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1. LetK be a field andn ∈ N. Show the following statements:

(a) LetX ⊆ Y ⊆ A
n(K) be subsets. ThenIX ⊇ IY.

(b) I∅ = K[X].

(c) If K has infinitely many elements, thenIAn(K) = (0).

(d) LetS ⊆ K[X] be a subset. ThenIVS(K) ⊇ S.

(e) LetX ⊆ A
n(K) be a subset. ThenVIX (K) ⊇ X .

(f) Let S ⊆ K[X] be a subset. ThenVIVS(K)
(K) = VS(K).

(g) LetX ⊆ A
n(K) be a subset. ThenIV(IX )(K) = IX .

2. Let(X ,OX ) be a topological space andY ⊆ X be a subset. DefineOY := {U ∩ Y | U ∈ OX }.

Show thatOY is a topology onY. It is called therelative topology or thesubset topology.

3. LetK be a field. Show that the closed subsets ofA
1(K) are∅, A

1(K) and finite sets of points.

4. LetK be a field,n ∈ N andX ⊆ A
n(K) a subset.

With f ∈ K[X1, . . . , Xn] associate (as in the lecture) the map

ϕ : X → A
1(K), x 7→ f(x).

Show thatϕ is a continuous map, when we considerX with the relative topology fromA
n(K). Of

course,An(K) andA
1(K) are equipped with the Zariski topology.

[By definition a map between topological spaces is continuous if the preimage of any open set is an
open set.

Hint: Use the previous exercise.]

5. LetR be a ring.

(a) Homomorphism theorem for modules. Let M andN be R-modules andϕ : M → N an R-
homomorphism. Prove that the map

M/ ker(ϕ) → im(N), m + ker(ϕ) 7→ ϕ(m)

is a well definedR-isomorphism.

If you have done Exercise 4 on Sheet 3, you can skip this exercise, asthe proof is exactly the same.

(b) Isomorphism theorems. Let M be anR-module and letN1 and N2 be R-submodules ofM .
Conclude from (a) that there are theR-isomorphisms

(M/N1)/(N2/N1) ∼= M/N2 (assuming here alsoN1 ⊆ N2)

and
(N1 + N2)/N1

∼= N2/(N1 ∩ N2).


