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1. This exercise checks the Leibniz rule for the formal derivative of a polynomial. LetK be a field. The
formal derivative off(X) =

∑n
i=0

aiX
i ∈ K[X] is defined asf ′(X) =

∑n
i=1

aiiX
i−1.

Let nowf(X), g(X) ∈ K[X] and seth(X) = f(X)g(X). Show:

h′(X) = f ′(X)g(X) + f(X)g′(X).

2. LetK be a finite field withpn elements.

(a) Prove(α + β)p = αp + βp for all α, β ∈ K.

(b) Conclude from (a):(α + β)pd

= αpd

+ βpd

for all d ∈ N.

(c) Prove that the map
F : K → K, x 7→ xp

defines a field isomorphism, the so-calledFrobenius isomorphism.

(d) Compute the order ofF .

(e) Let1 ≤ d ≤ n and letF d = F ◦ F ◦ · · · ◦ F
︸ ︷︷ ︸

d times

. Show that the setK〈F d〉 := {x ∈ K | F d(x) = x}

is a subfield ofK and compute the number of elements ofK〈F d〉.


