�×Qñ)É�ï>Ë_×Qñ

ï>ÆbÖã×QÉ�È/(4éHÅ�ËYË³Â
î�Ù4ËÍÖã×QÊ�Å�É+*ä×bÐ�Ð�ÆiìdÉ�×QÊ�ËYïØ[Hô�É�Ê�ÙäÅ�ËYÐ�Ï�ËYìdÊ)Ê�Æ Ð�ÆbÖ�Ë�ó�×bÐ�É�Ð)ÆQé

L
`�Ê�Æ�Ê�Ù4ËÍËdÈ4ï>ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö ÆQé

x 7→ gx
éºÆbÅ

x ∈ L
×Qñ�Ð�Æ�Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�ÐjÊ�Ù4ËD×bìdÊ�É�ÆbÈ�ÆQé

g
ÆbÈ

M
ô�É�Ê�Ù�Å�ËYÐ�Ï;ËYìdÊjÊ�Æ�Ê�Ù4Ë�Ð�×QÖ�Ë#ó�×bÐ�É�Ð�ËdÖÍó�ËYï>ï>ËYï É�È

M
Â�i�ËdÈ4ìYË

Ê�Ù4ËÍÐ�ËYìYÆbÈ4ï«Å�ËYÐ�Î>ñ�Ê_Â
2

µ<©�µ�©�À8·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© Ä =27#.2>Z²
E ∈ MK,G

.2>
R
GeCp.�5I581IL·E

L
ESÎ21 3�5K3«�

·�®J¯�¯�â�© Ä�É�ì·oØ×
K 	 ó�×bÐ�É�Ð {e1, . . . , en} ÆQé E ×QÈ4ïßÏ>Î>Ê

N :=< e1, . . . , en >R
É�Ê�Ð

R 	 Ð�Ï�×QÈ<Â}î�Ù>É�Ð�É�Ð)É�ÈÌ�ËdÈ4ËdÅ�×Qñ�È4ÆbÊ
G 	 Ð�Ê�×Qó>ñ�Ë³Â}î�Ù4ËdÅ�ËKéVÆbÅ�ËÒô�Ë�ìYÆbÈ4Ð�É�ï>ËdÅ#Ê�Ù4Ë�Ð�Î>ó>Ì³Å�ÆbÎ>Ï

U := {g ∈ G | gN ⊆ N}.

��ËdÈ4ÆbÊ�ËÒóiÚ
αi
Ê�Ù4Ë�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4ÐDÖã×QÏ

G→ E, g 7→ gei
Â�Ñ8ËÒìdñ�Ë_×QÅ�ñ�Ú Ù�× � Ë

U =

n⋂

i=1

α−1
i (N).



Ô Å�ÆbÖ Ì�ËdÈ4ËdÅ�×Qñ#éN×bìdÊ�Ðã×Qó�ÆbÎ>Ê�Î>ñ�Ê�Å�×QÖ�ËdÊ�Å�É�ì � ËYìdÊ�ÆbÅ�Ð�Ï�×bìYËYÐ+ô�Ë�o2È4Æ_ô Ê�Ù�×QÊ
N ⊆ E

É�ÐãÆbÏ;ËdÈ<Â î�Ù4ËdÅ�ËKéºÆbÅ�Ë
U ⊆ G

É�Ð#ÆbÏ�ËdÈ<Âtî�Ù>É�Ð�Ú2É�Ëdñ�ï>Ð)×Ñï>ËYìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈäÆQé
G
É�ÈiÊ�Æ�ìYÆ³Ð�ËdÊ�Ð�Ö�Æ2ï0Î>ñ�Æ

U
�

G =
m⋃

j=1

gjU

éVÆbÅ�Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É � ËYÐ gj Â n Æ_ô ô�Ë#Ð�ËdÊ
li :=

∑m
j=1 gjei

×QÈ4ï
L :=< l1, . . . , ln >R

(³ô�Ù>É�ì�ÙãóiÚ{ìYÆbÈ4Ð�Ê�Å�Î4ìdÊ�É�ÆbÈ
É�Ð)Ð�Ê�×Qó>ñ�ËÒÎ>È4ï>ËdÅ#Ê�Ù4ËÍ×bìdÊ�É�ÆbÈäÆQé

G
Â

2

÷)ÈiÚ
R 	 ñ�×QÊ�Ê�É�ìYË L ì_×QÈßÈ4Æzô ó�ËÒÅ�ËdÌ¿×QÅ�ï>ËYïä×bÐ)×

G 	 Ö�Æiï0Î>ñ�Ë Æ � ËdÅ k (4ô�Ù>É�ì�ÙØô�Ë�ï>ËdÈ4ÆbÊ�Ë L (>ó¿Ú Å�ËYï0Î4ìdÉ�È>ÌÐ�ì_×Qñ�×QÅ�Ð#Ö�Æ2ï0Î>ñ�ÆÑÏ%�
L = L⊗R k = L/℘L.

Ô Å�ÆbÖ ÆbÎ>Å ×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈ4ÐãÆbÈ Ê�Ù4Ë«Ï 	 Ö�Æ2ï0Î>ñ�×QÅ Ð�Ú2Ð�Ê�ËdÖ ôjË«Ì�ËdÊ�Ê�Ù�×QÊ
L
Ù�×bÐ�Ê�Ù4ËØï0É�Ð�ìdÅ�ËdÊ�Ë«Ê�ÆbÏ�Æbñ�ÆbÌ³Ú ×QÈ4ï

Ê�Ù4ËdÅ�ËKéVÆbÅ�ËÒÉ�Ð)×QÈäËdñ�ËdÖ�ËdÈ¿Ê�ÆQé
Ck,G

Â
Ñ8Ë«Å�ËYì_×Qñ�ñ�Ê�Ù�×QÊ�ôjËØï>ËdÈ4ÆbÊ�Ë«ó¿Ú

[A]
Ê�Ù4Ë«É�Öã×QÌ�ËßÆQéDÊ�Ù4Ë

G 	 Ö�Æ2ï0Î>ñ�Ë A É�È Ê�Ù4Ë¼~�Å�ÆbÊ�Ù4ËdÈ4ï0É�ËYì�o Ì³Å�ÆbÎ>Ï
G(Ck,G)

Â

µ<©�µ�©4
 ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
E ∈ MK,G

��185K��58�g=
R
GeCp.�5I581IL·E93

L,M
�Â�O�<E�>

L
.2>x0

M
�D.�¢vER5K�<E±36.2©�E

L·=2©ªT<=v3918581I=2>N�6.aL�5�=27·3m=2¢2E�7
k
¬Y1�� E��

[L] = [M ]
�

·�®J¯�¯�â�©

•
Ð�Ï�ËYìdÉ�×Qñ<ì_×bÐ�Ë&�

℘L ⊆M ⊆ LiDËdÈ4ìYË
℘M ⊆ ℘L ⊆ M ⊆ L

Â{î�Ù4ËdÅ�ËKéVÆbÅ�Ë
L/M

×QÈ4ï
℘L/℘M

ì_×QÈ ó;ËÑÅ�ËdÌ¿×QÅ�ï>ËYïå×bÐ�É�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�ì
G 	 Ö�Æ2ï0Î>ñ�ËYÐ)Æ � ËdÅ k Â) Ê�É�Ð)ìdñ�Ë_×QÅ#Ê�Ù�×QÊ#Ê�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì�Ð�Ë«t¿Î4ËdÈ4ìYËÒÆQé

G 	 Ö�Æ2ï0Î>ñ�ËYÐ)Æ � ËdÅ k É�Ð#Ë�*4×bìdÊ_Â

0 → ℘L/℘M →M/℘M → L/℘L→ L/M → 0

î�Ù4ËdÅ�ËKéVÆbÅ�ËÒôjËÒÅ�ËYìYËdÉ � Ë

[℘L/℘M ] − [M/℘M ] + [L/℘L] − [L/M ] = 0

ó¿Ú+Å�ËdÖã×QÅSoãç0Â�Ã³ÂSç0Â�î�ÙiÎ4Ð
[M/℘M ] = [L/℘L]

×QÈ4ïãÊ�Ù4Ë#Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ É�ÐjÏ>Å�Æ � ËYï É�ÈãÊ�Ù>É�Ð�Ð�Ï�ËYìdÉ�×Qñ�ì_×bÐ�Ë³Â

•
Ì�ËdÈ4ËdÅ�×QñBì_×bÐ�Ë&� Þ<ËdÊ

< m1, . . . ,mn >R
ó;ËÒ× Ì�ËdÈ4ËdÅ�×QÊ�É�È>Ì�Ð�ËdÊ�éºÆbÅ

M
Â Ô Å�ÆbÖøÊ�Ù4ËDÅ�Ëdñ�×QÊ�É�ÆbÈ

M ⊆ KL
(

ôjËÑìYÆbÈ4ìdñ�Î4ï>Ë+Ê�Ù�×QÊ�Ê�Ù4ËdÅ�Ë�×QÅ�Ë
xi ∈ K

Ð�Î4ì�Ù Ê�Ù�×QÊ
ximi ∈ L

éVÆbÅÒ×Qñ�ñ
i
Â#�ØÎ>ñ�Ê�É�Ï>ñ�Ú2É�È>Ì«Ê�Ù4ËYÐ�Ë{ôjË+Ð�ËYË

Ê�Ù�×QÊ)×+Ð�ì_×Qñ�×QÅ�Ö Î>ñ�Ê�É�Ï>ñ�ËÍÆQé
M

É�Ð)ìYÆbÈ¿Ê�×QÉ�È4ËYïßÉ�È
L
ÂjÔiÉ�È4ìYË

xM = M
(0ôjË�ì_×QÈä×bÐ�Ð�Î>Ö�Ë

M ⊆ L
Â

Ñ É�Ê�Ù«Ê�Ù4Ë�Ð�×QÖ�Ë�×QÅ�Ì³Î>Ö�ËdÈ¿Ê�Ð�ôjËÍÐ�ËYË�Ê�Ù�×QÊ#Ê�Ù4ËdÅ�ËÒÉ�Ð)×QÈ
n ∈ N

Ð�Î4ì�ÙßÊ�Ù�×QÊ

℘nL ⊆M ⊆ L.

n Æ_ôFñ�ËdÊ
N := ℘n−1M + L

Âãî�Ù>É�Ð�É�Ö+Ï>ñ�É�ËYÐ
℘n−1L ⊆ N ⊆ L

×QÈ4ï
℘N ⊆ L ⊆ N

Â Ô Å�ÆbÖ ÆbÎ>Å
Ð�Ï�ËYìdÉ�×Qñ�ì_×bÐ�Ë�ôjË�Å�ËYìYËdÉ � Ë [L] = [N ]

Â�è�ËdÏ;Ë_×QÊ�É�È>Ì{Ê�Ù4Ë�×Qó;Æ � Ë)Ï>Å�Æ2ìYËYï0Î>Å�ËDô�É�Ê�Ù N ×QÈ4ï
M
(iôjË)Ç4È�×Qñ�ñ�Ú

×QÅ�Å�É � ËÍ×QÊ [L] = [M ]
(0Ç4È>É�Ð�Ù>É�È>Ì�Ê�Ù>É�Ð#Ï>Å�ÆiÆQé�Â

2î�Ù4ËÍ×Qó;Æ � ËÒÏ>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈßÈ4Æ_ô
×Qñ�ñ�Æ_ô#Ð)Î4Ð�Ê�ÆÑÖã×vo�ËÒÊ�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì
µ<©�µ�©F�wº«¸�þ�¬p´�­z´H¯;¬t© �O�<Ek©µ.9T

d : G(MK,G) → G(Ck,G)
3�E�>&021K>PQz.

G
Ge©µ=�02;DCpE¼=2¢vE�7

K
5�=w5K�<ERL·=2©ªT<=v3918581I=2>��«.aL«5�=2793'=W�'5K�<E±7�ES02;VL«581I=2>Ú©µ=�0�;PCp=±Tr=W�R.2>Z²w=W��1K5K3

R
GåC+.�5I581IL·E93#143kL�.2CKCpE�0'5K�<E °�¸i²�¯�»åýt¯�¾z´à­z´H¯�¬ »8½>ý �



î�Ù>É�ÐÑÌ³É � ËYÐÑÎ4ÐÑÊ�Ù4ËãéVÆbñ�ñ�Æ_ô�É�È>Ì Î4Ð�ËKéHÎ>ñ�ìYÆbÈ4Ð�Ë«tiÎ4ËdÈ4ìYË�éºÆbÅ{Ê�Ù4Ë�Å�Ëdñ�×QÊ�É�ÆbÈ ó;ËdÊ�ôjËYËdÈ�jnÎ4Ð�Î�×Qñ+l ×QÈ4ïÕë�Å�×QÎ4ËdÅ
ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�(�ô�Ù>É�ì�Ù¼ôjË�Ç4Å�Ð�ÊÍÏ>Å�Æ � Ë+éVÆbÅÒÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4ÐÑ×QÈ4ï8ñ�×QÊ�ËdÅ Ì�ËdÈ4ËdÅ�×Qñ�Épý_Ë�Ê�ÆßÏ>Å�ÆQÇ4È>É�Ê�ËãÌ³Å�ÆbÎ>Ï4ÐÍÉ�ÈåÊ�Ù4ËÐ�Ï;ËYìdÉ�×QñBì_×bÐ�ËÒÆQépÊ�Ù4ËÒÏ 	 Ö�Æ2ï0Î>ñ�×QÅ)Ð�Ú0Ð�Ê�ËdÖÌ[

Zp
(
Qp
(
Fp
`KÂ

µ<©�µ�©Hæä·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
G
:·Eu.ªXY>Z185eEªQ�7W=2;UT�.2>x0

M ∈ MK,G
.
G
Ge©µ=�02;DCpE�=2¢vE�7

K
��185K�¼L��D.27S.aL«5eE67

χM
���O�VE�>

χM (g) = φd(M)(g) ∀g ∈ Greg.

·�®J¯�¯�â�© �jÙ4Æ2Æ³Ð�Ë ×
G 	 Ð�Ê�×Qó>ñ�Ë ñ�×QÊ�Ê�É�ìYË L ÆQé

M
Â)ë�Ú«Å�ËdÖã×QÅSoäç0ÂSç0ÂSçãôjË Ù�× � Ë χM = χL

Â���ËdÈ4ÆbÊ�Ë ó¿Ú
ρÊ�Ù4Ë ×bìdÊ�É�ÆbÈßÖã×QÏØÆQé

G
ÆbÈ

L
ÂhÑ8Ë�ìYÆbÈ4Ð�É�ï>ËdÅ#É�Ê�Ð#ìYÆbÖÍó>É�È�×QÊ�É�ÆbÈðô�É�Ê�ÙßÊ�Ù4Ë�Å�ËYï0Î4ìdÊ�É�ÆbÈäÖ�Æiï0Î>ñ�Æ+Ï

α : G→ GL(L) → GL(L/℘L).

ÞBËdÊ
g ∈ Greg

Â î�Ù¿Î4Ð
(p,m) = 1

éVÆbÅ
m := ord(g)

Â î�Ù4ËRjnÎ4Ð�Î�×Qñ+lØì�Ù�×QÅ�×bìdÊ�ËdÅ Ê�Ù4ËdÅ�ËKéVÆbÅ�Ëßñ�Æ2Æ2o2Ðãñ�Épo�Ë
χL/℘L =

∑
i λi

ô�É�Ê�Ù
λi m 	 Ê�ÙØÅ�ÆiÆbÊ�Ð#ÆQé�Ã�É�Èä×ÑÐ�Î>É�Ê�×Qó>ñ�ËÒÇ4È>É�Ê�Ë�Ë�*2Ê�ËdÈ4Ð�É�ÆbÈØÆQé k ÂÔiÎ>Ï>Ï;Æ³Ð�Ë

χL(g) =
∑

i ωi
ô�É�Ê�Ù

ωi m 	 Ê�Ù+Å�Æ2ÆbÊtÆQépÃ�É�Èã×�Ð�Î>É�Ê�×Qó>ñ�Ë�Ç4È>É�Ê�Ë#Ë�*2Ê�ËdÈ4Ð�É�ÆbÈ�ÆQé�'+Â³î�Ù4ËdÈ ωi = λi×QÈ4ïßÊ�Ù4Ë�ï>ËKÇ4È>É�Ê�É�ÆbÈäÆQépÊ�Ù4ËÒñ�ÉuéHÊ
ωi = λ̃i

Â�iDËdÈ4ìYË
χM (g) = φd(M)(g)

Â
2

µ<©�µ�©FÕ)(t¸2»å»å½�© ,OE65
L = Zp × · · · × Zp

¤ © �«.aL«5�=2793e¥a�w�O�<E�>�5K�VEµ=27S0®E�7�=W�
GL(L)

1 3N.'3�;�TZE�79>x.�58;P7S.2C
>�;P©�:�E�79¬g�h�D=23«EJT<.2765fTx791K©�Ek5�=kTw143�XY>Z185eE��

·�®J¯�¯�â�© ��ÆbÈ4Ð�É�ï>ËdÅ
ai,j =

∑∞
k=0 ai,j,kp

k ∈ Zp
Ð�Î>ó<s�ËYìdÊ�Ê�ÆÑÊ�Ù4ËÒìYÆbÈ4ï0É�Ê�É�ÆbÈ

0 ≤ k < m⇒ ai,j,k = δi,j
Â

î�Ù4ËdÅ�ËKéVÆbÅ�Ë Ê�Ù4Ë�Öã×QÊ�Å�É+*
A = (ai,j)

Ù�×bÐDï>ËdÊ�ËdÅ�Ö+É�È�×QÈ¿Ê
1 + pmx 6= 0

[HÉ�ÈßéN×bìdÊ�(�Å�ËYï0Î4ìdÉ�È>Ì�Ö�Æ2ï0Î>ñ�Æ
pm

É�Ê�É�Ð
Ê�Ù4Ë�É�ï>ËdÈiÊ�É�ÊnÚ«Öã×QÊ�Å�É+*�`KÂ Ô ÆbÅ#Ë_×bì�Ù

ai,j,k
ô�ËÒÙ�× � Ë p ì�Ù4ÆbÉ�ìYËYÐ�(4Éué k ≥ m

Â}ÔiÉ�È4ìYËÒÊ�Ù4Ë�É�È4ï>Ë�* ÆQé�Ê�Ù4ËÒÐ�Î>ó>Ì³Å�ÆbÎ>Ï
ï>ËKÇ4È4ËYïØó¿Ú«×Qñ�ñBÐ�Î4ì�Ù

A
Ù�×bÐ�Ç4È>É�Ê�Ë�É�È4ï>Ë�* É�È

GL(L)
(4Ê�Ù4Ë�ñ�ËdÖ+Öã×+É�Ð�Ï>Å�Æ � ËYï�Â 2

µ<©�µ�©�ÿ�ùÍ¯�®Q¯�¹º¹H½>®Jü4©+* =2>V391I0®E�7'5K�<E�T&Ge©µ=�02;DCp.27'39²v3�5eE6©
(Zp,Qp,Fp)

�Ø,@E65
G
:·E¼.'T&7W=SXY>Z185eEuQ27S=2;�TÂ.2>&0

M ∈ MQp,G
.
G
Ge©µ=�02;DCpEN=�¢vE�7

Qp
��185K�RL��<.27W.®L«5eE�7

χM
�u�O�<E�>

χM (g) = φd(M)(g) ∀g ∈ Greg.

·�®J¯�¯�â�© Ñ8ËãÎ4Ð�Ë�Ê�Ù4Ë È4ÆbÊ�×QÊ�É�ÆbÈ ÆQé#Ê�Ù4ËãÏ>Å�Æ2ÆQé)ÆQé#Ê�Ù4Ë�Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ<Âðî�Ù4Ëãñ�ËdÖ+Öã×ØÈ4Æ_ô(É�Ö+Ï>ñ�É�ËYÐ{Ê�Ù�×QÊ
m := ord(ρ(g))

É�Ð+Ç4È>É�Ê�Ëä×QÈ4ï Ï>Å�É�Ö�ËØÊ�Æ
p
ÂÚiDËdÈ4ìYË«ôjËØì_×QÈ Î4Ð�Ë«Ê�Ù4ËßÐ�×QÖ�ËØ×QÅ�Ì³Î>Ö�ËdÈ¿Ê�Ð�(�È�×QÖ�Ëdñ�ÚÕÊ�Ù4Ë

ó>É s�ËYìdÊ�É � ËðìYÆbÅ�Å�ËYÐ�Ï;ÆbÈ4ï>ËdÈ4ìYË ÆQé�Ê�Ù4Ë m 	 Ê�Ù!Å�Æ2ÆbÊ�Ð�ÆQéãÃ�(#×bÐ É�È Ê�Ù4ËßÏ>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ�×QÈ4ï Æbó>Ê�×QÉ�È�Ê�Ù4ËØï>ËYÐ�É�Å�ËYï
Å�ËYÐ�Î>ñ�Ê_Â

2

÷ Ð�Ê�Å�Épo2É�È>ÌãìYÆbÈ4Ð�Ë«tiÎ4ËdÈ4ìYËÒÉ�Ð�Ê�Ù�×QÊ)Ê�Ù4Ë¿jnÎ4Ð�Î�×Qñ+lÒì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐDÆ � ËdÅ Qp
×QÅ�Ë�Ê�ÙiÎ4Ð�×Qñ�Ð�Æ�ñ�Æiì_×Qñ�ñ�Ú ìYÆbÈ4Ð�Ê�×QÈ¿Ê_Â

í���,Y��îq�!"�áx�a���O���.-J�V�0/'�Z��� ÿ'�aáf�Y�����PãYá¶�aá��D���Z�®�Ráf���1�2"�áf�2�RïS�g���D���e�O�g�
) È«Ê�Ù>É�Ð)Ð�ËYìdÊ�É�ÆbÈ«ñ�ËdÊ

G
ó�Ë�× Ç4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï<Â

µ<©�À<©º¨Ø·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© �O�<E3��7S.2;VE67uL6�D.27S.aL«5eE�793N=W��5K�<Em391K©ªT&CFE
G
Gå©µ=�02;DCpE93

E ∈ Ck,G
.27SENC¦1K>xES.27�C³²�1K>&0®E�G

TZE�>&0®E�>&5B=2¢2E�7
R
.�>&0

K
�

·�®J¯�¯�â�© ) Ê�É�Ð�ËdÈ4ÆbÎ>Ì³Ù¼Ê�ÆßÐ�Ù4Æ_ô�Ê�Ù>É�ÐÍÆ � ËdÅ R (BÐ�É�È4ìYË ×QÈ¿Ú ñ�É�È4Ë_×QÅÍÅ�Ëdñ�×QÊ�É�ÆbÈ�ÆQé�Ê�Ù4Ë ëjÅ�×QÎ4ËdÅ ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐÆ � ËdÅ K ï>ËKÇ4È4ËYÐ)× Å�Ëdñ�×QÊ�É�ÆbÈßÆ � ËdÅ R óiÚ ìdñ�Ë_×QÅ�É�È>Ìãï>ËdÈ4ÆbÖ+É�È�×QÊ�ÆbÅ�ÐzÂ Ô ÆbÅ#Ð�É�Ö+Ï>ñ�É�ìdÉ�Ê�Úa(>ôjË�ÈiÎ>ÖÍó�ËdÅ#Ê�Ù4Ë�ëjÅ�×QÎ4ËdÅ
ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�É�È't¿Î4ËYÐ�Ê�É�ÆbÈ

φ1, . . . , φn
×QÈ4ï Ê�Ù4Ë�jnÎ4Ð�Î�×Qñ+l�ÆbÈ4ËYÐ

χ1, . . . , χn
Â�÷�Ð�Ð�Î>Ö�Ë)ô�ËÒ×QÅ�Ë)Ì³É � ËdÈß×ÍÅ�Ëdñ�×QÊ�É�ÆbÈ

n∑

i=1

riφi = 0 ri ∈ R.

ë�ÚØï0É � É�ï0É�È>Ì ó¿Ú ×�Ì�ËdÈ4ËdÅ�×QÊ�ÆbÅ�ÆQé ℘ ô�Ë+ì_×QÈ ×bÐ�Ð�Î>Ö�Ë Ê�Ù�×QÊDÈ4ÆbÊ�×Qñ�ñ
ri
×QÅ�Ë{É�È

℘
Â�è)ËYï0Î4ìdÉ�È>Ì Ö�Æ2ï0Î>ñ�Æ ÏðôjË

Ê�Ù4ËdÅ�ËKéVÆbÅ�ËÒÌ�ËdÊ�×{È4ÆbÈ 	 Ê�Å�É � É�×QñBÅ�Ëdñ�×QÊ�É�ÆbÈäÆ � ËdÅ k �
n∑

i=1

riφi(g) = 0 ∀g ∈ Greg



4 Ð�É�È>Ì+Ï�×QÅ�Ê�ö�ÆQépÏ>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈäç0ÂSÁ0Â�Ã³ÃÒô�Ë�Ð�ËYË
n∑

i=1

riχi(g) = 0 ∀g ∈ G.

î�Ù4ËYÆbÅ�ËdÖ Á0ÂSÁ0ÂSçÑÈ4Æ_ô ÚiÉ�Ëdñ�ï>Ð
ri = 0

éVÆbÅ)×Qñ�ñ
i
(>É�Ö+Ï>ñ�Ú2É�È>Ì

ri ∈ ℘
Âg��ÆbÈ¿Ê�Å�×bï0É�ìdÊ�É�ÆbÈ<Â

2

µ<©�À<©�¶ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
exp(G) = m

� Ï 3939;D©�E K L�=2>�5�.21K>V3#.2CKC
m
GÉ5K�'7S=�=�5K3N=W��æa�µ�O�VE�>w5K�<E5�J7S.2;VE67

L6�D.27S.aL«5eE�793
φE

�«=27
E ∈ Σk,G

�6=�79©¹.
K
GW:S.2391 3k=S�k5K�<Ek3�T<.aL9EN=W�mL6Cp.v3·3Y��;P>xL«5818=�>q=2>

Greg
=2¢2E�7

K
�

·�®J¯�¯�â�© Þ<ËdÊ
f
ó�ËD× ìdñ�×bÐ�Ð}éHÎ>È4ìdÊ�É�ÆbÈ«ï>ËKÇ4È4ËYï«ÆbÈ

Greg
ÂhÑ8ËDì_×QÈ«Ë�*2Ê�ËdÈ4ï É�Ê�Ê�Æ

f ′
ìdñ�×bÐ�Ð}éºÎ>È4ìdÊ�É�ÆbÈ«ÆbÈ

G
(

óiÚ«Ð�ËdÊ�Ê�É�È>Ì
f ′(g) = 0

éºÆbÅ
g 6∈ Greg

Âtë�Ú�Ê�Ù4ËYÆbÅ�ËdÖ Á0ÂSÁ0ÂSçÑôjËÒÇ4È4ï
ai ∈ K

Ð�Î4ì�ÙØÊ�Ù�×QÊ

f ′ =

n∑

i=0

aiχMi ,

ô�Ù4ËdÅ�Ë
M1, . . . ,Mn

×QÅ�Ë)Ê�Ù4Ë�Ð�É�Ö+Ï>ñ�Ë
G 	 Ö�Æ2ï0Î>ñ�ËYÐjÉ�È ΣK,G

Â�è)ËYÐ�Ê�Å�É�ìdÊ�É�È>Ì+×QÌ¿×QÉ�ÈãÊ�Æ
Greg

×QÈ4ï�Î4Ð�É�È>ÌÍÏ>Å�ÆbÏ�Æ 	Ð�É�Ê�É�ÆbÈäç0ÂSÁ0Â�Ã³Ã�(>ôjËÒÇ4È4ï
f =

n∑

i=0

aiφd(Mi).

÷DÐ�Ë � ËdÅ�Ú φd(Mi)
É�Ð#×{ñ�É�È4Ë_×QÅ#ìYÆbÖ ó>É�È�×QÊ�É�ÆbÈðÆQé�ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�ÆQé�Ð�É�Ö+Ï>ñ�Ë

G 	 Ö�Æ2ï0Î>ñ�ËYÐ#Æ � ËdÅ k (0È�×QÖ�Ëdñ�ÚÆQétÊ�Ù4Ë{ìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈØéN×bìdÊ�ÆbÅ�Ð�ÆQé
d(Mi)

(�×QÈ4ï-o�ËYËdÏ>É�È>Ì�É�ÈäÖ+É�È4ïØÊ�Ù4ËdÉ�ÅDñ�É�È4Ë_×QÅ�É�È4ï>ËdÏ;ËdÈ4ï>ËdÈ4ìYË�(;Ê�Ù4Ë Ï>Å�ÆiÆQétÉ�Ð
ìYÆbÖ+Ï>ñ�ËdÊ�Ë³Â

2

Ñ8ËÍÈ4Æzô ìYÆbÖ�Ë Ê�Æ�Ê�Ù4Ë{Æbó4Ð�ËdÅ � ×QÊ�É�ÆbÈäô�Ù>É�ì�ÙäÉ�ÐDìYËdÈ¿Ê�Å�×QñpéVÆbÅ)ÆbÎ>Å�Ï>Î>Å�Ï�Æ³Ð�ËYÐ_Â)÷�Ð)Ï 	 Ö�Æiï0Î>ñ�×QÅ�Ð�Ú0Ð�Ê�ËdÖõô�Ë
È4Æzô(ìYÆbÈ4Ð�É�ï>ËdÅÍÊ�Ù4Ë�Ð�Ï�ËYìdÉ�×Qñjì_×bÐ�Ë

(Zp,Qp,Fp)
Â Äp×QÅ�Ê+Û«ÆQé�Ï>Å�ÆbÏ�Æ³Ð�Ê�É�ÆbÈ�ç0ÂSÁ0Â�Ã³ÃãÊ�Ëdñ�ñ�ÐÍÎ4Ð

φA(sp) = φA(s)×QÈ4ï
χA(sp) = χA(s)

éVÆbÅ�×Qñ�ñ
s ∈ Greg

×QÈ4ï
A ∈ CFp,G

Â
Ñ8ËãÊ�ÙiÎ4Ð#o2È4Æ_ô(Ê�Ù�×QÊ{Ê�Ù4Ë�×Qó�Æ � Ë Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ¼É�Ð È4ÆbÊ Ê�Å�Î4ËãéVÆbÅ Qp

Â¼Ñ8Ë�ô�É�ñ�ñ�(�Ù4Æ_ô�Ë � ËdÅ�(tó�Ë ×Qó>ñ�Ë Ê�Æï>ËYÐ�ìdÅ�É�ó;Ë�Ê�Ù4Ë�Ð�Î>ó4Ð�Ï�×bìYË�ÆQé4Ê�Ù4Ë�ìdñ�×bÐ�Ð�éHÎ>È4ìdÊ�É�ÆbÈ4ÐJ[HÅ�ËYÐ�Ê�Å�É�ìdÊ�ËYï{Ê�Æ
Greg

`<Ì�ËdÈ4ËdÅ�×QÊ�ËYïÑó¿ÚÍÊ�Ù4Ëjë�Å�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð
Æ � ËdÅ Qp

Ë�*0Ï>ñ�É�ìdÉ�Ê�ñ�Ú�Â}î�Ù4Ë�È4Ë�*0Ê)ìYÆbÅ�Æbñ�ñ�×QÅ�Ú«Ð�Ù4Æ_ô#Ð)Ê�Ù�×QÊ�É�Ê#É�Ð�Ì³É � ËdÈßóiÚ
HG := {f : Greg → Qp |

é�ìdñ�×bÐ�Ð�éºÎ>È4ìdÊ�É�ÆbÈä×QÈ4ï
f(sp) = f(s) ∀s ∈ Greg}.

Ñ8ËÒô�É�ñ�ñ�(>Ù4Æ_ô�Ë � ËdÅ�(4Ç4Å�Ð�Ê�Ï>Å�Æ � Ë�Ê�Ù4ËDéVÆbñ�ñ�Æ_ô�É�È>Ì Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ<Â
µ<©�À<©�µ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}©

HG
1 3BQ®E�>¶E�7W.a5eES0�.23¿.

Qp
Ge¢2ESL«5�=27¿3�TV.aL·Em:6²N5K�VEª7SE93658791IL«581I=2>V3¾5�=

Greg
=W�¿5K�<E!L��D.�79G

.®L«5eE�793
χV

�6=�7
V ∈ ΣQp,G

�
·�®J¯�¯�â�© î�Ù>É�Ð#Ï>Å�Æ2ÆQépÉ�Ð�×QÈØ×bï4×QÏ>Ê�É�ÆbÈäÆQé}Ô2ËdÅ�Å�Ë�|[Ð#Ï>Å�Æ2ÆQépÉ�Èz]^�v_e(0Ì³É � ËdÈßéºÆbÅ�Ê�Ù4ËÒÈ4Ë�*0Ê#ìYÆbÅ�Æbñ�ñ�×QÅ�Ú�Â

•
Þ<ËdÊ

K
ó;Ë)×ÒÇ4È>É�Ê�Ë�Ë�*0Ê�ËdÈ4Ð�É�ÆbÈ�ÆQé

Qp
ìYÆbÈiÊ�×QÉ�È>É�È>Ì+×Qñ�ñ

m 	 Ê�ÙãÅ�Æ2ÆbÊ�Ð}ÆQé}Ã�(iô�Ù4ËdÅ�Ë m := exp(G) = m′prô�É�Ê�Ù
(m′, p) = 1

Â Ô Î>Å�Ê�Ù4ËdÅ)Ï>Î>Ê
X := G(K/Qp)

×QÈ4ï
|X| = tpn

ô�É�Ê�Ù
(t, p) = 1

Â
��ÆbÈ4Ð�É�ï>ËdÅ#Ê�Ù4Ë�ñ�É�È4Ë_×QÅDÐ�Î>Å8s�ËYìdÊ�É�ÆbÈ

α : K → Qp, x 7→
∑

σ∈X

σ(x).

•
ÔiÎ>Ï>Ï;Æ³Ð�Ë

ω
É�Ð#×{Ï>Å�É�Ö+É�Ê�É � Ë m′ 	 Ê�Ù«Å�Æ2ÆbÊ#ÆQé�ÃDÉ�È K (2Ê�Ù4ËdÈ ωpi éVÆbÅ

i = 0, . . . , t− 1
×QÅ�Ë�×Qñ�ñ;Ê�Ù4ËÒÆbÊ�Ù4ËdÅ

Ï>Å�É�Ö+É�Ê�É � Ë�ÆbÈ4ËYÐ_Â~Ò×Qñ�ÆbÉ�Ð{×QÎ>Ê�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð+ìdñ�Ë_×QÅ�ñ�Ú Ï>Å�ËYÐ�ËdÅ � Ë�Ê�Ù4Ëq[HÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É � ËU` ÆbÅ�ï>ËdÅÑÆQé#Ëdñ�ËdÖ�ËdÈ¿Ê�Ð_Âäî�Ù¿Î4Ð Ê�Ù4ËdÅ�Ë×QÅ�Ë
pn

ï0É�Ð�Ê�É�È4ìdÊ
σ ∈ X

Ð�Î4ì�ÙßÊ�Ù�×QÊ
σ(ω) = ωp

i éVÆbÅ#Ë_×bì�Ù
i = 0, . . . , t− 1

Â
iDËdÈ4ìYË�ôjË�ìYÆbÈ4ìdñ�Î4ï>ËÍÊ�Ù�×QÊ

α(ω) = pn
t−1∑

i=0

ωp
i
,

ô�Ù>É�ì�ÙØÉ�Ð�Ê�Ù4ËÒÖã×QÉ�ÈßÉ�È>Ì³Å�ËYï0É�ËdÈiÊ)É�ÈßÊ�Ù>É�Ð�Ï>Å�Æ2ÆQé�Â



•
Þ<ËdÊ

f ∈ HG
ÂYÑ8ËÍì_×QÈäË�*0Ê�ËdÈ4ï«É�Ê#Ê�Æ

f ′
ìdñ�×bÐ�Ð�éºÎ>È4ìdÊ�É�ÆbÈØÆbÈ

G
(�ó¿Ú«Ð�ËdÊ�Ê�É�È>Ì

f ′(g) = 0
éVÆbÅ

g 6∈ Greg
Â

ë�ÚãÊ�Ù4ËYÆbÅ�ËdÖ Á0ÂSÁ0ÂSçÑôjË�Ç4È4ï
aT ∈ K

Ð�Î4ì�ÙßÊ�Ù�×QÊ

f ′ =
∑

T∈ΣK,G

aTχT .

•
ÔiÎ>Ï>Ï;Æ³Ð�ËÑôjËã×QÅ�Ë+Ì³É � ËdÈ T ∈ CK,G

Âµ��ËdÈ4ÆbÊ�Ë+óiÚ
T 0 Ê�Ù4Ë Qp[G] 	 Ö�Æ2ï0Î>ñ�ËãÆbó>Ê�×QÉ�È4ËYïåó¿Ú Å�ËYÐ�Ê�Å�É�ìdÊ�É�ÆbÈÐ�ì_×Qñ�×QÅ�Ð � É�× α éHÅ�ÆbÖ

T
(0ÉNÂ}Ë³Â

T 0 = T ⊗K Qp
Â

Þ<ËdÊ{È4Æ_ô
A
ó;Ë Ê�Ù4Ë Öã×QÊ�Å�É+*¼ìYÆbÅ�Å�ËYÐ�Ï�ÆbÈ4ï0É�È>ÌðÊ�ÆäÊ�Ù4Ë ËdÈ4ï>ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�ÖòÆQé

T
Ì³É � ËdÈ¼óiÚ x 7→ sx

éºÆbÅ
s ∈ Greg

Âpî�Ù4ËdÈ�Ê�Ù4Ë�Å�ËYÐ�Ï�ËYìdÊ�É � Ë}ËdÈ4ï>ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö ÆQé
T 0 É�Ð�Ì³É � ËdÈ ó¿Ú α(A)

(JÖ�Ë_×QÈ>É�È>Ì�Ê�Ù4Ë}×QÏ>Ï>ñ�É�ì_×QÊ�É�ÆbÈ
ÆQé
α
Ê�Æ+Ê�Ù4ËÒËdÈiÊ�Å�É�ËYÐ�ÆQé

A
Â

ÔiÎ>Ï>Ï�Æ³Ð�Ë Ê�Ù4Ë ì�Ù�×QÅ�×bìdÊ�ËdÅðÆQé
T
Ù�×bÐ � ×Qñ�Î4Ë ÆbÈ s ∈ Greg

Ì³É � ËdÈ óiÚ
χT (s) =

∑l
j=1 ωj

Â î�Ù4ËdÈ

χT (sp
i
) =

∑l
j=1 ω

pi

j

Â
n Æ_ô�ôjËDñ�Æ2Æ2o ×QÊ�Ê�Ù4Ë � ×Qñ�Î4ËÒ×QÊ s ÆQé�Ê�Ù4Ë�ì�Ù�×QÅ�×bìdÊ�ËdÅ#ÆQé T 0 Â Ô Å�ÆbÖ Ê�Ù4Ë�ï0É�Ð�ìdÎ4Ð�Ð�É�ÆbÈß×Qó�Æ � Ë�(0É�Ê�É�Ð�Ì³É � ËdÈó¿Ú

χT 0(s) =

l∑

j=1

α(ωj) =

l∑

j=1

pn
t−1∑

i=0

ωp
i

j = pn
t−1∑

i=0

χT (sp
i
).

•
Ñ8Ë�Öã×vo�ËÍ×+Ð�É�Ö+Ï>ñ�ËÒì_×Qñ�ìdÎ>ñ�×QÊ�É�ÆbÈ%�

∑
T aTχT 0(s) =

∑
T aT p

n
∑t−1

i=0 χT (sp
i
) = pn

∑t−1
i=0

∑
T aTχT (sp

i
)

= pn
∑t−1

i=0 f(sp
i
) = |X|f(s)

•
Ñ8Ëjì_×QÈÑï>ËYìYÆbÖ+Ï�Æ³Ð�Ë�Ê�Ù4Ë

Qp[G] 	 Ö�Æ2ï0Î>ñ�ËYÐ T 0 É�È¿Ê�Æ�Ð�É�Ö+Ï>ñ�Ë�ÆbÈ4ËYÐ�×QÈ4ïÑì�Ù4Æ2Æ³Ð�Ë�×)ñ�É�È4Ë_×QÅ�ñ�ÚÍÉ�È4ï>ËdÏ�ËdÈ4ï>ËdÈ¿Ê
Ð�Î>ó4Ð�ËdÊDÆQé}Ê�Ù4ËdÉ�ÅÒì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð_ÂÒ÷DÐ

f
×QÈ4ïð×Qñ�ñ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�Ê�×vo�Ë � ×Qñ�Î4ËYÐDÉ�È Qp

(�Ê�Ù4Ë{ìYÆ2Ë��ãìdÉ�ËdÈ¿Ê�Ð�ÖÍÎ4Ð�Ê
È4Æ_ô ó;ËÒËdñ�ËdÖ�ËdÈiÊ�Ð�ÆQé

Qp
Â�î�Ù>É�Ð)ìYÆbÖ+Ï>ñ�ËdÊ�ËYÐ)Ê�Ù4ËÒÏ>Å�ÆiÆQé�Â

2

µ<©�À<©�ÀÕùÍ¯�®Q¯�¹º¹H½>®Jü4©�Á9Ö�¸¿®Q®Q¸76�ÿ28ÉÃ �O�<E5��7W.2;ZE�7NL��D.27S.aL«5eE�793
φS

�6=�7
S ∈ ΣFp,G

�6=27�©¹.
Qp
GW:�.v391 3#=W�

HG
�

·�®J¯�¯�â�© î�×vo�Ë
f ∈ HG

Â�ë�Ú Ê�Ù4ËÒÏ>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈßÉ�Ê�ì_×QÈ«ó;Ë�ô�Å�É�Ê�Ê�ËdÈ

f =
∑

V ∈ΣK,G

aV χV |Greg

ô�É�Ê�Ù
aV ∈ Qp

Â n Æzô ôjË ×QÏ>Ï>ñ�Ú Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈðç0ÂSÁ0Â�Ã³Ã ×QÈ4ïßÐ�ËYË

f =
∑

V ∈ΣK,G

aV φd(V ).

ÔiÉ�È4ìYË�Ë � ËdÅ�Ú φd(V )
É�Ð�×QÈÍÉ�ÈiÊ�ËdÌ³Å�×Qñ>ñ�É�È4Ë_×QÅpìYÆbÖ ó>É�È�×QÊ�É�ÆbÈ�ÆQé�Ð�É�Ö+Ï>ñ�Ë�ëjÅ�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ðt×QÈ4ïÑÐ�É�È4ìYË}Ê�Ù4ËjÐ�É�Ö+Ï>ñ�Ë

ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐD×QÅ�Ë�ñ�É�È4Ë_×QÅ�ñ�Ú�É�È4ï>ËdÏ�ËdÈ¿Ê)ó¿Ú Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈäç0Â Ó4Â�Ã�(>Ê�Ù4Ë�ìYÆbÅ�Æbñ�ñ�×QÅ�Ú É�Ð�Ï>Å�Æ � ËYï�Â 2

÷�ÊtÊ�Ù>É�ÐtÏ�ÆbÉ�È¿Êtô�Ë�É�È¿Ê�Å�Æ2ï0Î4ìYË)Ð�ÆbÖ�Ë�Î4Ð�ËKéºÎ>ñ4Æbó<s%ËYìdÊ�Ð�(¿ô�Ù>É�ì�Ù ×Qñ�ñ�Æ_ô!Î4ÐtÊ�Æ�Ç4È4ï+Ú�ËdÊj×QÈ4ÆbÊ�Ù4ËdÅjó�×bÐ�É�ÐtÆQé
HG

Â
Ñ8Ë�ô�É�ñ�ñ�(¿Ù4Æ_ô�Ë � ËdÅ�(¿È4ÆbÊtÌ³É � Ë�Ï>Å�Æ2ÆQéVÐ�(¿×bÐ�Ê�Ù4ËdÚ{É�È � Æbñ � Ë#Ê�Ù4Ë�É�ÈiÊ�Å�Æiï0Î4ìdÊ�É�ÆbÈ�ÆQé�Ö�ÆbÅ�ËBjnÖã×bì�Ù>É�È4ËdÅ�Ú®l�Âg��ÆbÖ+Ï>ñ�ËdÊ�ËÊ�Å�Ë_×QÊ�Ö�ËdÈiÊ�Ð�ì_×QÈØó;ËDéVÆbÎ>È4ï«É�Èz]�Ã³Ã6_�×QÈ4ïz]�Ã�_nÂ

Ô É�Å�Ð�Ê)ìYÆbÈ4Ð�É�ï>ËdÅ#Ê�Ù4Ë�Ì�ËdÈ4ËdÅ�×QñpÐ�É�Ê�Î�×QÊ�É�ÆbÈØÆQét× Ç4È>É�Ê�Ë�ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñp×Qñ�Ì�Ëdó>Å�×�Æ � ËdÅD× Ç�Ëdñ�ï�Â
µ<©�À<©4
qº«¸�þ�¬p´�­z´H¯;¬t© Ï ©µ=�0�;PCFE±�D=�©u=�©u=�7�T��P143�©

f : E → F
143RL�.2CKCpES0 ¸¿¾_¾z¸i¬;­z´H½4¹ 1 �

f(E) = F
¬#:�;D5

f(E′) 6= F
�«=27#.2CKCDT&7S=9TVE�7m39;Z:�©µ=�02;DCpE93

E′ < E
�

Ï ý�®Q¯:9d¸¿²�­z´<;;¸ ²�¯=;�¸i® =W�q.Ø©µ=�02;DCpE
E
143-.¼T&7S=W¸�ESL«581K¢vEq©µ=�0�;PCFE

PM
5�=�Q®E65K�<E67}��185K�Ú.2>âE9393«E�>�581I.2C

©µ=�0�;PCFEm�D=2©µ=2©µ=27eT��®1 39©
PM →M

�



) Ê<Ê�Î>Å�È4Ð�ÆbÎ>Ê<Ê�Ù�×QÊ<éVÆbÅ<Ë � ËdÅ�Ú�Ö�Æiï0Î>ñ�Ë}Ê�Ù4ËdÅ�Ë�É�Ð�×�Ï>Å�Ævs%ËYìdÊ�É � ËjìYÆ � ËdÅ�(Qô�Ù>É�ì�Ù É�Ð�Î>È>ÉFt¿Î4Ë}Î>Ï�Ê�Æ�É�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö
Þ<ËdÊ�Î4ÐDÈ4Æzô ìYÆbÈ4Ð�É�ï>ËdÅÒ×+Ï 	 Ö�Æ2ï0Î>ñ�×QÅÒÐ�Ú0Ð�Ê�ËdÖ (R,K, k)

Â 4 Ð�É�È>Ì�jnÉ�ï>ËdÖ+Ï�ÆbÊ�ËdÈ¿Ê�ñ�ÉuéHÊ�É�È>Ì2l·(�ÆbÈ4Ë ì_×QÈðÐ�Ù4Æzô
Ê�Ù4ËÒéºÆbñ�ñ�Æzô�É�È>Ì

µ<©�À<©F�)(t¸2»å»å½�© ,OE65
Pk

:·Em.ªTx7W=W¸�ESL«581K¢vE
k[G]

Ge©µ=�02;DCpEU�µ�O�<E�7�E¾1 3¿.ªT&7S=W¸�ESL«581K¢vE
R[G]

Gå©µ=�02;DCpE
PR
¬h�h�®18L6�

1 3!;P>�18¡6;ZE#;UTw5�=�1 36=2©µ=27eT��®1 39©�¬h39;VL���5K�D.�5
PR ⊗R k = Pk

¤ 7�ES02;VL«5818=�>w©u=U02;PCp=kT®¥��
µ<©�À<©Hæ-º«¸�þ�¬p´�­z´H¯;¬t© Í Eu0®EKXY>¶E�5K�<E�©µ.9T ¸ 5K�<.�5�3«E�>&023 ¤ .2>w1 36=�©u=�7�T��P143�©þL6Cp.v3·3u=W��¥'.mT&7W=S¸«ESL�581 ¢vE

k[G]
G

©µ=�0�;PCFE
Pk

5�= ¤ 5K�VEk1 36=�©u=�7�T��P143�©ÀL6C+.23·3#=W�U¥�5K�<EBTx7W=W¸�ESL«581K¢vE
K[G]

Ge©µ=�0�;PCFE
PR ⊗R K

�
) ÈØ×+ìYËdÅ�Ê�×QÉ�ÈäÐ�ËdÈ4Ð�Ë

e
×QÈ4ï Ê�Ù4ËÍï>ËYìYÆbÖ+Ï;Æ³Ð�É�Ê�É�ÆbÈäÖã×QÏ

d
×QÅ�Ë ×bïvs%ÆbÉ�ÈiÊ_Â

Ñ8ËÒñ�É�Ð�Ê#Ð�ÆbÖ�ËÒÏ>Å�ÆbÏ�ËdÅ�Ê�É�ËYÐ0�
µ<©�À<©FÕ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ¤ 1Ó¥z,OE65

P
:�E!.�T&7S=W¸�ESL«581K¢vE

k[G]
Gå©u=U02;PCFE��µ�O�VE�>

χe(P )(s) = 0
�«=27¿.2CKC

s 6∈ Greg
�

¤ 1K1¦¥w,OE«5
S, T ∈ Σk,G

.2>x0�T&;D5
dS = dimk(End(S))

� Ð E�>&=a5eEk:�² PS 5K�<EYT&7S=W¸�ESL«581K¢vEkL·=2¢vE�7k=W� S ���O�<E�>

1

|G|

∑

s∈G

χe(PS)(s
−1)φT (s) = dS δS,T .

Ñ8Ë}ì_×QÈÍÅ�ËdÌ¿×QÅ�ï Ê�Ù4Ë}Ð�Î>Ö É�È�[VÁa`B×bÐp×�Ð�ì_×Qñ�×QÅBÏ>Å�Æ2ï0Î4ìdÊ�×QÈ4ïÍÊ�Ù¿Î4ÐpìYÆbÈ4ìdñ�Î4ï>Ë}Ê�Ù�×QÊ�Ê�Ù4Ë
χe(PS)

éVÆbÅ
S ∈ Σk,G×QÅ�Ë�ñ�É�È4Ë_×QÅ�ñ�Ú�É�È4ï>ËdÏ�ËdÈ4ï>ËdÈ¿Ê_Âjî�Ù>É�Ð#É�Ö+Ï>ñ�É�ËYÐ)Ê�Ù4Ë

µ<©�À<©�ÿ�ùÍ¯�®Q¯�¹º¹H½>®Jü4© �O�<E
χe(PS)|Greg

�6=27
S ∈ ΣFp,G

�6=27�©À.R:S.v3�143m=W�
HG

�
Ô ÆbÅ#Î4Ð�ËÒñ�×QÊ�ËdÅ#ÆbÈØôjËÒÅ�ËYìYÆbÅ�ï«Ê�Ù4ËÒéºÆbñ�ñ�Æzô�É�È>Ì

µ<©�À<©º¨D�wó�¸i»å½>®dð�© �&.vö2E
f ∈ HG

.�>&0¼ESÎ�5eE6>&0�185J5�=¼.�C C�=W�
G
:�²
f(s) = 0

�6=�7
s 6∈ Greg

�q�O�<E�>�5K�VE�7SE
.�7SE

aS ∈ Qp
�6=27

S ∈ ΣFp,G
39;VL���5K�D.�5

f =
∑
aSχe(PS)

�
í���>h��?q�g�#"e�$�<áx�a���@�Å���@���e�d���®�A-B���a���@�g�
) È Ê�Ù>É�ÐÒÐ�ËYìdÊ�É�ÆbÈ ôjËÑô�É�ñ�ñtÐ�ËYË Ù4Æ_ô Ê�Ù4ËÑñ�×bÐ�Ê�ìYÆbÅ�Æbñ�ñ�×QÅ�ÚðËdÈ�×Qó>ñ�ËYÐÒÎ4Ð�Ê�Æ ï>ËYÐ�ìdÅ�É�ó�Ë�
tÎ>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��ãÖã×QÏ4ÐÒó¿ÚìYËdÅ�Ê�×QÉ�Èðï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4Ð_Â

Ô É�Å�Ð�Ê ô�Ëãô�É�ñ�ñ�É�È¿Ê�Å�Æ2ï0Î4ìYË ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4ÐÑÆbÈÕ×ØÊ�ÆbÊ�×Qñ�ñ�Úåï0É�Ð�ìYÆbÈ>È4ËYìdÊ�ËYïÕìYÆbÖ+Ï�×bìdÊNiD×QÎ4Ð�ï>ÆbÅCB Ð�Ï�×bìYË
X
Â

ë�Ú
LC(X,K)

ôjË�ï>ËdÈ4ÆbÊ�Ë�Ê�Ù4Ë
K 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYË�ÆQéBñ�Æiì_×Qñ�ñ�Ú�ìYÆbÈ4Ð�Ê�×QÈ¿Ê�éºÎ>È4ìdÊ�É�ÆbÈ4Ð�ÆbÈ X ô�É�Ê�Ù � ×Qñ�Î4ËYÐ�É�È�Ê�Ù4ËÇ�Ëdñ�ï

K
Â

µ<©4
�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© Ï °p´H¾Y­_®b´Háp±B­z´H¯�¬ ¯;¬
X
1 3m.

K
GeC³1K>xES.27k©µ.9T

µ : LC(X,K) → K, f 7→ µ(f) =:< f, µ > .

Ñ8Ë+ô�É�Ð�Ù Ê�Æ Ì³É � Ë+Ê�Æ«Ð�ÆbÖ�ËãË�*>×QÖ+Ï>ñ�ËYÐ�(Bô�Ù>É�ì�Ù8ô�É�ñ�ñ}ó;ËÑÎ4Ð�ËYïðéVÆbÅÒÊ�Ù4Ë�×QÏ>Ï>ñ�É�ì_×QÊ�É�ÆbÈ4Ð Ê�Æ¼~Ò×Qñ�ÆbÉ�ÐÒÊ�Ù4ËYÆbÅ�ÚÌ³É � ËdÈØÉ�ÈØì�Ù�×QÏ>Ê�ËdÅ�Û0Â
µ<©4
�©�¶ ÜªÈ<½4»8ý�¹à¸�©

• Ð EKXY>xE#5K�<E ºß´H®J½>²«°�´H¾Y­_®b´àá�±B­z´à¯;¬ =W� x ∈ X
:�²

δx(f) := f(x).

•
,OE65

G
:�Em.¿T&7W=SXY>Z185eEJQ27S=2;�T/� Ä =27

f ∈ LC(X,K)
¬��h�®1IL���1 3�Cp=�L�.2CKC³²�L�=2>V365�.2>�5�©µ=�02;DCp=

U ∈ UG
¬h��E

3«E«5
µ(f) :=

1

(G : U)

∑

x∈G/U

f(x).

�O�®1 3#0®EKXY>�1K581I=2>�0a=UE�3�>&=a5�0PEeTVE�>&0-=2>z5K�<EuL6�D=21IL·E�=S�
U
.v3N.¼:�7�1IEK�uL�.2CpL6;DC+.a5818=2>�3·�D=��h3«� Í EuL�.2CKC

µ5K�<EED ½>½>® °p´H¾Y­_®b´Háp±B­z´H¯�¬ =W�
G
�



n Æzô�ìYÆbÈ4Ð�É�ï>ËdÅ�×ÍÏ>Å�ÆQÇ4È>É�Ê�ËDÌ³Å�ÆbÎ>Ï
G
×QÈ4ï Ê�Ù4ËDÏ 	 Ö�Æiï0Î>ñ�×QÅ�Ð�Ú0Ð�Ê�ËdÖ (Zp,Qp,Fp)

ÂhÑ8ËDÅ�ËYì_×Qñ�ñ�Ê�Ù�×QÊ
GregÉ�Ð)ìYÆbÖ+Ï�×bìdÊ_Â

î�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>ÌãÉ�Ð#ìdñ�Ë_×QÅ_Â

µ<©4
�©�µwó�¸i»8½>®vð�© �O�<Ek©u.�T�3
Greg → Greg

0®EKXY>¶ES0R:�²

• s 7→ g−1sg
�«=27

g ∈ G

• s 7→ sp

.�7SEm�D=�©µE�=2©µ=27�T&�®143�©�3«�
Ñ8ËÒô�É�ñ�ñ<È4Æ_ô É�È¿Ê�Å�Æ2ï0Î4ìYË�Ê�Ù4Ë�Ð�Ï�×bìYËÒÆQé�ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4Ð�ôjËÍ×QÅ�Ë�É�ÈiÊ�ËdÅ�ËYÐ�Ê�ËYïßÉ�Èð×QÈ4ï Å�Ëdñ�×QÊ�Ë�É�Ê�Ê�Æ

HG
Â

µ<©4
�©�Àzº«¸�þ�¬p´�­z´H¯;¬t© Í ER0®EKXY>¶E
DG

5�=z:·E'5K�<E�3eT<.aL·E¼=W�±021 3�587�1�:�;D581I=2>V3
µ
=2>

Greg
��1K5K�z¢v.2C¦;ZE93'1 >

Qp
¬

3�;<L6�¼5K�D.�5
< f ◦ α, µ >=< f, µ >

�«=27
α
.�>Z²�=W�m5K�VE!�<=2©�ES=2©µ=27eT��®1 39©�3�=W�k5K�<EN.P:S=2¢vE�7�E�©µ.279ö2� Í Ek36.2²

µ ∈ DG
1 3¾1K>Z¢d.�791I.2>�5�;D>&0®E67

s 7→ g−1sg
�«=27

g ∈ G
.2>&0

s 7→ sp
�

µ<©4
�©4
 ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65
G
:�E�.�Xg>Z1K5eENQ�7W=2;UTf� Ï 021 3�587�1I:�;<581I=2>

µ ∈ DG
1 3�;P>�18¡6;ZE�C³²�0®EKXY>¶ES0�:�²}1K5K3

¢v.2C¦;ZE93�=�>
HG

.2>&0�5K�®;P3#=2>}5K�VE!3�1 ©ªT&CFE��J7S.2;ZE�7�L��<.27W.®L«5eE�793«�
·�®J¯�¯�â�© �DËdÈ4ÆbÊ�ËØó¿Ú

αg
Ê�Ù4ËØìYÆbÈ2s%Î>Ì¿×QÊ�É�ÆbÈ ó¿Ú

g ∈ G
×QÈ4ï óiÚ

β
Ê�Ù4ËØÖã×QÏ

s 7→ sp
Â î�Ù4ËdÅ�ËØÉ�Ð�×

Ï�Æ³Ð�É�Ê�É � Ë É�È¿Ê�ËdÌ�ËdÅ n Ð�Î4ì�ÙäÊ�Ù�×QÊ βn É�Ð�Ê�Ù4ËÍÉ�ï>ËdÈiÊ�É�ÊnÚäÆbÈ Greg Â¾~DÉ � ËdÈ µ ∈ DG
ô�ËÍÖ Î4Ð�Ê)Ç4È4ïäÉ�Ê�Ð � ×Qñ�Î4Ë{ÆbÈ

f ∈ LC(Greg,Qp,
`DÂ}î�Ù>É�Ð�ôjË�ï>Æ�ó¿Ú«× � ËdÅ�×QÌ³É�È>Ì Æ � ËdÅ�×Qñ�ñ�Ù4ÆbÖ�ËYÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�ÐDÉ�È�tiÎ4ËYÐ�Ê�É�ÆbÈ%�

g :=
1

|G| + n
(
∑

g∈G

f ◦ αg +
n−1∑

i=0

f ◦ βi)

g
É�Ð#ìdñ�Ë_×QÅ�ñ�Úß×QÈßËdñ�ËdÖ�ËdÈ¿Ê�ÆQé

HG
×QÈ4ï

< g, µ >=< f, µ >
Â

2

) È�Ê�Ù4Ë)ñ�×bÐ�ÊjÐ�ËYìdÊ�É�ÆbÈ ôjË�È4ÆbÊ�ËYï ï0ÉFB�ËdÅ�ËdÈiÊ�ó�×bÐ�ËYÐjÆQé
HG

Â�
h*2Ï>Å�ËYÐ�Ð�É�È>Ì Ê�Ù4ËDÐ�É�Ö+Ï>ñ�ËDë�Å�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�É�È
Ê�ËdÅ�Ö�Ð�ÆQépÊ�Ù4ËdÖ�(4ôjËÒÅ�ËYìYËdÉ � ËÒÊ�Ù4ËÒéºÆbñ�ñ�Æzô�É�È>Ì

µ<©4
�©F�wó�¸i»8½>®vð�© ,OE65
G
:·E�.NXY>�1K5eEuQ�7W=2;UTf� Ï 021 3�587�1I:6;D581I=2>

µ ∈ DG
143�;P>Z1I¡6;ZE�C³²�0®E65eE�7�©N1 >xE�0�:�²q1K5K3

¢v.2C¦;ZE93�=�>
χV |Greg

�«=27
V ∈ CQp,G

.�>&0±E6¢vE�>z=2>
χe(PS)|Greg

�6=�7k5K�<EJT&7W=S¸«ESL�581 ¢vENL·=2¢vE�793N=W�
S ∈ ΣFp,G

�
Ñ8Ë�ì_×QÈßÅ�ËKéVÆbÅ�ÖÍÎ>ñ�×QÊ�Ë�Ê�Ù4Ë�Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈð×QÈ4ï Ê�×vo�ËÍ×+Ð�ñ�É�Ì³ÙiÊ�ñ�Ú ï0ÉFB�ËdÅ�ËdÈ¿Ê)Ï;ÆbÉ�ÈiÊ)ÆQé � É�Ëdô�Â

µ<©4
�©Hæ-ó�¸i»8½>®vð�© Ä =27N.¾XY>Z185eE¿Q27S=2;�TÅ§B¬B5K�<EmAB;PCFE�7�G8HJ=�1 >&L·.27SMµ©µ.9T�3m1K>
EP(G)

.27�E�1K>w.-:�1 ¸�ESL«581K¢vE�L�=27�G
7�E93eT<=2>&0®E6>&L·E���185K�'5K�VE#0�143658791�:�;<5818=2>Z3¾1K>

DG
�

Ô ÆbÅÍ×QÈw
�Î>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ�� Öã×QÏ É�Ð�Î>È>ÉFt¿Î4Ëdñ�Úðï>ËKÇ4È4ËYï ó¿ÚäÉ�Ê�Ð � ×Qñ�Î4ËYÐÒÆbÈ Ê�Ù4ËÑÐ�É�Ö+Ï>ñ�Ë G 	 Ö�Æ2ï0Î>ñ�ËYÐ�×QÈ4ï8×ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈØÉ�È
DG

ó¿Ú�É�Ê�Ð � ×Qñ�Î4ËYÐ)ÆbÈ«Ê�Ù4Ë�ë�Å�×QÎ4ËdÅ)ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�ÆQé�Ê�Ù4ËYÐ�ËÒÐ�É�Ö+Ï>ñ�Ë G 	 Ö�Æiï0Î>ñ�ËYÐ_Â 2

Ñ8Ë�×Qñ�Ð�Æ�Æbó4Ð�ËdÅ � ËjÊ�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>ÌÒì�Ù�×QÅ�×bìdÊ�ËdÅ�Épýz×QÊ�É�ÆbÈ�ÆQé4É�È � ×QÅ�É�×QÈiÊ�ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4Ð�(bô�Ù>É�ì�Ù{É�ÐBÖ�ÆbÅ�Ë�Ë�*0Ï>ñ�É�ìdÉ�Ê0�

µ<©4
�©FÕwó�¸i»8½>®vð�©JÁ9Ö�¸i®J®Q¸76�ÿ28ÉÃ ,@E65
G
:�E}.�XY>Z185eE�Q27S=2;UTf� Ä =�7

µ ∈ DG
5K�<E�7�E-143�=2>xE}.2>&0Ø=2>ZC³²�=2>¶E

θ ∈ HG
3�;<L6�R5K�<.�5Z�«=27m.2CKC

f : Greg → Qp

< f, µ >=
1

|G|

∑

g∈G

θ(g)f(g).

¤ Ä =27
g 6∈ Greg

��E!3«E65
θ(g) = 0

.2>&0NQ21K¢vE
f(g)

.2>Z²�¢d.2C³;VE�� ¥



·�®J¯�¯�â�© ÷�Ð}ôjË�Ù�× � ËDÐ�ËYËdÈ ×Qó�Æ � Ë�( µ É�ÐtÎ>È>ÉFtiÎ4Ëdñ�Ú�ï>ËKÇ4È4ËYï ÆbÈ Ê�Ù4Ë)Ð�É�Ö+Ï>ñ�ËDë�Å�×QÎ4ËdÅjì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð_Â�Ñ8Ë#Î4Ð�ËÊ�Ù4Ë�Ù4ÆbÖ�ËYÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð�éHÅ�ÆbÖøÅ�ËdÖã×QÅSoßç0ÂSö0ÂSç+Ê�Æ{éVÆbÅ�Ö ×QÈØË«tiÎ>É � ×Qñ�ËdÈ4ìYËÒÅ�Ëdñ�×QÊ�É�ÆbÈäÆbÈ Greg Âtî�Ù4ËÒÈiÎ>ÖÍó�ËdÅ�ÆQéË«tiÎ>É � ×Qñ�ËdÈ4ìYË+ìdñ�×bÐ�Ð�ËYÐ�ìdñ�Ë_×QÅ�ñ�ÚØÉ�ÐDÊ�Ù4Ë Qp 	 ï0É�Ö�ËdÈ4Ð�É�ÆbÈ8ÆQé HG
(�×QÈ4ïðÙ4ËdÈ4ìYË+Ë«tiÎ�×Qñ�Ê�Æ�Ê�Ù4Ë{È¿Î>Ö ó;ËdÅ�ÆQéjÐ�É�Ö+Ï>ñ�Ë

ë�Å�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐzÂhÑ8Ë}Ê�Ù4ËdÅ�ËKéVÆbÅ�Ë�Ù�× � Ë�Ê�ÆDÐ�Æbñ � Ë�Ê�Ù4ËtéVÆbñ�ñ�Æ_ô�É�È>Ì�Ð�tiÎ�×QÅ�Ë�Ð�Ú2Ð�Ê�ËdÖ ÆQé�É�È>Ù4ÆbÖ�ÆbÌ�ËdÈ4ËYÆbÎ4Ðtñ�É�È4Ë_×QÅ
Ë«tiÎ�×QÊ�É�ÆbÈ4Ð

< φEj , µ >=

n∑

i=1

|Ci|

|G|
φEj (gi)θ(gi),

ô�Ù4ËdÅ�Ë
n
É�Ð�Ê�Ù4ËÍÈiÎ>ÖÍó�ËdÅÒÆQé}Ë«t¿Î>É � ×Qñ�ËdÈ4ìYË ìdñ�×bÐ�Ð�ËYÐD×QÈ4ï Ci É�Ð�Ê�Ù4Ë i− th

ÆbÈ4Ë ô�É�Ê�ÙðÅ�ËdÏ>Å�ËYÐ�ËdÈ¿Ê�×QÊ�É � Ë gi Â Ejï>ËdÈ4ÆbÊ�ËYÐtÊ�Ù4Ë
j 	 Ê�Ù�Ð�É�Ö+Ï>ñ�Ë k[G] 	 Ö�Æiï0Î>ñ�Ë³Â}ÔiÉ�È4ìYË#Ê�Ù4Ë�Ð�É�Ö+Ï>ñ�Ë�ëjÅ�×QÎ4ËdÅtì�Ù�×QÅ�×bìdÊ�ËdÅ�Ðj×QÅ�Ë�ñ�É�È4Ë_×QÅ�ñ�Ú{É�È4ï>ËdÏ;ËdÈ4ï>ËdÈiÊ�(Ê�Ù>É�Ð�Ð�Ú0Ð�Ê�ËdÖøÆQé�Ë«tiÎ�×QÊ�É�ÆbÈ4Ð#Ù�×bÐ#ÆbÈ4Ë ×QÈ4ïßÆbÈ>ñ�Ú�ÆbÈ4ËÍÐ�Æbñ�Î>Ê�É�ÆbÈßÉ�È«Ê�Ù4Ë � ×QÅ�É�×Qó>ñ�ËYÐ θ(gi) Â 2

) È � É�Ëdô ÆQéBìYÆbÅ�Æbñ�ñ�×QÅ�Ú«ç0Â Ó4Â^�<(2ôjË�ì_×QÈ«Ë�*2Ï>Å�ËYÐ�ÐjÊ�Ù4Ë�éHÎ>È4ìdÊ�É�ÆbÈ
θ
×bÐ�× ñ�É�È4Ë_×QÅ�ìYÆbÖÍó>É�È�×QÊ�É�ÆbÈßÆQépì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð_Â

[KÑ8Ë�Î4Ð�Ë�Ê�Ù4ËÒÈ4ÆbÊ�×QÊ�É�ÆbÈßéºÅ�ÆbÖ Ð�ËYìdÊ�É�ÆbÈäç0Â Ó4ÂÓ`
µ<©4
�©�ÿwó�¸i»8½>®vð�©JÁ9Ö�¸i®J®Q¸76�ÿ28ÉÃ

θ =
∑

S∈ΣFp,G
µ(φS) 1

dS
χe(PS)∗ ,

�h�<E67SE ∗ 0®E�>&=a5eE93m5K�<E�02;V.2C/©µ=�02;DCpEU�
·�®J¯�¯�â�© �DÎ4ËÒÊ�Æ�Ê�Ù4Ë�Î>È>ÉFtiÎ4ËdÈ4ËYÐ�Ð)ÆQé

θ
Ï>Å�Æ � ËYï ×Qó�Æ � Ë�(4Ê�Ù4ËÍÅ�ËYÐ�Î>ñ�Ê�éVÆbñ�ñ�Æ_ô#Ð)éHÅ�ÆbÖõÊ�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>Ì�ì_×Qñ�ìdÎ 	ñ�×QÊ�É�ÆbÈ<Â�Þ<ËdÊ

S ∈ ΣFp,G
Â

1
|G|

∑
s∈G θ(s)φS(s) = 1

|G|

∑
s∈G

∑
T∈ΣFp,G

µ(φT ) 1
dT
χe(PS)(s

−1)φS(s)

=
∑

T∈ΣFp,G
µ(φT ) 1

dT
( 1
|G|

∑
s∈G χe(PS)(s

−1)φS(s))

= µ(φS)

2

Ñ8Ë È4Æzô
Å�ËdÊ�Î>Å�ÈðÊ�Æ ×ãÏ>Å�ÆQÇ4È>É�Ê�ËÑÌ³Å�ÆbÎ>Ï
G
Â¿Ñ8Ë{Å�ËYì_×Qñ�ñpÊ�Ù�×QÊ�éVÆbÅ

V ≤ U
ô�É�Ê�Ù

U, V ∈ UG
ô�Ë{Ù�× � Ë+×È�×QÊ�Î>Å�×QñiÉ�È2s%ËYìdÊ�É�ÆbÈ

Σk,G/U ↪→ Σk,G/V
Â�ë�ÚDÉ�ï>ËdÈ¿Ê�ÉuéºÚiÉ�È>Ì�Ê�Ù4Ë�ó�×bÐ�É�ÐBÆQé4ë�Å�×QÎ4ËdÅBì�Ù�×QÅ�×bìdÊ�ËdÅ�ÐpÆQé

HG/U
ô�É�Ê�ÙÍÊ�Ù4Ë

ìYÆbÅ�Å�ËYÐ�Ï;ÆbÈ4ï0É�È>Ì+ë�Å�×QÎ4ËdÅ�ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�ÆQé
HG/V

(2×ÍÈ�×QÊ�Î>Å�×Qñ�É�È2s%ËYìdÊ�É�ÆbÈ ÆQé
Qp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYËYÐ HG/U ↪→ HG/V×QÅ�É�Ð�ËYÐ_Â

ÔiÉ�È4ìYË)ô�Ë�×QÅ�Ë)ÆbÈ>ñ�Ú�ìYÆbÈ4ìYËdÅ�È4ËYï ô�É�Ê�Ùãñ�Æ2ì_×Qñ�ñ�Ú�ìYÆbÈ4Ð�Ê�×QÈiÊ}éºÎ>È4ìdÊ�É�ÆbÈ4Ð�(0×�ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ
µ ∈ DG

É�ÐjÎ>È>ÉFt¿Î4Ëdñ�Ú
ï>ËdÊ�ËdÅ�Ö+É�È4ËYïØó¿Úß×ÑìYÆbñ�ñ�ËYìdÊ�É�ÆbÈ

(µG/U ∈ DG/U )U∈UG

Ð�Î>ó<s�ËYìdÊ�Ê�Æ+Ê�Ù4Ë¿j�ìYÆbÖ+ÖÍÎ>Ê�×QÊ�É � É�ÊnÚ«Å�Ëdñ�×QÊ�É�ÆbÈ4ÐSl

V ≤ U ⇒ µG/V |HG/U
= µG/U ,

ô�Ù4ËdÅ�Ë�ôjËÒÎ4Ð�Ë�Ê�Ù4Ë�×Qó;Æ � Ë�ËdÖÍó�ËYï>ï0É�È>Ì HG/U ↪→ HG/V
Â

ëjÚ Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ ç0Â�Ã³ÂSÛ<(DÅ�ËdÖã×QÅSo�ç0ÂSö0ÂxêÕ×QÈ4ï�Ê�Ù4Ë ìYÆbÅ�Å�ËYÐ�Ï�ÆbÈ4ï>ËdÈ4ìYË ó�ËdÊnô�ËYËdÈ ×¼ó�×bÐ�É�ÐßÆQé
HG/U

×QÈ4ï
Σk,G/U

(>×ÍìYÆbñ�ñ�ËYìdÊ�É�ÆbÈßÆQépï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ4Ð
(µG/U )U∈UG

É�Ð�Î>È>ÉFt¿Î4Ëdñ�Ú�ï>ËKÇ4È4ËYï óiÚ�×QÈ'
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ���Öã×QÏ É�È
EP(G)

Âjî�Ù>É�Ð�Ì³É � ËYÐ�Ê�Ù4ËÒÏ>Å�É�È4ìdÉ�Ï�×Qñ�Å�ËYÐ�Î>ñ�Ê#ÆQé�Ê�Ù>É�Ð)ì�Ù�×QÏ>Ê�ËdÅ0�
µ<©4
�©º¨D�z� úB¸i¯�®Q¸i» ©JÁ9Ö�¸¿®Q®Q¸)6�ÿ28ÉÃ ,OE«5

c ∈ EP(G)
.2>�AB;DCpE�7�G8H�=21 >xL�.27�MR©µ.9Tf�Ç�O�<E�7�E±1 3�=2>xE'.2>&0q=2>�C¦²

=�>xE�02143658791�:�;<5818=�>
µc ∈ DG

39;VL���5K�D.�5

< φE, µ
c >= c(E)

�«=27m.2CKC
E ∈ Ck,G

�



G � ¢!£IH £ª� £���£IJ�K £�ìML#��£�NÑ¤#%�¥�¦OJJ��£�"�LÑ§
,g�e�f��Pw�V���g�I�a�e�O�Âáf���Q-gáf�2�$�z���a�/�J�Z�a���e���
Ñ8Ë#É�È¿Ê�Å�Æ2ï0Î4ìYË)ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4ÐjìYÆbÙ4ÆbÖ�Æbñ�Ì³ÚÑÉ�È�tiÎ>É�Ê�Ë#×�Ì�ËdÈ4ËdÅ�×Qñ�Ð�ËdÊ�Ê�É�È>ÌZ(�ó>Î>Êtô�É�ñ�ñZtiÎ>É�ì�o2ñ�ÚÑÌ�ÆÒÆbÈ�Ê�ÆÒÐ�Ï�ËYìdÉ�×Qñ�Épý_Ë³Â

Þ<ËdÊ
G
ó�Ë)×DÊ�ÆbÏ�Æbñ�ÆbÌ³É�ì_×Qñ�Ì³Å�ÆbÎ>Ï�×QÈ4ï

A
×�Ê�ÆbÏ�Æbñ�ÆbÌ³É�ì_×Qñ

G 	 Ö�Æ2ï0Î>ñ�Ë�(iô�É�Ê�Ù�Ê�Ù4Ë)×bï>ï0É�Ê�É�ÆbÈ�×Qñ�Ï>Å�ÆbÏ�ËdÅ�ÊnÚÑÊ�Ù�×QÊÊ�Ù4Ë+×bìdÊ�É�ÆbÈ ÆQé
G
ÆbÈ

A
É�Ð�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð_Â ÔiÎ4ì�Ùå×QÈ

A
É�Ð�ì_×Qñ�ñ�ËYï × ²¿¯�¬;­z´º¬�±B¯;±B¾

G
Ý�»å¯�°p±p¹H¸ Â�[ Ô Å�ÆbÖ È4Æ_ô

ÆbÈØÊ�Ù4Ë�Ê�ËdÅ�Ö
G 	 Ö�Æiï0Î>ñ�ËÍÉ�Ð#ÆQéºÊ�ËdÈ«Î4Ð�ËYï«É�È4Ð�Ê�Ë_×bïßÆQé�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð G 	 Ö�Æiï0Î>ñ�Ë³ÂÓ`

ÀB©º¨�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
Cn(G,A)

:�E}5K�<E}.®:�E6C¦1I.2>ÛQ27S=2;�TÒ=S�¼.2C C�L·=2>�581K>Z;<=�;®3�©µ.9T�3
Gn → A

¬��h�<E67SE
Gn

1 3�5K�<E
n
G¦�6=�C+0'T&7W=U02;<L�5N=S�

G
¬uES¡6;D1ÓTaTVES0���185K�Ø5K�VENTx7W=�0�;<L«5�5�=9T<=�C+=�Q�²a�

f ∈ Cn(G,A)
1 3RL�.�C CFES0�.2>

¬<Ý�²�¯�²búB½4´º¬ �
Ñ8ËÒô�É�Ð�Ù«Ê�ÆÑéVÆbÅ�Öõ×+ìYÆbÖ+Ï>ñ�Ë�*ßìYÆbÈ4Ð�É�Ð�Ê�É�È>ÌãÆQé�Ê�Ù4Ë

Cn
Â

ÀB©º¨�©�¶qº«¸�þ�¬p´�­z´H¯;¬t© �O�<E ²�¯�á}¯�±p¬B°p½>®züÕ¯�ý}¸¿®Q½0­_¯�®

dn : Cn(G,A) → Cn+1(G,A)

�«=27
n > 0

143m0®EKXg>xES0R:�²

(dnf)(x1, . . . , xn+1) := x1f(x2, . . . , xn+1)
+

∑n
i=1(−1)if(x1, . . . , xi−1, xixi+1, xi+2, . . . , xn+1)

+(−1)n+1f(x1, . . . , xn)

Ô Æbñ�ñ�Æ_ô�É�È>ÌÑÊ�Ù4Ë)Ë�*4×QÖ+Ï>ñ�ËDÆQé�Ö�Æ³Ð�ÊjÆQé<Ê�Ù4Ë#ó�Æ2Æ2o2ÐtÆbÈ Ê�Ù>É�ÐjÐ�Î>ó<s%ËYìdÊ�( ) Ð�Ù�×Qñ�ñ�Ê�×vo�Ë)Ê�Ù4Ë#ñ�É�ó�ËdÅ�ÊnÚ�ÆQéBÐSo2É�Ï>Ï>É�È>Ì
Ê�Ù4Ë Ï>Å�Æ2ÆQé�ÆQéDÊ�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>Ì ñ�ËdÖ+Öã×<(tô�Ù>É�ì�Ù Ð�Ù4Æ_ô#ÐÑÊ�Ù�×QÊ+Ê�Ù4Ë

Cn(G,A)
É�È4ï>ËYËYï�éVÆbÅ�Öò×�[ºìYÆ 	 `fìYÆbÖ+Ï>ñ�Ë�*

C(G,A)
Â

ÀB©º¨�©�µ)(t¸2»å»å½�©
dn ◦ dn−1 = 0 ∀n > 1

ÀB©º¨�©�Àzº«¸�þ�¬p´�­z´H¯;¬t© �O�<E'L�=2�D=2©µ=2Cp=�Q2²-Q27S=2;UT�3'=S��5K�<ERL·=2©ªT&CpE�Î
C(G,A)

.27�ERL�.2CKCpE�0z5K�<E ²¿¯�ú�¯�»8¯;¹H¯�û4ü
û�®J¯;±Býp¾+¯�â

G
×ã´à­zú ²�¯�¸SR�²¿´H¸i¬;­_¾ã´º¬

A
�

ÀB©º¨�©4
qó�¸i»8½>®vð�©m» �
G
.aL«5K3k587�1 ¢U18.2CKC³²�=2>

A
¬g5K�<E�>

H1(G,A)
1 3kE�Îa.aL«58C³²�5K�<EªQ27S=2;UT�=S�!L·=2>�581K>Z;<=�;®3�Q27S=2;UT

�<=2©µ=2©µ=27�T&�®143�©�3
f : G→ A

¬�.v3
df(x, y) = f(y) − f(xy) + f(x)

�
n Ë�*0Ê�(bôjËjô�É�Ð�Ù{Ê�Æ�Öã×vo�Ë�×�Ð�Ê�ËdÏ Ê�Æzô�×QÅ�ï>Ð�Ê�Ù4ËYjnñ�ÆbÈ>ÌÒË�*>×bìdÊ�Ð�Ë«tiÎ4ËdÈ4ìYË�ljìYÆbÖ+É�È>ÌDéHÅ�ÆbÖ ×QÈÑË�*>×bìdÊ�Ð�Ë«tiÎ4ËdÈ4ìYË

ÆQé�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð
G 	 Ö�Æiï0Î>ñ�ËYÐ A,B,C Â

ÀB©º¨�©F�)(t¸2»å»å½�©T* =2>V391I0®E�7k5K�VE�E�Îa.aL«5�3«E�¡6;VE6>&L·E

0 → A→ B → C → 0,

��185K�Ç©µ.9T&3
α : A → B

.2>&0
β : B → C

:�E61 >PQrL�=2>&581 >Z;V=2;P3
G
G��D=2©µ=2©µ=27eT��®1 39©�3}39;Z:K¸�ESL«5±5�=Û5K�<E

L·=2>&02185818=�>V3«£
¤ 1Ó¥µ5K�<E#5�=9TV=2C+=·Q2²'=S�

A
1 3!1 >x02;<L9ES0�:�²�5K�D.a5B=W�

B¤ 1 1¦¥
β
�D.23k.'L�=�>�581 >�;<=2;P3!3«E�L«5818=�>

γ
¬Y1I�KE��

β ◦ γ = idC
¤
γ
>¶E�ES0±>&=�5�:�E�.��D=2©µ=2©µ=27eT��®1 39©¿¥��

�O�VE�>#�«=27#E�¢2E�79²
n ∈ N

��EªQ®E65J.2>zESÎa.®L«5Y3�ES¡6;ZE�>&L·E�=W�mL�=2©ªT&CFESÎ®E�3

0 → C•(G,A) → C•(G,B) → C•(G,C) → 0,

5K�VEk©µ.9T&3
α̃
.�>&0

β̃
:�E61 >PQNQ21K¢vE�>�:�²'L�=2©ªT<=v3�1 >DQ�5K�VE#L·=�L��D.21K>w��185K�

α
7�E93�T/�

β
�



·�®J¯�¯�â�© Ñ8ËDÙ�× � Ë β̃ ◦ α̃(f) = β ◦α ◦ f = 0
Â Ô Î>Å�Ê�Ù4ËdÅ

α̃
É�Ð�É�È2s�ËYìdÊ�É � Ë�(>Ð�É�È4ìYË�ìYÆbÈ4ï0É�Ê�É�ÆbÈ�[HÉ `j×Qñ�ñ�Æzô#Ð�Î4ÐÊ�Æ � É�Ëdô A

×bÐ�×ÑÐ�Î>ó 	 ~ 	 Ö�Æ2ï0Î>ñ�Ë�ÆQé B Âg~DÉ � ËdÈØ×ÑìYÆ2ì�Ù�×QÉ�È g ∈ Cn(G,C)
(4ï>ËKÇ4È4Ë

f := γ ◦ g
×ÑìYÆ2ì�Ù�×QÉ�ÈØÉ�È

Cn(G,B)
Â
β̃
É�Ð)Ð�Î>Å8s%ËYìdÊ�É � Ë�(�Ð�É�È4ìYË β ◦ f = β ◦ γ ◦ g = g

Â
2

Ô Æbñ�ñ�Æ_ô�É�È>ÌzÑ É�ñ�Ð�ÆbÈ¨[W]�Ã_Ûv_K`�(�ô�Ë ì_×Qñ�ñ�×QÈ Ë�*4×bìdÊ+Ð�Ë«t¿Î4ËdÈ4ìYË Ð�×QÊ�É�Ð�éHÚ2É�È>Ì ó;ÆbÊ�Ù ÆQé)Ê�Ù4ËYÐ�Ë ìYÆbÈ4ï0É�Ê�É�ÆbÈ4Ð ×{¸i¹º¹
½>°:9Y±�¾Y­_¸i° Â

��Î4Ë�Ê�ÆðÊ�Ù4Ë ñ�ËdÖ+Öã×<(ª[ºìYÆ 	 `�Ù4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�×Qñ�Ì�Ëdó>Å�×äÊ�Ëdñ�ñ�ÐÑÎ4Ð{Ê�Ù�×QÊ�(�éVÆbÅ{Ë � ËdÅ�Ú8ô�Ëdñ�ñ)×bïvsfÎ4Ð�Ê�ËYï¼Ë�*4×bìdÊ+Ð�Ë 	tiÎ4ËdÈ4ìYË�(>Ê�Ù4ËdÅ�Ë�Ë�*0É�Ð�Ê�Ð)×mjnñ�ÆbÈ>Ì Ë�*>×bìdÊ)Ð�Ë«t¿Î4ËdÈ4ìYË�l

· · · → Hn(G,A) → Hn(G,B) → Hn(G,C) → Hn+1(G,A) → . . .

[àéVÆbÅ�Ë � ËdÅ�Ú n ∈ N
`�ô�É�Ê�ÙðÖã×QÏ4Ð

Hn(G,A) → Hn(G,B)
×QÈ4ï

Hn(G,B) → Hn(G,C)
ìYÆbÖ+É�È>ÌãéºÅ�ÆbÖ

α̃×QÈ4ï
β̃
×QÈ4ï«Ê�Ù4Ë¿j�ìYÆbÈ>È4ËYìdÊ�É�È>ÌãÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�ÐWl

δ : Hn(G,C) → Hn+1(G,A)
Â

ÀB©º¨�©HæäÜªÈ<½4»8ý�¹à¸�© AJ¡6;D1^T®T&1 >DQ
A
¬
B
.2>&0

C
��1K5K��5K�<E�0�143«L67SE«5eE�5�=�T<=2Cp=�Q2²v¬@��E�L6CpE�.279C³²k�<.2¢vEª.k��E�CKCZ.a0W¸�;®365eES0

E�Îa.aL«5�3«E�¡6;VE6>&L·E��
÷�ñ�×QÅ�Ì�Ë#Ï�×QÅ�ÊjÆQé<Ê�Ù>É�ÐjËYÐ�Ð�×_Ú+É�Ð}ìYÆbÈ4ìYËdÅ�È4ËYï�ô�É�Ê�Ù ï0É�Ð�ìdÅ�ËdÊ�Ë)Ö�Æiï0Î>ñ�ËYÐzÂhÑ8Ë�×QÅ�Ë�(iÙ4Æ_ôjË � ËdÅ�(4×Qñ�Ð�ÆÒÉ�È¿Ê�ËdÅ�ËYÐ�Ê�ËYïÉ�ÈØÊ�Ù4Ëªj

p 	 ×bï0É�ì�lÒì_×bÐ�Ë�ÆQé Zp 	 Ö�Æ2ï0Î>ñ�ËYÐ�×QÈ4ï Qp 	�� ËYìdÊ�ÆbÅ)Ð�Ï�×bìYËYÐ_ÂÑ8ËÒÙ�× � ËÒÊ�Ù4Ë
ÀB©º¨�©FÕwó�¸i»8½>®vð�©

•
,OE«5

A ≤ B
:�EN.2>w=9TVE�>q3�;V:�©µ=�0�;PCFE����O�VE�>

B/A
�D.v3#.23#¡6;<=a581IE�>&5�5�=9TV=2C+=·Q2²±5K�VE

021 36L67�E65eE�=2>xE�.2>x0u�<E6>&L·E�5K�<Ek3·�<=27�5�ESÎa.aL�5g3�ES¡6;ZE�>&L·E

0 → A→ B → A/B → 0

1 3¿��E�CKC@.a0S¸9;P3�5eES0P�

•
Ù�;UTaT<=v3�E

A
¬
B
.27SEOXY>�1K5eE�C³²�Q®E�>xE67W.�5eE�0

Zp
Gå©u=U02;PCFE93ª=27

Qp
Gå¢vESL«5�=27�3�T<.®L·E93·¬YES¡6;D1^T®TVES0���185K��5K�<EhT&GÉ.®0218L

5�=9T<=�C+=�Q�²a�u�O�VE�>
0 → A→ B → A/B → 0

1 3¿��E�CKC@.a0S¸9;P3�5eES0P�
) Ê{Ð�Ù4ÆbÎ>ñ�ïåó�Ë Ö�ËdÈ¿Ê�É�ÆbÈ4ËYï�Ù4ËdÅ�ËãÊ�Ù�×QÊ�(�Éué#ô�ËãÉ�È4Ð�É�Ð�Ê{ÆbÈ¼Ê�Ù4Ë

G 	 Ö�Æ2ï0Î>ñ�ËYÐÑÊ�Æßó�Ë k 	�� ËYìdÊ�ÆbÅ+Ð�Ï�×bìYËYÐU(�Ê�Ù4ËÐ�×QÖ�ËÒÉ�Ð�Ê�Å�Î4Ë�éVÆbÅ�Ê�Ù4ËÒìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú«Ì³Å�ÆbÎ>Ï4Ð_Â

,g� �h��U´á¶���¼�/ïV�<�Oãg�Oàr�W"��O�fä¨�/�a�O�g���
) È«Ê�Ù>É�Ð)Ð�ËYìdÊ�É�ÆbÈ/(>ô�Ù>É�ì�ÙßÉ�Ð#ó�×bÐ�ËYïßÆbÈz]�Ã_Ûv_e(0ô�ËÒñ�É�Ð�Ê#Ð�ÆbÖ�ËÒÉ�Ö+Ï�ÆbÅ�Ê�×QÈ¿Ê�(�ó>Î>Ê � ËdÅ�Ú�Ê�ËYì�Ù>È>É�ì_×QñBÅ�ËYÐ�Î>ñ�Ê�Ð_ÂÑ8ËÒó;ËdÌ³É�ÈØô�É�Ê�Ùä×
ÀB©�¶�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

G1, G2
:�E¿T&7W=SXY>Z185eEkQ27S=2;UT�3u.�>&0'CFE65

Ai
:�E
Gi
Ge©µ=�02;DCpE�3 ¤

i = 1, 2
¥a� Ï T<.21K7N=S�©µ.9T&3

(θ, ϕ), θ : G1 → G2, ϕ : A2 → A11 3mL�.2CKCpE�0 ²�¯�»åý�½0­z´Há�¹à¸ 1 �
ϕ(θ(x)a) = xϕ(a) ∀x ∈ G1 ∀a ∈ A2

�
ÀB©�¶�©�¶ ÜªÈ<½4»8ý�¹à¸�© ¤ 1¦¥

θ = idG : G → G
.2>&0

ϕ : A2 → A1
L�=2>&581 >Z;V=2;P3«�½�O�VE�>

(idG, ϕ)
1 3

L�=2©ªT<.a581I:�CFE#1 �!.�>&0'=2>ZC³²µ1 �
ϕ
1 3m.

G
Ge©µ=�02;DCpEm�<=2©µ=2©µ=27�T&�®143�©��

¤ 1K1¦¥w,OE«5
H ≤ G

:�Em.uL6Cp=v3«ES0u39;Z:IQ27S=2;UT�¬
A
.
G
Ge©µ=�02;DCpE#.2>&0

θ : H ↪→ G
5K�<E¾1 >&L«C¦;P391I=2>x���O�<E�>

(θ, idA)1 3!.'L�=2©ªT<.a581I:�CFE�T<.21K7��
¤ 1 1K1¦¥w,OE«5

K / G
:�ER.wL6Cp=v3«E�0q>&=27�©µ.2CY3�;V:IQ�7W=2;UTÅ.�>&0wL�=2>V3�180PE�7

θ : G → G/K
� Ä =27±.

G
Gå©µ=�02;DCpE

A
¬

AK
143mL6Cp=v3�ES0±;P>x0®E�7

G
GW.aL«581I=2>z.2>&0�143m.

G/K
Ge©µ=�02;DCpEU���&.vö2E�5K�<Em1K>�¸«E�L«5818=�>

ϕ : AK ↪→ A
�u�O�<E�>

(θ, ϕ)
.27�E�L�=2©ªT<.�581�:�CFE��



ÀB©�¶�©�µ)(t¸2»å»å½�© ,OE65
θ : G1 → G2

.2>&0
ϕ : A2 → A1

:�E�.'L�=2©ªT<.�581�:�CFE�T<.21K7·¬
n ∈ N

�
¤ 1¦¥Å�O�<E�7�Em143m.2>}1K>&02;VL·ES0��D=2©µ=2©µ=27eT��®1 39©

(θ, ϕ)∗ : Cn(G2, A2) → Cn(G1, A1)

Q21K¢vE�>�:�²
((θ, ϕ)∗f)(x1, . . . , xn) = ϕf(θx1, . . . , θxn)

�
¤ 1K1¦¥Å�O�<E#021I.�Q27S.2©

Cn(G2, A2) → Cn(G2, A2)
↓ ↓

Cn(G1, A1) → Cn(G1, A1),�h�<E�7�E!5K�VEª�D=27�1YXU=2>�5�.2C&©µ.9T�3¾.�7SE¾5K�VEkL�=®:�=2;P>x0a.27�²�=9TVE�7S.�5�=2793m.2>&0N5K�<E¿¢2E�7�581IL�.2Cf©µ.9T&3ª5K�<E
(θ, ϕ)∗

¬\143
L�=2©N©N;<5�.�581 ¢2E��

¤ 1 1K1¦¥
(θ, ϕ)∗

1K>&02;VL·E93m.µ�D=2©µ=2©µ=27eT��®1 39©
Hn(G2, A2) → Hn(G1, A1)

¬Y�h�®1IL��'��E¾39�D.2CKC��6=�7¾5K�VE¾3«.vö2E�=W�
391K©ªT&C³18L61858²�.2C¦36=±L�.2CKC

(θ, ϕ)∗
�

·�®J¯�¯�â�© [%ÃU`�×QÈ4ï�[VÁa`�×QÅ�Ë�Ë_×bÐ�Ú�ì_×Qñ�ìdÎ>ñ�×QÊ�É�ÆbÈ4Ð_Â¿[Vça`�É�Ð)×{ó�×bÐ�É�ìDéN×bìdÊ�éºÅ�ÆbÖ ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�×Qñ�Ì�Ëdó>Å�×0Â}î�Ù4Ë
ñ�ËdÖ+Öã×ã×QÈ4ï«Ê�Ù4ËÒÏ>Å�Æ2ÆQé�ì_×QÈßó�ËDéVÆbÎ>È4ï É�È�]�Ã_Ûd_e(��0ÂSÁ0Â�Ã³Â

2

Ñ8ËÒÈ4Æ_ô ×QÏ>Ï>ñ�Ú Ê�Ù4ËÒñ�ËdÖ+Öã×+Ê�ÆÑÊ�Ù4ËÍ×Qó;Æ � Ë�Ë�*4×QÖ+Ï>ñ�ËÍ×QÈ4ïßÐ�Ê�×QÊ�ËÒÊ�Ù4ËDéVÆbñ�ñ�Æ_ô�É�È>Ì
ÀB©�¶�©�Àzº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

A
:�EN.±L�=2>�581K>Z;V=2;P3

G
Ge©µ=�02;DCFE9¬

H ≤ G
.'L6Cp=v3�ES0'.2>&0

K / G
.±L6Cp=v3«ES0±>x=279©µ.2C

3�;V:�Q27W=�;�Tf���O�<E!�D=2©µ=2©µ=27eT��®1 39©

res : Hn(G,A) → Hn(H,A)

1K>&02;VL·ES0�:6² ¤ ��¥µ=S�k5K�<ENESÎa.2©ªT&CFE#143kL�.2CKCFES0'5K�<E ®J¸i¾Y­_®b´à²�­z´à¯;¬ .2>&0

inf : Hn(G/K,AK ) → Hn(G,A)

1K>&02;VL·ES0�:6² ¤ �«¥u5K�VE ´º¬WZp½0­z´H¯;¬ �D=2©µ=2©µ=27eT��®1 39©��
ÀB©�¶�©4
 ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65

I
:�E'.q021K7�ESL«5eES0w3«E65¾=W�u1K>&021IL·E93·¬

(Gi, θi,j)
.µT&7S=W¸�ESL«581K¢vE�39²v365eE�©c=W�¾Tx7W=WXg>Z1K5eE

Q�7W=2;UT�39¬
(Ai, ϕj,i)

.�0�1 7�ESL«5�39²v365eE�©¹=W�m021 36L«7SE65eEN.P:�E�C³18.2>�Q27S=2;UT�3m��185K�
Ai

:·E�1 >DQ±.
Gi
Ge©µ=�0�;PCFE��ªÙ¶E«5

(G, θi) := lim
←

(Gi, θi,j)
.2>&0

(A,ϕi) := lim
→

(Ai, ϕj,i).

Ï 3·3�;P©�E#5K�D.�5�ES.aL��NT<.�1 7 (θi,j, ϕj,i)
143mL�=2©ªT<.a581I:�CFE��µ�O�VE�>

¤ 1¦¥Å�O�<E�7�Em143m.�;P>�18¡6;ZE
G
Ge©µ=�02;DCFE#3�587�;<L�58;P7�EN=2> Ï 39;VL���5K�D.�5BE�.aL��NT<.21K7

(θi, ϕi)
1 3mL�=2©ªT<.�581�:�CFE��

¤ 1K1¦¥Å�O�<E#.®:�C³18.�>'Q27S=2;UT�3
Cn(Gi, Ai)

5�=�Q®E65K�<E67m��185K�'5K�<Em1K>&02;VL·ES0±©µ.9T�3

γj,i = (θi,j , ϕj,i)
∗ : Cn(Gi, Ai) → Cn(Gj , Aj)

�«=279©À.'021K7�ESL«5�39²v3�5eE6©#¬g.2>x0�5K�<E#5K�<Em1K>&02;VL·ES0±©µ.9T�3

γi = (θi, ϕi)
∗ : Cn(Gi, Ai) → Cn(G,A)

36.a58143K�9²
γjγj,i = γi

�«=27
i ≤ j

�
¤ 1 1K1¦¥Å�O�<E#.®:�C³18.�>'Q27S=2;UT�3

Hn(Gi, Ai)
5�=�Q®E65K�VE�7#��185K�R5K�<E!1K>&02;VL·ES0±©µ.9T&3

ηj,i = (θi,j, ϕj,i)
∗ : Hn(Gi, Ai) → Hn(Gj , Aj)

�«=279©À.'021K7�ESL«5�39²v3�5eE6©#¬g.2>x0�5K�<E#5K�<Em1K>&02;VL·ES0±©µ.9T�3

ηi = (θi, ϕi)
∗ : Hn(Gi, Ai) → Hn(G,A)

36.a58143K�9²
ηjηj,i = ηi

�«=27
i ≤ j

�



¤ 1 ¢S¥
(Cn(G,A), γi) = lim

→
(Cn(Gi, Ai), γj,i).

¤ ¢S¥
(Hn(G,A), ηi) = lim

→
(Hn(Gi, Ai), ηj,i).
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n ∈ N
�N�O�<E�>

¤ .�¥
Hn(G,A) ∼= lim

→
Hn(G/U,AU )

¬�5�.vöU1K>PQ�5K�<EmC¦1K©N1K5B=2¢vE�7
U ∈ UG

�
¤ :å¥

Hn(G,A) ∼= lim
→
Hn(G,B)
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B ≤ A

�
·�®J¯�¯�â�© [V×a`¾Ñ8Ë�o2È4Æ_ô

G = lim
←
G/U

Â Ô ÆbÅ
V ≤ U

É�È
UG

ô�ËãÙ�× � ËãÊ�Ù4ËãÉ�È4ìdñ�Î4Ð�É�ÆbÈ4Ð AU ↪→ AV
(

ô�Ù>É�ì�Ù éVÆbÅ�Ö ×�ï0É�Å�ËYìdÊ�Ð�Ú0Ð�Ê�ËdÖßÂ ) ÈðéV×bìdÊ
A = lim

→
AU =

⋃
AU

ÂÍ÷DÐ�ô�ËÑÙ�× � Ë+Ð�ËYËdÈ É�È Ê�Ù4Ë+Ë�*4×QÖ+Ï>ñ�Ë�(�Ê�Ù4ËÖã×QÏ4ÐD×QÅ�ËÒìYÆbÖ+Ï�×QÊ�É�ó>ñ�Ë ×QÈ4ï«ô�Ë�ì_×QÈä×QÏ>Ï>ñ�Ú Ê�Ù4Ë�ñ�×bÐ�Ê#Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ<Â
[Hó&`�Ñ8Ë)ìdñ�Ë_×QÅ�ñ�Ú�Ù�× � Ë A =

⋃
B≤A [<\S]^\ B = lim

→
B
Â�÷)Ì¿×QÉ�È Ê�Ù4Ë#Å�ËYÐ�Î>ñ�Ê}éºÆbñ�ñ�Æzô#ÐjéHÅ�ÆbÖ�Ê�Ù4Ë)Ë�*4×QÖ+Ï>ñ�Ë�×QÈ4ï�Ê�Ù4Ë

Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ<Â
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,g� íh�E_��O�å���g���<�!� àr�`����"e���
iDËdÅ�ËÒô�ËÒÌ³É � ËÍ×ÑÐ�Ù4ÆbÅ�Ê�×bìYìYÆbÎ>ÈiÊ�ÆQé�ìYÆbÉ�È4ï0Î4ìYËYï�[V×Qñ�Ð�Æãì_×Qñ�ñ�ËYï«É�È4ï0Î4ìYËYï�`�Ö�Æ2ï0Î>ñ�ËYÐ�éVÆbÅ)×{Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï G (ìdÎ>ñ�Ö+É�È�×QÊ�É�È>Ì É�ÈßÊ�Ù4Ë�Ð�Ê�×QÊ�ËdÖ�ËdÈiÊ)ÆQé�Ê�Ù4Ëk
tì�o2Öã×QÈ>È 	 ÔiÙ�×QÏ>É�Å�Æ�ñ�ËdÖ+Öã×0ÂÑ8Ë�ÇV*«×Ñìdñ�Æ³Ð�ËYïßÐ�Î>ó>Ì³Å�ÆbÎ>Ï

H ≤ G
éVÆbÅ�Ê�Ù4ËÒÅ�ËYÐ�Ê#ÆQé�Ê�Ù>É�Ð)Ð�ËYìdÊ�É�ÆbÈ<Â
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A
5�=R:�E

5K�VE#0�143«L67SE«5eE
G
Ge©µ=�02;DCpE

MG
H (A) := {f : G→ A

L�=2>&581 >Z;V=2;P3
| f(hx) = hf(x) ∀h ∈ H ∀x ∈ G},

��185K�'7SE93eTVESL«5J5�=

•
.a0a0218581I=2>x£

(f1 + f2)(x) := f1(x) + f2(x)
�6=27

x ∈ G
�

• G
GÉ.®L«5818=�>x£

(gf)(x) = f g(x) := f(xg)
�6=�7

g, x ∈ G
�

Ñ8Ë Ù�× � Ë{Ê�Æ ì�Ù4ËYì�oðÊ�Ù4Ë Ð�Ê�×QÊ�ËdÖ�ËdÈiÊ�Ð�Öã×bï>Ë{É�ÈðÊ�Ù4Ë{ï>ËKÇ4È>É�Ê�É�ÆbÈ<Â!Þ<ËdÊ f ∈ MG
H (A)

Â Ô ÆbÅ
g, x ∈ G

×QÈ4ï
h ∈ H

ô�ËÒÙ�× � Ë
fg(hx) = f(hxg) = hf(xg) = h(f g(x)).

î�ÙiÎ4Ð
fg ∈MG

H (A)
Â

f ∈ MG
H (A)

É�Ð�É�ÈðÏ�×QÅ�Ê�É�ìdÎ>ñ�×QÅ�× ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð�éHÎ>ÈiÊ�É�ÆbÈ ô�É�Ê�Ù � ×Qñ�Î4ËYÐDÉ�È × ï0É�Ð�ìdÅ�ËdÊ�ËÑÐ�Ï�×bìYË�(;Ê�Ù4ËdÅ�ËKéVÆbÅ�Ë É�ÊÉ�Ð{ñ�Æ2ì_×Qñ�ñ�ÚåìYÆbÈ4Ð�Ê�×QÈiÊ�(}Ð�×_Ú8Ö�Æiï0Î>ñ�Æ
N ∈ UG

ÂqiDËdÈ4ìYË
fn(x) = f(xn) = f(x)

éVÆbÅÑ×Qñ�ñ
n ∈ N

×QÈ4ï ×Qñ�ñ
x ∈ G

Â î�ÙiÎ4ÐÑÊ�Ù4Ë�ÆbÏ�ËdÈ Ð�Î>ó>Ì³Å�ÆbÎ>Ï
N

É�ÐÑìYÆbÈ¿Ê�×QÉ�È4ËYïÕÉ�ÈÕÊ�Ù4Ë�Ð�Ê�×Qó>É�ñ�Épý_ËdÅ�ÆQé
f
Â ) È ×ßÏ>Å�ÆQÇ4È>É�Ê�Ë Ì³Å�ÆbÎ>Ï ×

Ð�Î>ó>Ì³Å�ÆbÎ>ÏØìYÆbÈ¿Ê�×QÉ�È>É�È>Ì ×QÈØÆbÏ;ËdÈßÐ�Î>ó4Ð�ËdÊ�É�Ð�ÆbÏ;ËdÈ<Âgi�ËdÈ4ìYË�Ê�Ù4Ë�Ð�Ê�×Qó>É�ñ�Épý_ËdÅ)ÆQé
f
É�Ð#ÆbÏ�ËdÈ«É�È

G
Âtî�Ù>É�Ð�É�Ö+Ï>ñ�É�ËYÐ

Ê�Ù�×QÊ
g 7→ f g

É�Ð#ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð�(�ô�Ù4ËdÈ4ìYË�Ê�Ù4Ë
G 	 ×bìdÊ�É�ÆbÈäÉ�Ð#ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð_Â) Ê�É�Ð�È4Æzô!ìdñ�Ë_×QÅtÊ�Ù�×QÊ�Ê�Ù4Ë#ìYÆbÉ�È4ï0Î4ìYËYï�Ö�Æiï0Î>ñ�Ë�É�Ð�ô�Ëdñ�ñ�ï>ËKÇ4È4ËYïã×QÈ4ïÑÙ�×bÐtÊ�Ù4Ë�Ï>Å�ÆbÏ;ËdÅ�Ê�É�ËYÐ}ìdñ�×QÉ�Ö�ËYï�Â
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ÀB©�µ�©�¶�(t¸2»å»å½�© �O�<Em©u.�T
π : MG

H (A) → A, f 7→ f(1)

1 3m.u3�;P7K¸�ESL«581K¢vE
H
Gå©µ=�02;DCpEm�D=�©u=�©u=�7�T��P143�©µ�



·�®J¯�¯�â�©
π(f1+f2) = f1(1)+f2(1) = π(f1)+π(f2)

×QÈ4ï
hπ(f) = hf(1) = f(h) = fh(1) = π(fh)éVÆbÅ

h ∈ H
Â�î�Ù4ËdÅ�ËKéVÆbÅ�Ë

π
É�Ð)×QÈ

H 	 Ö�Æiï0Î>ñ�ËÒÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�ÖßÂ) Ê�É�Ð#× éN×bìdÊ#ÆQépÏ>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï4Ðm[ºìKé%ÂJ]�Ã_Û2_e(�Ã³ÂSç0Â ÓP`�Ê�Ù�×QÊ�Ê�Ù4ËdÅ�ËÒÉ�Ð#×ÑìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð)Öã×QÏ
β : G→ H

Ð�Î4ì�Ù
Ê�Ù�×QÊ

β(1) = 1
×QÈ4ï

β(hx) = hβ(x)
éºÆbÅ

h ∈ H
×QÈ4ï

x ∈ G
Â

Þ<ËdÊ
a ∈ A

Âµ��ËKÇ4È4Ë
fa : G → A, x 7→ β(x)a

(Bô�Ù>É�ì�Ù¼ìdñ�Ë_×QÅ�ñ�Ú É�Ð�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð_Â Ô Î>Å�Ê�Ù4ËdÅ
fa(hx) =

β(hx)a = hβ(x)a = hfa(x)
×QÈ4ï

fa(1) = a
(0ô�Ù4ËdÈ4ìYË

f ∈MG
H (A)

×QÈ4ï
π(fa) = a

(0É�Ö+Ï>ñ�Ú2É�È>Ì�Ê�Ù�×QÊ
π
É�Ð

Ð�Î>Å8s%ËYìdÊ�É � Ë³Â 2
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[
Ã_Û

]
Â
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K ≤ H ≤ G
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G
�

�O�VE�>
MH
K (MG

H (A)) = MH
K (A).

ÀB©�µ�©�À8·�®Q¯�ýt¯�¾z´à­z´H¯�¬}©
MG
H (.)
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n ∈ N
5K�<E�7�E#143k.2>q1 36=2©µ=27eT��®1 39©

Hn(G,MG
H (A)) → Hn(H,A)

1K>&02;VL·ES0¿��7S=2©À5K�<Em©µ.9T
π : MG

H (A) → A
.®:S=2¢2E��

,g��,Y�ªß\�Oàr�a�<�OãY�@àÇ�b"��/�O�	�<á�"��<�O���v�	�Y�Z�®á&�a�e�O�g�
) ÈåÊ�Ù>É�ÐÑÐ�ËYìdÊ�É�ÆbÈ¼ôjË É�È¿Ê�Å�Æ2ï0Î4ìYË Ð�ÆbÖ�Ëãñ�×QÈ>Ì³Î�×QÌ�Ë ×QÈ4ï¼ó�×bÐ�É�ìãÅ�ËYÐ�Î>ñ�Ê�Ð�éºÅ�ÆbÖ ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ)×Qñ�Ì�Ëdó>Å�×0Â�c�Î>Å
Öã×QÉ�ÈØÅ�ËKéºËdÅ�ËdÈ4ìYËÒÉ�Ðm]xêd_e( )�) ÂSö0Â

Þ<ËdÊ
G
ó�Ë�×ÒÏ>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï<Â���ËdÈ4ÆbÊ�Ë)óiÚ

AG
Ê�Ù4ËD×Qó�Ëdñ�É�×QÈ ì_×QÊ�ËdÌ�ÆbÅ�ÚãÆQé<ï0É�Ð�ìdÅ�ËdÊ�Ë

G 	 Ö�Æ2ï0Î>ñ�ËYÐ�(>×QÈ4ï ó¿Ú
Ab

Ê�Ù4ËÍ×Qó;Ëdñ�É�×QÈäì_×QÊ�ËdÌ�ÆbÅ�Ú ÆQét×Qó�Ëdñ�É�×QÈßÌ³Å�ÆbÎ>Ï4Ð_Â
Ä�Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈØÓ4ÂSÁ0ÂSöÑÉ�Ö+Ï>ñ�É�ËYÐ)Ê�Ù�×QÊ

Hq(G, .) : AG → Ab
É�Ð�×{éHÎ>È4ìdÊ�ÆbÅ_Â

Ñ8ËÒôjÆbÎ>ñ�ïØñ�Épo�Ë�Ê�Æ+ó;Ë�×{ó>É�Ê)Ö�ÆbÅ�ËÒÏ>Å�ËYìdÉ�Ð�Ë³Â
ÀB©�À<©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

A
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H = (Hq)q∈Z

=�>
A
143u.'3�ES¡6;ZE�>&L·E±=W�uL�=2¢d.�791I.2>�5¿.a0a0218581 ¢2E���;P>&L�5�=27·3

Hq : A → Ab
¬B�h�®1IL��w.v3·3�1+Q2>Z3�5�=¼E�¢2E�79²�3·�D=2765�ESÎa.®L«5

3�ES¡6;ZE�>&L·E
0 → A → B → C → 0

1 >
A
.RL�=2>Z>¶ESL«581K>PQR�<=2©µ=2©µ=27�T&�®143�©

δ = δn : Hn(C) → Hn+1(A)3�;<L6�R5K�<.�5�5K�VEY�«=2CKC+=���1 >PQ�58�g='L�=2>&0218581I=2>V3m.27�E!3«.�581 3 XBES0P£
¤ .�¥ Ä =27NE�¢vE�7�²±L�=�©�©N;<5�.�581K¢vEN021I.�Q27S.2©

0 → A → B → C → 0
↓ f ↓ g ↓ h

0 → A′ → B′ → C ′ → 0

1K>
A
��185K�¼ESÎa.aL«5B7S=2�h3·¬g5K�VEY�«=2CKC+=���1 >PQ�021I.�Q27S.2©þL�=�©�©N;<5eE93g�«=27#E�¢vE679²'¡

Hq(C)
δq

→ Hq+1(A)
↓ Hq(h) ↓ Hq+1(f)

Hq(C ′)
δq

→ Hq+1(A′).

¤ :å¥ Ä =�7#ES.aL��R39�D=2765BESÎa.®L«5�3«ES¡6;ZE�>&L9EN1K>
A

0 → A→ B → C → 0,



5K�VEkCp=2>PQ�3�ES¡6;ZE�>&L·E

· · · → Hq−1(C)
δq−1

→ Hq(A) → Hq(B) → Hq(C)
δq

→ Hq+1(A) → . . .
1 3#ESÎa.aL�5e�
4 Ð�É�È>ÌÍÊ�Ù4Ë#Ê�Ù4ËYÆbÅ�Ú�ï>Ë � Ëdñ�ÆbÏ>Ï�ËYïãÐ�Æ�éN×QÅ�(iÉ�ÊtÉ�Ð}Ë_×bÐ�É�ñ�Ú+Ð�ËYËdÈãÊ�Ù�×QÊ H•(G, .) ×QÈ4ï H•(G/U, (.)U )

éVÆbÅ
U /Gìdñ�Æ³Ð�ËYïå×QÅ�Ë+ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×QñtéºÎ>È4ìdÊ�ÆbÅ�ÐÒéVÆbÅÒÊ�Ù4Ë+ì_×QÊ�ËdÌ�ÆbÅ�Ú

AG
ÆQé�ï0É�Ð�ìdÅ�ËdÊ�Ë

G 	 Ö�Æiï0Î>ñ�ËYÐU(�×bÐÒô�Ëdñ�ñj×bÐ�éVÆbÅDÊ�Ù4Ëì_×QÊ�ËdÌ�ÆbÅ�É�ËYÐÍÆQé}Ç4È>É�Ê�Ëdñ�ÚØÌ�ËdÈ4ËdÅ�×QÊ�ËYï
Zp 	 Ö�Æiï0Î>ñ�ËYÐ�×QÈ4ïðÇ4È>É�Ê�Ëdñ�ÚäÌ�ËdÈ4ËdÅ�×QÊ�ËYï Qp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYËYÐ�(�ÆbÈ ô�Ù>É�ì�Ù G×bìdÊ�Ð�ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð�ñ�ÚØ×QÈ4ï«ñ�É�È4Ë_×QÅ�ñ�Úa(4ï>ËdÈ4ÆbÊ�ËYïØó¿Ú

MZp,G
×QÈ4ï

MQp,G
Â

ÀB©�À<©�¶qº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5
H,F

:�E�L�=v�<=2©µ=2C+=·Q218L·.2CZ��;P>&L�5�=27·3µ=2>
A
� Ï »8¯�®Jý�úp´à¾J» ¯�âÒ²�¯�ú�¯�»å¯�¹H¯�û;´H²�½4¹

âf±�¬�²³­_¯�®J¾
ϕ : H → F

143�.µ�«.2©N1KC¦²
ϕq : Hq → F q (q ∈ Z)

=S�R©u=�7�T��P143�©#3�=W�¾��;P>&L�5�=27·3 ¤ >&.�58;D7W.2C
587S.2>V3K�6=�79©µ.�581I=2>V3å¥#3�;<L��¼5K�<.�5Z�«=27#E�¢vE679²�3·�D=�7�5�ESÎa.aL«5�3�ES¡6;ZE�>&L·E

0 → A→ B → C → 0
1K>

A
5K�VEY�«=2CKC+=���1 >PQ�021I.�Q27S.2©þL�=�©�©N;<5eE93g�«=27m.2CKC

q ∈ Z
£

Hq(C)
δq

→ Hq+1(A)
ϕq(C) ↓ ↓ ϕq+1(A)

F q(C)
δq

→ F q+1(A)
) Ê�Ê�Î>Å�È4Ð�ÆbÎ>Ê#Ê�Ù�×QÊ�Ê�Ù4ËÒÅ�ËYÐ�Ê�Å�É�ìdÊ�É�ÆbÈØéºÆbÅ)×Ñìdñ�Æ³Ð�ËYïØÐ�Î>ó>Ì³Å�ÆbÎ>Ï

H ≤ G

res : H•(G, .) → H•(H, .)
×QÈ4ïßÊ�Ù4ËÒÉ�È<b�×QÊ�É�ÆbÈ«éVÆbÅ)×+ìdñ�Æ³Ð�ËYï È4ÆbÅ�Öã×Qñ�Ð�Î>ó>Ì³Å�ÆbÎ>Ï

U / G

inf : H•(G/U, (.)U ) → H•(G, .)
×QÅ�Ë�Ö�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð)ÆQé�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ<éºÎ>È4ìdÊ�ÆbÅ�Ð)ÆbÈßÊ�Ù4ËÒì_×QÊ�ËdÌ�ÆbÅ�É�ËYÐ

AG
(
MZp,G

×QÈ4ï
MQp,G

Â
ÀB©�À<©�µwº«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

H
:�E�.�L�=v�D=�©u=�C+=�Q�18L�.�CZ�9;D>&L«5�=�7N=2>

A
�
H
143uL�.2CKCpES0 ýt¯�¾J´�­z´�;;¸ ¬�1 �

Hq = 0
�«=27

.�C C
q < 0

�
H
1 3uL·.2C CFES0 ¸Sd}½>²¿¸¿½>á�¹à¸ :6²¼.'39;Z:SL6Cp.v393

B ⊆ A
¬J1 �

H
1 3�T<=23918581 ¢vE�.2>&0R1 ���«=27uE6¢vE�7�²

A ∈ A5K�VE�7SE#1 3m.µ©µ=2>x=2©µ=27�T&�®143�©
εA : A→MA, MA ∈ B��185K�

Hq(MA) = 0
�«=27m.2CKC

q > 0
�

î�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>Ì�Ê�Ù4ËYÆbÅ�ËdÖ É�Ð)× � ËdÅ�Ú�Ù4Ëdñ�Ï0éºÎ>ñ�Ê�ÆiÆbñ�(4×bÐ�É�Ê#ì_×QÅ�Å�É�ËYÐ)ìYËdÅ�Ê�×QÉ�ÈßÏ>Å�ÆbÏ;ËdÅ�Ê�É�ËYÐ#éHÅ�ÆbÖ ï0É�Ö�ËdÈ4Ð�É�ÆbÈ-�
Ê�Æ ×Qñ�ñ<ÆbÊ�Ù4ËdÅ)ï0É�Ö�ËdÈ4Ð�É�ÆbÈ4Ð_Â
ÀB©�À<©�À��Íú�¸¿¯�®J¸2» © ,@E65

H,F
:�E�T<=v3918581K¢vE�L�=2�D=2©µ=2Cp=�Q21IL�.2CU��;D>&L«5�=2793«� Ï 3·3�;P©�E H 143�EK¯�.aL·ES.P:�CpEm:�²k5K�<EªL6C+.23·3

=S��1K>�¸«E�L«581 ¢2E93±=W�
A
�wÙ�;�T®T<=v3«E

ϕ0 : H0 → F 0 143'.¼©µ=27eT��®1 39© =W����;D>&L«5�=2793«� �O�<E�>�5K�<E67SER143�.};D>Z1I¡6;VE
©µ=27eT��®1 39©

ψ : H → F
3�;<L���5K�D.a5

ϕ0 = ψ0 �
·�®J¯�¯�â�© ]xêd_e(0Ê�Ù4ËYÆbÅ�ËdÖ )·) ÂSö0ÂSö

2

Þ<ËdÊ
H,F,E

ó�ËDìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ<éºÎ>È4ìdÊ�ÆbÅ�Ð�ÆbÈ
A
(0Ð�Î4ì�Ù Ê�Ù�×QÊ

H
×QÈ4ï

F
×QÅ�Ë�ËeB<×bìYË_×Qó>ñ�Ë�ó¿ÚãÊ�Ù4ËÒìdñ�×bÐ�Ð�ÆQé

É�È2s�ËYìdÊ�É � ËYÐ�(�×QÈ4ïØìYÆbÈ4Ð�É�ï>ËdÅ#Ê�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì�Ö�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð)ÆQépéHÎ>È4ìdÊ�ÆbÅ�Ð0�

H0 ϕ0

→ F 0, F 0 ψ0

→ E0, H0 ρ0
→ E0,

ô�É�Ê�ÙØÎ>È>ÉFt¿Î4Ë�Ë�*0Ê�ËdÈ4Ð�É�ÆbÈ4Ð
ϕ
(
ψ
×QÈ4ï

ρ
Â�î�Ù4ËdÈßô�ËÒÙ�× � Ë
ρ0 = ψ0 ◦ ϕ0 ⇔ ρ = ψ ◦ ϕ

×QÈ4ï
ϕ0 É�Ð�×QÈßÉ�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö ⇔ ϕ

É�Ð�×QÈßÉ�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö
.

i�ËdÅ�Ë)ôjË#ô�ÆbÎ>ñ�ïãñ�Épo�Ë)Ê�ÆmtiÎ4ÆbÊ�Ë�Ê�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì{Ê�Ù4ËYÆbÅ�ËdÖ�(2ô�Ù>É�ì�Ù«×Qñ�ñ�Æ_ô#ÐjÎ4ÐtÊ�Æ{×QÏ>Ï>ñ�Ú+Ê�Ù4Ë�Å�ËYÐ�Î>ñ�Ê�Ð�×Qó;Æ � Ë³Â
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G
:�ER.µT&7S=WXY>�1K5eE�Q27S=2;UT .2>&0

N
.qL6Cp=v3«ES0q39;Z:IQ27S=2;�T/�r�O�VE�>�5K�<E±L�=v�D=2©µ=2Cp=�Q21IL�.2C

��;D>&L«5�=2793
H•(G, .)

.2>&0
H•(N, .)

.�7SEuEK¯�.®L·ES.®:�CFE�:6²�5K�<Em1 >U¸«ESL�581 ¢vE�3#=W�
AG

�
·�®J¯�¯�â�© ]xêd_e(0Ê�Ù4ËYÆbÅ�ËdÖ�Ð )·) ÂSö0Â�Ã��+×QÈ4ï )·) ÂSö0Â�Ã³Ã

2

,g��>h�
G f á��D���e�O�Ò�O�g�<�Oãg�Oàr�W"��/�/ä¨�/�a�O�g���

ÞBËdÊ
G
ó�Ë�×{Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï/(

K / G
×QÈØÆbÏ�ËdÈ«È4ÆbÅ�Öã×Qñ�Ð�Î>ó>Ì³Å�ÆbÎ>Ï<Â

Ñ8Ë ô�É�Ð�ÙðÊ�Æ ï>ËKÇ4È4Ë�×
G 	 ×bìdÊ�É�ÆbÈåÆbÈðÊ�Ù4Ë+ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³ÚäÌ³Å�ÆbÎ>Ï4Ð Hn(K,A)

éVÆbÅ
A ∈ AG

ÂÒî�Ù>É�Ð�ô�Ë+ï>Æ
óiÚß×bìdÊ�É�È>ÌãÆbÈ

K
óiÚ É�È>È4ËdÅ�×QÎ>Ê�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð_Â��äÆbÅ�Ë�Ï>Å�ËYìdÉ�Ð�Ëdñ�Úa(�ñ�ËdÊ

x ∈ G
×QÈ4ï

θx : K → K, y 7→ x−1yx

ó�Ë�Ê�Ù4Ë�ìYÆbÈ2s%Î>Ì¿×QÊ�É�ÆbÈØÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�ÖßÂ
Ô Î>Å�Ê�Ù4ËdÅ�ìYÆbÈ4Ð�É�ï>ËdÅ)Ê�Ù4ËÒÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö

ϕx : A→ A, a 7→ xa.

÷DÐ�éVÆbÅ
a ∈ A

×QÈ4ï
y ∈ K

ϕx(θx(y)a) = ϕx(x
−1yxa) = yxa = yϕx(a),

Ê�Ù4Ë�Ï�×QÉ�Å
(θx, ϕx)

É�Ð#ìYÆbÖ+Ï�×QÊ�É�ó>ñ�Ë³Â
Ô Å�ÆbÖõñ�ËdÖ+Öã×ÑÓ4ÂSÁ0ÂSç+ôjËÒÅ�ËYìYËdÉ � ËÒÉ�È4ï0Î4ìYËYïØÖã×QÏ4Ð

xn : Hn(K, .) → Hn(K, .),

ô�Ù>É�ì�ÙäÆbÈ4Ë�ì�Ù4ËYì�o0Ð#Ê�Æ{éVÆbÅ�Ö ×{Ö�ÆbÅ�Ï>Ù>É�Ð�ÖõÆQé�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�éHÎ>È4ìdÊ�ÆbÅ�Ð_Â
n Æzô ìYÆbÈ4Ð�É�ï>ËdÅ

n = 0
×QÈ4ï

x ∈ K
Â�Þ<ËdÊ

a ∈ H0(K,A) = AK
Â�Ñ8ËÒÙ�× � Ë x0(a) = xa = a

Âtî�Ù¿Î4Ð
x0

É�Ð#Ê�Ù4ËÒÉ�ï>ËdÈ¿Ê�É�Ê�Ú«Öã×QÏØÆbÈ
K
Â�ë�Ú�Ê�Ù4ËYÆbÅ�ËdÖõÓ4Â Ó4Â Ó�É�Ê�éVÆbñ�ñ�Æ_ô#Ð)Ê�Ù�×QÊ

xn
É�Ð�Ê�Ù4Ë�É�ï>ËdÈiÊ�É�ÊnÚ éVÆbÅ�×Qñ�ñ

n ∈ N
Â

�DËKÇ4È4Ë�Ê�Ù4ËÒÖã×QÏ4Ð
G/K ×Hn(K,A) → Hn(K,A), (x, f) 7→ xf.

÷�Ð
G/K

É�Ð�ï0É�Ð�ìdÅ�ËdÊ�Ë�(0ï0Î4ËDÊ�ÆÍÊ�Ù4ËDÐ�Ê�Å�ÆbÈ>Ì+×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈ«ÆbÈ
K
(iÊ�Ù4ËD×Qó�Æ � ËDÖã×QÏ4Ð�Öã×vo�Ë Hn(K,A)

É�È¿Ê�Æ
G/K 	 Ö�Æ2ï0Î>ñ�ËYÐ_Â

Ñ8ËÒÈ4Ë�*2Ê�Î4Ð�ËÒÊ�Ù4ËYÆbÅ�ËdÖ Ó4Â Ó4Â Ó�Ê�Æ�Ð�Ù4Æ_ô Ê�Ù�×QÊ

resn : Hn(G,A) → Hn(K,A)G/K ,

ô�Ù4ËdÅ�Ë
res

ï>ËdÈ4ÆbÊ�ËYÐ#Ê�Ù4Ë�Å�ËYÐ�Ê�Å�É�ìdÊ�É�ÆbÈ<Â
) Ê�×QÌ¿×QÉ�ÈäÐ�Î<�ãìYËYÐ�Ê�Æãì�Ù4ËYì�oßÊ�Ù>É�Ð#éºÆbÅ

n = 0
(�ô�Ù>É�ì�ÙðÉ�Ð�Æbó � É�ÆbÎ4Ð_Â�Ñ8ËÍÙ�× � Ë Î4Ð�ËYï«Ê�Ù�×QÊ H•(K, .)G/K É�Ð

×�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ<éºÎ>È4ìdÊ�ÆbÅ�(>ô�Ù>É�ì�ÙØéºÆbñ�ñ�Æzô#Ð�éºÅ�ÆbÖ
H•(K, .)

ó;ËdÉ�È>Ì�ÆbÈ4Ë³Â
n Æzô ô�ËØô�É�Ð�Ù Ê�Æ¼ï>ËKÇ4È4ËäÊ�Ù4Ë ²¿¯�®Q¸¿¾Y­_®b´H²³­z´H¯�¬ ÂÅÑ8ËØï>Æ¼Ê�Ù>É�ÐãóiÚ ï>ËKÇ4È>É�È>Ì¼É�Ê�É�È ï0É�Ö�ËdÈ4Ð�É�ÆbÈ �¼×QÈ4ï

Ë�*0Ê�ËdÈ4ï0É�È>Ì+É�Ê�Ê�Æ{Ê�Ù4ËDÆbÊ�Ù4ËdÅ#ï0É�Ö�ËdÈ4Ð�É�ÆbÈ4Ð�Î4Ð�É�È>ÌÑÊ�Ù4ËYÆbÅ�ËdÖøÓ4Â Ó4Â Ó4ÂYi�ËdÅ�Ë
K
É�Ð#×QÈ«ÆbÏ�ËdÈ«Ð�Î>ó>Ì³Å�ÆbÎ>Ï«ÆQé

G
Â�Ä�Î>Ê

cor0 : AK → AG, a 7→
∑

g∈G/K

ga.

) Ê�Ê�Î>Å�È4Ð)ÆbÎ>Ê�Ê�Ù�×QÊ
cor0 É�Ð)×{Ö�ÆbÅ�Ï>Ù>É�Ð�Ö ÆQé�éºÎ>È4ìdÊ�ÆbÅ�Ð)ÆbÈ

AG
Âtî�Ù¿Î4Ð)Ê�Ù4ËYÆbÅ�ËdÖ Ó4Â Ó4Â ÓZ(>É�È4ï>ËYËYïf(4Ì³É � ËYÐ#Î4Ð

corn : Hn(K,A) → Hn(G,A)

éVÆbÅ
n ∈ N

Â



ÀB©4
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K
:·EN.2>q=�TVE�>q>&=27�©µ.2C¶39;Z:IQ27S=2;UT�=W�

G
�N�O�<E�>

corn ◦ resn = (G : K) id

.�>&0
resn ◦ corn|Hn(K,A)G/K = (G : K) id

�«=27m.2CKC
n ∈ N

�
) È éN×bìdÊ�(0éVÆbÅ�Ê�Ù4Ë�Ç4Å�Ð�Ê#Ë«tiÎ�×QÊ�É�ÆbÈ

K
È4ËYËYïßÈ4ÆbÊ#ó;Ë�È4ÆbÅ�Öã×QñNÂ

·�®J¯�¯�â�© ) Ê#É�Ð�ìdñ�Ë_×QÅ)Ê�Ù�×QÊ
(G : K) id

É�Ð�×ÑÖ�ÆbÅ�Ï>Ù>É�Ð�Ö'ÆQé�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×QñpéHÎ>È4ìdÊ�ÆbÅ�Ð_Â�î�ÙiÎ4Ð�(4É�Ê#É�ÐD×QÌ¿×QÉ�È
ËdÈ4ÆbÎ>Ì³ÙäÊ�Æ+ì�Ù4ËYì·o«Ê�Ù4ËÒË«t¿Î�×Qñ�É�Ê�É�ËYÐ)É�ÈØï0É�Ö�ËdÈ4Ð�É�ÆbÈ-�<(0ô�Ù4ËdÅ�ËÍÊ�Ù4ËdÚ ×QÅ�Ë�Æbó � É�ÆbÎ4ÐzÂ 2

Ñ8ËÑôjÆbÎ>ñ�ï ñ�Épo�Ë{Ê�Æ Ï�ÆbÉ�È¿Ê�ÆbÎ>Ê�Ê�Ù�×QÊÒÉ�Ê�É�Ð�Ï;Æ³Ð�Ð�É�ó>ñ�Ë Ê�Æ«ìYÆbÈ4Ð�É�ï>ËdÅ¿j�ÆbÈ>ñ�Ú®lÑìdñ�Æ³Ð�ËYïðÈ4ÆbÅ�Öã×Qñ}Ð�Î>ó>Ì³Å�ÆbÎ>Ï4Ð
KéVÆbÅ#Ê�Ù4ËÍ×bìdÊ�É�ÆbÈðÆQé

G/K
ÆbÈ

Hn(K,A)
Â�î�Ù4ËdÈ/(�Ù4Æ_ô�Ë � ËdÅ�(�ô�Ë�Ù�× � Ë�Ê�Æ+Î4Ð�ËÍË�*2Ê�Å�×�×QÅ�Ì³Î>Ö�ËdÈiÊ�Ð)Ê�ÆãÐ�ËYËÒÊ�Ù�×QÊÊ�Ù4Ë ×bìdÊ�É�ÆbÈßÉ�Ð#ìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð_Â�÷ Ï>Å�Æ2ÆQé�ì_×QÈ«ó�ËDéVÆbÎ>È4ï«É�È�]�Ã_Ûd_e(0ñ�ËdÖ+Öã×ßÃ��0ÂSÁ0Â Ó4Â

,g��hh�E_��Oãg�Oàr�W"��/�@�$�<á�"����eàr���g�2�e�O�
) È«Ê�Ù>É�Ð)Ð�ËYìdÊ�É�ÆbÈ«ôjË�ÇV*Ø×{Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï

G
Â
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A
�D.v3

Xg>Z1K5eE#=27S0®E�7�� » �!1 >q.a0a0218581I=2>}5K�VEm=27S0®E�7N=W�mES.aL��}E6CpE�©�E�>&5g1 3m.¾T<=���E�7#=W�k5K�<EJT&7�1K©µE
p
¬
A
1 3!.

p
Ý�­_¯�®Q¾z´H¯�¬

û�®J¯;±Bý �
ÀB©F��©�¶qº«¸�þ�¬p´�­z´H¯;¬t©

•
,@E65¶T�:�Em.¾T&7�1 ©�E��N�O�<E ý<Ý�²�¯;úB¯;»8¯;¹à¯�û�´H²�½4¹�°�´º»8¸2¬B¾z´H¯;¬ =W�

G
143k0®EKXY>¶ES0�5�=

:�E
cdp(G) := sup

n∈N

{ ∃
T&Gå5�=�7·3�18=2>

G
Ge©µ=�02;DCFE

A
3«�45e�

Hn(G,A) 6= 0 }.

•
�O�<E ²�¯�ú�¯�»å¯�¹H¯�û;´à²¿½4¹}°�´º»8¸i¬�¾z´H¯�¬ =W�

G
1 3

cd(G) := supi�i0jlknmpo {cdp(G)}.

Ñ8ËÒÈ4Æ_ô ìYÆbñ�ñ�ËYìdÊ�× éºËdô Ð�É�Ö+Ï>ñ�ËÒÅ�ËdÖã×QÅSo2Ð�éºÆbÅ�éºÎ>Å�Ê�Ù4ËdÅ�Î4Ð�Ë³Â
ÔiÉ�È4ìYË�Ë � ËdÅ�Ú«Ëdñ�ËdÖ�ËdÈ¿Ê)É�ÈØ× Z 	 Ê�ÆbÅ�Ð�É�ÆbÈ«Ì³Å�ÆbÎ>ÏØÙ�×bÐ�Ç4È>É�Ê�ËÍÆbÅ�ï>ËdÅ�(>ôjËÒÅ�ËYìYËdÉ � Ë�Ê�Ù4Ë

ÀB©F��©�µwó�¸i»8½>®vð�© Ä 1 >Z185eE�C³²#Q®E�>¶E�7W.a5eES0
Z
Gå5�=�7·3�18=2>'Q27S=2;�T&3�.27�EYXg>Z1K5eEU�

ÀB©F��©�Àzó�¸i»8½>®vð�© ,OE65
A
:�Eµ.¼02143«L67�E65eE

G
Gå©µ=�02;DCpE�� » �

A
143�XY>Z185eE�C¦²uQ®E�>¶E�7W.a5eES0-.23N.

G
Gå©µ=�02;DCpE9¬�5K�<E6>z1K5

1 3�XY>Z185eE�C³²#Q®E�>xE67W.�5eE�0�.v3m.2>w.®:�E�C³18.�>RQ�7W=2;UTf�
·�®J¯�¯�â�© Þ<ËdÊ

a1, . . . , an
ó;Ë+Ì�ËdÈ4ËdÅ�×QÊ�ÆbÅ�Ð{ÆQé

A
×bÐ{×

G 	 Ö�Æiï0Î>ñ�Ë³ÂßÔiÉ�È4ìYË A =
⋃
U∈UG

AUi
(<Ê�Ù4ËdÅ�Ë ×QÅ�Ë

Ui ∈ UG
Ð�Î4ì�ÙßÊ�Ù�×QÊ

ai ∈ AUi
Â�ÔiÉ�È4ìYË Ë � ËdÅ�Ú Ui Ù�×bÐ�Ç4È>É�Ê�ËÍÉ�È4ï>Ë�* É�È G ( ai É�Ð#ÆbÈ>ñ�Ú Öã×QÏ>Ï;ËYïØÉ�È¿Ê�Æ ×ÑÇ4È>É�Ê�ËÈiÎ>ÖÍó�ËdÅ�ÆQé

ai,j ∈ A
Î>È4ï>ËdÅ#Ê�Ù4Ë ×bìdÊ�É�ÆbÈØÆQé

G
Â}î�Ù4ËYÐ�Ë�Ì�ËdÈ4ËdÅ�×QÊ�Ë

A
×bÐ)×QÈä×Qó�Ëdñ�É�×QÈßÌ³Å�ÆbÎ>Ï<Â

2

ÀB©F��©4
qó�¸i»8½>®vð�© ,OE65
A
:�E�.uXY>Z185eE�391K©�TxCpE

G
Ge©µ=�02;DCpE¼=W�R=27W0PE�7

|A| = n
�Â�O�<E�>R�«=27RE6¢vE�7�²±T&791K©�E

p0�1 ¢�1I021K>PQ�>'��E��D.2¢vE
pA = 0

� » >#T<.2765818L6;DCp.27·¬gE�¢vE679²�XY>Z185eE�391K©ªT&CpE
p
GÉ5�=279391I=2>�©µ=�0�;PCFE

B
3«.�581 3 XBE93

pB = 0
�

·�®J¯�¯�â�© î�Ù4ËdÅ�Ë É�Ð ×QÈ�Ëdñ�ËdÖ�ËdÈ¿Ê
x
(#ô�Ù4Æ³Ð�ËðÆbÅ�ï>ËdÅ É�Ð�ï0É � É�Ð�É�ó>ñ�Ëðó¿Ú pr

ô�É�Ê�Ù
r
Öã×d*0É�Öã×Qñ�ô�É�Ê�Ù Ê�Ù�×QÊ

Ï>Å�ÆbÏ�ËdÅ�ÊnÚ�Â�î�Ù4ËdÈØÊ�Ù4Ë{Ð�Î>ó>Ö�Æ2ï0Î>ñ�Ë
pA

ï>Æ2ËYÐ)È4ÆbÊDìYÆbÈ¿Ê�×QÉ�È
x
(;×bÐ

pA
ï>ÆiËYÐ)È4ÆbÊDìYÆbÈiÊ�×QÉ�È ×QÈiÚØËdñ�ËdÖ�ËdÈ¿ÊDô�É�Ê�Ù

ÆbÅ�ï>ËdÅ�ï0É � É�Ð�É�ó>ñ�Ë�ó¿Ú pr Â}Ô2Æ pA 6= A
×QÈ4ï«Ù4ËdÈ4ìYËÒóiÚ Ð�É�Ö+Ï>ñ�É�ìdÉ�ÊnÚ

pA = 0
Â

2

Ñ8Ë ô�É�ñ�ñ�È4ÆbÊ{Öã×vo�Ë�Î4Ð�Ë ÆQé�Ê�Ù4ËãÈ4Ë�*0ÊÑÏ>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ<ÂåÔiÉ�È4ìYË�(tÙ4Æ_ôjË � ËdÅ�(}É�Ê É�ÐÑË_×bÐ�É�ñ�ÚåÏ>Å�Æ � ËYïÕô�É�Ê�Ù�Ê�Ù4ËÖ�ËdÊ�Ù4Æ2ï>Ð#ô�ËÒÙ�× � Ë ×QÊ)ÆbÎ>Å)ï0É�Ð�Ï�Æ³Ð�×Qñ�(0ôjË�Ö�ËdÈ¿Ê�É�ÆbÈØÉ�Ê_Â
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cdG = sup
n∈N

{ ∃
021 36L«7SE65eE

Z
GÉ5�=279391I=2>¼©µ=�02;DCFE

A
3«�45e�

Hn(G,A) 6= 0 }.

·�®J¯�¯�â�© Ñ8Ë�ÖÍÎ4Ð�ÊtÐ�Ù4Æzô
Hn(G,A) = 0

éVÆbÅ}×Qñ�ñ
Z 	 Ê�ÆbÅ�Ð�É�ÆbÈ+Ö�Æ2ï0Î>ñ�ËYÐ A ×QÈ4ï+Ë � ËdÅ�Ú É�ÈiÊ�ËdÌ�ËdÅ n > cd(G)

Â
ë�Ú ìYÆbÅ�Æbñ�ñ�×QÅ�Ú Ó4ÂSÁ0ÂSÛ�ô�ËäÙ�× � Ë Hn(G,A) = lim

→
Hn(G,B)

(�Ê�Ù4Ë ñ�É�Ö+É�Ê«ó;ËdÉ�È>ÌÕÊ�×vo�ËdÈ Æ � ËdÅØ×Qñ�ñ�Ç4È>É�Ê�Ëdñ�ÚÌ�ËdÈ4ËdÅ�×QÊ�ËYï Ð�Î>ó>Ö�Æ2ï0Î>ñ�ËYÐ
B ≤ A

Â�î�Ù>É�Ð}Å�ËYï0Î4ìYËYÐjÎ4ÐtÊ�Æ Ð�Ù4Æ_ô
Hn(G,B) = 0

éVÆbÅ�×Qñ�ñ
B
Ç4È>É�Ê�Ëdñ�Ú+Ì�ËdÈ4ËdÅ�×QÊ�ËYïf(

Ù4ËdÈ4ìYË�ó¿Ú Å�ËdÖã×QÅSo Ó4ÂSÛ0ÂSç<(0Ç4È>É�Ê�Ë�Ð�Î>ó>Ö�Æ2ï0Î>ñ�ËYÐ_Â
÷�Ð�Ð�Î>Ö�Ë

A
É�Ð�Ð�É�Ö+Ï>ñ�Ë�(bÊ�Ù4ËdÈÑóiÚ�Å�ËdÖã×QÅSoÍÓ4ÂSÛ0ÂSö�Ê�Ù4ËdÅ�Ë�É�Ð�×#Ï>Å�É�Ö�Ë

q
ô�É�Ê�Ù

qA = 0
(bÙ4ËdÈ4ìYË

A
É�Ð�×

q 	 Ê�ÆbÅ�Ð�É�ÆbÈÖ�Æ2ï0Î>ñ�ËÍ×QÈ4ï«óiÚ Ê�Ù4ËÍï>ËKÇ4È>É�Ê�É�ÆbÈäÆQé
cd(G) Hn(G,A) = 0

Â
n Æzô ôjË ×QÅ�Ì³Î4Ë�ó¿Ú É�È4ï0Î4ìdÊ�É�ÆbÈðÆbÈßÊ�Ù4ËÒñ�ËdÈ>Ì³Ê�ÙäÆQét×+ìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈäÐ�ËdÅ�É�ËYÐ�éºÆbÅ

A
Â ) é

B < A
É�ÐD×{Ï>Å�ÆbÏ;ËdÅ

È4ÆbÈ 	 ý_ËdÅ�Æ«Ð�Î>ó>Ö�Æiï0Î>ñ�Ë�(�ô�Ë Ù�× � ËÑÊ�Ù4Ë Ð�Ù4ÆbÅ�Ê�Ë�*4×bìdÊÒÐ�Ë«tiÎ4ËdÈ4ìYË 0 → B → A → B/A → 0
ÂÒë�ÚßÉ�È4ï0Î4ìdÊ�É�ÆbÈ

ÙiÚiÏ�ÆbÊ�Ù4ËYÐ�É�Ð
Hn(G,B) = 0 = Hn(G,A/B)

Â�iDËdÈ4ìYË�Ê�Ù4ËÒñ�ÆbÈ>Ì Ë�*>×bìdÊ�Ð�Ë«t¿Î4ËdÈ4ìYËÍÌ³É � ËYÐ)Î4Ð Hn(G,A) = 0×bÐ)ï>ËYÐ�É�Å�ËYï�Â
2

ÀB©F��©Hæä·�®Q¯�ýt¯�¾z´à­z´H¯�¬}©
cdp(G) < n

1 �#.2>&0R=�>ZC¦²�1 �g�6=27N.2CKCf391K©ªT&CpE
G
Ge©µ=�02;DCpE�3

B
3«.�58143K�9²21K>PQ

pB = 0
��E

�<.2¢vE
Hn(G,B) = 0

�
·�®J¯�¯�â�© ë�Úäï>ËKÇ4È>É�Ê�É�ÆbÈ¼ôjË+Ù�× � Ë�Ê�Ù�×QÊ cdp(G) < n

É�Ð�Ë«tiÎ>É � ×Qñ�ËdÈiÊÍÊ�Æ Hr(G,A) = 0
éVÆbÅÍ×Qñ�ñ

r > n×QÈ4ï«éºÆbÅ)×Qñ�ñBï0É�Ð�ìdÅ�ËdÊ�ËÒÏ 	 Ê�ÆbÅ�Ð�É�ÆbÈßÖ�Æ2ï0Î>ñ�ËYÐ A Â4 Ð�É�È>Ì+Ê�Ù4ËÒÐ�×QÖ�Ë�×QÅ�Ì³Î>Ö�ËdÈ¿Ê�×bÐ�É�È«Ê�Ù4Ë�ñ�×bÐ�Ê�Ï>Å�ÆiÆQéS(2Ê�Ù4Ë�×Qó;Æ � ËÒÉ�Ð�Ë«t¿Î>É � ×Qñ�ËdÈ¿Ê)Ê�Æ Hr(G,B) = 0
éVÆbÅ)×Qñ�ñ

r > n
×QÈ4ï éVÆbÅ ×Qñ�ñ}Ð�É�Ö+Ï>ñ�Ëãï0É�Ð�ìdÅ�ËdÊ�ËãÏ 	 Ê�ÆbÅ�Ð�É�ÆbÈåÖ�Æ2ï0Î>ñ�ËYÐ B Â�ëjÚðÅ�ËdÖã×QÅSo Ó4ÂSÛ0ÂSö«Ê�Ù4Ë B |[Ð ìYÆbÈ4ìYËdÅ�È4ËYï¼×QÅ�ËË�*4×bìdÊ�ñ�Ú Ê�Ù4Æ³Ð�ËÒÐ�×QÊ�É�Ð%éºÚ2É�È>Ì

pB = 0
Â

2

Ñ8Ë�ìYÆbñ�ñ�ËYìdÊ)Ð�ÆbÖ�ËÒÏ>Å�ÆbÏ�ËdÅ�Ê�É�ËYÐ)ÆQé�Ê�Ù4Ë�Ï 	 ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³É�ì_×Qñ�ï0É�Ö�ËdÈ4Ð�É�ÆbÈ<Â
ÀB©F��©FÕ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© ,@E65

H
:�EN.±L6Cp=v3«E�0�39;Z:IQ27S=2;�T�=W�

G
.2>&0

p
.!T&791K©�E��

¤ 1¦¥
cdp(H) ≤ cdp(G)

¤ 1K1¦¥ » ��T�0a=UE93k>&=a5�021K¢�1I0®E
(G : H)

¬�5K�<E6>
cdp(H) = cdp(G)

�
¤ 1 1K1¦¥ » �

H
143m.kT&G�Ù&²vCp=2�Ú39;Z:IQ27S=2;�T�=W�

G
¬g5K�<E�>

cdp(H) = cdp(G)
�

¤ 1 ¢S¥ » �
H
143m=9TVE6>}1K>

G
.�>&0

cdp(G) <∞
¬g5K�<E6>

cdp(H) = cdp(G)
�

¤ ¢S¥ Ï T&7S=2GpT-Q27S=2;UT G �D.23�TxGÉL�=v�<=2©µ=2C+=·Q218L·.2Ch0�1 ©�E�>V3�18=�>wõµ1 �m.�>&0�=�>ZC¦²�1 �
G = 1

�
¤ ¢�1Ó¥

cdp(G) = 0
1 �m.�>&0�=�>ZC¦²�1 �

p 6 | |G|
�

¤ ¢�1K1Ó¥ » �
cdp(G) 6= 0,∞

¬�5K�VE�>
p∞ | |G|

�
¤ ¢�1 1K1¦¥ » �

G
1 3m.¾Tx7W=2GFT&GKQ�7W=2;UT�¬J5K�<E�>

cdq(G) = 0
�6=27#E6¢vE�7�²kT&7�1K©µE

q 6= p
�

¤ 1+Î�¥ » �
G
1 3�XY>Z185eEm.�>&0

p | |G|
¬B5K�<E�>

cdp(G) = ∞
�

¤ Î�¥ Ï 3939;D©�E cdp(G) < ∞
� » �

H ≤ G
1 3�.�L«C+=v3�ES0!Xg>Z1K5eE�39;Z:IQ27S=2;�T&¬�5K�<E�>

p 6 | |G|
� » >±TV.27�581IL6;DC+.�7·¬

G�D.v3#>&=¼E�CFE�©�E�>�5�=S�N=27S0®E�7
p
� Ä ;P765K�<E�79¬J1 �

G
1 3�.#T&7S=2GFTwQ27S=2;UT�¬�5K�<E�>z185J0a=UE93N>&=�5B�<.2¢vEµ.�>Z²ªXg>Z1K5eE

L6Cp=v3«E�0µ3�;V:�Q27W=�;�T�3��
·�®J¯�¯�â�© [%ÃU` ) é

B
É�Ð�×�ï0É�Ð�ìdÅ�ËdÊ�Ë

p 	 Ê�ÆbÅ�Ð�É�ÆbÈ H 	 Ö�Æiï0Î>ñ�Ë�(�Ê�Ù4ËdÈ8Ð�Æ�É�Ð MG
H (B)

ó¿ÚðÊ�Ù4ËÑï>ËKÇ4È>É�Ê�É�ÆbÈ8ÆQéjÉ�Ê�Ð
Ëdñ�ËdÖ�ËdÈiÊ�Ð_Â Ô ÆbÅ

n > cdp(G)
ô�Ë)ìYÆbÈ4ìdñ�Î4ï>Ë�Î4Ð�É�È>Ì�Ê�Ù4Ëª
tì�o2Öã×QÈ>È 	 ÔiÙ�×QÏ>É�Å�Æ{ñ�ËdÖ+Öã×ÒÊ�Ù�×QÊ Hn(G,MG

H (B)) =
Hn(H,B) = 0

Â}î�Ù¿Î4Ð
cdp(H) < n

Â
[VÁa`

cdp(G) = n
ÂÍî�Ù4ËdÈ Ê�Ù4ËdÅ�ËÑÉ�Ð�× ï0É�Ð�ìdÅ�ËdÊ�ËÑÏ 	 Ê�ÆbÅ�Ð�É�ÆbÈ Ö�Æiï0Î>ñ�Ë A Ð�Î4ì�Ù Ê�Ù�×QÊ

Hn(G,A) 6= 0
Â{î�Ù4Ë

×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈ!ÆbÈ Ê�Ù4Ë É�È4ï>Ë�* É�Ö+Ï>ñ�É�ËYÐ+óiÚ�Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ Ó4ÂSö0Â�ÃßÊ�Ù�×QÊ
res : Hn(G,A) → Hn(H,A)

É�Ðã×QÈ
É�È2s�ËYìdÊ�É�ÆbÈ<ÂB��ÆbÈ4Ð�Ë«t¿Î4ËdÈiÊ�ñ�Ú

Hn(H,A) 6= 0
(>Ù4ËdÈ4ìYË

cdp(H) ≥ n
Â

[Vça` Ô Æbñ�ñ�Æ_ô#Ð�É�Ö+Ö�ËYï0É�×QÊ�Ëdñ�Ú�éHÅ�ÆbÖ{[VÁa`KÂ



[HÓP`!Þ<ËdÊ
cdp(G) = n

×QÈ4ï
A
ó;Ë�×«ï0É�Ð�ìdÅ�ËdÊ�Ë+Ï 	 Ê�ÆbÅ�Ð�É�ÆbÈ G 	 Ö�Æ2ï0Î>ñ�Ë�ô�É�Ê�Ù Hn(G,A) 6= 0

Â Ô É+*8ìYÆ³Ð�ËdÊ
Å�ËdÏ>Å�ËYÐ�ËdÈ¿Ê�×QÊ�É � ËYÐ {g1 = 1, g2, . . . , gn}

×QÈ4ï«ï>ËKÇ4È4Ë
G 	 Ù4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð

α : MG
H (A) → A, f 7→

n∑

i=1

g−1
i f(gi)

×QÈ4ï
β : A→MG

H (A), a 7→ fa,

ô�Ù4ËdÅ�Ë�ôjË�Ð�ËdÊ
fa(1) = a

×QÈ4ï
fa(gi) = 0

éºÆbÅ
i = 2, . . . , n

×QÈ4ïßË�*0Ê�ËdÈ4ï«Ê�Æ+ìYÆ³Ð�ËdÊ�ÐzÂ
) Ê�É�Ð�ìdñ�Ë_×QÅtÊ�Ù�×QÊ�Ê�Ù4ËYÐ�Ë�Öã×QÏ4Ð}×QÅ�Ë�ôjËdñ�ñ�ï>ËKÇ4È4ËYï ×QÈ4ïÑÊ�Ù�×QÊ�ôjË�Ù�× � Ë α◦β = idA

Âhi�ËdÈ4ìYË
α
É�Ð�Ð�Î>Å8s%ËYìdÊ�É � Ë³Â��ÆbÈ4Ð�É�ï>ËdÅ)Ê�Ù4ËÒÐ�Ù4ÆbÅ�Ê�Ë�*>×bìdÊ#Ð�Ë«tiÎ4ËdÈ4ìYË

0 → B →MG
H (A) → A→ 0,

ô�Ù4ËdÅ�Ë Ê�Ù4Ë�ñ�×bÐ�Ê)Öã×QÏðÉ�Ð)Ì³É � ËdÈäó¿Ú α ×QÈ4ï
B
É�Ð#Ê�Ù4Ë{ìYÆbÅ�Å�ËYÐ�Ï;ÆbÈ4ï0É�È>Ì±o�ËdÅ�È4ËdñNÂ n Æ_ô ôjË Ù�× � Ë Ê�Ù4ËÒéVÆbñ�ñ�Æ_ô�É�È>ÌÏ�×QÅ�Ê�ÆQépÊ�Ù4ËÒñ�ÆbÈ>Ì Ë�*>×bìdÊ#Ð�Ë«tiÎ4ËdÈ4ìYË

Hn(G,MG
H (A)) → Hn(G,A) → Hn+1(G,A) = 0.

ÔiÉ�È4ìYË
Hn(G,A) 6= 0

(
Hn(G,MG

H (A)) 6= 0
×QÈ4ïãÙ4ËdÈ4ìYË)ó¿Ú�Ê�Ù4Ëª
tì�o2Öã×QÈ>È 	 ÔiÙ�×QÏ>É�Å�ÆÑñ�ËdÖ+Öã× Hn(H,A) 6=

0
É�Ö+Ï>ñ�Ú2É�È>Ì

cdp(H) ≥ n
Â

[Vöa`}÷DÐ�Ð�Î>Ö�Ë
cdp(G) = 0

Âg��ÆbÈ4Ð�É�ï>ËdÅ
Fp

×bÐ�×
G 	 Ö�Æiï0Î>ñ�ËDÎ>È4ï>ËdÅ�Ê�Ù4ËDÊ�Å�É � É�×Qñ�×bìdÊ�É�ÆbÈ<Âtë�Ú�Å�ËdÖã×QÅSo�Ó4Â�Ã³ÂSö

H1(G,Fp) = 0
Ö�Ë_×QÈ4ÐÒÊ�Ù�×QÊÒÊ�Ù4ËdÅ�Ë�×QÅ�ËÑÈ4Æ«ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð Ù4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð

G → Fp
Â{î�Ù>É�Ð�(�Ù4ÆzôjË � ËdÅ�(�É�ÐÈ4ÆbÊÑÊ�Å�Î4ËãéºÆbÅ

G 6= 1
��Þ<ËdÊ

U ∈ UG
(�Ê�Ù¿Î4Ð

G/U
É�ÐÑ×ØÇ4È>É�Ê�ËãÏ 	 Ì³Å�ÆbÎ>Ï<Â ) Ê{É�ÐÑ×ßéN×bìdÊÍéºÅ�ÆbÖ Ç4È>É�Ê�Ë�Ì³Å�ÆbÎ>Ï

Ê�Ù4ËYÆbÅ�Ú�Ê�Ù�×QÊ)× Ç4È>É�Ê�Ë�È4ÆbÈ 	 Ê�Å�É � É�×Qñ<Ï 	 Ì³Å�ÆbÎ>ÏßÙ�×bÐ#×{È4ÆbÅ�Öã×QñBÐ�Î>ó>Ì³Å�ÆbÎ>ÏßÆQépÉ�È4ï>Ë�*�Ï<Â�îp×vo�Ë�Ð�Î4ì�Ù N / (G/U)
Â

��ÆbÈ4Ð�É�ï>ËdÅ
G→ G/U → (G/U)/N = Fp → Fp

(�ô�Ù4ËdÅ�Ë)Ê�Ù4Ë�Ç4Å�Ð�ÊtÊ�ôjÆ Öã×QÏ4Ðj×QÅ�Ë)Ê�Ù4Ë�È�×QÊ�Î>Å�×Qñ;ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð
Ï>Å�Ævs�ËYìdÊ�É�ÆbÈ4Ð�(�×QÈ4ïßÊ�Ù4ËÒñ�×bÐ�Ê�É�Ð)×{È4ÆbÈ 	 Ê�Å�É � É�×QñBÌ³Å�ÆbÎ>ÏßÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö ÆQé

Fp
Â

[VÛa`¾Þ<ËdÊ
H
ó�Ë+×�Ï 	 ÔiÚiñ�Æzô-Ð�Î>ó>Ì³Å�ÆbÎ>ÏåÆQé

G
(�Ê�ÙiÎ4Ð�óiÚ�[Vça`

cdp(G) = cdp(H)
Â Ô Î>Å�Ê�Ù4ËdÅ�Ö�ÆbÅ�Ë�(�Ï8ï>ÆiËYÐ

È4ÆbÊ�ï0É � É�ï>ËÒÊ�Ù4ËÒÆbÅ�ï>ËdÅ�ÆQé G Éuét×QÈ4ïßÆbÈ>ñ�Ú�Éué
H = 1

Âtî�Ù4ËÒÅ�ËYÐ�Î>ñ�Ê�È4Æ_ô éVÆbñ�ñ�Æ_ô#Ð�éHÅ�ÆbÖc[Vöa`KÂ
[Nê�` 	 [%Ã��a`jéVÆbñ�ñ�Æ_ô É�Ö+Ö�ËYï0É�×QÊ�Ëdñ�Ú�Â

2

Ñ É�Ê�Ù4ÆbÎ>Ê#Ï>Å�Æ2ÆQéVÐ�ôjËÒñ�É�Ð�Ê#Ð�ÆbÖ�Ë�Ë�*4×QÖ+Ï>ñ�ËYÐ_Â
ÀB©F��©�ÿ ÜªÈ<½4»8ý�¹à¸�©

• cdp(Zp) = 1

• cdp(L) = n
�6=27

L = Zp × · · · × Zp
��185K�±>��6.®L«5�=2793 ¤ ÷ ærq ù ¬Bæ®æa���D� æ9¥

• cdp(Ẑ) = 1

Ñ8ËÒô�É�Ð�Ù«Ê�Æ+Ö�ËdÈiÊ�É�ÆbÈð×QÊ�Ê�Ù>É�Ð)Ð�Ê�×QÌ�Ë�Ê�Ù4Ë�éºÆbñ�ñ�Æzô�É�È>ÌãÉ�Ö+Ï�ÆbÅ�Ê�×QÈ¿Ê�Ê�Ù4ËYÆbÅ�ËdÖ ó¿ÚØÔ2ËdÅ�Å�Ë³Â

ÀB©F��©º¨D�z� úB¸i¯�®Q¸i» ©JÁ9Ö�¸¿®Q®Q¸)6H¨0¶s8ÉÃ ,@E65
G
:�EN.!T&7S=WXY>Z185eE¿Q27W=�;�T�5K�D.�5�0a=UE�3k>&=�5�L·=2>�5�.21K>q.�>Z²±E�CFE�©�E�>�5�=W�

=�7W0®E67JTf�N�O�<E�>��«=27#E�¢vE�7�²R=9TVE�>}39;Z:IQ27S=2;UT
U ≤ G

��E!�D.2¢vE
cdp(U) = cdp(G)

�
) È � É�Ëdô ÆQé�[%Ã��a`�ÆQépÊ�Ù4ËÍ×Qó;Æ � Ë�Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ/(>Ê�Ù4ËÒìYÆbÈ4ï0É�Ê�É�ÆbÈßÊ�Ù�×QÊ G ï>Æ2ËYÐ�È4ÆbÊ#ìYÆbÈ¿Ê�×QÉ�Èä×QÈßËdñ�ËdÖ�ËdÈiÊ)ÆQé

ÆbÅ�ï>ËdÅ
p
É�Ð�Å�Ë_×bÐ�ÆbÈ�×Qó>ñ�Ë�(�×bÐ)ÆbÊ�Ù4ËdÅ�ô�É�Ð�Ë

cdp(G) = ∞
Â

÷)È É�Ö+Ï�ÆbÅ�Ê�×QÈ¿Ê ×QÏ>Ï>ñ�É�ì_×QÊ�É�ÆbÈ�ÆQé�Ê�Ù>É�Ð�É�Ð�Ê�Æ Ï 	 ×bï0É�ìã×QÈ�×Qñ�ÚiÊ�É�ìÑÌ³Å�ÆbÎ>Ï4Ð±[ºìKé%ÂNÞB×výz×QÅ�ïÚ]Söd_K`KÂ#Ñ8Ë+Ð�Ê�×QÊ�ËÑÊ�Ù4ËéVÆbñ�ñ�Æ_ô�É�È>Ì�ìYÆbÅ�Æbñ�ñ�×QÅ�Ú«ÆQétÔ2ËdÅ�Å�Ë�|[Ð)Ê�Ù4ËYÆbÅ�ËdÖßÂ
ÀB©F��©º¨�¨ ùÍ¯�®J¯;¹º¹à½>®Jü4©JÁ9Ö�¸i®J®Q¸:t�6H¨0¶s8åÃ ,OE65

G
:�Eµ.-L�=2©ªT<.aL«5�T&GÉ.®0218L�.2>&.2C³²�5818LmQ27W=�;�TÚ=W�u021 ©�E�>Z391I=2>w>�.2>&0

��185K�D=2;<5�.2>wE6CpE�©�E�>&5B=W�m=�7W0®E67�Tf�u�O�<E�>
cdp(G) = n

�
î�Ù>É�Ð#É�Ö+Ï>ñ�É�ËYÐ#É�È«Ï�×QÅ�Ê�É�ìdÎ>ñ�×QÅ�Ê�Ù4Ë

ÀB©F��©º¨0¶¼ùÍ¯�®J¯;¹º¹à½>®Jü4© ,OE«5
G = GLd(Zp)

¬��h�<E�7�E
d
.2>&0

p
.27�EmL��<=v3«E�>¼39;VL��R5K�D.�5

G
0®=UE93!>&=�5YL�=�>�5�.21K>}.2>

E6CpE�©�E�>&5B=W��=27W0PE�7�Tf�N�O�<E�>
cdp(G) = d2 �



,g��u@�wvu��"���� f �N�O�å���<á¶�Sx7�PãYá¶�aá��D���Z�®�e�d�a�$�zá¶���g�g�å�U���®�$-��Y���e�O�
Ñ8Ë{È4Æzô ô�É�Ð�ÙäÊ�Æ�ï>ËKÇ4È4Ë{Ê�Ù4Ë#
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G 	 Ö�Æ2ï0Î>ñ�ËYÐ{ôjËãÎ4Ð�Ë�Ê�Ù4Ë Æbó<s%ËYìdÊ�Ð{ÆQé CFp,G
(BÉNÂ[Ë³Â

Fp 	�� ËYìdÊ�ÆbÅÑÐ�Ï�×bìYËYÐÍô�É�Ê�Ù¼Ê�Ù4Ë ï0É�Ð�ìdÅ�ËdÊ�Ë�Ê�ÆbÏ�Æbñ�ÆbÌ³Úa(�ÆbÈô�Ù>É�ì�Ù
G
×bìdÊ�Ð�ìYÆbÈ¿Ê�É�È¿Î4ÆbÎ4Ð�ñ�Ú�Â

Á%À<©Hæ�©º¨ZÃ Ô ÆbÅBÊ�Ù4Ëtï>ËKÇ4È>É�Ê�É�ÆbÈ{Ê�Æ�Öã×vo�ËjÐ�ËdÈ4Ð�Ë�(_ô�ËtÙ�× � ËtÊ�Æ#Ð�Î>ó<s�ËYìdÊBÆbÎ>Å�Ï>Å�ÆQÇ4È>É�Ê�ËtÌ³Å�ÆbÎ>Ï G Ê�Æ)×�Ç4È>É�Ê�ËdÈ4ËYÐ�Ð
ìYÆbÈ4ï0É�Ê�É�ÆbÈ%�
[HÉ `

cdp(G) <∞[HÉ�É `
dimFpH

n(G,A) <∞
éVÆbÅ)×Qñ�ñ

n ∈ N
×QÈ4ïØ×Qñ�ñ

A ∈ CFp,G

ÀB©Hæ�©�¶qó�¸i»8½>®vð�© ,OE65
H ≤ G
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G
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H
�

·�®J¯�¯�â�© [HÉ `�ô�×bÐ�Ï>Å�Æ � ËYï�É�È Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ Ó4ÂSÛ0ÂSí0ÂÒÞBËdÊ
A ∈ CFp,H

ó�Ëä×QÈ
H 	 Ö�Æ2ï0Î>ñ�Ë³Â
î�Ù4ËdÈ Ê�Ù4Ë


}ì�o2Öã×QÈ>È 	 ÔiÙ�×QÏ>É�Å�Æ ñ�ËdÖ+Öã×+É�Ö+Ï>ñ�É�ËYÐ

Hn(G,MG
H (A)) ∼= Hn(H,A),

ô�Ù4ËdÈ4ìYËÍôjË�ìYÆbÈ4ìdñ�Î4ï>Ë�Ê�Ù4Ë�Ç4È>É�Ê�Ë�ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ�É�Ê�ÚßÆQé
Hn(H,A)

Â
2

Ô ÆbÅ
B ∈ CFp,G

ôjË È4ÆbÊ�Ë�Ê�Ù�×QÊ
B
É�Ð Ç4È>É�Ê�Ë«×QÈ4ï

pB = 0
ÂziDËdÈ4ìYË Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈ Ó4ÂSÛ0ÂxêØÉ�Ö+Ï>ñ�É�ËYÐÑÊ�Ù�×QÊ

Hn(G,B) = 0
éVÆbÅ)×Qñ�ñ

n > cdp(G)
Â

î�Ù¿Î4Ð#Ê�Ù4ËÍÐ�Î>ÖøÉ�ÈßÊ�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ìãï>ËKÇ4È>É�Ê�É�ÆbÈäÉ�Ð�Ç4È>É�Ê�Ë³Â

ÀB©Hæ�©�µwº«¸�þ�¬p´�­z´H¯;¬t© Ä =�7m.¿T&7S=WXY>Z185eEªQ27W=�;�T
G
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A�;PCFE�7�G8HJ=21K>&L�.�7SMuL6�D.27S.aL«5eE�7�14365818L�=W�
A ∈ CFp,G

5�=±:·E

e(G,A) :=
∑

i

(−1)idimFp(H
i(G,A)).

÷�Ð)×QÈ>È4ÆbÎ>È4ìYËYïäË_×QÅ�ñ�É�ËdÅ#ôjË�Ù�× � Ë
ÀB©Hæ�©�À7(t¸2»å»å½�© �O�<E¾AB;PCFE�7�G8HJ=�1 >&L·.27SMµL��D.27S.aL«5eE�7�1 3�581IL

e(G, .)
1 3m.2>�AB;PCFE�7�G8HJ=�1 >&L·.27SMu©µ.9Tf�

·�®J¯�¯�â�© ÞBËdÊ
0 → A→ B → C → 0

ó�Ë#×DÐ�Ù4ÆbÅ�ÊtË�*4×bìdÊ�Ð�Ë«t¿Î4ËdÈ4ìYË�ÆQé�Æbó<s%ËYìdÊ�Ð�É�È
CFp,G

[V×QÎ>Ê�ÆbÖã×QÊ�É�ì_×Qñ�ñ�Ú
ô�Ëdñ�ñp×bïvs%Î4Ð�Ê�ËYï�`KÂ�Ñ8Ë�Ì�ËdÊ#Ê�Ù4Ë�ñ�ÆbÈ>Ì�Ë�*>×bìdÊ)Ð�Ë«t¿Î4ËdÈ4ìYË

· · · → Hn(G,A) → Hn(G,B) → Hn(G,C) → Hn+1(G,A) → . . .

×QÈ4ïßÊ�Ù4ËdÅ�ËKéºÆbÅ�Ë�Ë³Â Ì4Âtó¿Ú«Ð�Ï>ñ�É�Ê�Ê�É�È>Ì�É�Ê

0 =
∑

i

(−1)i(dimFpH
i(G,A) − dimFpH

i(G,B) + dimFpH
i(G,C)).

î�Ù>É�Ð)É�Ö+Ö�ËYï0É�×QÊ�Ëdñ�Ú Ì³É � ËYÐ0�
e(G,B) = e(G,A) + e(G,C)

2

Ñ8Ë�ì_×QÈßÈ4Æ_ô ×QÏ>Ï>ñ�Ú�Ê�Ù4ËYÆbÅ�ËdÖ'ç0ÂSö0Â�Ã��ÑÊ�Æ+Ì�ËdÊ#Ê�Ù4ËDÇ4Å�Ð�Ê)Öã×QÉ�ÈßÊ�Ù4ËYÆbÅ�ËdÖøéºÅ�ÆbÖÌ]^�d_nÂ
ÀB©Hæ�©4
w�Íú�¸¿¯�®J¸2» © Ä =27�.�T&7W=SXY>Z185eE�Q�7W=2;UT

G
39;Z:K¸«E�L«5h5�=#5K�VE/Xg>Z1K5eE6>xE93·3�L�=�>&02185818=2> ø �$yd�Kæk5K�VE�7SEª1 3�=2>xE¿.2>&0

=�>ZC¦²±=2>xE�021 3�587�1I:�;<581I=2>
µG ∈ DG

39;VL���5K�D.�5

e(G,A) =< φA, µG > ∀A ∈ CFp,G.

Í E�L�.2CKC
µG
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Zp f
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4 Ï�Ê�ÆßÈ4Æ_ô ô�ËãÙ�× � Ë�ÆbÈ>ñ�Ú¼ìYÆbÈ4Ð�É�ï>ËdÅ�ËYï¼ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú¼ô�É�Ê�Ù�ìYÆ2Ë��ãìdÉ�ËdÈ¿Ê�ÐÑÉ�ÈÕï0É�Ð�ìdÅ�ËdÊ�Ë Ö�Æiï0Î>ñ�ËYÐzÂ�Ñ8Ë ô�É�ñ�ñÈ4Æzô Ë�*0Ê�ËdÈ4ïz[HÏ�×QÅ�Ê�Ð)ÆQé�`jÊ�Ù4Ë�Ê�Ù4ËYÆbÅ�Ú Ê�Æ
Zp 	 Ö�Æ2ï0Î>ñ�ËYÐ_ÂÞ<ËdÊ

L ∈ MZp,G
ó�Ëß×äÇ4È>É�Ê�Ëdñ�Ú�Ì�ËdÈ4ËdÅ�×QÊ�ËYï

Zp 	 Ö�Æiï0Î>ñ�ËØË«t¿Î>É�Ï>Ï�ËYïÕô�É�Ê�Ù Ê�Ù4Ë«Ï 	 ×bï0É�ì«Ê�ÆbÏ�Æbñ�ÆbÌ³Ú ×QÈ4ï
G
×ãÏ>Å�ÆQÇ4È>É�Ê�Ë Ì³Å�ÆbÎ>Ï/(;ô�Ù>É�ì�Ù ×bìdÊ�Ð�ÆbÈ

L
ìYÆbÈ¿Ê�É�È¿Î4ÆbÎ4Ð�ñ�Ú ×QÈ4ï

Zp 	 ñ�É�È4Ë_×QÅ�ñ�Ú�Â¿Ñ8Ë Ù�× � ËÑ×Qñ�Å�Ë_×bï0Úäï>ËKÇ4È4ËYïäÊ�Ù4ËìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú+Ì³Å�ÆbÎ>Ï4Ð
Hn(G,L)

É�È+Ó4Â�Ã#×QÈ4ï+Å�ËdÖã×QÅSo�ËYï¼[HÓ4Â�Ã³ÂSía`pÊ�Ù�×QÊ}ñ�ÆbÈ>Ì�Ë�*>×bìdÊtÐ�Ë«tiÎ4ËdÈ4ìYËYÐtË�*0É�Ð�Ê�éVÆbÅtË � ËdÅ�ÚÐ�Ù4ÆbÅ�Ê)ÆbÈ4Ë³Â
Ô ÆbÅ#Ê�Ù4ËÒÅ�ËYÐ�Ê#ÆQé�Ê�Ù>É�Ð)ì�Ù�×QÏ>Ê�ËdÅ)ô�ËÒÉ�È4Ð�É�Ð�Ê�Ê�Ù�×QÊ

G
Ð�×QÊ�É�Ð%Ç�ËYÐ0�

dimFp(H
n(G,A)) <∞ ∀ n ∈ N ∀ A ∈ CFp,G

4 È4ï>ËdÅ�Ê�Ù>É�Ð�Ù¿Ú2Ï�ÆbÊ�Ù4ËYÐ�É�Ð�ôjË�ì_×QÈ«Ð�Ê�×QÊ�ËÒ× Î4Ð�ËKéHÎ>ñ�Ë«tiÎ>É � ×Qñ�ËdÈiÊ�éºÆbÅ�Ö Î>ñ�×QÊ�É�ÆbÈØÆQéBÊ�Ù4Ë�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Ú Ì³Å�ÆbÎ>Ï4ÐzÂÔ É�Å�Ð�Ê�(4Ù4Æ_ôjË � ËdÅ�(�ôjËÒÉ�ÈiÊ�Å�Æiï0Î4ìYË Ð�ÆbÖ�ËÒÊ�ËYì�Ù>È>É�ì_×QñBÈ4ÆbÊ�×QÊ�É�ÆbÈ�[ºìKé�Â�]Sçd_e(�Ã_ç0Â�ÃU`KÂ

�©º¨�©º¨¼º«¸�þ�¬p´�­z´H¯;¬t© ,OE«5

(Ai, fij)
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>x.�58;P7S.2C@>Z;P©�:�E67·3�� » 5�3«.�58143KXBE93k5K�<E�� ´à­Y­_½>û>Ý�(t¸r�¼¸i®�ýp®Q¯�ýt¸i®z­�ü ¬Y1 ���«=27m.2CKC
n ∈ N

5K�<E�7�E#143
m ≥ n

39;VL��
5K�<.�5��«=27m.2CKC

k ≥ m fnk(Ak) = fnm(Am)
�
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C•(G,L/pnL)

36.�581 39G
XBE93k5K�<EkÝ¼185I5�.�Q2GI,OE�� E�7�T&7S=9TVE�7658²®�

¤ 1K1¦¥w,OE«5
i ∈ N

���O�<EJT&7S=W¸�ESL«581K¢vEm39²v3�5eE6©
H i(G,L/pnL)

36.�581 3 XBE�3!5K�VE!Ý-1K5I5�.�Q�G8,OE��rE�7�T&7S=9TVE67�58²®�
·�®J¯�¯�â�© Ô ÆbÅ#[%ÃU`�ô�ËÒÅ�ËdÖã×QÅSo Ê�Ù�×QÊ#Ê�Ù4Ë�Öã×QÏ4Ð

Ci(G,L/pmL) → C i(G,L/pnL), f 7→ πn,m ◦ f

×QÅ�ËÍÐ�Î>Å8s%ËYìdÊ�É � Ë�(4ô�Ù4ËdÅ�Ë πn,m É�Ð�Ê�Ù4ËÒÈ�×QÊ�Î>Å�×QñBÏ>Å�Ævs%ËYìdÊ�É�ÆbÈ
L/pmL→ L/pnL

Â

[VÁa`Ic�Î>Å�Ç4È>É�Ê�ËdÈ4ËYÐ�ÐD×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈßÉ�Ö+Ï>ñ�É�ËYÐ)Ê�Ù�×QÊ
Hi(G,L/pnL)

×QÅ�Ë�Ç4È>É�Ê�Ë�éVÆbÅ)×Qñ�ñ
i, n ∈ N

Â
) ÈßÌ�ËdÈ4ËdÅ�×Qñ�(�Ê�Ù4Ëm�äÉ�Ê�Ê�×QÌ 	 Þ<Ëe�ãËdÅDÏ>Å�ÆbÏ;ËdÅ�Ê�Ú«É�Ð)Ð�×QÊ�É�Ð�Ç�ËYï«Éué}×Qñ�ñBÌ³Å�ÆbÎ>Ï4ÐDìYÆbÈ4ìYËdÅ�È4ËYïä×QÅ�ËÒÇ4È>É�Ê�Ë³Â�î�Ù>É�Ð�ì_×QÈó�ËÒÐ�ËYËdÈßÎ4Ð�É�È>Ìã×+ìYÆbÖÍó>É�È�×QÊ�ÆbÅ�É�×Qñ�×QÅ�Ì³Î>Ö�ËdÈ¿Ê_ÂgÑ8ËÒÎ4Ð�Ë�Ê�Ù4ËÒÈ4ÆbÊ�×QÊ�É�ÆbÈØÆQé�Ê�Ù4ËÒÏ>Å�ËYìYËYï0É�È>Ì�ï>ËKÇ4È>É�Ê�É�ÆbÈ<Â
~DÉ � ËdÈ n ∈ N

(¿Ï>Î>Ê
A := An

Â Ô ÆbÅjË � ËdÅ�ÚãËdñ�ËdÖ�ËdÈiÊ a ∈ A
ËdÉ�Ê�Ù4ËdÅ�ÆQé<Ê�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>ÌÑÉ�Ð}Ê�Å�Î4Ë&�J[HÉ `�Ê�Ù4ËdÅ�Ë)É�Ð

ma > n
Ð�Î4ì�Ù Ê�Ù�×QÊ

a 6∈ fman(Ama)
ÆbÅ![HÉ�É `�éVÆbÅ�×Qñ�ñ

k > n a ∈ fkn(Ak)
Â�Þ<ËdÊ

m
ó�Ë#Ê�Ù4Ë�Öã×d*2É�Ö Î>Ö ÆQé<Ê�Ù4Ë

ma
|[Ð�éºÅ�ÆbÖÌ[HÉ `KÂtî�Ù4ËdÈ

fmk(Ak)
É�Ð#Ð�Î>Å8s�ËYìdÊ�É � Ë�éVÆbÅ)×Qñ�ñ k > m

(4×QÈ4ï
m
Ð�×QÊ�É�Ð%Ç�ËYÐ#Ê�Ù4ËÒÅ�Ë«t¿Î>É�Å�ËdÖ�ËdÈiÊ�Ð_Â

2

n Æzô ôjË�ì_×QÈØÏ>Å�Æ � Ë�Ê�Ù4Ë�Å�ËKéVÆbÅ�ÖÍÎ>ñ�×QÊ�É�ÆbÈðÖ�ËdÈ¿Ê�É�ÆbÈ4ËYï�Â

�©º¨�©�µ ·�®Q¯�ýt¯�¾z´à­z´H¯�¬}©

Hi(G,L) = lim
←
Hi(G,L/pnL),

�h�VE�7SE�5K�VE�Tx7W=W¸�ESL«581K¢vE#C³1 ©N185Y1 3k5�.vö2E�>z=2¢vE67
n ∈ N

�
·�®J¯�¯�â�© Ñ8Ë�Ù�× � Ë L = lim

←
L/pnL

(>Ê�Ù4ËÍñ�É�Ö+É�Ê�ó�ËdÉ�È>Ì�Ê�×vo�ËdÈäéºÆbÅ#Ê�Ù4ËÍÈ�×QÊ�Î>Å�×Qñ�Ï>Å�Ævs�ËYìdÊ�É�ÆbÈ4Ð
L/pmL →

L/pnL
éVÆbÅ

m ≥ n
×QÈ4ï

n,m ∈ N
Â�÷ Öã×QÏ

f
éHÅ�ÆbÖ ×+Ê�ÆbÏ�Æbñ�ÆbÌ³É�ì_×Qñ�Ð�Ï�×bìYË

X
Ê�Æ
L
É�Ð�ìYÆbÈ¿Ê�É�È¿Î4ÆbÎ4ÐU(�Éué}×QÈ4ï

ÆbÈ>ñ�Ú�Éué
πn ◦ f

É�Ð�ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð�éVÆbÅ)×Qñ�ñ
n ∈ N

(2ô�Ù4ËdÅ�Ë
πn : L→ L/pnL

É�Ð�Ê�Ù4Ë�È�×QÊ�Î>Å�×Qñ�Ï>Å�Ævs�ËYìdÊ�É�ÆbÈ<ÂgiDËdÈ4ìYË

Ci(G,L) = lim
←
Ci(G,L/pnL).

iD× � É�È>Ì«ËYÐ�Ê�×Qó>ñ�É�Ð�Ù4ËYï Ê�Ù>É�ÐU(�Ê�Ù4Ë+×Qó�Æ � Ë{ñ�ËdÖ+Öã×�ìYÆbÈ¿Ê�×QÉ�È4ÐÒÊ�Ù4ËÑìYÆbÈ4ï0É�Ê�É�ÆbÈ4Ð�È4ËYìYËYÐ�Ð�×QÅ�ÚßéVÆbÅ�×QÏ>Ï>ñ�Ú2É�È>Ìw]Sçv_e(Ã_ç0ÂSÁ0ÂSç0Âp(�Å�ËYÐ�Î>ñ�Ê�É�È>Ì�É�È
Hi(G,L) = lim

←
Hi(G,L/pnL).



Qp

2

ëjÚäÆbÎ>Å)Ç4È>É�Ê�ËdÈ4ËYÐ�ÐÒ×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈ/(�Ê�Ù4Ë
Hi(G,L/pnL)

×QÅ�ËÍÇ4È>É�Ê�ËÑï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ � ËYìdÊ�ÆbÅDÐ�Ï�×bìYËYÐDÆ � ËdÅ Fp×QÈ4ïßÙ4ËdÈ4ìYËÒÏ 	 Ì³Å�ÆbÎ>Ï4Ð_Â���ÆbÈ4Ð�Ë«tiÎ4ËdÈ¿Ê�ñ�Úa( Hi(G,L)
É�Ð�×QÈä×Qó;Ëdñ�É�×QÈØÏ>Å�Æ 	 Ï 	 Ì³Å�ÆbÎ>Ï<Â


�©º¨�©�À8·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© �O�<E
Hi(G,L)

.27�EgXY>Z185eE�C³²#Q®E�>xE67W.�5eE�0
Zp
Gå©µ=�02;DCpE93��

·�®J¯�¯�â�©

•
��ËdÈ4ÆbÊ�Ëßó¿Ú

Ltor
Ê�Ù4ËßÊ�ÆbÅ�Ð�É�ÆbÈ Ð�Î>ó>Ö�Æ2ï0Î>ñ�ËØÆQé

L
×QÈ4ï ìYÆbÈ4Ð�É�ï>ËdÅãÊ�Ù4ËäÐ�Ù4ÆbÅ�Ê Ë�*4×bìdÊ Ð�Ë«t¿Î4ËdÈ4ìYË

0 →
Ltor → L→ L/Ltor → 0

Âtî�Ù>É�Ð#Ì³É � ËYÐ�Ê�Ù4ËÒñ�ÆbÈ>ÌãË�*4×bìdÊ)Ð�Ë«tiÎ4ËdÈ4ìYË

· · · → Hn−1(G,L/Ltor) → Hn(G,Ltor) →
→ Hn(G,L) → Hn(G,L/Ltor) → . . .

ÔiÉ�È4ìYË
L
É�ÐtÇ4È>É�Ê�Ëdñ�ÚÑÌ�ËdÈ4ËdÅ�×QÊ�ËYïf(

Ltor
É�ÐtÇ4È>É�Ê�Ë³Â ) é

Ltor
É�È ×bï>ï0É�Ê�É�ÆbÈãÉ�Ð}Ð�É�Ö+Ï>ñ�Ë�(¿Ê�Ù4ËdÈãó¿ÚÑÅ�ËdÖã×QÅSoÑÓ4ÂSÛ0ÂSö

pLtor = 0
×QÈ4ïßÊ�ÙiÎ4Ð�É�Ê�É�ÐD×QÈ

Fp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYË³Â#î�Ù4ËÍÇ4È>É�Ê�ËdÈ4ËYÐ�ÐÒ×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈðÉ�Ö+Ï>ñ�É�ËYÐ)É�ÈðÊ�Ù>É�ÐDì_×bÐ�ËÊ�Ù�×QÊ
Hn(G,Ltor)

É�ÐDÇ4È>É�Ê�Ë³Â�ë�ÚßÉ�È4ï0Î4ìdÊ�É�ÆbÈåÆbÈ Ê�Ù4Ë{ñ�ËdÈ>Ì³Ê�Ù ÆQé�×ãìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈ8Ð�ËdÅ�É�ËYÐÒÆQé�×ãÌ�ËdÈ4ËdÅ�×Qñ
Ltor

(>Î4Ð�É�È>Ì+Ê�Ù4Ë�Ð�Ù4ÆbÅ�Ê)Ë�*>×bìdÊ�Ð�Ë«t¿Î4ËdÈ4ìYË
0 →M → Ltor → Ltor/M → 0

×QÈ4ï«É�Ê�Ð�×bÐ�Ð�ÆiìdÉ�×QÊ�ËYï ñ�ÆbÈ>Ì
ÆbÈ4Ë�(0ôjËÍìYÆbÈ4ìdñ�Î4ï>Ë�Ê�Ù�×QÊ

Hn(G,Ltor)
É�Ð�Ç4È>É�Ê�Ë³Â

n Æ_ô ×bÐ�Ð�Î>Ö�Ë�Ê�Ù�×QÊ
Hn(G,L/Ltor)

É�ÐpÇ4È>É�Ê�Ëdñ�Ú Ì�ËdÈ4ËdÅ�×QÊ�ËYï�Â�î�Ù4ËdÈ{ô�Ë�ìYÆbÈ4ìdñ�Î4ï>Ë�éHÅ�ÆbÖ
Ê�Ù4Ë�ñ�ÆbÈ>Ì�Ë�*4×bìdÊ
Ð�Ë«tiÎ4ËdÈ4ìYË�×Qó;Æ � ËÒÊ�Ù�×QÊ Hn(G,L)

É�Ð�Ç4È>É�Ê�Ëdñ�Ú Ì�ËdÈ4ËdÅ�×QÊ�ËYï�Â
î�Ù>É�ÐDÅ�ËYï0Î4ìYËYÐ�Î4ÐDÊ�Æ Ð�Ù4Æzô
Ê�Ù�×QÊ

Hn(G,L)
É�ÐÒ×�Ç4È>É�Ê�Ëdñ�ÚØÌ�ËdÈ4ËdÅ�×QÊ�ËYï

Zp 	 Ö�Æiï0Î>ñ�Ë éVÆbÅDË � ËdÅ�ÚßÊ�ÆbÅ�Ð�É�ÆbÈéºÅ�ËYË
L
Â

•
n ÆzôF×bÐ�Ð�Î>Ö�Ë

L
É�ÐDÊ�ÆbÅ�Ð�É�ÆbÈðéHÅ�ËYË³Â¾Ñ8Ë{Ê�Ù4ËdÅ�ËKéVÆbÅ�Ë Ù�× � ËÑÊ�Ù4ËÑÐ�Ù4ÆbÅ�ÊÒË�*>×bìdÊÒÐ�Ë«tiÎ4ËdÈ4ìYË 0 → L → L →

L/pL → 0,
ô�Ù4ËdÅ�Ë Ê�Ù4ËÒÇ4Å�Ð�Ê�Öã×QÏäÉ�Ð)ÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É�ÆbÈ ó¿ÚØÏ<Â�î�Ù4Ë{×bÐ�Ð�ÆiìdÉ�×QÊ�ËYïØñ�ÆbÈ>Ì Ë�*4×bìdÊDÐ�Ë«tiÎ4ËdÈ4ìYË

É�Ð
· · · → Hn(G,L) → Hn(G,L) → Hn(G,L/pL) → . . . ,

ô�Ù4ËdÅ�ËÒÊ�Ù4ËDÇ4Å�Ð�Ê)Öã×QÏßÉ�Ð�ÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É�ÆbÈðó¿Ú�ÏØÆQépÈ 	 ìYÆiì�Ù�×QÉ�È4Ð_Â
ë�Ú ÆbÎ>ÅÍÇ4È>É�Ê�ËdÈ4ËYÐ�ÐÑ×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈ

Hn(G,L/pL)
É�ÐÍÇ4È>É�Ê�Ë�×QÈ4ïåÊ�Ù¿Î4Ð

Hn/pHn É�Ð�(�Ê�Æ2ÆV(BéVÆbÅ Hn :=
Hn(G,L)

Â
î�Ù4Ë�Å�ËYÐ�Î>ñ�Ê#È4Æzô éVÆbñ�ñ�Æ_ô#Ð�éºÅ�ÆbÖ Ê�Ù4ËDéVÆbñ�ñ�Æ_ô�É�È>Ì ñ�ËdÖ+Öã×0Â

2
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L
:·Ez.

Zp
Ge©µ=�02;DCpEq39;VL��r5K�<.�5

L/pL
1 3mXY>�1K5eEq.2>x0�5K�®;P3q.'XY>�1K5eEw0�1 ©�E�>V3�18=�>&.2C

Fp
Gå¢vESL«5�=�7m3eT<.aL·E����O�<E�>

rkZp(L) ≤ dimFp(L/pL)
�

·�®J¯�¯�â�© Þ<ËdÊ
{l1, . . . , ln}

ó�Ë+×
Zp 	 ñ�É�È4Ë_×QÅ�ñ�ÚðÉ�È4ï>ËdÏ;ËdÈ4ï>ËdÈiÊ Ð�Î>ó4Ð�ËdÊ�ÆQé L ÂÑ÷DÐ�Ð�Î>Ö�Ë 0 =

∑
i aili

ô�É�Ê�Ù
ai ∈ Fp

×QÈ4ï�ô�É�Ê�Ù
x
ï>ËdÈ4ÆbÊ�É�È>Ì Ê�Ù4Ë Å�ËYï0Î4ìdÊ�É�ÆbÈ Ö�Æiï0Î>ñ�ÆðÏÕÆQé

x
Â î�×vo�Ë

bi ∈ Zp
ô�É�Ê�Ù

bi = ai
Â î�Ù4ËdÈ

∑
i bili ∈ pL

(0Ù4ËdÈ4ìYËÒÊ�Ù4ËdÅ�Ë�×QÅ�Ë
ci ∈ Zp

ô�É�Ê�Ù ∑
i(bi − pci)li = 0

Âtî�ÙiÎ4Ð
bi = pci

(0ô�Ù4ËdÈ4ìYË
bi ∈ (p)

×QÈ4ï
ai = 0

Â
2


�©º¨�©F�wó�¸i»8½>®vð�© Ä =27
n > cdp(G)

��Ek�D.�¢vE
Hn(G,L) = 0.

·�®J¯�¯�â�© ë�Ú Ê�Ù4ËÒñ�×bÐ�Ê�Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ
Hi(G,L) = lim

←
Hi(G,L/pnL) = lim

←
0 = 0. 2

>�� �h�E_��Oãg�Oàr�W"��/�/ä}/-�I�aã~�<�\�:���V�e���@���¼�e�
Qp f��

�!�D���/�q�v�gá��<���
ÞBËdÊ

V
ó;Ë+×�Ç4È>É�Ê�Ë+ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ

Qp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYË{ô�É�Ê�Ù Qp 	 ñ�É�È4Ë_×QÅÒìYÆbÈ¿Ê�É�ÈiÎ4ÆbÎ4Ð ×bìdÊ�É�ÆbÈ ó¿ÚØÊ�Ù4ËÑÏ>Å�ÆQÇ4È>É�Ê�ËÌ³Å�ÆbÎ>Ï
G
Â

÷)Ì¿×QÉ�È¼Î>È4ï>ËdÅ Ê�Ù4ËÑÇ4È>É�Ê�ËdÈ4ËYÐ�Ð{×bÐ�Ð�Î>Ö+Ï>Ê�É�ÆbÈåéºÅ�ÆbÖ Ê�Ù4Ë�ñ�×bÐ�Ê Ð�ËYìdÊ�É�ÆbÈ¼ôjËãËYÐ�Ê�×Qó>ñ�É�Ð�Ù�× Å�ËKéVÆbÅ�ÖÍÎ>ñ�×QÊ�É�ÆbÈ ÆQé
Hn(G,V )

Â
ëjÚ�Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈäç0ÂSç0Â Ó�ô�Ë�ì_×QÈØì�Ù4Æ2Æ³Ð�ËÍ×

G 	 Ð�Ê�×Qó>ñ�Ë Zp 	 ñ�×QÊ�Ê�É�ìYË L éºÆbÅ
V
(0ÉNÂ�Ë³Â

V = Qp ⊗Zp L
Â




�©�¶�©º¨Ø·�®Q¯�ýt¯�¾z´à­z´H¯�¬}© Ä =27�E�¢vE679²
n ∈ N

��Ek�D.2¢vE

Hi(G,V ) = Qp ⊗Zp H
i(G,L).

·�®J¯�¯�â�© Ñ8Ë Ù�× � Ë V =
⋃
n p
−nL

ÂÀÞ<ËdÊ
f : Gi → V

ó�Ë8× ìYÆbÈiÊ�É�È¿Î4ÆbÎ4ÐðÖã×QÏ<Âõî�Ù4ËdÈ
Gi =⋃

n f
−1(p−nL)

É�ÐÑ×QÈ¼ÆbÏ�ËdÈ¼ìYÆ � ËdÅ�É�È>Ì4Âð÷DÐ G É�Ð{ìYÆbÖ+Ï�×bìdÊ�(péVÆbÅ Ë � ËdÅ�Ú f Ê�Ù4ËdÅ�Ë É�Ð ×QÈ
n ∈ N

Ð�Î4ì�Ù¼Ê�Ù�×QÊ
f : Gi → p−nL

É�Ð)ìYÆbÈ¿Ê�É�È¿Î4ÆbÎ4ÐzÂ�iDËdÈ4ìYË
pnf : Gi → L

É�Ð#ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð_Â
Ô Î>Å�Ê�Ù4ËdÅ�(

f
É�Ðã× ìYÆ2ìdÚ2ìdñ�Ëz[ºìYÆbó�ÆbÎ>È4ï4×QÅ�ÚV`+ÉuéÒ×QÈ4ï!ÆbÈ>ñ�Ú�Éué

pnf
É�Ðã× ìYÆiìdÚ0ìdñ�Ë�[ºìYÆbó�ÆbÎ>È4ï4×QÅ�ÚV`KÂriDËdÈ4ìYË

Hi(G,V ) =
⋃
n p
−nHi(G,L) = Qp ⊗Zp H

i(G,L). 2


�©�¶�©�¶qó�¸i»8½>®vð�© Ä =27
n > cdp(G)

��Ek�D.�¢vE
Hn(G,V ) = 0.

·�®J¯�¯�â�© ë�Ú Å�ËdÖã×QÅSoßö0Â�Ã³ÂSÛ�×QÈ4ï«ñ�×bÐ�Ê�Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ

Hn(G,V ) = Qp ⊗Zp H
n(G,L) = Qp ⊗Zp 0 = 0.

2

÷�ÐjéVÆbÅ�Ë � ËdÅ�Ú Zp 	 Ö�Æiï0Î>ñ�Ë A É�Ê�Ð�Å�×QÈVo�É�Ð�Ë«t¿Î�×Qñ�Ê�Æ Ê�Ù4Ë�ï0É�Ö�ËdÈ4Ð�É�ÆbÈ«ÆQéBÊ�Ù4Ë
Qp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYË Qp⊗Zp A

(
ô�Ë�ì_×QÈØìYÆbÈ4ìdñ�Î4ï>Ë�éHÅ�ÆbÖøÏ>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈäö0Â�Ã³Â Ó�Ê�Ù4ËÒéºÆbñ�ñ�Æzô�É�È>Ì


�©�¶�©�µwó�¸i»8½>®vð�©
dimQp(H

n(G,V )) = rkZp(H
n(G,L)) <∞
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G
.®L«5g587�1 ¢U18.2CKC³²�=2>

Qp
�N�O�<E�>

G
.®L«5K3k58791K¢�1I.2C C³²�=2>

V
.2>x0

Hi(G,V ) = V ⊗Qp H
i(G,Qp).

·�®J¯�¯�â�© Þ<ËdÊ
g ∈ G

×QÈ4ï
v ∈ V

Â Ô ÆbÅ ×Qñ�ñ
x ∈ Qp

ô�ËßÙ�× � Ëßó¿ÚÕÊ�Ù4Ë«ñ�É�È4Ë_×QÅ�É�ÊnÚ ÆQé�Ê�Ù4Ë
G 	 ×bìdÊ�É�ÆbÈ

x(gv) = g(xv) = (gx)v = xv
Â�i�ËdÈ4ìYË

gv = v
Â

�jÙ4ÆiÆ³Ð�Ëß×
Qp 	 ó�×bÐ�É�Ð {v1, . . . , vn}

ÆQé
V
Â�Þ<ËdÊ

f : Gi → V
ÂØÑ8Ë«ì_×QÈ ô�Å�É�Ê�Ë«É�Ê+Î>È>ÉFtiÎ4Ëdñ�ÚÕ×bÐ

f =∑n
j=1 fjvj

ô�É�Ê�Ù
fj : Gi → Qp

Â��DÎ4Ë�Ê�ÆÑÊ�Ù4Ë�Ê�Å�É � É�×QñB×bìdÊ�É�ÆbÈ f É�Ð#×{ìYÆiìdÚ0ìdñ�Ëµ[ºìYÆbó;ÆbÎ>È4ï4×QÅ�ÚZ`�Éué�×QÈ4ï«ÆbÈ>ñ�ÚãÉuéË_×bì�Ù
fj
É�Ð�éºÆbÅ�Ê�Ù4Ë�ìYÆbÖ+Ï>ñ�Ë�*

Ci(G,Qp)
Âgi�ËdÈ4ìYË�Ê�Ù4ËÒÅ�ËYÐ�Î>ñ�Ê_Â

2

>�� íh�wvu��"���� f �N�O�å���<á¶�Sx7�PãYá¶�aá��D���Z�®�e�d�a�$�zá¶���g�g�å�U���®�$-��Y���e�O�
Ñ8Ë{ì_×QÈØÈ4Æzô ï>ËKÇ4È4Ë{Ê�Ù4Ë#
�Î>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��ãì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ì éVÆbÅ�ìYÆbÙ4ÆbÖ�Æbñ�ÆbÌ³Úßô�É�Ê�Ù ìYÆiË��ãìdÉ�ËdÈiÊ�Ð�É�È Zp 	 ×QÈ4ï
Qp 	 Ö�Æiï0Î>ñ�ËYÐ)×QÈ4ïØË�*2Ï>Å�ËYÐ�Ð#É�Ê)×bÐ)×+ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ<Â

Ñ8ËÒÖÍÎ4Ð�Ê�(4Ù4Æ_ôjË � ËdÅ�(�×QÌ¿×QÉ�ÈßÉ�Ö+Ï�Æ³Ð�Ë�Ê�Ù4Ë�Ç4È>É�Ê�ËdÈ4ËYÐ�Ð�ìYÆbÈ4ï0É�Ê�É�ÆbÈßÓ4Âxê2Â�Ã³Â
Ñ8Ë�Ç4Å�Ð�Ê�Ï>Å�Æ � Ë{×{Ì�ËdÈ4ËdÅ�×Qñ


�©�µ�©º¨{(t¸2»å»å½�© ,OE65
L
:·EN.�Xg>Z1K5eE6C¦²#QPE�>xE�7S.�5eES0

Zp
Ge©µ=�02;DCpEµ.2>&0±L�=2>V3�180®E67m5K�<E#©µ.9T

φ : L→ L, l 7→ pl
�

Ð E�>&=a5eEk185K3¾ö2E�7�>xE�C�:�² Lp �N�O�<E6>

rkZp(L) = dimFp(L/pL) − dimFp(Lp).

·�®J¯�¯�â�©

•
Ñ8Ë�Ç4Å�Ð�Ê È4ÆbÊ�Ë Ê�Ù�×QÊ{éºÆbÅ

Zp 	 Ö�Æ2ï0Î>ñ�ËYÐ Ê�Ù4Ë�Ê�ËdÅ�Ö�ÐmjNéºÅ�ËYË�l·(@jnÊ�ÆbÅ�Ð�É�ÆbÈ�éHÅ�ËYË�l ×QÈ4ï�jnÏ 	 Ê�ÆbÅ�Ð�É�ÆbÈ�éºÅ�ËYË�l ×QÅ�ËË«tiÎ>É � ×Qñ�ËdÈiÊ0�³Ê�Ù4ËjÇ4Å�Ð�ÊpË«tiÎ>É � ×Qñ�ËdÈ4ìYË�ó;ËdÉ�È>ÌÒ×�Ì�ËdÈ4ËdÅ�×QñiéN×bìdÊ�éºÆbÅpÖ�Æiï0Î>ñ�ËYÐ�Æ � ËdÅ�Ï>Å�É�È4ìdÉ�Ï�×Qñ>É�ï>Ë_×Qñ0ï>ÆbÖã×QÉ�È4Ð×QÈ4ï Ê�Ù4Ë�Ð�ËYìYÆbÈ4ïßó;ËYì_×QÎ4Ð�ËÒË � ËdÅ�Ú«Ëdñ�ËdÖ�ËdÈiÊ)É�È Zp − (p)
É�Ð)×{Î>È>É�Ê_Âj÷)ñ�Ð�Æ

Lp
É�Ð)×QÈ

Fp 	�� ËYìdÊ�ÆbÅ)Ð�Ï�×bìYË³Â

•
ì_×bÐ�Ë+Ã&� Þ8Ï 	 Ê�ÆbÅ�Ð�É�ÆbÈßÖ�Æiï0Î>ñ�ËÑ8ËÒÐ�Ù4Æzô��

dimFp(L/pL) = dimFp(Lp)ÔiÎ>Ï>Ï�Æ³Ð�Ë Ç4Å�Ð�Ê�Ê�Ù�×QÊ
L
É�ÐÒÐ�É�Ö+Ï>ñ�Ë³Â ë�ÚäÅ�ËdÖã×QÅSoäÓ4ÂSÛ0ÂSö�ô�ËNoiÈ4Æzô Ê�Ù�×QÊ

pL = 0
ÂÍî�Ù¿Î4Ð

Lp = L
×QÈ4ï

L/pL = L
(0Ú2É�Ëdñ�ï0É�È>Ì�Ê�Ù4ËÒÅ�ËYÐ�Î>ñ�Ê�É�ÈßÊ�Ù>É�Ð)Ð�Ï;ËYìdÉ�×Qñ<ì_×bÐ�Ë³Â



n Ë�*2Ê�ôjË�Ï>Å�ÆiìYËYËYï óiÚ É�È4ï0Î4ìdÊ�É�ÆbÈåÆbÈ8Ê�Ù4ËÑñ�ËdÈ>Ì³Ê�Ù¼ÆQé�×«ìYÆbÖ+Ï�Æ³Ð�É�Ê�É�ÆbÈåÐ�ËdÅ�É�ËYÐ�ÆQé
L
ÂuÞ<ËdÊ

M ≤ L
ó;Ë

×ØÏ>Å�ÆbÏ;ËdÅÑÈ4ÆbÈ 	 ý_ËdÅ�Æ Ð�Î>ó>Ö�Æ2ï0Î>ñ�Ë³ÂzÑ8Ë�Ù�× � Ë Ê�Ù4Ë éVÆbñ�ñ�Æ_ô�É�È>Ì Ê�ôjÆ Fp 	�� ËYìdÊ�ÆbÅ�Ð�Ï�×bìYË�É�Ð�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð��
Lp/Mp

∼= (L/M)p
×QÈ4ï

(L/pL)/(M/pM) ∼= (L/M)/p(L/M)
Â�i�ËdÈ4ìYË

dimFp(Lp) = dimFp(Mp) + dimFp((L/M)p)
dimFp(L/pL) = dimFp(M/pM) + dimFp((L/M)/p(L/M)),

ô�Ù>É�ì�ÙØÉ�Ö+Ï>ñ�É�ËYÐ#Ê�Ù4ËÒÅ�ËYÐ�Î>ñ�Ê_Â

•
ì_×bÐ�Ë�Ás� ÞÇ[HÊ�ÆbÅ�Ð�É�ÆbÈ&`jéHÅ�ËYË�Ö�Æ2ï0Î>ñ�Ë
Ñ8ËÒÐ�Ù4Æzô

rkZpL = dimFp(L/pL)
Â

) È�ñ�ËdÖ+Öã× ö0Â�Ã³ÂSö<(>ôjË�Ù�× � Ë�Ð�Ù4Æzô�È rkZpL ≤ dimFpL/pL
Â

Þ<ËdÊÒÈ4Æzô
{l1, . . . , lr}

ó;Ë�×QÈ
Fp 	 ó�×bÐ�É�Ð�ÆQé L/pL ÂãÔiÎ>Ï>Ï�Æ³Ð�Ë 0 =

∑
i aili

ô�É�Ê�Ù
ai ∈ Zp

È4ÆbÊ{×Qñ�ñ��0Â
î�Ù¿Î4Ð

0 =
∑

i aili
×QÈ4ïÕÙ4ËdÈ4ìYË

ai ∈ (p)
éºÆbÅ�×Qñ�ñ

i
ÂÛ�jÙ4Æ2Æ³Ð�Ë�Ê�Ù4Ë É�È¿Ê�ËdÌ�ËdÅ

t
Öã×d*2É�Öã×Qñ#Ð�Î4ì�Ù Ê�Ù�×QÊ

ai = ptsi
éVÆbÅ

si ∈ R
Â ) È�Ï�×QÅ�Ê�É�ìdÎ>ñ�×QÅ�(4Ê�Ù4ËdÅ�Ë�É�Ð#×QÈ«É�È4ï>Ë�*

j
ô�É�Ê�Ù

sj 6∈ (p)
ÂhÑ8Ë�Ù�× � Ë 0 = pt

∑
i sili×QÈ4ï ×bÐ

L
É�Ð+éHÅ�ËYË�(

0 =
∑

i sili
(téºÅ�ÆbÖòô�Ù>É�ì�Ù ôjË«ìYÆbÈ4ìdñ�Î4ï>Ëð×bÐã×Qó;Æ � Ë�(}Ê�Ù�×QÊ�éºÆbÅã×Qñ�ñ i si ∈ (p)

Â
��ÆbÈ¿Ê�Å�×bï0É�ìdÊ�É�ÆbÈ<Â

•
Ì�ËdÈ4ËdÅ�×QñBì_×bÐ�Ë&�
Ñ8ËÒì_×QÈßô�Å�É�Ê�Ë

L = Ltor ⊕ F
ô�É�Ê�Ù

Ltor
×+Ê�ÆbÅ�Ð�É�ÆbÈ«Ö�Æiï0Î>ñ�Ë ×QÈ4ï

F
éHÅ�ËYË³Â

dimFp(L/pL) = dimFp(L⊗Zp Fp) = dimFp((Ltor ⊕ F ) ⊗Zp Fp)
= dimFp(Ltor ⊗Zp Fp) + dimFp(F ⊗Zp Fp)
= dimFp(Ltor/pLtor) + dimFp(F/pF )
= dimFp((Ltor)p) + dimFp(F/pF )

iDËdÈ4ìYË
rkZp(L) = rkZp(F ) = dimFp(F/pF ) = dimFp(L/pL) − dimFp(Lp).

2
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L
1 3k5�=279391I=2>#��7�E�E��u�O�<E�>

∑

i

(−1)i rkZp(H
i(G,L)) =

∑

i

(−1)i dimFp(H
i(G,L/pL)) = e(G,L/pL).

·�®J¯�¯�â�©

•
ÔiÉ�È4ìYË

L
É�Ð#Ê�ÆbÅ�Ð�É�ÆbÈ éHÅ�ËYË�(4ôjËÒÙ�× � ËÒÊ�Ù4Ë�Ð�Ù4ÆbÅ�Ê)Ë�*4×bìdÊ#Ð�Ë«tiÎ4ËdÈ4ìYË

0 → L→ L→ L/pL→ 0,

ô�Ù4ËdÅ�ËÒÊ�Ù4ËDÇ4Å�Ð�Ê)Öã×QÏßÉ�Ð�ÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É�ÆbÈðó¿Ú�Ï<Âtî�Ù4ËdÅ�ËKéVÆbÅ�ËÒÊ�Ù4ËdÅ�ËÒÉ�Ð�Ê�Ù4Ë�ñ�ÆbÈ>ÌãË�*>×bìdÊ#Ð�Ë«t¿Î4ËdÈ4ìYË

· · · → H i(G,L) → H i(G,L) → H i(G,L/pL) →
→ Hi+1(G,L) → H i+1(G,L) → . . . ,

ô�Ù4ËdÅ�ËÒÊ�Ù4ËDÇ4Å�Ð�ÊD×QÈ4ï Ê�Ù4ËÒñ�×bÐ�Ê�Öã×QÏä×QÅ�ËÍ×Qñ�Ð�ÆÑÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É�ÆbÈðó¿Ú Ï�[ºÆQépÊ�Ù4ËÍìYÆiì�Ù�×QÉ�È4Ð9`KÂ

•
Ñ Å�É�Ê�Ë

Hi := H i(G,L)
Â ) ÈiÊ�Å�Æiï0Î4ìdÉ�È>Ì

H i+1
p := ker(H i+1 → Hi+1)

[HÖÍÎ>ñ�Ê�É�Ï>ñ�É�ì_×QÊ�É�ÆbÈ�óiÚ Ï&`�(
ô�Ù>É�ì�ÙåÉ�ÐÒó¿Ú Ë�*>×bìdÊ�È4ËYÐ�ÐÒÊ�Ù4Ë+É�Öã×QÌ�Ë�ÆQé�Ê�Ù4Ë�ìYÆbÈ>È4ËYìdÊ�É�È>ÌØÙ4ÆbÖ�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�(�ôjË�Å�ËYìYËdÉ � Ë�Ð�Ù4ÆbÅ�ÊÍË�*4×bìdÊÐ�Ë«tiÎ4ËdÈ4ìYËYÐ

0 → H i/pH i → Hi(G,L/pL) → H i+1
p → 0.



•
Ñ8Ë�Öã×vo�ËÍ×Ñó>Å�É�ËKé�ì_×Qñ�ìdÎ>ñ�×QÊ�É�ÆbÈ%�

e(G,L/pL) =
∑

i(−1)i dimFp(H
i(G,L/pl)) (1)

=
∑

i(−1)i (dimFp(H
i/pH i) + dimFp(H

i+1
p )) (2)

=
∑

i(−1)i (dimFp(H
i/pH i) − dimFp(H

i
p)) (3)

=
∑

i(−1)i rkZp(H
i) (4)

Ñ8Ë�Ù�× � Ë)Å�ËYÆbÅ�ï>ËdÅ�ËYï Ê�Ù4Ë#[àÇ4È>É�Ê�ËU`tÐ�Î>Ö-Ê�ÆÍÌ�ËdÊ�éHÅ�ÆbÖ�[VÁa`�Ê�Æ±[Vça`t×QÈ4ï+Ù�× � ËD×QÏ>Ï>ñ�É�ËYï Ê�Ù4Ë#ñ�ËdÖ+Öã× ×Qó;Æ � ËéVÆbÅm[Vça`
⇒
[HÓP`KÂ

2

Ñ É�Ê�Ù
Ê�Ù>É�ÐðÏ>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ/( Ê�Ù4Ë¼éN×bìdÊäÊ�Ù�×QÊ
Zp 	 ñ�×QÊ�Ê�É�ìYËYÐ8×QÅ�Ë¼éºÅ�ËYËr[HÅ�ËdÖã×QÅSo
ç0ÂSç0ÂSça` ×QÈ4ï Ê�Ù4ËÕË«tiÎ�×Qñ�É�ÊnÚ

dimFp(H
i(G,V )) = rkZp(H

i(G,L))
É�ÈßÖ+É�È4ïf(>ô�ËÒÖã×vo�ËÒÊ�Ù4Ë�éVÆbñ�ñ�Æ_ô�É�È>Ì


�©�µ�©�µwº«¸�þ�¬p´�­z´H¯;¬t©
•
,@E65

L
:�E!.N5�=279391I=2>¾�97�E�E

Zp
Ge©µ=�02;DCpE�¬Y=�>±�h�P18L��

G
.aL�5K3¿L�=2>�581K>Z;V=2;P39C³²a� Ð EKXY>xE5K�<E ÜD±p¹H¸¿®zÝ�·�¯;´º¬B²�½>®QÞØ²bú�½>®J½>²³­_¸i®Q´H¾Y­z´H² =W�

L
5�=R:�E

e(G,L) :=
∑

i

(−1)i rkZp(H
i(G,L)).

•
,OE65

V
:�E�.

Qp
Ge¢2ESL«5�=27#3�T<.®L·E9¬B=2>q�h�®1IL��

G
.®L«5K3

Qp
GeC³1K>xES.27�C¦²'.2>&0±L�=2>�581K>Z;V=2;P39C³²a��ÙfE65

e(G,V ) :=
∑

i

(−1)i dimFp(H
i(G,V )).

n ÆbÊ�Ë�Ê�Ù�×QÊ}óiÚ+Å�ËdÖã×QÅSo2Ð�ö0Â�Ã³ÂSÛÍ×QÈ4ï ö0ÂSÁ0ÂSÁ<(0×Qñ�ñ;Ð�Î>Ö�Ð�×QÏ>Ï;Ë_×QÅ�É�È>Ì+×QÅ�Ë)Ç4È>É�Ê�Ë)Î>È4ï>ËdÅ�Ê�Ù4Ë)ìYÆbÈ4ï0É�Ê�É�ÆbÈ4Ð�ÆbÈ
G
Â

Ñ8Ë�ì_×QÈßÈ4Æ_ô Å�Ëdô�Å�É�Ê�ËÒÊ�Ù>É�Ð�É�ÈßÊ�ËdÅ�Ö�Ð#ÆQé�Ê�Ù4Ëk
�Î>ñ�ËdÅ 	 ÄpÆbÉ�È4ì_×QÅ��{ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ µG É�È¿Ê�Å�Æ2ï0Î4ìYËYïßÉ�ÈßÐ�ËYìdÊ�É�ÆbÈ
Ó4Âxê2Â


�©�µ�©�ÀÕùÍ¯�®Q¯�¹º¹H½>®Jü4©m» >}5K�<Em>&=a5�.�5818=�>}=W�k5K�<E�0®E8XY>Z185818=2>-��Ek�D.2¢vE

• e(G,L) =< χL|Greg , µG >

• e(G,V ) =< χV |Greg , µG >

·�®J¯�¯�â�© ë�Ú ìYÆbÅ�Æbñ�ñ�×QÅ�Ú8ç0ÂSç0Â^�«ôjËãÙ�× � Ë χL(g) = χV (g) = φd(V )(g)
éVÆbÅ ×Qñ�ñ

g ∈ Greg
Âãî�Ù4Ë+Å�ËYÐ�ÊÍÉ�Ð

ìdñ�Ë_×QÅ)ó¿Ú Ê�Ù4Ë�Å�ËdÖã×QÅSo2Ð)Öã×bï>ËÍ×Qó�Æ � Ë³Â 2

>���,Y��îq�!"�áx�a�e�g��vu��"e�Z� f �N�O�å���<á¶�Sx7���e�d���®�A-B���a���@�Å��� Hi(U, Qp)
ÞBËdÊ

G
ó�Ë�×�Ï>Å�ÆQÇ4È>É�Ê�Ë�Ì³Å�ÆbÎ>ÏåÐ�×QÊ�É�Ð�éHÚ2É�È>Ì«Ê�Ù4ËÑÇ4È>É�Ê�ËdÈ4ËYÐ�Ð ìYÆbÈ4ï0É�Ê�É�ÆbÈ4Ð�Ó4Âxê2Â�Ã³Âãî�Ù4ËdÈ¼Ð�Æ«ï>ÆiËYÐÍË � ËdÅ�Úðìdñ�Æ³Ð�ËYïÐ�Î>ó>Ì³Å�ÆbÎ>Ï�[Hó¿Ú Å�ËdÖã×QÅSo Ó4Âxê2ÂSÁa`KÂYÞ<ËdÊ

U ∈ UG
×bìdÊ�Ê�Å�É � É�×Qñ�ñ�Úz[HÙ4ËdÈ4ìYËÍ×Qñ�Ð�Æ+ìYÆbÈiÊ�É�È¿Î4ÆbÎ4Ð�ñ�ÚZ`#ÆbÈ Qp

Â
) È«Ê�Ù>É�Ð�Ð�ËYìdÊ�É�ÆbÈßôjËÍÐ�Ê�Î4ï0Ú

Hi
U := H i(U,Qp),

ô�Ù>É�ì�Ù ×QÅ�ËßÇ4È>É�Ê�Ë ï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ
Qp 	�� ËYìdÊ�ÆbÅ Ð�Ï�×bìYËYÐw[Hó¿Ú Å�ËdÖã×QÅSo ö0ÂSÁ0ÂSça`KÂâÑ8Ëäô�É�ñ�ñDÅ�Ëdñ�×QÊ�ËäÊ�Ù4ËdÖ Ê�ÆåÊ�Ù4Ë


tÎ>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��Ñï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ<Â
) È«Ó4ÂSöÑô�Ë�ï>ËKÇ4È4ËYïØ×QÈä×bìdÊ�É�ÆbÈäÆQé

G/U
ÆbÈ

H i(U,A)
ó¿Ú É�È>È4ËdÅ�×QÎ>Ê�ÆbÖ�ÆbÅ�Ï>Ù>É�Ð�Ö�Ð�ÆQé

G
ÆbÈ

U
Â 4 Ð�É�È>Ì

Hi(U, V ) = Qp ⊗Zp lim
←
Hi(U,L/pnL),

ô�ËØË�*0Ê�ËdÈ4ï Ê�Ù>É�Ðã×bìdÊ�É�ÆbÈ Ê�Æ Ê�Ù4Ëßì_×bÐ�Ë«ÆQéÍ×
Qp 	�� ËYìdÊ�ÆbÅãÐ�Ï�×bìYË V ô�É�Ê�Ù

Zp 	 ñ�×QÊ�Ê�É�ìYË L (�ÆbÈ ô�Ù>É�ì�Ù
G
×bìdÊ�Ð

Qp 	 ñ�É�È4Ë_×QÅ�ñ�Ú«×QÈ4ïØìYÆbÈ¿Ê�É�È¿Î4ÆbÎ4Ð�ñ�Ú�ÂëjÚ�Ê�Ù4Ë�Ð�×QÖ�Ë�Ö�Ë_×QÈ4Ð)ôjË�ï>ËKÇ4È4Ë ×+ìYÆbÅ�ËYÐ�Ê�Å�É�ìdÊ�É�ÆbÈ<Â ) Ê�É�Ð#ìdñ�Ë_×QÅ#Ê�Ù�×QÊ�Ï>Å�ÆbÏ�Æ³Ð�É�Ê�É�ÆbÈäÓ4ÂSö0Â�ÃÒÐ�Ê�×YÚ0Ð � ×Qñ�É�ï�Â



Hi(U,Qp)


�©�À<©º¨{(t¸2»å»å½�© ,OE65
U ∈ UG

���O�VE�>

Hi(G,V ) = H i(U, V )
G/U

.

·�®J¯�¯�â�© ÷DÐ
V
×bÐp× � ËYìdÊ�ÆbÅpÐ�Ï�×bìYË}É�ÐpÊ�ÆbÅ�Ð�É�ÆbÈ éHÅ�ËYË�(bÐ�Æ�×QÅ�Ë Hi(G,V )

(
H i(U, V )G/U

Â Ô Å�ÆbÖ
Ï>Å�ÆbÏ;Æ³Ð�É�Ê�É�ÆbÈ
Ó4ÂSö0Â�Ã ôjËãÊ�Ù¿Î4Ð{Ì�ËdÊÍÊ�Ù�×QÊ

res : H i(G,V ) → H i(U, V )G/U
×QÈ4ï

cor : H i(U, V )G/U → Hi(G,V )
×QÅ�Ë

É�È2s�ËYìdÊ�É � Ë³ÂgiDËdÈ4ìYË�Ê�Ù4ËÒñ�ËdÖ+Öã×0Â 2

��ÆbÈ4Ð�É�ï>ËdÅÍÊ�Ù4Ë+Ð�Ï�ËYìdÉ�×Qñtì_×bÐ�Ë
V = Qp

Â�î�Ù4Ë
Hi |[ÐÍ×QÅ�ËÑÇ4È>É�Ê�Ëãï0É�Ö�ËdÈ4Ð�É�ÆbÈ�×Qñ}Å�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈ4Ð ÆQé G/U Â��ËdÈ4ÆbÊ�ËÒóiÚ

hiU
Ê�Ù4ËdÉ�Å)ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð�×QÈ4ï«Ï>Î>Ê

hU :=
∑

i

(−1)i hiU .

î�Ù>É�Ð Ù�×bÐ Ê�Ù4ËãÐ�Ê�Å�ÉpoiÉ�È>Ì ìYÆbÈ4Ð�Ë«tiÎ4ËdÈ4ìYËãÊ�Ù�×QÊ ôjË�ì_×QÈ�ì_×Qñ�ìdÎ>ñ�×QÊ�Ë Ê�Ù4Ë�
tÎ>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��«ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈ�éVÆbÅ
Qp 	�� ËYìdÊ�ÆbÅ)Ð�Ï�×bìYËYÐ)×Qñ�ÆbÈ4Ë�éºÅ�ÆbÖ Ê�Ù4Ë¾o2È4Æ_ô�ñ�ËYï0Ì�Ë ÆQépÊ�Ù4Ë

hU
|[Ð_Â


�©�À<©�¶w�Íú�¸¿¯�®J¸2» ©�Á9Ö�¸¿®Q®J¸)6�ÿ:8åÃ ,OE65
f : Greg → Qp

:�Eµ.���;D>&L«581I=2>V¬g�h�®1IL���1 3kC+=UL�.2CKC¦²RL�=2>V365�.2>�5B©µ=�02;DC+=
U ∈ UG

�u�O�<E6>
< f, µG >=

1

(G : U)

∑

s∈G/U

hU (s)f(s),

�h�VE�7SE#��E#5�.vö�E
f(s) = 0

�«=27
s 6∈ Greg

�
·�®J¯�¯�â�©

•
î�×vo�Ë

V
×bÐ)×Qó�Æ � Ë³ÂjëjÚ�ï>ËKÇ4È>É�Ê�É�ÆbÈØô�ËÒÙ�× � Ë

< χV |Greg , µG >=
∑

i

(−1)i dimQp(H
i(G,V )).

•
Þ<ËdÖ+Öã×�ö0ÂSÁ0Â Ó�É�Ö+Ï>ñ�É�ËYÐ)Ê�Ù�×QÊ#Ê�Ù4ËÒÅ�ËdÏ>Å�ËYÐ�ËdÈiÊ�×QÊ�É�ÆbÈäÆQé

G/U
ÆbÈ

H i(U, V )
Ù�×bÐ#ì�Ù�×QÅ�×bìdÊ�ËdÅ

hiUχV
Â

•
4 Ð�É�È>Ì{ñ�ËdÖ+Öã×+ö0Â Ó4Â�ÃDéVÆbÅ�Ê�Ù4ËDÇ4Å�Ð�Ê#Ë«tiÎ�×Qñ�É�ÊnÚ«×QÈ4ïß× Ð�É�Ö+Ï>ñ�ËDéV×bìdÊ�éºÅ�ÆbÖøÊ�Ù4Ë�Å�ËdÏ>Å�ËYÐ�ËdÈ¿Ê�×QÊ�É�ÆbÈßÊ�Ù4ËYÆbÅ�Ú ÆQé
Ç4È>É�Ê�ËÒÌ³Å�ÆbÎ>Ï4Ð�éVÆbÅ�Ê�Ù4Ë�Ð�ËYìYÆbÈ4ïf(4ôjËÒÙ�× � Ë

dim(H i(G,V )) = dim(H i(U, V )
G/U

) =
1

(G : U)

∑

s∈G/U

hiU (s)χV (s).

•
î�×vo2É�È>Ì�Ê�Ù4ËÍ×Qñ�Ê�ËdÅ�È�×QÊ�É�È>Ì�Ð�Î>Ö ÆQépÊ�Ù4ËYÐ�Ë�Ê�ËdÅ�Ö�Ð�(>ôjË�Å�ËYìYËdÉ � Ë

< χV |Greg , µG >=
1

(G : U)

∑

s∈G/U

hU (s)χV (s).

•
ë�ÚäÅ�ËdÖã×QÅSo8ç0Â Ó4Â�Ã��«ô�Ë�ì_×QÈåô�Å�É�Ê�Ë

f : Greg → Qp
(Bô�Ù>É�ì�Ùåô�ËãË�*0Ê�ËdÈ4ïå×bÐký_ËdÅ�ÆßÊ�ÆØ×Qñ�ñ}ÆQé

G
(�×bÐ{×

ñ�É�È4Ë_×QÅ)ìYÆbÖ ó>É�È�×QÊ�É�ÆbÈäÆQé
χe(PS)

éVÆbÅ
S ∈ ΣFp,G

Â�î�Ù>É�Ð#ìYÆbÖ+Ï>ñ�ËdÊ�ËYÐ)Ê�Ù4Ë�Ï>Å�ÆiÆQé�Â

2

Ô Å�ÆbÖõÅ�ËdÖã×QÅSo«ç0ÂSö0Â^�ÑôjËÍÉ�Ö+Ö�ËYï0É�×QÊ�Ëdñ�Ú Å�ËYìYËdÉ � Ë�Ê�Ù4Ë

�©�À<©�µ�ùÍ¯�®Q¯�¹º¹H½>®Jü4©�Á9Ö�¸¿®Q®Q¸76�ÿ28ÉÃ

hU (s) = 0
�«=27

s 6∈ Greg
�


�©�À<©�ÀÕùÍ¯�®Q¯�¹º¹H½>®Jü4©�Á9Ö�¸¿®Q®Q¸76�ÿ28ÉÃ}» �
H ≤ G

1 3m.2>q=�TVE�>}39;Z:IQ27S=2;UT�=W�
G
¬g5K�<E6>

µH = (G : H)µG|H .



·�®J¯�¯�â�© Ñ8ËÒÙ�× � Ë�Ê�Æ�Ð�Ù4Æ_ô

< f, µH >= (G : H) < f, µG >

éVÆbÅ)×Qñ�ñ
f : Hreg → Qp

[HôjË�Ê�×vo�Ë
f
Ê�ÆÑó;Ë¾ý_ËdÅ�Æ�ÆbÎ>Ê�Ð�É�ï>Ë

Hreg
`KÂ

Þ<ËdÊ
U ∈ UG

(
U ⊆ H

Ð�Î4ì�Ù Ê�Ù�×QÊ
f
É�Ð�ìYÆbÈ4Ð�Ê�×QÈ¿Ê�Ö�Æ2ï0Î>ñ�Æ

U
Â Ô Å�ÆbÖøÊ�Ù4ËDÊ�Ù4ËYÆbÅ�ËdÖøôjËDÈ4Æ_ô Å�ËYìYËdÉ � ËDÊ�Ù4ËéVÆbñ�ñ�Æ_ô�É�È>ÌãéºÆbÅ�Ö Î>ñ�×bË&�

< f, µG >=
1

(G : U)

∑

s∈G/U

hU (s)f(s)

< f, µH >=
1

(H : U)

∑

s∈H/U

hU (s)f(s)

Ñ8Ë�Ù�× � Ë�Î4Ð�ËYï Ê�Ù�×QÊ�Ê�Ù4Ë�×bìdÊ�É�ÆbÈßÆQé H/U ÆbÈ
H i(U,Qp)

É�Ð�Ê�Ù4Ë�Å�ËYÐ�Ê�Å�É�ìdÊ�É�ÆbÈßÆQé�Ê�Ù4ËÒÆbÈ4ËÒÆQé
G/U

Â�Ñ8Ë�È4Æ_ô
É�Ö+Ö�ËYï0É�×QÊ�Ëdñ�ÚßÐ�ËYË�(0Î4Ð�É�È>Ì

(G : U) = (G : H) (H : U)
(>Ê�Ù�×QÊ

< f, µG > = 1
(G:H)

1
(H:U)

∑
s∈H/U hU (s)f(s)

= 1
(G:H) < f, µH > .

2


�©�À<©4
¼ùÍ¯�®Q¯�¹º¹H½>®Jü4© ,OE65
H ∈ UG

3�;<L���5K�D.a5
(G : H) = pr

�u�O�<E6>

e(H,A) = pre(G,A)

�«=27m.2CKC
A ∈ CFp,G

�
î�Ù>É�ÐÒìYÆbÅ�Æbñ�ñ�×QÅ�ÚäÉ�ÐÒ× Ì�ËdÈ4ËdÅ�×Qñ�Épýz×QÊ�É�ÆbÈåÆQéjÊ�Ù4Ë{Å�ËYÐ�Ï�ËYìdÊ�É � Ë{Å�ËYÐ�Î>ñ�ÊDéºÆbÅ�× Ï>Å�Æ 	 Ï 	 Ì³Å�ÆbÎ>Ï G (<×bÐDÏ>Å�Æ � ËYï Ë³Â Ì4ÂÉ�È�]xêU_e( )$� ÂSö0ÂSÁ0Â
·�®J¯�¯�â�© ÔiÉ�È4ìYË

(G : H) = pr
(
Greg = Hreg

ÂJÞBËdÊ
A ∈ ΣFp,G

Â � É�×+Ê�Ù4ËÍÈ�×QÊ�Î>Å�×Qñ�É�È2s�ËYìdÊ�É�ÆbÈ
H ↪→ G

(
ô�Ë�ì_×QÈßÅ�ËdÌ¿×QÅ�ï

A
×bÐ)×QÈ

H 	 Ö�Æiï0Î>ñ�Ë AH (0ô�Ù>É�ì�ÙØÉ�Ð)×Qñ�Ð�Æ�Ð�É�Ö+Ï>ñ�Ë³Âî�Ù¿Î4ÐÑÊ�Ù4Ë�ëjÅ�×QÎ4ËdÅ+ì�Ù�×QÅ�×bìdÊ�ËdÅ�Ð
φA

×QÈ4ï
φAH

×QÅ�ËãÊ�Ù4Ë Ð�×QÖ�Ë³Âðë�Úåï>ËKÇ4È>É�Ê�É�ÆbÈÕôjË�Ù�× � Ë e(H,A) =<
φAH

, µH >
×QÈ4ï

e(G,A) =< φA, µG >
Â�î�Ù4ËÒñ�×bÐ�Ê#ìYÆbÅ�Æbñ�ñ�×QÅ�Ú�È4Æzô É�Ö+Ï>ñ�É�ËYÐ)Ê�Ù4Ë�Å�ËYÐ�Î>ñ�Ê_Â

2



�m��� L
LN��%�$\��¥&%�£#¤{§ ¥�£�� ����£�%�§¨$p£IH{£�� £���£�J�K
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G = G(K/K)
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K
Â
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cdp(G) = 2
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tÎ>ñ�ËdÅ 	 Ä�ÆbÉ�È4ì_×QÅ��{ì�Ù�×QÅ�×bìdÊ�ËdÅ�É�Ð�Ê�É�ìÑ×QÅ�ËÒÐ�×QÊ�É�Ð%Ç�ËYï�ÂÑ8Ë�ì_×QÈßÈ4Æ_ô Ð�Ê�×QÊ�ËÒÊ�Ù4Ë
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G = G(Qp/Qp)
� Ä =27#.2CKC

U ∈ UG
��Ek�D.2¢2E

h0
U = 1, h1

U = 1 + rG/U , h2
U = 0,

�h�VE�7SE
rG/U
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G/U
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G = G(Qp/Qp)
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È4Æzô É�Ö+Ï>ñ�É�ËYÐ
hU = h0

U − h1
U + h2

U = −rG/U
Âtî�Ù¿Î4Ð

hU (1) = −(G : U)
×QÈ4ï

hU (s) = 0
éVÆbÅ

s 6= 1
Â

î�×vo�Ë
f : G→ Qp

(0ô�Ù>É�ì�ÙäÉ�Ð#ìYÆbÈ4Ð�Ê�×QÈiÊ)Ö�Æ2ï0Î>ñ�Æ
U ∈ UG

Â�ëjÚ�Ê�Ù4ËYÆbÅ�ËdÖ ö0Â Ó4ÂSÁÑô�ËÒÙ�× � Ë

< f, µG > =
1

(G : U)

∑

s∈G/U

hU (s)f(s) = −f(1) = < f,−δ1 > .
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Ô ÆbÅ Ê�Ù4ËØÌ�ËdÈ4ËdÅ�×QñÒì_×bÐ�ËäôjË Æbó4Ð�ËdÅ � ËäÊ�Ù�×QÊ GK = G(Qp/K)

Ù�×bÐãÉ�È4ï>Ë�*
d
É�È
GQp = G(Qp/Qp)

Â
��ÆbÅ�Æbñ�ñ�×QÅ�ÚØö0Â Ó4Â Ó+È4Æzô É�Ö+Ï>ñ�É�ËYÐ

µGK
= d µGQp

= −d δ1.
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ev(A).
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< f, hµ >:=< f ◦ h, µ >
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hv : G→ G, g 7→ g−1cvg.
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µv

Ê�Ù4Ë�É�Öã×QÌ�Ë�ÆQé�Ê�Ù4ËkiD×³×QÅ#ï0É�Ð�Ê�Å�É�ó>Î>Ê�É�ÆbÈØô�Â Å_Â Ê
hv
Â Ô ÆbÅ

f : G → Qp
(0ô�Ù>É�ì�ÙäÉ�Ð)ìYÆbÈ4Ð�Ê�×QÈiÊ

Ö�Æ2ï0Î>ñ�Æ
U ∈ UG

(>Ê�Ù>É�Ð�Ì³É � ËYÐ)Ë�*2Ï>ñ�É�ìdÉ�Ê�ñ�Ú��

< f, µv > = < f ◦ hv, µHaar > =
1

(G : U)

∑

s∈G/U

f(s−1cvs)

) é�É�È«Ï�×QÅ�Ê�É�ìdÎ>ñ�×QÅ
f
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< f, µv >= f(cv).
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µG = −
d
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δ1 +

1
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∑

v j<o ���
µv.
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A
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dim(A) = φA(1)
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[K : Q] =
∑

w|v

[Kw : Qv],

ô�Ù4ËdÅ�Ë
w
Å�Î>È4Ð)Ê�Ù>Å�ÆbÎ>Ì³Ù ×Qñ�ñBÏ>ñ�×bìYËYÐ�Æ � ËdÅ v Â�÷)Ï>Ï>ñ�Ú2É�È>ÌãÊ�Ù>É�Ð)Ê�Æ+Ê�Ù4ËÍÆbÈ>ñ�Úß×QÅ�ì�Ù>É�Ö�ËYï>Ë_×QÈ Ï>ñ�×bìYË ∞ ÆQé

Q
ôjË�Ð�ËYË

d = [K : Q] =
∑

w �C�<���
[Kw : R] =

∑

w �A�����^�
2 +

∑

w ���$�C�
1.
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î�Ù4Ë�Ê�Ù4ËYÆbÅ�ËdÖ'×Qó�Æ � ËÒÉ�Ö+Ï>ñ�É�ËYÐ��

e(G,A) =
∑

v �C����� ev(A)
=

∑
v �C����� −φA(1) +

∑
v �<�$�C� 12(φA(1) + φA(cv))

= −1
2φA(1)(

∑
v �A�����^� 2 +

∑
v ���$�C� 1) + 1

2

∑
v �<�$�C� φA(cv)

= −d
2φA(1) + 1

2

∑
v ���$�C� φA(cv)

= −d
2δ1(φA) + 1

2

∑
v ���$�C� µv(φA)

2
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