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1. LetK be afield and» € N. Show the following statements:

(@) Letx C Y C A"(K) be subsets. Thehy O Zy.

(b) Zy = K[X].

(c) If K has infinitely many elements, théi. k) = (0).
(d) LetS C K[X] be asubset. Theh, k) 2 5.

(e) LetxX C A"(K) be a subset. Thew, (K) D X.

() Let.S C K[X]be asubset. TheWy, . (K) = Vs(K).

(9) LetX C A™(K) be a subset. Thefy,, (k) = Zx.

2. Let(X,Ox) be atopological space apdC X be a subset. Defin@y, :={UNY |U € Ox}.
Show thatDy, is a topology ony. It is called therelative topology or thesubset topol ogy.
3. LetK be afield. Show that the closed subsetabfK) aref), A’ (K) and finite sets of points.
4. LetK be afieldn € NandX C A™(K) a subset.
With f € K[X1,...,X,] associate (as in the lecture) the map
0:X — Al(K), z— f(z).
Show thaty is a continuous map, when we considemwith the relative topology from\"™(K). Of
course A" (K) andA'(K) are equipped with the Zariski topology.

[By definition a map between topological spaces is continuous if the preinfagy@pen set is an
open set.

Hint: Use the previous exercise.]
5. LetR be aring.
(&) Homomor phism theorem for modules. Let M and N be R-modules andp : M — N an R-
homomorphism. Prove that the map
M/ker(p) — im(N), m+ker(p) — ¢(m)
is a well definedR-isomorphism.
If you have done Exercise 4 on Sheet 3, you can skip this exerciiee asoof is exactly the same.
(b) Isomorphism theorems. Let M be anR-module and letN; and Ny be R-submodules of\/.
Conclude from (a) that there are tieisomorphisms

(M/Ny)/(N2/Ny) =2 M/N, (assuming here alst; C Ny)

and
(N1 4+ N2)/Ny = No /(N1 N Na).



